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Mathematic and physical context
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Stiff hyperbolic systems

B Stiff hyperbolic system with source terms:

%U + %axF(u) + %ayc(u) - %S(U) - ;%R(U), UeR"

with € €]0,1] et o > 0.

B Subset of solutions given by the balance between the source terms and the convective
part:

U Diffusion solutions for ¢ — 0 and S(U) = 0:
3V —div (K(VV,0)) =0, V €KerR.
0 Steady states forc =0ete—0:
dxF(U)+9,G(U) = S(U).

B Applications: biology, neutron transport, fluid mechanics, plasma physics, Radiative
hydrodynamic for inertial fusion (hydrodynamic + linear transport of photon).

(O
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Well-Balanced schemes

B Discretization of physical steady states is important (Lack at rest for Shallow water
equations, hydrostatic equilibrium for astrophysical flows ..)

B Classical scheme: the physical steady states or a good discretization of the steady
states are not the equilibriums of the scheme.

B Consequence: Spurious numerical velocities larger than physical velocities for nearly or
exact uniform flows.

WB scheme: definitions

O Exact Well-Balanced scheme: is a scheme exact for continuous steady-states.

0 Well-Balanced scheme: is a scheme exact for discrete steady-states at the interfaces.

For shallow water model: in general the schemes are exact WB schemes.

For Euler model: in general the schemes are WB schemes.
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Schémas " Asymptotic preserving”

B P; model:
1
0:tE + —0xF =0,
AF + 0E = —ZF,
€ €
e—0
P PO
h—0 h—0
Pt PO
e—0

Figure: AP diagram

L 9E—2y <(178XE> —o.

Consistency of Godunov-type
A
schemes: O(—SX + At).

1
CFL condition: At(— + ;2) <1

Axe
Consistency of AP schemes:
O (Ax + At).
CFL condition:
1
At ——— ) <1
Axe + A%

AP vs non AP schemes: Important
reduction of CPU cost.

B AP schemes are obtained plugging the source term into the fluxes (WB technic).

(o
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AP Godunov schemes

B Jin-Levermore scheme
B Principle: plug the balance law 9xE = —ZF + O(¢2) in the fluxes.
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AP Godunov schemes

B Jin-Levermore scheme
B Principle: plug the balance law 0,E = —%F 4 O(e 2) in the fluxes.

we write the relations
E(g) = Elg,3) + 0 =, )0E (. 3)
E(xj1) = E(xp 1) + (41 = x5, 1)< E(x 1)
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AP Godunov schemes

B Jin-Levermore scheme
B Principle: plug the balance law 0,E = —%F 4 O(€?) in the fluxes.

we write the relations

{ E(x) = E(x,
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AP Godunov schemes

B Jin-Levermore scheme
B Principle: plug the balance law 0,E = —%F 4 O(€?) in the fluxes.

we write the relations
E(Xj) = E(XJ+%) - (XJ 7Xj+%)%F();J:+%)r
E(g+1) = E(xp 1) = (i =X, 1) %

We couple these relations with the fluxes

F+E=Fy+E,
Firn—Eji=F1 —Ej s
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AP Godunov schemes

B Jin-Levermore scheme
B Principle: plug the balance law 0,E = —%F 4 O(€?) in the fluxes.

we write the relations

{ E(x) = E(x,

{5+@_5%+El+ﬁ¢4,
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AP Godunov schemes

B Jin-Levermore scheme
B Principle: plug the balance law 94E = —Z F + O(?) in the fluxes.

Jin Levermore scheme:

EPrl— Er Fn

—F El ,—2E+E"
L e miih _ mi gt o,
n+l_ en n _En n _opn n
B =G + BBl P —2F+AT, +CFn =
At 2eAx 2eAx 2" '
7 _ 2¢
with M = 575
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AP Godunov schemes

B Jin-Levermore scheme

B Principle: plug the balance law 0,E = —%F 4 O(e 2) in the fluxes.

Gosse-Toscani scheme:

EMtl_gn

n
7Fj*1

172Ej!’+EJ-'Ll

J J + M FJ’Ll
At
Frti_fn

J

2eAx

2eAx =0,

At

2¢

avec M = 2e+0Ax "

EN 1= n
L+ M55

“2FN D —
wix T MSF =0,

B consistency error for the
Jin-Levermore scheme:

O first equation:
0] (Ax2 + eAx + At) ,
O second equation:

0 (&2 +Ax+at).

m Explicit CFL: At (z: + %) < 1.

S
B Semi-implicit CFL: At (&) < 1.

Principle of GT scheme:
JL-scheme with the source term
2( i+1+F; %) gives the
Gosse Toscam scheme.

Consistency error of the
Gosse-Toscani scheme:
O (Ax + At).

Explicit CFL: At (Axe) <1
Semi-implicit CFL :

Bt (g ) < 1 ()
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Numerical example

B Validation test for AP scheme: the data are

F(0,x) =0and 0 =1, ¢ =0.001.
Ap scheme

E(0,x) = G(x) with G(x) a Gaussian

Godunov scheme

0

a0

Scheme LT error CPU time
Godunov, 10000 cells 0.0366 1485m4.26s
Godunov, 500 cells 0.445 0m24.317s
AP, 500 cells 0.0001 0m15.22s
AP, 50 cells 0.0065 0mO0.054s
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Why unstructured meshes 7

B Applications : coupling
between radiation and
hydrodynamic

® In some hydrodynamic codes:
Lagrangian or ALE scheme
cell-centered for
multi-material problems.

B Example of meshes obtained
using a ALE code.

B Aim: Design and analyze AP
cell-centered for linear
transport on general meshes.

[
—1.5x1018
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Schémas " Asymptotic preserving” 2D

B (Classical extension in 2D of the Jin-Levermore scheme : modify the upwind fluxes
(1D fluxes write in the normal direction) plugging the steady states in the fluxes.

cell

B /; and nj the normal and length associated with the edge ()

Asymptotic limit of the scheme:

En

|Q |aE Z‘,kd(xj,xk)

B ||P? — Pp|| — O only on strong geometrical conditions.

B These AP schemes do not converge on 2D general meshes Ve.

(/3
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Example of unstructured meshes

Random mesh Collela mesh

0 0.5 1 15 2

Random triangular mesh

2 -

=

05
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AP scheme for the P; model
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Nodal scheme : linear case

B Linear case: P; model

9:E + 1 div(F) =0, 1
— 9:E — div <fv5) =0.
3F+1VE=—5F. v

Notations

Nodal finit evolume methods for P; model +
AP and WB method.

Nodal schemes:

The fluxes are localized at the nodes of the
mesh (for the classical scheme this is at the
edge).

| A

v

B Nodal geometrical quantities Cj, = V,, |(Q)j].

. chjr:ZrcerO- h
1

4
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2D AP schemes

Nodal AP scheme

1
| Q| 0:E;(t) +*Z F..C;)=0,

| Q| 9:F;(t) + = ZEc,,_s

B (Classical nodal fluxes:
{ Ecj, — E;Cjr = &;r(Fj — F/),

Y, Ecjr = 0,
with &j, = C‘J‘rcéj)’(‘:‘ﬂ .
B New fluxes obtained plugging steady-state VE = —ZF in the fluxes:

~ o~
Ecjr - chjr =5 "‘jr(Fj - Fr) - gﬁerr.
P o o .
(Z‘Xjr +ts Zﬁjr) F =Y EC;+Y a;F;
J J J J

with Bjr = Cj, ® (X, = Xj).
B Source term: (1) S; = —5 [ ;| Fjou (2) S; =

;% ,Berr, Zr Ejr = id|QJ| h
15
0’&;‘2’_ E. Franck /33‘
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Time AP scheme

B New formulation of the scheme + semi discrete scheme.

Local semi-implicit scheme

[1+1 _En 1
|Q | L—r~L + E2(/\//,F,,cj,) =0,
r

FoFr |
J ~ (T 1
|0 | 77—+ nglEer = <Zajr(,d - I\/I,)> Fi.

with N
Ecjr — E;Cjr = a; M, (Fj —F,),

L | Fr =) EC; + ) aF;.
] ] y

w- (g ips) (55)

B The scheme is stable under a CFL condition which is the sum to the parabolic and
hyperbolic CFL conditions (verified numerically).

B The full implicit version is unconditionally stable.
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Assumptions for the convergence proof

Geometrical assumptions

= (o, (X o) u) > ph(u,u),

" (o (555 0 2 ),
= (u, (5 G © (%)) u) > ah(u,u).

B First and second assumptions: true on all non degenerated meshes.

B | ast assumption: sufficient (not necessary) conditions on the meshes obtained.

B Example for triangles: all the angles must be larger that 12 degrees.

Assumption on regularity and initial data

B F(t=0,x)=—:VE(t=0,x)
B Regularity for exact data: V/(t,x) € H*(Q)
B Regularity for initial data of the scheme: V,(t = 0,x) € L?(Q)
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Uniform convergence in space
B Naive convergence estimate : ||P§ — P|| e < CePh¢
B |dea: use triangular inequalities and AP diagram (Jin-Levermore-Golse).

[1Ph = P¥|l2 < min([| P, — P*[[naive, ||Ph — PRI+ [|PR — POl + [|P* — P°|)

Ps e—~0 po B |ntermediary estimations :
o |IP - PY| < G,
o IR PO < ot
h—0 h—0 O HP}S,_P}?HSCE‘C-ex
O d<c e>a.

P PO

B We obtain:
[|P§ — PE||2 < Cmin(e PhS,e? + b9 +¢°))

B Comparing € and €¢preshold = hatb we obtain the final estimation:

1P — P|l,2 < hate
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Limit diffusion scheme

Limit diffusion scheme (P?):

| Q| 0:Ej(t Z(F,,Cj, =0,

ngrF = Zvc,,Fr.

oA, F,szcJ, Ar=-Y Cp®(x
J

pe e—0 po B Problem: estimation on ||P§ — PJ||.
h B |n practice we obtain ||P; — PJ|| < C%£
(not sufficient for the proof).
h—0 h—0
P po

e—0

H Condition:

The Hessian matrix of the scheme P,? can be upper-bounded or the error estimate
||P; — P?|| can be obtained independently of the discrete Hessian matrix.
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Limit diffusion scheme

Limit diffusion scheme (P?):

|(2 |aE Z(F(vcjr =0,

ngrF = Zvc,,Fr.

O’A F,—ZECF, A,:—ZCJ,(@(X,—XJ).

pe vy =0 pae £ 0 po B Problem: estimation on ||P§ — PY||.

h " m In practice we obtain [|Pe— PRl < CE
A (not sufficient for the proof).
- .
h—0 . ‘;"“0 B |ntroduction of a intermediary diffusion
’ scheme DAj.
p bo # B DAj: Pj scheme with 0:F; = 0.
e—0 =

In the previous estimate we replace P,?
by DA;.

The Hessian matrix of the scheme P,? can be upper-bounded or the error estimate
||P; — P?|| can be obtained independently of the discrete Hessian matrix.
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Final result in space

B H condition obtained : we use P/? in the estimates.
B H condition not obtained : we use DAj in the estimates.
B The H condition is obtained in 1D (grid uniform or not) and in 2D Cartesian grids.

Final result

We assume that the assumptions are verified. There are some constant C > 0 such that

O [P~ Pl e < Coy/2 Il 0 llecay

||DAS, — PO|| < Gi(h+¢) || o [l ey

O

0 ||P; — DAl < G (W +emax (1, VehT) ) Il po lla(a

O

[|PE — PO|| < Gae, 0<t<T.

and

h
V€ = Vil 2(p0, 7)x) < € min <\/: h? 4 e max (1, \/%) +(h+€)+8> | po || e < Chi.

. 1 . . 1
B Using €hresh = h2 we prove that the worst case is |[V¢ — Vi || < Goha.

v

‘20/33‘
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Time estimation

B Time scheme: implicit scheme (the estimate for explicit scheme is an open question).

We obtain »
Uyt —up
— A Un+1
At h=h

with Aj the matrix which discretized the space scheme.
B Discrete stability: We have (Up, A,U;) < 0. Consequently || U7 || <|| U7 |

Final result for the full discrete scheme
We assume that the regularity and geometrical assumptions are verified. There is a

constant C(T) > 0 such that:
1
IVE(ta) = Vi () 2y < € (F(ue) + 22 ) || po Il -

B |dea of proof: Stability result + Duhamel formula (B. Després).

FV nodal schemes
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AP scheme vs classical scheme

B Test case: heat fundamental solution. Results for different P; scheme with ¢ = 0.001
on Kershaw mesh.

Diffusion solution Non AP scheme

2 [ 2 5
7 4
6 3
15 s — s f
; o
Bl
1 f ! 2
o 3

05 05

o 0 05 1 15 2 °

)] 05 1 15 2
Standard AP scheme

2 8 7
7 6
6 5
15 5 4
: 3
1 2 2
1 1
o o

05
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Uniform convergence for the P; model

B Periodic solution for the Pywhich depend of e.

E(t,x) = (a(t) + £’ (t)) cos(7x) cos(1ty)

F(t,x) = (—Za(t)sin(mx) cos(mmy), —Za(t)sin(my) cos(7mx))
B Convergence study for ¢ = h7 on random mesh.

=1 r=3

T
gamma=1/2 ---% -
h -+

gammas1/4
R

001 | hh2 —— 2 001 | h2 ——
. .
*y 1 * 1

0.001 * 0.001 e

L2 Error
L2 Error

0.0001 0.0001

1e-05 el 1e-05

1e-06 L 1e-06 L
10 100 1000 10 100 1000

B Numerical results show that the error is homogenous to O(he + h?).

B Theoretical estimate that we can hope: O((hs)% + h).

B Non optimal estimation in the intermediary regime.
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Uniform convergence for the P; model

B Periodic solution for the Pywhich depend of e.

E(t,x) = (a(t) + £’ (t)) cos(7x) cos(1ty)

F(t,x) = (—Za(t)sin(mx) cos(mmy), —Za(t)sin(my) cos(7mx))

B Convergence study for ¢ = h7 on random mesh.

0.001 0.001

L2 Error
L2 Error

0.0001 0.0001

1e-05 1e-05

1e-06 L 1e-06 L
10 100 1000 10 100 1000

B Numerical results show that the error is homogenous to O(he + h?).

B Theoretical estimate that we can hope: O((hs)% + h).

B Non optimal estimation in the intermediary regime.
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Extension to the Euler model
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Euler equation with external forces

B Euler equation with gravity and friction:

00 + 1 div(pu) =0,
‘1 1 1 v
drpu + = div(ou @ u) + ng = fg(quﬁ + Epu),
1
dupe + < div(pue) + div(pu) = — = (p(V¢,u) + %p(u, u).

B with ¢ the gravity potential, o the friction coefficient.

Properties :

B Entropy inequality 9:0S + 2 div(puS) > 0.
B Steady-state :
{ u=20,
Vp=—pVe.

B Diffusion limit:

9¢p + div(pu) =0,

d¢pe +div(pue) + pdivu = 0,

1 1
u=-—— (V¢+ EVp) .

N
3 )
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Design of AP nodal scheme |

Modify the Lagrange+remap classical scheme with the Jin-Levermore method

B (Classical Lagrange+remap scheme (LP scheme):

| O | 9e0j + £ (Zm ujiroj + Xr uijk(r)) =0
| €| 3cpju; + 1 (e, wi(pV); + Tr ujr(pU)yr) + L, PC )

=0
| €[ 9ep;+ 2 (Er, uilpe); + e uirlpe)scr +>:,p u)) =0

with Lagrangian fluxes

Gjr = p;Cjr + pjcijr (uj — ur)
Ypicidjrur = ) piCir + ) 0j v
J J J
B Advection fluxes: uj, = (Cj,u,), Ry = (r/uj >0), R_ = (r/uj <0) et
_ Ljju, >0 Uik
k() = 0w -
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Design of AP nodal scheme I

Jin Levermore method:

Plug the relation Vp+ O(e2) = —pV¢ — ZpU in the Lagrangian fluxes

B The modified scheme is given by

| Q| 9e0j + £ (Zm ujiroj +Xr "erkm) =0

| €| 3cpju; + 1 (Er, wi(pU); + e ir(pU)i(r) + X, PC; )
= -1 (% Bir(oVe)r + £ L, 0. Bjrur)

Q)| 0:pj + £ ():m uj-(pe); + Lr_ wjr(pe) k() + Lr(PCr Ur))
_% ():r(,Bjr(Pv¢)r, ur) + % err(urv ﬁjruf))

with the new Lagrangian fluxes
. 5 oo
pCj. = p;Cjr + pjcity (uj —u,) — Bir(0V ), — gprﬁjr“f

(ijcj&,-, +Zp, Zﬁﬁ) ur =3 piCir + Lopi e — (L Bir) (pV)r
J J J J J

B and (pV¢), a discretization of pV¢ at the interface .
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Properties

Limit diffusion scheme:

If the local matrices are invertible then the LR-AP scheme tends to the following scheme

| Q[ 9epj + (Lr. ujrpj + Lr_ “erk(r)) =0
| Qj | 0epj + (L, ujr(pe)j + Lr_ ujr(pe)i(r) + pj L (Cjr, Ur)) =0
opr (5 Bir) ur = X piCir — (5 Bir) (0V)r

B For p = Kp, numerically the scheme converge at the order of the advection scheme.

B QOpen question: Verify this for a non isothermal pressure law as perfect gas law.

Well balanced property

B We define the discrete gradient V,p = —(}; ‘Bj,)*l Y piCjr and p, an average of p;

around x,.
B |f the initial data are given by the discrete steady-state V.p = —(0V¢),, pj'-Hrl =07
n+l __ .n n+l _ .n
ultt =y and e =e,

B Remark: if you initialize your scheme with a continuous steady-state the final space
error is given by the consistency error between the continuous and discrete

steady-state. /8-\

42
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High order discretization of the steady-state

High order reconstruction of steady-state

B Aim: Conserve the stability property of the first order scheme but discretize the
steady-state with a high order accuracy or exactly.

B Method : construct high order discrete steady-state

B 1D discrete steady state: pj11 —pj = —ij+% (pax(p)H% with
(09x);, 1 = 3(pje1+p) (bje1 — ¢J)

B To begin we consider the steady state

Oxp = —pdx¢

B we integrate on the dual cell [x;, xj41] to obtain

1 Xj+1 1 Xj+1
Ax. Ox —A / Ox :
%41 (AXH% /XJ P(X)> X1 1 (AXH% a p(x) ¢(X)>

J

9
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High order discretization of the steady-state

High order reconstruction of steady-state

B Aim: Conserve the stability property of the first order scheme but discretize the
steady-state with a high order accuracy or exactly.

Method : construct high order discrete steady-state

We introduce 3 polynomials ﬁ.+% (x)=Xi_; rexk et
5 1 1 .
P 1(x (x) = ):q+ prxk, ¢J+ 1(x) = ZZil Prx* with

2

Te - X/+2 _ Xl =
Py (x) = Axipy, : %(X) Axipy, ¢
|- -3 .

1
2

and / € 5(j) (S(j) a subset of cell around j). Using these polynomials we obtain the
new discrete steady-state

1 X+l _ 1 Xji+1 _
e (Ax. AR f+%(x)) ~ M <Ax L By 000 f+%(x)>
Jt+3 Jt+3 J

J

E. Franck FV nodal schemes \ y



High order discretization of the steady-state

High order reconstruction of steady-state

Aim: Conserve the stability property of the first order scheme but discretize the
steady-state with a high order accuracy or exactly.

Method : construct high order discrete steady-state

To incorporate the discrete steady state in the scheme we need to have a pressure
gradient which correspond to the viscosity of the scheme.

We obtain a g-order steady-state:

HO
Pi+1— P = —Bx;, 1 (P9x9);

/):Hl a;H% (x)) + (/ijfﬂ PjJr%(X)afH%(x)) — (pj41— pj)>

\‘2 9/33‘
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High order discretization of the steady-state

High order reconstruction of steady-state

B Aim: Conserve the stability property of the first order scheme but discretize the
steady-state with a high order accuracy or exactly.

B Method : construct high order discrete steady-state

B To incorporate the discrete steady state in the scheme we need to have a pressure
gradient which correspond to the viscosity of the scheme.

B \We obtain a g-order steady-state:
HO
Pi+1 =P = —Ax;, 1 (Pax‘P)H%

with

L7 0By 00) + ([ 7103 (098113 00) ~ (1 29)

0 The method is the same. Just we use a constant stencil and a least square method to
determinate the coefficient of the polynomials
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Numerical result : large opacity

B Test case: sod problem with ¢ >0, e =1 and V¢ = 0.
mo=1
AP scheme, p non-AP scheme, p

xS
ZRERG5%eE
[Nt

S Bttt
= vy
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Numerical result : large opacity

B Test case: sod problem with ¢ >0, e =1 and V¢ = 0.
B 5 =10°
AP scheme, p non-AP scheme, p

b L
od 08 od 08
0.8 07 08 07
01 01 01 01

25 3
2.4 3 28
s 38 28

] i
21 1

53 i
2 32 33
10 i H
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Result for steady-state

B Steady-state: p(t,x) = 3 + 2sin(27x),

u(t,x) =0

B p(t,x) =3+ 3sin(27x) — 1 cos(47x) and ¢(x) = — sin(27x). Random mesh.

2

| Schemes | LR | LR-AP (2) | LR-AP (3) | LR-AP (4) |
l cells [ Err q [ Err q [ Err q [ Err q [
20 0.8335 - 0.0102 - 0.0079 - 0.0067 -
40 0.4010 1.05 | 0.0027 1.91 | 8.4E-4 3.23 | 1.5E-4 5.48
80 0.2065 0.96 | 7.0E-4 1.95| 7.7E-5 3.45 | 4.1E-6 5.19
160 0.1014 1.02 | 1.7E-4 2.04 | 7.0E-6 3.46 | 1.0E-7 5.36
B Steady-state: p(t,x) = e &, u(t,x) =0, p(t,x) = e & et ¢ = gx. Random mesh
| Schemes I LR I LR-AP (2) I LR-AP (3) I LR-AP (4) ‘
l cells [ Err q [ Err q [ Err q [ Err q ‘
20 0.0280 - 6.5E-4 - 1.8E-5 - 8.0E-7 -
40 0.0152 0.88 | 1.4E-4 2.21| 2.0E-6 3.17 | 3.8E-8 4.4
80 0.0072 1.08 | 3.3E-5 2.08 | 2.0E-7 3.32 | 2.0E-9 4.25
160 0.0038 0.92 | 8.8E-6 1.90 | 2.8E-8 2.84 | 1.1E-10 4.18
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Conclusion and perspectives

® Conclusion
' P; model: First AP scheme (time and space) on unstructured meshes (now other
schemes have been developed).
' P; model: Uniform proof of convergence on unstructured meshes in 1D and 2D.

AP schemes for general linear systems with source terms using previous schemes
and " micro-macro” method.

U Euler model with external force AP schemes with a new high order reconstruction
of the steady states

0 Problem for all the schemes : spurious mods in few cases (example: Cartesian
mesh + Dirac Initial data).

B Possible perspectives
0 P; model: Theoretical study of the explicit and semi implicit scheme.
U Euler model: Entropy study for scheme.

U Find a generic procedure to stabilize the nodal scheme (exist for the Lagrangian
nodal scheme for the Euler equations).
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Thanks

Thank you
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