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Derivation and study of Fluid models
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Hierarchy of Models

B Microscopic model: N-Body model. We write the dynamical Newton equation for
each particle:

B Unrealistic approach: we must solve N coupled equations with N ~ 106 — 1020,

B Mesoscopic model: Kinetic Vlasov model. Taking the limit of the N-Body model we
obtain an equation on the distribution of the particles:

0tf(t,x,v) + v -VFf+ Feu -V, f=Q(f,f)
with F: the external force (gravity, Lorentz force, etc).

¥ Macroscopic model: Fluid models (moment models). If we are close to the
equilibrium, taking the three first moments of the distribution function we obtain:

U+ V- -F(U)+eV-(D(VU)) =

B Examples : hyperbolic models (Euler, Euler-Lorentz, ideal MHD), parabolic models
(Navier-Stokes, Resistive MHD).
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Vlasov equations and equilibrium

B First model to describe a plasma : Two species Vlasov-Maxwell kinetic equation.

B We define f;(t, x, v) the distribution function associated with the species s.

Two-species Vlasov equation

dufy+v- Vxfs+ 2= (E+vx B)-Vufi = G =} Car,
S t

C%BtE—VXB:—yoJ,
3tB:—V><E,
V-B=0, V~E=%.

y

Energy conservation

d (1 2 ! 2 i/ 24x) =
dt(zg/msfs\v\ dxdv+2P0C2/|E\ dx—‘,—2y0 | B|dx|=0.

B Properties of the collision operator

O For each species: [ msvCosdv =0, [ps %ms | v |? Cssdv =0,
I No conversion of particles: fR3 msvCs s, dv =0
O Global momentum and energy conservation: [3 g(v)sCstdv + [i3 g(v): Cesdv =0

with g(v) = mgv or g(v) = m;3 | v |2 /\
5
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Two-fluid model

B Computing the moments of the Vlasov equation we obtain the following model

Two fluid moments

d¢tns + Vyx - (msnsus) = 0, -

9¢t(msnsus) + Vyx - (msnsus @ us) + Vyps + V- MNs =0E+Js x B+Rq,
a1‘(”’75’7565) + Vy- (msnsuses F Psus) + Vi (ﬁs cuUs + CIS)

=0sE - us + Qs + Rs - us,

c%atE—VxB:—yoJ,
atB:—VXE,
V-B=0, V-E=Z

& "

B = fR3 fsdv the particle number , mgnsus = fR3 msvfsdv the momentum, €, the
total energy and ps = msns the density.

B The isotropic pressures are ps, the stress tensors ﬁs and the heat fluxes qs.
B R, and Qs are associated with the interspecies collision (force and energy transfer).
B The current is given by J =) . Js =), osus with 05 = gsns.

d

PR 2 1 2 _
([ oeterpent g [ 1EPaxt oo [ 1B P ax) =0
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MHD: assumptions and generalized Ohm's law
MHD: assumptions

B quasi neutrality assumption: n; = ne = p = mjn; + O(7¢), u= u; + O( 7<)

B Magneto-static assumption : V x B = poJ + O(%)

B We define p = p; + pe and u = ’W;#.

Velocity relation

U Consequence of the quasi-neutrality:

B Summing the mass and moment equation for the two species we obtain:

90+ V- (pu) =0

patu+pu-Vu+Vp:JxB—V-ﬁ+o(1f)

B For the pressure equation, we replace the electronic velocity by full velocity using the
previous relation.
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MHD: derivation

B Ohm law: Relation between the electric field and the other variables.

B Taking the electron density and momentum equations we obtain

me (0t (nette) + V - (Rette @ ue)) + Vpe = —eneE+Jo x B—V M. +R.,

B We multiply the previous equation by —e and we define J. = —en.u., we obtain
me 1 1 = 1
2 (atJe+V'(Je®”e)):E+ueXB+ Vpe + V-Ne— Re,
e2n, ene ene ene

B Using the quasi neutrality R = rymi[pJ and ue = u — ':T;J we obtain

Generalized Ohm's law

E+ uxB = nJ +—'J><B——'Vpe——'v-l'le+0<—e>.
N~ ~—~— pe pe pe mj
drift velocity resistivityh\/—’
hall term pressure term
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Extended MHD: model

Extended MHD

athrV(pu) =0, -
pd:u+pu-Vu+Vp=JxB-V- M,

1 1
ﬁatpi'f‘ ——u-Vp + %

v—1

11 -1
e Vu+ .0V (20) + g2,

1 1
———0tpe + ———U-Vpe + p”

0:B = -V x (7u><B+17J7%V-ﬁef
V-B=0, VxB=J.

1pr'U+V~q,-

7’11Pev'u+v'Qe:

= —ﬁ,‘ : Vu,
1 mj Vp
77 1 ?PJ (Vpe 7Pe7>

m

i mj
peVpe+ E(J X B)) ,

Remark: We can write easily the equation on the total pressure p. + p;.

B |n Black: ideal MHD. In Black and blue: Viscous-resistive MHD. All the term: Extended

MHD.
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MHD Invariants

MHD Invariants

2 2
B The mass p the momentum pu and the total energy E = p% + % + %p with

p=pT are conserved in time.
w

Sketch of proof

B Mass and momentum conservation: divergence form + the flux-divergence theorem +
null BC.
Ju[?

B Total energy: multiply the first equation by - the second by u and the last one by
B we obtain

2 _
atE—i-V-{u(p%—i-% )—(uxB)xB} +V-q+V- (M- -u)+7V-(JxB)
mj = 9 =
+V. | —((UXxB)XxB—-VpexB—-V -NexB———psJ—J-M || =0

pe 7—1

with ﬁ:ﬁ;+ﬁe and q = q; + ge.

B We conclude with the divergence-flux theorem + BC null.

.
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Closure

Stress tensor and heat flux

B Closure: Write the dependency of 1 and q with the variables p, u and p.

ﬁ:ﬁ(w,b,p) q=q(T,b), WithW=Vu+Vqu§V~u

m V. I'IH dissipate energy, not v-n Mg, (indeed I'I :Vu =0)

B Gje = —ie (X[(b- VTie)b+ kb x VTie + 1B x (b x VTi))

v

Simplification of the velocity

B Velocity expansion of is used in JOREK

I BI?u=(uB)B+(ExB)+ (B xVp;)+0(5)
—— —— P& — —
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Reduction in the JOREK model
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Full MHD simplification
Full MHD simplification |

B Parallel viscous heating: is neglected,

B Parallel stress tensor: V 'ﬁH ~ Aug + Au?,

B Pressure equation: the following terms are neglected
1 m \Y%
——J- (Vpe - 'Ype7p> +77|J‘2,
B Momentum equation: gyro-viscous cancelation

pdru; +p(ug +uj +uy) - Vu;i +V '~ Vx —pu; - Vu with Vx << Vp.

B Momentum equation: Perp momentum equation only on ug with the gv cancelation.

Projection for parallel and poloidal velocity

ey V x R?(0pd:u+pu-Vu+Vp=Jx B+vAu)

and

B-(pdtu+pu-Vu+Vp=JxB+vAu).

)
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MHD simplification Il

Reduced MHD simplification

B Magnetic field:

F 1
B = B¢+Bpa/: Foegb-‘rEVl/JXelP
B Pressure: P, = ﬁ
® Parallel velocity: u ~ %

B Perpendicular velocity:

(E X B‘l’) m; (B(p X Vp,)

ug +ui = + —
o IByllP e [IBy

= —RVu x ep +T’C§ (e¢ X VP)

B Viscous term: Aug ~ Aw

| A

Full model

B Without the diamagnetic and neoclassical terms, the model of JOREK [1]-[2] dissipate
the total energy if we add some small terms [3].

B Problem: With diamagnetic terms we don’t have an energy estimate signed.

4
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New model proposed
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Full MHD simplification

Closure

0 The closure are detailed in [4].

O No gyro-viscous cancelation and no neglect terms in the pressure equation.

U Parallel stress tensor:

v-n = Gb-Vb—%VG—I—b.VG, n :Vu:_%(;z
0

with G = 77]0(2[7' VVH — ((b Vb) 0 UL)).

U Gyro-viscous stress tensor:

m;b
el B

V-ﬁgv=—pu?~Vu+p,-(V>< >~Vu+Res

_ m;p; ) m; p; )
Res =V, (726 HBIIV b><u)+b><V(72e ” B”m u)

01 Open question: full magnetic field for the reduced perpendicular velocity and
projection parallel - perpendicular ?

v
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EEEEEEEEEEEEEEEEEERERRlRREEEE——
Reduced velocities and operators

B JOREK terms in Black. Potential new term in red.

B, current and velocity after reduction

1 = . 1, 1
0| B|*= R2 (RE+IVyl?) ~ F% J=Jpep +Jpor = — (ﬁA pep — ﬁvpol(afl’lp))

1
U ug = Roguezy — Rozuer + <F0 (R(V,,o/u, Vpo/¢)E¢ - a¢uvpollp)>

m; m
O uf = :P, (ROrpiez — Rozpier) + (

Fo e'p (R(Vpotpis Vportp)ep — aevPino/VJ))

advection operator
Fo 1 B
O B-Vf = g3dyf — & [§.f] and uy - VF = R

1
U ug- Vf=R [u, f] + (FO ((Vpo/u, Vpo,tp)a¢f = a¢u(vpo/l/1, Vpo,f))>

@

g -Vf = [plv f] + <RP ((vpolpir Vpollp)a¢f - aszi(VpoI#’v Vpolf)))

v

B \Wa have also new term for the other operator like divergence of he velocities fields. ( \
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EEEEEEEEEEEEEEEEEERERRlRREEEE——
Induction equation

B We take the equation
atB:—VXE:>E)tA:—E—F0Vu

B Using A = ey we obtain
at (%64;) =—E — Fovu

B To conclude we use the Ohm law and we project

Induction equation (projection in parallel direction)

T *
at(%)ng-Vpe + LAY~ B Vut Ry,

with new small term Ry ; = —% ([9py. ¥])

Induction equation (projection in toroidal direction)

1 F
0t (i) = gyl - R%agvu—%[l/h pil + R23 (pi + pe) + %A*IPJFRW

R2
with new small term Ry ; = —O(7J x B) ,.\
118 /
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Density and pressure equations

B The structure of the density equation does not change. We have new term if we keep
the new term in the perp velocity field.

Pressure equation

1 71 <V||B+uE+u)~Vp+%(B~VvH+V~uE+V~uf>p
+V- ((kH —kl)| :|2(3~VT)+I<LVT) =R} + R+ Rou
with
Ry = = |A*ll’|2+ ! ~ RpA ¥ (%Pe Ype zp)
RE = 25 | Vo %) P+ 25 7 Vo) (Ve 10722 )
Rp,u—”—(zb Vv - 0(3 VB)- (ug +uj))?

B The new term associated (R, ) to the heating can be neglected.
B The term "R‘ljj is essential to have energy conservation at the end

B The term RIZJJ- is not essential to have energy conservation at the end. r-\
" 1
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Momentum equations and future works

Short time Future work

B Write the equations on the perpendicular and parallel momentum equations in the
Reduced context.

Open questions

B (Classical projection or perp-parallel projection ?

B Simplification of the stress tensor ?
B Keep the new terms which are not necessary for energy dissipation ?
B Keep the Ohmic heating ?

Two reports

B Hierarchy of fluids models for magnetized and collisional plasmas. Part I: Bi-fluid and
Full-MHD models (finished but need to be verify)

B Hierarchy of fluids models for magnetized and collisional plasmas. Part Il: Reduced
MHD models (not finish)

Long time Future work

B Energy conservation or dissipation for neoclassical terms and neutral terms.
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