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Numerical Methods and implicit neural representation
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Parametric models

B We consider a unknown function
y=1f(x)

with x € VCR? and y € W C RP.

Objective

O find f, € H an approximation of f with H a functional space.
O Difficulty: it is a infinite dimensional problem.

Solutions parametric models

' We consider a function fy composed of known elementary functions and n unknown
parameters 6;
0 The problem becomes : find fy € H, an approximation of f with H, a finite
dimensional functional space.
O It is equivalent to
Find 0, such that || fp — f [|[p< e

B Main Question: How determinate 6 7
B Example in the following. We want approximate the temperature in a Room:

T(t,x), x€QeR}teR" h
* /10
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ML and regression

ML regression approach

We have data and we use it to construct the parametric model which approach our
function T

We assume that we known: {(x1, t1, T1), ....(xn, tn, Tn)} such that
Ti = T(ti xi) + €
with €; a noise.

To approximate the temperature function we propose to approximate correctly our
data examples.

B |t is equivalent to solve:

N
ming Y d(T;, fy(ti, xi))
i=1
with d a distance like euclidian norm.

Questions in ML

0 Which parametric model ?

O Generalization for input outside of the data set (overfitting) ?
0 Robustness to the noise 7

0 How collect, process the date ?

E. Franck \ 5/40
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Models and garanties

B \We consider: y = f(x) with x = (x!,....,x9) € R
B Models:

B Linear model: d
S .
i=1
B Polynomial model:

Z 9,'P,'(X) o
i=1

B Kernel model:

N
D 6iK(xx)
i=1 B Polynomial regression of the
with x; a data and K a symmetric kernel. Runge function
Garanties: For d =|| x — y ||3 the minimization problem is convex and admit a unique
solution if you have sufficient number of data.

B For nonlinear models compared to the inputs more you have data and parameters
more you will accurate.

The number of data needed to approximate well the function grows up exponentially with
the dimension d
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Models and garanties

B \We consider: y = f(x) with x = (x!,....,x9) € R
B Models:

B Linear model:

d
Z 9,-xi
i=1

B Polynomial model:

Z 9,'P,'(X) o
i=1

B Kernel model:

N
D 6iK(xx)
i=1 B Kernel regression of the Runge
with x; a data and K a symmetric kernel. function

Garanties: For d =|| x — y ||3 the minimization problem is convex and admit a unique
solution if you have sufficient number of data.

B For nonlinear models compared to the inputs more you have data and parameters
more you will accurate.

The number of data needed to approximate well the function grows up exponentially with
the dimension d
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Numerical methods

Principe of numerical methods

[J Same objective than ML: construct a parametric model approaching T.
0 no data but a strong constrain on the function: the equation

B Equation for temperature evolution:

Lexu=8:T — AT = f(x)
T(t=0,x)= To(x)
T(x) =g on 0Q

B Numerical method: choose a parametric model, transform the equation/constrain on
the function on a equation/constrain on the parameters.

Important: convergence

For numerical methods, we want that || 75 — f ||,— 0, when , n — oo with n the number
of parameters (call degrees of freedom).

B For the three next slides, i consider only a spatial problem like —AT = f(x)
Parametric models

O In all the classical numerical method we choose: fy = > | 0ipi(x)
0 How construct ¢; ?

E. Franck
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Mesh based methods

Polynomial Lagrange interpolation
We consider a domain [a, b]. There exists a polynomial P of degree k such that, for any
f € C°([a, b)),

[f(x) — P(x)| < |b— a|k max |fk+1(x)|.
x€E|a,b]

B On small domains (|b — a| < 1) or for large k,

this polynomial gives a very good approximation s
of any continuous function. X———Y

B Very high degrees k can generate oscillations g i jD P ﬁ } R
(like in ML). RP s R

B To obtain good approximation: we introduce a

mesh and a cell-wise polynomial approximation
B Possible since contrary to ML, the domain of inputs is always well-known.

First step: choose a parametric function

We define a mesh by splitting the geometry in small sub-intervals [xk, xk+1], and we
propose the following candidate to approximate the PDE solution T

T2l (£:X) = 29’ 6j(x).

This is a piecewise polynomial representation. 8
E. F / 40
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Classical numerical methods, encoder and decoder

Parametric model for all numerical methods:

fo = 0igi(x)
i=1

B Classical mesh based methods:
O Finite element: CP continuity between the cells (depend of the finite element) so
¢i(x) piecewise polynomial.
0 DG: discontinuity between the cell so ¢;(x) = p;(x)xxeq;-
U DG Treffz: same as DG but non-polynomial.
O Finite difference: punctual value so ¢;(x) = dx,(x) with x; a mesh node.

B (lassical mesh free methods:
O Spectral: we use Hilbert basis so ¢;(x) = sin(2mkix) for example (same with
Hermite, Laguerre, Legendre polynomiales).
o Radial1 basis: we use radial basis so for example ¢; = ¢(] x — x;) with ¢ a Gaussian

or Tro2x2"

| NGE) ,(x)
. B— Y

(/0
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How determinate the degree of freedom

General method

The aim is to transform the PDE on T into a equation on 6 (DOF).

We note Vjy = Span {fy,such that ,6 € V € R"}

First approach: Galerkin
[ Rewrite the problem:

CAT(x) = F(x), minreH/ (1 VT P —F(x) T(x)) dx
Q
L Galerkin projection:
minrocvy | (19 Tox) F =F()To() o
The problem is quadratic in 6. The parameters which put the gradient at zero satisfy
/(—AT(,(X) — F)gi(x) =0, Vi€{l,..n}
Q

Since we can compute exactly the derivative and numerically the integral we
precompute everything (after in general a integration by part) to obtain

Al =b
Second approach: Least square Galerkin projection

mingev/ | —ATy —f |2 dx /\
Q 10/40
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Time case

Space time methods

We use the parametric model:

fo = 0idi(t,x)
i=1

B The time equation have no equivalent minimization form so we use the Least square

Galerkin projection.
B |n practice we compute the gradient and obtain a large system to invert since n is large

Space methods

We use the parametric model:

fo =" 0i(t)¢i(x)
i=1

B We consider Least square Galerkin:

mlng(t EV/ | O Tg (t)(x) — ATG(t)(x) — f(t,x) |2 dx

4
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Time case

Space time methods

We use the parametric model:

fo=> 0idi(t,x)
i—1

B The time equation have no equivalent minimization form so we use the Least square

Galerkin projection.
B |n practice we compute the gradient and obtain a large system to invert since n is large

Space methods

We use the parametric model:

fo = Z 0;(t)¢i(x)

B We discretize on time (here a Euler method):

ming(tn+1)ev/s; | Te(t"+1)(x) — Te(t,,)(x) — At(ATg(t)(X) — f(t, x)) |2 dx

4
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Time case

Space time methods

We use the parametric model:

fo = 0idi(t,x)
i—1

B The time equation have no equivalent minimization form so we use the Least square

Galerkin projection.
B |n practice we compute the gradient and obtain a large system to invert since n is large

Space methods

We use the parametric model:

fo =" 0i(t)¢i(x)
i=1

B it gives a succession of Galerkin (L?) projection on the spatial approximation space:
mine(fnﬂ)ev/g | (©(x), 0(tn+1)) — (S(x), 0(tn)) — At(ATy(y) — F(t,x)) | dx

B This projection are smaller an faster than in the space time methods.
‘ 11
/a0
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Time case

Space time methods

We use the parametric model:

fo=> 0idi(t,x)
i—1

B The time equation have no equivalent minimization form so we use the Least square

Galerkin projection.
B |n practice we compute the gradient and obtain a large system to invert since n is large

Space methods

We use the parametric model:

fo = 0i(t)¢i(x)
i=1

B Computing the gradient and VyJ(0) = 0:

(/ﬂ¢ ® ¢) O(tny1) = (/Q >R ¢) 0(tn) — At (/Q P(x)(ATp(eyx) — F(t, x)))

B it is the equivalent to the normal equation in infinite dimension for Least square h
11
/0
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==
Garanties

Essential point

The space Vj is a a vectorial space. So the projector is on subspace is unique (projection
on convexe subspace of Hilbert theorem). It allows to assure that the problem on
parameters admit also a unique solution.

Convergence

The previous property coupled the approximation theorem of polynomial or Hilbert basis
allows to assure that

|| fo — f ||[p— 0,when , n — co

Curse of dimensionality

| \

For mesh based approaches
| fo —f ||ln< ChP
with h characteristic size of the cells and the number of cell N = O(h%). For that we

need p polynomial by cell and direction so O(pd) parameters by cell. There is also similar
problem for mesh less methods.

vV
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Neural representation in ML and numerics

‘13/40

E. Franck \ y




Deep ML, nonlinear model and manifold

All the parametric models introduced for ML or numerical methods are linear compared to

the parameters and gives finite dimension function vectorial space
v

Deep learning

The rupture associated to the deep learning is to use massively nonlinear compared to the
parameters which gives finite dimension function manifold

Projection on manifold

| \

How project on manifold ? Not uniqueness ? The convex optimisation problem are
replaced by non-convex problem. So there is less guaranties on the results.

\l 14 /40‘
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Nonlinear models
B Nonlinear version of classical models: f is represented by the DoF «;, u;, w; or X;:
—1
f(X; Q, i, z) = Z aie(X—ll«i)Z’- (X—Mi)y f(X; «, w) = Z aisfn(wix)
i=1 i=1

B Neural networks (NN).

A layer is a function L;(x/) : R% — R%+1 given by
Li(x)) = o(Ax; +by),

A; € R+1.4/ b € RY+1 and o() a nonlinear function applied component by component.

Neural network

A neural network is parametric function obtained by composition of layers:

fg(x) = L,, ©....0 Ll(X)

with 0 the trainable parameters composed of all the matrices A, ;1 and biases b;.

B Go to nonlinear models: would allows to use less parameters and data.
B Go to nonlinear models allows to use NN which are: accurate global model, low
frequency (better for generalization) and able to deal with large dimension.

E. Franck \15/40
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NN vs Polynomial

B We compare over-parametrized NN and polynomial regression on the Runge function.

B Regression: 120 data and approximately 800 parameters in each model.

loss history k=2, epo pregiction error
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NN vs Polynomial

B We compare over-parametrized NN and polynomial regression on the Runge function.

B Regression: 120 data and approximately 800 parameters in each model.
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NN vs Polynomial

B We compare over-parametrized NN and polynomial regression on the Runge function.

B Regression: 120 data and approximately 800 parameters in each model.
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10 100 N — edction | 07
N
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B The polynomial model tends to oscillate in the over parameterized regime.

Problematic for overfitting.

E. Franck
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NN vs Polynomial

B We compare over-parametrized NN and polynomial regression on the Runge function.

B Regression: 120 data and approximately 800 parameters in each model.

loss history. k=2, epoch = 49 prediction error
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NN vs Polynomial

B We compare over-parametrized NN and polynomial regression on the Runge function.
B Regression: 120 data and approximately 800 parameters in each model.

loss history. k=2, epoch = 899

N
\

A

predi

o000

loss history.

f\ s .

o000

loss history. prediction error

B The ANN generates very smooth/low frequency approximations.

B |t is related to the spectral bias. The low frequencies are learned before the high
frequencies.

B Seems very helpful to use it for global and high dimensional representation. (16 \
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Space-time approach: PINNs |

Neural methods

The PINNs and Neural Galerkin approaches use exactly the same strategy than classical
numerical methods but project on manifold associated to nonlinear parametric models
compared to the parameters

Idea of PINNs

B For u in some function space H, we wish to solve the following PDE:

| \

Oru = F(u, Vu, Au) = F(u).
B (Classical representation for space-time approach: u(t, x) = Z,N:1 0ipi(x, t)

B Deep representation: u(t, x) = unn(x, t; 0) with us, a NN with trainable parameters 6.

Which projection

| A\

B Galerkin projection is just valid for elliptic equations with energetic form.

B More general: Least square Galerkin. We minimize the least square residue of the
restricted to the manifold associated by our chosen neural architecture.

v

‘17/0
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Space-time approach: PINNs [l
B We define the residual of the PDE:
R(t, x) = Orunn(t, x;0) — F(unn(t, x; 6), Oxtnn(t, x; 0), Oxxtnn(t, x; 0))

B To learn the parameters 6 in unn(t, x; 0), we minimize:
9 = arg min (J,(e) + Jp(0) + J,-(e)),
0

with

J,(e)z/OT/Q|R(t,X)|2dxdt

and

)
— 0 == X 2X H = unn(V, X; — up(x 2X.
J(0) = /0 /anuunn(r,x,e) g()3dxdt,  Ji(0) /Q (0, x: 0) — 1o ()| 3d

B |f these residuals are all equal to zero, then upn(t, x; 0) is a solution of the PDE.

B To complete the determination of the method, we need a way to compute the
integrals. In practice we use Monte Carlo.

B Important point: the derivatives are computed exactly using automatic differentiation

tools and back propagation. Valid for any decoder proposed.
18/
\ 40

E. Franck y




Space-time approach: PINNs [l
B We define the residual of the PDE:
R(t, x) = Orunn(t, x;0) — F(unn(t, x; 0), Oxunn(t, x; 0), Oxxtnn(t, x; 0))
B To learn the parameters 6 in unn(t, x; 0), we minimize:

9 = arg min (J,(e) + Jp(0) + J,-(0)>,
0

with
N N
Jr(0) =D IR(ta, xi)
n=1 j=1

with (tn, x;) sampled uniformly or through importance sampling, and

N, Np Ni
Ip(0) =D D unn(tn, xi:0) — g(xi), Ji(0) = D |unn(0, xi: 8) — uo(xi)|*.
n=1 i=1 i=1

B |f these residuals are all equal to zero, then upn(t, x; 0) is a solution of the PDE.

B To complete the determination of the method, we need a way to compute the
integrals. In practice we use Monte Carlo.

B |mportant point: the derivatives are computed exactly using automatic differentiation
tools and back propagation. Valid for any decoder proposed. s
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PINNSs for parametric PDEs

B Advantages of PINNs: mesh-less approach, not too sensitive to the dimension.

B Drawbacks of PINNSs: they are often not competitive with classical methods.

B |nteresting possibility: use the strengths of PINNs to solve PDEs parameterized by
some .

B The neural network becomes unn(t, x, w; 6).

New Optimization problem for PINNs

minJ,(G) +...,, with

J:(0) = / / / ||8tu,,,, — u,,n(t X, ), Oxtnn(t, x, 1), Oxxtunn(t, x, ) ||2dxdt

with V, a subspace of the parameters .

B Application to the Burgers equations with many viscosities [1072, 1074]:

B Training for u = 10~*: 2h. Training for the full viscosity subset: 2h. ,19 \
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Spatial approach: Neural Galerkin |
B We solve the following PDE:
8eu = F(u, Vu, Au) = F(u).
B Classical representation: u(t, x) = S 0;(£)¢i(x)

B Deep representation: u(t, x) = upn(x; 0(t)) with unn a neural network, with
parameters 0(t), taking x as input.

B We use the same strategy as before: we begin with Lest square Galerkin Projection
ming(t)eRn/Q | Bt tinn(x; O(t)) — F(unn(x; 0(¢))) |2 dx
B We discretize in time
ming(e, ., ycie /Q | tnn(%: 8(tn41)) — tnn(x: 6(tn)) — AtF (unn(x; 6(t))) |2 dx

B Here we solve a succession of nonlinear optimization problems (similar to linear case).
Since we initialize 0(tp+1) with 6(t,) and the weights evolve slowly these optimization

problems are fast to solve.
‘20
/40
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Spatial approach: Neural Galerkin Il
B Variant: Neural galerkin. We linearize:
unn(X; 0(tnr1)) = tnn(x; 0(tn)) + (0t,.1 — Ot,)Vounn(x; 0(tn))

So we have
ming(t"+1)€Rn/S; | Vounn(x;0)0t,.1 — Vounn(x;0)0:, — AtF(unn(x; 6(t))) \2 dx

B Since the problem is quadratic in 0(t,+1) we can compute the solution which is given
by
M(0(tn))0t,s1 = M(6(tn))0r, — AtF(0(tn))

with
I\/l(@(t)):/QVgun,,(x;ﬁ)@Vgunn(x;Q)dx, f(,G(t)):/QVgu,,n(x;H)F(u,,,,(x;G))dx.

B How to estimate M(6(t)) and F(x,0(t))?

B Firstly: we need to differentiate the network with respect to 6 and to x (in the
function F). This can easily be done with automatic differentiation.

B Secondly: How to compute the integrals? Monte Carlo approach.

B So, we use (same for f(0(t))):

N
M(6()) = Y Vounn(xi; 0) @ Vg unn(x;; 0)
i=1
B Like in the case of PINNs, we can apply this framework to parametric PDEs and larger,
dimensions. 121
/40
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Spatial approach: Neural Galerkin Il

B We solve the advection-diffusion equation 9:p + a- Vp = DAp with a Gaussian
function as initial condition.

B Case 1: with a neural network (2200 DOF)

prediction reference
125
s 125
050 120 120
025
115 115
000
025 110 110
R 105
00 K 1.05
-0.75 o : «  w_theta(x, y) 1.00
100
075 050 025 000 025 050 075 075 —050 025 000 025 050 075
dx prediction dy prediction
075 dx v_theta(x, y) 10 075 dy w_theta(x, y) 10
050 050 m
05 - 0s
0.25 025 O
0.00 0.0 0.00 0.0
025 025
“os -0
-050 -0s0
-07s o -075 10
075 050 025 000 025 050 075 075 050 025 000 025 050 075

B 5 minutes on CPU, MSE error around 0.0045.

\‘ 2 /40

E. Franck y




Spatial approach: Neural Galerkin Il

B We solve the advection-diffusion equation d:p + a- Vp = DAp with a Gaussian
function as initial condition.

B Case 2: with a Gaussian mixture (one Gaussian):

prediction reference
125 125
075
050 120 120
025
115 115
000
025 110 110
050 < 105 1.05
-075 w_theta(x, y) w_ref(x, y)
1.00
075 -050 -025 000 025 050 075 075 -050 -025 000 025 050 075
dx prediction dy prediction
0.75 Lo 0.75 10
050 050
025 025 Q
0.00 00 0.00 00
025 025
05 05
050 050
-0.75 dx v_theta(x, y) -10 -075 +  dyw_theta(x, y) -10
075 -050 -025 000 025 050 075 075 050 -025 000 025 050 075

B 5 sec on CPU. MSE around 1.07%. Decoder perfect to represent this test case.

\‘ 2 /40
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Convergence 7

B | solve a 2D laplacian with 5 layers neural network and increase the size (685 weights
the smaller 26300 weights the larger).

B Two learning rates:

B The behavior of the error when we increase” the number of weights is complex”.

B Sensitivity to the dimension. We use a network of 960 parameters for 1D /2D laplacian:

( 23/40‘
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How improve PINNs

E. Franck
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How go complex geometry ? mapping

Claim on PINNs: no mesh, so easy to go to complex geometries.

In practice: No so easy. We need to find how sample in the geometry.

First approach:
L We are able to sample easily: quadrilateral, ellipse, cylinder etc

O Using union/soustraction/intersection we can sample more complex domains.

Second approach: mapping

) We consider a simple domain Qg and the target domain Q

O We assume that Q = ¢(Qo)

£ We sample in ¢ and apply ¢ to the points sampled.
prediction, parameters =

1.0 1 0.200
0.175

0.5 0.150
0.125

0.0 1 0.100
0.075

—051 0.050
0.025

—1.04 i i i i i 0.000

-1.0 -05 0.0 0.5 1.0
E. Franck
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How go complex geometry 7 level-set
B We define the model by a level set ¢(x) which satisfy
B(x) =0,x €9Q, ¢(x)<0,xEQ, ¢(x)>0,xecR"/Q,
B Sample is easy in this case. Allow to impose in hard the BC (example for Dirichlet):
ug(x) = unn,o(x)p(x) + g(x)

B How construct ¢? Classic level set: the signed distance function.

prediction, parameters = 0.50 prediction, parameters = 0.50

. 025
125
020
1.00
075 015
050
025 010
0.00
025 005
050

050025 0.00 025 050 075 100 125 150
loss history

-050-025 000 025 050 075 100 125 150
loss history

0 — totalloss 10 — total loss

100 10+
0 100 200 300 400 500 0 100 200 300 400 500
B | eft: exact distance function, right: smooth levelset. (26 \
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How go complex geometry 7

Remark on levelset

The exact distance function is a C% non C! function. The derivates explode.
If we impose the BC using the Distance function the network must compensate the
singularity. For the BC we need regular level set.

B How construct smooth signed distance function ?

O First solution: Approximation theory (Exact imposition of boundary conditions
with distance functions in physics-informed deep neural networks).
O Au can be singular at the boundary. Sampling at € to the BC solve the problem.

prediction, parameters = 0.50 prediction, parameters = 0.50

< uelxy) 0.030 Us(x.y)
0.025
0.020 075
0015

0010 0.00

0.005

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

B Second solution: learn the signed distance function. How make that ? with a PINNs.

\‘ 27/40
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How go complex geometry 7

Signed Distance function

If we have a boundary domain I, the SDF is solution to the Eikonal equation
| Vo(x) =1, x€[0,1]¢

o(x)=0, xel
(Vo(x),n) =0, xel

B |n practice we solve the Eikonal equation with PINNs

B To obtain a smooth SDF (important to impose strongly the BC) we add a
penalization:

Lpenalize(e) =A | axxd’(x) ‘2

o
551}

FIGl RE 13 Lo\olsot 4;,; <0.

R

FIGURE 11 - Loss (tv=lap). FIGURE 12 - Levelset ¢p.

PNs ermor : 12 = 2,540 nz
00002
oo “
. o0
o018
o012
000 o3 a3 o

) ’ . m e aoeee ‘28/
0’& ~~~~~~~~~ E. Franck \ 40

000 a3




R R R R R RS
How go complex geometry 7

Signed Distance function

If we have a boundary domain I, the SDF is solution to the Eikonal equation:
| Vé(x) =1, xel0,1]°
¢(x)=0, xerl
(Vo(x),n) =0, xeTl

B |n practice we solve the Eikonal equation with PINNs
B To obtain a smooth SDF (important to impose strongly the BC) we add a
penalization:

Lpenalize(e) =A | 8XX¢(X) ‘2

0’& ~~~~~~~~~ E. Franck 4



How go complex geometry 7

B We can combine the options: mapping for the big domain. Level set for the holes.

prediction, parameters = 0.50

0.14
1.0
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NTK

B How study the learning dynamic and discover training bias: NTK theory.
B We call £(0) the loss and fy(x) the model. Continuous gradient descent:

do(t 1
DO V) = 1 S (TohG(Vr (o). %)
t N i=1
B We multiply by Vgfy(x)
dfy(¢)(x) 1Y

— =% ; K(x, xi)(V, I(fo(xi), i)

with Koy (x,y) = (Vofa(x))T (Vofa(y)).

In the limit n the number of neurons tends to infinity We have:

B Kp(o)(x, y) deterministic at initialization, only determined by the model architecture
B Koy (x,¥) = Kooy (x, ¥)

B So we have: B
foe)(X) = (fog)(X) — Y)e~ el
with X the evaluation points and X the training points, 7 the learning rates.
B Study Kp(X, X) allows to understand the bias and fails of PINNs. For example some

trouble arrive when a loss decay really faster than another. (30 \
E.F /40
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Spectral biais ans high frequencies

Spectral bias

Using NTK we can study the Spectral bias of MLP. the MLP learn firstly the low
frequencies and after the high frequencies (with difficulty)

B Classic MLP with Sinus activation function (to help). We solve
—Au = 128sin(8mx) sin(8my)

prediction, parameters = 0.50 solution, parameters = 0.50

00 02 04 06 08 10
loss history

— total loss
— data 02

B To solve this problem for PINNs we add Fourier features. We replace
NNg(x), by NNg(x,sin(2mkix), ..., sin(2mknx))

with (ki, ....kn) trainable parameters. ,31/ \
40
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Spectral biais ans high frequencies Il

B Fourier Network with Tanh activation function.

prediction, parameters = 0.50

solution, parameters = 0.50
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B Other interesting subjects: adaptive sampling, loss balancing (to avoid bais) etc
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Spectral biais ans high frequencies Il

B MutiScale network with Tanh activation function.

prediction, parameters = 0.50

1.0

0.8

0.6

04

0.2

0.0

solution, parameters =

0.50

10
0 SO®SOWOL.
w| OWD®0 @0
v | eoe0e0e0
. Oe0e0eO®
o BOSO SO ®O
02 ODeCeOwOw
2 WO OeO®0
W OmOoOmO®Oo®
0.0 o. 04 0.6 08 10 0.0 02 04 0.6 08 10
loss history prediction error
—— total loss 10 Us(x, y) - u(x, y)
—— data
— residual 08
— bc

0 250

500 750 1000 1250 1500 1750 2000

0.0

0.2

0.4 0.6

0.8

1.0

0.0175

0.0150

0.0125

0.0100

0.0075

0.0050

0.0025

B Other interesting subjects: adaptive sampling, loss balancing (to avoid bais) etc
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Inverse problem and optimal control
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EEEEEEEEEEEEEEEEEERERRlRREEEE——
Shape optimization |

B Since the PINNs use a minimization framework it will be easy to solve without large
modification control optimal and inverse problems.

B Example: shape optimization.
B \We introduce the energy associated to the Laplace problem for one domain:

E(Q) = inf e % (/ﬂ | Vu(x) P ff(x)u(x)dx)

B A classical problem is to find the domain Q which minimize this energy with a

constrains volume :
QF = ianv‘levo E(Q)

Classical approach

Gradient method: we define a form gradient, we solve adjoint problem for that. Each
change of domain needs a remeshing step. It is costly and non trivial.
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Shape optimization Il

Pinns approach

We parametrize the PDE solution by a neural network ug(x),
We consider a initial form Qg,

We parametrize a mapping mg(x) such that Q = mg (o).

We solve:
ming, ¢ 1 / | Vug(x) [2 —F(x)ug(x)dx
2 \Jmy(20)

The integral is approximated with Monte Carlo approach. In practice we solve

ming 5 ([ 1 9(matuol) P =maF(x))ma (us(:0)o

There exist specific neural network called Sympnet which generate
Symplectomorphism.

In R? the symplectomorphism preserve the volume. So we propose to use a SympNet
for my,.

E. Franck
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Shape optimization Il

B PINNs on ellipse with hole.

FEM

PINNs
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Shape optimization IV

B Shape optimization with different sources

Hausdorff error: 1.80e-01

1.0
Hausdorff error: 1.80e-01
s
0.5
0o @ fixed point optimal shape -
GeSONN optimal shape
=0.5 0.05
-1.0
~1.0 =0.5 0.0 0.5 10 PDE GeSONN prediction +fixed point optimal shape
Fig. 10
Hausdorff error: 1.68¢-01
sl 165001 »
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00 GeSONN optimal shape R 0
0.5 0.1
R P T DRGSO e« b g g e

E. Franck

B The initial shape is not a circle.
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Conclusion
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Conclusion

Short conclusion

B The PINNs and the Neural Galerkin can be view as a classical space time and space
Galerkin approximation method where we project on a finite dimensional manifold
(PINNSs) or in the tangent space to the manifold (Neural Galerkin).

B We hope reduced significantly the number of parameters using manifolds. The neural
networks seems good candidate for than in large dimensional input case.

All the experiments of the talk have been realized with our library Scimba
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