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Hochschild cohomology of Hilbert schemes
of points on surfaces

By Pieter Belmans at Utrecht, Lie Fu at Strasbourg and Andreas Krug at Hannover

Abstract. We compute the Hochschild cohomology of Hilbert schemes of points on
surfaces and observe that it is, in general, not determined solely by the Hochschild cohomology
of the surface, but by its “Hochschild—Serre cohomology” — the bigraded vector space obtained
by taking Hochschild homologies with coefficients in powers of the Serre functor. As appli-
cations, we obtain various consequences on the deformation theory of the Hilbert schemes;
in particular, we recover and extend results of Fantechi, Boissiere and Hitchin. Our method
is to compute more generally, for any smooth proper algebraic variety X, the Hochschild—
Serre cohomology of the symmetric quotient stack [ X" /&,], in terms of the Hochschild—Serre
cohomology of X.
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1. Introduction

1.1. Hochschild cohomology of Hilbert schemes of points on surfaces. For a smooth
projective surface S, the Hilbert scheme of points Hilb” S is again a smooth projective vari-
ety [25]. The geometry and invariants of Hilb” S are controlled by those of S. Probably the
most famous result in this direction is the identification of the direct sum of the singular coho-
mologies of all the Hilbert schemes of points on S with the Fock space representation of the
Heisenberg Lie algebra associated with the cohomology of the surface S; see [31,32,34,61].
This means, in particular, that we have an isomorphism of graded vector spaces (up to some
degree shift)

(1.1) P H*(Hilb" 5, C)1" = Sym°(@ H* (S, C)zi),

n>0 i>1

where the symmetric power Sym® on the right-hand side is graded for the grading of the
cohomology, but ordinary for the grading given by exponents of the formal variable 7; see
Section 3.1 for details on graded symmetric powers.

Due to the identification of singular cohomology and Hochschild homology via the Hoch-
schild—Kostant—Rosenberg isomorphism, we get an analogous isomorphism of graded vector
spaces (without degree shift) for the Hochschild homology of all the Hilbert schemes taken
together,

(12) @D HH. (Hilb" $)" = Sym® (@ HH*(S)zl').

n=0 i>1

In particular, the Hochschild homology of Hilb” S is determined by that of S.

Hochschild cohomology is another invariant of varieties, whose definition is similar to
that of Hochschild homology, but whose behaviour is, in general, quite different. For some
explicit examples of calculations and its behaviour in families, the reader is referred to [6, 9].
Hochschild cohomology plays an important role in the deformation theory of varieties and their
(derived) categories of coherent sheaves, as discussed in Section 3.5.

The motivation for this paper was whether the Hochschild cohomology of the Hilbert
schemes of points HH* (Hilb” ) can be expressed by a formula similar to (1.1) and (1.2), or
at least determined by the Hochschild cohomology HH* (S) of the surface. It turns out that the
information of the Hochschild cohomology of S, even jointly with its Hochschild homology,
is not enough for this purpose in general (see Section 4.3 for concrete examples using bielliptic
surfaces), but one needs the full non-positive part (k < 0) of the Hochschild—Serre cohomology

(1.3) HS.(S) := @D HSk(S).
keZ

where HS (S) := RHomgxs(A«Os, Asw$¥ [k dim S]).

This invariant involving all powers of the Serre functor was first defined for varieties and
shown to be a derived invariant in [67, page 535] (see also [43, page 139]). The definition
of Hochschild—Serre cohomology, as well as its derived invariance, can be naturally extended
to orbifolds (Definition 2.3, Corollary 3.19), and even to smooth proper dg categories (Sec-
tion A.1). In [43,67], this is referred to as the Hochschild algebra, as it is a bigraded algebra
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which contains the Hochschild cohomology HSo(S) = HH*(S) as a graded subalgebra, and
Hochschild homology HS1(S) = HH.(S) as a graded submodule. But to avoid confusion with
the usual algebra structure on Hochschild cohomology, we will refer to the entire bigraded
structure in (1.3) as Hochschild-Serre cohomology.

Our first main result is a formula expressing the Hochschild—Serre cohomology of all
the Hilbert schemes of points using the Hochschild—Serre cohomology of the surface S. We
should point out that we only compute the Hochschild—Serre cohomology of Hilbert schemes as
a bigraded vector space. So for now, we have to leave the computation of the algebra structure
as an open problem.

Theorem A (Corollary 3.23). For any smooth projective surface S defined over a field
of characteristic zero, and any integer k, we have

(1.4) €D HSy (Hilb” §)1" = Sym"* (@ HS 1 (k1) (S)zl').

n>0 i>1

In particular, considering k = 0, the Hochschild cohomology of the Hilbert schemes is given
by

(1.5) @D HH* (Hilb" §)¢" = Sym® (@ HS;_; (S)r! )

n>0 i>1

Notice, on the right-hand side of (1.5), pieces of Hochschild—Serre cohomology of S
other than HH*(S) do come into play.

We are in particular interested in HH! (Hilb” S) and HH?(Hilb" S), given the role of
these spaces in understanding symmetries and deformations of D°(Hilb” S), and thus also of
Hilb” S, as recalled in Section 3.5. As an application of Theorem A, the following corollary
bootstraps the calculation of Theorem A to describe one of the summands in the Hochschild—
Kostant—Rosenberg decomposition of HH? (Hilb” S) which describes the classical deformation
theory of Hilb” S. It reproves (with different methods) and generalises results of Fantechi
[23, Theorems 0.1 and 0.3] and Hitchin [42, §4.1], so that arbitrary surfaces can now be
considered.

Corollary B. Let S be a smooth projective surface defined over a field kK of character-
istic zero. For all n > 2, there exists an isomorphism

(1.6) H'(Hilb" S, Triyr s) = H' (S, Ts) @ (H°(S, Ts) ®k H' (S, Os)) @ H(S, o).

In the proof of Corollary B given in Section 5.2, we used cancellation of vector spaces,
which makes the isomorphism (1.6) a priori implicit. However, a canonical isomorphism is
constructed in a follow-up work of the second author [26, Theorem 1.5]. In particular, the
embedding of H! (S, Ts) into H! (Hilb” S, Thi» ) is the natural one.

Corollary B suggests that one should study the deformation theory of Hilbert schemes
of points on bielliptic surfaces more closely. In Example 5.6, we explain how they admit an
additional deformation direction.

Another application of Theorem A is Corollary 5.1, where we give an alternative proof
of Boissiere’s result [12, Corollaire 1] stating that the infinitesimal automorphisms of S and
Hilb" S agree, by means of the equality dim Aut®(S) = dim Aut® (Hilb" S).
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1.2. Hochschild—-Serre cohomology for symmetric quotient stacks. Our approach
to Theorem A is “non-commutative”. We deduce it from the following more general result
involving the derived category of the symmetric quotient stack [Sym” X, namely, the quotient
stack [X"/&,,], where the symmetric group ©,, acts on the cartesian power X” by permuting
the factors. The result works for varieties of arbitrary dimension, not only for surfaces.

Theorem C (Corollary 3.15). Let X be a smooth proper algebraic variety of dimension
dy over a field k of characteristic zero. Let k be a fixed integer.

(1) If (k — 1)dx is even, we have

1.7) @D HS ([Sym” X])" = Sym® (EB HS 1 (k1) (X)z").

n>0 i>1

(i) If (k — 1)dy is odd, we have

(1.8) EP HS ([Sym” X])" = Sym® (@ HS 1 (k1) (X)ﬂ').
n>0 i>1
i odd

Theorem C is a special case of the even more general Theorem 3.9, which deals with
general Hochschild homology with coefficients, not only Hochschild—Serre cohomology.

The relation between Theorem A and Theorem C stems from the equivalence of cate-
gories

(1.9) DP°(Hilb"” S) = DP([Sym” S])

obtained by combining Bridgeland-King—Reid’s derived McKay correspondence [16] with
Haiman’s description of the isospectral Hilbert scheme [38]. Thus if one is interested in derived
invariants of Hilbert schemes of points on surfaces, such as Hochschild—Serre cohomology,
one can use the symmetric quotient stack for computations. In particular, Theorem A becomes
a special case of Theorem C.

Taking k = 1 in Theorem C, we deduce the following higher-dimensional generalisation
of (1.2).

Corollary D. Let X be a smooth proper algebraic variety of dimension dx over a field
k of characteristic zero. We have

(1.10) @D HH. ([Sym” X])" = Sym* (@ HH*(X)z").
n>0 i>1

Consequently, the vector space @nzo HH.([Sym” X]) can be identified with the Fock space
representation of the Heisenberg algebra associated with HHy (X).

Despite the similarity between the formulas in Theorem C for Hochschild—Serre coho-
mology and (1.10) for Hochschild homology, we do not see a way to equip

P HSk((Sym” X))
n>0

with the structure of a Fock space for k # 1; see Section 3.7 for some further discussion on
this.
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Remark 1.1. We expect Corollary D to hold more generally (see Conjecture 3.24D):
for any smooth proper dg category 7, we should have

(1.11) @D HH. (Sym”" T)¢" = Sym* (@ HH*(T)z").

n>0 i>1

We can indeed provide ample evidence to (1.11), for instance, for various Kuznetsov compo-
nents of (Fano) varieties. See Corollary 3.26.

1.3. Twisted Hodge groups: Boissiere’s conjecture and a revised version. As men-
tioned before, our most general statement, Theorem 3.9, computes the Hochschild homology
with coefficients HH,([Sym” X], F1"}) of symmetric quotient stacks [Sym” X] with coeffi-
cients in external tensor powers of objects F' € DP(X); see Definition 2.1 and Notation 3.1
for the definitions. The proof uses the orbifold version of the Hochschild—Kostant—Rosenberg
isomorphism due to Arinkin—Cdldararu—Hablicsek [3] (actually, we need a straightforward
generalisation of their result; see Proposition 2.8).

Taking the coefficient F to be some powers of the appropriately shifted canonical bundle
wyx [dx], we obtain Hochschild—Serre cohomology, and hence Theorem A. Another interesting
special case of Theorem 3.9 occurs when we take the coefficient F' to be a line bundle L; hence
L} is the naturally induced line bundle on the symmetric quotient stack (corresponding to,
in the surface case, the line bundle L, on the Hilbert scheme). More precisely, we prove in
Corollary 3.22 the following more general version of Theorem A:

(1.12) (D HH, (Hilb" S, L,)¢" = Sym* (@ HH,.(S, L®l’)z").

n>0 i>1

Via the Hochschild—Kostant—Rosenberg isomorphism, this is closely related to a conjecture of
Boissiere [12, Conjecture 1] (disproved in [41, Appendix B]) on twisted Hodge numbers of
Hilbert schemes H?-4 (Hilb" S, L,,).

In Section 5.3, an alternative counterexample to Boissiére’s conjecture (see Example 5.7)
is provided, and we speculate about the bigraded version of the decomposition (1.12) and
propose the following revision of Boissiere’s conjecture.

Conjecture E (Conjecture 5.8). Let S be a smooth projective surface, and L € Pic S.
Then

2n 2n
(113) >33 " hPA(HIIL" S, Ly)x? yat"
n>0p=0qg=0 2 2 )
_ 1_[ 1_[ 1_[(1 . (_l)p—i-qxp—i-k—lyq+k—1tk)—(—1)p+"h”"’(S,L® )‘
k>1p=0g=0

We verify the conjecture? for x =0, y =0, y = —1, or x = y~!, and finally and most

notably, in Section 5.4, we use a result of Nieper—Willkirchen [64] to show that Conjecture 5.8
holds for line bundles L admitting a unitary flat connection; see Theorem 5.20.

D' Now proved independently by Nordstrom [66, Theorem 17] and Anno—Baranovsky—Logvinenko [2, The-
orem 1.2].

%) During the long publication process of the present paper, Conjecture E has been recently proved by the
second author [26].
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Examples. We work out some examples of formula (1.5) (and its generalisation for
arbitrary X) to illustrate the methods.

In Section 4.1, we compute HH*([Sym? P!]) using our main result, and verify it by
calculating the Hochschild cohomology of a derived equivalent finite-dimensional algebra.

In Section 4.2, we compute HH* ([Sym? P2]) =~ HH* (Hilb? P2) using our main result,
and improve upon it by calculating the Hochschild—Kostant—Rosenberg decomposition using
an explicit geometric model for the Hilbert square of P2.

In Section 4.3, using an example involving bielliptic surfaces, we show that HH*(.S)
and HH.(S) do not determine HH*(Hilb” S) in general. In other words, the Hochschild—-
Serre cohomology of a surface contains strictly more information than just its Hochschild
(co)homology. See Corollary 4.10 for the precise statement.

Conventions. In this paper, k is a base field. An orbifold means a tame separated
Deligne—-Mumford stack of finite type over k. In contrast to the usual definition, we do not
impose trivial generic stabiliser. Unless otherwise specified, all the fibre products are over
Spec k. We denote by dy the dimension of a variety (or stack) X. The notation D(Qcoh(—))
stands for the unbounded derived category of quasi-coherent sheaves, and D®(—) stands for the
bounded derived category of coherent sheaves.

2. Hochschild (co)homology, Hochschild—Serre cohomology and their decomposition

2.1. Hochschild (co)homology with coefficients and Hochschild—Serre cohomology.
Hochschild (co)homology of varieties, and more generally orbifolds, can be defined in var-
ious ways; we will use the approach using Fourier—Mukai transforms as used, e.g., in [17].
In [67, page 535] (see also [43, page 139]) a generalisation is introduced, which incorporates
all powers of the Serre functor, and which we will call Hochschild—Serre cohomology; see
Definition 2.3. We will use the slightly more general notion of Hochschild (co)homology with
coefficients, which includes all parts of the Hochschild—Serre cohomology as special cases.

Throughout, let X be a smooth proper orbifold. We denote by w; its canonical bundle
and dy; its dimension.

The Serre functor of D°(X) is given by

2.1 Sx = - ®@owxldx]:

see [19, Section 2.2], [65], and also [55] in the presence of a projective coarse moduli space. If
X = [M/G] is a global quotient stack by a finite group G, then under the usual identification
of coherent sheaves on the quotient stack [M/G] with G-equivariant coherent sheaves on M,
the canonical bundle wy; corresponds to wys equipped with the linearisation given by pull-back
of top forms along the group action.

Definition 2.1. For & € DP(X), we define the Hochschild homology of X with coeffi-
cients in & as

(2.2) HH, (X, €) := RT(X x X, A+Ox Q% ALE)
= RHomyxx (Oxxx. AxOx @ ALE),
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and the Hochschild cohomology of X with coefficients in & as
(2.3) HH*(X, &) := RHomy x5 (AxOx, AsE),

where A: X — X x X is the diagonal morphism. By Grothendieck duality, these two invari-
ants are related as follows (see, for example, [53, Lemma 2.1]):

(2.4) HH*(X,Sx &) =~ HH.(X, 8).
Concretely,
(2.5) HH. (X, &) = RHomyxx (AxOx, Ax(Sx &))

= RHomy» x (A« Ox, Ax(wx[dx] ® €)),

There is a slight abuse of notation happening here, where we will not always distinguish
between an object in D°(k) and its cohomology, which is a graded vector space.
If we spell out what happens when we take cohomology, then for any j € Z,

(2.6) HH; (X, €) = Exth, 5 (Ax0x, Ax(wxldx] ® €)).

Remark 2.2. It is possible to define Hochschild (co)homology with values in bimod-
ules, i.e., elements of D°(X x X), but we will not consider this. The reason is that the Hoch-
schild—Kostant—Rosenberg decomposition only works for symmetric bimodules (for the affine
setting of this statement, see [57, §1.3]), and thus only for objects in the essential image of A.

For the special case where & is a tensor power of the shifted canonical bundle wy;[dx],
we introduce the following terminology.

Definition 2.3. The Hochschild—Serre cohomology of X is

(2.7) HS.(X) := @D HSk(X).
keZ

where, for any k € Z,

(2.8) HSk (X) := RHomyx (A+Ox;, AswPF [kdx])
and thus
(2.9) HS; () = HH* (X, 0$¥ [kdx]) = HH. (X, 025 [(k — 1)dx]).

Taking cohomology, we get the bigraded algebra

(2.10) HS3H(X) == €D HS{(X),
J.kEZ
with
2.11) HS](X) := HH/ (X, 0$¥ [kdx]) = Ext 5% (A0 x, Avw$F),

where the algebra structure is given by composition in D (X x X).
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The objective of this paper is to compute, given a smooth and proper variety X, the
Hochschild—Serre cohomology of the symmetric quotient stack [X" /S, ], in terms of the Hoch-
schild-Serre cohomology of X.

Remark 2.4. We recover some classical invariants as certain graded pieces of Hoch-
schild—Serre cohomology:

* Hochschild cohomology, namely HH* (X)) = HSG(X),
* Hochschild homology, namely HH4 (X)) = HST (X)),
* the canonical ring, namely R(X) = EBkzo HS;kdx (X).

A generalisation of Hochschild—Serre cohomology for varieties is used in [58] to find new
derived invariants, through the formalism of cohomological support loci.

Remark 2.5. In[67, §2.1] and [43, §6.1], this definition is given for smooth and projec-
tive varieties, but a different notation and grading is used. The notation in [43,67] is HAe «(X)
for what we denote HS} (X)), and the Serre functor is not used with the shift. To make the defini-
tion generalise to the more general setting of smooth and proper dg categories (see Section A.1
and the next remark), it is necessary to use the actual Serre functor, and not just — ® wy, as
there is no notion of an unshifted Serre functor in general.

Remark 2.6 (Generalisation to dg categories). This definition has an obvious general-
isation for a smooth and proper dg category, so that a Serre functor exists. This is discussed
in Section A.1. See also [70, Section 4] where similar notions are discussed in the context of
stable co-categories, but the coefficients used are related to group actions and not powers of
the Serre functor.

Remark 2.7 (Derived invariance). Hochschild—Serre cohomology of a variety is a de-
rived invariant [67, Theorem 2.1.8], thus implying that Hochschild cohomology and Hochschild
homology are derived invariants. Using the general definition of Section A.1 for dg categories,
it follows from Theorems A.4 and A.5 that Hochschild-Serre cohomology, as a bigraded
algebra, is also a derived invariant for smooth proper Deligne-Mumford stacks, which is impor-
tant for geometric applications to Hilbert schemes of points on surfaces. See also Corollary 3.19
for a direct proof in the geometric setting without appealing to dg categories. This is a special
case of Proposition 3.18, which shows that, under a certain compatibility condition, Hochschild
homology with coefficients is a derived invariant.

It is moreover possible to upgrade the functoriality properties of Hochschild—Serre coho-
mology of varieties so that it becomes functorial for étale morphisms, but we will not need this
in the main body of the text, so this discussion is relegated to Section A.2.

2.2. The Hochschild-Kostant—Rosenberg decomposition. In this section, we con-
sider the case where X is isomorphic to a global quotient stack by a finite group. Let M be
a smooth separated variety defined over k, and G a finite group actingon M. Let X := [M/G]
be the quotient stack, which is a smooth separated orbifold.
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For any g € G, we denote by M ¢ the fixed locus of g € Aut(M), which is a smooth
closed subvariety of M. Their disjoint union is denoted by

(2.12) IgM = ]_[ ME,

which is sometimes called the inertia variety of the action G on M. The inertia variety g M
admits a natural G-action as follows: for any g, 4 € G, there is an isomorphism

~

(2.13) he ME S prheh™!

Taking the disjoint union for g running through G, we can define the action of / (and G) on
Ig M . Using this action, the inertia stack 1X := X X xx o X can itself be described as a global
quotient stack by the same finite group G,

(2.14) 1X =~ [IgM/G)].

The usual Hochschild—Kostant—Rosenberg isomorphism for varieties (stated in Propo-
sition 2.11) admits the following orbifold version®, essentially due to Arinkin—Cildiraru—
Hablicsek [3].

Proposition 2.8 (Hochschild—Kostant—Rosenberg for global quotient stacks). As above,
let XX = [M/G] be a smooth global quotient orbifold defined over k. Let & € D(Qcoh[M/G])
be given by a G-linearised object E € D(Qcoh M). Then

G
(2.15) HH, (X, €) = (@ H*(M#, Sym® (2L, [1]) ® i;E))
geG
Equivalently,
(2.16) HH.(X.6)= @D H* (M2 Sym*(Qh.[1) ®iE)®.
[¢]eConi(G)

Here, M8 is the fixed locus of g and ig: M& — M is the closed immersion, Conj(G) is the

set of conjugacy classes of G, and C(g) is the centraliser of g in G. Here, the actions on the
right-hand sides of (2.15) and (2.16) are induced by the action (2.13).

The graded vector spaces occurring on the right-hand sides of (2.15) and (2.16) denote
(hyper-)cohomology of the complex Sym'(Q}u ¢[1]) ® iz E. In other words,

2.17)  H*(M®.Sym*(Q)¢[1]) ® i E) := R[ (M, Sym*(Q.[1]) ® i} E).

Proof. Sincein [3] only thecases & = Ox and & = w;cl [—d x;] (which give Hochschild
homology and Hochschild cohomology without coefficients) are explicitly worked out, we
include a full proof here for the sake of completeness.

3 The general form of the Hochschild—Kostant—Rosenberg decomposition for arbitrary finitely presented
Deligne-Mumford 1-stacks (possibly derived, singular, non-global quotient) is recently established in [28].
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We have the following commutative diagram:

(2.18) x —2 5 x

Nl s

X —2 5 X xX,

where LX := X Xl.’}Cx o X is the derived fibre product, called the free loop space.
By [3, Corollary 1.17], p’ and ¢ are homotopic; hence, by base change and the projection
formula, we have

(2.19) LA*Ax = Rq,Lp™ = Rp,Lp™* =~ - @ Rp,(O1.x)
~ — ® Rps Sym®(Q{y[1]),
where the last isomorphism uses [3, Theorem 1.15], which says that LX is isomorphic (over
X x X) to the total space of the shifted tangent bundle of 1.X.
Therefore,
(2.20) HH4 (X, &) = RI'(X X X, AxOx ® AxE)
>~ RI(X x X, AxLA*AL8)
>~ RT(X,LA*ALE)
~ RI'(X, & ® Rps Sym* (] [1]))
~ RI'(IX, p*€ ® Sym® (5 [1]))

= (@ RI(M#,Sym®(Q,<[1]) ® i;E))G,
geG

where the fourth isomorphism uses (2.19) and the last isomorphism follows the fact that —G
is an exact functor since we are in characteristic zero. This proves (2.15), and (2.16) follows
immediately. O

Remark 2.9. For later use, let us make the group action on the right-hand sides of
(2.15) and (2.16) more precise. In the statement of Proposition 2.8, for any & € G, the action
of h sends the summand indexed by g isomorphically to the one indexed by hgh~! via (2.13),

2.21) h:ME S phEhT!
In particular, C(g) acts on M$. The isomorphisms Q} 5 h*Q )} nen—1 are the canonical
ones. The isomorphisms h*ij,,-1(E) = igh*(E) = iz E come from the linearisation of E.

Remark 2.10. In the case that M = Spec R is affine, coherent sheaves on [M/G]
are the same as finitely generated modules over the crossed product algebra R#G. For the
Hochschild cohomology of these crossed product algebras, decompositions analogous to (2.16)
are given in [77, Section 3] and [1]. There, it is also described what happens with the ring struc-
ture of Hochschild cohomology under this decomposition. For M non-affine, this remains an
open problem; see [18, 62] for some partial result and speculation on this.
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2.3. Orbifold Hochschild—-Kostant—Rosenberg in terms of Hodge groups of inertia.
As a motivation for the definitions that will follow, and calculations in the surface case, we first
spell out Proposition 2.8 in the special case where G is the trivial group.

Proposition 2.11 (Hochschild—Kostant—Rosenberg with coefficients on a variety). Let
X be a smooth separated variety over K of dimension dx. For any E € D(Qcoh X), we have
(2.22) HH« (X, E) = RI'(X, Sym'(Q)l([l]) ® E),

where Sym® is taken in the graded sense, so that Sym®(Q}[1]) = D,=0 N Q[ pl. Taking
cohomology, for any j € 7,

(2.23) HH;(X.E) =~ P HY(X.Qf ® E).
q—p=]j
In particular,
1 )4
(2.24) HS{) = @ H (X, N Tx ® a),?k),
p+q=j+kdx

which is (possibly) non-zero only in degrees [—kdy ,2dx — kdx].

For k = 0 and k = 1, we obtain the usual Hochschild—Kostant-Rosenberg decompo-
sition for Hochschild cohomology and Hochschild homology, respectively.

Definition 2.12. Let X be a smooth separated variety. Let E € D(Qcoh X). For any
integers p, ¢, define the twisted Hodge group

(2.25) HP4(X,E) :=HY(X,Q} ® E).

Then (2.23) says that

(2.26) HH;(X.E) =~ P HPY(X.E).
q—p=]J
In order to give an analogue of (2.26) for quotient stacks, we introduce the following analogue
of twisted Hodge groups for orbifolds.

Definition 2.13. Let X be a smooth separated orbifold. Let & € D(Qcoh X). For any
integer p, ¢, define the twisted Hodge group

(2.27) HP(X, €) := HI(X, Q% ® €).

Of particular interest to us are the twisted Hodge groups of the inertia stack. In the sequel,
we often abuse notation to denote H?>4(IX, 7* &) simply by H?4(1X, €), where 7: 1X — X
is the canonical map.

When X = [M/G], & € D(Qcoh X)), and E € D(Qcoh M) are as in Proposition 2.8, we
have

(2.28) HP4(1X, &) = (@ HP4(ME, E| Mg))G
geG
@ HP9(M¥, E|p2)C®.
[¢]eConi(G)

lle
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Corollary 2.14. With notation as in Proposition 2.8 and for any j € 7., we have

(2.29) HH;(X.8) = @ HPI(1X.6).
q—p=J
Proof.  'We take cohomology in (2.15) and plug in (2.28). O

We can collect the Hodge groups with coefficients in the bigraded vector space

G
(2.30) HA*(1X, €) = (@ H** (M, E| Mg))
geG
= @D HMEEy)
[¢1eConi(G)
where

H**(M®, E|pye) = H*(M$, Q% ® E|y¢).

Then we can rephrase Corollary 2.14 as follows.

Corollary 2.15. Turning the bigraded vector space H>* (X, &) into a (single-)graded
vector space with grading x = x — #, this graded vector space is isomorphic to the Hochschild
homology with coefficients in &,

(2.31) H"*(1X,8) = HH4(X,8) for = » —#.

3. Symmetric quotient stacks

This section contains the proof of our result Theorem 3.9 describing the Hochschild
homology of symmetric quotient stacks with a certain type of coefficients. Afterwards, we
work out most of the results stated in the introduction as corollaries.

Let X be a smooth separated variety defined over a field k of characteristic zero. For
any integer n > 1, let the symmetric group &, act on X” by permuting the factors. Denote by
[Sym” X] := [X"/©,] the quotient stack, called the n-th symmetric quotient stack of X .

Notation 3.1. For any F € D(Qcoh X), endow F®” e D(Qcoh X") with the natural
©,-linearisation, giving rise to an object F{"} € D(Qcoh[Sym” X]). The pull-back of F{"} to
the inertia stack I[Sym” X] via the natural morphism I[Sym” X] — [Sym” X] is also denoted
by the same notation.

For any element g € &,,, we view it as a permutation of the set {1, ..., n}, and denote by
O(g) the set of the orbits of the permutation g. For each orbit 0 € O(g), let #o be the cardinality
(or length) of the orbit 0. In what follows, for any finite set S, we use the notation X S to denote
the variety Map(Spec(] | g k), X) parameterising k-morphisms from S := [ [¢ Speck to X.

3.1. Yoga on symmetric powers of (multi)graded vector spaces. We recall some
basic properties of symmetric powers of (multi)graded vector spaces.
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Graded case. Given a graded vector space V' = €, Vi, there are two ways to form
the symmetric product

3.1) Sym*(V) = €P Sym” V.

n>0

» For the ordinary symmetric product, we consider the symmetric group &,, acting on V ©”
by permutation of the tensor factors,

o - (Ul R Un) = Ve-1(1) Q& Vo—1(n)-

Then Sym” V C V®" is defined to be the subspace of the invariants under this action.
As we are working in characteristic zero, this is isomorphic to the coinvariants.

* For the graded symmetric product, we consider the &, -action on V ®” by permutation of
the tensor factors together with a minus sign whenever two factors of odd degree switch
positions. Concretely, for a transposition of neighbours t = (j, j + 1), we set

T- (vl R R vn) = (_l)deg(vj)'deg(vj+l)vt_l(1) KRR Ur—l(n)'

Then Sym” V' C V®" denotes the space of the invariants under this action.

If not stated otherwise, Sym® always denotes the graded symmetric product in what follows.

Multigraded case. In several places in this paper, we will have multigraded vector
spaces, that is, a Z"-graded (also referred to as m-multigraded) vector space for some integer
m > 1.

Given an m-multigraded vector space V' and some multi-index d € Z™, we define the
shift of V by d as the m-multigraded vector space V[d] whose graded pieces are given by
(V[d]); := Vita foranyie Z™.

In the sequel, when we take the symmetric product of some multigraded vector space, it
is taken in the graded sense with respect to some degrees, but in the ordinary sense with respect
to the other degrees. Let us make this precise. Let m € N, and let

(3.2) V=" @D Viruin
(i1,eeesim)EZ™M
be an m-multigraded vector space. Set degy (v) := i for ahomogeneous elementv € V;, . i
and k € {1,...,m}. Given a subset K C {1,...,m}, we define the total K-degree of v as
(3.3) |deg(v)|x = Z degy (v).
keK

We define the symmetric product Sym” V which is graded with respect to the total K-degree,
and ordinary with respect to the other degrees as the subspace of &, -invariants of 1V ®” under
the action given for t = (j, j + 1) by
(3.4) T- (11 Q- ®vy) 1= (_1)Ideg(vj)\k-ldeg(vj+1)lkvl Q-
QUi+1 ®V; ® -+ Q vp.

In other words, Sym® V' is the symmetric algebra in the Koszul sense for the Z /2-grading on V
given by the parity of the total K-degree: the sign (—1)!deg(/)lx-ldeg(;+-1)I& depends only on
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the parities of |deg(v;)|x and |deg(v;+1)|k. Concretely, in the bigraded case K = {p, g} that
we will use in Theorem 3.7, the swap sign on two homogeneous elements of bidegrees (p, q)
and (p’,q’) is

(3.5) (_1)(p+q)(p’+q’).

We stress the dependence of Sym™ V' on the choice of the “super-degrees” K C {1,...,m},
although not reflected in the notation.

For a fixed subset K C {1,...,m}, it is straightforward to check that, for two m-multi-
graded vector spaces U and V', we have the following canonical isomorphism of m-multigraded
vector spaces:

(3.6) Sym*(U & V) =~ Sym®*(U) ® Sym®(V).

Generating series. The generating series of a m-multigraded vector space 1V which is
finite-dimensional in each degree is the Laurent series in m variables sy, ..., s, given by

(3.7) Ey =Y dimg(V)s', wheres' =s{' sl fori = (i1.....im).
iezm

For the following two lemmas, we fix some subset K C {1,...,m}. The symmetric product
of any m-multigraded vector space is then meant to be graded with respect to the total K-
degree and ordinary with respect to the other degrees. For d = (dy,...,dny) € Z™, we write
|d|x := D _rex di as before.

Lemma 3.2. Let V be a finite-dimensional vector space, which we consider as an m-

multigraded vector space concentrated in degree 0 = (0, ...,0). Ford € Z™, setting
dix =) dr.
keK
we have
(3:8) Egyme(v[-a = (1 = (=15~ CDIEdmY,

Proof. The multigraded vector space Sym®(V[—d]) is concentrated in degrees which
are non-negative integral multiples of d. Furthermore, for any ¢ € N, we have

a9 swtrap R Ese

Indeed, by (3.4), the actionof T = (j, j + 1) on v; ® --- ® v, with
v € V[=d] forallk =1,...,n

is given by

(3.10) T ® - ®up) =Dy @ ®Vj1 BV, ® @ v,

and (—1)|d|%< = (—1)ldl& | depending only on the parity of |d|x.
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Therefore, we get the asserted

(3.11) > dimy (Sym® (V[—d]);)s’

iezZm .
Z dimy (Sym? V)% = (1 — s)~9m™ V" for |d|g even,
__ JaeN
Z dimk(/\a V)s“d = (1 4 sHdimcV for |d| g odd,
aeN
where the second equality (in each case) is well known; see, e.g., [49, Lemma A.3]. O

Lemma 3.3. Let W be a finite-dimensional m-multigraded vector space. Then the gen-
erating series of its total symmetric power Sym® W is given as follows:

(3.12) Esymeqwy = | | (1— (=1)/4 58~ DI dima),
dezm
where again |d|g = ) ;g di ford = (dy. ..., dny).

Proof. The compatibility of the symmetric product with direct sums (3.6) gives an
isomorphism of graded vector spaces

(3.13) Sym® W = sym'( D Wd[—d]) ~ Q) Sym®(Wal—d)).
dezm dezm

Since the generating series of a tensor product is the product of generating series of its factors,
we obtain

(3.14) Esymer) = [ | Esyms at-ap-
dezm
Combining this with Lemma 3.2 gives the desired formula. ]

3.2. Twisted Hodge groups of the inertia. We first express the twisted Hodge groups
of the inertia stack of the symmetric quotient stack [Sym” X] in terms of the twisted Hodge
groups of X and the action of the symmetric group.

Proposition 3.4. Let F € D(Qcoh X) and F"} be as in Notation 3.1. We have the
following isomorphism of bigraded vector spaces:

(3.15) H (sym” X1, F) = (D @ H™*(x, FO"‘))@n‘

g€G;, 0€0(g)
Here F° = @),c, pri(F) € D°(X°) and F°|x is its restriction to the small diagonal (identi-
fied with X ) of X°.
Proof.  We first observe the following canonical identifications: for any g € &,

¢ (X™)& = X9® which is a partial diagonal of X”; we denote the closed immersion
ig: XO® — XM
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* Qyow) = Dyeo(g) Po x» With the projection p,: X0®) — X induced by {o} C O(g);

. i;(Fz]”) = Kyeo(g) F°lx, where, for each o, X is identified with the small diagonal
of X°. Note that F°|y is isomorphic to F®#_ but we keep the canonical identification
here to remember the action.

Plugging these into (2.30), we find that

(3.16)  H**(I[Sym" X], F")
= (@ (0 N(D riox)s (K Fi))™"
g€G, 0€0(g) 0€0(g)

Using that the total wedge power of a direct sum is the tensor product of the total wedge powers
of the summands, and the Kiinneth formula, we have the following isomorphisms of bigraded
vector spaces:

(3.17) H**([Sym" X], F¥"}) ~ (@ H* (XO(g), X (/\# Qx ® F”Ix)))@"

ge6, 0€0(g)

- (@ ® w(x Noxor)”

g€G, 0€0(g)

(@ R H#’*(X,F"|X))6". o

8€G;, 0€0(g)

Il

Before further simplifying (3.15), we first recall the following well-known result on
centralisers of permutations.

Lemma 3.5. Let g € &, viewed as a permutation on {1, ...,n}, and let O(g) be the
set of its orbits. Let A; be the number of length-j orbits. Then the centraliser of g is

(3.18) @) =( [T no)xJTes-
0€0(g) J=1

where i, is the cyclic group of order #o generated by g|, (the permutation that is g on o but
id elsewhere), and ©, ; permutes the length-j orbits (with fixed bijections between elements
among those orbits).

Proof. See, e.g., [72, Proposition 1.1.1]. O

Notation 3.6. Forn € N \ {0}, we consider the cyclic permutation
o,:=(12...n)e®, ofordern.

For F € D(Qcoh X), we consider its n-th derived tensor power F®”" € D(Qcoh X) equipped
with the ©,-action given by permuting the tensor factors with respect to the commutativity
constraints of the standard symmetric monoidal structure on D(Qcoh X), and define

(3.19) Fin .= (F®m){on) ¢ p(Qcoh X)
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to be the direct summand of invariants of the object F®” corresponding to the projector
1 n
- Z o;] € End(F®").
n i
To avoid confusion, we stress that F ) is an object on the variety X, but not on the orbifold

[Sym” X].

Theorem 3.7. Let X be a smooth separated algebraic variety over a field k of charac-
teristic zero, and let F € D(Qcoh X). For every n € N*, we have an isomorphism of bigraded
vector spaces

(3.20) HY* (1[Sym” X, F™) = @(@ Sym* HP* (X, FY >)).

v-in i>1

Here v runs through all partitions of n, and A; is the number of i ’s in the partition v.

Proof. 'We use Proposition 3.4. In (3.15), by passing to the conjugacy classes, we obtain

C(g)
(3.21) HY*([Sym” X, F™) = P ( R (X, F0|X))
[g]€Conj(&,) 0€0(g)

b (Q v« F"IX)“”)@,

[g]€eConj(©,) 0€0(g)

Il

where the groups p, and @) = ]_[;-;1 ©,, are the semi-direct factors of C(g) as described in
Lemma 3.5.

The cyclic group jt, 2 [L#o acts on F°|x = F®% by cyclic permutation of the tensor
factors, and acts trivially on X, hence also on 2y . Hence

(322) H** (X, FO[x)Pe = H** (X, F%)),

where F#) is as in Notation 3.6. The group &, acts by permuting the orbits of the same
lengths. Hence

CH CH
#,% 0o o ~ #,% (#0)
(3.23) (@ H** (X, F°|x) ) =< R H™* (X F ))
0€0(g) 0€0(g)
=~ () Sym™ H** (X, F')).
i>1

The assertion follows by the well-known bijection between conjugacy classes of ©,, and parti-
tions of n. ]

We can summarise formula (3.20) for fixed X and F but varying n in the following way.

Corollary 3.8. We have an isomorphism of trigraded vector spaces

(3.24) P uH*[Sym” X1, F"hi" = Sym® (@ H** (X, F<">)z">,

n>0 i>1
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where the symmetric power on the right-hand side is graded with respect to the total degree
# + » of the double grading of H**, but ordinary with respect to the grading given by expo-
nents of the formal variable t.

Proof. By (3.20) in Theorem 3.7, we have

(3.25) @H#’*(I[Symn X], Fimhym ~ @ (® Sym* H** (X, F(i)))ZZiiAi

n>0 Al,Ao,... 1>1
=~ P Q) sym* (H*(x, Fiy'),
A, A2, i>1
which is the right-hand side of (3.24). O

3.3. Hochschild homology with coefficients. We can deduce our main result from
Theorem 3.7 by collapsing the bigrading to a single grading.

Theorem 3.9. Let X be a smooth separated algebraic variety over a field kK of char-
acteristic zero, and let F € D(Qcoh X). For every n € N, let F1"} € D(Qcoh[Sym” X]) and
Fn e D(Qcoh X) as in Notation 3.1 and Notation 3.6, respectively. We have

(3.26) HH,.(Sym" X], F"}) = @5(@) Sym™ HH. (X, F 1)),

vin i>1

where A; is the number of i’s in the partition v. Furthermore, collecting these isomorphisms
forvarying n, we get

(3.27) P HH. ([Sym” X], F")" = Sym* (@ HH, (X, F<">)z"),
n>0 i>1
where the symmetric power Sym® on the right-hand side is graded with respect to the grading
of HHy, but ordinary with respect to the grading given by exponents of the formal variable t.

Proof. Turn the isomorphisms of multigraded vector spaces in (3.20) and (3.24) into
isomorphisms of (single-)graded (or bigraded if we take into account the powers of 7 in (3.24))
vector spaces by defining the new grading by « = x — #. This process of collapsing gradings is
compatible with direct sums, tensor products and symmetric products: the latter holds because
the parity * —# = # + » (mod 2) identifies the swap sign on the bigraded Sym® from (3.4)
with the Koszul sign on the collapsed grading. By the Hochschild—Kostant—Rosenberg isomor-
phism for orbifolds Corollary 2.14 (or more directly, by Corollary 2.15), we get the desired
result on the Hochschild homology with coefficients. O

Remark 3.10 (Extension to the singular and derived setting). Thanks to the recent
work of Fu—Porta—Scherotzke—Sibilla [28] on the orbifold HKR isomorphism, one can show
that Theorem 3.9 generalises beyond the classical smooth situation, that is, it holds for any
derived algebraic space X of finite presentation over a field k of characteristic zero and for
any object F in the stable infinity category QCoh(X) of quasi-coherent sheaves. Let us explain
the modifications to make in order to adapt our argument in this more general setting.

* The twisted Hodge groups (with coefficients) in Definition 2.13 can be defined more gen-
erally for a finitely presented derived Deligne-Mumford stack (e.g. [Sym” (X)]) equipped
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with a quasi-coherent object (e.g. F{™}): one simply replace in Definition 2.13 the vec-
tor bundle Q7 by the complex Sym? (IL[1])[— p], the p-th derived exterior power of the
cotangent complex. Then the general orbifold HKR theorem [28, Theorem 1.2, Corol-
lary 1.3] implies that Corollary 2.14 and Corollary 2.15 hold true for any finitely pre-
sented derived Deligne-Mumford stacks, once we replace the classical inertia I by the
derived orbifold inertia I°M (see [28, Definition 3.17]).

¢ The derived orbifold inertia of the derived Deligne-Mumford stack [Sym” X] can be
computed using [28, Proposition 6.5]: since, for any permutation g € &, viewed as an
automorphism of X", its derived fixed locus [28, Definition 6.1] is (X")& ~ X 0(8) we
have
PM[Sym” X] ~ [ || X0<g>/@n],
8€G,

which is in the exact same form as in the classical setting (but with now the correct
derived and stacky structures). Consequently, Proposition 3.4, Theorem 3.7 and Corol-
lary 3.8 hold true, once I is replaced by I°M, with the same proof.

* Collapsing the bigrading into a single grading proves the general form of Theorem 3.9
for derived algebraic spaces.

In the special case where X is smooth and proper over k and F € D°(X) is a per-
fect complex, the graded pieces of HH, ([Sym” X], F{*}) are finite-dimensional, and we can
reformulate Theorem 3.9 in terms of their dimension generating function.

Corollary 3.11. For X a smooth proper variety defined over a field k of character-
istic zero, and F € DP(X), we have the following formula for the generating series of the
Hochschild homology of [Sym” X]:

(3.28) Z Zdimk HHi([Symn X], F{"})sit"
n>0ieZ |
- 1_[ 1_[(1 — (=) k)= D7 by (X F )
k>1j€Z

where hh; (X, F%)) := dimy HH; (X, F ),
Proof. This follows by applying Lemma 3.3 to (3.27). |

Line bundle coefficients. In the case that ' = L is a line bundle on the variety X, the
oj)-action on L®’ permuting the tensor factors is the trivial action; hence
|y g

(3.29) L) — ®

Therefore, Theorem 3.7, Corollary 3.8 and Theorem 3.9 specialise to the following.

Corollary 3.12. For L € Pic(X) and n € N \ {0}, we have isomorphisms of bigraded
vector spaces

(3.30) HP sy’ X, L7 = P(@) Sym™ B (X, L)),

vin i>1
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where A; is the number of i’s in the partition v. Collecting these isomorphisms for varying n
gives

(3.31) @ H** a[Sym” X1. L")" = Sym?* (EB H** (X, L® )z"),
n>0 i>1

(3.32) €D HH,.([Sym” X], L")" = Sym® (@ HH, (X, L®)fi )
n>0 i1

The symmetric product on the right-hand sides are graded with respect to the total grad-
ing #+ x (resp. the homological grading x) of the Hodge groups (resp. of the Hochschild
homology), but ordinary with respect to the grading coming from the exponents of the formal
variable t.

3.4. Hochschild—Serre cohomology. We will now specialise the previous results to
the setting of Hochschild—Serre cohomology. Let X be a smooth proper variety of dimen-
sion dy . Properness becomes essential from this section onwards: it provides the Serre functor
— ® wx|[dx] on DP(X), which underlies the definition of Hochschild—Serre cohomology in
Definition 2.3.

Lemma 3.13. In Notation 3.1, we have
(3.33) oy x][ndx] = (ox[dx])™.

Proof. Note that the canonical bundle of the symmetric quotient stack [Sym” X1 is given

by
(3.34) 1} & son®dx oy if dy is even,
. Orgym” X1 = sgn >~
[Sym” X] X w}{(n} ®san if dy is odd,

where sgn denotes the alternating representation of &, (i.e., the one-dimensional representation
on which g € &, acts by multiplication by sgn(g)); see [51, Lemma 5.10]. The lemma follows
from the simple fact that, for any F € D°(X) and d € Z, we have

F" ndy) for dy even,

335 (Fldx)™ = F'" @ sgn® [ndy] =
(3.35)  (Fldx]) g [ndx] F @ sen[ndy] for dy odd.

Note that the dimension shift conveniently takes care of the sign, and (3.34) and (3.35) together
prove the assertion. m]

Lemma 3.14. Let i be a positive integer. If (k — 1)dx is even, then we have an isomor-
phism of objects in D*(X),

(3.36) (@@ 1k — 1dx])" = 0@ E ik — 1)dy].
If (k — 1)dx is odd, then

. ®i(k—1)[; (1 _ .
(337) (w?"‘l[(k_ndx])(’)g{g’x [i (k = )dx]  fori odd,

fori even.
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Proof. In analogy with (3.35), we also have

F®[idy] for dy even,

3.38 Fldx])® =~ F® @ sgn®¥ [idy] =~ )
(3.38)  (Flax]) & lidx] F® ®sgnlidy] fordy odd.

The case distinction for (k — 1)dy in the statement comes from the fact that sgn(o;) = (—1)' 1,
where 0; = (12 ... i) is the cyclic permutation; see Notation 3.6. Hence the (o0;)-action on
w)?i(k_l) ® sgn is trivial for i odd, but non-trivial for i even. This leads to the invariants being
the entire w?i(k ~D or 0, respectively. ]

Recall Definition 2.3,
(3.39) HS}(X) = HH. (X, 025 [(k — 1)dx]),

which (for fixed k) is a graded vector space, whereas we write HSy (X) for the object in D (k).
We can now show Theorem C. We restate it with some more details.

Corollary 3.15. Let X be a smooth proper algebraic variety of dimension dx over
a field k of characteristic zero. Let k be an integer.

(1) If (k — 1)dy is even, we have an isomorphism of graded vector spaces,
(3.40) HSk([Sym” X)) = () Sym™ HS 14 e (X))
vdn i>1

where A; is the number of i ’s in the partition v. Collecting these isomorphisms together
by varying n, we have an isomorphism of bigraded vector spaces,

(3.41) D HSk([Sym” X])¢" = Sym* (@ HS 1 4 o1y (X)1! )
n>0 i>1

Here the Sym® is graded with respect to the grading of the Hochschild—Serre cohomology
and ordinary with respect to the grading given by the exponents of the formal variable t.

(i) If (k — 1)dy is odd, we have an isomorphism of graded vector spaces,

G4 HS(SYM' XD = P ((Q Sym HS 11y (X)
v-in i>1
allvj odd (i odd)
and
(3.43) B HS ((Sym” X])i" = Sym*® (@ HS | (—1)i (X)t").
n>0 i>1
i odd

Proof. We plug F = w}?k_l[(k — 1)dx] into Theorem 3.9 and apply Lemmas 3.13
and 3.14. i

3.5. Hochschild cohomology in low degrees and deformation. Let us briefly recall
why we are interested in Hochschild cohomology. Originating from the deformation theory of
algebras, introduced by Gerstenhaber, it is now known that Hochschild cohomology of abelian
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(or derived) categories governs their deformation as a category [59,60]. The second Hochschild
cohomology is the deformation space, and the third Hochschild cohomology is the obstruction
space. The first Hochschild cohomology has an interpretation as the Lie algebra of autoequiv-
alences [45]. There exist geometric definitions of Hochschild cohomology for varieties, and
their agreement with the categorical definition can be found in [59].

For a smooth variety X defined over a field of characteristic zero, by the Hochschild—
Kostant—Rosenberg decomposition (see Proposition 2.11), we have a decomposition

(3.44) HH?(X) = HO(X, N Tx) @®H' (X, Tx) ® H*(X, 0x).

geometric gerby

non-commutative
with the deformation-theoretic justification for the interpretation of these terms given in [76].

The non-commutative deformations are also known as Poisson deformations. A Poisson
structure on X is a global section of /\2 Tx for which the Schouten—Nijenhuis self-bracket
[0, o] vanishes. This obstruction class lives in the global sections of /\3 Tx. By Kontsevich’s
celebrated formality theorem [47], this means that it admits a formal (and not just first-order)
deformation.

In this paper, for applications in deformation theory, we are particularly interested in the
way HH! ([Sym” X]) and HH?([Sym” X]) are determined by the Hochschild—Serre cohomol-
ogy of X.

We specialise Corollary 3.15 to k = 0.

Corollary 3.16. Let X be a smooth proper algebraic variety of dimension dx over
a field k of characteristic zero.

(1) If dx is even,
(3.45) @D HH*([Sym” X])" = Sym* (@ HS_i (X)7 )
n>0 i>1
Gi) If dy is odd,
(3.46) €D HH* ([Sym” X])" = Sym* (@ HS_: (X)ﬂ').

n>0 i>1
i odd

Let us give in the following corollary the explicit results for HH! and HH?. The interested
reader can write down the (more lengthy) description for HH3, which we will not need in what
follows. One should really understand the Gerstenhaber bracket too, which involves HH?, so
that the obstruction can be computed, but this is an open question.

Corollary 3.17. Let X be a geometrically connected smooth proper variety of dimen-
sion at least 1 defined over a field k of characteristic zero. For all n > 2, we have

(3.47) HH!([Sym” X]) = HH!(X)
and
HH2(X) & A\ HH'(X), dx >3,
(3.48) HH?([Sym” X]) =~ { HH?(X) ® A’HH!(X) @ HS? [ (X), dx =2,
HH2(X) @ /\* HH'(X) @ HS?,(X), dx =1,
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except when dx = 1 and n = 2, in which case
2
(3.49) HH?([Sym* X]) = HH*(X) & /\” HH'(X).

Proof. We apply Corollary 3.16. Note that, under our assumption on X, HH°(X) = k.
Observe that HS_; (X)) is concentrated in degrees at least kdy, which explains the absence of
those contributions in (3.47) and (3.48) if dx > 2 and dx > 3, respectively, whereas HH! (X)
is always present. To conclude the computation for (3.47) if dy = 1, it suffices to observe that
we exclude even i; therefore, HS_; (X)) does not contribute.

For similar degree reasons, we observe that HH?(X) is always present in (3.48). Now
we wish to understand the other contributions to HH?([Sym” X])t”. The first one arises as
a summand of Sym” in (3.41) and (3.43), namely

2
(3.50) Sym” 2(HH®(X)r) ® Sym?(HH! (X)t) =~ /\ HH!(X)",
so it is present for all dy > 1 and n > 2. The summand
(3.51) Sym"2(HH(X)t) ® HS?(X)t? = HS? | (X)t"

of Sym” ™! in (3.41) contributes for dy = 2 only, as HS%I(X ) = 0 for dy > 3 by Proposi-
tion 2.11 or it is excluded in (3.43).

Finally, if dy = 1 and n > 3, then for i = 3, we have a contribution by HS%2 (X) in
degree 2, so Sym” 2 in (3.43) will have the summand

(3.52) Sym" 3 (HH®(X)r) ® HS?, (X)t> = HS?, (X )t". o

3.6. Consequences for Hilbert schemes of points on surfaces. In the case that X is
a smooth projective surface, we will write X = §, and we have the derived McKay correspon-
dence

(3.53) @:D°([Sym” S]) = D°(Hilb" S)

of [16,38] for every n € N, identifying the derived categories of the symmetric quotient stacks
and that of the Hilbert schemes of points. Concretely, W is the Fourier—Mukai transform along

(3.54) Oz € DY (S" x Hilb" §) = D*([Sym” S] x Hilb" S),

where Z C S" x Hilb” S is the universal family of &,-clusters. Using this, we can deduce
formulas for Hochschild homology with values in natural line bundles and the Hochschild—
Serre cohomology of Hilbert schemes of points.

Given a line bundle L € Pic S, the equivariant line bundle L} on $” descends to a line
bundle L™ on the symmetric quotient variery S™ = §"/&,,. Concretely, if 7: $” — §®
denotes the quotient morphism, we have L™ =~ 7, (L{"})®=_ Pulling back by the Hilbert—
Chow morphism g: Hilb” S — S gives the natural line bundle on Hilb" S induced by L,

(3.55) Ly = p*L™ € Pic(Hilb" S).

We first prove a technical result, of a similar nature to Corollary A.6, but we explicitly use
Fourier—-Mukai transforms, unlike the quoted result. We will prove it using the formalism
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described in [67, §2.1]. Recall that a Fourier—Mukai equivalence ® »: DP(X) — D°(Y) given
by kernel € DP(X x ¥) induces an equivalence Adp: DP(X x X) > DP(¥ x ¥) given by
the kernel # ) P € D°(X x ¥ x X x ¥) = DP(X x X x ¥ x ¥) We denote by o the convo-
lution product of Fourier—Mukai kernels. The kernel for the inverse of ®» will be denoted PT,
so that PT o # =~ A4(Oy). Here and in the sequel, the convolution product of Fourier-Mukai
kernels are composed from left to right.

Proposition 3.18. Let X, Y be smooth and proper orbifolds such that P € D°(X x Y)
induces an equivalence ® p. Let & € D*(X), & € DP(¥), and consider a morphism

(3.56) A€o P — P o Ak(E)
inDP(X x Y). Then Adp induces a morphism
(3.57) HH. (X, &) — HH. (Y, &).

If (3.56) is moreover an isomorphism, then (3.57) is an isomorphism.

Proof.  'We have the following sequence of morphisms (the convolution product of Fou-
rier—Mukai kernels are composed from left to right):

(3.58)  HH4(X,€) = Homf, o, ) (A O, Ax(wx[dx] © €))
2 Homyy, o o) (A5 O, Ax(@xc[dx]) 0 Ax(E))
=~ Homy, y, 3 (A+ Oy, PTo As(wx[dx]) 0 Ax(8) o P)
— Homg), 5, 4 (AxOy, PTo Av(wx[dx]) o P o As(E)))
= Homg, g,z (A+ 0y, PTo P o Av(wyldy]) o Ax(E))
o~ Hom]’;b(yxy)(A*Oy, Ax(wy[dy]) o A(E))
= HH.(¥, &),

where, on the third line, we used (in the first argument) that Adp preserves the identity functor
and, on the fifth line, we used (in the second argument) that the Serre functor commutes with
equivalences. The morphism on the fourth line is induced from the assumption morphism (3.56)
and it is an isomorphism if (3.56) is one. D

Note that a morphism or an isomorphism of Fourier—Mukai kernels induces a mor-
phism or an isomorphism, respectively, of Fourier—-Mukai functors. In particular, if (3.56) is
an isomorphism, we have an isomorphism of functors

(3.59) Pp(— ®E) = DPp(—)®E.

We obtain the following corollary to Proposition 3.18.

Corollary 3.19. Let X, Y be smooth and proper orbifolds such that P € DP(X x Y)
induces an equivalence ® . Then ® p induces also an isomorphism of bigraded vector spaces™

(3.60) HS*(X) = HS*(Y).

4 In fact, ®p induces an isomorphism of bigraded algebras; see Theorem A.4 and Theorem A.5.




Belmans, Fu and Krug, Hochschild cohomology of Hilbert schemes of points on surfaces 25

Proof. Forany k € Z, by the uniqueness of the Serre functor (hence its powers commute
with derived equivalences), we have an isomorphism of Fourier—Mukai functors of the form
(3.59) with & = a)ID‘C_l [(k —1)dx] and &' = a):,]f,_l [(k — 1)dy]. By the uniqueness of Fourier—
Mukai kernels of equivalences (Orlov’s theorem extended to stacks in [69, Theorem 1.1]), we
get an isomorphism of Fourier—Mukai kernels

(3.61) A (@8 (k — 1)dx]) o P = P o Aw(0k7 [k — 1)dy)).

which allows us to apply Proposition 3.18 to conclude, remembering that Hochschild—Serre
cohomology can be interpreted as Hochschild homology with coefficients; see (2.9). |

Remark 3.20. In the setting of Proposition 3.18, fix & € DP(X). An object &’ € D®(¥)
for which (3.56) is an isomorphism need not exist, but if it does, it is unique up to isomorphism.
Indeed, (3.59) says that the endofunctor ® » (& ® CDEJ (—)) of D’(¥) is isomorphic to — ® &’.
Evaluating it at Oy then forces

(3.62) & = dp(€ ® D (Oy)).

This determination uses that (3.56) is an isomorphism; if one only asks for a morphism, there
can be many choices of &’.

In general, the endofunctor ®» (& ® Cbg,l (—)) is not isomorphic to tensoring with any
object, and then no such &’ exists. For instance, conjugating the tensor product by a line bundle
through a derived equivalence (e.g., the Mukai equivalence for an abelian variety and its dual,
given by the Poincaré bundle) frequently produces an autoequivalence, which is not isomorphic
to tensoring with an object.

We can obtain the following result, however.

Proposition 3.21. Let S be a smooth projective surface. Let L be a line bundle on S.
The derived invariance and agreement from Proposition 3.18 induce isomorphisms

(3.63) HH. (Hilb" S, L,) = HH,([Sym" S], L")

This does not hold more generally with L replaced by a higher-rank vector bundle F'. The
main reason is that the &, -equivariant vector bundle F {7} on §” is in general not the pull-back
of a vector bundle on S ™ and, if we set F, := W(F{"}), condition (3.59) does not hold in this
situation.

Proof. By Proposition 3.18, it suffices to check that the Bridgeland—King—Reid—Haiman
equivalence [16, 38] satisfies the intertwining property that there is an isomorphism (3.56).
Recall that W is the Fourier—Mukai transform along (9, and that we have a commutative
diagram

z P L gn

(3.64) lq ln
Hilb” S —2 SO = 57/3,,
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where p, g are the restrictions of the projections of the product S” x Hilb” S to its factors.
Denoting the embedding of the universal family by i: Z < S§" x Hilb" S, a standard compu-
tation” for Fourier-Mukai kernels shows that

(3.65) ALY 0 Oy =iy p* LY, Oz 0 AyLy = ivg*Ly.
As L >~ 7* L™ and L, = p* L™, commutativity of (3.64) gives an isomorphism
p¥L > g*L,.
Hence we have an isomorphism between the two objects in (3.65), which is exactly what we
need to conclude by Proposition 3.18. O

We can now state the two main corollaries of this subsection.

Corollary 3.22. Let S be a smooth projective surface defined over a field k of charac-
teristic zero. For L € Pic(S) and n € N \ {0}, we have

(3.66) HH, (Hilb" S, L,) = @(@ Sym* HH.(S, L®i))’
vin i>1

where A; is the number of i ’s in the partition v. Collecting these isomorphisms for varying n,
we get

(3.67) @D HH, (Hilb" S, L))" = Sym* (@ HH, (S, L&)z )
n>0 i>1

The symmetric product on the right-hand side of (3.67) is graded with respect to the grading of
the Hochschild homology, but ordinary with respect to the grading coming from the exponents
of t. In terms of generating functions for the dimensions of the graded pieces, this means

2n
(3.68) > > dimy HH; (Hilb" S, L,)s' 1"
n>0i=—2n 2
= [T [] - () eky= D i s.28),
k>1j=—2

Proof. This follows from Corollary 3.12, (3.53) and Proposition 3.21. For (3.68), we
apply Lemma 3.3 to (3.67). O

We also get a formula for the Hochschild—Serre cohomology of the Hilbert schemes of
points, which was our original goal.

Corollary 3.23. Foreveryk € Z andn € N, we have

(3.69) HS;, (Hilb" §) = @(@ Sym*i HSH(k_l)i(S)).

v-in i>1

3) For example, one can note that [67, Proposition 2.1.6] still works for orbifolds in place of varieties and
for convolution products of kernels in place of compositions of functors. Then (3.65) are just two instances of this
general statement.
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Collecting the formula for varying n, but fixed k, we get

(3.70) @D HSy (Hilb" §)1" = Sym"* (@ HS 1 k—1yi ()1 )
n>0 i>1
Proof. This follows from Corollary 3.15, (3.53) and Corollary 3.19. |

3.7. On the Fock space structure. In this section, we work over k = C. Let V be
a vector space together with a bilinear form (—, —). One associates the Heisenberg algebra Hy
to the pair (V, (—, —)). It is generated by elements pé") and qg’) fora € V and n € N. The
p-generators commute among each other, as do the g-generators. In addition, there are more
complicated relations between mixed two-letter words in the generators; see, e.g., [37, §2.2]
for details.

Note that we do not require {(—, —) to be symmetric, and the Mukai pairing on Hochschild
homology is indeed not symmetric in general. This means that we have a well-defined Heisen-
berg algebra Hy, but not necessarily the Heisenberg Lie algebra by ; see again [37, §2.2] for
details.

The algebra Hy has an irreducible representation called the Fock space. It is given by
the quotient Hy /I, where [ is the left ideal generated by the g-generators. The Fock space
can be identified with the symmetric power of an infinite direct sum of copies of V' via the
isomorphism of vector spaces

(71 Fy = Hy /I S sym* (P vi'):pl) p&? - pl?
i1 > (ot ") - (ot 2) -+ (gt ™).

The main examples for us are the following.

e V =H*(S, C), the singular cohomology of a smooth projective surface together with
the cup product pairing. By the work of Gottsche [31], Nakajima [61] and Grojnowski
[36], the cohomology €P,,., H* (Hilb"” S, C)¢" can be identified with the Fock space
Fu=(s,0)-

* V = HH«(X), the Hochschild homology of a smooth projective variety X equipped with
the Mukai pairing. By Corollary D, ), -, HH«([Sym" X])t" can be identified with the
Fock space Fyp, (x)- -

These two examples are related: by the Hochschild—Kostant—Rosenberg isomorphism, we have
the isomorphism of ungraded vector spaces HH, (Hilb” S) =~ H* (Hilb” S). Hence, after sum-
ming over n, we obtain the isomorphism

(3.72) Fux(s,0) = Fun.(s)-
Finally, the derived McKay correspondence of Bridgeland—King—Reid [16] and Haiman [38]
gives equivalences DP(Hilb” §) = D°([Sym” S]) which induce isomorphisms
HH, (Hilb" S) =~ HH, ([Sym" S]) for every n,
as discussed in Section 3.6.

We formulate the following generalisation of Corollary D as a conjecture®. In Sec-
tion A.1, we recall the definition of Hochschild homology in this generality (and generalise

6 Now proved independently by Nordstrom [66, Theorem 17] and Anno—Baranovsky—Logvinenko [2, The-
orem 1.2].
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it to Hochschild—Serre cohomology for smooth and proper dg categories, which we will use
shortly). When 7 is a dg category, then Sym” 7 denotes its n-th symmetric power in the sense
of Ganter—Kapranov [30]. If 7 is smooth and proper, then so is Sym” 7.

Conjecture 3.24. Let T be a smooth proper dg category. Then we have

3.73) @D HH. (Sym” T)" = Sym* (@ HH*(T)ti).

n>0 i>1

Proposition 3.25. Let T be a smooth proper dg category. Let T = (A1, ..., Ay) be
a semiorthogonal decomposition. If Conjecture 3.24 holds for all categories except one among
T, A1, ..., Ay, then it also holds for the remaining one.

Proof. By induction, we only need to deal with the case m = 2. Assume T = (A, B).
By [48, Theorem 1.1], we have a semiorthogonal decomposition for any n > 0,

(3.74) Sym" T = (Sym” A, Sym" ! A ® B,...,Sym" B).

By additivity [44, §1.5, §1.12] and the Kiinneth formula [73, Theorem 2.8] for Hochschild
homology, we get

n
(3.75) HH.(Sym" T) = @D HH.(Sym' #) ® HH,.(Sym" ™ B).
i=0

Taking the sum over n, we get

(3.76) D HH.(Sym" T)i" = (@ HH, (Sym” A)t”) ® (@ HH, (Sym” :B)t").

n>0 n>0 n>0

On the other hand, again by the additivity of HH,, we have

(377 Fuy, ) = Sym® (@ HH, (T)t! ) ~ Sym® (@(HH*(A)ti & HH, (B)(' ))
i>1 j

i>1

= Fun,(A) ® Fun, (8)-

By comparing (3.76) and (3.77), it is clear that if A and 8B satisfy Conjecture 3.24, then
so does 7. Supposing A and T satisfy Conjecture 3.24, then since the generating series
Y n>0 dimHH,(Sym" A)¢" is an invertible power series (because the constant coefficient
is 1)_,@”>0 HH, (Sym” 8)t" and Fypy, () have the same generating series; hence we have an
isomorphi_sm of graded vector spaces as in Conjecture 3.24 for 8. O

The following consequence asserts that Conjecture 3.24 holds for many dg categories
arising as the so-called Kuznetsov component of a variety.

Corollary 3.26. Let X be a smooth proper variety defined over a field k of characteris-
tic zero. Suppose there is an exceptional collection Eq, ..., Ep in D*(X). Denote by Ay the
(left or right) orthogonal of (E1, ..., Em). Then Conjecture 3.24 holds for Ay.

Proof. We can apply Proposition 3.25 since Conjecture 3.24 holds for D?(X) by Corol-
lary D and for each (E;) = D°(Speck). m
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Corollary 3.27. Let T be a smooth proper dg category. Let T = (A1, ..., Am, B) be
a semiorthogonal decomposition such that B is a quasi-phantom category, i.e., HHy(8) = 0.
If Conjecture 3.24 holds for all the categories T, A1, ..., Am, then Sym™ B is again a quasi-
phantom category for alln > 1.

Proof. By Proposition 3.25, we know that Conjecture 3.24 holds for 8. The assertion
now just follows from the simple fact that the symmetric power of the zero vector space is the
zero vector space. i

If 7 = DP(S) for a smooth projective surface S, and +4; = (E;) for some exceptional
object E; for every i = 1,...,m, Corollary 3.27 specialises to [48, Lemma 4.4]. We were
inspired to include Corollary 3.27 in the second version of this article by Koseki (the author
of [48]) asking in a talk about possible generalisations of his result.

If Conjecture 3.24 holds in full generality, this would imply that every symmetric power
of every quasi-phantom category is again a quasi-phantom category.

Is Hochschild-Serre cohomology of Hilbert schemes a Fock space? For k # 1, Cor-
ollary 3.15 still gives an identification of P, - o HSx ([Sym” X])z" with a certain total symmet-
ric power, namely, when dy is even,

(3.78) P HSk([Sym” X])i" = Sym® (@ HS | 4 ge—1)i (X))t )
n>0 i>1

However, the symmetric power is not taken of an infinite direct sum of copies of one vector
space, but of an infinite direct sum of different vector spaces. In other words, we still have
a basis of ,,-.o HSx ([Sym™ X])t" consisting of elements of the form

(o11¥") - (o1 -+ (gt ™)

as in (3.71), but now the «; are elements of different vector spaces, depending on the exponent
v; of ¢. Hence it seems to us like there is no identification of @, ., HSx ([Sym” X])t"* with
a Fock space for k # 1. N

One could hope that the full Hochschild—Serre cohomology

(3.79) P P HS(Sym” X])i" = @D HS.([Sym" X])1"

keZ n>=0 n>0

can be identified with the Fock space associated to V' = @<z HSk(X) = HS(X), but this
does not work either. Indeed, (3.79) is generated by words of the form

(3.80) (a1t™) - (a2t™) -+ (o),

but we cannot take arbitrary «; € V' and integers v;. Instead, there must be some k such that
a; € HSy 4 (k—1)v, (X) foralli = 1,...,£if (3.80) is an element of (3.79). Hence

(3.81) @D HS.([Sym” X])i" ¢ Sym® (@ HSo(X)?! )

n>0 i>1

is a proper subspace of the symmetric power.
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Geometric and categorical Heisenberg action. For X a smooth projective variety of
arbitrary dimension, by [50], it follows that there is a categorical Heisenberg action of D°(X)
on,-¢ DP([Sym” X]). It seems worthwhile to study how it relates to the Heisenberg action
of HH4(X) on D,,- o HH«([Sym™ X]) given by Corollary D.

Similarly, when X = S is a surface, one could study how Nakajima’s action of H*(S) on
D,,~o H* (Hilb" S) is related to these actions, under the identification given by Hochschild—
Kost_ant—Rosenberg isomorphism and the McKay correspondence.

The categorical action of [50] was generalised in [37] from derived categories of smooth
projective varieties to dg-enhanced triangulated categories. So the same question can be asked
whenever we have an instance of Conjecture 3.24.

4. Examples
We will compute some examples, to illustrate some interesting phenomena.

4.1. Symmetric square stack of P1. The first case we consider is [Sym? P!], where
we will assume k algebraically closed. We will compute its Hochschild cohomology both geo-
metrically using the main theorem of this paper, and algebraically, using finite-dimensional
algebras. To get started with the latter, using [52, Proposition 4.5], we obtain the following
result.

Lemma 4.1. There exists a derived equivalence DP([Sym? P1]) = D*(kQ /1), where

Q is the quiver
O
X2 7)

V2

//O

4.1

AN

X3

O//yl )@%O

and I = (xXoy2 — Y0X2,X1Y3 — Y1X3,X0X3, Y0)3, X0Y3 + YoX3, X1X2, Y1V2.X1Y2 + Y1X2).

Proof. Taking the full exceptional collection Op1, @p1(1) for D’(P1) yields the full
3-block exceptional collection

(4.2) DP([Sym?P!))

Op1 XO Op1 (1) X Opi(1
:< PEEEPL Id(Op1 B Opi(1)), p (DB Opi(D) >
Op1 K Op1 ® sgn Op1(1) X Op1(1) ® sgn

where objects in the same block are completely orthogonal. Denoting V = H?(P!, Op:1 (1)),
morphisms between objects in consecutive blocks are given by V. The other Hom-spaces are
accordingly given by Sym? V and /\2 V', respectively. If we choose a basis x,y of V and
label the bases of the Hom-spaces using x;, y;, we get the quiver in (4.1) with the claimed
relations. ]

This allows us to compute the Hochschild cohomology of [Sym? P1] purely algebraically.
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Lemma 4.2. The finite-dimensional algebrakQ /I from Lemma 4.1 is of global dimen-
sion 2, and

2
(4.3) Zdimk HH (kQ/I)t' =1+ 3t + 3¢2.
i=0

Proof. 'The proof is similar to the method used in [5, §3]. The quiver is acyclic; thus
HH®(kQ/I) = k. The algebra is not hereditary by the presence of relations, and its global
dimension is bounded above by 2 because of the length of a maximal path, thus precisely 2.
Since gldim A = projdimye A for A a finite-dimensional algebra over an algebraically closed
field [39, Lemma 1.5], we only need to determine HH! (kQ /1) and HH>(kQ /).

By [40], we have

(4.4) J(HH®(4)) = —trCygy7 = 1.

where Cy g/ is the Coxeter matrix; thus HHY(kQ/I) = HH?(kQ/I). The Coxeter matrix is
readily computed from the Cartan matrix Axp /7y, as Cxg/r = —A, é / IA{( o/1 For the choice
of basis given by the exceptional objects in Lemma 4.1, the Cartan matrix is given by

1 0 2 3 1
01 2 13
4.5) Ago/r=10 0 1 2 2
00 010
0 0 0 01

To determine HH' (kQ /1), recall that the first Hochschild cohomology (as a Lie algebra)
is isomorphic to the Lie algebra of the outer automorphism group of kKQ /I ; see, e.g., [75, Prop-
osition 1.1]. In our case, observe that the natural action of GL(V') on each individual Hom-
space gives us an identification Out®(kQ /1) = PGL(V): the ideal I forces the automorphisms
to lie in the diagonal subgroup in the product of the GL(V'), and the passage to outer automor-
phisms yields PGL(V'). Hence HH! (kQ/I) = Lie Out®(kQ /1) = sl,, i

On the other hand, in Corollary 3.15, the only contribution for n = 2 is given by i =0
on the right-hand side by degree reasons, for which HSj (P 1)y >~ HH*(P') =~ k[0] @ sl5[—1].
We obtain the dimensions in (4.3); see also Corollary 3.17. Thus it agrees with Lemma 4.2.

4.2. Hilbert square of P2. Another interesting example is that of [Sym? P2], which
by (1.9) is derived equivalent to Hilb? P2. Using Section 3.4, we can compute the Hochschild
cohomology of Hilb? P2 and obtain the following lemma.

Lemma 4.3. We have

8
(4.6) > dimy HH (Hilb? P?)r" = 1+ 81 + 481> + 1157 4 83:%.
i=0

But, as mentioned before, we cannot compute the Hochschild—Kostant—Rosenberg de-
composition of Hilb? P2, which is a bigraded decomposition, using symmetric quotient stacks.
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To do this, we can use the isomorphism
4.7 Hilb? P? = Pp2(Sym? Qp2(1))

from, e.g., [68, §3.2]. This description is explicit enough to compute the Hochschild—Kostant—
Rosenberg decomposition as in the following proposition.

Proposition 4.4. We have
HH! (Hilb? P?) =~ H(Hilb? P2, T2 p2) = kS,
HH?(Hilb? P?) =~ H! (Hilb? P2, Thin2 p2)
2
@ H° (Hilb2 P2, /\ THiln2 ]PZ)
~ k!0 ¢ k38
2
HH3(Hilb? P?) = H' (Hilb> P2, /\ Ty 2 )
3
(4.8) @ H° (Hilb2 AN 1}»2)
o~ k35 P k80
3
HH*(Hilb? P2) = H! (Hilb2 P2, A\ Thin? Pz)
4
@ H° (Hilb2 P2, /\ THilb2 ]P’2)
~ K28 @ K55
HHZ° (Hilb? P?) = 0.
Proof. The cohomology of Tyjp2 p2 is computed in Corollary B.4, the cohomology of
/\2 Thip2 p2 is computed in Corollary B.7, and the cohomology of /\3 Thip2 p2 is computed

in Corollary B.9. For /\4 Thin? P2 = o2 p2, the cohomology is readily computed using that
Hilb? P2 — Sym? P2 is a crepant resolution. O

Because the proof requires some Borel-Weil-Bott calculations, we relegate the details of
the computation to Appendix B.

Remark 4.5. A similar computation for Hilb? P = PGr(z,nH)(Symz &) (see Corol-
lary B.4 for more details) allows to recover the rigidity result from [7, Corollary 37] in this
special case.

4.3. Hilbert squares of bielliptic surfaces. For HH, (Hilb” ), we have that HH.(.S)
determines it completely as a graded vector space. Thus a natural question to ask is the follow-
ing.

Is HH* (Hilb" S) determined by HH*(S) (and HH(S))?

Equation (1.5) in Theorem A suggests that the answer to the question is negative. However,
in order to really prove this, we need an example of a pair of surfaces, which have the same
HH* and HH,, but different negative parts HS<_; of Hochschild—Serre cohomology. In the
following, we will find such a pair among the class of bielliptic surfaces, which is a class of
surfaces of Kodaira dimension 0.
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J(E) G Action of G Order of wg
1 Arbitrary Z/27 er> —e 2
2 Arbitrary Z/27Z @® 7/27. er+> —e,e > e+ c,wherec = —c 2
30 737 er>Ce 3
4 0 7/37 & 7/37 er>le,er>e+c,wherec =Cc 3
5 1728 727 e ie 4
6 1728 7]47. ® 7.)27. e+ ie,e > e+ c,wherec = ic 4
7 0 767 et —Ce 6

Table 1.  Classification of bielliptic surfaces

Bielliptic surfaces. A bielliptic surface S is a surface of the form (E x F')/G, where
e E and F are elliptic curves,
* G is a finite abelian group acting diagonally on £ x F,
« G acts by automorphisms on E (so that £/G = P!) and by translation on F.

There are 7 deformation families, given by the Bagnera—de Franchis list. Each family depends
on the isomorphism type of E and the shape of the action of G, and the full list is given in
Table 1.

Their Hodge diamond is of the form

1
1 1
(4.9) 0 2 0
1 1
1

We recall the properties of bielliptic surfaces as explained in [54, §4.D]. The Albanese
morphism

(4.10) alb: S — Pic®(S) = C
is a smooth surjection onto an elliptic curve, so we have a short exact sequence
4.11) 0—0s = Q5 = Qg/c >0
which moreover can be shown to split. Defining
(4.12) L :=R'alb,0g,
we have Q}g/c >~ alb* LV. Thus we obtain
(4.13) Ts =~ Os dalb* L, g =alb* L.

The following straightforward cohomology computation is the key lemma.
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Lemma 4.6. We have

0 dws = 3, 4,6,
(4.14) H* (S, alb* L) = orees

k[—1] & k[-2] ordws = 2,

0 ordwg = 4,6
(4.15) H®(S, alb* L®?) = Jk[-1] ® k[-2] ordwg = 3.

k[0] ® k[-1] ordws = 2.
Proof.  This follows from the isomorphisms

Ralby o alb* L >~ L @ L®?[-1],

(4.16)
Ralb, o alb* L®% ~ 1% ¢ [®3[—1]

obtained via the projection formula, using that Ralb.Og = O¢[0] & L[—1] (asdim C = 1 and
alb has connected fibres), and the fact that non-trivial torsion line bundles are cohomology-free
on C, so the only cohomology appears when L® =~ O¢. ]

We thus obtain the following.
Lemma 4.7. Let S be a bielliptic surface. Then

4
o 142t 412, dws = 3,4,6,
@1 Y dimgHHi(s)yf = { TR o ores

= 142t + 2t +2t° +t*, ordwg = 2.

Proof. This is a straightforward computation using the Hochschild—Kostant—-Rosenberg
decomposition (2.22), with the cohomology of Ts and w¢ being determined by Lemma 4.6,
which gives

2
. , 1 +1, dws = 3,4,6,
(4.18) 3 0 (S Ts) = + o ees
i=o 14+2t+1t°, ordws = 2,

2
. . 0, ordws = 3,4, 6,
(4.19) h (S, 0t =
igo ( s) t+ 12, ordwg = 2.

This completes the proof. O

Next we compute a slice of the Hochschild—Serre cohomology.

Lemma 4.8. Let S be a bielliptic surface. Then

4 0, ordwg = 4,6,
(4.20) > dimgHS. (($)i' = 41 +205 4%, ordws = 3,
i=0 213 + 4t* +2¢°, ordwg = 2.

Proof. This proof is analogous to that of Lemma 4.7, now using (2.24) and Lemma 4.6
to compute the Hochschild—Kostant—Rosenberg decomposition (2.22). O
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As an application of the description in Section 3.4, we obtain the following.

Proposition 4.9. Ler S be a bielliptic surface. Then

8
4.21) > dimy HH' (Hilb> 5)1’
=0 1+ 2¢ + 212 + 213 + 14, ordwg = 4,6,
142t +202 4263 + 264+ 262 + ¢, ordws = 3,
14+ 2¢ 4 3t% + 813 + 12t* + 8¢°

+ 3¢9 +2¢7 +¢8, ordwg = 2.

Proof.  We consider the partitions v = (2) and v = (1, 1), with A = (0, 1) and A = (2),
respectively. The first partition gives a copy of HS*, (S), described in Lemma 4.8. The second
partition gives a copy of Sym?(HH*(S)), which is computed using Lemma 4.7. |

All bielliptic surfaces have the same Hodge diamond (4.9). Hence, by the Hochschild—
Kostant—Rosenberg theorem, they also have the same Hochschild homology. Combining this
with Lemma 4.7 and Proposition 4.9, we obtain the following.

Corollary 4.10. Let S be a bielliptic surface with ordws = 3 and let T be a bielliptic
surface with ord wy € {4, 6}. Then HH*(S) =~ HH*(T) and HH«(S) =~ HH«(T) as graded
vector spaces, but HH* (Hilb? §) 2 HH* (Hilb? T).

Remark 4.11.  We see that HH? (Hilb? ) is strictly bigger than HH?(S), regardless of
ord wg, and H? (Hilb2 S, Ouinn? s) = 0. These considerations in fact hold for arbitrary n > 2,
using the degree considerations in Section 3.4. Thus (infinitesimally) there might be new com-
mutative or non-commutative deformations of Hilbert schemes of points of bielliptic surfaces.
We come back to this in Example 5.6.

5. Applications to Hilbert schemes

In this section, we discuss various applications of our computations for the Hochschild(—
Serre) cohomology of symmetric quotient stacks to the study of some classical problems about
Hilbert schemes of points on surfaces. In Section 5.1, we discuss HH! (Hilb” S) and appli-
cations to automorphisms. In Section 5.2, we discuss HH? (Hilb” S) and applications to their
deformation theory. In Section 5.3, we suggest a revised version of a conjecture by Boissicre
(see Conjecture 5.8), and in Section 5.4, we explain how results of Nieper—Willkirchen can be
used to provide evidence for the revised conjecture. Throughout this section, S is a smooth
projective surface defined over a field of characteristic zero.

5.1. Infinitesimal automorphisms of Hilbert schemes. The following corollary to
Theorem A is already proved in [12, Corollaire 1] in the context of complex analytic surfaces,
using a generalisation of a computation of Géttsche. For us, using non-commutative methods,
it is an easy consequence of the degree shifts as they appear in Section 3.4, without appealing
to [12, Proposition 1] (see also Proposition 5.14).
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Corollary 5.1 (Boissiere). Let S be a smooth projective surface. Then

dim Aut®(S) = dim Aut®(Hilb” S) foralln > 1.

Proof of Corollary 5.1 using Theorem A. By (3.47) in Corollary 3.17 and the Bridge-
land—King—Reid—Haiman equivalence (1.9), we obtain the identification

(5.1 HH!(S) = HH!([Sym” S]) =~ HH!(Hilb" S).
By the Hochschild—Kostant—Rosenberg decomposition, we have

(5.2) HH' (Hilb” ) = H' (Hilb" S, Oy s) & H (Hilb” S, Trins ).
Taking &, -invariant sections of H!(S”, Ogn), we get

(5.3) H! (Hilb" S, O s) = H'(S, Og).
Hence we conclude that

(5.4) dim Aut®(S) = dimyg H°(S, Ts) = dimy HO(Hilb" S, T 5)

= dim Aut’ (Hilb"” S). o

5.2. Deformations of Hilbert schemes. It is an interesting question to understand how
the deformation theory of a smooth projective surface S determines the deformation theory of
the Hilbert scheme Hilb” S. Using the relative Hilbert scheme, one observes that a deformation
of S induces a deformation of Hilb” §; thus we obtain an inclusion of deformation functors
Defg — Defmip 5. It is therefore important to understand whether it is an isomorphism, or
what measures the difference between the two. In particular, we are interested in comparing
H!(S,Ts) to H' (Hilb” S, Thip” ).

It was shown by Fantechi that, for surfaces of general type, the two deformation theories
are the same [23, Theorems 0.1 and 0.3]. More generally, she proves the following.

Theorem 5.2 (Fantechi). Let S be a surface for which
« HO(S, Tg) = 00r H'(S,05) = 0;
« H(S,0¢) = 0.
Then the natural morphism Defs — Defyiyy s is an isomorphism. In particular,

(5.5) H!(S,Ts) = H (Hilb" S, T 5).
On the other hand, Hitchin proves in [42, §4.1] the following.

Theorem 5.3 (Hitchin). Let S be a surface for which H'(S, Og) = 0. Then there is
a natural split exact sequence

(5.6) 0 — H'(S,Ts) — H'(Hilb" S, T 5) — H°(S, 0g) — 0.

Thus the existence of Poisson structures on S gives geometric deformations of Hilb” S
which are induced by non-commutative deformations of .S. In [7], this result is considered from
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the point of view of derived categories. The geometric deformations of Hilb” S are studied in
e.g. [21,63] for non-commutative deformations of P2, and in [56] for S a (non-commutative)
deformation of a del Pezzo surface.

Finally, the following was shown in [13, 14] by Bottacin.

Theorem 5.4 (Bottacin). Let S be a surface, and let o be a non-trivial Poisson structure
on S. Then there is a natural non-trivial Poisson structure o™ on Hilb" S.

Using Theorem A, we can prove a unified version of Theorems 5.2 and 5.3 (and heuristi-
cally understand Theorem 5.4) using stacky methods and the Bridgeland—King—Reid—Haiman
equivalence (1.9).

Proof of Corollary B. By (3.48) in Corollary 3.17, the derived McKay correspondence
(1.9), the derived invariance of Hochschild cohomology in Corollary A.6, and the Hochschild—
Kostant—Rosenberg decomposition for S, we have

(5.7) HH?(Hilb" S) =~ HH?([Sym” S])
~ H2(S,05) ® H'(S,Ts) ® H'(S, 0Y)
® \ H'(S,05) ® /\ HO(S, Ts)
@ (H'(S.0s) ® H(S. Ts)) & H(S. ).

We wish to match this to the Hochschild—Kostant—Rosenberg decomposition for Hilb” S, which
reads

(5.8) HH?(Hilb" §) =~ H*(Hilb" S, Oyt s) ® H! (Hilb” S, T §)
@ HO (Hilb" S\ iy S).
For the first summand in (5.8), we can take &, -invariant sections of H2(S " (gn) to obtain
(5.9) H2(HIlb" S, O 5) = HA(S, O) @ /\_ H'(S, O).
The third summand in (5.8) is given by
(5.10) H° (Hilb” S, /\2 Thil" S) ~ /\2 HO(S, Ts) @ HO(S, wy),

as can be extracted from [12, Proposition 1], or more directly, as the # = 2 case of Corol-
lary 5.15. Thus, by cancelling (5.10) and (5.9) in (5.7), we obtain the identification (1.6). O

Remark 5.5. An argument similar to the computation for (5.10) tells us that

3
(5.11) HO (Hilb" S. /\ Tr S)
_ JHY(S, Ts) @k HO(S, ), n=2,
~ |HO(S, Ts) @k HO(S, wY) @ N HO(S, Ts), n > 3.

Thus, if H?(S, Tg) = 0, every pre-Poisson structure on Hilb” S is automatically Poisson. It
would be interesting to compare this to Theorem 5.4, which is a more intrinsic recipe to induce
Poisson structures on Hilb” S from S.
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Let us point out the following observation.

Example 5.6. The case of bielliptic surfaces (see Section 4.3) was not yet covered by
Theorems 5.2 and 5.3. We already computed in Proposition 4.9 that HH? (Hilb? S) is strictly
bigger than HH?(S) = H!(S, Ts). Now, by Corollary B, we in fact have for all n > 2 that

(5.12) HH?(Hilb"” S) =~ H! (Hilb” S, T 5)
~ H'(S.Ts) @ H'(S. Ts) ®x H'(S, Os):

thus all first-order deformations are commutative, and

2, ordws =3,4,6

5.13 h! (Hilb” S, Tyip §) =
(5.13) ( Hilb" S) {3’ ordws = 2.

by (4.18). Thus we get precisely one new deformation direction.

By [71, Corollary 2], deformations of smooth projective varieties with torsion canonical
bundle are unobstructed. Thus Hilbert schemes of points on bielliptic surfaces have genuinely
new deformations. It would be interesting to understand these deformations.

5.3. On Boissiére’s conjecture. Recall from Section 3.6 that, for every line bundle L
on a smooth projective surface S, there is an associated line bundle L, on the Hilbert scheme
Hilb" S.

Boissiere conjectured in [12, Conjecture 1] a generating formula for the twisted Hodge
numbers

(5.14) h?4(Hilb" S, Ly) := h?(Hilb" S, Qf.n g ® L),

which predicts the equality

+o0 2n 2n
(5.15) YY" ) hPAHI" S, Ly)x? y”
n=0p=0g=0 5 5
_ l—[ l—[ H(l _(_1)p+qxp+k—1yq—i-k—ltk)—(—l)p"‘"h”"’(S,L)'
k>1p=0g=0

The case of L = Oy thus describes the Hodge numbers, and this is precisely the result of [34].
The case L = wg?’ relates to the Hochschild—Serre cohomology of Hilb” S': for L = a)?’ ,
where i € Z, we get

(5.16) @&y = .

and thus the twisted Hodge numbers in (5.14) are the dimensions of different pieces of the
Hochschild—Serre cohomology; see (2.24) and (2.26).

In [41, Appendix B], a counterexample was found to the conjecture, using S an Enriques
surface and n > 2. Alternatively, the computation in Section 4.2 gives another explicit coun-
terexample.
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Example 5.7. The right-hand side of (5.15) for P? and L = wﬁ,{z = Op2(3), where we
take only k = 1, 2 into account, becomes

(5.17) (11_1)10(14:)(,)_8(1_1)(%)

1 10 1 -8 1
(1 —xytz) (1 +x2yt2> (1 —x3yt2)

=14 (10 4 8x + x?)t
+ (55 + 80x + 38x2 + 10xy
+8x3 4+ 8x2y + x* + x3y)r? mod 7°.

Using Proposition 4.4, we see that the coefficient of x3y#? should be 10 (not 1), the coefficient
of x2 yt2 should be 35 (not 8) and the coefficient of x yt2 should be 28 (not 10).

A new conjecture. Taking inspiration from our main result, we propose a new conjec-
ture, which is compatible with collapsing the bigrading on twisted Hodge numbers into a single

grading on Hochschild homology with coefficients.

Conjecture 5.8. Let S be a smooth projective surface, and L € Pic S. Then

2n 2n
(5.18) Z Z th q(Hllbn S, Ln)xp a;mn
- 1_[ 1_[ 1_[ (1- (—1)p+qx1’+k_1y4+k—1,k)—(—1)”+‘1hpsq(s,L®k).
k>1p=04g=0

Note that the only difference to Boissiere’s conjecture (5.14) is the occurrence of the
exponent k of L on the right.

By Lemma 3.3, we see that Conjecture 5.8 is equivalent to the claim that we have an
isomorphism

?
(5.19)  @DH"(HIlV" S, Ly)" = Sym"® (EB H** (S, L)1 —k, 1 — k]tk),
n>0 k>1

where [I — k, 1 — k] denotes the shift of both gradings of H**(S, L®K) by the same value
1 — k, and the symmetric power is taken in the graded sense with respect to the bigrading of
H"* (S, L®¥), but in the ordinary sense with respect to the grading by powers of 7. Looking at
the individual Hilbert schemes, this can also be formulated as

(5.20) H#’*(Hilb” S.Ly)

= @(@ Sym* H** (S, L®’))[Z(1 — Z)AZ,Z(I —i)A ]

vin i>1

for every n € N, where v = 1*12%2.... Note that the right-hand side of (5.20) almost exactly
matches the right-hand side of (3.30), the only difference being the degree shift. This difference
can be fixed by introducing, for X’ = [M/G] a quotient stack of a smooth proper variety M by
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a finite group G, and & € DP(X), the wisted orbifold Hodge groups

(5.21) H24 (X, €) := (ED HP—2ee(8).a—aze(8) (118 ElMg))G
geG
~ @ HP2ee(8):a—2ee(@) (18 F|37)C(8).
[g]€Conj(G)
The age function age(—), which a priori takes value in Q, is determined by the eigenvalues
of the action of g on the normal bundle Npsz/ps; see [24] for details. Note that Hﬁ;; (X, 8)
and H**(1X, &) are equal as ungraded vector spaces. But, in Hﬁ;; (X, &), shifts for the vary-
ing direct summands of H** (1, &) corresponding to the components of 1. are introduced.
This is not just some random definition that we make in order to make certain degrees match,
but the shift by age(g) also occurs in the standard convention for the grading of the orbifold
cohomology; see [24].
For M = S", and g € &, with cycle class A, the age is given by

(5.22) age(g) = ) (i — DA
i>1
see [24,27]. Hence (3.30) can be rephrased as
(523)  HE(Sym" S]. L")
~ EB((X) Sym* H** (S, L®i)) [2(1 — )iy (1— i)/\i],
vin i>1 i i

Thus Conjecture 5.8 is equivalent to the following conjecture that the derived McKay corre-
spondence for Hilbert schemes of points on surfaces preserves the twisted Hodge groups.

Conjecture 5.9. Let S be a smooth projective surface and L € Pic S. Then, for every
n > 1, we have an isomorphism of bigraded vector spaces

(5.24) H**(Hilb" S, L,) = H**([Sym" S], L¥).

orb

Some evidence. We describe some evidence in favour of Conjecture 5.8, given by
various specialisations of the identity.
The first specialisation reduces to Hochschild homology.

Proposition 5.10. Conjecture 5.8 holds when specialising to x = y~ L.

Proof. Indeed, due to the Hochschild—Kostant—Rosenberg isomorphism formulated in
terms of twisted Hodge groups (2.26), setting x = s~ ! and y = s in (5.18) recovers (3.68). O

The second specialisation reduces to the y,-genus. Here, for a line bundle L on a variety
X, let x, (X, L) denote Hirzebruch’s y,-genus ZPZO x(X, Q)I; ® L)yP.

Proposition 5.11. Conjecture 5.8 holds when specialising to y = —1. In other words,
(renaming the variable x by —y), we have

2
(5:25) ) x—y(Hilb" S Ly = ] [T (1 — y?Hetek)=CD xS 258150,
n>0 k>1p=0
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Proof. This is essentially due to Gottsche [33]. Note that, in his notation,
(L) = det(L") ® det(@)>

is precisely our L, thanks to the formula before [22, Lemma 5.1]. Indeed, by performing the
change of variables p =ty in Gottsche’s [33, Corollary 1.2], 3, - x—y (Hilb" S, Ly)¢" is
equal to

K272 k
l—lk kN2 5 L l—lk k—1\ 5LKs
g V(= RyRED (1 — rkyk=T) 1 —tkyk+1

—1\\—x(S,0
((l—tkyk)w(l—tkyk""l)(l—tkyk 1)) x( S).

It suffices to show the right-hand side of (5.25) is equal to (5.26). To this end, we apply the
Hirzebruch—Riemann—Roch formula and Noether formula to obtain the following:

k2 k
x(S, LB%) = 4(S,0s) + S L?=JL-Ks.

(5.27) x(S, Q% ® L®%) = —10x(S, 0s) + K% + k2L2,

1(S, 9% ® L&) = x(S,05) + k—;Lz + g(L -Ks).
Plugging (5.27) into the right-hand side of (5.25) readily gives (5.26). m|
Remark 5.12. From (5.25), we can deduce that the yy-genus of the line bundle L, on

Hilb" S is determined by the y,-genera of all the line bundles L® on S for k € N. More
precisely, we can re-express this identity as

o0 o0
. " _
(5.28) § A=y (Hilb" S, L,)t" = exp(§ : — § (ty)* l)mx_ym(s,L@k)).

n>0 m=1 k=1

Compare this to [32, Theorem 2.3.14 (4)], which is the case L = Og.
The third specialisation is concerned with the cohomology of L, on Hilb" S.

Proposition 5.13. Conjecture 5.8 holds when specialising to x = 0, which says that
2n 2 .
(5.29) 33 hI(HIY S, Ly)y?e" = [ (1 - (~)iyes) CVED
n>0g=0 q=0 (1 n yt)hl(S,L)

T (1= WED (] — y2 )P0

Proof. Indeed, let p: Hilb” S — S be the Hilbert—Chow morphism. The above equal-
ity follows from the isomorphism

(5.30) H*(Hilb" S, L,,) =~ H*(Hilb" S, p*L™) =~ H*(S™ Rp4p*L™)
~ H*(S™, L™) >~ Sym™ H*(S, L),

where we used the fact that ™ has rational singularities, hence Rp«Oni” s = Ogwm, and
Sym” is taken in the graded sense. |
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The final specialisation is concerned with the global sections of Qfmbn s ® Lp.

Proposition 5.14. Conjecture 5.8 holds when specialising to y = 0, which says that

2n
(5.31) > hOHiIL" S, Qf 0 ¢ ® Ln)xPt"
n>0p=0 )

— l_[ (1 _ (_I)Pxpt)—(—l)”hp'o(S,L)
=0 (1 4 x)°(s.250L)
(1= )°S.L) (] — x21)h(S.0s®L)

Proof. This is proved by Boissiere in [12, Proposition 1]. The key point is that, by
[74, Lemma 1.11], we have an isomorphism

p*QII-)Iilbn S = ﬁg(n)’
where the right-hand side denotes the sheaf of reflexive p-differentials on S ). Hence
(5.32) HO(Hilb" S, Q5 . g ® Ly) = HY(S™, Q%) ® L™)
~ HO(Sn, an ® L&n)@n ,
and the Kiinneth formula allows us to conclude. m)

As a corollary, there is the following formula for polyvector fields on the Hilbert scheme.

Corollary 5.15. For every n € N, we have an isomorphism of graded vector spaces

2n—#
(5.33) HO (Hilb” S.N Tru s)
~ Sym"™ (H’(S, wg) ® H(S, Ts) @ H’(S, Os)).
deg 0 deg1 deg2

Proof. Translating from generating functions to vector spaces, Proposition 5.14 says
that the # = 0 case of (5.20) is true. Due to the shifts on the right-hand side, the only contribu-
tion to # = 0 comes when A; = O for all i > 1, in which case A; = n. Hence we have

(5.34) HO(Hilb"” S, Q¥r s @ Ln)
~ Sym" (H(S, L) ®H(S.Q§ ® L) @ H*(S,ws ® L)).
deg 0 deg 1 deg?2
The assertion is just the case L = a)&’ of (5.34). D

The results of Section 4.2 give an explicit instance in which the conjecture is checked.

Example 5.16. Thecase S = P2,n =2and L = w¢ can be compared with the results
in Section 4.2: we have
10
(5.35) (0?4 (P2, 0))pg = | 8
1

o O O
o O O
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and

28 0 0
(5.36) (WP (P2, 0i ® 0))pg =135 0 0],
10 0 0

and a computation shows the output of Conjecture 5.8 agrees with Proposition 4.4.

Remark 5.17. By taking L = Og (hence L, = Omi s), Conjecture 5.8 reduces to
the classical formula of Hodge numbers of Hilbert schemes due to Gottsche and Soergel [34].
More generally, by using [64, Remark 2.7], we will see in Theorem 5.20 that Conjecture 5.8
holds in the case that L admits a unitary flat connection.

5.4. Relation to Nieper—-WiBkirchen’s work. Recall that, for a smooth projective vari-
ety X equipped with a rank-1 local system IL. of complex vector spaces, the cohomology group
H* (X, L) carries a C-Hodge structure” of weight k. The Hodge components are described as
follows. Under the non-abelian Hodge correspondence, I corresponds to a Higgs line bundle
(L, 6), where L is a holomorphic line bundle of degree 0 and # € HO(X, Q )1() is a holomorphic
1-form. Then the Hodge decomposition takes the following form:

(5.37) HY(X. L) = P HP(X.(L.9)).
p+q=k

where HP4 (X, (L, 0)) is by definition the cohomology of the complex

1.6 )
(5.38) HY(X, L ® Q57" 5 HIX, L ® Q%) - HI(X, L ® Q51
Therefore, we denote
(5.39) HP4(X,L) := HP?4(X, (L, 9)).

Again by the non-abelian Hodge correspondence, L is unitary if and only if L = L. ® Oy and
6 = 0. In this case, (5.37) becomes

(5.40) H'(X.L)=~ P HPYX.L),
p+q=k

where HP4(X, L) = HY4(X,L ® }’}), consistent with our notation in previous sections.

In the rest of this section, we specialise to the case of dimension 2. Let S be a smooth
projective surface and L a rank-1 local system of C-vector spaces on S.

As 1 (Hilb" §) = 1 (S™) = 7,(S)® = H{ (S, Z) (see [4, §6, Lemma 1]), the local
system IL induces a rank-1 local system on Hilb” S, denoted by IL,,. Similarly, any line bundle
L induces a line bundle L, on Hilb"” S, and we have a canonical identification

H10(S) =~ HYO(Hilb” §).

One can easily check the following compatibility.

7) A C-Hodge structure of weight k is nothing but a C-vector space together with a direct sum decomposi-
tion into subspaces V = B, =1 V7.
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Lemma 5.18. Let I be a rank-1 local system on S corresponding to the Higgs line
bundle (L,0). Then the local system 1L, on Hilb" S corresponds to the Higgs line bundle
(Lp, 0). In particular, if L is unitary, then so is L, and L, = L,, ® Ogip» 5, 0 = 0.

In [64, Theorem 1.2, Remark 2.7], Nieper—WiBkirchen proved the following result.

Theorem 5.19 (Nieper—Wilkirchen). In the above notation,

2n 2n

541 Y>> hPAHIID" S, Ly)xP yit"
n>0p=0g=0
2 2 +aq ywr.q Rk
_ 1_[ l_[ H(l _(_1)p+qxp+k—lyq+k—1tk)—(—1)P 4pP4(S,L ).
k>1p=0g=0

In particular, by specialising to x =y, we have

4n 4 o
(5.42) Z Zhi (Hilb” S, L,)x't" = l_[ 1_[(1 _ (_1)ixi+2k—2tk)—(—1)l h (S,]L®k)'

n>0i=0 k>1i=0

Combining Lemma 5.18 and Theorem 5.19, we obtain that Conjecture 5.8 holds for line
bundles arising from rank-1 unitary local systems.

Theorem 5.20. Let L be a rank-1 unitary local system on a smooth projective surface S.
Define L :=1L ® Og. Let Ly be the associated line bundle on Hilb" S. Then we have the
following equality:

2n 2n
(543) >3 > hPAHIID" S, Ly)x? y9t"
n>0p=0g=0
2 —(—1)Ptapr-a(S,LOk)
— 1_[ l—[ l_[ (1 _ (_1)p+qxp+k—1yq+k—ltk) ) '
k>1p=0g=0

A. Hochschild—Serre cohomology for dg categories and functorialities

The definition of Hochschild-Serre cohomology in Definition 2.3 using Fourier—Mukai
functors has a counterpart using dg bimodules as alluded to in Remark 2.6. In Section A.1, we
will describe this, and use it to show that it is a derived invariant. We will also consider more
generally Hochschild homology with coefficients, and discuss how it is a derived invariant
under a certain natural compatibility between the equivalence and the coefficients.

Using the Fourier—Mukai definition, we will point out in Section A.2 how Hochschild—
Serre cohomology moreover satisfy functorialities for étale morphisms.

A.1. Hochschild-Serre cohomology for dg categories and Morita invariance. We
fix a base field k throughout. Let A be a dg category, and let Perf A be the subcategory of
D(A) consisting of perfect right A-modules. We let A€ denote its enveloping category, defined
as A ®p A°P. For an introduction to the Morita theory of dg categories in the setup that we
will use, we refer to [15, §2].



Belmans, Fu and Krug, Hochschild cohomology of Hilbert schemes of points on surfaces 45

Asin [15, §2.3], if 4 is smooth and proper, we will consider
* the diagonal bimodule + as an object of Perf +A°, representing the identity functor;
o the right dual A™ as an object of Perf AS, representing the Serre functor;
« the left dual A' as an object of Perf 4, representing the inverse Serre functor.

This allows us to generalise Definition 2.3 as follows, where we use the tensor product of
dg bimodules to encode iterated (inverse) powers of the Serre functor.

Definition A.1. Let A be a smooth and proper dg category, and let S 4 denote its Serre
functor. The Hochschild—Serre cohomology of 4 is the bigraded algebra
(A.1) HS:(4) := (D HSE(A) = D @D HS] (A),
keZ keZ jelZ
where
(A.2) HS/(A) := H/ RHom:(idy, S°) HY Rilom g (4, A€, & 20,
. = om ge (id 4, = )
k ATTA AT T HU RHom e (A, AVE“ )k <0,
and the multiplication is induced by the composition in Perf A°.

As in Remark 2.4, this definition incorporates the Hochschild cohomology and homology
of the dg category +, as

(A.3) HH* (A) = HS§(A),
(A4) HH, (A) = HS] (A),
respectively.

Remark A.2. Definition A.1 suffices for our purposes; we do not need to give a chain-
level definition via a generalisation of the Hochschild (co)chain complex. To study certain
algebraic and higher structures which exist on Hochschild (co)homology, and might possess
a generalisation to Hochschild—Serre cohomology, this could however be useful.

Moreover, both Hochschild homology and cohomology can be defined for arbitrary dg
categories, not just smooth and proper ones. It would be interesting to find a definition of
Hochschild—Serre cohomology which works in this generality.

Kiinneth formula. Let 4 and 8 be smooth proper dg categories. We have a canonical
equivalence

(A.5) (A® B) = A° @ B,

under which the bimodule A ® B is identified with 4 X B, and similarly (A ® B8)* with
A* K B*, and (A Q@ B)' with A' X B'. In other words, as dg endofunctors of A4 ® B,

(A.6) dygg =idgy ®i1dg, Sues =S4 XSz.
As a consequence, we have the Kiinneth formula for Hochschild—Serre cohomology.

Proposition A.3. Let A and B be smooth proper dg categories. We have a canonical
isomorphism of graded vector spaces for any integer k,

(A7) HS! (A ® B) = HS}(A) ® HS}(B).
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Morita invariance. The following theorem explains that, as generalisation of Hoch-
schild (co)homology, Hochschild—Serre cohomology is still a Morita invariant for dg cate-
gories. This is a generalisation of [67, Theorem 2.1.8] which proves it for derived categories of
smooth projective varieties.

Theorem A.4 (Morita invariance). Let F: A — B be a Morita equivalence between
smooth and proper dg categories. Then there is a naturally induced isomorphism of bigraded
algebras

(A.8) HS*(4) = HS*(B).

Proof. The functor F induces a functor — ®Ie;$ M : Perf A — Perf 8, with quasi-inverse
G given as — ®£;8 N, where the bimodules M and N are perfect. Then the Morita equivalence
F induces a Morita equivalence

(A.9) F¢:Perf A° — Perf B°

which we can write using bimodules as N ®I€;" — ®I(;\’ M.

By the Morita theory for dg categories, this functor always preserves the identity functor.
The categories A and B¢ are again smooth and proper; thus the equivalence F°© is compatible
with duality, and therefore sends the bimodules #4* (resp. #') representing the Serre functor
(resp. inverse Serre functor) to B* (resp. B'). Therefore, we obtain an isomorphism of vector
spaces

(A.10) HS] (4) = HS](8B),

and taking the direct sum, we obtain the isomorphism of vector spaces in (A.8).
The isomorphism of bigraded vector spaces is compatible with the algebra structure, as
this is induced from the compositions in the equivalent categories D°(#4¢) and DP(B°). m

Agreement between the two approaches. We wish to show how the dg version from
Definition A.1 agrees with the Fourier—Mukai approach Definition 2.3 for smooth and proper
orbifolds. The case of Hochschild cohomology was already discussed in [62, Appendix A], and
the method is very similar.

Theorem A.5 (Agreement). Let X be a smooth and proper orbifold, and let D®(X) be
a dg enhancement of its bounded derived category of coherent sheaves. Then Definition A.1
for A = D°(X) and Definition 2.3 are isomorphic as bigraded algebras.

Before giving the proof, we first explain why we can apply Definition A.1.

« To consider DP(X) as a dg category, we can use the enhancement from [11, Example 5.5].
By [20, Proposition 6.10], the derived category has a unique dg enhancement, i.e., all dg
enhancements are quasi-equivalent.

e In[11, Theorem 6.6], it is shown that the derived category of a smooth and proper orbifold
is an admissible subcategory in the derived category of a smooth and proper variety. As
smoothness and properness for dg categories is inherited by admissible subcategories
(see, e.g., [11, Proposition 5.20]), we obtain that any dg enhancement of D®(X) is indeed
a smooth and proper dg category.
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Proof of Theorem A.5. By the Morita invariance from Theorem A.4 and uniqueness of
the dg enhancement, we can ignore the choice of enhancement. By [10, Theorem 1.2], we have
DP(X)° = DP(X x X). Next, observe that

* the diagonal bimodule corresponds to the identity functor A0 x;;
* the Serre functor corresponds to Axwx[dx];
« the inverse Serre functor corresponds to Ay [—dx].

The correspondence for the Serre functor follows from, e.g., [65, Proposition 2.31] when Kk is
algebraically closed, or [55, Theorem 1] when k is arbitrary and X has projective coarse moduli
space. Thus Definition A.1 and Definition 2.3 agree, because the bigraded algebra structures
correspond to composition in the derived category D (X x X). m]

We record the following corollary of the Bridgeland—King—Reid—Haiman equivalence
(1.9), which motivates the approach taken in the main body of the paper.

Corollary A.6. Let S be a smooth, projective surface. Then, for all n > 0, there exists
an isomorphism

(A.11) HSZ(Hilb” S) 2~ HS*([Sym” S])

of bigraded algebras.

Proof. The (necessarily unique) dg enhancements of DP(Hilb” S) and D°([Sym” S])
are unique, so by the agreement of the definitions in Theorem A.5, we are done. ]

A.2. Etale functoriality of Hochschild-Serre cohomology. The original definition of
Hochschild—Serre cohomology of smooth projective varieties was only shown to be functorial
for equivalences. Hochschild homology on the other hand is functorial for arbitrary morphisms,
and even functors [44]. As suggested in [47, claim in §8.4], Hochschild cohomology should be
functorial for étale morphisms.

In this section, we show that Hochschild—Serre cohomology (and thus Hochschild coho-
mology) is indeed functorial for étale morphisms, at least as vector spaces. This takes on two
forms:

* acovariant functoriality, for which we provide a more general criterion in Proposition A.7
leading to an étale pushforward in Corollary A.8;

* a contravariant functoriality in Proposition A.10, i.e., an étale pull-back.

Already for Hochschild cohomology, we are not aware of a written reference where this is
proved, even on the level of vector spaces. We are content with showing that there is a naturally
induced morphism for Hochschild—Serre cohomology; we do not work out the compatibility
with composition. We also do not address whether Hochschild—Serre cohomology satisfies
some functoriality with respect to fully faithful functors, which is discussed for Hochschild
cohomology in [46].

Proposition A.7 (Covariant functoriality). Suppose that f: X — Y is a morphism be-
tween smooth projective varieties. Let vy ‘= wx ® f *a)}/ be the relative canonical bundle,
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and let dy := dim(X) —dim(Y) be the relative dimension. For integers k,m € Z, and an
element o € H"H(1=k)dy (X, w?(l_k)), there is a natural morphism for any i € Z,

(A.12) SCIHSE(X) — HSP™(Y).

Proof.  First note that we have canonical isomorphisms
(A.13) Homy (R /i (wx[dx])®*. (wy [dy])®*[m])
o~ HomX(a)?k, f!a)?k [m — kdy])
=~ Homy (0%*, f*w$* ® wrlds +m —kdy))
~ H™ (X, (wy[df])®1 ).
Hence we can view the element o as a morphism in DP(Y),
(A.14) o: R fu(wx[dx)®* — (wy[dy])® [m].
Now, given an element o € HS;c (X), viewed as a morphism in D°(X x X),
(A.15) @: Ax «Ox — Ax . (wx[dx])®F[i],
we apply the derived pushforward along f X f: X x X — Y X Y to get

(A16)  R(f x f)eBbyaOx ~D O Rir s 1), Axnx ldx ).

Since (f x f)o Ax = Ay o f, we have by functoriality

R(fxf)x(a) .
(A17) Ay.Rf0x —222200 Ay R fulox [dx]) @i

Using the natural map Oy — R f,.Ox and the morphism (A.14), we get a morphism

RO/ % f) (@) .
(A18)  Ay.Oy ——> Ay RfeOx ——"2 Ay R fulwx[dx])®[i]

Ay «(0) .
— 20T Ava(ydyD®Ei + m).

which can be viewed as an element in HS}':F'” (Y), and defined to be the image of «. It is clear

that the obtained map HSj'C (X) — HS};"”" (Y) is linear. O

In the above proposition, the case k = 1 and m = 0 (with o the canonical element of
H(X, Ox) corresponding to the constant function 1) should recover the covariant functoriality
of Hochschild homology for a morphism. Another interesting instance is the case where f is
étale.

Corollary A.8 (Etale pushforward). An étale morphism f: X — Y between smooth
projective varieties induces a natural morphism

(A.19) f« HSE(X) — HSL(Y).

Proof. Take m = 0. It suffices to note that dy = 0 and ws = Oy in this case. Here o is
taken to be the canonical element corresponding to the constant function 1. m)



Belmans, Fu and Krug, Hochschild cohomology of Hilbert schemes of points on surfaces 49

Remark A.9. Using the Hochschild—Kostant—Rosenberg decomposition for the Hoch-
schild—Serre cohomology (2.24), one can get an a priori different covariant functoriality for
Hochschild—Serre cohomology. Let the assumption be as in Proposition A.7. Then, for each
p.q € Z,we have natural morphisms

(A20) B (X A\ Tx @ 0fF) = 17 (VR A (N Tx @ 08F))
— HP (Y, R/, (f* N Ty ® w}?k>)
=17 (v. N Ty @ Rfu(wf"))
— HP (Y, N Ty ® 0@ [m - kdf])
_ gptm—kdy (Y, /\q Ty ® w%z)k)’

where the last morphism uses the input datum o € H" (X, (wy [df])®(1_k)) as in (A.14). Tak-
ing the direct sum over all p, ¢ with p + g = i + kdx, or equivalently

p+q+m—kdy =i+m+kdy,
by (2.24), we get a morphism
(A.21) ' fOHSE(X) — HSET™(Y).

It is an interesting question to compare ' £,¢ with f,7, or rather, in case they are different, to
find a suitable modified isomorphism as in (2.24) to make them equal.

As for contravariant functoriality, we have the following. Observe that, strictly speaking,
we prove étale functoriality only after the Hochschild—Kostant—Rosenberg decomposition for
Hochschild—Serre cohomology, but this suffices to get contravariant étale functoriality on the
level of vector spaces.

Proposition A.10 (Etale pull-back). Ler f:X — Y be an étale morphism between
smooth projective varieties. Then f induces a natural morphism

(A.22) f*HSL(Y) — HSE(X).

Proof. For any p.q € Z, we have the following natural morphisms:

(A.23) HP (Y, N1y ® a)f?k) — HP (Y, RAOx® N Ty ® w?k)
~ HP? (Y, Rf*f*(/\q Ty ® a)?k))
=17 (X, /(N Ty @ 0f"))
~ HP(X, /\q Ty ® a)?k),

where the first morphism is induced by the natural map Oy — R f«Ox, and the last isomor-

phism uses that f is étale, hence induces isomorphisms f*Ty =~ Ty and f*wy = wy.
Taking the direct sum over p,q with p +¢g =i + kdy =i + kdy, and using (2.24),

we get the desired morphism f*. |
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B. Computations for Section 4.2

In this appendix, we collect the computations for Proposition 4.4 and Remark 4.5. We
will denote P = P = IP(V'), where V is an (n 4 1)-dimensional vector space. We write

(B.1) G :=Gr(2,V), H :=Hilb?*P",

where the former comes equipped with the tautological subbundle § and tautological quotient
bundle @.

We are mostly interested in the case n = 2 (for the proof of Proposition 4.4), where
we have G = P?V, and § =~ QlG(l), @ = Og(1). The methods in this section can be used
more generally to compute (pieces of) the Hochschild—Kostant—Rosenberg decomposition of
HH* (Hilb? P"), but we will not work out all the details, and we are content with establishing
the rigidity result from Remark 4.5 for n > 3.

Consider the morphism

(B.2) wH — G

obtained by sending 2 points, possibly infinitesimally near, to the line they span. The following
lemma (for n arbitrary) is probably well known, and a weaker version was already used in
[8, §5]. For n = 2, it also appears in [68, §3.2].

Lemma B.1. The morphism  in (B.2) is identified with the P?-bundle

Pg(Sym? 8) — G.

Proof. We can write H as (Pg(8) xXg Pg(8))/(Z/2Z). We can rewrite this as

(B.3) (P (8) xg Ps(8))/(Z/27)
=~ Projg (Sym® 8Y) xg Projg(Sym® 8Y)/(Z/27Z)
=~ Projg (Sym*® 8Y ® Sym® 8V)/(Z/27Z)
2 Projg (Sym? Sym® 8V)
2 Proj (Sym® Sym? 8V)
= PG (Sym* 8),

where we used Hermite reciprocity (e.g., as in [29, Exercise 6.18]) which states that taking

Sym? and Sym? of a rank-2 bundle commutes for all p and q. O

From Lemma B.1, we obtain the relative Euler sequence

(B.4) 0— Oy — 7*(Sym? 8) ® U (1) > Ty — 0
and the relative tangent sequence

(B.5) 0—T,—Tyg = n*Tg — 0.

Let us first compute the cohomology of the tangent bundle for H . The following lemma is
standard, where S, denotes the Schur functor associated to a partition A = (A1 > --- > Ay) of
length £. Recall that S &V = S, &, where p is —A reordered so that the entries are decreasing.
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Lemma B.2. We have

(B.6) H*(G,Tg) = H%(G.Tg) = Sao....0-1)V.
2 2
(B.7) H(G/\ TG) ~ HO(G,/\ TG)
~ S(Z,—l,—l)V’ n=2
S@2.0,..-1,-1)V ®Sa,1,0,..,0,-2V. n>3.

Proof.  This conveniently follows from the description in [9, Theorem B] as the Grass-
mannian G is cominuscule. ]

Now we compute the cohomology of the first term in the relative tangent sequence (B.5).

Lemma B.3. We have

B8 R Tr = ROmTr = S2,-2)8 © S(1,-1) 8
and
HY(H,T;) = Sq.1.-V., n=2,
(B.9) H*(H,Ty) =~ ( ) (1,1,—2) n
0, n > 3.

Proof. By applying Rmy to the relative Euler sequence (B.4), we obtain, using the
identifications ROy = Og and RO (1) = Sym2 &Y, the short exact sequence

(B.10) 0 — U — Sym> 8 ® Sym? 8¥ — Rz, T, — 0.
The middle term can be rewritten as
(B.11) Sym2 5 Sym2 8V ~ Sym2 5® Sym2 8 ® (det 8)®2
~ (Sym* 8 ® (det 8)®72)
® (Sym” $ ® (det $)®71) @ O,
where we used [29, Exercise 11.11]. The inclusion in (B.10) allows us to cancel Qg in (B.11).

The rest follows by applying Borel-Weil-Bott. ]

Combining these two lemmas, we obtain the following from the long exact sequence
associated to the relative tangent sequence (B.5).

Corollary B.4. Ifn = 2, then

. S(l,g,_l)V, iZO,
(B.12) H (H,Tg) = {Sq1-nV, i=1,

whilst, forn > 3,

Suo,....0,-nV, i =0,
0, I >1.

(B.13) H (H,Ty) =~ {
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Next we compute the cohomology of /\2 Tg. The second exterior square of (B.5) pro-
duces a filtration with associated graded pieces

° /\2T7T9
e T, ® n*Tg, and
o ¥ /\zTg.

The cohomology of the first is computed as follows.
Lemma B.5. We have

2 2
(B.14) R, /\ Tp = R%7 /\ T =Si_38 & Sa—13.

In particular, we have for n = 2 that
2 2
(B.15) H(H/\ T,,) ~ H! (H/\ T,,) > Sp1_3V.

Proof. The second exterior square of the relative Euler sequence (B.4) induces the short
exact sequence

(B.16) 0— Ty —>n*(/\28ym28) ® 07(2) > \ Tr — 0.

By applying R4 to it, we obtain, using the description of R T, from Lemma B.3, the short
exact sequence

2
(B.17) 0—Spe-28®Squ,-nd — /\ Sym? 8 ® Sym? Sym? 8"

—>n*(/\2Tn) — 0.

The vanishing of RZ1 7, ( /\2 T;) can be shown using cohomology and base change. Using
Lemma B.3 and the isomorphisms

2
(B.18) /\ Sym* 8 =~ S;31)8, Sym?>Sym*>8Y = S48 & S2.2)8"
which are standard plethysms, we can rewrite (B.17) as
(Blg) 0— S(z’_z)g &) S(l,—l)8 — S(3’_3)8 ©® 8(25_2)8 ©® (S(l’_l)g)eaz

- n*(/\zTn) — 0.

As all the morphisms in this sequence are equivariant, we can cancel the corresponding sum-
mands and thus we obtain the first part of the lemma. The rest is an application of the Borel—
Weil-Bott theorem. ]

For the second graded piece, we have the following.

Lemma B.6. We have
(B.20) R774(Tx ® 7*Tg) = RO74 (T ® n*Tg)
~Q® (Sp.-3»8 ®(Sa-238)% & 8Y).
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In particular, we have for n = 2 that

(B.21) H*(H,T, @ n*Tg) =~ H*(H, T, @ 7*Tg)

=~ (S1,1,-V)®* @ S,0,-1 V.

We leave the case n > 3 to the interested reader, here, and in what follows.

Proof.  Using the description from Lemma B.3, we obtain that the derived direct image
is concentrated in degree zero, and that it is isomorphic to

(B.22) (Se.-28®Sa-1nd) ®8" ®Q,
using Tg =~ 8 ® @. This proves the first part of the lemma. The rest is an application of the

Borel-Weil-Bott theorem. O

Because the cohomology of the third term can be computed using Lemma B.2, we can
use the filtration and the previous two lemmas to obtain the following.

Corollary B.7. Ifn =2, then

. . Sa,1,-2V)®? & Su,0-1nV & Se,—1,-nV. i =0,
(B23) H'(H./\ Ty)=:S@,1-3V. i=1,
0, i >2.

Finally, to compute the cohomology of /\3 Tg, one could use the methods used before in
the proof of Corollary B.4, starting from the isomorphism /\3 Ty = Q}i ® a)I\;, and twisting
the duals of (B.4) and (B.5) by w}; = O (3). But by bootstrapping from Lemma 4.3, we can
now also compute the cohomology of /\3 Ty using a shortcut. First we need the following
Euler characteristic calculation.

Lemma B.8. We have
3

(B.24) W(H N Ta) = 52.

Proof. This can be computed as follows using the Schubert2 package of Macaulay?2 [35]:
loadPackage "Schubert2";
G := flagBundle({2, 1});
H := projectiveBundle symmetricPower(2, G.SubBundles#1);
chi(exteriorPower (3, tangentBundle H))
-- b2

This completes the proof. ]

Corollary B.9. We have

(B.25) H"(H,/\3TH) ~ Jg28, i;l,
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Proof. By Lemma 4.3, we get the vanishing for i > 3. Combining Corollaries B.4

and B.7 with Lemma 4.3, we obtain H°(H, /\3 Ty) = k8; thus Lemma B.8 allows us to
compute H!. ]
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