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O’Grady constructed a 6-dimensional irreducible holomorphic symplectic variety by
taking a crepant resolution of some moduli space of stable sheaves on an abelian
surface. In this paper, we naturally extend O'Grady’s construction to fields of positive
characteristic p # 2, called OG6 varieties. Assuming p > 3, we show that a supersingular
OG6 variety is unirational, its rational cohomology group is generated by algebraic
classes, and its rational Chow motive is of Tate type. These results confirm in this
case the generalized Artin—Shioda conjecture, the supersingular Tate conjecture and
the supersingular Bloch conjecture proposed in our previous work, in analogy with the

theory of supersingular K3 surfaces.

1. Introduction

The study on supersingular irreducible symplectic varieties started in the previous work
of the first two authors [19]. As a continuation, we study in this paper O'Grady’s 6-
dimensional irreducible symplectic varieties in positive characteristics and investigate

the general conjectures formulated in [19] for such varieties.
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2 L.Fuetal
1.1. Background

In complex geometry, irreducible symplectic manifolds, also known as compact hyper-
Kdhler manifolds, are by definition simply connected compact Kédhler manifolds admit-
ting a nowhere degenerate holomorphic 2-form that is unique up to scalars. Together
with complex tori and Calabi-Yau manifolds, they form the fundamental building
blocks for compact Kahler manifolds with vanishing first Chern class, by the Beauville—
Bogomolov decomposition theorem [5, 11]. We refer the readers to [21, 22, 45] for an
overview of the study of these varieties.

By definition, 2-dimensional irreducible symplectic varieties are nothing but X3
surfaces. A significant part of the theory of complex K3 surfaces can be generalized
to higher-dimensional irreducible symplectic varieties: deformation theory, quadratic
form on the second cohomology group [5], moduli spaces and period maps, global Torelli
theorems [23, 34, 53, 54], and conjecturally their algebraic cycles [6, 7, 56], etc. On the
other hand, over a field of positive characteristic, the study of X3 surfaces has also
been an active and fruitful research topic. One instance is the Tate conjecture [52] for K3
surfaces: the case of finite height was solved in [41, 42], while a complete proof in the
supersingular case was achieved only recently [14, 15, 27, 33, 36]. It is a natural task to
explore the higher-dimensional analogue of K3 surfaces in positive characteristics. We

use the following working definition proposed in [19] (see also [57]).

Definition 1.1. A smooth projective variety X over an algebraically closed field k is
called symplectic if

o 78(X) =0,

e X admits a nowhere degenerate closed algebraic 2-form.
In particular, X is even dimensional and has trivial canonical bundle. A symplectic

variety X is called irreducible symplectic if moreover we have dim H°(X, 9)2() =1.

An important feature that only appears in positive characteristic is the existence
of supersingular varieties. Fix an algebraically closed field k of characteristic p > O.
Recall that a K3 surface S defined over k is called supersingular, following Artin [4],

if the second crystalline cohomology H?

cris

(S/W(k)) is a supersingular F-crystal, that
is, its Newton polygon is a straight line. The aforementioned Tate conjecture implies
that it is equivalent to Shioda’s condition in [49] that the second (¢-adic or crystalline)

cohomology group is generated by divisor classes. A systematic study of supersingular
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Supersingular O’'Grady Varieties of Dimension Six 3

symplectic varieties was initiated in our previous work [19], where two types of

supersingularity were defined. More precisely, a symplectic variety X is called

e 2nd-Artin supersingular, if its second crystalline cohomology group
HZ

cris
e 2nd-Shioda supersingular, if its Picard number is maximal: py = b, (X).

(X/W) is a supersingular F-crystal;

Similarly, there are stronger notions of supersingularity that concern the whole coho-
mology group. For simplicity, let us assume in addition that all the odd Betti numbers

of X are zero. Then, a symplectic variety X is called
e fully Artin supersingular, if Hfﬁis
ieN;

e fully Shioda supersingular, if all ¢-adic and crystalline cohomology groups

(X/W) is a supersingular F-crystal for any

are rationally generated by algebraic classes.

It is easy to see that the 2nd (resp. fully) Shioda supersingularity implies the 2nd (resp.

fully) Artin supersingularity. See [19, Definitions 2.1 and 2.3]) for more details.

1.2. Conjectural picture

Motivated by properties of supersingular K3 surfaces, we proposed the following
conjecture in [19]. It relates the cohomological, geometric, and motivic aspects of

supersingular symplectic varieties.

Conjecture 1.2. Let X be a symplectic variety defined over an algebraically closed

field k, with vanishing odd Betti numbers. If X is 2nd-Artin supersingular, then

(i) X is fully Shioda supersingular, that is, the (¢-adic and crystalline) cycle
class map is surjective;
(ii) X is unirational;
(iii) the rational Chow motive is of Tate type. In particular, the (¢-adic and

crystalline) cycle class map is injective.

Remark 1.3. In the above conjecture,
e the assumption on Betti numbers is for the simplicity of the statement.
See [19, Conjectures A and B] for the general version where nonzero odd

cohomology is allowed;
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4 L.Fuetal

e Part (i) says that all notions of supersingularity defined in [19] are equiva-
lent. This can be seen as a generalization of the Tate conjecture [52] in the
supersingular case;

e Part (ii) is the generalization of the Artin-Shioda conjecture on the unira-
tionality of supersingular X3 surfaces [4, 50];

e Part (iii) can be viewed as a Bloch-type conjecture (cf. [10], [2, Section 11.2],

and [55, Conjecture 23.21]) in the supersingular case.

Here are some evidence of Conjecture 1.2.
e For K3 surfaces,

(i) is the Tate conjecture, proved in [14, 15, 27, 33, 36];
(ii) was proved for p = 2 by Rudakov and Safarevi¢ [48] and remains open
in general (see, however, [12, 13, 32]);
(iii) was proved by Fakhruddin [18] (his result is for p > 5, but one can show
it in general by using [12]; see [19, Section 4.5]).

e For smooth projective moduli spaces of stable sheaves on K3 surfaces,
[19, Theorem 1.3] established (i) and (iii) and reduces (ii) to the unirationality
of supersingular K3 surfaces.

e For the Albanese fiber of a moduli space of stable sheaves on an abelian
surface, provided that it is smooth, [19, Theorem 1.4] proved the analogue
of (i) and (iii) with nonvanishing odd cohomology and showed that it is

rationally chain connected, a weaker version of (ii).

Note that in these results, the symplectic varieties considered are all deforma-
tion equivalent to one of the examples constructed by Beauville [5], namely Hilbert
schemes of K3 surfaces and generalized Kummer varieties. The primary goal of this

paper is to seek for examples of different deformation type that satisfy Conjecture 1.2.

1.3. Main results

Over the complex numbers, apart from the two infinite series of deformation types of
irreducible symplectic varieties of Beauville, so far, we only know the other two sporadic
families discovered by O'Grady [43, 44].

e Let S be a projective K3 or abelian surface. Let v, € H*(S,Z) with Vg =2
and H a sufficiently general polarization. The moduli space My(S, 2v,) of

H-semistable sheaves on S with Mukai vector 2v, is singular. In O'Grady
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Supersingular O’'Grady Varieties of Dimension Six 5

[43], for vy = (1,0, —1), a 10-dimensional holomorphic symplectic manifold
]\~/[H(S, 2vy) was constructed as a crepant resolution of My(S,2vy). This
construction was extended to any v, with V(z) = 2 by Lehn and Sorger [51],
obtaining symplectic varieties that are deformation equivalent to O'Grady’s
example by [46]. When S is a K3 surface, the crepant resolution 1\7[H(S, 2vy) is
irreducible symplectic, called an OG10 variety.

e When S is an abelian surface, for any v, with ch) = 2, the Albanese map of

the crepant resolution

alb: M (S, 2vy) — S x S”

is an isotrivial fibration. Any fiber of this fibration is a 6-dimensional

irreducible symplectic variety [44, 51], called an OG6 variety.

We will adapt the construction of O'Grady and Lehn-Sorger to positive char-
acteristics > 2 (Theorems 2.7 and 2.10). The resulting variety is still called an OG6
variety. The following is the main result of this article, confirming Conjecture 1.2 for

supersingular OG6 varieties.

Theorem 1.4. Let k be an algebraically closed field of characteristic p > 3 and A an
abelian surface defined over k. Let v, be a Mukai vector on A with Vg = 2, and set
v = 2v,. For any v-generic polarization H, let K;(A,v) be the Albanese fiber of the
moduli space of H-semistable sheaves with Mukai vector v. Then, O'Grady’s crepant
resolution I?H(A, v) is a symplectic variety and the following conditions are equivalent:
(i) A is supersingular;
(ii) I?H(A, v) is 2nd-Artin supersingular;
(ili) Ky(A,v) is unirational;
(iv) the rational Chow motive of I?H(A, v) is of Tate type;
(v) I?H(A,V) is fully Shioda supersingular: all rational (¢-adic or crystalline)

cohomology groups are generated by algebraic classes.

Moreover, if one of these conditions is satisfied, EH(A,V) is an irreducible symplectic

variety.

Remark 1.5. According to Theorem 1.4, the OG6 construction provides a one-
dimensional family of supersingular symplectic varieties. It is very interesting to

investigate the supersingular locus in the moduli space of symplectic varieties of
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6 L.Fuetal

0OG6 deformation type. A natural question is whether every supersingular symplectic
varieties of OG6 type is birational to an OG6 construction IZ’H(A,V). We believe that
similarly to the case of symplectic varieties of K3 deformation type, there exist
supersingular symplectic varieties of the OG6 deformation type arising as moduli
spaces of twisted sheaves on supersingular abelian surfaces, which are not birational
to EH(A,V). In particular, we expect that the supersingular locus has dimension at
least 2.

The proof of Theorem 1.4 essentially splits into two steps:

(a) upon improving the techniques developed in [19], we show in Theorem 3.6
that given a supersingular abelian surface A, all such OG6 varieties I~<H(A, V),
for different choices of v, are birationally equivalent with good lifting
properties (Definition 3.2);

(b) for certain choice of Mukai vector v,;, we use a construction of Mongardi-
Rapagnetta—Sacca [39], which relates the OG6 variety to a moduli space
of stable sheaves on the Kummer K3 surface of A, which was thoroughly

studied in our previous work [19].

The technique of lifting to characteristic zero is used in several places, but note that the
proof of the unirationality result does not rely on the lifting argument.

The paper is organized as follows. In Section 2, we generalize the construction of
0O’Grady [44] and Lehn and Sorger [51] to odd characteristic and show that thus obtained
0G®6 varieties are symplectic varieties. In Section 3, we establish the birational equiv-
alences between supersingular OG6 varieties (Step (a) above). In Section 4, we adapt
Mongardi-Rapagnetta—Sacca’s construction [39] and finish the proof of Theorem 1.4
(Step (b)).

Convention:

e kis the base field, which is always assumed to be algebraically closed with
char(k) =p > 0;

e W = W(k) is the ring of Witt vectors of k, which comes equipped with a
morphism o : W — W induced by the Frobenius morphism;

e K is the fraction field of W;

e B

e for an algebraic variety X over a field E and an integer i, Hl% (X) denotes the

is the crystalline period ring of K;

cris

i-th integral ¢-adic cohomology Hét(XE, Z,) and H; X)q, denotes the rational
¢-adic cohomology if ¢ # char(E);
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Supersingular O’'Grady Varieties of Dimension Six 7

e for a k-algebraic variety X and i € N, we denote by H(’; (X/W) the i-th
integral crystalline cohomology of X, which is a W-module whose rank is
equal to the i-th Betti number of X. We set H{(X) := H' . (X/W)/torsion and

cris
HX)g = Hé'ris(X/W) ®w K. Then, H(X) is endowed with a natural o-linear

Tis

map ¢ : HY(X) — H!(X) induced from the absolute Frobenius morphism
F: X — X. The pair HL(X), 9) (resp. (Hi(X)K, ¢g)) forms therefore an F-crystal
(resp. F-isocrystal);

e for a Breuil-Kisin module M and an integer n, the notation M{n} stands for
the n-th Tate twist defined in [9, Example 4.2];

e h is the contravariant functor that associates with a variety its rational

Chow motive.

2. O'Grady-Lehn-Sorger’s Construction in Positive Characteristic

In this section, we adapt the construction of Lehn and Sorger and O’'Grady to obtain
a 6-dimensional symplectic variety over a field of positive characteristic, as a crepant
resolution of a singular moduli spaces of semistable sheaves on an abelian surface.

2.1. Moduli spaces of sheaves on abelian surfaces

One natural way to construct symplectic varieties is to consider certain moduli spaces
of coherent sheaves on abelian and K3 surfaces. Over the complex numbers, this is
an observation of Mukai [40], which is adapted to fields of positive characteristic in

[19, Propositions 4.4 and 6.9]. Let A be an abelian surface over k. We denote by
NS(A)=Z-1®NS(A) ®Z

the algebraic Mukai lattice of A, where 1 is the fundamental class of S and w is the class

of a point. An element r- 1+ L+ s w of lﬁ(A), where r,s € Z and L € NS(A4), is often

denoted by (r, L, s). The lattice structure on NS(4) is given by the Mukai pairing (—, —):
(r,L,s), ("', L',sh)=(L-L)—rs' —r'se L. (2.1)

For a coherent sheaf F on A, its Mukai vector is the same as its Chern character

v(F) := ch(F)Vtd(4) = (rk(F), ¢; (F), x(F)) € NS(A).
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8 L.Fuetal
Let us recall the notion of genericity of polarization.

Definition 2.1. Let v € NS(A). An ample line bundle H is called v-generic if

e when v is primitive, all H-semistable sheaves on A are H-stable;
e when v = nv, with n € N and v, € NS(A) primitive, H is v,-generic, and
for any stable factor £ of a H-semistable sheaf 7, we have v(E) = mv, with

l1<m<n.

Let us discuss the wall-and-chamber structure on the ample cone Amp(A) with

respect to v. This plays an important role in the proof of our main theorem.

Lemma 2.2. For any torsion free H-semistable sheaf 7 on A over an algebraically

closed field k, the Bolgomolov inequality
A(F) = 21k(F)cy(F) — @0k(F) — 1)cf(}') >0 (2.2)

holds.

Proof. We will show that F is strongly semistable in Lemma 2.8; thus, we can invoke

Langer’s result [30, Theorem 0.1]. [ |

Given a Mukai vector v € lﬁg(A), we can see the A(—) is constant for all pure
sheaves whose Mukai vectors are v. Thus, we will denote it by A for simplicity if the

Mukai vector is fixed. If rk(v) > 0 and A > 0, then we define the following set:

rk(v) 5
W, = DeNS(A)‘—TAgD <ol.

If A =0, then we will set W, = ¢.

Definition 2.3. The v-wall in Amp(A) associated to some D € W, is the hyperplane in
Amp(A) defined as

WP = {H e Amp(A)|H - D = 0}.
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Supersingular O’'Grady Varieties of Dimension Six 9

A v-chamber means a connected component of

Amp(4)\ | J wP.
DeWy

Lemma 2.4. Let H be an ample divisor on A. If for any (—2)-class D € NS(A), we have
D-H # 0, then H is (2,0, —2)-generic. In particular, if H lies in any (2,0, —2)-chamber,
then H is (2,0, —2)-generic.

Proof. It is sufficient to show that the stable factors of an H-polystable sheaf F with
v(F) = (2,0,—-2) are with Mukai vector (1,c;, —1) such that ¢, = 0 or c; is a (—2)-class
in NS(A).

The purity of F implies that its stable factors are of rank 1. Thus, F can be

written as
]: = 81 @ 82
such that v(£)) = (1, ¢y, s) and v(€,) = (1,c],s). They satisfy the following equations:

¢, +c¢;=0, ¢,-H=c{-H=0,

(2.3)
s+s =2
From these equations, we can deduce that ¢? = ¢ = ¢,(€;) + ¢,(&,) — 2. Thus, ¢2 = ¢? >

—2 as the Bogomolov’s inequality (2.2) implies that c,(&;) > 0,. If Cf > 0,thenc, =0
follows from the Hodge index theorem, as c¢; - H = 0. Hence, the set of solutions of ¢; to

the (2.3) is contained in
{c1 e NS(4)|c, -H=0,c% = —2] U {0).

If {c, e NS(A)|c,-H=0,c¢3=-2} = ¢, then H is (2,0,—2)-generic, which is our

claim. [ |

Remark 2.5. For a general v such that rk(v) > 0, it is still true that if an ample divisor

H lies in a v-chamber, then H is v-generic.

The following useful lemma shows that the v-genericity is preserved under

lifting.
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10 L.Fuetal.

Lemma 2.6. Let v, = (r,c,;,s) be a Mukai vector. Let (A, H,¢;) be a lifting of the triple
(A,H,c;) to a finite extension W’ of W. Let K’ be the fraction field of W’'. Then, Hy is

(2r,2¢,, 2s)-generic if H is 2v,-generic.

Proof. We can see Hy is (r,C;,s)-generic from the properness of the relative moduli
space My, (A, (r,¢;,5)).

Since the semistability is stable under field extensions, it is sufficient to
consider the Hz-semistable sheaves on the geometric generic fiber ;. Suppose that Ex
is H®K-polystable sheaves on the geometric generic fiber A; such that v(Ez) = 2v, QK.
If F; a stable factor of Ez, then we can find a stable factor F; of E; such that
v(F,) = v(Fy) ® k, since the specialization NS(Aﬁ) — NS(A) is injective,
by [37, Proposition 3.6] and the fact that Néron-Severi groups of abelian surfaces are
torsion-free. Thus, the stable factors of E; are all with v, ® K by the assumption that H

is 2v,-generic. |

2.2. 0’'Grady-Lehn-Sorger’s construction: positive characteristics and lifting

Keep the notations as before. Given an element v = (r,c;,s) € lifé(A) such that r > 0,
(r,s) #(0,0), and (v,v) > 0, together with a v-generic ample line bundle H, we consider
the moduli space My(A,v) of Gieseker-Maruyama H-semistable sheaves on S with
Mukai vector v. Fix a point [Fy] € My(A,v), then the following morphism using the

determinant and the second Chern class

My (A, v) — Pic®(4) x A

F > (c1(F) — ¢, (Fp), alb(cy (F) — c3(Fp))),

is the Albanese morphism for My (A,v) and it is an isotrivial fibration. It is shown
in [19, Proposition 6.9] that when v is primitive with p { v? and H is v-generic, the
Albanese fiber, denoted by K (4, v), is a symplectic variety of generalized Kummer type
of dimension (v, v) — 2.

If the Mukai vector v € NS(A) is not primitive, then the moduli space of
H-semistable sheaves M (A, V) is in general singular even for a v-generic polarization
H. We will concentrate in the particularly interesting case where v = 2v, for some
primitive Mukai vector v, with vZ = 2. Given a v-generic polarization H of the abelian

surface A, there is a stratification of M (A, v) by the singular loci

Q, C X, C MyzA,v), (2.4)
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Supersingular O'Grady Varieties of Dimension Six 11

where

e the closed variety ¥, is the singular locus of My (A, v) consisting of strictly
semistable sheaves (or equivalently, direct sums of two stable sheaves with
Muakai vector vy);

e the closed variety 2, is the singular locus of X, that parameterizes sheaves
of the form F®2 with F a stable sheaf with Mukai vector v,,.

It is clear that X, is isomorphic to the symmetric square of ,,.
Over the complex numbers, O'Grady [43, 44] (for special v and later Rapagnetta
[47] for all v, with VS = 2) constructed a symplectic resolution ]VIH(A,V) of My(A,v) in

three steps:

(i) blow up My(A,v) along Q, to get a space denoted M. Let Q, be the
exceptional divisor, and let fv be the strict transform of X;
(ii) blow up M along %, resulting a space denoted M. Let ﬁv be the strict

v’

transform of Q,, which is isomorphic to the Hilbert square of Q, (hence

v
smooth);

(iii) perform an extremal contraction on M , which contracts QV as a P2-bundle
onto S~2V. The resulting variety is denoted by MH(A, v), which is shown to be a
symplectic resolution of My (4, v), and QV is a 3-dimensional quadric bundle

over £2,,.

In [51], Lehn and Sorger proved that O'Grady’s construction for IVIH(A,V) is
isomorphic to the blow-up of My (A, v) along the singular locus %, and M is obtained
by a further blow-up along fZV, the preimage of Q.

To summarize, we have the following diagram:

M = Bl Blg My (A, v)

contracting Q. blowing up =y
blowing up Q,

My(A,v) = Bly My(A,v) M = Bl My (A, v)
crepant
blowm blowing up Q
My(4,v) (2.5)

See [25] for a thorough discussion for more general Mukai vectors.

Return to a field k = k with characteristic p > 0. The main goal of this section
is to show that everything works if p # 2, that the whole diagram (2.5) actually lifts to
characteristic zero (Proposition 2.9), and to deduce information on the Albanese fiber,

which will be the characteristic-p version of O'Grady’s variety. Before starting, we
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12 L.Fuetal.

remark that the stratification by singular loci (2.4) clearly remains valid. We first adapt

Lehn-Sorger’s construction in odd characteristics.

Theorem 2.7. Let k be an algebraically closed field such that char(k) = p # 2. Let
v = 2v, be a Mukai vector such that v, € NS(A) is primitive and v¢ = 2. Then, the blow-
up of My (A,v) along ¥, gives a symplectic resolution ZVIH(A, v) — My(A, v). Moreover,

the preimage of 2, is a 3-dimensional quadric bundle over Q.

Proof. We follow the same idea as in [51] and [25], paying special attention to the
singular loci of M, := My(A, v) in positive characteristic and the failure of the Kodaira

vanishing theorem. Denote the blow-up
m,: Bly My (A,v) — My(A,v). (2.6)

Firstly, we shall give a local description around points in ¥,. For any
[€] = [F, ® F,] € £, we will naturally identify Ext! (£, ) with its dual by Serre duality.
Let k[Ext! (£, £)]" be the completion of the polynomial ring

klExt! (€, &)] .= Sym* (Ext! (&, £)*)
at the maximal ideal of its origin. The Kuranishi map is encoded in a formal function:
K: Ext?(€,6)5 — KExt!(&, )1,

and we can write « in the form « = 3 ;°, «;, satisfying the following properties:
e k is Aut(£)-equivariant;
e any element in the image of «, viewed as a formal function on Ext!(&,£),
vanishes on Ext!(F;, ;) for any i (this relies on the assumption that
char(k) # 2);
e the quadratic term of «, viewed as a map k,: Ext!(£,€) — Ext?(&, &), is
given by e — %e — e, where — is the Yoneda product;

e letJ be the ideal generated by the image of «. Then, we have an isomorphism
Omgam 6] = (KIExt! (£, )1 /1)AHE), (2.7)

An explicit construction of « can be found in [51, Appendix A], which works in any

characteristic p # 2.
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Supersingular O'Grady Varieties of Dimension Six 13
(i) If [€] = [F, & F,l € £,\Q, with [F] # [F,], we can write x € Ext!(£,€) as
Z?,j:l x;;, such that x;; € Ext! (3, F;). Since any element in the image of « vanishes on
Ext!(F,, F)) ®© Ext!(F,, F,), we have
Let 255 be the parameter space of H-semistable pure sheaves on A with the Mukai vector
v. An analogous proof as in [43, Proposition 1.4.1] shows that the normal cone Cy, \q 2%
at the point [£] is isomorphic to KEI(O)I
Ci= (Cra, 2%)e = [ (2 %01) € BXEN(Fy, ) @ Ext! (Fy, Fplxy, — %y =0
where C is of maximal rank. In addition, the action of Aut(£) = G,,, on «, L) is given by

Thus, we can see that the point [£] € X ,\Q, C My (A, V) is of A;-singularity along X,,.
(i) If[€] = [F®2] Q,, a direct computation shows that

Aut(€) = GL,, Extl(&,&) = gl, ® V and Extz(E,E)O = sl,,

where V := Ext! (F, F) is a 4-dimensional k-vector space. Let {v;,v,, v3,v,} be a basis of

V such that the symplectic form w on V is of the form

T = , (2.8)

which gives an identification gl, @ V = 9[394. We may denote by A; the i-th projection
9[394 — gl, ® {v;} under this identification. The (formal) local model of (M (4,v),&) is
described as follows: let R = Sym®(sp,) and I, the ideal of R generated by the coefficients
of matrices B2 with B € sp,. Let Z C sp, be the subvariety {B € sp,|B? = 0}. Following [51],

there is an isomorphism Z = Spec(R/I;) and we have

Omyam te) = Kkllxy, X5, X3, X1 @ R /)R = O, 7 -
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14 L.Fuetal.

Here, x; := Tr(4;). The construction of the first isomorphism fails when p = 2 as it relies
on the classical invariant theory of SL, but valid when p # 2; see [17, Corollary 4.1].

The singular locus Z; C Z is the set
Z,={B e Z|rk®) <1},

whose definition ideal in R is generated by the coefficients in A?B, denoted by L.
Formally locally, Z,\O is isomorphic to X ,\$2, near £. We want to show that blowing
up Z, gives a resolution of Z.

Let Gr®(2,V) C Gr(2,V) be the Grassmannian variety of 2-dimensional
Lagrangian subspaces of V. Define Z C Z x Gr®(2, V) as

Z ={(B,U)|B(U) = 0}.

Then, the projection = : Z — Z is a smooth resolution because the other projection
Z — Gr®(2,V) can be identified with the projection of cotangent bundle T"Gr®(2, V) —
Gr®(2, V), which is smooth. Moreover, we see that the fibers of = are 3-dimensional
quadrics.

We claim that the projection 7 is isomorphic the blow-up of Z along the singular

locus Z, that is,

2 = PI'Oj @ ﬁ*(p*OP(AZ))V*)(zn)) = PI'Oj @Lg

n>0 n>0

It is sufficient to show that there is a surjection

as Z is irreducible and dimZ = dimProj(,.oLy). Lehn and Sorger’s proof in
[61, Theorem 2.1] was for characteristic 0, while everything also works in positive

characteristics except the vanishing condition
H (er(z, V), Symk(Ter(le))(l)) =0 fork>0,

which is used in [51, Lemma 2.2] as a corollary of the Griffiths vanishing theorem,
which says that for any ample sheaf E on a smooth projective variety X, i > 1 and
k > 0, H'(X, wx ® Symk(E) ® det(E)) = 0. However, as Gr®(2, V) is liftable, the Griffiths
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Supersingular O'Grady Varieties of Dimension Six 15

vanishing theorem holds (as a special case of Kodaira vanishing theorem) for char(k) =
p > dim Gr®(2, V) = 3 by Delgine-Illusie; see [16]. Now, we can conclude that the blow-

up 7, in (2.6) is a symplectic resolution of My (4, v). |

Our strategy to establish the diagram (2.5) in odd characteristics is to first lift
it to characteristic zero. To this end, we need to use relative moduli spaces of sheaves.
As a preliminary remark, we point out that there is no difference between semistablity

and strong semistablity for sheaves in the sense of [30] on abelian surfaces.

Lemma 2.8. Any torsion free H-semistable sheaf 7 on A over an algebraically closed
field k is strongly semistable, that is, all Frobenius pullbacks (F™)*F, m > 0, are

H-semistable.

Proof. The sheaf of Kdhler differential forms Qil is trivial. Thus, we have

1
EY D
pm B

Hmax
1 . 3
Lmax (QA/k) = r%gnoo

’

where the u,,, means taking the maximal slope in the Harder-Narashimhan filtration.

We can conclude by invoking [30, Corollary 6.2]. |
Let us start the lifting procedure.

Proposition 2.9 (Liftability). The diagram (2.5) is valid over any algebraically closed
field k of characteristic p # 2. Moreover, the variety ZVIH(A, v) is liftable to characteristic

Z€ero.

Proof. First, by [19, Proposition 6.4], one can lift the triple (4,H, c;) to (A, H,¢;) over
some mixed characteristics discrete valuation ring W’, which is finite over W with
residue field k.

Second, we can use Langer's construction of the relative moduli spaces of
(strongly) semistable sheaves over mixed characteristic bases [29, 30]. For the ease of

notations, we will also denote (r,¢;, s) by v. Let P be the following polynomial in Z[t]:

2
H?rtz + (€, - H)t +s.
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16 L.Fuetal.

Then, we can take the relative moduli space Mgy, (A, v) over W' by Langer's result,
which is the fiber of the determinant morphism det: My, (A, P) — Pic(A) at the section
C,: W' — Pic(A). It uniformly corepresents the functor of H-semistable sheaves on A
with Mukai vector v and is projective over W’. It implies that there is a unique proper

morphism
8: My (A, v) Xy k= My(A,v).

It is sufficient to show that it is an isomorphism. There is an open subscheme of
M4,(A, v)%, which universally corepresents the moduli functor of H-stable sheaves with
Mukai vector v on A. In other words, the formation of My, (A, v)* commutes with any

base change. In particular,
My (A, V) Xy k = My (A, v)S. (2.9)

Thus, My, (A, v)® is a lifting of the coarse moduli space My (A, v)*. From it, we can deduce
that the image of § is dense in My (A, v) since My(A, v)® is open and dense in My (4, v).
However, the image of § is closed from its properness, which implies that § is surjecitve,
hence a birational morphism. As both sides of § are reduced and normal, by Zariski main
theorem, it remains to show that § induces an injective map on the sets of closed points.
As k is algebraically closed, it suffices to check the injectivity on k-points. In fact, if H
is v-generic, which can be ensured by the genericity of H, then any strictly semistable
point [F] € M4, (A, v) is of form [£; @ &,], where &; are W’'-flat 7{-semistable sheaves on
A with Mukai vector vq. If [£; @ &1 and [£] @ £,] have the same image under §, then the
reductions & ; & & and &, & &, are S-equivalent. We can assume that & ; = &
and &, = &, ;. However, similarly to (2.9), we have an isomorphism My, (A, vy) xyy k =
M (A, vy); hence, we can conclude that &£ = Ei and & = Sé. This is exactly the claimed
injectivity.

Third, starting from My, (A, v), on one hand, we can perform the two blow-ups of
O'Grady as in the right half of the diagram (2.5), over W’, to construct M 1- On the other
hand, we can also perform Lehn-Sorger’s blow-up, followed by a further blow-up along

Q, the preimage of the (lifting of) Q,, as in the left half of the diagram (2.5), always

vr
over W', to get /T/l\z. By the result of Lehn and Sorger [51] recalled before, the generic
fibers of /T/l\l and /\72 are isomorphic as polarized varieties. When p # 2, since their
special fibers are smooth, projective (Theorem 2.7) and clearly non-ruled, an application
of Matsusaka—Mumford’'s theorem [35] gives us a polarized isomorphism between these

special fibers. |
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Supersingular O'Grady Varieties of Dimension Six 17

The variety My (A, v) is a 10-dimensional variety admitting a symplectic form,
but it is not simply connected. We are interested in its Albanese fiber. Let Ky (A, v) be
the Albanese fiber of

alb: My(4,v) — A x A. (2.10)

The preimage K (4, v) of K (A, v) along O'Grady’s resolution 7, : My (4, v) — My(A, v)
will be called an OG6 variety. We show in the following theorem that the OG6 variety is

a smooth symplectic variety for p > 3, and we compute its second cohomology.

Theorem 2.10. With the same assumptions as in Theorem 2.7,

(i) if H is v-generic, then the OG6 variety I?H(A,V) is a symplectic resolution
of Ky(A,v). It is a 6-dimensional symplectic variety and is liftable to
characteristic zero;

(ii) thereis an isomorphism vt @ K@ K(—1) — ngis (I~<H(A, v))g of F-isocrystals.

(Ky(A,v)) and H3, (Ky(A,v)) are p-torsion-free, this

induces an isomorphism of F-crystals between v @ W @ W(—1) and

H%. (Ky(A,v)/W).

cris

: 2
Moreover, if H s

Proof. For (i), we have the following Cartesian diagrams:

I?H(A,V) xAXA — MH(A,V)

Sox idA xgl lﬂv

Ky(A,v) x Ax A —— My(A,v)

L

v

o~ ><2 o~
AxA ——— AxA,

see [59, (4.10)] and [58, p. 3]. If p { V—z, then the morphism x V72 is finite and étale. Thus, the
k-smoothness of Z~V[H(A, v) and that of I~<H(A, v) are equivalent if p 1 V—z, similarly for the
existence of symplectic forms; see [19, Proposition 6.9]. As vZ = 8and D~/[H(A, v) is smooth
by Theorem 2.7, the OG6 variety IE’H(A, v) is smooth under the assumption char(k) # 2.
The morphism f,, is a symplectic resolution by its construction. To lift I?H(A, v), let
MH(A, v) be a lifting of MH(A,V) over W’ as in Proposition 2.9. Then, we can take its
Albanese fiber to obtain a lifting IEH(A, v) for I?H(A, v). By our construction, IEH(A, V)
is the preimage along the =, of Xy (A, v). Finally, to show that the étale fundamental
group of K;(A,v) is trivial, we use the simple connectedness of the generic fiber (a
result established in characteristic zero [44]) and the surjectivity of the specialization

map for étale fundamental groups [1, Exposé X, Corollaire 2.3].
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18 L.Fuetal.

For (ii), let K’ be the fraction field of the base ring W’. By the results from
characteristic zero [46], there is an isomorphism of Z,-modules at the geometric generic
fiber:

Vo VE®ZL, ® Ly — HA(Ky (A v)g), (2.11)

where v' is the orthogonal complement of v in the algebraic Mukai lattice H(A) with
respect to the Mukai pairing and » is the class of the exceptional divisor of Lehn-
Sorger’s blow-up I%H(A, V)g — K4 (A, V)g. The morphism y, fits into the following
commutative diagram:

s VL ® Zp vl,L
W v-Q®Zp
o o

Hf, Ky (A, V)% — ng (Kqy (A, v)g)

Here, the y; is induced by some semi-universal sheaf £ on A x K,(A, v)* and j*
is the pullback along the open immersion j: Ky(A, V)3, C Ky/(A, v)g; see [46, Theorem
1.7].

We can assume that the field K is contained in C,,. Let Gy, be the absolute Galois
group of K'. Since j* and y$ are both G -equivariant, so is y,. Taking Fontaine's functor,

there are isomorphisms
| [ s Gy 5 =~
(V ®Qp Bcris) ®K-n= (Hp (ICH(A' V)K’)Qp ® Bcris) = Hcris (KH(A' V))K'

The first isomorphism follows from (2.11) and the fact that » is Gg/-invariant. The
second isomorphism comes from the rational p-adic Hodge theory. Thus, it is sufficient

to prove that
Gy
(Vl ®q, Bcris) “xylek.

Since fI(AK/)Qp xwle Q) ®Q,-v and (ﬁ(AK/)Qp ®q, Bcris)GK' = fI(A)K, we can see

1 Cxr ~ 77 ~ L
(V" ®g, Boris) ~ @K(-D = H@A) =v @K@K v

as F-isocrystals. Since there is an isomorphism K - v = K(—1), we can identify (Vl ®q,

Bcris)GK’ with v+ ® K. From this, we can conclude that

vI®KOK- n= HSris(I?H(A' V)k-
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Supersingular O'Grady Varieties of Dimension Six 19

Recall that in [28], Kisin constructed a functor BK(—) from the category of
Zy-lattices in crystalline representations to the category of Breuil-Kisin modules, which

satisfies
BK(—) ®W|Iuﬂ K~ (— ®Qp BCI‘iS)GK/'

We can replace the Fontaine’s functor by the Kisin's functor BK(—) in our previous
discussion, so that we will obtain an isomorphism of Breuil-Kisin modules (here, we
also need to use the integral p-adic comparison for abelian surface .4, whose p-torsion-
freeness is clear. We also need the fact that BK(Z,(=1)) = W{u]{—1}, which can be found
in [9, Corollary 4.33])

vt @, Wlu] © Wu]{—1} = BR(H; Ky (A, V). (2.12)

Under the assumption that H2, (Ky(A,v)/W) and H>, (Ky(A,v)/W) are p-torsion-free,
the integral p-adic comparison theorem [9, Theorem 1.1 (iii)] allows us to obtain the

desired isomorphism of F-crystals by tensoring both sides of (2.12) with W. |

Remark 2.11. The above proof for (ii) is indirect. The reason is that in general, we
cannot lift K, (A,v) to W (but only to a ring W’ that is finite over W), for example,
when A is superspecial and H, v are arbitrary. In case such lifting exists, we can apply
the Berthelot-Ogus’s comparison theorem [8, Theorem 2.4] directly to compute the F-

(iso)crystals.

Remark 2.12. If characteristic p > dim(Ky (4, v)) = 6, and there is a lifting of Kj; (4, v)
to W,(k), then the required torsion-freeness follows from the E,-degeneration of the
Hodge-to-de Rham spectral sequence, which is known by Deligne-Illusie’s criterion
[16, Théoreme 2.1 and Corollaire 2.5]. In fact, we can also include p = 5 from their
criterion since we only require the torsion-freeness of the second and third cohomology

groups. The argument is the same as [15, Proposition 2.6].

3. Birational Equivalences among Supersingular OG6 Varieties

From now on, we focus on the OG6 varieties that are 2nd-Artin supersingular. We first
prove that this condition is equivalent to the supersingularity of the abelian surface,
that is, (i) & (ii) in Theorem 1.4.
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20 L.Fuetal.

Lemma 3.1. Let A be an abelian surface, v, € NS(A) a primitive Mukai vector with
Vg = 2. Let v = 2v, and H be a v-generic polarization. Then, the OG6 variety X = I~<H(A, V)

is 2nd-Artin supersingular if and only if the abelian surface A is supersingular.

Proof. Since the supersingularity of an F-crystal is stable under isogenies, it is

sufficient to show that the Newton polygon of H2. (Ky(A,V)) is purely of slope 1 if

cris

and only if A is supersingular. In Theorem 2.10, it is shown that

H2, (Ry(A, v)g Z v @ K@ K(—1).

cris

As K(—1) is purely of slope 1, we see that HZ(EH(A,V))K is supersingular if and only
if vi ® K C H(A)g := H?

cris
to the condition that chriS(A)K is a supersingular crystal. This implies that the Newton

A @ K(—1)®? is supersingular, which is also equivalent

polygon of Hé (A)g has to be a straight line of slope %, which is equivalent to the

ris
classical definition of supersingularity for A. |

In view of Lemma 3.1, we assume in the sequel that A is a supersingular abelian
surface over k. When v is a primitive Mukai vector and H is a v-generic polarization,
the supersingular symplectic variety Ky (4, v) is studied in our previous work [19]. Let
us recall one of the main results in [19], which characterizes supersingular generalized

Kummer type moduli spaces up to birational equivalence.

Definition 3.2 ([19, Definition 3.15]). Two symplectic varieties X and X’ are said liftably
birationally equivalent, if they are both liftable over some discrete valuation ring of
characteristic zero with residue field k, such that their geometric generic fibers are
birationally equivalent. Two symplectic varieties X and X’ are called quasi-liftably
birationally equivalent if they can be connected by a chain of quasi-liftably birational

equivalences.

Theorem 3.3 ([19, Theorem 6.12], [31]). Let v = (r,c;,s) € ﬁfé(A) be a primitive Mukai
vector with r > 0 such that v is coprime to p. Then, there is an autoequivalence ®,_, , :
D2(4) — Db(A) with $,.(1,0,b—n—1)=vandn= "72 — 1, which induces a quasi-liftably

birational equivalence

My (A, v) --» Pic®(4) x AlnH1, (3.1)
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Supersingular O'Grady Varieties of Dimension Six 21

and by restricting to Albanese fibers, a quasi-liftably birational equivalence
Ky(A,v) --» K, (A), (3.2)

where K, (A) denotes the 2n-dimensional generalized Kummer variety associated
with A.

As shown in [19], the same result holds for moduli spaces of stable sheaves with
primitive Mukai vectors on supersingular X3 surfaces.
Our goal is to generalize Theorem 3.3 to OG6 varieties. One useful tool is the

following so-called wall-crossing principle, which holds over an arbitrary base field.

Proposition 3.4. Let A be an abelian surface defined over a field. Let m > 1 be a
positive integer that is coprime to p. Let v, be a primitive Mukai vector on A. Let H be a

mv,-generic ample divisor in NS(A). Suppose
. b bl
@, . DP(A) - DPA)

is a Fourier-Mukai equivalence whose cohomological transform ¢4, sends v, to vg.

Let H' be an mvj-generic polarization on A’. Then, there is a birational equivalence

My (A, mvy) — Mg (A', mvy). (3.3)

Moreover, it also induces birational map between the Albanese fibers

y: Ky(A, mvy) --» Ky (A, mv)). (3.4)

Proof. In [38, Theorem 5.4.1], it has been proved that for a general H-stable sheaf
€ € My (A, vy), if H' is generic with respect to v, then there is an autoequivalence Wy, _, ,
on D®(A’) such that Wy,_, 4 o ®,_, 4/(€) or its dual is H'-stable sheaf of Mukai vector v},
up to shift. Whence, for a general polystable sheaf

EOM e My(A, mvy)\ME (A, mvy),
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22 L.Fuetal.

the map

Y. [g@m]H lIIA,_)A,o(bA_)A/[S@m] ( )
3.5
=W 0P g1

is well defined as Fourier-Mukai transforms preserve colimits. It also means that we

have birational map
v My(A, mvy) --» My (A", mvy)

as they are irreducible moduli spaces and H,H  are generic. We have the following

commutative diagram of isotrivial fibrations:

My(A, mvg) -5 My/(A',mv))

AxA—= S AxA
Then, we can see the restriction of y on the open-subset of My (4, mv,), which

is identified with some open-subset of My, (A", mvy) by y, induces an isomorphism

between two open-subsets of K (4, mv,) and Ky, (A', mvy). |

Remark 3.5. The wall-crossing principle here also includes the classical wall-crossing
of Gieseker moduli spaces. It means that we can assume that H = H' in (3.3) and (3.4) if

H is both mv,-generic and mv-generic.

Now, we study the birational equivalences between supersingular OG6 varieties.
In analogy to the primitive case in [19], we will show that all the OG6 varieties associated
to a fixed abelian surface are quasi-liftably birational (see [19, Definition 3.15] for
the definition). It is not hard to prove the birational equivalence, the difficult part
is the quasi-liftability. This is because the auto-equivalence of supersingular abelian
surfaces is not necessarily liftable. We will carefully analysis how to decompose an

auto-equivalence into a series of liftable ones.

Theorem 3.6. Let v, be a primitive Mukai vector with v = 2. Set v = 2v,,. Let H be a
v-generic polarization. For a general polarization H’, there is a quasi-liftably birational

equivalence

Ky (A,2v,) --» K (A, (2,0, -2)).
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In other words, for a supersingular abelian surface, OG6 varieties with different Mukai

vectors are all quasi-liftably birational.

Proof. Since v is coprime to p, by Theorem 3.3, there is an autoequivalence d)i_) A
Db(4) — D?(A) whose induced map

d* : NS(A) — NS(A)
sends v, to (1,0, —1). By Proposition 3.4, there is a birational map
My (A, v) —-» My (A, (2,0, —2)). (3.6)
Arguing as in [19, Proof of Theorem 6.12], we obtain a birational map
y: Ky(A,v) - Ki(A, (2,0, —2)) (3.7)

by taking the Albanese fiber.

Proposition 2.9 and Lemma 2.6 allow us to construct the relative moduli space
My,(A,v) whose generic fiber is the moduli space of semistable sheaves for some
v-generic polarization in characteristic 0. Hence, it is sufficient to choose the generic
polarizations at the special fiber. We split the proof into two cases.

(1) If rk(v) > O, then we can perturb the polarization H within the v-chamber
which it lies in, so that it falls in some (2,0, —2)-chamber. The new polarization will be
denoted by H”. Proposition 2.4 implies that H” is both v-generic and (2,0, —2)-generic.

Thus, after doing that, we will obtain a commutative diagram of birational maps

Kp(A,v) 2=+ Ky (4,(2,0,-2))
H i wall-crossing

/ v

Ky (A,v) --=-» Kyi(4,(2,0,-2))

By construction, the two left spaces are identical since the stability condition is
unchanged for the Mukai vector v. The right vertical birational map is liftable: we first
lift the triple (A4, H',H”) by [19, Proposition 6.4] to a mixed characteristics base W’ and
then their generic fibers are birational as we can perform the wall-crossing principle
for changing the lifted polarizations at the generic fibers. The birational map y’ is also

quasi-liftable since it can be constructed as follows:
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we can assume that c; (v,) is ample as there are identifications
My (A, v) = My (A, (2r,2¢c; + 2nH", 25"))

for all positive integers n with suitable s’, since tensoring with O, (H) will not change
the moduli space. Moreover, we can assume that c,(vy) is 2v-generic. This is because
the set of v-walls is locally finite and depends only on the discriminant A. Thus, we
write vy = (r,H"”,s’) with H” ample and 2v,-generic. Therefore, we have a liftably

birational map
KH// (A, V) -=2 KH/// (A, V),

by the wall-crossing of polarizations. Then, we use again [19, Proposition 6.4] to lift the
triple (4, H",E) for E the class of the fiber of some elliptic fibration of A and apply the

autoequivalence in Theorem 3.3 to produce a quasi-liftably birational map
Kyn(A,v) - Kgn(4, (2,0, —2))
as H” is (2,0, —2)-generic by Proposition 2.4.

(2) If rk(vy) = 0, then vy = (0, c,s) such that c is effective and s # 0. For a line

bundle £, the autoequivalence
(-)® L: D’(4) — DP(A)
induces a quasi-liftably birational map
Ky (A,2(0,¢,5)) --+ Kg(A,2(0,¢,s+ (¢ - ¢y (£))).

Since (c-c) = 2 and gcd(c - H,s) = 1, we can find a divisor m;c + m,H, such that
s+ (c- (m;c+ m,H)) = 1. Let £ be a line bundle whose first Chern class is m;c + m,H,
then tensoring £ makes the degree-2 part of the Chern character equal to 1.

Therefore, we can assume that s = 1. Then, let us consider the derived

equivalence ®” induced by the Poincaré bundle P on A x A (recall that A has a principal

polarization). It produces a quasi-liftably birational map

Ky (A, (0,2¢,2)) -—» Ky (A, (2,—2¢,0)).
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Finally, by tensoring a line bundle whose first Chern class is ¢, we have an quasi-liftably

birational map
Ky(A,(2,-2¢,0)) --» Ky(A,(2,0,-2)).

By combining the above maps, we obtain the desired quasi-liftably birational map. B

4. Unirationality and Motive

In this section, we prove the main Theorem 1.4. An important ingredient we use is the
construction in [39] of a rational dominant degree-2 map from a 6-dimensional moduli
space of sheaves on the Kummer K3 surface to the OG6 variety, for a certain Mukai
vector of torsion sheaves. Throughout the section, A is a supersingular abelian surface

defined over an algebraically closed field k of characteristic p > 2.

4.1. Generic polarization

Given a Mukai vector v € NS(4), we need to characterize v-generic ample line bundles
on A. When v is primitive and coprime to p, it is shown that every ample line bundle
H is v-generic [19, Lemma 6.10]. However, this is no longer the case for non-primitive
Mukai vectors. For instance, if A = E; x E, is a product of two elliptic curves and
v =2(0,E; +E,, 1), then by taking two stable sheaves F;, 7, such that v(F;) = (0, 2E;, 1)
and v(F,) = (0, 2E,, 1), we can produce a strictly semistable sheaf 7; & F, that does not
satisfy the condition in Definition 2.1. Thus, the ample line bundle O,4(E; + E,) is not
v-generic. However, in the case where of rank-0 Mukai vector of divisibility 2, we have

the following sufficient condition for the v-genericity.

Proposition 4.1. Let H be a principal polarization on A, which is not the sum of two

elliptic curves. Let v, = (0, H, s). Then, H is 2v,-generic.

Proof. Let F € My(A,2vy). It is a purely one-dimensional sheaf with Hilbert

polynomial
Py(F,n) = (2H - H)n + 25 = 4n + 2s.

Suppose £ C F is a stable factor of . We want to show that v(£) = v,. Denote v(£) =
(0,c},s") and v(F/&) = (0, cf,s"). Then, we have ¢ +c¢] = 2H and s’ +s” = 2s. Since £ and
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F /& have the same reduced Hilbert polynomials as that of 7, namely n + %s, we have
(c;-H)s=2s, (cf Hs=2s" (4.1)

By definition, £ is also purely one-dimensional. We claim that £ is a stable
sheaf such that Supp,.(£)(this is the determinant support; see [3, Section 3.1] for the
definition) is an irreducible curve C in A and the restriction of £ on C is locally free.
First, to see the irreducibility of C, suppose otherwise that C; 4+ C, is a decomposition of

C and j;: C; — C is the embedding respectively. Then, we can see that the quotient sheaf
Elec = Jidi€le

has the same reduced Hilbert polynomial as &£, a contradiction to the stability of &|..
Hence, C is irreducible. As £| is stable, hence simple, we have dim,, HO(C, Ele ®8|é) =1,
which yields that

1 - dimHY(C, &l ® EY) = x(E,E) = —(c))? (4.2)

Thus, (¢})? > —1. As the Neron-Severi lattice of A is even, (¢})? > 0.

On the other hand, we can assume that £ and /£ not isomorphic (otherwise
v(€) = v(F/E) = v, and we are done), but they are stable with the same reduced Hilbert
polynomial, thus Hom(&, F/€) = 0. It implies that

dim Ext! (&, F/€) = —x(E, F/E) = (¢} - ). (4.3)

Hence, (c] -¢]) = 0. Then, by the equations c] +c]| = 2H, we can conclude that (¢} -H) > 0
and (c] - H) > 0. Therefore, we must have s’ = s" = s, (¢} - H) = (¢{ - H) = 2 and
0<()?= (=2

If (c/l)2 = 0, then c] is the class of an elliptic curve of degree 2 on 4, contradicting
to the assumption. Thus, (¢])? > 0. It forces that (¢})? = (¢})? = 2. Now, the Hodge index
theorem applied to the divisors H—c] and H—c}, gives us that ¢} = ¢] = H. In conclusion,

all stable factors of 7 must have Mukai vector v. |

4.2. Mongardi-Rapagnetta—-Sacca double cover

Proposition 4.2. Let vy = (0,c;,s) be a primitive Mukai vector with V(z) = 2, and let

H be a 2v,-generic polarization on A. If ¢, is not the sum of the classes of two elliptic
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curves, then there is a dominant degree-2 rational map
My, (Km(A), ) --» K (A, 2v,) (4.4)

from the moduli space of H'-stable sheaves on the Kummer surface Km(A) for some

Mukai vector ¥ and some v-generic ample line bundle H'.

Proof. This is explained in the introduction of [39]. We include a proof for readers’
convenience. We may assume that ¢; = ¢, (L) is the class of a principal polarization L of

A and the general members in |L| are smooth curves of genus 2. Let
Qor: A — 2L =P}

be the morphism associated with the linear system |2L|. It is well known that the image
of ¢j5r in IP’;E is a singular quartic surface, which is isomorphic to Kmg(A) := A/+. The
Kummer K3 surface Km(A) is the minimal resolution of Kmg(A). We have the following

Cartesian diagram:

BlyyA — KmA

| I

A—Y S xmA=4/+

By Lemma 4.1, L is 2v,-generic. We treat first the case I~<L(A,2VO). Let D be
pullback of a hyperplane section of Kmg(A) along the resolution 7. Suppose H' is
an ample divisor in NS(Km(A)), which is generic with respect to the Mukai vector

v = (0,D,s). Then, we have the following diagram, where the vertical arrows are support

morphisms:
My, (Km(A), 7) M; (A, 2v,)
ID| ————— 2L (4.5)

Now, we claim that the map [£] — [¢p*7,£] defines a rational map

My, (Km(A), ) --» M (4, 2v). (4.6)

In fact, we can choose a general point [£] € My, (Km(A), V), which corresponds to a purely

one-dimensional H'-stable sheaf £ that supports on a smooth curve C € |D|. Thus, it can
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be viewed as a locally free sheaf on C € |D| = |2L|. Its pullback ¢*£ on A is a L-stable
sheaf with Mukai vector (0, 2c¢;, 2s) as the restriction of ¢ on C is a degree-2 étale cover.

Next, we need to show that the rational map (4.6) factors through K; (4, v) and it
is dominant. The generic image of the rational map (4.6) lies in the zero fiber K; (4, 2v)
because the Albanese invariant of c,(7*f) = n*c,(£), which is pulled back from the

quotient A/+, is zero. Hence, (4.6) gives a rational map

My, (Km(A), V) --» K; (4, 2vy), 4.7)

which is dominant, as both varieties are proper, irreducible, and 6-dimensional.
It remains to prove the case of some other 2v,-generic polarization H. This
follows from the birational equivalence between My (4, 2v,) and M (4, 2v,) proved in

Proposition 3.4. u

4.3. Unirationality

We prove the unirationality for supersingular OG6 varieties.

Proof of Theorem 1.4 (i) = (iii). By Theorem 3.6, all OG6 varieties for different
choices of Mukai vectors are birationally equivalent; hence, it suffices to show the
unirationality of K;(A,¥) for a specific Mukai vector ¥. Here is the construction of
such a v. According to a result of Ibukiyama et al. [24] (not explicitly stated, but see
[26, Theorem 5]), every supersingular abelian surface A contains a smooth curve C of
genus 2 as Théta divisor. We take v = (0, 20, 2), where © is the class of C. By Proposition
4.2, for a v-generic polarization H, the resulting OG6 variety I?H(A, V) admits a dominant
map from My, (Km(A),v'). However, by [19, Theorem 1.3], M}, (Km(A), v') is birational
to Km(A)B!, the Hilbert cube of the Kummer K3 surface Km(4). One can conclude by
using the unirationality of Km(A) established by Shioda [50]. Note that we did not use
liftability results in this proof. |

4.4. Motive of supersingular OG6 varieties

The following theorem computes the rational Chow motive of supersingular OG6

varieties.

Theorem 4.3. Let k be an algebraically closed field of characteristic p > 3. Let A be

a supersingular abelian surface over k and v, a primitive Mukai vector with Vg = 2. Set
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v = 2v,. For any v,-generic polarization H, the motive of the supersingular OG6 variety

I?H(A,V) is of Tate type:

6
bhEy(A,v) = P a-i)®, 4.8)

i=0

where by, is the 2i-th Betti number of OG6 varieties, as is computed in [39].

Proof. Thanks to [19, Section 3.6], Chow motive is invariant under quasi-liftably
birational equivalence for symplectic varieties. By Proposition 3.6, we only need to
treat the special case where vy = (0,0, 1) with ® = [C] where C is the smooth genus
2 curve in A as in Section 4.3. Following [39], let D € Pic(KXm(A)) be the pullback
of the hyperplane section class from the singular Kummer surface Kmg(4), and let
Y := My (Km(A), (0,D, 1)) be the 6-dimensional moduli space of stable sheaves on Km(A)
with Mukai vector (0, D, 1) with respect to some generic polarization H'.

Now, we use [19, Propsition 6.4] to lift the abelian variety A together with
the divisors ® and H’, over a discrete valuation ring W’, which is finite over W and
with residue field k. Denote by A the lifted abelian scheme. Using the construction of
Langer [29, 30] of relative moduli spaces of sheaves on A4 and Km(A), together with
our discussion in Section 2.2 on the resolution (Theorem 2.10), we get the lifting of
K = I?H(A, (0,20, 2)), denoted by K, and the lifting of M (Km(A), (0,D, 1)), denoted by

Y, as well as a rational map
Y-k,
which is the lifting of the degree-2 rational map constructed in Proposition 4.2.

On the geometric generic fiber, according to the result in characteristic zero [39,

Section 5], the rational map 27_] -3 IEﬁ can be resolved as follows:

Vi

p \\8

yﬁ Eﬁ

h i 0

Vi~ K (4.9)
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where h is the blow-up along the disjoint union of 256 copies of P2, g is the blow-up
along A ~ BlA;,xAg[Z] (A x Ag)/:tl, p is the blow-up along the disjoint union of 256
3-dimensional quadrics, and ¢ is a ramified double cover. As the notation indicates, all
the blow-ups can be performed over W and the diagram (4.9) is indeed the base change
to the geometric generic fiber of the analogous diagram over W', except that a priori €
is only a rational map over W'.

Using the surjectivity and the projectivity of the morphism )7,7 — ic'ﬁ, we obtain
that there is a splitting injection from the Chow motive of K into the Chow motive of
V- By specialization, the Chow motive of the special fiber X is a direct summand of the
Chow motive of the special fiber of ), denoted by Y. Therefore, to prove that h(K) is of
Tate type, it suffices to show the same for h(Y).

However, by construction, Y is the obtained from Y by the first blow-up along
256 copies of P2, resulting a space Y, and then blow-up Y along a center A ~
Bly, 4z (A x AY)/£1.

By [19, Theorem 1.3(iii)], the Chow motive of Y is of Tate type. Since the Chow
motive of P2 is of Tate type, the blow-up formula implies that the Chow motive of Y is

of Tate type. Observe that
H(A) ~ A x AV)'™Y @ (1(~1) ® 1(—2) @ 1(—3))®256 .

However, by the computation of the motive of supersingular abelian varieties [19,
Theorem 2.9], h(A x AV)'™ is of Tate type. Another application of the blow-up formula
yields that the Chow motive of Y is of Tate type. Hence, h(K) is also of Tate type. The

explicit formula (4.8) can be obtained by looking at the cohomological realization. |

4.5. Proof of Theorem 1.4

(i) < (ii) is Lemma 3.1. (i) = (iii) is proved in Section 4.3. (iii) = (ii): unirationality
clearly implies rational chain connectedness. We use [20, Theorem 1.2] (see [19, Theorem
3.10]) to conclude the 2nd-Shioda supersingularity, which implies the 2nd-Artin super-
singularity. (i) = (iv) is contained in Theorem 4.3. (iv) = (v) easily follows by applying
the cohomological realizations. (v) = (ii) is clear since 2nd-Shioda supersingularity
implies 2nd-Artin supersingularity.

It only remains to verify that dim H>°(Ky(A,v)) = 1, under the assumption
that A is supersingular. Since h?? is a birational invariant, Theorem 3.6 implies that
it suffices to show the case when v = 2(0, ®, 1) with ® € NS(A) the class of the principal
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polarization. From the proof in Theorem 4.3, we have the Mongardi-Rapagnetta—Sacca

double cover
VY --» Ky(A,v),

where Y is a moduli space of stable sheaves on the Kummer surface Km(A). It is easy to

see that the pullback map

v HY(KyA,v), Q% , ) — H (¥, Q)

is injective when p > 2. Hence, h**(Ky(A,v)) < h®*°(¥). By [19, Theorem 1.3 (ii)], ¥
is an irreducible symplectic variety (in particular, h?>°(Y) = 1). It follows that
h?0(K4(A,v)) = 1 in this case.
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