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O’Grady constructed a 6-dimensional irreducible holomorphic symplectic variety by

taking a crepant resolution of some moduli space of stable sheaves on an abelian

surface. In this paper, we naturally extend O’Grady’s construction to fields of positive

characteristic p �= 2, called OG6 varieties. Assuming p ≥ 3, we show that a supersingular

OG6 variety is unirational, its rational cohomology group is generated by algebraic

classes, and its rational Chow motive is of Tate type. These results confirm in this

case the generalized Artin–Shioda conjecture, the supersingular Tate conjecture and

the supersingular Bloch conjecture proposed in our previous work, in analogy with the

theory of supersingular K3 surfaces.

1. Introduction

The study on supersingular irreducible symplectic varieties started in the previous work

of the first two authors [19]. As a continuation, we study in this paper O’Grady’s 6-

dimensional irreducible symplectic varieties in positive characteristics and investigate

the general conjectures formulated in [19] for such varieties.
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2 L. Fu et al.

1.1. Background

In complex geometry, irreducible symplectic manifolds, also known as compact hyper-

Kähler manifolds, are by definition simply connected compact Kähler manifolds admit-

ting a nowhere degenerate holomorphic 2-form that is unique up to scalars. Together

with complex tori and Calabi–Yau manifolds, they form the fundamental building

blocks for compact Kähler manifolds with vanishing first Chern class, by the Beauville–

Bogomolov decomposition theorem [5, 11]. We refer the readers to [21, 22, 45] for an

overview of the study of these varieties.

By definition, 2-dimensional irreducible symplectic varieties are nothing but K3

surfaces. A significant part of the theory of complex K3 surfaces can be generalized

to higher-dimensional irreducible symplectic varieties: deformation theory, quadratic

form on the second cohomology group [5], moduli spaces and period maps, global Torelli

theorems [23, 34, 53, 54], and conjecturally their algebraic cycles [6, 7, 56], etc. On the

other hand, over a field of positive characteristic, the study of K3 surfaces has also

been an active and fruitful research topic. One instance is the Tate conjecture [52] for K3

surfaces: the case of finite height was solved in [41, 42], while a complete proof in the

supersingular case was achieved only recently [14, 15, 27, 33, 36]. It is a natural task to

explore the higher-dimensional analogue of K3 surfaces in positive characteristics. We

use the following working definition proposed in [19] (see also [57]).

Definition 1.1. A smooth projective variety X over an algebraically closed field k is

called symplectic if

• πét
1 (X) = 0,

• X admits a nowhere degenerate closed algebraic 2-form.

In particular, X is even dimensional and has trivial canonical bundle. A symplectic

variety X is called irreducible symplectic if moreover we have dim H0(X, �2
X) = 1.

An important feature that only appears in positive characteristic is the existence

of supersingular varieties. Fix an algebraically closed field k of characteristic p > 0.

Recall that a K3 surface S defined over k is called supersingular, following Artin [4],

if the second crystalline cohomology H2
cris(S/W(k)) is a supersingular F-crystal, that

is, its Newton polygon is a straight line. The aforementioned Tate conjecture implies

that it is equivalent to Shioda’s condition in [49] that the second (�-adic or crystalline)

cohomology group is generated by divisor classes. A systematic study of supersingular
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Supersingular O’Grady Varieties of Dimension Six 3

symplectic varieties was initiated in our previous work [19], where two types of

supersingularity were defined. More precisely, a symplectic variety X is called

• 2nd-Artin supersingular, if its second crystalline cohomology group

H2
cris(X/W) is a supersingular F-crystal;

• 2nd-Shioda supersingular, if its Picard number is maximal: ρX = b2(X).

Similarly, there are stronger notions of supersingularity that concern the whole coho-

mology group. For simplicity, let us assume in addition that all the odd Betti numbers

of X are zero. Then, a symplectic variety X is called

• fully Artin supersingular, if H2i
cris(X/W) is a supersingular F-crystal for any

i ∈ N;

• fully Shioda supersingular, if all �-adic and crystalline cohomology groups

are rationally generated by algebraic classes.

It is easy to see that the 2nd (resp. fully) Shioda supersingularity implies the 2nd (resp.

fully) Artin supersingularity. See [19, Definitions 2.1 and 2.3]) for more details.

1.2. Conjectural picture

Motivated by properties of supersingular K3 surfaces, we proposed the following

conjecture in [19]. It relates the cohomological, geometric, and motivic aspects of

supersingular symplectic varieties.

Conjecture 1.2. Let X be a symplectic variety defined over an algebraically closed

field k, with vanishing odd Betti numbers. If X is 2nd-Artin supersingular, then

(i) X is fully Shioda supersingular, that is, the (�-adic and crystalline) cycle

class map is surjective;

(ii) X is unirational;

(iii) the rational Chow motive is of Tate type. In particular, the (�-adic and

crystalline) cycle class map is injective.

Remark 1.3. In the above conjecture,

• the assumption on Betti numbers is for the simplicity of the statement.

See [19, Conjectures A and B] for the general version where nonzero odd

cohomology is allowed;
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4 L. Fu et al.

• Part (i) says that all notions of supersingularity defined in [19] are equiva-

lent. This can be seen as a generalization of the Tate conjecture [52] in the

supersingular case;

• Part (ii) is the generalization of the Artin–Shioda conjecture on the unira-

tionality of supersingular K3 surfaces [4, 50];

• Part (iii) can be viewed as a Bloch-type conjecture (cf. [10], [2, Section 11.2],

and [55, Conjecture 23.21]) in the supersingular case.

Here are some evidence of Conjecture 1.2.

• For K3 surfaces,

(i) is the Tate conjecture, proved in [14, 15, 27, 33, 36];

(ii) was proved for p = 2 by Rudakov and Šafarevič [48] and remains open

in general (see, however, [12, 13, 32]);

(iii) was proved by Fakhruddin [18] (his result is for p ≥ 5, but one can show

it in general by using [12]; see [19, Section 4.5]).

• For smooth projective moduli spaces of stable sheaves on K3 surfaces,

[19, Theorem 1.3] established (i) and (iii) and reduces (ii) to the unirationality

of supersingular K3 surfaces.

• For the Albanese fiber of a moduli space of stable sheaves on an abelian

surface, provided that it is smooth, [19, Theorem 1.4] proved the analogue

of (i) and (iii) with nonvanishing odd cohomology and showed that it is

rationally chain connected, a weaker version of (ii).

Note that in these results, the symplectic varieties considered are all deforma-

tion equivalent to one of the examples constructed by Beauville [5], namely Hilbert

schemes of K3 surfaces and generalized Kummer varieties. The primary goal of this

paper is to seek for examples of different deformation type that satisfy Conjecture 1.2.

1.3. Main results

Over the complex numbers, apart from the two infinite series of deformation types of

irreducible symplectic varieties of Beauville, so far, we only know the other two sporadic

families discovered by O’Grady [43, 44].

• Let S be a projective K3 or abelian surface. Let v0 ∈ H∗(S,Z) with v2
0 = 2

and H a sufficiently general polarization. The moduli space MH(S, 2v0) of

H-semistable sheaves on S with Mukai vector 2v0 is singular. In O’Grady
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Supersingular O’Grady Varieties of Dimension Six 5

[43], for v0 = (1, 0, −1), a 10-dimensional holomorphic symplectic manifold

M̃H(S, 2v0) was constructed as a crepant resolution of MH(S, 2v0). This

construction was extended to any v0 with v2
0 = 2 by Lehn and Sorger [51],

obtaining symplectic varieties that are deformation equivalent to O’Grady’s

example by [46]. When S is a K3 surface, the crepant resolution M̃H(S, 2v0) is

irreducible symplectic, called an OG10 variety.

• When S is an abelian surface, for any v0 with v2
0 = 2, the Albanese map of

the crepant resolution

alb: M̃H(S, 2v0) −→ S × S∨

is an isotrivial fibration. Any fiber of this fibration is a 6-dimensional

irreducible symplectic variety [44, 51], called an OG6 variety.

We will adapt the construction of O’Grady and Lehn–Sorger to positive char-

acteristics > 2 (Theorems 2.7 and 2.10). The resulting variety is still called an OG6

variety. The following is the main result of this article, confirming Conjecture 1.2 for

supersingular OG6 varieties.

Theorem 1.4. Let k be an algebraically closed field of characteristic p ≥ 3 and A an

abelian surface defined over k. Let v0 be a Mukai vector on A with v2
0 = 2, and set

v = 2v0. For any v-generic polarization H, let KH(A, v) be the Albanese fiber of the

moduli space of H-semistable sheaves with Mukai vector v. Then, O’Grady’s crepant

resolution K̃H(A, v) is a symplectic variety and the following conditions are equivalent:

(i) A is supersingular;

(ii) K̃H(A, v) is 2nd-Artin supersingular;

(iii) K̃H(A, v) is unirational;

(iv) the rational Chow motive of K̃H(A, v) is of Tate type;

(v) K̃H(A, v) is fully Shioda supersingular: all rational (�-adic or crystalline)

cohomology groups are generated by algebraic classes.

Moreover, if one of these conditions is satisfied, K̃H(A, v) is an irreducible symplectic

variety.

Remark 1.5. According to Theorem 1.4, the OG6 construction provides a one-

dimensional family of supersingular symplectic varieties. It is very interesting to

investigate the supersingular locus in the moduli space of symplectic varieties of
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6 L. Fu et al.

OG6 deformation type. A natural question is whether every supersingular symplectic

varieties of OG6 type is birational to an OG6 construction K̃H(A, v). We believe that

similarly to the case of symplectic varieties of K3[n] deformation type, there exist

supersingular symplectic varieties of the OG6 deformation type arising as moduli

spaces of twisted sheaves on supersingular abelian surfaces, which are not birational

to K̃H(A, v). In particular, we expect that the supersingular locus has dimension at

least 2.

The proof of Theorem 1.4 essentially splits into two steps:

(a) upon improving the techniques developed in [19], we show in Theorem 3.6

that given a supersingular abelian surface A, all such OG6 varieties K̃H(A, v),

for different choices of v, are birationally equivalent with good lifting

properties (Definition 3.2);

(b) for certain choice of Mukai vector v0, we use a construction of Mongardi–

Rapagnetta–Saccà [39], which relates the OG6 variety to a moduli space

of stable sheaves on the Kummer K3 surface of A, which was thoroughly

studied in our previous work [19].

The technique of lifting to characteristic zero is used in several places, but note that the

proof of the unirationality result does not rely on the lifting argument.

The paper is organized as follows. In Section 2, we generalize the construction of

O’Grady [44] and Lehn and Sorger [51] to odd characteristic and show that thus obtained

OG6 varieties are symplectic varieties. In Section 3, we establish the birational equiv-

alences between supersingular OG6 varieties (Step (a) above). In Section 4, we adapt

Mongardi–Rapagnetta–Saccà’s construction [39] and finish the proof of Theorem 1.4

(Step (b)).

Convention:

• k is the base field, which is always assumed to be algebraically closed with

char(k) = p > 0;

• W = W(k) is the ring of Witt vectors of k, which comes equipped with a

morphism σ : W → W induced by the Frobenius morphism;

• K is the fraction field of W;

• Bcris is the crystalline period ring of K;

• for an algebraic variety X over a field E and an integer i, Hi
�(X) denotes the

i-th integral �-adic cohomology Hi
ét(XE ,Z�) and Hi

�(X)Q�
denotes the rational

�-adic cohomology if � �= char(E);
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Supersingular O’Grady Varieties of Dimension Six 7

• for a k-algebraic variety X and i ∈ N, we denote by Hi
cris(X/W) the i-th

integral crystalline cohomology of X, which is a W-module whose rank is

equal to the i-th Betti number of X. We set Hi(X) := Hi
cris(X/W)/torsion and

Hi(X)K = Hi
cris(X/W) ⊗W K. Then, Hi(X) is endowed with a natural σ -linear

map ϕ : Hi(X) → Hi(X) induced from the absolute Frobenius morphism

F : X → X. The pair (Hi(X), ϕ) (resp. (Hi(X)K , ϕK)) forms therefore an F-crystal

(resp. F-isocrystal);

• for a Breuil–Kisin module M and an integer n, the notation M{n} stands for

the n-th Tate twist defined in [9, Example 4.2];

• h is the contravariant functor that associates with a variety its rational

Chow motive.

2. O’Grady–Lehn–Sorger’s Construction in Positive Characteristic

In this section, we adapt the construction of Lehn and Sorger and O’Grady to obtain

a 6-dimensional symplectic variety over a field of positive characteristic, as a crepant

resolution of a singular moduli spaces of semistable sheaves on an abelian surface.

2.1. Moduli spaces of sheaves on abelian surfaces

One natural way to construct symplectic varieties is to consider certain moduli spaces

of coherent sheaves on abelian and K3 surfaces. Over the complex numbers, this is

an observation of Mukai [40], which is adapted to fields of positive characteristic in

[19, Propositions 4.4 and 6.9]. Let A be an abelian surface over k. We denote by

ÑS(A) = Z · 1 ⊕ NS(A) ⊕ Z · ω

the algebraic Mukai lattice of A, where 1 is the fundamental class of S and ω is the class

of a point. An element r · 1 + L + s · ω of ÑS(A), where r, s ∈ Z and L ∈ NS(A), is often

denoted by (r, L, s). The lattice structure on ÑS(A) is given by the Mukai pairing 〈−, −〉:

〈
(r, L, s), (r′, L′, s′)

〉 = (L · L′) − rs′ − r′s ∈ Z. (2.1)

For a coherent sheaf F on A, its Mukai vector is the same as its Chern character

v(F) := ch(F)
√

td(A) = (
rk(F), c1(F), χ(F)

) ∈ ÑS(A).
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8 L. Fu et al.

Let us recall the notion of genericity of polarization.

Definition 2.1. Let v ∈ ÑS(A). An ample line bundle H is called v-generic if

• when v is primitive, all H-semistable sheaves on A are H-stable;

• when v = nv0 with n ∈ N and v0 ∈ ÑS(A) primitive, H is v0-generic, and

for any stable factor E of a H-semistable sheaf F , we have v(E) = mv0 with

1 ≤ m ≤ n.

Let us discuss the wall-and-chamber structure on the ample cone Amp(A) with

respect to v. This plays an important role in the proof of our main theorem.

Lemma 2.2. For any torsion free H-semistable sheaf F on A over an algebraically

closed field k, the Bolgomolov inequality


(F) = 2 rk(F)c2(F) − (rk(F) − 1)c2
1(F) ≥ 0 (2.2)

holds.

Proof. We will show that F is strongly semistable in Lemma 2.8; thus, we can invoke

Langer’s result [30, Theorem 0.1]. �

Given a Mukai vector v ∈ ÑS(A), we can see the 
(−) is constant for all pure

sheaves whose Mukai vectors are v. Thus, we will denote it by 
 for simplicity if the

Mukai vector is fixed. If rk(v) > 0 and 
 > 0, then we define the following set:

Wv :=
{

D ∈ NS(A)

∣∣∣ − rk(v)

4

 ≤ D2 < 0

}
.

If 
 = 0, then we will set Wv = ∅.

Definition 2.3. The v-wall in Amp(A) associated to some D ∈ Wv is the hyperplane in

Amp(A) defined as

WD := {
H ∈ Amp(A)

∣∣H · D = 0
}

.

D
ow

nloaded from
 https://academ

ic.oup.com
/im

rn/advance-article/doi/10.1093/im
rn/rnaa349/6125277 by R

adboud U
niversity N

ijm
egen user on 20 February 2021



Supersingular O’Grady Varieties of Dimension Six 9

A v-chamber means a connected component of

Amp(A)\
⋃

D∈Wv

WD.

Lemma 2.4. Let H be an ample divisor on A. If for any (−2)-class D ∈ NS(A), we have

D · H �= 0, then H is (2, 0, −2)-generic. In particular, if H lies in any (2, 0, −2)-chamber,

then H is (2, 0, −2)-generic.

Proof. It is sufficient to show that the stable factors of an H-polystable sheaf F with

v(F) = (2, 0, −2) are with Mukai vector (1, c1, −1) such that c1 = 0 or c1 is a (−2)-class

in NS(A).

The purity of F implies that its stable factors are of rank 1. Thus, F can be

written as

F = E1 ⊕ E2

such that v(E1) = (1, c1, s) and v(E2) = (1, c′
1, s′). They satisfy the following equations:

c1 + c′
1 = 0, c1 · H = c′

1 · H = 0,

s + s′ = 2.
(2.3)

From these equations, we can deduce that c′2
1 = c2

1 = c2(E1) + c2(E2) − 2. Thus, c′2
1 = c2

1 ≥
−2 as the Bogomolov’s inequality (2.2) implies that c2(Ei) ≥ 0,. If c2

1 ≥ 0, then c1 = 0

follows from the Hodge index theorem, as c1 · H = 0. Hence, the set of solutions of c1 to

the (2.3) is contained in

{
c1 ∈ NS(A)

∣∣c1 · H = 0, c2
1 = −2

}
∪ {0}.

If
{
c1 ∈ NS(A)

∣∣c1 · H = 0, c2
1 = −2

} = ∅, then H is (2, 0, −2)-generic, which is our

claim. �

Remark 2.5. For a general v such that rk(v) > 0, it is still true that if an ample divisor

H lies in a v-chamber, then H is v-generic.

The following useful lemma shows that the v-genericity is preserved under

lifting.
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10 L. Fu et al.

Lemma 2.6. Let v0 = (r, c1, s) be a Mukai vector. Let (A,H, c̃1) be a lifting of the triple

(A, H, c1) to a finite extension W ′ of W. Let K′ be the fraction field of W ′. Then, HK′ is

(2r, 2̃c1, 2s)-generic if H is 2v0-generic.

Proof. We can see HK′ is (r, c̃1, s)-generic from the properness of the relative moduli

space MH(A, (r, c̃1, s)).

Since the semistability is stable under field extensions, it is sufficient to

consider the HK-semistable sheaves on the geometric generic fiber Aη. Suppose that EK̄

is H⊗ K̄-polystable sheaves on the geometric generic fiber Aη̄ such that v(EK̄) = 2v0 ⊗ K̄.

If FK̄ a stable factor of EK̄ , then we can find a stable factor Fk of Ek such that

v(Fk) = v(FW) ⊗ k, since the specialization NS(Aη̄) → NS(A) is injective,

by [37, Proposition 3.6] and the fact that Néron–Severi groups of abelian surfaces are

torsion-free. Thus, the stable factors of EK̄ are all with v0 ⊗ K̄ by the assumption that H

is 2v0-generic. �

2.2. O’Grady–Lehn–Sorger’s construction: positive characteristics and lifting

Keep the notations as before. Given an element v = (r, c1, s) ∈ ÑS(A) such that r ≥ 0,

(r, s) �= (0, 0), and 〈v, v〉 ≥ 0, together with a v-generic ample line bundle H, we consider

the moduli space MH(A, v) of Gieseker–Maruyama H-semistable sheaves on S with

Mukai vector v. Fix a point [F0] ∈ MH(A, v), then the following morphism using the

determinant and the second Chern class

MH(A, v) → Pic0(A) × A

F �→ (
c1(F) − c1(F0), alb(c2(F) − c2(F0))

)
,

is the Albanese morphism for MH(A, v) and it is an isotrivial fibration. It is shown

in [19, Proposition 6.9] that when v is primitive with p � v2 and H is v-generic, the

Albanese fiber, denoted by KH(A, v), is a symplectic variety of generalized Kummer type

of dimension 〈v, v〉 − 2.

If the Mukai vector v ∈ ÑS(A) is not primitive, then the moduli space of

H-semistable sheaves MH(A, v) is in general singular even for a v-generic polarization

H. We will concentrate in the particularly interesting case where v = 2v0 for some

primitive Mukai vector v0 with v2
0 = 2. Given a v-generic polarization H of the abelian

surface A, there is a stratification of MH(A, v) by the singular loci

�v ⊂ �v ⊂ MH(A, v), (2.4)
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Supersingular O’Grady Varieties of Dimension Six 11

where

• the closed variety �v is the singular locus of MH(A, v) consisting of strictly

semistable sheaves (or equivalently, direct sums of two stable sheaves with

Muakai vector v0);

• the closed variety �v is the singular locus of �v that parameterizes sheaves

of the form F⊕2 with F a stable sheaf with Mukai vector v0.

It is clear that �v is isomorphic to the symmetric square of �v.

Over the complex numbers, O’Grady [43, 44] (for special v0 and later Rapagnetta

[47] for all v0 with v2
0 = 2) constructed a symplectic resolution M̃H(A, v) of MH(A, v) in

three steps:

(i) blow up MH(A, v) along �v to get a space denoted M. Let �v be the

exceptional divisor, and let �v be the strict transform of �v;

(ii) blow up M along �v, resulting a space denoted M̂. Let �̂v be the strict

transform of �v, which is isomorphic to the Hilbert square of �v (hence

smooth);

(iii) perform an extremal contraction on M̂, which contracts �̂v as a P2-bundle

onto �̃v. The resulting variety is denoted by M̃H(A, v), which is shown to be a

symplectic resolution of MH(A, v), and �̃v is a 3-dimensional quadric bundle

over �v.

In [51], Lehn and Sorger proved that O’Grady’s construction for M̃H(A, v) is

isomorphic to the blow-up of MH(A, v) along the singular locus �v, and M̂ is obtained

by a further blow-up along �̃v, the preimage of �v.

To summarize, we have the following diagram:

(2.5)

See [25] for a thorough discussion for more general Mukai vectors.

Return to a field k = k̄ with characteristic p > 0. The main goal of this section

is to show that everything works if p �= 2, that the whole diagram (2.5) actually lifts to

characteristic zero (Proposition 2.9), and to deduce information on the Albanese fiber,

which will be the characteristic-p version of O’Grady’s variety. Before starting, we
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12 L. Fu et al.

remark that the stratification by singular loci (2.4) clearly remains valid. We first adapt

Lehn–Sorger’s construction in odd characteristics.

Theorem 2.7. Let k be an algebraically closed field such that char(k) = p �= 2. Let

v = 2v0 be a Mukai vector such that v0 ∈ ÑS(A) is primitive and v2
0 = 2. Then, the blow-

up of MH(A, v) along �v gives a symplectic resolution M̃H(A, v) → MH(A, v). Moreover,

the preimage of �v is a 3-dimensional quadric bundle over �v.

Proof. We follow the same idea as in [51] and [25], paying special attention to the

singular loci of Mv := MH(A, v) in positive characteristic and the failure of the Kodaira

vanishing theorem. Denote the blow-up

πv : Bl�v
MH(A, v) → MH(A, v). (2.6)

Firstly, we shall give a local description around points in �v. For any

[E ] = [F1 ⊕ F2] ∈ �v, we will naturally identify Ext1(E , E) with its dual by Serre duality.

Let k[Ext1(E , E)]∧ be the completion of the polynomial ring

k[Ext1(E , E)] := Sym•(Ext1(E , E)∗)

at the maximal ideal of its origin. The Kuranishi map is encoded in a formal function:

κ : Ext2(E , E)∗0 → k[Ext1(E , E)]∧,

and we can write κ in the form κ = ∑∞
i=2 κi, satisfying the following properties:

• κ is Aut(E)-equivariant;

• any element in the image of κ, viewed as a formal function on Ext1(E , E),

vanishes on Ext1(Fi,Fi) for any i (this relies on the assumption that

char(k) �= 2);

• the quadratic term of κ, viewed as a map κ2 : Ext1(E , E) → Ext2(E , E)0, is

given by e �→ 1
2e � e, where � is the Yoneda product;

• let J be the ideal generated by the image of κ. Then, we have an isomorphism

ÔMH (A,v),[E ]
∼= (k[Ext1(E , E)]∧/J)Aut(E). (2.7)

An explicit construction of κ can be found in [51, Appendix A], which works in any

characteristic p �= 2.
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Supersingular O’Grady Varieties of Dimension Six 13

(i) If [E ] = [F1 ⊕ F2] ∈ �v\�v with [F1] �= [F2], we can write x ∈ Ext1(E , E) as∑2
i,j=1 xij, such that xij ∈ Ext1(Fi,Fj). Since any element in the image of κ vanishes on

Ext1(F1,F1) ⊕ Ext1(F2,F2), we have

κ2(x) = x12 � x21.

Let Qss be the parameter space of H-semistable pure sheaves on A with the Mukai vector

v. An analogous proof as in [43, Proposition 1.4.1] shows that the normal cone C�v\�v
Qss

at the point [E ] is isomorphic to κ−1
2 (0):

C := (C�v\�v
Qss)[E ]

∼=
{
(x12, x21) ∈ Ext1(F1,F2) ⊕ Ext1(F2,F1)|x12 � x21 = 0

}
,

where C is of maximal rank. In addition, the action of Aut(E) = Gm on κ−1
2 (0) is given by

λ(x12, x21) = (λx12, λ−1x21).

Thus, we can see that the point [E ] ∈ �v\�v ⊂ MH(A, v) is of A1-singularity along �v.

(ii) If [E ] = [F⊕2] ∈ �v, a direct computation shows that

Aut(E) ∼= GL2, Ext1(E , E) ∼= gl2 ⊗ V and Ext2(E , E)0
∼= sl2,

where V := Ext1(F ,F) is a 4-dimensional k-vector space. Let {v1, v2, v3, v4} be a basis of

V such that the symplectic form ω on V is of the form

T =

⎛
⎜⎜⎜⎜⎝

0 1

−1 0

0 1

−1 0

⎞
⎟⎟⎟⎟⎠ , (2.8)

which gives an identification gl2 ⊗ V = gl
⊕4
2 . We may denote by Ai the i-th projection

gl
⊕4
2 → gl2 ⊗ {vi} under this identification. The (formal) local model of (MH(A, v), E) is

described as follows: let R = Sym•(sp4) and I0 the ideal of R generated by the coefficients

of matrices B2 with B ∈ sp4. Let Z ⊆ sp4 be the subvariety
{
B ∈ sp4

∣∣B2 = 0
}
. Following [51],

there is an isomorphism Z ∼= Spec(R/I0) and we have

ÔMH (A,v),[E ]
∼= k[[x1, x2, x3, x4]] ⊗k R∧/I0R∧ ∼= ÔA4

k×Z,0.
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14 L. Fu et al.

Here, xi := Tr(Ai). The construction of the first isomorphism fails when p = 2 as it relies

on the classical invariant theory of SL2 but valid when p �= 2; see [17, Corollary 4.1].

The singular locus Zs ⊆ Z is the set

Zs = {
B ∈ Z

∣∣ rk(B) ≤ 1
}

,

whose definition ideal in R is generated by the coefficients in �2B, denoted by L0.

Formally locally, Zs\0 is isomorphic to �v\�v near E . We want to show that blowing

up Zs gives a resolution of Z.

Let Grω(2, V) ⊂ Gr(2, V) be the Grassmannian variety of 2-dimensional

Lagrangian subspaces of V. Define Z̃ ⊂ Z × Grω(2, V) as

Z̃ = {
(B, U)

∣∣B(U) = 0
}

.

Then, the projection π : Z̃ → Z is a smooth resolution because the other projection

Z̃ → Grω(2, V) can be identified with the projection of cotangent bundle T∗Grω(2, V) →
Grω(2, V), which is smooth. Moreover, we see that the fibers of π are 3-dimensional

quadrics.

We claim that the projection π is isomorphic the blow-up of Z along the singular

locus Zs, that is,

Z̃ = Proj

⎛
⎝⊕

n≥0

π∗(p∗OP(∧2))V∗)(2n))

⎞
⎠ ∼= Proj

⎛
⎝⊕

n≥0

Ln
0

⎞
⎠ .

It is sufficient to show that there is a surjection

Ln
0 � π∗(p∗OP(∧2))V∗)(2n))

as Z̃ is irreducible and dim Z̃ = dim Proj
(⊕

n≥0 Ln
0

)
. Lehn and Sorger’s proof in

[51, Theorem 2.1] was for characteristic 0, while everything also works in positive

characteristics except the vanishing condition

H1
(
Grω(2, V), Symk(TGrω(2,V))(1)

)
= 0 for k ≥ 0,

which is used in [51, Lemma 2.2] as a corollary of the Griffiths vanishing theorem,

which says that for any ample sheaf E on a smooth projective variety X, i ≥ 1 and

k ≥ 0, Hi(X, ωX ⊗ Symk(E) ⊗ det(E)) = 0. However, as Grω(2, V) is liftable, the Griffiths
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Supersingular O’Grady Varieties of Dimension Six 15

vanishing theorem holds (as a special case of Kodaira vanishing theorem) for char(k) =
p ≥ dim Grω(2, V) = 3 by Delgine–Illusie; see [16]. Now, we can conclude that the blow-

up πv in (2.6) is a symplectic resolution of MH(A, v). �

Our strategy to establish the diagram (2.5) in odd characteristics is to first lift

it to characteristic zero. To this end, we need to use relative moduli spaces of sheaves.

As a preliminary remark, we point out that there is no difference between semistablity

and strong semistablity for sheaves in the sense of [30] on abelian surfaces.

Lemma 2.8. Any torsion free H-semistable sheaf F on A over an algebraically closed

field k is strongly semistable, that is, all Frobenius pullbacks (Fm)∗F , m ≥ 0, are

H-semistable.

Proof. The sheaf of Kähler differential forms �1
A is trivial. Thus, we have

Lmax(�1
A/k) := lim

m→∞
μmax(Fm)∗�1

A/k

pm = 0,

where the μmax means taking the maximal slope in the Harder–Narashimhan filtration.

We can conclude by invoking [30, Corollary 6.2]. �

Let us start the lifting procedure.

Proposition 2.9 (Liftability). The diagram (2.5) is valid over any algebraically closed

field k of characteristic p �= 2. Moreover, the variety M̃H(A, v) is liftable to characteristic

zero.

Proof. First, by [19, Proposition 6.4], one can lift the triple (A, H, c1) to (A,H, c̃1) over

some mixed characteristics discrete valuation ring W ′, which is finite over W with

residue field k.

Second, we can use Langer’s construction of the relative moduli spaces of

(strongly) semistable sheaves over mixed characteristic bases [29, 30]. For the ease of

notations, we will also denote (r, c̃1, s) by v. Let P be the following polynomial in Z[t]:

H2

2
rt2 + (̃c1 · H)t + s.
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16 L. Fu et al.

Then, we can take the relative moduli space MH(A, v) over W ′ by Langer’s result,

which is the fiber of the determinant morphism det: MH(A, P) → Pic(A) at the section

c̃1 : W ′ → Pic(A). It uniformly corepresents the functor of H-semistable sheaves on A
with Mukai vector v and is projective over W ′. It implies that there is a unique proper

morphism

δ : MH(A, v) ×W ′ k → MH(A, v).

It is sufficient to show that it is an isomorphism. There is an open subscheme of

MH(A, v)s, which universally corepresents the moduli functor of H-stable sheaves with

Mukai vector v on A. In other words, the formation of MH(A, v)s commutes with any

base change. In particular,

MH(A, v)s ×W ′ k ∼= MH(A, v)s. (2.9)

Thus, MH(A, v)s is a lifting of the coarse moduli space MH(A, v)s. From it, we can deduce

that the image of δ is dense in MH(A, v) since MH(A, v)s is open and dense in MH(A, v).

However, the image of δ is closed from its properness, which implies that δ is surjecitve,

hence a birational morphism. As both sides of δ are reduced and normal, by Zariski main

theorem, it remains to show that δ induces an injective map on the sets of closed points.

As k is algebraically closed, it suffices to check the injectivity on k-points. In fact, if H
is v-generic, which can be ensured by the genericity of H, then any strictly semistable

point [F ] ∈ MH(A, v) is of form [E1 ⊕ E2], where Ei are W ′-flat H-semistable sheaves on

A with Mukai vector v0. If [E1 ⊕ E2] and [E ′
1 ⊕ E ′

2] have the same image under δ, then the

reductions E1,k ⊕ E2,k and E ′
1,k ⊕ E ′

2,k are S-equivalent. We can assume that E1,k
∼= E ′

1,k

and E2,k
∼= E ′

2,k. However, similarly to (2.9), we have an isomorphism MH(A, v0) ×W ′ k ∼=
MH(A, v0); hence, we can conclude that E1

∼= E ′
1 and E2

∼= E ′
2. This is exactly the claimed

injectivity.

Third, starting from MH(A, v), on one hand, we can perform the two blow-ups of

O’Grady as in the right half of the diagram (2.5), over W ′, to construct M̂1. On the other

hand, we can also perform Lehn–Sorger’s blow-up, followed by a further blow-up along

�̃, the preimage of the (lifting of) �v, as in the left half of the diagram (2.5), always

over W ′, to get M̂2. By the result of Lehn and Sorger [51] recalled before, the generic

fibers of M̂1 and M̂2 are isomorphic as polarized varieties. When p �= 2, since their

special fibers are smooth, projective (Theorem 2.7) and clearly non-ruled, an application

of Matsusaka–Mumford’s theorem [35] gives us a polarized isomorphism between these

special fibers. �
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Supersingular O’Grady Varieties of Dimension Six 17

The variety M̃H(A, v) is a 10-dimensional variety admitting a symplectic form,

but it is not simply connected. We are interested in its Albanese fiber. Let KH(A, v) be

the Albanese fiber of

alb: MH(A, v) → A × Â. (2.10)

The preimage K̃H(A, v) of KH(A, v) along O’Grady’s resolution πv : M̃H(A, v) → MH(A, v)

will be called an OG6 variety. We show in the following theorem that the OG6 variety is

a smooth symplectic variety for p ≥ 3, and we compute its second cohomology.

Theorem 2.10. With the same assumptions as in Theorem 2.7,

(i) if H is v-generic, then the OG6 variety K̃H(A, v) is a symplectic resolution

of KH(A, v). It is a 6-dimensional symplectic variety and is liftable to

characteristic zero;

(ii) there is an isomorphism v⊥ ⊗ K ⊕ K(−1) → H2
cris(K̃H(A, v))K of F-isocrystals.

Moreover, if H2
cris(K̃H(A, v)) and H3

cris(K̃H(A, v)) are p-torsion-free, this

induces an isomorphism of F-crystals between v⊥ ⊗ W ⊕ W(−1) and

H2
cris(K̃H(A, v)/W).

Proof. For (i), we have the following Cartesian diagrams:

see [59, (4.10)] and [58, p. 3]. If p � v2

2 , then the morphism ×v2

2 is finite and étale. Thus, the

k-smoothness of M̃H(A, v) and that of K̃H(A, v) are equivalent if p � v2

2 , similarly for the

existence of symplectic forms; see [19, Proposition 6.9]. As v2 = 8 and M̃H(A, v) is smooth

by Theorem 2.7, the OG6 variety K̃H(A, v) is smooth under the assumption char(k) �= 2.

The morphism fv is a symplectic resolution by its construction. To lift K̃H(A, v), let

M̃H(A, v) be a lifting of M̃H(A, v) over W ′ as in Proposition 2.9. Then, we can take its

Albanese fiber to obtain a lifting K̃H(A, v) for K̃H(A, v). By our construction, K̃H(A, v)

is the preimage along the πv of KH(A, v). Finally, to show that the étale fundamental

group of K̃H(A, v) is trivial, we use the simple connectedness of the generic fiber (a

result established in characteristic zero [44]) and the surjectivity of the specialization

map for étale fundamental groups [1, Exposé X, Corollaire 2.3].
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18 L. Fu et al.

For (ii), let K′ be the fraction field of the base ring W ′. By the results from

characteristic zero [46], there is an isomorphism of Zp-modules at the geometric generic

fiber:

γv : v⊥ ⊗ Zp ⊕ Zp · η
∼−→ H2

p(K̃H(A, v)K′), (2.11)

where v⊥ is the orthogonal complement of v in the algebraic Mukai lattice H̃(A) with

respect to the Mukai pairing and η is the class of the exceptional divisor of Lehn–

Sorger’s blow-up K̃H(A, v)K′ → KH(A, v)K′ . The morphism γv fits into the following

commutative diagram:

Here, the γ s
v is induced by some semi-universal sheaf E on A × KH(A, v)s and j∗

is the pullback along the open immersion j : KH(A, v)s
K′ ⊂ KH(A, v)K′ ; see [46, Theorem

1.7].

We can assume that the field K′ is contained in Cp. Let GK′ be the absolute Galois

group of K′. Since j∗ and γ s
v are both GK′-equivariant, so is γv. Taking Fontaine’s functor,

there are isomorphisms

(
v⊥ ⊗Qp

Bcris

)GK′ ⊕ K · η ∼=
(
H2

p(K̃H(A, v)K′)Qp
⊗ Bcris

)GK′ ∼= H2
cris(K̃H(A, v))K .

The first isomorphism follows from (2.11) and the fact that η is GK′-invariant. The

second isomorphism comes from the rational p-adic Hodge theory. Thus, it is sufficient

to prove that

(
v⊥ ⊗Qp

Bcris

)GK′ ∼= v⊥ ⊗ K.

Since H̃(AK′)Qp
∼= (v⊥ ⊗ Qp) ⊕ Qp · v and (H̃(AK′)Qp

⊗Qp
Bcris)

GK′ ∼= H̃(A)K , we can see

(
v⊥ ⊗Qp

Bcris

)GK′ ⊕ K(−1) ∼= H̃(A)K
∼= v⊥ ⊗ K ⊕ K · v

as F-isocrystals. Since there is an isomorphism K · v ∼= K(−1), we can identify
(
v⊥ ⊗Qp

Bcris

)GK′ with v⊥ ⊗ K. From this, we can conclude that

v⊥ ⊗ K ⊕ K · η ∼= H2
cris(K̃H(A, v))K .
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Supersingular O’Grady Varieties of Dimension Six 19

Recall that in [28], Kisin constructed a functor BK(−) from the category of

Zp-lattices in crystalline representations to the category of Breuil–Kisin modules, which

satisfies

BK(−) ⊗W�u� K � (− ⊗Qp
Bcris)

GK′ .

We can replace the Fontaine’s functor by the Kisin’s functor BK(−) in our previous

discussion, so that we will obtain an isomorphism of Breuil–Kisin modules (here, we

also need to use the integral p-adic comparison for abelian surface A, whose p-torsion-

freeness is clear. We also need the fact that BK(Zp(−1)) = W�u�{−1}, which can be found

in [9, Corollary 4.33])

v⊥ ⊗Zp
W�u� ⊕ W�u�{−1} ∼= BK(H2

p(K̃H(A, v)K′). (2.12)

Under the assumption that H2
cris(K̃H(A, v)/W) and H3

cris(K̃H(A, v)/W) are p-torsion-free,

the integral p-adic comparison theorem [9, Theorem 1.1 (iii)] allows us to obtain the

desired isomorphism of F-crystals by tensoring both sides of (2.12) with W. �

Remark 2.11. The above proof for (ii) is indirect. The reason is that in general, we

cannot lift KH(A, v) to W (but only to a ring W ′ that is finite over W), for example,

when A is superspecial and H, v are arbitrary. In case such lifting exists, we can apply

the Berthelot–Ogus’s comparison theorem [8, Theorem 2.4] directly to compute the F-

(iso)crystals.

Remark 2.12. If characteristic p ≥ dim(KH(A, v)) = 6, and there is a lifting of KH(A, v)

to W2(k), then the required torsion-freeness follows from the E1-degeneration of the

Hodge-to-de Rham spectral sequence, which is known by Deligne–Illusie’s criterion

[16, Théorème 2.1 and Corollaire 2.5]. In fact, we can also include p = 5 from their

criterion since we only require the torsion-freeness of the second and third cohomology

groups. The argument is the same as [15, Proposition 2.6].

3. Birational Equivalences among Supersingular OG6 Varieties

From now on, we focus on the OG6 varieties that are 2nd-Artin supersingular. We first

prove that this condition is equivalent to the supersingularity of the abelian surface,

that is, (i) ⇔ (ii) in Theorem 1.4.
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20 L. Fu et al.

Lemma 3.1. Let A be an abelian surface, v0 ∈ ÑS(A) a primitive Mukai vector with

v2
0 = 2. Let v = 2v0 and H be a v-generic polarization. Then, the OG6 variety X = K̃H(A, v)

is 2nd-Artin supersingular if and only if the abelian surface A is supersingular.

Proof. Since the supersingularity of an F-crystal is stable under isogenies, it is

sufficient to show that the Newton polygon of H2
cris(K̃H(A, v))K is purely of slope 1 if

and only if A is supersingular. In Theorem 2.10, it is shown that

H2
cris(K̃H(A, v))K

∼= v⊥ ⊗ K ⊕ K(−1).

As K(−1) is purely of slope 1, we see that H2(K̃H(A, v))K is supersingular if and only

if v⊥ ⊗ K ⊂ H̃(A)K := H2
cris(A)K ⊕ K(−1)⊕2 is supersingular, which is also equivalent

to the condition that H2
cris(A)K is a supersingular crystal. This implies that the Newton

polygon of H1
cris(A)K has to be a straight line of slope 1

2 , which is equivalent to the

classical definition of supersingularity for A. �

In view of Lemma 3.1, we assume in the sequel that A is a supersingular abelian

surface over k. When v is a primitive Mukai vector and H is a v-generic polarization,

the supersingular symplectic variety KH(A, v) is studied in our previous work [19]. Let

us recall one of the main results in [19], which characterizes supersingular generalized

Kummer type moduli spaces up to birational equivalence.

Definition 3.2 ([19, Definition 3.15]). Two symplectic varieties X and X ′ are said liftably

birationally equivalent, if they are both liftable over some discrete valuation ring of

characteristic zero with residue field k, such that their geometric generic fibers are

birationally equivalent. Two symplectic varieties X and X ′ are called quasi-liftably

birationally equivalent if they can be connected by a chain of quasi-liftably birational

equivalences.

Theorem 3.3 ([19, Theorem 6.12], [31]). Let v = (r, c1, s) ∈ ÑS(A) be a primitive Mukai

vector with r > 0 such that v is coprime to p. Then, there is an autoequivalence �A→A :

Db(A) → Db(A) with �∗(1, 0, −n − 1) = v and n = v2

2 − 1, which induces a quasi-liftably

birational equivalence

MH(A, v) ��� Pic0(A) × A[n+1], (3.1)
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Supersingular O’Grady Varieties of Dimension Six 21

and by restricting to Albanese fibers, a quasi-liftably birational equivalence

KH(A, v) ��� Kn(A), (3.2)

where Kn(A) denotes the 2n-dimensional generalized Kummer variety associated

with A.

As shown in [19], the same result holds for moduli spaces of stable sheaves with

primitive Mukai vectors on supersingular K3 surfaces.

Our goal is to generalize Theorem 3.3 to OG6 varieties. One useful tool is the

following so-called wall-crossing principle, which holds over an arbitrary base field.

Proposition 3.4. Let A be an abelian surface defined over a field. Let m ≥ 1 be a

positive integer that is coprime to p. Let v0 be a primitive Mukai vector on A. Let H be a

mv0-generic ample divisor in NS(A). Suppose

�A→A′ : Db(A) → Db(A′)

is a Fourier–Mukai equivalence whose cohomological transform φH
A→A′ sends v0 to v′

0.

Let H ′ be an mv′
0-generic polarization on A′. Then, there is a birational equivalence

MH(A, mv0)
∼−→ MH ′(A′, mv′

0). (3.3)

Moreover, it also induces birational map between the Albanese fibers

γ : KH(A, mv0) ��� KH ′(A′, mv′
0). (3.4)

Proof. In [38, Theorem 5.4.1], it has been proved that for a general H-stable sheaf

E ∈ MH(A, v0), if H ′ is generic with respect to v, then there is an autoequivalence �A′→A′

on Db(A′) such that �A′→A′ ◦ �A→A′(E) or its dual is H ′-stable sheaf of Mukai vector v′
0

up to shift. Whence, for a general polystable sheaf

E⊕m ∈ MH(A, mv0)\Ms
H(A, mv0),
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22 L. Fu et al.

the map

γ : [E⊕m] �→ �A′→A′ ◦ �A→A′ [E⊕m]

∼= [�A′→A′ ◦ �A→A′E ]⊕m
(3.5)

is well defined as Fourier–Mukai transforms preserve colimits. It also means that we

have birational map

γ : MH(A, mv0) ��� MH ′(A′, mv′
0)

as they are irreducible moduli spaces and H, H ′ are generic. We have the following

commutative diagram of isotrivial fibrations:

Then, we can see the restriction of γ on the open-subset of MH(A, mv0), which

is identified with some open-subset of MH ′(A′, mv′
0) by γ , induces an isomorphism

between two open-subsets of KH(A, mv0) and KH ′(A′, mv′
0). �

Remark 3.5. The wall-crossing principle here also includes the classical wall-crossing

of Gieseker moduli spaces. It means that we can assume that H = H ′ in (3.3) and (3.4) if

H is both mv0-generic and mv′
0-generic.

Now, we study the birational equivalences between supersingular OG6 varieties.

In analogy to the primitive case in [19], we will show that all the OG6 varieties associated

to a fixed abelian surface are quasi-liftably birational (see [19, Definition 3.15] for

the definition). It is not hard to prove the birational equivalence, the difficult part

is the quasi-liftability. This is because the auto-equivalence of supersingular abelian

surfaces is not necessarily liftable. We will carefully analysis how to decompose an

auto-equivalence into a series of liftable ones.

Theorem 3.6. Let v0 be a primitive Mukai vector with v2
0 = 2. Set v = 2v0. Let H be a

v-generic polarization. For a general polarization H ′, there is a quasi-liftably birational

equivalence

K̃H(A, 2v0) ��� K̃H ′(A, (2, 0, −2)).
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Supersingular O’Grady Varieties of Dimension Six 23

In other words, for a supersingular abelian surface, OG6 varieties with different Mukai

vectors are all quasi-liftably birational.

Proof. Since v0 is coprime to p, by Theorem 3.3, there is an autoequivalence �E
A→A :

Db(A) → Db(A) whose induced map

�∗ : ÑS(A) → ÑS(A)

sends v0 to (1, 0, −1). By Proposition 3.4, there is a birational map

MH(A, v) ��� MH ′(A, (2, 0, −2)). (3.6)

Arguing as in [19, Proof of Theorem 6.12], we obtain a birational map

γ : KH(A, v) ��� KH ′(A, (2, 0, −2)) (3.7)

by taking the Albanese fiber.

Proposition 2.9 and Lemma 2.6 allow us to construct the relative moduli space

MH(A, v) whose generic fiber is the moduli space of semistable sheaves for some

v-generic polarization in characteristic 0. Hence, it is sufficient to choose the generic

polarizations at the special fiber. We split the proof into two cases.

(1) If rk(v) > 0, then we can perturb the polarization H within the v-chamber

which it lies in, so that it falls in some (2, 0, −2)-chamber. The new polarization will be

denoted by H ′′. Proposition 2.4 implies that H ′′ is both v-generic and (2, 0, −2)-generic.

Thus, after doing that, we will obtain a commutative diagram of birational maps

By construction, the two left spaces are identical since the stability condition is

unchanged for the Mukai vector v. The right vertical birational map is liftable: we first

lift the triple (A, H ′, H ′′) by [19, Proposition 6.4] to a mixed characteristics base W ′ and

then their generic fibers are birational as we can perform the wall-crossing principle

for changing the lifted polarizations at the generic fibers. The birational map γ ′ is also

quasi-liftable since it can be constructed as follows:
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we can assume that c1(v0) is ample as there are identifications

MH ′′(A, v) = MH ′′(A, (2r, 2c1 + 2nH ′′, 2s′))

for all positive integers n with suitable s′, since tensoring with OA(H) will not change

the moduli space. Moreover, we can assume that c1(v0) is 2v0-generic. This is because

the set of v-walls is locally finite and depends only on the discriminant 
. Thus, we

write v0 = (r, H ′′′, s′) with H ′′′ ample and 2v0-generic. Therefore, we have a liftably

birational map

KH ′′(A, v) ��� KH ′′′(A, v),

by the wall-crossing of polarizations. Then, we use again [19, Proposition 6.4] to lift the

triple (A, H ′′′, E) for E the class of the fiber of some elliptic fibration of A and apply the

autoequivalence in Theorem 3.3 to produce a quasi-liftably birational map

KH ′′′(A, v) ��� KH ′′′(A, (2, 0, −2))

as H ′′′ is (2, 0, −2)-generic by Proposition 2.4.

(2) If rk(v0) = 0, then v0 = (0, c, s) such that c is effective and s �= 0. For a line

bundle L, the autoequivalence

(−) ⊗ L : Db(A) → Db(A)

induces a quasi-liftably birational map

KH(A, 2(0, c, s)) ��� KH(A, 2(0, c, s + (c · c1(L))).

Since (c · c) = 2 and gcd(c · H, s) = 1, we can find a divisor m1c + m2H, such that

s + (c · (m1c + m2H)) = 1. Let L be a line bundle whose first Chern class is m1c + m2H,

then tensoring L makes the degree-2 part of the Chern character equal to 1.

Therefore, we can assume that s = 1. Then, let us consider the derived

equivalence �P induced by the Poincaré bundle P on A×A (recall that A has a principal

polarization). It produces a quasi-liftably birational map

KH(A, (0, 2c, 2)) ��� KH(A, (2, −2c, 0)).
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Finally, by tensoring a line bundle whose first Chern class is c, we have an quasi-liftably

birational map

KH(A, (2, −2c, 0)) ��� KH(A, (2, 0, −2)).

By combining the above maps, we obtain the desired quasi-liftably birational map. �

4. Unirationality and Motive

In this section, we prove the main Theorem 1.4. An important ingredient we use is the

construction in [39] of a rational dominant degree-2 map from a 6-dimensional moduli

space of sheaves on the Kummer K3 surface to the OG6 variety, for a certain Mukai

vector of torsion sheaves. Throughout the section, A is a supersingular abelian surface

defined over an algebraically closed field k of characteristic p > 2.

4.1. Generic polarization

Given a Mukai vector v ∈ ÑS(A), we need to characterize v-generic ample line bundles

on A. When v is primitive and coprime to p, it is shown that every ample line bundle

H is v-generic [19, Lemma 6.10]. However, this is no longer the case for non-primitive

Mukai vectors. For instance, if A = E1 × E2 is a product of two elliptic curves and

v = 2(0, E1 + E2, 1), then by taking two stable sheaves F1, F2 such that v(F1) = (0, 2E1, 1)

and v(F2) = (0, 2E2, 1), we can produce a strictly semistable sheaf F1 ⊕F2 that does not

satisfy the condition in Definition 2.1. Thus, the ample line bundle OA(E1 + E2) is not

v-generic. However, in the case where of rank-0 Mukai vector of divisibility 2, we have

the following sufficient condition for the v-genericity.

Proposition 4.1. Let H be a principal polarization on A, which is not the sum of two

elliptic curves. Let v0 = (0, H, s). Then, H is 2v0-generic.

Proof. Let F ∈ MH(A, 2v0). It is a purely one-dimensional sheaf with Hilbert

polynomial

PH(F , n) = (2H · H)n + 2s = 4n + 2s.

Suppose E ⊂ F is a stable factor of F . We want to show that v(E) = v0. Denote v(E) =
(0, c′

1, s′) and v(F/E) = (0, c′′
1, s′′). Then, we have c′

1 + c′′
1 = 2H and s′ + s′′ = 2s. Since E and
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F/E have the same reduced Hilbert polynomials as that of F , namely n + 1
2s, we have

(c′
1 · H)s = 2s′, (c′′

1 · H)s = 2s′′. (4.1)

By definition, E is also purely one-dimensional. We claim that E is a stable

sheaf such that Suppdet(E)(this is the determinant support; see [3, Section 3.1] for the

definition) is an irreducible curve C in A and the restriction of E on C is locally free.

First, to see the irreducibility of C, suppose otherwise that C1 +C2 is a decomposition of

C and ji : Ci → C is the embedding respectively. Then, we can see that the quotient sheaf

E |C → ji,∗j∗i E |C

has the same reduced Hilbert polynomial as E , a contradiction to the stability of E |C.

Hence, C is irreducible. As E |C is stable, hence simple, we have dimk H0(C, E |C ⊗E |∨C ) = 1,

which yields that

1 − dim H1(C, E |C ⊗ E |∨C ) = χ(E , E) = −(c′
1)2. (4.2)

Thus, (c′
1)2 ≥ −1. As the Neron–Severi lattice of A is even, (c′

1)2 ≥ 0.

On the other hand, we can assume that E and F/E not isomorphic (otherwise

v(E) = v(F/E) = v0 and we are done), but they are stable with the same reduced Hilbert

polynomial, thus Hom(E ,F/E) = 0. It implies that

dim Ext1(E ,F/E) = −χ(E ,F/E) = (c′
1 · c′′

1). (4.3)

Hence, (c′
1 ·c′′

1) ≥ 0. Then, by the equations c′
1 +c′′

1 = 2H, we can conclude that (c′
1 ·H) ≥ 0

and (c′′
1 · H) ≥ 0. Therefore, we must have s′ = s′′ = s, (c′

1 · H) = (c′′
1 · H) = 2 and

0 ≤ (c′
1)2 = (c′′

1)2 ≤ 2.

If (c′
1)2 = 0, then c′

1 is the class of an elliptic curve of degree 2 on A, contradicting

to the assumption. Thus, (c′
1)2 > 0. It forces that (c′

1)2 = (c′′
1)2 = 2. Now, the Hodge index

theorem applied to the divisors H−c′
1 and H−c′′

1, gives us that c′
1 = c′′

1 = H. In conclusion,

all stable factors of F must have Mukai vector v0. �

4.2. Mongardi–Rapagnetta–Saccà double cover

Proposition 4.2. Let v0 = (0, c1, s) be a primitive Mukai vector with v2
0 = 2, and let

H be a 2v0-generic polarization on A. If c1 is not the sum of the classes of two elliptic
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curves, then there is a dominant degree-2 rational map

MH ′(Km(A), ṽ) ��� KH(A, 2v0) (4.4)

from the moduli space of H ′-stable sheaves on the Kummer surface Km(A) for some

Mukai vector ṽ and some ṽ-generic ample line bundle H ′.

Proof. This is explained in the introduction of [39]. We include a proof for readers’

convenience. We may assume that c1 = c1(L) is the class of a principal polarization L of

A and the general members in |L| are smooth curves of genus 2. Let

ϕ|2L| : A → |2L|∨ = P3
k

be the morphism associated with the linear system |2L|. It is well known that the image

of ϕ|2L| in P3
k is a singular quartic surface, which is isomorphic to Kms(A) := A/±. The

Kummer K3 surface Km(A) is the minimal resolution of Kms(A). We have the following

Cartesian diagram:

By Lemma 4.1, L is 2v0-generic. We treat first the case K̃L(A, 2v0). Let D be

pullback of a hyperplane section of Kms(A) along the resolution π . Suppose H ′ is

an ample divisor in NS(Km(A)), which is generic with respect to the Mukai vector

ṽ = (0, D, s). Then, we have the following diagram, where the vertical arrows are support

morphisms:

(4.5)

Now, we claim that the map [E ] �→ [ϕ∗π∗E ] defines a rational map

MH ′(Km(A), ṽ) ��� ML(A, 2v0). (4.6)

In fact, we can choose a general point [E ] ∈ MH ′(Km(A), ṽ), which corresponds to a purely

one-dimensional H ′-stable sheaf E that supports on a smooth curve C ∈ |D|. Thus, it can
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be viewed as a locally free sheaf on C ∈ |D| ∼= |2L|. Its pullback ϕ∗E on A is a L-stable

sheaf with Mukai vector (0, 2c1, 2s) as the restriction of ϕ on C is a degree-2 étale cover.

Next, we need to show that the rational map (4.6) factors through KL(A, v) and it

is dominant. The generic image of the rational map (4.6) lies in the zero fiber KL(A, 2v)

because the Albanese invariant of c2(π∗E) = π∗c2(E), which is pulled back from the

quotient A/±, is zero. Hence, (4.6) gives a rational map

MH ′(Km(A), ṽ) ��� K̃L(A, 2v0), (4.7)

which is dominant, as both varieties are proper, irreducible, and 6-dimensional.

It remains to prove the case of some other 2v0-generic polarization H. This

follows from the birational equivalence between MH(A, 2v0) and ML(A, 2v0) proved in

Proposition 3.4. �

4.3. Unirationality

We prove the unirationality for supersingular OG6 varieties.

Proof of Theorem 1.4 (i) ⇒ (iii). By Theorem 3.6, all OG6 varieties for different

choices of Mukai vectors are birationally equivalent; hence, it suffices to show the

unirationality of K̃H(A, v̄) for a specific Mukai vector v̄. Here is the construction of

such a v̄. According to a result of Ibukiyama et al. [24] (not explicitly stated, but see

[26, Theorem 5]), every supersingular abelian surface A contains a smooth curve C of

genus 2 as Thêta divisor. We take v̄ = (0, 2�, 2), where � is the class of C. By Proposition

4.2, for a v̄-generic polarization H, the resulting OG6 variety K̃H(A, v̄) admits a dominant

map from MH ′(Km(A), v′). However, by [19, Theorem 1.3], MH ′(Km(A), v′) is birational

to Km(A)[3], the Hilbert cube of the Kummer K3 surface Km(A). One can conclude by

using the unirationality of Km(A) established by Shioda [50]. Note that we did not use

liftability results in this proof. �

4.4. Motive of supersingular OG6 varieties

The following theorem computes the rational Chow motive of supersingular OG6

varieties.

Theorem 4.3. Let k be an algebraically closed field of characteristic p ≥ 3. Let A be

a supersingular abelian surface over k and v0 a primitive Mukai vector with v2
0 = 2. Set
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v = 2v0. For any v0-generic polarization H, the motive of the supersingular OG6 variety

K̃H(A, v) is of Tate type:

h(K̃H(A, v)) =
6⊕

i=0

1(−i)⊕b2i , (4.8)

where b2i is the 2i-th Betti number of OG6 varieties, as is computed in [39].

Proof. Thanks to [19, Section 3.6], Chow motive is invariant under quasi-liftably

birational equivalence for symplectic varieties. By Proposition 3.6, we only need to

treat the special case where v0 = (0, �, 1) with � = [C] where C is the smooth genus

2 curve in A as in Section 4.3. Following [39], let D ∈ Pic(Km(A)) be the pullback

of the hyperplane section class from the singular Kummer surface Kms(A), and let

Y := MH ′(Km(A), (0, D, 1)) be the 6-dimensional moduli space of stable sheaves on Km(A)

with Mukai vector (0, D, 1) with respect to some generic polarization H ′.
Now, we use [19, Propsition 6.4] to lift the abelian variety A together with

the divisors � and H ′, over a discrete valuation ring W ′, which is finite over W and

with residue field k. Denote by A the lifted abelian scheme. Using the construction of

Langer [29, 30] of relative moduli spaces of sheaves on A and Km(A), together with

our discussion in Section 2.2 on the resolution (Theorem 2.10), we get the lifting of

K̃ := K̃H(A, (0, 2�, 2)), denoted by K̃, and the lifting of MH ′(Km(A), (0, D, 1)), denoted by

Y, as well as a rational map

Y ��� K̃,

which is the lifting of the degree-2 rational map constructed in Proposition 4.2.

On the geometric generic fiber, according to the result in characteristic zero [39,

Section 5], the rational map Y
η̄

��� K̃η̄ can be resolved as follows:

(4.9)
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where h is the blow-up along the disjoint union of 256 copies of P3
η̄, β is the blow-up

along 
 � BlAη̄×A∨̄
η [2](Aη̄ × A∨̄

η )/±1, ρ is the blow-up along the disjoint union of 256

3-dimensional quadrics, and ε̂ is a ramified double cover. As the notation indicates, all

the blow-ups can be performed over W ′ and the diagram (4.9) is indeed the base change

to the geometric generic fiber of the analogous diagram over W ′, except that a priori ε̂

is only a rational map over W ′.
Using the surjectivity and the projectivity of the morphism Ŷη̄ → K̃η̄, we obtain

that there is a splitting injection from the Chow motive of K̃η̄ into the Chow motive of

Ŷη̄. By specialization, the Chow motive of the special fiber K̃ is a direct summand of the

Chow motive of the special fiber of Ŷ, denoted by Ŷ. Therefore, to prove that h(K̃) is of

Tate type, it suffices to show the same for h(Ŷ).

However, by construction, Ŷ is the obtained from Y by the first blow-up along

256 copies of P3
k, resulting a space Y, and then blow-up Y along a center 
 �

BlA×A∨[2](A × A∨)/±1.

By [19, Theorem 1.3(iii)], the Chow motive of Y is of Tate type. Since the Chow

motive of P3 is of Tate type, the blow-up formula implies that the Chow motive of Y is

of Tate type. Observe that

h(
) � h(A × A∨)inv ⊕ (1(−1) ⊕ 1(−2) ⊕ 1(−3))⊕256 .

However, by the computation of the motive of supersingular abelian varieties [19,

Theorem 2.9], h(A × A∨)inv is of Tate type. Another application of the blow-up formula

yields that the Chow motive of Ŷ is of Tate type. Hence, h(K̃) is also of Tate type. The

explicit formula (4.8) can be obtained by looking at the cohomological realization. �

4.5. Proof of Theorem 1.4

(i) ⇔ (ii) is Lemma 3.1. (i) ⇒ (iii) is proved in Section 4.3. (iii) ⇒ (ii): unirationality

clearly implies rational chain connectedness. We use [20, Theorem 1.2] (see [19, Theorem

3.10]) to conclude the 2nd-Shioda supersingularity, which implies the 2nd-Artin super-

singularity. (i) ⇒ (iv) is contained in Theorem 4.3. (iv) ⇒ (v) easily follows by applying

the cohomological realizations. (v) ⇒ (ii) is clear since 2nd-Shioda supersingularity

implies 2nd-Artin supersingularity.

It only remains to verify that dim H2,0(K̃H(A, v)) = 1, under the assumption

that A is supersingular. Since h2,0 is a birational invariant, Theorem 3.6 implies that

it suffices to show the case when v = 2(0, �, 1) with � ∈ NS(A) the class of the principal
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polarization. From the proof in Theorem 4.3, we have the Mongardi–Rapagnetta–Saccà

double cover

ψ : Y ��� K̃H(A, v),

where Y is a moduli space of stable sheaves on the Kummer surface Km(A). It is easy to

see that the pullback map

ψ∗ : H0(
K̃H(A, v), �2

K̃H (A,v)

) → H0(Y, �2
Y)

is injective when p > 2. Hence, h2,0(K̃H(A, v)) ≤ h2,0(Y). By [19, Theorem 1.3 (ii)], Y

is an irreducible symplectic variety (in particular, h2,0(Y) = 1). It follows that

h2,0(K̃H(A, v)) = 1 in this case.

Acknowledgments

We thank Giovanni Mongardi for helpful discussions. We thank also the referee for his or her

stimulating comments.

Funding

This work was supported by the Radboud Excellence Initiative program [to L.F.]; and the General

Program [11771086 to Z.L.], the Key Program [11731004 to Z.L.], from National Natural Science

Foundation of China, and the Shu Guang Program [17SG01 to Z.L.] of Shanghai Education

Commission.

References

[1] Revêtements Étales et Groupe Fondamental (SGA 1), vol. 3. Documents Mathématiques

(Paris) [Mathematical Documents (Paris)]. Paris: Société Mathématique de France, 2003.

Séminaire de géométrie algébrique du Bois Marie 1960–61. [Algebraic Geometry Seminar of

Bois Marie 1960–61]. Directed by A. Grothendieck. With two papers by M. Raynaud. Updated

and annotated reprint of the 1971 original [Lecture Notes in Math., 224, Springer, Berlin;

MR0354651 (50 #7129)].

[2] André, Y. Une Introduction aux Motifs (Motifs Purs, Motifs Mixtes, Périodes), vol. 17.

Panoramas et Synthèses [Panoramas and Syntheses]. Paris: Société Mathématique de France,

2004.

[3] Arbarello, E., G. Saccà, and A. Ferretti. “Relative Prym varieties associated to the double

cover of an Enriques surface.” J. Differential Geom. 100 (2015): 191–250.

[4] Artin, M. “Supersingular K3 surfaces.” Ann. Sci. École Norm. Sup. (4) 7 (1974): 543–67.

D
ow

nloaded from
 https://academ

ic.oup.com
/im

rn/advance-article/doi/10.1093/im
rn/rnaa349/6125277 by R

adboud U
niversity N

ijm
egen user on 20 February 2021



32 L. Fu et al.

[5] Beauville, A. “Variétés Kähleriennes dont la première classe de Chern est nulle.” J. Differen-

tial Geom. 18 (1983): 755–82.

[6] Beauville, A. “On the Splitting of the Bloch–Beilinson Filtration.” In Algebraic Cycles and

Motives: Volume 2, vol. 344. London Mathematical Society Lecture Note Series. 38–53.

Cambridge: Cambridge University Press, 2007.

[7] Beauville, A. and C. Voisin. “On the Chow ring of a K3 surface.” J. Algebraic Geom. 13 (2004):

417–26.

[8] Berthelot, P. and A. Ogus. Notes on Crystalline Cohomology. Princeton, NJ: Princeton

University Press, 1978. University of Tokyo Press, Tokyo.

[9] Bhatt, B., M. Morrow, and P. Scholze. “Integral p-adic Hodge theory.” Publ. Math. Inst. Hautes

Études Sci. 128 (2018): 219–397.

[10] Bloch, S. Lectures on Algebraic Cycles, vol. 16, 2nd ed. New Mathematical Monographs.

Cambridge: Cambridge University Press, 2010.

[11] Bogomolov, F. A. “Hamiltonian Kählerian manifolds.” Dokl. Akad. Nauk 243 (1978): 1101–4.

[12] Bragg, D. and M. Lieblich. “Twistor spaces for supersingular K3 surfaces.” (2018): preprint

arXiv:1804.07282.

[13] Bragg, D. and M. Lieblich. “Perfect points on genus one curves and consequences for

supersingular K3 surfaces.” (2019): preprint arXiv:1904.04803.

[14] Charles, F. “The Tate conjecture for K3 surfaces over finite fields.” Invent. Math. 194 (2013):

119–45.

[15] Charles, F. “Birational boundedness for holomorphic symplectic varieties, Zarhin’s trick for

K3 surfaces, and the Tate conjecture.” Ann. of Math. (2) 184 (2016): 487–526.

[16] Deligne, P. and L. Illusie. “Relèvements modulo p2 et décomposition du complexe de de

Rham.” Invent. Math. 89 (1987): 247–70.

[17] Domokos, M., S. Kuzmin, and A. Zubkov. “Rings of matrix invariants in positive characteris-

tic.” J. Pure Appl. Algebra 176 (2002): 61–80.

[18] Fakhruddin, N. “On the Chow groups of supersingular varieties.” Canad. Math. Bull. 45

(2002): 204–12.

[19] Fu, L. and Z. Li. “Supersingular irreducible symplectic varieties.” (2018): preprint

arXiv:1808.05851.

[20] Gounelas, F. and A. Javanpeykar. “Invariants of Fano varieties in families.” Mosc. Math. J. 18

(2018): 305–19.

[21] Gross, M., D. Huybrechts, and D. Joyce. Calabi–Yau Manifolds and Related Geometries:

Lectures at a Summer School Held in Nordfjordeid, June 2001. Universitext. Berlin:

Springer, 2003.

[22] Huybrechts, D. “Compact hyper-Kähler manifolds: basic results.” Invent. Math. 135 (1999):

63–113.

[23] Huybrechts, D. “A Global Torelli Theorem for Hyperkähler Manifolds (After M. Verbitsky).”

In Séminaire Bourbaki: Volume 2010/2011. Exposés 1027–1042. Astérisque No. 348, (2012),

Exp. No. 1040, x, 375–403. ISBN: 978-2-85629-351-5.

D
ow

nloaded from
 https://academ

ic.oup.com
/im

rn/advance-article/doi/10.1093/im
rn/rnaa349/6125277 by R

adboud U
niversity N

ijm
egen user on 20 February 2021



Supersingular O’Grady Varieties of Dimension Six 33

[24] Ibukiyama, T., T. Katsura, and F. Oort. “Supersingular curves of genus two and class

numbers.” Compos. Math. 57 (1986): 127–52.

[25] Kaledin, D., M. Lehn, and C. Sorger. “Singular symplectic moduli spaces.” Invent. Math. 164

(2006): 591–614.

[26] Kani, E. “Jacobians isomorphic to a product of two elliptic curves and ternary quadratic

forms.” J. Number Theory 139 (2014): 138–74.

[27] Kim, W. and K. Madapusi Pera. “2-adic integral canonical models.” Forum Math. Sigma 4

(2016): 34.

[28] Kisin, M. “Crystalline Representations and F-Crystals.” In Algebraic Geometry and Number

Theory, vol. 253. Progress in Mathematics. 459–96. Boston, MA: Birkhäuser, 2006.

[29] Langer, A. “Moduli spaces of sheaves in mixed characteristic.” Duke Math. J. 124 (2004):

571–86.

[30] Langer, A. “Semistable sheaves in positive characteristic.” Ann. of Math. (2) 159 (2004):

251–76.

[31] Li, Z. and H. Zou. “A note on Fourier-Mukai partners of abelian varieties over positive

characteristic fields.” (2020). In preparation.

[32] Liedtke, C. “Supersingular K3 surfaces are unirational.” Invent. Math. 200 (2015): 979–1014.

[33] Madapusi Pera, K. “The Tate conjecture for K3 surfaces in odd characteristic.” Invent. Math.

201 (2015): 625–68.

[34] Markman, E. “A Survey of Torelli and Monodromy Results for Holomorphic-Symplectic Vari-

eties.” In Complex and Differential Geometry, vol. 8. Springer Proceedings in Mathematics.

257–322. Heidelberg: Springer, 2011.

[35] Matsusaka, T. and D. Mumford. “Two fundamental theorems on deformations of polarized

varieties.” Amer. J. Math. 86 (1964): 668–84.

[36] Maulik, D. “Supersingular K3 surfaces for large primes.” Duke Math. J. 163 (2014): 2357–425.

With an appendix by Andrew Snowden.

[37] Maulik, D. and B. Poonen. “Néron–Severi groups under specialization.” Duke Math. J. 161

(2012): 2167–206.

[38] Minamide, H., S. Yanagida, and K. Yoshioka. “The wall-crossing behavior for Bridgeland’s

stability conditions on abelian and K3 surfaces.” J. Reine Angew. Math. 735 (2018): 1–107.

[39] Mongardi, G., A. Rapagnetta, and G. Saccà. “The Hodge diamond of O’Grady’s six-

dimensional example.” Compos. Math. 154 (2018): 984–1013.

[40] Mukai, S. “Symplectic structure of the moduli space of sheaves on an abelian or K3 surface.”

Invent. Math. 77 (1984): 101–16.

[41] Nygaard, N. and A. Ogus. “Tate’s conjecture for K3 surfaces of finite height.” Ann. of Math.

(2) 122 (1985): 461–507.

[42] Nygaard, N. O. “The Tate conjecture for ordinary K3 surfaces over finite fields.” Invent. Math.

74 (1983): 213–37.

[43] O’Grady, K. G. “Desingularized moduli spaces of sheaves on a K3.” J. Reine Angew. Math.

512 (1999): 49–117.

D
ow

nloaded from
 https://academ

ic.oup.com
/im

rn/advance-article/doi/10.1093/im
rn/rnaa349/6125277 by R

adboud U
niversity N

ijm
egen user on 20 February 2021



34 L. Fu et al.

[44] O’Grady, K. G. “A new six-dimensional irreducible symplectic variety.” J. Algebraic Geom. 12

(2003): 435–505.

[45] O’Grady, K. G. “Higher-dimensional Analogues of K3 Surfaces.” In Current Developments in

Algebraic Geometry, vol. 59. Mathematical Sciences Research Institute Publications. 257–93.

Cambridge: Cambridge Univerisity Press, 2012.

[46] Perego, A. and A. Rapagnetta. “Deformation of the O’Grady moduli spaces.” J. Reine Angew.

Math. 678 (2013): 1–34.

[47] Rapagnetta, A. “Topological invariants of O’Grady’s six dimensional irreducible symplectic

variety.” Math. Z. 256 (2007): 1–34.
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