Lifting systems of Galois representations
associated to abelian varieties

Rutger Noot*
2nd October 2006

Abstract

This paper treats what we call ‘weak geometric liftings” of Galois repre-
sentations associated to abelian varieties. This notion can be seen as a gen-
eralization of the idea of lifting a Galois representation along an isogeny
of algebraic groups. The weaker notion only takes into account an isogeny
of the derived groups and disregards the centres of the groups in question.
The weakly lifted representations are required to be geometric in the sense
of a conjecture of Fontaine and Mazur. The conjecture in question states
that any irreducible geometric representation is a twist of a subquotient of
an étale cohomology group of an algebraic variety over a number field.

It is shown that a Galois representation associated to an abelian vari-
ety admits a weak geometric lift to a group with simply connected derived
group. In certain cases, such a weak geometric lift is itself associated to
an abelian variety. This means that the conjecture of Fontaine and Mazur
is confirmed for these representations. In other cases, one may find a lift
which can not be found back in the étale cohomology of any abelian va-
riety. The Fontaine-Mazur conjecture remains open for these representa-
tions. Nevertheless, certain consequences of the conjecture can be estab-
lished.
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Introduction

This paper is motivated by a conjecture of Fontaine and Mazur, conjecture 1
of [FM95] and generalizes the observations made in [Noo0O1]. The conjecture
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in question aims to characterize the Tate twists of the irreducible subquotients
of the Galois representations arising from the étale cohomology of algebraic
varieties over number fields.

To explain the conjecture, fix a number field F and let ¢4 be the absolute
Galois group of F. In [FM95, §1], a representation of ¢ on a finite dimensional
Q-vector space V), is called geometric if it is unramified outside a finite set of
non-archimedean places of F and if, for each non-archimedean valuation 7 of F
of residue characteristic p, the restriction to the inertia group at @ is potentially
semi-stable in the sense of Fontaine, see also An irreducible representation
of 9r on V), is said to come from algebraic geometry if it is isomorphic to a subquo-
tient of the Galois representation on a cohomology group Hk, (X, Qp)(m) for
some smooth and proper F-scheme X and integers i and m. The Tate twist (m)
has the effect of multiplying the action of % on H. (X, Q,) by the mth power
of the cyclotomic character. Fontaine and Mazur have expressed the conjecture
that an irreducible Q,-linear representation V, of ¢ is geometric if and only if
it comes from algebraic geometry.

The ‘if’-part of the conjecture being resolved (see [Tsu99]), this paper is con-
cerned with some reflexions on the implication ‘only if’ in the conjecture. We
will actually investigate a particular type of geometric representations.

The construction of these representations starts with the choice of an abelian
variety A over F. For such an abelian variety, the representation of ¢r on
H!, (A, Q,) factors through a map

Pap: 9r — Ga(Qyp),

where G4 is the Mumford-Tate group of A. After reading [Win95], one is
tempted to look for an isogeny 7: G — G4 and a map Pp: 9r — é(Qp) such
that py , = 71 0 pp and such that g, defines a geometric representation of ¥r on
V) for any Q-linear representation V, of G q,-

This is not exactly the point of view adopted in this paper. As the conjec-
ture of Fontaine-Mazur for representations with abelian image is quite well
understood, cf. [EM95, §6], the centres of the groups occurring above can be
considered to be less interesting than the derived groups. For this reason, given
the representat1on Pap: 9 — G 4(Qyp), we will search for a linear algebraic
group G, an isogeny mrder: Gder —, G4er and a map p,: - Gr — G(Qp) such that

dopy p = = a2do pp. Here md: Gy — Gad and #24: G — G394 are the natural
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projections and the groups do and G2 have been identified using the map in-
duced by 79", If such a representation p, defines a geometric representation of
¢ on any Qy-linear representation \7p of G /0, then we will say that it is a weak
geometric lift of p4 . An advantage of working with weak geometric liftings is
that, by ‘correcting’” liftings using characters, it is easier to produce geometric
representations than if one considers liftings along isogenies.

It turns out that for any abelian variety A/F, there exist a finite extension
F'/F, a group G such that G4¢" is the universal cover of G4 and, for every prime
number p, a weak geometric lift p,: ¥ — G (Qyp) of the restriction of p Ap to
“r. We refer to corollary [5.11] for a precise statement. Moreover, it follows
from corollary [5.12) that every weak geometric lift of a p4 , is dominated by a
weak geometric lift to a group G with Gder simply connected. We can even
conveniently ‘normalize’ the group G.

It is natural to ask if the conjecture of Fontaine and Mazur is true for any
weak geometric lift of a representation associated to an abelian variety. This
question is not answered in this paper, but a number of partial results are ob-
tained.

In section [4 we prove the following results. By combining proposition [3.
and remark [4.10} it follows that for every abelian variety A/F, there exists a
group G, a map Gder — GYer and, after replacing F by a finite extension, a
system (p,) of weak geometric liftings of the p4 , such that

- the group Gder is ‘not far’ from the universal cover of G4er and

— for any representation V of G, the system of representations of ¢r on the
V ® Q) is isomorphic to the system of p-adic representation associated to
an abelian variety.

To be more precise where the first property is concerned, it means in the first
%f
follows from well-known facts on the Mumford-Tate groups of abelian varieties
that these factors are all of classical type (A, B, C or D). For the G; which are of

type Ay, By or Cy, being ‘not far’ from the universal cover means that they are

place that the group Gder is the product of its simple factors Gi. Secondly, it

simply connected. Where the factors G; of type Dy are concerned, the condition
is more difficult to state. We have to distinguish two subtypes, DR and DJ,
see . for the definitions. The G; which are of type DR in this c1a581f1cat10n are
also simply connected. The factors G; of type D} are h-maximal in the sense
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of which means that every such Giisa quotient of its universal cover by a
subgroup of order 2. Over R, these i-maximal groups are orthogonal groups.

By theorem the above system (p,) is maximal in the following sense.
For any group G/, any isogeny G'd¢" — G4 such that G’ is a quotient of
Gder and any weak geometric lift pp: 9r — G'(Qp) of pa (allowing a finite
extension of F), the representation p;, belongs to the tannakian category gener-
ated by the p-adic Galois representations associated to abelian varieties and the
representations with finite image.

The above statements about Galois representations follow from analog prop-
erties of Hodge structures associated to abelian varieties. If A /¢ is an abelian
variety over C, then the Hodge structure on the first Betti cohomology group
H%(A/C(C), Q) is determined by a morphism h: S — G, /g, where S = C*
as algebraic groups over R. It is show in section [2 that the group G above is
actually the Mumford-Tate group of an abelian variety B¢ and that the Hodge
structure of B corresponds to a morphism /i: 5 — G/g such that i and h have
the same projection to GZ‘}R = G?f{. To underscore the analogy with the con-
struction of weak geometric liftings of Galois representations, such an abelian
variety B will be called a weak Mumford—Tate lift of A, cf. This notion is very
close to the notion of A ¢ and B¢ being “adjoint-isogenous’ in the sense of def-
inition 6.1 of Vasiu’s e-print [Vas03] and our variety B¢ should be equal to the
variety obtained by Vasiu’s ‘shifting process’, loc. cit. 6.4.

In section {3 we prove some properties comparing the fields of definition
of an abelian variety and a weak Mumford-Tate lift. Using the theory of ab-
solute Hodge motives, the above statements concerning Galois representations
are then derived from the corresponding statements about the Hodge structures
associated to weak Mumford-Tate liftings. The arguments are based on those
used in [Noo01] and [Pau04]].

In the above statements, the abelian varieties with Mumford-Tate group of
type Di! stand out as an exception to the general situation. These varieties
deserve a separate treatment, and this is the subject of section 5| Let F be a

number field as above, A an abelian variety over F and assume that, for the
d

A/c
[1Ga,; of h-maximal groups of type D}l It can be shown that such abelian va-

Mumford-Tate group G,, the derived group G4 is isomorphic to a product

rieties do indeed exist. It turns out that the associated system (p4,,) of p-adic
Galois representations admits a system of non-trivial weak geometric liftings.
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The corollary 5.9|states that there exists a group G such that Gder — G4er is the
universal cover and, as always after replacing F by a finite extension, a system
(pp) of weak geometric liftings of the p,4 ,. These representations are called the
p-adic Galois representations of lifted abelian D;!-type. The construction makes
use, again, of a lifting /i: S — G /R Of h: S — G,4/gr. This time, the existence of
the system (p,) follows from [Win95].

When considering weak geometric liftings of Galois representations asso-
ciated to abelian varieties, these representations of lifted abelian D}!-type are
the only ‘new’ representations that one may encounter. To be precise, let A/F
be an abelian variety with Mumford-Tate group G4. For any group G’ and
isogeny G'der — GOler and any weak geometric lift p;: Gr — G'(Qp) of ps,p, the
representation p), belongs to the tannakian category generated by the p-adic Ga-
lois representations associated to abelian varieties, the representations of lifted
abelian DfI-type and those with finite image, see corollary

In the final section @ we study the representations p, of lifted abelian D}!-
type. It is proved in|6.2| that such a representation g, generally does not belong
to the tannakian category generated by the Galois representations associated to
abelian varieties. The question if 5, belongs to the tannakian category generated
by the Galois representations associated to algebraic varieties, as predicted by
the Fontaine-Mazur conjecture, remains open.

Combined with ‘standard” conjectures, the conjecture of Fontaine and Mazur
implies that the p, have certain ‘motivic” properties. For example, any Frobe-
nius element in ¢ should act semi-simply on any representation Vp of G /g, and
the eigenvalues of the image should be Weil numbers, i. e. algebraic integers of
which all complex absolute values coincide. Several of these motivic properties
are proved in the final part of section|6|

In addition to their relevance to the Fontaine-Mazur conjecture, the con-
struction of weak geometric liftings has applications to the study of Galois rep-
resentations associated to abelian varieties. We have seen that for an abelian va-
riety A/F, and for F large enough, the representations p4 ,: 9r — G(Qp) have
weak geometric liftings pp ,: 4r — Gp(Qp), where B/F is an abelian variety
and G4¢* — GY¢ is not far from the universal cover. The Galois representation
on H,(Ar, Qp) belongs to the tannakian category generated by H},(Br, Q)
and the representations associated to abelian varieties of CM-type. This can be
useful because the representation H},(Br, Qp) is in general easier to study than
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H! (Af, Q,). A first example of such an application can be found in the paper
[Pau04] of F. Paugam. In [Vas03], A. Vasiu uses his technique of adjoint isoge-
nous abelian varieties to study new instances of the Mumford-Tate conjecture.
Other applications are to follow in forthcoming publications.
Acknowledgements. This paper has benefited from discussions and correspon-
dence with a number of people and I thank them heartily for their contribution.
In particular, I would like to thank D. Blasius and P. Deligne for (independently)
pointing out, after my previous work on the conjecture of Fontaine and Mazur,
that the case of abelian varieties with Mumford-Tate group of type D deserved
special attention.

1 Preliminaries

1.1 Basic notations. For any field F, we denote by F an algebraic closure of F.
The absolute Galois group of F is the group ¥ = Autp(F).

For any prime number p, the field Q, is the p-adic completion of Q and C,
is the completion of an algebraic closure Qp.

If G is a group and K a field, then Repy(G) is the category of finite dimen-
sional K-linear representations of G. If G is a topological group (a Galois group
for example) and K a topological field, then the representations in Repy(G) are
assumed to be continuous. If G is a linear algebraic group, then Repy(G) is the
category of algebraic representations of G.

If G is an algebraic group, a quasi-cocharacter of G is an element of the direct

limit
lim Hom(GY, G),
keN
where the transition map G,(jfé) — G,(jf) is the morphism z — z’. Giving a

quasi-cocharacter of G is equivalent to giving an integer k and a cocharacter
p: Gy — G. Intuitively the quasi-cocharacter given by (k, ) is the kth root of

L.

1.2 Absolute Hodge motives. We will freely use the language of tannakian
categories. Everything we need here can be found in [DM82] which is to be
considered the authoritative reference for all notions used but not explained
in this paper. In particular, if ¢ is a tannakian category, then the subcategory



Lifting Galois representations of abelian varieties 7

®-generated by a collection X of objects of ¢ is the smallest subcategory of €
containing all objects which are isomorphic to a subquotient of a polynomial
expression with coefficients in N in the objects contained in X. In such a poly-
nomial expression, 4 and - are to be interpreted as & and ® respectively.

For any field F of characteristic 0, let Motay;(F) be the category of motives
for absolute Hodge cycles as described in [DMS82], especially section 6 of that
paper. It is constructed as Grothendieck’s category of Chow motives except
where it concerns the morphisms which are given by absolute Hodge classes,
not by cycle classes as for Grothendieck motives. It must be pointed out that by
definition, the morphisms between two motives M; and M, defined over F are
the appropriate absolute Hodge classes on the product which are defined over
F,i. e. Hodge classes on (M; x M,) invariant under the action of ¥r.

Motives are graded objects, each motive M is a finite direct sum M where
each M' is a pure motive of weight i. The Tate motive Q(1) is the dual of h?(PL)
in the category Moty (F).

1.3 Mumford-Tate groups. In what follows, we will assume that F is contained
in C and we wrrite F for the algebraic closure of F in C. Assume that My, ..., M,
are absolute Hodge motives over F, and let ¥ = (Mj,..., M,,Q(1)) be the
tannakian subcategory of Moty (F) which is ®-generated by My, ..., M, and
the Tate motive Q(1). Let Hg(-, Q) be the fibre functor of ¢ over Q defined
by the Betti cohomology Hj;(X(C), Q) of complex algebraic varieties. Then the
Mumford—Tate group G of € is by definition the automorphism group of Hg(-, Q).
The connected component of G is reductive and G acts on Hg(M, Q) for every
object M of €. The fibre functor Hg(-, Q) induces an equivalence between ¢
and the category Repq (G). In particular, for M, M’ € ¢, one has

Homy (M, M') = Homg (Hp(M, Q), Hg(M', Q)),

i. e. the action of G fixes all absolute Hodge classes defined over F on all ob-
jects of €. Moreover, G is the smallest Q-algebraic group with this property.
Note that the connected component of G is the Mumford-Tate group of the
subcategory of Motap (F) which is ®-generated by Mz, ..., M, r and Q(1).
When considering only one motive M, the Mumford—Tate group Gy of M is the
Mumford-Tate group of the subcategory (M, Q(1)) of Moty (F).
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For a general subcategory ¢ of Motay(F), we define the Mumford-Tate
group in a similar way, obtaining a pro-algebraic group.

1.4 Subcategories of Motay. An Artin motive is an object of Motay(F) with
finite Mumford-Tate group. The category of Artin motives is the tannakian
subcategory of Moty (F) generated by the finite F-schemes. An abelian mo-
tive over F is an AH-motive which belongs to the tannakian subcategory of
Mota(F) generated by the motives of abelian varieties, the Tate motive and
the Artin motives. We will write (Artin), for the category of Artin motives
and (AV); for the category of abelian motives over F. An abelian variety is
potentially of CM-type if the connected component of its Mumford-Tate group is
commutative and (CM) is the tannakian subcategory of Motayy(F) generated
by the Artin motives, Q(1) and the motives of the abelian varieties which are
potentially of CM-type.

If A is an abelian variety over F, then h(A) = @; \'h'(A), so in most ques-
tions concerning abelian motives, it suffices to consider the motives h'(A) in-
stead of the h(A).

1.5 Betti realization. For any absolute Hodge motive M, the Betti realization
Hg(M, Q) carries a Hodge structure. Giving this Hodge structure is equivalent
to giving an action of the group S = C*, viewed as an algebraic group over R,
on the R-vector space Hg(M, Q) ® R. As the the Mumford-Tate group Gy of M
fixes all (absolute) Hodge classes, this action is given by a morphism of algebraic
groups h: S — Gyy/r- The couple (G, h) is the Mumford-Tate datum associated
to M. More generally, if € is a ®-subcategory of Motay(F), with Mumford-
Tate group G, then there is a morphism i: S — G g which functorially defines
the Hodge structures on Hg (M, Q) for all objects M of €.

We restrict our attention to the category of abelian motives (AV),. As ex-
plained in [DM82, 6.25], it follows from [Del82a, Theorem 2.11] that the Betti
realization induces an equivalence of (AV) with its essential image in the cat-
egory Hodge of Hodge structures.

Let ¢ be a ®-subcategory of Mota(F) and let (G, h) be the associated
Mumford-Tate datum. For any object M of €, the Betti realization Hg(M, Q)
is a representation of G and the Hodge structure on Hg(M, Q) is given by the
action of S on Hg(M, Q) ® R induced by h: S — G/g. Since every Q-linear
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representation of G is the Betti realization of an object of ¢, this construction
defines a ®-equivalence of Rep (G) with the essential image of ¢’ in Hodge.

If A is an abelian variety, its Mumford-Tate group G, is equal to the Mum-
ford-Tate group of h'(A). The connected component of G4 coincides in turn
with the Mumford-Tate group of the Hodge structure H;(A(C), Q).

Let (G,h) be a Mumford-Tate datum. Composition of & with the cochar-
acter G,,)c — S)c dual to z: S),c — G,,/c gives rise to Hodge cocharacter
H: Gy e — Gpyc. Alternatively, p is determined by the condition that G, /¢
acts on the factor V/7 of the Hodge decomposition as multiplication by z”.
Conversely, a pure Hodge structure is determined by giving its weight and the
Hodge cocharacter.

1.6 p-adic Galois representations. Let p be a prime number. The étale coho-
mology with coefficients in Q, of algebraic varieties over F defines the p-adic
étale realization on the category of absolute Hodge motives. The p-adic étale re-
alization of a motive M over F is a Q,-vector space Hg(Mp, Q,) endowed with
a continuous action of the group ¥r. It follows from standard tannakian the-
ory that the image of ¢ in GL(H¢t(Mp, Qp)) lies in Gp(Qp), where Gy is the
Mumford-Tate group of M. The representation thus gives rise to a morphism
Pmp: 9r — Gum(Qp).

For any prime number p, let (Artin)—Repr (%) be the tannakian subcate-
gory of Repr(%p) generated by the p-adic étale realizations of the objects of
(Artin)p. This category coincides with the category of Qy-linear representa-
tions of ¢r with finite image. Similarly, we let let (AV)-Repr (%) be the tan-
nakian subcategory of Repr (9r) generated by the p-adic étale realizations of
the objects of (AV). As before, in the case of an abelian variety A, it is usually
sufficient to consider just the representation on the first étale cohomology group
Hét (Af, QP)~

Restricting to an inertia group at a p-adic place of F, these representations
give rise to representations of Hodge—Tate type, cf. [Fon94, §3] or [Ser78]. If
4 C % is such an inertia subgroup and V) is a Qp-linear representation of
# of Hodge-Tate type, there is a canonical decomposition

Vp ®QP Cp - @ Vp,q,
P4
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the Hodge—Tate decomposition of V,, ® Cp,. The Hodge-Tate cocharacter is the cochar-
acter 1: Gy yc, = GL(Vp ® Cp) such that action of G, /¢, on V7 is the multi-
plication by x”. It can be shown (see [Ser78) §1]) that the connected component
H of the Zariski closure of the image of .# in GL(V},) coincides with the smallest
subgroup H C GL(V}) such that p factors through Hc,.

2 Mumford-Tate liftings of abelian varieties over C

2.1 Mumford-Tate liftings. Let M/C be an abelian motive, Gy its Mumford-
Tate group and (Gyy, h1pr) the associated Mumford-Tate datum. This means that
the Hodge structure on V)y = Hp(M, Q) is defined by hp: S — Gyy/g-

We say that an abelian motive N with Mumford-Tate datum (Gy, hy) pro-
vides a Mumford—Tate lift of M if there exists a central isogeny 71: Gy — Gy
such that 7ig o h = hys. We say that M is Mumford—Tate liftable if there exists an
abelian motive N/C giving a Mumford-Tate lift of M and such the morphism
m: Gy — Gy is not an isomorphism. We say that M is Mumford—Tate unliftable
if it is not Mumford-Tate liftable.

If there exists a central isogeny 79°T: G{¢* — G{¢* such that

ﬂidehN:ﬂi/}jOhM

then N provides a weak Mumford-Tate lift of M. Here the maps 735 and 73 are
the projections Gy — G3d and Gy — G3. As it is a central isogeny, it follows
that 79¢" induces an isomorphism G3d = G4, giving a sense to the equality
i ohy = 73 o hyy. Finally, M is essentially Mumford—Tate unliftable if there
does not exists any abelian motive N/C giving a weak Mumford-Tate lift of M
for which 719¢" is not an isomorphism.

We will often write M-T (un)liftable instead of Mumford-Tate (un)liftable.

2.2 Remark. If N is a weak Mumford-Tate lift of M, then M and N are adjoint-
isogenous in the sense of [Vas03| 6.1] and conversely, if M and N are adjoint-
isogenous and if there is an isogeny G{¢* — G$£¥, then N is a weak Mumford-—
Tate lift of M.

2.3 The Mumford-Tate datum of an abelian variety. Let A/C be an abelian
variety, (G4, h) the associated Mumford-Tate datum and p: G, /c — Gu/c be
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the Hodge cocharacter. It follows from [Del79], in particular from 1.3 and 2.3,
that the simple factors of Gf}‘d/R are absolutely simple and of classical type (A, B,
C or D). The group %g acts on the set of these simple factors and each factor is
conjugate to a non-compact one. The compact factors are exactly the factors to
which h projects trivially.

Let H be a Q-simple factor sz and decompose H,c = [l.cy,, H/c, for some
finite set Iy with ¥g-action. Here we have identified Q with the algebraic clo-
sure of Q in C. Note that the complex conjugation in %g acts trivially on I

because the simple factors of G3%_, are absolutely simple. Let Iy . be the set of

indices such that the Hodge cocﬁg;acter p projects trivially to H ¢, and let Iy
be the complement of Iy in Iy. The t € Iy . are exactly the indices for which
the corresponding real factor of H g is compact. For each ¢ € I H,nes the Hodge
cocharacter lifts to a quasi-cocharacter f, of the universal cover H,c, of H/c,.
If the simple factors of H ¢ are of type A, B or C then it follows from [Del79,
1.3] that H /¢, admits a faithful representation W/, such that fi, acts on W,
with exactly two weights. Contemplating the tables [Del79, 1.3.9] or [Pin98,

Table 4.2] one sees that the highest weight of W, is
— either @; or @y if the simple factors of H ¢ are of type Ay,
— @y if these simple factors are of type By and
— @ if the factors are of type Cy.

For each ¢ € Iy, we define a representation V)¢, of H /c, as follows. Let V¢,
be the direct sum of the representations with highest weights @, and @ if H
is of type Ay with k > 2 and define V¢, to be the representation with highest
weight @1 (resp. @y) if H is of type A1 or C (resp. By). For ¢ € Iy ., the cochar-
acter fi, still acts on each irreducible factor of V¢, with exactly two weights.
The product over « € Iy of the H /c, descends to an algebraic group H over
Q and a multiple of the direct sum of the V¢, descends to a faithful Q-linear
representation V' of H.

2.4 Remarks. If the simple factors of H ¢ are of type By or Cj then the condition
that i, acts on W), with exactly two weights uniquely determines the highest
weight. Similarly, if the simple factors of H ¢ are of type Ay and if fi, is not
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dual to a1, only the representations with highest weight @; or @; fulfill this
condition. Obviously, all these representations are faithful.

In the case where the simple factors of H /¢ are of type Ay and where i, is
dual to o4, the cocharacter fi, acts with exactly two weights on the representa-
tion with highest weight @; for any 1 < s < k, see [Pin98, Table 4.2]. Only for
s = 1 and for s = k does one obtain a faithful representation.

Also note that V /Cy is self dual in each case, see the aforementioned table in
Pink’s paper.

2.5 Factors of type Dy. In what follows, we will focus on the factors of G3¢ of
type Dy, first considering the case k > 5. Fix a Q-simple factor H of G3¢ such
that the simple factors of H ¢ are of type Dy with k > 5. Let H,c = [l.er, H/c,
and let Iy and Iy, be as before. The Dynkin diagram of H ¢ is the disjoint
union, indexed by Iy, of diagrams of type Dy, and it follows from [Del79, 1.3]
that, for each t € I ,, the conjugacy class of the cocharacter p, is dual to an
endpoint al¥) of the --component of the Dynkin diagram.

2.6 Lemma. Assume that k > 5 and that o) = o for some v € Iy . Then
alk) = oy forall k € Iy yc.

Proof. Assume that al) = o forve [ Hne and let Gie/rC,L be the simple factor of
Gi‘;"c projecting onto H ¢ ,. Via the representation of G4 on V = Hg(A(C), Q),
the Hodge cocharacter p acts on V¢ with two weights. By the table in [Del79,
1.3], this implies that every non-trivial irreducible direct factor of the represen-
tation of Gfalx?rc,L on V)¢ has highest weight @y_1 or @;. As H is Q-simple, the
same thing is true for the representation on V¢ of the simple factors of Gijrc
mapping to the factors Hc  for the other k € Iy. Using the tables [Del79,1.3.9],
the fact that p acts with two weights implies that all non-trivial p, are dual to

1. ]

If any factor of H ¢ satisfies the conditions of the lemma, then we say that
H and the factors of H g and H ¢ are of type D¥. As H was assumed to be Q-
simple, the vertices ocgl) form a single orbit for the action of % in this case. In the
opposite case we say that they are of type Df.. In the latter case, the conjugacy
class of the projection of u to any factor of H /c is either trivial or dual to o4

or .
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Let H,c, be a factor of G;C}C

For each t € Iy, let V¢, be the direct sum of the representations of H,c, with

of type DR and let H /c,. be its universal cover.

highest weights @y_1 and @;. As above, for t € Iy, the projection of the
Hodge cocharacter p to H ¢, lifts to a quasi-cocharacter fi, of H /Cu End fi, acts
on V¢, with two weights &1/2. The product over ¢ € I of the H Jc.and a
multiple of the direct sum of the V¢, descegd to an algebraic group H over Q
and a faithful Q-linear representation V of H.

Next assume that H /c.lisa factor of G344 _ of type D,I:I. Asbefore, for 1 € Iy .,

the projection of the Hodge Cocharacteliq /licfts to a quasi-cocharacter fi, of the
universal cover H /c,» but this time the group H /c, does not have a faithful
representation on which fi, acts with two weights. This property can only be
achieved for a quotient of H /c, which can l?ve constructed as follows. For each
t € Iy, let V)¢, be the representation of H/c, with highest weight @;. We
will refer to the quotient of H ¢, which acts faithfully on V¢, as the h-maximal
cover of H,c,. This h-maximal cover descends over R to an inner form of the
orthogonal group SO(2k). For each t € Iy ,, the quasi-cocharacter [, acts on
V), with weights +1/2. The product over ¢ € I of these h-maximal covers
descends to an algebraic group over Q and a multiple of the direct sum of the

V/c, descends to a faithful Q-linear representation of this group.

2.7 Factors of type D;. We finally consider the case where k = 4, so let H be
a Q-simple factor of G4 such that the simple factors of H /c are of type Dy. In
this case, the automorphism group of the Dynkin diagram permutes the set of
endpoints, so the types DX and D can not be distinguished in the same manner
as before. The fundamental difference between the two types is the existence of
a Q-linear representation V as above. We formalize this as follows.

Let H)c = Il H/c, and In,,c and Iy as in the general case. For each
L € Ipgpnc let p: Gy, yc — Hjc, be the projection of the Hodge cocharacter. The
conjugacy class of each p, is dual to an endpoint of the corresponding compo-
nent of the Dynkin diagram. Let A be the set of these vertices, it contains exactly
one endpoint of the t-component of the Dynkin diagram if ¢ € Iy ,,, and no ver-
tices in the other components. Choose ¢ € I, let Gder  be the almost simple

A/Cpu

factor of Gf\‘?rc projecting onto H/c, and let @ be the highest weight of some

non trivial factor of the representation of Gf}‘e/rc ,on HL(A(C), Q). As the Hodge
cocharacter acts on Hj(A(C), C) with two weights, the arguments of [Del79,
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1.3, 2.3] imply that @ corresponds to an endpoint « of the Dynkin diagram of
H and that the ¥g-orbit A’ of a does not meet A. In particular, there exists a
“o-stable set A’ of endpoints such that AN A’ = (). The set A’ contains at least
one endpoint in each connected component of the Dynkin diagram.

If there exists a ¥q-stable set AL, of endpoints of the Dynkin diagram with
A ﬂ A;nax

say that H and the factors of H /g and H ¢ are of type DX If there does not exist

= () containing two endpoints in each connected component, then we

such a Al,,,, they are of type DL

Assume that H is a factor of Gf‘qd/c of type DY, and let ¢ € Iy. Then the (-
component of the Dynkin diagram contains two endpoints «, and 3, € Al ,,.
Let V)¢, be the direct sum of the representations of the universal cover H /Cu
with highest weights corresponding to «, and 3, respectively. It is a faithful
representation of H /Cot and as «,, ﬂ~L ¢ A, it follows from [Del79, 1.3.9] that,
for 1 € Iy pe, ths lifting fi, of w to H/c, acts on V¢, with weights +£1/2. The
product of the H /Ci and a multiple of the direct sum of the V¢, descend to a
Q-algebraic group H with a faithful Q-linear representation V.

If H)c, is a factor of Gf‘f}c
diagram of H/c, in one endpoint, corresponding to a fundamental weight @.

of type DY, then the above set A’ meets the Dynkin

The h-maximal cover of H ¢, is the quotient of its universal cover H,c , acting
faithfully on the representation of H,c, with highest weight @. As in the case
k > 5, the product of these data over all t € Iy descends to an algebraic group
over Q together with a faithful Q-linear representation. This cover of a Q-
simple factor of G32 of type DY is the h-maximal cover of G3<.

2.8 Remark. For all factors H ¢, of type D, the representation V¢ , is self dual.
As in the case of the factors of types A, B and C this can be read off from [Pin98,
Table 4.2].

2.9 Theorem. Let A/C be an abelian variety and let (G4, h) be the associated Mum-
ford—Tate datum. Then the following conditions are equivalent.

1. A is essentially Mumford—Tate unliftable.

2. The group Gie/rc is the product of its simple factors. The simple factors of types
A, Bi, Ci and DR are simply connected and the factors of type DI are h-
maximal in the sense defined above.
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2.10 Definition. Let A/C be an abelian variety, G4 its Mumford-Tate group
and V4 = HL(A(C), Q). If G3¢ is Q-simple, then we say that A is Mumford—Tate
decomposed if the following conditions hold.

— There are a totally real field Ky and an absolutely simple algebraic group
G® over Ky such that Gier = Resg, /oG-

— There is a faithful representation V*° of G® such that the representation of
G4¢* on V is isomorphic to Res Ky/QV"-

— There is no proper non-trivial abelian subvariety B of A with Mumford-
Tate group Gp verifying G4¢ = Gder.

We say that an abelian variety A/C is Mumford—Tate decomposed if it is isoge-
nous to a product [] A; such that each A; is Mumford-Tate decomposed with
G3! simple and if G3 is the product of the fo. An abelian variety over a
number field F ¢ C is Mumford—Tate decomposed if A c is Mumford-Tate de-
composed.

2.11 Remark. The upshot of this definition is that the abelian varieties arising
from the construction of [Del79, 2.3] are Mumford—Tate decomposed. The rep-
resentation of G3°" on H}(A(C), Q) is a direct sum of the representations of the
Gf“;r constructed in[2.3/and See also the proofs given below.

The notion of being (essentially) Mumford-Tate unliftable is a condition on
the Mumford-Tate datum of an abelian variety whereas the notion of being
Mumford-Tate decomposed pertains to the action of the Mumford-Tate group
on the first Betti cohomology group.

2.12 Theorem. For every abelian variety A/C there exists a weak Mumford—Tate lift
B/C of A such that B is essentially Mumford—Tate unliftable and Mumford—Tate de-
composed.

Proofs of|2.9)and These results can be derived from the work of Satake, see
for example [Del79]. The same argument can be found in [Vas03], see §4 and
paragraphs 6.3 and 6.4 in particular. The strategy of the proof is as follows. It is
first shown that the condition implies the condition We then prove
that any abelian variety admits a weak Mumford-Tate lift satisfying and
which is Mumford-Tate decomposed. Thanks to the fact that[2.9.2)implies
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this M-T lift is also M-T unliftable. Finally, the proof that the condition 2.9.1]
implies is a formality.

First assume that A verifies the conditions of 2.9.2l We will show that it is
essentially M-T unliftable, so let B be a weak Mumford-Tate lift of A and let Gp
be its Mumford-Tate group. It has to be proved that the map G3¢* — G is an

isomorphism. It suffices to prove this after extension of scalars to C and as the

der

4/c are the factors of type D1, we only

only non-simply connected factors of G
need to consider these factors.

Consider a factor H ¢ of Gde/r of type D to which the Hodge cocharacter
projects non-trivially, assuming at first that k > 5. As we saw, the conjugacy
class of the projection of the Hodge cocharacter to Hc is dual to one of the
vertices a1 or oy of the Dynkin diagram. Let H /c be the factor of ngrcv map-
ping onto Hc. An appropriate direct factor W of the representation of H,c on
HL(B(C), Q) ® C provides a faithful representation on which fi acts with two
weights £1/2. As explained in it follows from the tables in [Del79, 1.3.9],
that the highest weight of every irreducible direct factor of W is @1 and hence
that H /c is isomorphic to H/c. This proves that[2.9.2/implies 2.9.1|if k > 5.

In the case where k = 4, first note that G4°" is the product of its Q-simple

factors. Let H be a simple factor of type DI and let H be the factor of Gg map-
ping onto H. Consider H5(B(C), Q) as a representation of H and let W be a
direct factor which is a faithful representation of H. Let H /c, be any factor of
H H)c and let W, be any irreducible direct factor of the restriction of W @ C to
H /c,- Then the lifting to H /c,. of the Hodge cocharacter either acts trivially on
W, or with exactly two weights. It follows from H that H is the h-maximal
cover of H and as H was h-maximal by hypothesis it follows that H = H. This
proves that 2.9.2]implies 2.9.1]in case k = 4.

We next show that if A is any abelian variety, then there exists a weak Mum-
ford-Tate lift B of A with Mumford-Tate group Gp satisfying the conditions
of and which is Mumford-Tate decomposed. This fact readily follows
from [Del79, 2.3] and the discussions in[2.3} 2.5 and we recall the argument.

Fix a Q-simple factor H24 of G3%. It is of the form Resg, /QHS'ZJ“jl for some
totally real number field Ky and some absolutely simple adjoint group H%d
over Ky. As usual, decompose H"/‘g = Ilier, Hycw where Iy, Iy 4 and I are
as before.

Unless Had

Jc, is of type DI, we let H4e" be the simply connected cover of
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H*24, In the remaining case we let H¥4e* be the h-maximal cover of H*4, in
the sense of 2.5 resp. 2.7l In all cases, put

r7d r7s,d
H e — ReSKO/QHS er.

For each t € Iy ,., the projection of the Hodge cocharacter to H?d lifts to a
quasi-cocharacter fi, of H?er The faithful representation V of Hder constructed

in[2.3/and 2.5 resp. 2.7]is of the form V = Res, o V* for some faithful Q-linear
representation V° of H*4¢", These data have the following properties.

— There is a map Hder _, Gjer such that @ = [y, @& lifts the Hodge
cocharacter.

- If 1 € Iy 4, and if W is an irreducible factor of V¢, then the cocharacter fi
acts either trivially on W or with two rational weights r and r + 1.

There exist a torus T over Q acting H der_linearly on V and a quasi-cocharacter
ur of T)c such that the product fiur acts trivially on the V¢, for t € Iy, and
with weights +1/2 for ¢ € I ;... In fact, T is characterized by the condition that

T)c is the group of the automorphisms of V @ C acting by scalar multiplication

ryder
/C
pr follows from the fact that if fi acts non-trivially on an isobaric component

then it acts with two weights r and r 4+ 1. Let H' be the image of Hder x T in
GL(V) and let 1/ = fiur.
We choose a quadratic and totally imaginary extension L of Ky and consider

on each isobaric component of V ® C as Hi& -representation. The existence of

the Q-algebraic group L*. The natural action of L™ on L gives rise to a Q-linear
representation W of L*. One has

~ 2
LX) c @ Gm/ C
el
and one defines a quasi-cocharacter v of (L*) /c by v(z) = (z'/2,2/?) for
t € Iyc and v,(z) = (z,1) for ¢ € I.. The action of H' X L* on V ®g, W de-
fines a faithful representation of a quotient H of H' x L* with derived group
Hder in which (fi, v) acts with weights 0 and 1. Let /i: S — Hg be defined by

h(z,2) = (W) (2) (W'v)(2).

Shrinking the centre of H,we may assume that the image of /1 is Zariski dense in
H. We claim that this defines the Shimura datum (H, 1) associated to an abelian
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variety By. To see why this is the case, note that I defines a Q-Hodge structure
of type (1,0), (0,1) on V ®g, W. In order to establish that this Hodge structure
comes from an abelian variety it is sufficient to show that it is polarizable, cf.
[Del72, 2.3]. First use that, by loc. cit. 2.11, the element ad(h4(i)) defines a
Cartan involution of G4¢* and hence that ad (i i)) is a Cartan involution of H}iﬁr
Next, one checks that the weight Wy : Gm — H is central, defined over Q and
that the quotient of the center of H by wy,(Gy,) is compact. The last statement
is deduced from the fact that this center is contained in a product of CM tori.
It now follows that ad(k(i)) is a Cartan involution of H/w(G,,) and by [Del79,
1.1.18(b)] this implies that the Hodge structure on V ®g, W is polarizable.

The group H*d is Q-simple, H4¢" is its h-maximal cover and B; is Mumford—
Tate decomposed by construction. Since G4 is the Mumford-Tate group of an
abelian variety, G4°' is a quotient of the h-maximal cover of G3Z, so there is an
isogeny Hder Gaer lifting Had — Gad.

Applying this to all Q-simple factors of G3% we obtain Mumford-Tate de-
composed abelian varieties B; such that B = [] B; is a weak M-T lift of A ver-
ifying the conditions of By construction, if Gp (resp. Gg,) denotes the
Mumford-Tate group of B (resp. B;), then G4¢* = [] Ggfr. The first part of this
proof implies that B is essentially M-T unliftable. This terminates the proof of
theorem [2.12]

Finally, let A be essentially M-T unliftable, i. e. the conditionis satisfied.
The theorem implies that A has a weak M-T lift B with Mumford-Tate
group Gjp satisfying the condition of As A is essentially M-T unliftable,
we must have G4¢* = G4eT, which implies that G4 also verifies O

2.13 Remarks.

2.13.1 In the above proof, fix a Q-simple factor H2d of G3¢, let « € Iy and con-
sider an irreducible factor W of the representation V¢, of H;ler It follows from
[Del79, 1.3] that the highest weight of W is a fundamental weight of H;igrL More

precisely, according to the type of H?ér and the quasi-cocharacter fi, it is the

weight given by the tables 1.3.9 of Deligne’s paper or [Pin98, Table 4.2].

2.13.2 With the same notations, assume that H2? is not of type A; with k > 2. In
the above construction of the essentially M-T unliftable variety B; correspond-
ing to this factor, we then have r = 1/2. This means that the construction of the



Lifting Galois representations of abelian varieties 19

intermediate group H' can be shunted in this case. It follows that the Mumford—
Tate group of B is contained in the image of H4™ x L* in GL(V @k, W).

This argument is also valid for factors of type Ay for which all the numbers
rare equal to 1/2.

2.13.3 Instead of using [Del72] to prove the fact i defines a polarizable Hodge
structure on V ®g, W, one may also explicitly construct a polarization. This is
not difficult, using the autoduality of V as representation of H9e’,

2.14 Examples.

2.14.1 Let A/C be an abelian variety arising from Mumford’s construction, see

[Mum69]. In this case one has Gf“;ré = SL% / N, where

N ={(e1,e2,¢3) | e = 1 fori=1,2,3 and e16p¢3 = 1}.

The Mumford-Tate group of the M-T unliftable and M-T decomposed weak
M-T lift B of A satisfies Gg;% >~ GL3. This is the example studied in detail in
[NooO1].

2.14.2 There exist simple abelian varieties A/C for which Gid is not simple.
One can construct such an example where Gier = G1 X G1/N with

~ _ 2
G/ = Gajg =512

and N g = {(+1,£1)} C SLZ = G; embedded diagonally into G; x G,. In this
case, the M-T unliftable and M-T decomposed weak M-T lift B of A is a product
B = B; x By and Ggfr = G,.

2.14.3 There exist simple abelian varieties A/C for which G3¢ is absolutely sim-
ple of type DR, with k even, g acting trivially on the Dynkin diagram and
where V = H}(A(C), Q) decomposes over Q as a multiple of the representa-
tion of G4¢* with highest weight @;. Since G4 acts faithfully on V, it is not
simply connected. Let B be the M-T unliftable and M-T decomposed weak M-T
lift of A. Then G4°* is the universal cover of G4°" and Bisa product B~ A x B/,
where W = Hi (B/(C), Q) decomposes over Q as a multiple of the representa-
tion of G4¢* with highest weight @; 1.
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2.15 Corollary. For every abelian motive M/C there exists an essentially Mumford—
Tate unliftable and Mumford—Tate decomposed abelian variety B/C which provides a
weak Mumford—Tate lift for M.

Proof. There exist an abelian variety A/C and a surjection of the corresponding
Mumford-Tate groups G4 — Gy commuting with the maps h4 and hy;. Let
B’/C be the essentially Mumford-Tate unliftable and Mumford-Tate decom-
posed weak Mumford-Tate lift for A provided by theorem This gives a
morphism 7rp : Gg,er — G]‘%,Ier. The fact that B’ is Mumford—Tate decomposed
implies that there is an isogeny B’ ~ [];c; B;, where the B; are M-T decom-
posed abelian varieties such that the groups Ggfr are Q-simple, and such that
G‘jler = Tlier GCler Let | C I be the subset of indices i such that Gder is not in
the kernel of 7TB/ and let B = [J;c; B;. Then Gg = [];c; Gp, and (ﬂB/)‘Gder is an
isogeny from G3¢* onto GS*, so B verifies the condition of the corollary O

3 Mumford-Tate liftings and motives

3.1 Proposition. Suppose that A ;¢ and B ¢ are abelian varieties over C, let (Ga, ha)
and (Gg, hp) be the associated Mumford—Tate data and assume that there exists an
isomorphism qud = ng such that ﬂgd ohy = ﬂgd o hg.

Let F C C be an algebraically closed field. Then there exists an abelian variety
A/F such A ®p C = A ¢ if and only if there exists an abelian variety B/F such that
B®rC= B/C-

Proof. This is proved as in [Noo01) 4.5]. Letha: S — G4 /g and hp: S — Gp/r
be the maps defining the Hodge structures on H;(A(C), Q) and H(B(C), Q)
respectively. Let X4 and Xp be the G4(R)- and Gg(R)-conjugacy classes of 4
and hp. The main theorem of [Del79] implies that for all compact open sub-
groups K4 C Ga(Ay) and Kp C Gp(Ay), one can construct quasi-canonical
models KAM/Q(GA,XA)O and KBM/Q(GB,XB)O over Q of the corresponding
connected Shimura varieties. Here Q is the algebraic closure of Q in C.

For K4 and Kp sufficiently small, there exist “universal” abelian schemes
o — KAM/Q(GA’ XA)O and & — KBM/Q(GB/ XB)O and points

ac KAM/G(GA’ XA)O(C>, be KBM/Q(GBrXB)O

such that A = &, and b = %,
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Let G* = G4 = G34. One can choose K4, Kg and K* C G*4(Ay) such
that, in addition to the above conditions, there is a diagram

KaM5(Ga, Xa)° ks M 5(Gg, X5)"

\ /

Kad M/Q(Gad, Xad)O/

in which each arrow is a quotient map for the action of a finite group and hence
is a finite morphism (cf. [Del79, 2.7.11(b)]) and such that a and b have the same
image in gaa M ;5( G4, x2d)(C)0. The proposition follows. O

3.2 Corollary. The statement of the proposition is true in particular if B¢ provides a
(weak) Mumford—Tate lift of A c.

3.3 Proposition. Let F C C be an algebraically closed field and let A and B abelian
varieties over F such that B ¢ provides a Mumford-Tate lift of A c. Then the motive
h'(A) belongs to the category (h'(B), Q(1)).

The map Gg — Gy induced by the Betti realization of this inclusion is the map
given by the structure of B as a Mumford—Tate lift of A.

Proof. This generalises [Noo01), 4.8—4.11].

As explained in it follows from [DMS82, 6.25] that the Betti realization in-
duces an equivalence of (h!(B), Q(1)) with (HL(B(C), Q), Q(1)), the tannakian
subcategory of the category of Hodge structures generated by Hi(B(C), Q) and
the Tate Hodge structure Q(1). To prove the proposition, it therefore suffices to
show that the Hodge structure Hi(A(C), Q) belongs to (H4(B(C),Q), Q(1)).
For the rest of the proof, we write V4 = H(A(C), Q) and V5 = HL(B(C), Q).

By definition of the Mumford-Tate group, the underlying vector space of
any object of the category (Vp, Q(1)) of Hodge structures naturally carries the
structure of a representation of Gg. This gives a ®-equivalence of (Vg, Q(1))
with the subcategory (Vp, Q(1))rep of Repg(Gp). As we saw in for any
object of W the latter category, the Hodge structure is given by composing the
morphism hp: S — Gp g with the action of Gg on W.

Let (Ga,ha) be the Mumford-Tate datum associated to A. By hypothesis,
there exists a central morphism 71: Gg — G4 such that hy = 7g o hg. This
makes every Q-linear representation W of G4 into a representation of Gp and,
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for any such W, it carries the Hodge structure on W defined by /4 into the
Hodge structure defined by ip. To prove the proposition it is therefore sufficient
to show that V4, considered as representation of G, belongs to (Vg, Q(1))Rep-
This follows immediately, because V3 is a faithful representation of Gp and
Vp ® Q(1) is its dual, so one has

(VB,Q(1))rep = Repg(Ga),
cf. [DM82] 2.20] and its proof. O

3.4 Proposition. Let A and B be abelian varieties over an algebraically closed field
F C Csuch that B ¢ provides a weak Mumford-Tate lift of A c. Then h'(A) belongs
to (i(B), (CM);.).

Taking the Betti realization, this inclusion induces a map between the corresponding
Mumford-Tate groups. On the derived group, this map is the map w9 : GSer — G9er
given by the structure of B as weak Mumford—Tate lift of A.

Proof. Let T4 and Tp be the connected components of the centres of G4 and
of Gp respectively. We write V4 = H(A(C),Q) and V5 = HL(B(C), Q) as
in the proof of |3.3] and consider all spaces we encounter as representations of
H =T, x Tg x G4". In the case of V4, the group H acts via

id x rrder
—_—

H— TA X Gger TA X Gier — GA

and in the case of Vp it acts via H — Ty X Gger — Gp.

The groups T4 and Tp act on V4 and Vp. Composing these representations
with the projections H — T4 and H — Tp respectively we obtain representa-
tions V4 and Vi of H. As W = Vg @ VY @ Vj is a faithful representation of H,
it follows that V4 belongs to the subcategory of Repg(H) ®-generated by W
and its dual. As there is an isomorphism of Hodge structures V = Vg ® Q(1),
this in turn implies that V4 belongs to the tannakian subcategory of Repg(H)
generated by Vp and the abelian representations of H, i. e. the representations
where H acts through a commutative quotient.

We fix an irreducible direct factor W, of V4 in RepQ(H ). There is an irre-
ducible abelian Q-linear representation W3 of H such that W is isomorphic to a
subobject of W3 ® V?d. Replace Vg@d by an irreducible direct factor W; such that
W, still is a subobject of W3 ® W;. The projection of Wi ® W, onto the trivial
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representation induces a surjection W3 @ Wy ® le — Wj3. The composite of this
surjection with the map

W2®W1\/‘—>W3®W1®W1v

deduced from the inclusion W, — W3 ® Wj is a map W ® le — Ws. Itis
not difficult to check that this map is non-trivial and as W3 was assumed to be
irreducible, this implies that the map is surjective. This proves that W3 belongs
to the tannakian subcategory of Rep (H) which is ®-generated by W, and W,.

It follows that the action of H on Wj factors through G4 x Gp and as Wj is
an abelian representation of H, it is also an abelian representation of G4 x Gg.
This means that W3 carries a Hodge structure of CM-type and hence that V4
belongs to (Vp, (CM)-Hodge) as required. O

3.5 Corollary. Let A and B be abelian varieties over F and let G4 and Gp be their
respective Mumford—Tate groups. Assume that B provides a weak Mumford—Tate lift of
A and that GSe* = GU¢*. Then the categories (h'(A), (CM)) and (h'(B), (CM)p)
coincide.

3.6 Corollary. Let F C C be an algebraically closed field and let M be an object of
(AV). Then there exist an essentially Mumford—Tate unliftable and Mumford—Tate
decomposed abelian variety A over F such that M belongs to

(H'(A), (CM)).

4 Motivic liftings of Galois representations

4.1 Assume that F C C is a number field, M an abelian motive over F and
(Gm, hy) the Mumford-Tate datum associated to M. As we recalled in
the p-adic Galois representation associated to the étale realization of M factors
through a morphism

PM,p* Gr — GM(QP)'

There exists a finite extension F/ O F such that the Mumford-Tate group of
Mp is connected. The Mumford-Tate group of Mg is then equal to the con-
nected component of G;. In what follows, we will assume that Gy is already
connected (replacing F by a finite extension if necessary).
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It follows from theorems of Tsuji, [Tsu99] and De Jong, [d]96] that, for ev-
ery p, the representation pyy,, of 9r on H¢t(M, Qyp) is geometric in the sense of
Fontaine and Mazur, [FM95) §1]. Here a representation of ¢r on a finite dimen-
sional Q-vector space is called geometric if

— it is unramified outside a finite set of non-archimedean places of F and

— for each valuation 7 of F of residue characteristic p, the restriction to the
inertia group #r; is potentially semi-stable (cf. [Fon94]).

More generally, for a linear algebraic group G over Q, and a continuous mor-
phism p,: 9 — G(Qy), we will say that p, is geometric if there exists a faithful
representation V), of G such that the resulting representation of ¥r on V), is geo-
metric. This is the case if and only if the representation of ¢ on W), is geometric
for any representation W), of G.

4.2 Definition. Assume that G and G are linear algebraic groups over Q or
over Q, and that p,: % — G(Qp) and p,: 9 — é(Qp) are geometric Galois
representations. We will say that p, is a geometric lift of p, if there exists a central
isogeny 7: G — G such that pp = 7o pp. If pp does not admit any geometric
lift with ker 7t non-trivial, it will be called geometrically unliftable.

If there exists a central isogeny 79¢r: Gder — Gder such that there is an
equality wad o pp = md o pp then p, is said to be a weak geometric lift of py.
As in the maps 724 and 72 are the projections G — G and G — G,

der :

The central isogeny 774¢" induces an isomorphism G2 = G4, giving a sense to

the equality 729 o pp = md o pp. We will say that p, is essentially geometrically

der

unliftable if it does not admit a weak geometric lift with ker 779¢" non-trivial.

4.3 Proposition. Suppose that F C C is a number field, A/F an abelian variety
with connected Mumford—Tate group G4 and that B is an abelian variety over a finite
extension F' D F such that B¢ provides a Mumford-Tate lift of A c.

The number field F' can be chosen such that, for every prime number p, the Galois
representation pa , of Gp on Hy (Ap, Qp) belongs to the subcategory of Repg, (Y1)
®-generated by H},(Bg, Qp) and Qp(1). For every p, the morphism Gg — G then
realises the Galois representation pg , as a geometric lift of pa .

Proof. By proposition the motive h'(Az) belongs to (h!(Bp, Q(1)) and, for
F’ large enough, this is already the case over F/. Taking the p-adic étale re-
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alizations, this implies the corresponding statement for the Galois representa-
tions. The inclusion of h'(Ap/) in (h'(Bp),Q(1)) corresponds to a morphism
Gp — G4 and taking the p-adic étale realizations this gives rise to a commuta-
tive diagram

Gg(Qp)
PB,p l
PA,p
G Ga(Qp)
proving the proposition. [

4.4 As above, assume that F is a number field contained in C. Following the
notations of [FM95) §6], let (CM)-Repr (%r), or (CM)-Rep if no confusion is
likely, denote the tannakian subcategory of Repg, (9r) consisting of the poten-
tially abelian geometric representations, in other words, the geometric represen-
tations such that the restriction to a subgroup of ¥r of finite index has abelian
image. It follows from [EMO95, §6] that (CM)-Rep is the tannakian subcategory
of Repr (¥r) generated by the representations factoring through finite groups
and the representations of the form H},(Af, Q,) for A/F an abelian variety
which is potentially of CM-type. Thus, (CM)-Rep is the tannakian category
of the p-adic étale realizations of the objects of (CM).

4.5 Proposition. Suppose that F C C is a number field, A/F an abelian variety
with connected Mumford—Tate group G4 and that B is an abelian variety over a finite
extension F' O F such that the Mumford-Tate group Gg is connected and B ¢ provides
a weak Mumford—Tate lift of A c.

For every prime number p, the representation p4 , of Gp on H. (Af, Qp) is an
object of the subcategory (H} (Bg, Q,), (CM)-Repr (Y1) of Repg, (“pr). Via the
map G3er — Gf}fr, the Galois representation pg, provides a weak geometric lift of

(P4,p) s

Proof. It follows from proposition[3.4 that there is a finite extension F” of F such
that the motive h!(Ap) belongs to (h!(Bpr), (CM)ps). As the Mumford-Tate
group of (h'(Bpr), (CM)g.) is a pro-algebraic group with derived group G$¢r,
this gives rise to an isogeny 7: G3¢* — G9¢* and 7 induces an isomorphism
md: Gad — G3d. Taking p-adic étale realizations, there is a commutative dia-
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gram

G \ G3(Q,) = G34(Qy). (4.5.%)

Ga Qp
This proves all statements of the proposition with F” instead of F'.

Faltings” theorem, [Fal83, Satz 4] implies that if C is the commuting algebra
of G4 in End(H}(A(C), Q)), then C ® Q, is the commuting algebra of p4,, ()
in End(H},(A(C), Q,)). This implies that that the centralizer of the image of
%pn in G3(Q,) is trivial. It follows from lemma |4.6|that the diagram also

commutes with & replaced by ¢p. Lemma 4.7 implies that the representation
of % on H,(Ar, Q) is an object of (H},(Br, Qp), (CM)—Repr (D). O

4.6 Lemma. Assume that p is a prime number and that G is a connected linear alge-
braic group over Qp. Let F be a number field and let p1, p2: 9r — G(Qp) be Galois
representations coinciding on 9/ for some finite extension F' of F. Also assume that
the centralizer of p1(9p) = p2(%rr) in G is trivial. Then py = pp on Y.

Proof. It is sufficient to treat the case where F’ is a Galois extension of F.

Let 5: 9 — G(Q,) be defined by 6(c) = p1(0)p2(0) 1. This map satisfies
the cocycle condition §(o7) = 6(0) (p2(0)8(1)p2(0)1). This implies that & is
constant on the classes 0% for o0 € ¥r. As ¥ is normal, it follows that 4 is also
constant on the classes ¢ 0 and it follows that for all ¢ € ¥ and T € ¥ one
has 5(0) = p2(7)8(0)p2(T) L. Therefore 5(0) lies in the centralizer of po (%)
and we conclude that ¢ is trivial. N

4.7 Lemma. Let p be a prime number, G1 and G, connected linear algebraic groups
over Qy and mder: Ger — GSer g central isogeny. Let Vi be a faithful Qy-linear
representation of Gy and let V be any Q -linear representation of G,.

Let F be a number field and let p;: 9r — G;i(Qp) (for i = 1,2) be geometric
Galois representations. Assume that V' lies in the subcategory of Repg, (9r) ®-
generated by Vi and (CM)-Repg (¥F) and that mdop = mdop,, where the

ad : G — Gad are the canonical projections and G = Gad is the identification
znduced by nder. Then V5 is an object of the subcategory of Repq, (9r) ®-generated
by V1 and (CM)—Repr (%r).
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Proof. Fix an object V3 of (CM)-Repr (¢r) such that V' lies in the subcategory
of Repg, (9r) ®-generated by V; and V3. Let T3 be the Zariski closure of the
image of ¢ in GL(V3) and let p3: ¥ — T3(Qp) be the morphism giving the
action of % on V3.

Let T; and T; be the connected components of the centres of G; and of G; re-
spectively. Put H = Ty x Tp x T3 X Gfer and consider the natural maps H — Gy
and H — Gy. Via these maps, we consider V; and V; as representations of H.
It can be shown exactly as in the proof of proposition 3.4|that V, belongs to the
subcategory of Repr (T3 x G4 x Gp) generated by V7 and the abelian represen-
tations. For any abelian representation W3 of T3 x G4 x Gp, the induced Galois
representation belongs to (CM)-Rep (¥¢%) so this implies that V, belongs to the
subcategory (V1, (CM)-Rep (%)) of Repg, (Yr). O

4.8 We keep the above notations, i. e. F C C is a number field, A/F an abelian
variety and G4 its Mumford-Tate group, which is assumed to be connected.
For each prime number p, we denote by p4 ,: 9 — G 4(Qp) the p-adic Galois
representation associated to A.

Fix an algebraic group G over Q and a central isogeny Gder _, G4er and
suppose that for every p in a set P of prime numbers p,: ¥ — G(Q p) is a weak
geometric lift of py .

4.9 Theorem. Assume that any simple factor of éd(e:r lying over a factor of Gi‘}rc of
type D} is a quotient of the h-maximal cover, cf. Let F' be a finite extension of F
and B an essentially Mumford—Tate unliftable abelian variety over F' with connected
Mumford—Tate group Gp such that B¢ provides a weak Mumford-Tate lift of A c.
For each prime number p, let Vg , = H.,(Bg, Q,) be the p-adic representation of G
associated to B.

Then the map G3e* — GIe* lifts to Gde™ — G9er. For every p € P

— the representation pg, is a weak geometric lift of the restriction (pp) i and
y24

— for every representation ‘7p of G /, the Galois representation on ‘7p is an object
of (Vis, (CM)-Rep).

Proof. We fix a faithful self-dual representation V of G and for each prime num-
ber p we write Vp =V ®qg Qp. As 1% generates the tannakian category of rep-
resentations of G, it is sufficient to prove the corollary for the representations
V.

p
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Since B is essentially Mumford-Tate unliftable, it follows from theorem
that G4¢* is h-maximal. It follows that the map G§¢* — G9er lifts to a map
Gger — GYer Let PB,p: Y — Gp(Qp) be the map giving the Galois represen-
tation on Vg ,. Write njd: Ga — G344, ngd: Gg — G%d and 724: G — G2 for
the projections. For any p € P, the propositiond.5/and the fact that p,, is a weak
geometric lift of p 4, imply that 79 0 5, = 74 0 p4 1y, = 734 0 pp . The
remaining statement of the theorem follows from lemma O

4.10 Important remark. Concerning the abelian variety B/F’ which appears
in propositions {.3| and 4.5 and in theorem it follows from theorem [2.12]
and proposition 3.1| that there exist a number field F’ and an essentially M-T
unliftable and M-T decomposed weak Mumford-Tate lift B/F’ of A as in the
propositions and in the theorem. The condition that Gp is connected can be
forced by replacing F’ by a finite extension.

4.11 Corollary. Let notations be as in with Gder G9er satisfying the hypotheses
of the theor?m. Then, for every p E' P and every represent‘atzo.n Vyof G /Qy the mc{uced
representation of G on V), occurs in the p-adic étale realization of an abelian motive.

Proof. The remark and the theorem imply that there is is a finite extension F’ of F
such that the representation of ¥ on 17,9 occurs in the p-adic étale realization of
an object M’ of (AV),. The representation of ¢r on ‘7}, then occurs in the p-adic
étale realization of the Weil restriction Resp,pM’, which is also in (AV). O]

5 Abelian varieties with Mumford-Tate group of type D}

5.1 The following notation and hypotheses will be in force until definition[5.10]
We let A/C be a simple abelian variety and (G4, h4) the associated Mumford-
Tate datum. This implies that G 4 is connected. We assume throughout that A is
essentially Mumford-Tate unliftable, Mumford-Tate decomposed and that G4
is of type D! with k > 4.

It follows that there exist a totally real number field Ky and an absolutely
simple algebraic group G°*/Kg such that G4¢" = Resy, /gG’. By assumption, the
group G°/Kj is h-maximal in the sense of The representation of G4 on
HL(A(C), Q) decomposes over Q as a multiple of the direct sum of the stan-

dard (orthogonal) representations of the different factors of Gje/ré. As in [Del79]
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and in §2 of this paper, denote by I = {1: Ky — C} the set of complex embed-
dings of Ky. As Ky is totally real, I is also the set of real embeddings of Kj. The
Dynkin diagram of Gje/rc is a disjoint union, indexed by I, of diagrams of type
Dy. The Hodge cocharacter pa: G, ,c — G/ associated to A projects trivially
on some factors of G*/‘g. On the other factors, the conjugacy class of the pro-
jection is dual to one of the vertices a1 or oy (or possibly & if k = 4) of the
corresponding component of the Dynkin diagram. Without loss of generality,
we will henceforth assume that, on these factors, it corresponds to ay. As in
section 2} let I. C I be the set of embeddings corresponding to the factors onto
which p4 projects trivially and let I;,, = I — I.. Recall that I. is the set of em-
beddings t: Ky — R such that the factor of Gie/rR corresponding to ¢ is compact
and [, is the set of real embeddings of K for which the corresponding factor of
Gf‘er is non-compact.

As the Hodge filtration and its complex conjugate are opposite filtrations,

the complex conjugate of 1 is conjugate to u~!

, up to a central cocharacter. This
implies that complex conjugation acts on the Dynkin diagram by the main in-
volution and hence that it acts trivially if k is even and exchanges o1 and oy
on every factor if k is odd. It follows that g (or Aut(C)) acts on the Dynkin di-
agram through Gal(K/Q) for a number field K D Ky with [K : Ko] = 1 or 2 and
which is totally real if k is even, a CM field if k is odd. In particular [K : K] = 2
if k is odd. Note that the statement is also true for k = 4, because it follows from
the definition of the case DE (see D that the vertices «q of the connected com-
ponents of the Dynkin diagram form a ¢g-orbit, so the stabilizer of a connected

component is of order at most 2.

5.2 Construction of G and i. We aim to construct an algebraic group G/Qsuch
that GdeT is simply connected and that Gad = G234, together with a cocharacter
iof G /c such that A% o i = 77 o u. The argument is strongly inspired by
[Del79], see also the proof of theorems and Here, as before, 7724 and
%4 are the projections G4 — G3¢ and G — G3d respectively.

Let G° /Ko be the simply connected cover of G°. Consider the direct sum of
the representations of ésé with highest weights @;_1 and @y. A multiple of
that representation can be defined over Ky, let W® be the resulting representa-
tion of G°. By construction, there is a decomposition W* @k, K = W; & W3,
where W} (resp. W53) is a multiple of the representation with highest weight
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@k_1 (resp. @k). A non-trivial element of Gal(K/Kp) exchanges the factors
Wj and W5 of this decomposition. If [K : Ky] = 2, then the composite map
W¢ C W*® @k, K — Wj is an isomorphism of Ky-vector spaces and endows W?
with a structure of K-vector space.

Put Gder — Resg, /0 G® and let W be the rational representation of Gder de-

duced from W°®. Since W is the underlying Q-vector space of W?, it carries a

structure of K-vector space. The cocharacter 729 o p of G?g

cocharacter v of é?(e:r, cf.

lifts to a quasi-

5.3 Lemma. There is a decomposition

WegC=@ (W' ew) (5.3.%)
el

such that, for each v € I, the representation Wl(t) (resp. WZ(L) ) is a multiple of the
irreducible representation with highest weight @y_1 (resp. @y) of the factor of ij}rc
corresponding to L.

The weights of v on the W](L) are trivial for j = 1,2 ift € I.. For v € Iy, the
weights of v on Wl(L) are of the form k;—z — my and those on WZ(L) are of the form % —my
with my, my € Z. If k is even my runs from 0 to "5—2 and my from 0 to § For k odd,
both my and my run from 0 to ’%1

Proof. The decomposition of W?® induces the decomposition (5.3.%). The quasi-
cocharacter v projects trivially to the factors of é%r corresponding to the t € I,
and non-trivially to the other factors. The highest weights of v on Wl(L) and WZ(L)
can easily be deduced from the information collected in [Del79, Table 1.3.9], it
is the rational number corresponding to @y_1 resp. @y in that table. The lowest
weight of v on Wl(L) is the opposite of the number corresponding to @y_1 if k is
even and the opposite of the number corresponding to @y if k is odd. For WZ(L),
the converse is the case. O

We continue the construction of G and fi. The case where k is even and the
case where k is odd will be treated separately.

5.4 The case where k is even. In this case, K is totally real and either K = Kj
or [K : Ko] = 2. Let L' be a totally imaginary quadratic extension of Ky, put
L = KL’ and define the algebraic torus T; over Q by T; = ker(Np ) C L*,
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where Ny /g: L™ — K* is the field norm. The group T, naturally acts on L and
this gives rise to a Q-linear representation V| of T;. We have a natural structure
of K-vector space on V}. For each embedding ¢: K — C we choose a complex
embedding of L extending t and this gives an identification

Tr)c= DGu /Cr
el

where I is the set of complex embeddings of K.

From now on, we will further distinguish the cases where [K : Ky] = 1 and
where [K : Ky] = 2.
The subcase where K = Kj. Consider the decomposition of W®g C.
Since W* = Wj @ W5 is a decomposition of W?® as a direct sum of Ky-vector
spaces, we obtain a Q-linear decomposition W = W; @ W,. For t € I, the
weights of v on Wl(L) a(u;e in+Zifk=0 (mod 4)and in Zif k =2 (mod 4).
L

Let T = Tp x Tp and define W3 (resp. W) be the representation of T given

For the weights on W, ", the converse is the case.
by the action of the first (resp. the second) factor T; on V. We define a quasi-
cocharacter
v Gyye = Tie = PG e
el

by

(1,1) ifeel

vi(z) =14 (Vz,1) ift€landk=0 (mod 4)
(1,/z) ift€lcandk =2 (mod 4),

where v (z), is the component of v, (z) in the factor of T/ corresponding to
¢ € I. Finally, let V be the representation of G4 x T defined by

V = W @k, W3 © Wy @k, Wy

and let G be the image of Gder x Tin GL(V). This will not cause any confusion,
since G4¢T acts faithfully on V, so the derived group of G is G, The weights
of (v,v,) on V are in Z, so the projection of the quasi-cocharacter (v, vy) from
(éder xT)cto G /c is a true cocharacter [ of G /c- By construction,

~ad

7t O’l:ﬁad

ov=m"%oy,

so we have constructed the couple (G, fi) in this particular subcase.
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The subcase where [K : K] = 2. The structure of K-vector space on W gives
rise to a decomposition

WeoC= P wo. (5.4.%)

: K—C
Recall that I is the set of complex embeddmgs of K. Put I, = {ie I | Tk, € Ic}
and Inc —{tel| Tk, € Inc}. Fort e I, the weights of v on W are all 0, for
1€ Inc, these weights are either in Z or in 2 + Z. Let Inc 1 be the set of T € Inc
where the former possibility occurs and Inc,2 its complement in Ine. Note that
for any t € I, one of the embeddings K — C restricting to ¢ lies in Tnc’l and the
other one lies in Tnc,z-
This time we define a quasi-cocharacter

VL: Gm/C — Tp)c = @Gm/o
el

by

YVi\Z)y = ~
L(2)s VZ HTE L.

As above, vi (z)z is the component of v, (z) in the factor of T} /¢ corresponding
toi € I. Finally, let V=W [ @ V1 as representation of Gder x T and let G be the
image of Gder x Tin GL( ) Once again, there is no risk of confusion, because

{ 1 if1€ U Ly

the derived group of G is G9er. Since the weights of (v,vL) on V are in Z, the
projection of (v, VL) from (Gder x T) /C to G /c is a true cocharacter fi of G /c- By

~ad

construction, 7T ov = m®d oy, so this achieves the construction of

the couple (G, i) in the case where k is even.

5.5 The case where k is odd. In this case, K is a totally imaginary quadratic
extension of Ky. In order to unify this case with the previous one as much as
possible, we put L = K. Let T}, be the Q-algebraic torus ker(Np g ), where
Npjg,: L — K{ is the field norm. As in the beginning of the action of T},
on L by multiplication on the left gives rise to a representation Vi of Tt.

We again consider the decomposition (5 and the subsets I and I of
the set I of complex ernbeddmgs of K = L By lemma 5.3 the weights of v
on W are either in 4 + Z or in — —|— Z for1 € Inc and tr1v1a1 for [ € IC Let
Inc 1 the set of T € Inc for which the weights of v on W@ are in 4 + Z and let

Inc 2 be the complement of Inc 1 in Inc For each t € I;;¢, one of the embeddings
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K — C restrlctmg to ¢ lies in Inc 1 and the other one lies in Inc2 Thus, the
map 7: I—1 given by T — Tx, induces a bijection of InC 1 with Ic. For I, we
arbltrarﬂy f1x a subset IC 1 C IC such that r induces a bijection of IC 1 with I..
Putting 11 = Incq1 U IC 1, we get an identification

Trjc = P Guyc

ich

Under this identification the factor G, /¢ correspondmg to 7 acts on the factor
of V| /¢ corresponding to Tby multiplication in case 7 I, and by multiplication
with the inverse if T ¢ I.

The quasi-cocharacter vi.: G,,)c — Ty /c is defined by

(D) = 1 ifie I,
L Z_1/4 if7 € Inc,l-

We put V = W®L Vy as s representation of G4 x T and again let G be the
image of Gder % Tin GL(V). As before, the derived group of G is GY¢* and the
projection of (v,vr) from (GCler xT))c to G /cisa true cocharacter i of G /C-
We obviously have equalities 7® dg o= a° ad 5 = gad o i, so this settles the
construction of the couple (G, fi) in this case.

The preceding discussion establishes the following theorem.

5.6 Theorem. Let A/C be a simple abelian variety, (G, h 4 ) its Mumford—Tate datum
and 4 the Hodge cocharacter associated to A. Assume that A is essentially Mumford—
Tate unliftable and that G is of type D with k > 4. Then there exist an algebraic
group G with Gder simply connected an zdentzﬁcatzon Gad = G and a cocharacter
i:Gye— G/Csuch that 729 o i = 129 o py.

5.7 Remark. In all cases above, the group Tp g occurring in the construc-

tion of G is compact. It thus follows that G?g

reader to construct an isomorphism G =~ Ty and to compute the composite
T, CG— G =T

is compact. It is left to the

5.8 Suppose that F C C is a number field and that A is an abelian variety over
F with connected Mumford-Tate group such that the conditions of the theorem
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are verified for A ¢ and its Mumford-Tate datum (Gy4, hy4). Let G and fi be as
in the conclusion of the theorem.

Let G® = G/GYr and define u? to be the composite of the cocharacter
f:Gyc— G /c with the natural projection G /c— Gab Jret Define

hb: s — G3b x
z = p(z)peb(2).
The remark 5.7|implies that é?b is compact. As the weight wy: G,, /g — G?}’{
trivial, [Del79, 1.1.18(b)] implies that #® defines a polarizable Hodge structure
on any Q-linear representation V2 of Gab,

Fix a faithful rational representation V3P of G2, It follows from proposi-
tion A.1 of [Del82b] and the remark preceding it that the Hodge structure on V2
is the Betti realization of an absolute Hodge motive Ma% belonging to (CM)g.
Note that using the isomorphism G = Ty from remark this motive can
also be constructed explicitly. Replacing F by a finite extension and fixing an
embedding F C Q we can assume that Mj% descends to a motive M?® over
F. At the cost of a further finite extension of F, we can also assume that the
Mumford-Tate group of M3 is connected and hence contained in G2, This
implies that for every p, the p-adic realization of M?" factors through a map
p;b c Yy — éab(Qp). Note that the p?,b form a compatible system of representa-
tions (seNe and that the p?,b do not depend on the choice of the representation
Vab of G2,

For each prime number p, let £, be the set of p-adic places of F. There is a
finite set T of places v of F such that A and M2 have good reduction outside Z.
For every prime number p, the representations p, , and ﬁ?,b are unramified at
allv ¢ LU L, For any finite extension I’ of F, let I, be the set of p-adic places
of F/ and let Z’ be the set of places lying over the v 6 L

Let G = G x G® and let 7': G — G’ be deflned by the projections of G
onto G2 and Gacl G4, For each p, define p =mdop Ap: Ir — do(Qp)
and put

o, = (0537, 050): % — G'(Qp).
5.9 Corollary. There exist a finite extension F' of F and a system of geometric Ga-
lois representations py: Gp — é(Qp) lifting the restrictions pl,: 9p — G'(Qp).
The system (pp) can be chosen in such a way that each p, is unramified at v for each
vg UL,
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For each prime number p, the representation py is a weak geometric lift of pn , and
it is essentially geometrically unliftable.

Proof. Since G4 is the Mumford-Tate group of A, the adjoint representation of
G4 gives rise to a motive M4 belonging to the subcategory of Motag (F) which
is ®-generated by h!(A) and the Tate motive. The Mumford-Tate group of M4
is the adjoint group G3% = Gad,

Consider the object M/ = M3 x M?® of Moty (F). Its Mumford-Tate

/
/C
ated to its Betti realization is the product (29, u2P). Tt follows that /' = 7r; c O

group is contained in G’ and the Hodge cocharacter p': G,,/c — G/, associ-
On the other hand, for each p, the Galois representation on the p-adic realization
of the motive M’ is the above map p),. The motive M’ is an abelian motive, so it
follows from [Bla94, Theorem 0.3] that the p-adic comparison maps linking the
p-adic and the DeRham realizations of M’ are compatible with absolute Hodge
classes. The main theorem 2.1.7 of [Win95] implies that there is a finite exten-
sion F' O F such that every (p},) 4, lifts to a representation p,: ¥p — G (Qp)
satisfying the conditions of the corollary.

It is clear from the above that, for each p, the map p, provides a weak ge-
ometric lift of py ;. As Gder js simply connected, it is also clear that the §, are
essentially geometrically unliftable. O

5.10 Definition. The representations p, constructed as in the corollary from
Mumford-Tate decomposed abelian varieties will be called representations of
lifted abelian D -type.

5.11 Corollary. Let F C C be a number field and A/F an abelian variety with
connected Mumford—Tate group G, and associated system of Galois representations
(pa,p)- Then there exist an linear algebraic group G over Q such that Gt is the
universal cover of GS¥, a finite extension F' of F and a system of weak geometric lifts

Pp: Y — G(Qp)
of the restrictions to G of the p4 p.

Proof. By theorem and proposition 3.1 there exist a number field F’ and an
essentially M-T unliftable and M-T decomposed weak Mumford-Tate lift B/F’
of A with connected Mumford-Tate group Gg. It follows from proposition
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that the system of Galois representations (pp ;) associated to B is a system of
weak geometric lifts of the system (p4 ;).

Let B)c ~ IIB;/c be the isogeny decomposition as in definition Af-
ter enlarging F/, we can assume that this decomposition exists over F’. In that
case, each B; is Mumford-Tate decomposed with G%? simple and G239 is the
product of the G%?. For each i, let pp, ,: 97 — Gp,(Qp) be the p-adic Ga-
lois representation associated to B;. For every i such that Gp, is not of type
DII{{, put éi = gBi and p;, = pp, - For each i such that Gp, is of type Di{
let p;,: 9p — Gi(Qp) be the representation of lifted abelian D-type result-
ing from corollary 5.9, replacing F ' by a finite extension again if necessary. Let
G =[] G; and let Pp: Gpr — G(Qp) be the product of the maps p; .

For each prime number p, the representation fp, is a weak geometric lift of
pB,p and therefore also of py ,. As Gder ig simply connected, the corollary fol-
lows. O

5.12 Corollary. Let F be a number field, M an abelian motive and p': 9r — G'(Q,) a
weak geometric lift of the associated p-adic Galois representation. Then, after replacing

F by a finite extension and for any linear representation Vy, of G’ the representation

Q 4
of 9 on V, deduced from p, lies in the tannakian Subcategory of RepQ (9r) generated
by the p- adzc representations associated to abelian motives and the representations of

lifted abelian D -type.

Proof. 1t is sufficient to prove the corollary for one fixed faithful self-dual repre-
sentation V, of G'.

Let A be the essentially Mumford-Tate unliftable and Mumford-Tate de-
composed abelian variety supplied by applying corollary 3.6/to M, so M is an
object of (h'(A),Q(1)). This inclusion corresponds to a map G4 — Gy. Sup-
pressing isogeny factors of A, we can assume that the induced map G4 — Ger
is an isogeny. After replacing F by a finite extension, define the group G and the
representation p,: ¥4 — G (Qp) as in the proof of |5.11}

As GIT js the simply connected cover of GS, the isogeny

Gder N Gder Gder

lifts to an isogeny Gder — G'der. This results in an identification of the ad-
joint groups G4 = Gif = G3d = G4 and, by construction, the projections to
Gﬁ/‘}(Qp) of the representations pp, PM,ps PA,p and Py all coincide. The corollary
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now follows from lemma with G = é, V1 any faithful self-dual representa-
tionof G, G, = G and V, = V;?' O

6 Galois representations of lifted abelian D{!-type

6.1 We revert to the notations of 5.8} in particular A/F is essentially Mumford-
Tate unliftable, G4 is of type Di! and G is the group constructed in theorem .
We will also assume A to be Mumford—Tate decomposed. For the first part
of this section, we fix a prime number p and assume that there exists a weak
geometric lift p,: 9r — G(Qp) of py,, with G as in theorem It follows
from corollary[5.9|that such a lifting exists after replacing F by a fmite extension
and that, for F big enough, g, is part of a system of p-adic representations for
variable p, but we do not assume for the moment that such a system exists.

6.2 Theorem. Let p,: 9r — é(Qp) be a representation of lifted abelian D -type,
constructed as weak geometric lift of the representation pa , as described in with
k > 5. Assume moreover that pa ,(9r) C Ga(Qp) is Zariski dense.

Let ‘7,, be a faithful Qy-linear representation of G /Q," Then there is no finite ex-
tension F' of F such that the representation of G on V,, induced by py, belongs to the
category (AV)—Repr (Grr).

Proof. Replace F by a finite extension and assume that the representation of
9r on 17,7 belongs to (AV)-Repr (¥r). After further enlarging F and applying
proposition4.5]and remark[4.10} it follows that there is an essentially Mumford—
Tate unliftable and Mumford-Tate decomposed abelian variety B/F such that
‘7p belongs to (H,(Br, Q,), (CM)-Rep).

Let B ~ H’” N B; be the decomposition from the definition 2.10, so that
Gder = HGd;?r, each G%d is simple and Gad I1 Gaji Forj=1,-- —1,
let p; = pp,p, put V; = Het( j/£-Qp) and let H; be the Zariski closure of p](%p)
in Gg;. Let Vn be an object of (CM)-Rep such that Vp belongs to (V1,..., Vi),
let Hm be the Zariski closure of the image of the Galois representation on Vm and

let oy : 9r — Hy;(Qyp) be the corresponding morphism. Finally, let H C HTzl H
be the Zariski closure of the image of

(plr ceey Pm) D YF — H H](QP)
j=1
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and o: 9r — H(Qy) the induced representation. At the cost of a further finite
extension of F, we can assume H to be connected. The fact that Vo belongs
to the tannakian category generated by the V; implies that there is a surjection
My H — G/Q such that g, = 7, o 0.

For any p-adic place @ of F, the cocharacter Hpy0: Gy, — G /c, associated
7 lifts to the cochar-
acter tig5: Gyyc, = Hye, associated to the Hodge-Tate decomposition corre-

to the Hodge-Tate decomposition corresponding to (7,)

sponding to 0] 4. There is at least one simple factor G; c, of G';‘dp to which pp, 5
projects non-trivially. It follows from [Win88, Proposition 7] and the fact that
[Bla94, Theorem 0.3] implies [Win88| Conjecture 1] that this projection is dual to
the root o of this factor.

Let H ;C ‘/igr
a factor exists by hypothesis. As Gder is simply connected H'

be the simple isogeny factor of HS&" which surjects onto G/, , such

/€y’

/< is snnply con-

nected as well. The Hodge-Tate cocharacter L 5 lifts to a quasi-cocharacter p;

!
of H/Cp

gram. Over Cp, any faithful representation W’ of H’ /c, whose highest weights

This quasi-cocharacter is still dual to the vertex o of the Dynkin dia-

are fundamental weights contains a direct factor with highest weight @;_ or
@y and it follows from lemma [5.3[applied to H?C,,’ with pf playing the role of
v, that p}; has at least three weights on this factor. We will show that this leads
to a contradiction.

As W = @’]71:_11 Vj is the Galois representation on H},(Bz, Q,), the Hodge-
Tate cocharacter py 5 acts on W ® C, with two weights. By construction, W
is a faithful representation of H4" so W ®q , Cp is a faithful representation of
H;C Let W/ be the direct sum of the direct factors of the representation of
H;C on W ® Cp, on which H/ /¢, acts non- trivially. The quasi-cocharacter p
then acts with exactly two welghts on W'. It follows from [Del79, 1.3.7] that for
every irreducible direct factor W” of W', the highest weight is a fundamental
weight of H; . We have shown above that this implies that p} has at least

three weights on W”, so we arrive at the contradiction we were looking for. [

6.3 Remark. It follows from theorems and and their proof, that for
every k > 4 there exists an essentially M-T unliftable and M-T decomposed
abelian variety A/C such that G4 is of type DfL. It follows from [N0095, Theo-
rem 1.7] that there also exists such an abelian variety which can be defined over
a number field F and for which py4 ,(9F) C Ga(Qp) is Zariski dense. Thus, for
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every k > 5, there is an abelian variety for which the hypothesis of the theorem
is fulfilled.

6.4 The case k = 4. We consider the case of Galois representations of lifted
abelian D}!-type, so we keep all the notations of but fix k = 4. In this case,
the method of the proof of the above theorem gives a more limited statement.
The reason for this lies in the facts that the representation of ¢4r on ‘7,7 may be
reducible and that the group G /c does have faithful representations in which
the Hodge cocharacter acts with only two weights.

It is left to the reader to verify the following statement, whose proof is com-
pletely analogous to the proof of theorem|[6.2]

6.5 Proposition. Let notations and hypotheses be as in theorem but with k = 4.

Let V bea faithful Q-linear representation of G. Then there is 1o finite extension
F’ of F such that the representation of Yr on Ve Qy induced by py, belongs to the
category (AV)—Repr (Gpr).

6.6 Remark. In the situation of the proposition, assume that p is a prime num-
ber such that the image of ¢, in the automorphism group of the Dynkin dia-
gram is equal to the image of ¢¥g in this automorphism group. Then the state-
ment of the proposition (and of theorem [6.2 [6-2) holds for every Q-linear repre-
sentation Vp of G /Q,- If %g acts on the Dynkin diagram of Gg through a cyclic
group, then the images of %g and %, in the automorphism group of the Dynkin
diagram coincide for infinitely many p.

On the other hand, there also exist examples of Galois representations of
lifted abelian DH-type where the proof of the theorem fails for every p. One
can find an example of this situation by taking an abelian variety for which ¥g
acts on the Dynkin diagram of the Mumford-Tate group through (Z/2Z)?2. For
every prime number p, the image of ¥q, in the automorphism group of the
Dynkin diagram is then of order at most 2.

6.7 Frobenius elements. Let v be a valuation of F. By Fr, € ¢r, we will denote
a geometric Frobenius element at v, i. e. an element of the decomposition group
of a place @ of F lying over v such that, on the residue field k, of F at 9, Fr,
induces the inverse of the map x — x9°, where g, is the order of the residue
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field k, of F a v. Note that Fr, is defined only up to conjugation and up to
multiplication by an element of .#r;. This implies that the image of Fr, in a
representation which is unramified at v is defined up to conjugation and that
the eigenvalues and the characteristic polynomial of the image of Fr;, in such a
representation are well defined.

Let V), be a Qp-linear representation of ¥r on an étale cohomology group
of a proper and smooth F-variety and let v be a place where this variety has
good reduction. It follows from the Weil conjectures, proved by Deligne, that
the eigenvalues of a Frobenius element Fr, at v are algebraic integers and that
all complex absolute values of all these eigenvalues coincide. If the Fontaine-
Mazur conjecture is true, then every geometric representation of ¢r should have
this property. We will verify this for the representations of lifted abelian Dfl-
type. It is also shown that Fr; acts semi-simply in any representation of lifted
abelian Di!-type, a property which is conjectured for all representations coming
from the cohomology of algebraic varieties.

The Weil conjectures also imply that, for varying p, the p-adic étale coho-
mology groups of a proper and smooth variety form a compatible system (V)
of Galois representations. This means that there is a finite set £ of valuations
of F such that V) is unramified at v for all v ¢ X with v(p) = 0 and that for
all v ¢ L there is a polynomial PY € Q[X] which is equal to the characteristic
polynomial of Fr, acting on V), for all p with v(p) = 0. We will prove a result in
this direction for the representations of lifted abelian Df-type.

It should be pointed out that this property does not follow from the conjec-
ture of Fontaine and Mazur. However, combined with the Mumford-Tate con-
jecture, the Fontaine-Mazur conjecture implies that for any geometric p-adic
representation W), of ¢, there should exist a number field E and a compatible
system (indexed by the primes p of E) of E,-linear representations of ¢4r such
that W, occurs in this system. The characteristic polynomials of Fr; acting on
the V;, would then lie in E[X] and be independent of p, for all p with v(p) = 0.

6.8 Proposition. Let F C C be a number field and let p,: Gr — G (Qyp) be a represen-
tation of lifted abelian D} -type, with k > 4. Let X be the set of places of bad reduction
defined in and let V be an irreducible Q-linear representation of G.

Then, for each v ¢ L U Ly, the Frobenius element p,(Fry) acts semi-simply on

Vy = V® Q, and its eigenvalues are algebraic integers with all complex absolute
values equal to 1.
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Proof. Tt suffices to prove the proposition for the faithful representation V con-
structed in [5.4| and (according to the parity of k) and after replacing F by
a finite extension. Let p, be lifted from the representation associated to the
M-T decomposed and M-T unliftable abelian variety A/F, with Mumford-Tate
group G,. The derived group GYer is of the form Resg, /0G” der and we have
Gder — Resy ,/Q G¥der where G der is the universal cover of G¥9¢'. By construc-
tion, the representation V carries a structure of Ko-vector space compatible with
the structure of a Weil restriction on Gder , so the action of G on V commutes
with the action of Kj.

It is enough to prove the proposition for the representation of ¢ on the
tensor product Wp = Vp ®Ky, Vp, where Ko, = Ko ®g Qp. The representatlon
of G?g on Wp factors through a representation of Gde/rQ In fact, Wp is a faithful
representation of Gf}fo ,
Wp occurs in the p-adic realization of an abelian motive M. The proof of Heven

but this plays no role in what follows. By theorem ¢4

shows that we can find such a motive M in the subcategory of (AV) generated
by h!'(A) and (CM); so it follows that M has potentially good reduction at v for
each v € ¥. After replacing F by a finite extension, we can assume that M has
good reduction at all v ¢ X. This implies that for any valuationv ¢ £ U Z,, the
Frobenius element p,(Fr;) acts semi-simply on WP and that each eigenvalue A
is an algebraic integer with all complex absolute values of the form Nv®(})/2,
where Nuv is the cardinal of the residue field of F at v and w(A) is an integer.

To show that all w(A) are equal to 0, it suffices to show that the Betti re-
alization of M is pure of weight 0. This realization can be determined as fol-
lows. The cocharacter fi constructed in defines a map he: S jc G /C
given by hic(z,z) = fi(z)fi(z). This map descends toamap i: S — G g lift-
ing h3d: S — G3 and these data define a Hodge structure on V on which K
acts by endomorphisms. The tensor product W=V Ko Visa representation
of G4°T, and the Hodge structure on W derived from the Hodge structure on V
is the Hodge structure on the Betti realization of the abelian motive M. Since fi
and its complex conjugate are inverse to each other, it follows that the Hodge
structure on V is of weight 0 and thus the same thing holds for W. O

6.9 We keep the notations of proposition 6.8} In particular, I is the set of places
of bad reduction defined in For the representation V however, we fix the
Q-linear representation of G constructed in [5.4|or|5.5|as in the proof of proposi-
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tion[6.8] It follows from corollary5.9|that, after replacing F by a finite extension,
there is a system of weak geometric lifts p,: ¥r — G (Qp) of the p A,p, for vary-
ing p. From now on we will assume that we dispose of such a system.

The rest of the paper concerns the variation of the characteristic polynomials
of the p, (Fr,) on the Vp =V Q,, for a fixed valuation v € X of F and varying
p with v(p) = 0. We will deduce our result on the characteristic polynomials
from the statement which is independent of the choice of a representation
of G.

As in the proof of proposition assume that g, is lifted from the rep-
resentation associated to the Mumford-Tate decomposed and essentially M-T
unliftable abelian variety A/F, with Mumford-Tate group G,4. Without loss of
generality, we can assume that G4 is of the type constructed in remark [2.13.2]
We also keep the notations GOler = Resg,/oG” der and Gder = Res Ko/Q GSder for
a totally real number field Ky and semi-simple groups G¥4¢ and Gs der gver K.
As explained in 2.13.2} there is a totally imaginary quadratic extension L of Kj
such that G4 is isogenous to a subgroup of G4er x L*. It follows from loc. cit.
that L is contained in the centre of End’(A /C) = End(Ac) ®z Q. In this case,
there exists a linear algebraic group G* over K; such that G = Resg /QG

Let N C G9¢* C G be the centre of G4¢'. It is the kernel of the natural map
G — G' = G x G%. There is an isomorphism N = Res Ko /QN where N*
is the centre of G4, a finite group scheme over Ky of order 4, geometrically
isomorphic to (Z/ ZZ) if k is even and to Z/4Z if k is odd. Note that, by con-
struction, each p, is determined up to a finite character ¥ — N (Qp) which
is unramified outside £ U X,,. This ambiguity explains the fact that in the next
proposition the characteristic polynomials may vary with p.

For each valuation v of F, each prime number p and each ¢ € N (Qyp), let
13;” »(X) € Qp[X] be the characteristic polynomial

We write 13;; (X) = Pvf’p(X ) for the characteristic polynomial of p,(Fry).

6.10 Proposition. Assume that for some, hence any, prime number ¢, the rank of the
Zariski closure of the image of p, ¢ is equal to the rank of Ga. Then there exist a set
Yrr D X of valuations of F of Dirichlet density 0 and, for each v & Ly, a polynomial
PY e Q[X] sucPithatfor every prime number p with v(p) = 0, one has 13?,;7 = ﬁ”for
some e = &, € N(Qp).
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6.11 Corollary. Let notations and hypotheses be as in the proposition. Let M"°" be a
normal closure of Ko/Q. For each prime number p, let M3 be the image of M"°" in
Qp and put Mp = Mp°" N Q. Then, for every v ¢ L, the characteristic polynomial
Py of pp(Fro) lies in Mp [X].

Proofs. The ¢-independence of the rank of the Zariski closure of the image of
pa ¢ follows from [Ser85, 2.2.4]. The corollary easily follows from the proposi-
tion. To prove the proposition we will reformulate the result in terms of the the
quotient variety of G by a  subgroup Aut’ C Aut(Gder),

If k > 5, we put Aut’ (G¥4¢r) = Aut(G>4er) and Out’ (G¥4er) = Out(G>der),
If k = 4 then Out(és'der) = S3, acting naturally on the vertices ag, a3, ay of the
Dynkin diagram. Let Out’ C Out(G%9¢T) be the stabiliser of ar; and Aut’(G*4er)
the inverse image of Out’ in Aut(G*der),

In either case, Aut’(G¥4") is an extension of Out’ (G¥4er) = Z /27 by G524,
It acts on the centre of G¥der through its quotient Out'(ésfder) and by going
through the constructions in 5.2to 5.5/ (sub)case by (sub)case, it is not very diffi-
cult to check that this action extends to an action of Out’ (és,der) on the centre of
G°. We thus obtain an action of Aut (és der) on G® and, taking Weil restrictions,
an action of Aut’ = Resy /QAut (GS9er) on G.

Let C1(G) be the categorical quotient of G by this action, see [MF82, Chap-
ter 1]. This means that if R = (G, 0= &) is the affine coordinate ring of G then the
quotient is given by CI(G) = Spec(RAut ). For each prime number p, we denote
by Cl(pp): 4r — CI(G )(Qp) the map deduced from p,. The proposition [6.10
then follows from the following, more precise, statement. O

6.12 Proposition. Assume that for some, hence any, prime number ¢, the rank of the
Zariski closure of the image of p, ¢ is equal to the rank of G4. Then there are a set
Spr D X of valuations of F of Dirichlet density 0 and elements C1(Fr,) € C1(G)(Q),
forv & L, such that for every prime number p there exists €, € N (Qy) such that the
conjugacy class of e,pp(Fry) is C1(Fry).

The proof requires several lemmas and the following notation. The group
Aut’ defined above also acts on G4¢*. As Out’(G*9°") C Out(G5") acts triv-

szer, this action extends to an action of Aut’ on G4 with

ially on the centre of
trivial action on the centre. As above, we write C1(G4) for the categorical quo-
tient of G4 by this action and let Cl(pa,,): 9F — CI(G)(Qy) be the map in-

duced by p4,,: 9 — Ga(Qy), for each prime number p.
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Similarly, Aut’ acts naturally on G and on G? so we deduce an action on
G' = G* x G?. Let C1(G*) (resp. CI(G’)) be the quotient of G4 (resp. G')
by Aut’. The maps G4 — G* — G’ and G — G’ are Aut’-equivariant and

therefore induce maps C1(G4) — Cl(G’) and CI(G) — CI(G).
Recall from [5.8/and corollary [5.9|that the p,, lift the representations

o, = (057, 050): % — G'(Qp).
Let the Cl(p},): 9 — CI(G')(Qp) be the induced maps.

6.13 Lemma. Foreach v ¢ L, there is an element

Cl(Fra,) € CI(Ga)(Q)

such that for every prime number p with v(p) = 0 we have Cl(pp)(Fry) = CL(Fra ).

Proof. We use the notation of The hypotheses that G4 arises from the con-
struction of imply that G4* x L* acts on H}(A(C), Q) and that this rep-
resentation is a Weil restriction of W ®g, V*, where W is the representation of
L* on L by left multiplication and V*® is a multiple of the representation of
GSder of highest weight @;. It follows in particular that L lies in the centre
of End’(Ac) = End(A ) ®z Q.

Since v ¢ I, the abelian variety A has good reduction A, at v so we can
identify End’(A /c) with a subalgebra of End®(A;). Here Aj; is the base exten-
sion of A, to the algebraic closure of the residue field of F at v. We obtain an
embedding L C EndO(Az;). Let 7r,: Ay, — Ay be the Frobenius endomorphism.
For each prime number p different from the residue characteristic at v, there is a
canonical, hence L-equivariant, identification H},(Ar, Q,) = Het(As, Qp). Un-
der this identification, the action of p,(Fr;,) on the left hand side corresponds to
the action of 7, on the right hand side.

Since 7, is semi-simple and lies in the centre of End®(A,), the subalgebra
M = L[m] c End’(A,) is a product of number fields M;. Each M; is of the
form Q(«;) for some o; € End®(A,) and it is a standard fact (cf. [Mum?70), §19,
theorem 4]) that the characteristic polynomial of &; acting on H¢t(Ag, Qp) has
coefficients in Q and is independent of p. This implies that there exists an M-
module U, such that for every prime number p with v(p) = 0 there is an iso-
morphism He(Ag, Qp) = U, ®g Qp of M ®g Qp-modules. Let Q[X] € L[X] be
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the characteristic polynomial of 7, € M acting on U, as an L-linear endomor-
phism. For every p with v(p) = 0, the characteristic polynomial of p4 ,(Fry),
acting L ®qg Qp-linearly on Hét(Ap, Q,), is equal to Q. This result is due to
Shimura, see [Shi67, 11.10.1].

Consider the map nger — A”6 corresponding to the characteristic polyno-
mial in the representation with highest weight @;. It factors through the quo-
tient of G¥9¢" for the action of Aut’(G*4¢"), giving a map C1(G4) — Res; /QAT.
This map is easily seen to be injective on geometric points. The fact that Q is the
characteristic polynomial of p4 ,(Fry) for every p with v(p) = 0 implies that Q
is the image in Res; oA} of an element Cl(Fry,) € Cl(G4)(Q) and that this
element Cl(Fry ,) verifies the condition of the lemma. O

6.14 Corollary. For each v & X, there is an element
Cl(Fr},) € CI(G')(Q)
such that for every prime number p with v(p) = 0 we have C1(p),)(Fry) = CI(Fry,).

Proof. By the p2°: 4 — G®(Q,) form a compatible system, so all P3P (Fro)
are defined over Q and coincide. This gives rise to an element Fra®> € G2*(Q).
On the adjoint side, let Cl(ﬁrid) e C1(G*4)(Q) be the image of Cl1(Fr, ;) and
let C1(Fr}) be the image of (Cl(ﬁ"zd), Fr2?) in C1(G')(Q).

For each p, the representation p, is a weak geometric lift of p4 , so the pro-
jection ﬁ?,d: Gy — (Ead(Qp) coincides with the composite of p4 , with the pro-
jection G4(Q,) — G*4(Qp). It follows that C1(Fr),) is the element promised by
the corollary. O

6.15 Lemma. Let M be either the group scheme N = Resg, /QNS (the centre of Ger,

cf.[6.9) or

Out'(G) = Aut'(G)/G* =~ Resy, gk

and let P be a co-finite set of prime numbers. Then the natural map

H}?t(Spec(Q), M) — 113 H}?t(Spec(Qp), M)
pe

is injective.
Proof. In the lemma, M denotes either N or Out’(G). We put M’ = N® in the
former and M’ = p, in the latter case. Let f: Spec(Ky) — Spec(Q) be the
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natural morphism. This implies that M = f, M’ as étale sheaves and since f, is
exact by [Mil80, II, Corollary 3.6], this gives an isomorphism

Hj(Spec(Q), M) = H(Spec(Ko), M'),

cf. [Ser94, 1. 2.5] for the interpretation in terms of Galois cohomology. Similarly,
for every prime number p, there is an isomorphism

H{(Spec(Q,), M) = [ [ Hg(Spec(Koyp), M'),
plp
obtained from the above identification by base change to Spec(Qp). To prove
the lemma, it is sufficient to prove the injectivity of the map

Hét(SPeC(KO)/Ml) - H Hét(SPeC(KO,p)/M/)I
pep!

where P’ is the set of primes of K lying over the rational primes in P. In
the case where M = Out'(é), the group scheme M’ = p, is constant and as
H., (Spec(K), ) = Hom (%, p2(K)) for any field K, the lemma follows.

In the case where M’ = N°, there are two possibilities, M’ is geometrically
isomorphic to either (Z/2Z)? or Z /4Z. In both cases the group scheme becomes
trivial over an extension of degree (at most) 2. If M’ is already trivial over Ky,
then the above argument applies. If M’ is geometrically isomorphic to (Z/2Z)?
and trivial over the quadratic extension K D Kj, then M’ is a Weil restriction
and the lemma follows by the same argument as before.

We are left with the case where My = (Z/4Z)k for a quadratic extension
K D Kjp. The proof in this remaining case, which also applies in the other cases
where M’ 2 N*, makes use of the long exact cohomology sequences associated
to the short exact sequence 1 — pp — M’ — pp — 1 of étale sheaves on

Spec(Kp). This gives a commutative diagram with exact rows,

w(Ky) —— HYKo ) —— H{(Ky,M) —— HY(Ko,p2)

l llocuz JIOCM/ lloq12
i
[Tr2(Kop) —— TTH (Kop, 2) — TTH(Kop, M) —— T[TH' (Ko, p2)-
Here all H! are étale cohomology groups over the spectrum of the specified

field. These groups can be identified with the corresponding Galois cohomol-
ogy groups. The products in the second row are over all p € P'.
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The image of i identifies with K} / (K2, &) for some & € K, where (K2, )
is the subgroup of K; generated by & and the squares in K;. Similarly, the
image of each i, is identified with Kg (Kgfj, a). If x € kerlocyy, then the
injectivity of loc,, implies that x lies in the image of i. Let y € K represent the
preimage of x in K} /(KJ%, ). Since x € ker locyy, the element y lies in <K0X,§, o)
for each p € P/, so y is a square in Ky (/) locally at each place aboveap € P'.

It follows that y is a square in Ko (y/a), hence it maps to 1 in K} /(Ky?, ). O

Proof of proposition The map G — G’ induces a map pr: C1(G) — CI(G).
Obviously,
Cl(p)) = pro, @ Cl(7y): % — CU(G')(Q,)

for each p.

For the groups G and G/, let Conj(G) and Conj(G’) be the varieties of ge-
ometric conjugacy classes, i. e. the quotients for the actions of G2, Note that
CI(G) (resp. CI(G')) is the quotient of Conj(G) (resp. Conj(G')) by Out'(G)
and that there is a commutative diagram

Conj(G) —— CI(G)

| [

Conj(G') —— CI(G).

There is a Zariski closed subset B C CI(G’) such that Conj(G’) — CI(G’) and
pr are both unramified outside B. Let the Cl(Fr),) be as in corollary The
hypothesis on the rank of the Zariski closure of the image of p4 ; and the Cheb-
otatev density theorem imply that there is a set L, of places of F of Dirichlet
density 0 such that C1(Fr},) € B(Q) if and only if v € Zg,. To prove the propo-
sition, it suffices to show that for every v ¢ L, the fibre of pr over CI(Fr})
contains an element Cl(Fr,) € C1(G)(Q).

Fix v & Zg;. The fibre of Conj(G’) — CI(G’) over Cl(Fr}) is a Out’-torsor
which admits a Qj-valued point Conj(p;, (Fr;)) for almost every p. It follows
from lemma that there exists Conj(Fr)) € Conj(G’)(Q) above CI(Fr).
The fibre of Conj(G) — Conj(G’) over this element is a N-torsor. As this
fibre identifies with pr~!(CI(Fr))), this last fibre is also a N-torsor. It has a
Q,-valued point CI(p,(Fry)) for almost every p, so the promised existence of

Cl(Fry) € CI(G)(Q) follows from another application of lemma m O
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