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Hypothesis

Given observations X1, . . . ,Xn, assume that P (Xj > x) = x−αjL(x),
j = 1, . . . , n, where αj > 0 and L is a slowly varying function
(L (cx) /L (x)→ 1 for all positive c as x → +∞). The number αj is
called the tail index of Xj .

We consider the testing problem (H,A):

H : α1 = · · · = αn

against

A : α1 = · · · = αk 6= αk+1 = · · · = αn

for some k ∈ {1, . . . , n − 1} .
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Estimation of the tail index of a random variable

Let X be a random variable with distribution function F having regularly
varying tail with index −α, α > 0, that is
F̄ (x) := P (X > x) = x−αL(x), where L is slowly varying at infinity. It
can be shown that

lim
u→∞

E
[

log
(
X
u

)
| X > u

]
= lim

u→∞

E
[
log
(X

u
)

1 {X > u}
]

P (X > u) = 1
α
.

Thus, the tail index of a stationary time series Xj , j ∈ N, with marginal
distribution F having regularly varying tail with index −α, α > 0, can be
estimated using the estimator γ̂ defined by

γ̂ = 1∑n
j=1 1 {Xj > un}

n∑
j=1

log
(
Xj
un

)
1 {Xj > un} ,

where un, n ∈ N, is a sequence such that un →∞ and nF̄ (un)→∞.
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Test statistic

Let

γ̂n,k = 1∑k
j=1 1 {Xj > un}

k∑
j=1

log
(
Xj
un

)
1 {Xj > un}

and

Γk,n = k
n

∣∣∣∣ γ̂n,k
γ̂n,n
− 1
∣∣∣∣ .

Since the location of the change of tail parameter k is unknown, we
define the test-statistic

Γn := max
16k6n−1

Γk,n.
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Empirical process

In order to find the limiting distribution of the test statistics, similar to
Kulik and Soulier (2011) we consider the two-parameter tail empirical
process (TEP)

en(s, t) =
{
T̃n(s, t)− T (s, t)

}
, s > 1, t ∈ [0, 1],

where

T̃n(s, t) = 1
nF̄ (un)

[nt]∑
j=1

1 {Xj > uns}

and
T (s, t) = ts−α.

Then ∫ +∞

1

1
s T̃n(s, t)ds =

n∑
j=1

log
(
Xj
un

)
1 {Xj > un} .
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Stochastic volatility model
We will consider the case of the stochastic volatility model:

Xj = σ (Yj) εj ,

where
• (εj)j∈Z is an i.i.d. sequence of random variables with E [ε1] = 0;
• σ is a non-negative measurable function;
• Yj , j > 1, is a stationary, long-range dependent Gaussian process,
that is,

Yj =
∞∑

k=1
ckηj−k ,

∞∑
k=1

c2
k = 1 ,

for i.i.d. Gaussian random variables ηj , j ∈ Z, with E [η1] = 0,
var η1 = 1, ((εj , ηj))j∈Z is independent and

γY (k) := cov (Yj ,Yj+k) =
∑
`>0

c`c`+k = k−DLγ (k) ,

where D ∈ (0, 1) and Lγ slowly varying at ∞.
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Covariance of the process (σ (Yj))j>1
Let ϕ be the density of the standard normal distribution. Every
G ∈ L2(R, ϕ(x)dx) has an expansion in Hermite polynomials, i.e. for
G ∈ L2(R, ϕ(x)dx) and X standard normally distributed, we have

G(X ) =
∞∑

r=0

Jr (G)
r ! Hr (X ),

where the so-called Hermite coefficient Jr (G) is given by

Jr (G) := 〈G ,Hr 〉L2 = E [G(X )Hr (X )] ,

and Hr is the r -th Hermite polynomial.

Let m := min {k > 1 : Jk(G) 6= 0} be the Hermite rank of G . Then

d2
n := var

( n∑
j=1

Hm(Yj)
)
∼ cmn2−mDLm(n), cm = 2m!

(1− Dm)(2− Dm) .
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Type of assumptions: slowly varying function
We assume that

P (X1 > x) = cx−α exp
(∫ x

1

η∗ (u)
u du

)
,

where η∗ (u) = u−ρLη∗ (u), ρ > 0, Lη∗ slowly varying;

Example
Assume that η∗(x) = x−αβ for some β > 0; then, for x →∞,
P (X1 > x) = C

(
x−α +O(x−α(β+1))

)
.

Such an assumption gives a good comparison between P (X1 > x) and
x−α:

∀t > 1,∀z > 0, F̄Z (zt)
F̄Z (t)

6 z−α + Cεz−α−ρ
(
z ∨ z−1)ε

∣∣∣∣ F̄Z (at)− F̄Z (bt)
F̄Z (t)

−
(
a−α − b−α

)∣∣∣∣ 6 Cη∗ (t) (min {a; 1})−α−ρ−ε (b − a) .
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Type of assumptions: moments of σ (Y1)
The inequalities

∀t > 1,∀z > 0, F̄Z (zt)
F̄Z (t)

6 z−α + Cεz−α−ρ
(
z ∨ z−1)ε

∣∣∣∣ F̄Z (at)− F̄Z (bt)
F̄Z (t)

−
(
a−α − b−α

)∣∣∣∣ 6 Cη∗ (t) (min {a; 1})−α−ρ−ε (b − a) .

with t = 1/σ (Yj) leads to the control of partial sums of type∑n
j=1 σ (Yj)p. We require
• E

[
σα+(α∨ρ)+δ (Y1)

]
<∞ for some δ > 0;

• E
[
σ (Y1)2(α−ρ)

(
σ (Y1) ∨ (σ (Y1))−1

)ε0]
<∞ for some ε0 > 0.

• E
[
σ (Y1)−2−δ

]
is finite for a positive δ.

Example
If 0 < c 6 σ (y) 6 C for all y ∈ R, then all the moment assumptions are
satisfied.
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Type of assumptions: η∗

P (X1 > x) = cx−α exp
(∫ x

1

η∗ (u)
u du

)
,

where η∗ (u) = u−ρLη∗ (u), ρ > 0, Lη∗ slowly varying;

d2
n := var

( n∑
j=1

Hm(Yj)
)
∼ cmn2−mDLm(n), cm = 2m!

(1− Dm)(2− Dm) .

We assume that η∗(un) = o
(

dn
n + 1√

nF̄ (un)

)
.
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Limit of the empirical process
Theorem (Betken, G., Kulik (2020+))
Assume that the technical assumptions hold. Let

en (s, t) := 1
nF̄ (un)

[nt]∑
j=1

1 {Xj > uns} − ts−α.

• If n
dn

= o
(√

nF̄ (un)
)

,

n
dn

en(s, t)⇒ s−α

E [σα(Y1)]
Jq(Ψ)

q! Zq(t),

where ⇒ denotes weak convergence in D ([1,∞]× [0, 1]), Ψ(y) = σα(y),
q is the Hermite rank of Ψ and Zq a Hermite process of order q.

• If
√

nF̄ (un) = o
( n

dn

)
, √

nF̄ (un)en(s, t)⇒ Bs−α,t

in D ([1,∞]× [0, 1]), where B denotes a standard Brownian sheet.
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Explanation of the two cases
We consider the following decomposition:

en(s, t) = 1
nF̄Z (un)

bntc∑
j=1

(1 {Xj > uns} − E [1 {Xj > uns} | Fj−1])

+ 1
nF̄Z (un)

bntc∑
j=1

(
E [1 {Xj > uns} | Fj−1)− F̄ (uns)

]
= Mn(s, t) + Ln(s, t),

where
Fj := σ (εk , ηk , k ∈ Z, k 6 j) .

We call Mn the martingale part, while we refer to Ln as the long memory
part.

If n
dn

= o
(√

nF̄ (un)
)
, the martingale part is negligible.

12 / 23



Long memory part
Recall that

Ln(s, t) = 1
nF̄Z (un)

bntc∑
j=1

(
E [1 {σ (Yj) εj > uns} | Fj−1]− F̄ (uns)

)
.

Since Fj−1 = σ (εk , ηk , k ∈ Z, k 6 j − 1), we get

Ln(s, t) = 1
nF̄Z (un)

bntc∑
j=1

(
F̄ε0

(
uns
σ (Yj)

)
− F̄ (uns)

)
.

With the assumptions on F̄Z and F̄ε0 , we are reduced to treat

L′n(s, t) = s−α 1n

bntc∑
j=1

(σ (Yj)α − E [σ (Yj)α]) .

This can be done by writing the Hermite expansion of y 7→ σ (y)α.
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Martingale part (1)
Recall that

Mn (s, t) = 1
nF̄Z (un)

bntc∑
j=1

(1 {Xj > uns} − E [1 {Xj > uns} | Fj−1]) .

• finite dimensional distribution: central limit theorem for martingale
arrays;

• convergence in D ([1,R]× [0, 1]): we use a result of Davydov and
Zitikis (2008). We have to control the moments of√
nF̄Z (un) |Mn (s, t)−Mn (s ′, t ′)| for s, s ′, t and t ′ such that
|s − s ′|+ |t − t ′| > 1/

(
nF̄Z (un)

)
.

Letting

∆n (s, t) := 1√
nF̄Z (un)

bntc∑
j=1

E [1 {Xj > un (1 + Rs)} | Fj−1] ,

we have to show that the following goes to zero in probability

max
16i,j61/(nF̄Z (un))

∣∣∣∣∆n

(
i

nF̄Z (un)
,

j
nF̄Z (un)

)
−∆n

(
i − 1

nF̄Z (un)
,

j
nF̄Z (un)

)∣∣∣∣
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Martingale part (2)
Recall that

Mn (s, t) = 1
nF̄Z (un)

bntc∑
j=1

(1 {Xj > uns} − E [1 {Xj > uns} | Fj−1])

and

∆n (s, t) := 1√
nF̄Z (un)

bntc∑
j=1

E [1 {Xj > un (1 + Rs)} | Fj−1] .

We also have to show that

max
16i,j61/(nF̄Z (un))

∣∣∣∣∆n

(
i

nF̄Z (un)
,

j
nF̄Z (un)

)
−∆n

(
i

nF̄Z (un)
,

j − 1
nF̄Z (un)

)∣∣∣∣→ 0

in probability. We use the assumption on F̄Z and integrability of powers
of σ (Y1).

15 / 23



Convergence of the tail estimator

γ̂n(t) =

∑[nt]
j=1 log

(
Xj
un

)
1{Xj > un}∑bntc

j=1 1{Xj > un}
.

Corollary (Betken, G., Kulik (2020+))
Under the technical assumptions,

• if n
dn

= o
(√

nF̄ (un)
)
, then

n
dn

t (γ̂n(t)− γ)→ 0 in probability in D[0, 1];

• if
√
nF̄ (un) = o

(
n
dn

)
, then√

nF̄ (un)t
(
γ̂n(t)− α−1)⇒ 1

α
B in distribution in D[0, 1],

where B is a standard Brownian motion.
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Convergence of the test statistic

Corollary (Betken, G., Kulik (2020+))
Under the technical assumptions,

• if n
dn

= o
(√

nF̄ (un)
)
, then

n
dn

sup
t∈[0,1]

t
∣∣∣∣ γ̂n(t)
γ̂n
− 1
∣∣∣∣→ 0 in probability;

• if
√
nF̄ (un) = o

(
n
dn

)
, then

√
nF̄ (un) sup

t∈[0,1]
t
∣∣∣∣ γ̂n(t)
γ̂n
− 1
∣∣∣∣ D=⇒ sup

t∈[0,1]
|B(t)− tB(1)|

where B is a standard Brownian motion.
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Simulations: setting (1)

Xj = σ(Yj)εj , j > 1 ,

where
• εj , j > 1, is an i.i.d. Pareto distributed sequence generated by the

function rgpd (fExtremes package in R);
• Yj , j > 1, is a fractional Gaussian noise sequence generated by the
function simFGN0 (longmemo package in R) with Hurst parameter
H;

• σ(y) = exp(y).
Under the alternative, we insert a change of height h at location
k = bnτc by simulating i.i.d. Pareto distributed observations εj , j > 1,
where εj , j = 1, . . . , k, with tail index α1 = . . . = αk = α and εj ,
j = k + 1, . . . , n, with tail index αk+1 = . . . = αn = α + h.
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Simulations: setting (2)

Under the alternative, we insert a change of height h at location
k = bnτc by simulating i.i.d. Pareto distributed observations εj , j > 1,
where εj , j = 1, . . . , k, with tail index α1 = . . . = αk = α and εj ,
j = k + 1, . . . , n, with tail index αk+1 = . . . = αn = α + h.
We base test decisions on the statistic Γn := max

16k6n−1
Γk,n, where

Γk,n = k
n

∣∣∣∣∣ γ̂Hill
( k

n
)

γ̂Hill(1) − 1

∣∣∣∣∣ with γ̂Hill (t) = 1
bkntc

bkntc∑
i=1

log
( Xbntc:bntc−i+1

Xbntc:bntc−bkntc

)
i.e., γ̂Hill (t) is the Hill estimator based on the observations X1, . . . ,Xbntc
and where XN:N > XN:N−1 > . . . > XN:1 for all N > 1. We choose
kn = bnpc, i.e., p defines the proportion of the data that the estimation
of the tail index is based on.

19 / 23



Simulations (1)
α = 2.5

p n h = 0 h = 0.5 h = 1 h = −0.5 h = −1

H
=

0.
6

0.1 300 0.088 0.088 0.086 0.109 0.192
500 0.078 0.069 0.065 0.105 0.249
1000 0.071 0.063 0.059 0.106 0.391

0.2 300 0.071 0.065 0.058 0.078 0.176
500 0.049 0.059 0.059 0.076 0.227
1000 0.044 0.050 0.055 0.086 0.387

H
=

0.
7

0.1 300 0.112 0.103 0.096 0.137 0.217
500 0.093 0.086 0.087 0.123 0.262
1000 0.084 0.069 0.070 0.118 0.385

0.2 300 0.087 0.083 0.083 0.105 0.196
500 0.075 0.080 0.071 0.099 0.256
1000 0.068 0.063 0.067 0.109 0.408

Table: Rejection rates of the change-point test based on the statistic Γn,
km = bmpc, for LMSV time series (Pareto distributed εj , j > 1) of length n
with Hurst parameter H, tail index α and a shift in the mean of height h after
a proportion τ = 0.5. The calculations are based on 5,000 simulation runs.
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Simulations (2)
α = 2.5

p n h = 0 h = 0.5 h = 1 h = −0.5 h = −1

H
=

0.
6

0.1 300 0.088 0.086 0.085 0.104 0.127
500 0.078 0.071 0.071 0.083 0.129
1000 0.071 0.058 0.060 0.076 0.151

0.2 300 0.071 0.069 0.068 0.075 0.099
500 0.049 0.052 0.059 0.063 0.120
1000 0.044 0.050 0.052 0.056 0.160

H
=

0.
7

0.1 300 0.112 0.100 0.110 0.124 0.139
500 0.093 0.091 0.092 0.100 0.145
1000 0.084 0.074 0.075 0.092 0.176

0.2 300 0.0868 0.081 0.073 0.087 0.113
500 0.075 0.071 0.076 0.080 0.122
1000 0.068 0.068 0.073 0.084 0.187

Table: Rejection rates of the change-point test based on the statistic Γn,
km = bmpc, for LMSV time series (Pareto distributed εj , j > 1) of length n
with Hurst parameter H, tail index α and a shift in the mean of height h after
a proportion τ = 0.25. The calculations are based on 5,000 simulation runs.
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Conclusion

What we have done:

• Convergence of the empirical process.

• Convergence of the tail estimator and test statistic when the
martingale part dominates.

Remaining questions:

• Find the good normalization for the tail estimator when the long
memory part dominates.

• Treat the case where n/dn and
√
nF̄ (un) are equivalent.
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