SPECTRAL SELECTORS AND CONTACT ORDERABILITY
SIMON ALLAIS AND PIERRE-ALEXANDRE ARLOVE

ABSTRACT. We study the notion of orderability of isotopy classes of Legendrian
submanifolds and their universal covers, with some weaker results concerning
spaces of contactomorphisms. Our main result is that orderability is equivalent to
the existence of spectral selectors analogous to the spectral invariants coming from
Lagrangian Floer Homology. A direct application is the existence of Reeb chords
between any closed Legendrian submanifolds of a same orderable isotopy class.
Other applications concern the Sandon conjecture, the Arnold chord conjecture,
Legendrian interlinking, the existence of time-functions and the study of metrics
due to Hofer-Chekanov-Shelukhin, Colin-Sandon, Fraser-Polterovich-Rosen and
Nakamura.

1. INTRODUCTION

1.1. Historical background. The abundance of interactions between Hofer ge-
ometry on the group of Hamiltonian diffeomorphisms and symplectic geometry
[43, 146}, (511, [61] led Eliashberg and Polterovich in 2000 [30] to introduce the notion
that will be later called orderability on the universal cover G of the group of con-
tactomorphisms isotopic to the identity. To do so they define a bi-invariant binary
relation =< on this group: ¢ =< ¢ if there exists a non-negative contact Hamiltonian
generating an isotopy from ¢ to ¢. They show that for some contact manifolds
this binary relation turns out to be a partial order: we now say that the group G
is orderable in this case. Some years later together with Kim [29] they show how
orderability can be used to detect some squeezing and non-squeezing phenomena.
They show in particular that there really is a dichotomy: for some contact manifolds
such as the standard contact sphere G is unorderable.

The study of orderability naturally extends to the group of contactomorphisms
isotopic to the identity G and to the isotopy class £ of a closed Legendrian subman-
ifold A, as well as its universal cover £. The notion of orderability has been quite
influential in the study of contact topology: we refer to our paragraph Examples
in Section for an account on the study of the dichotomy orderable/unorderable
space throughout the last two decades. Nevertheless, rather little is known about
the properties that are specifically implied by orderability. One of the most signifi-
cant achievements in that direction is the discovery of Albers-Fuchs-Merry that the
unorderability of G(M, ) implies the Weinstein conjecture in (M, &) [2]. The goal
of this article is to establish an equivalence between orderability and the existence
of (hopefully spectral) contact selectors.
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The notion of spectral selectors in contact geometry is a natural generalization of
spectral selectors defined in symplectic geometry. Given a closed symplectic mani-
fold (M, w) satisfying some mild hypothesis (e.g. symplectic asphericality), one can
define spectral selectors on the space of Hamiltonian diffeomorphisms Ham (M, w)
or its universal cover. In this context a spectral selector is a continuous map
¢ : Ham(M,w) — R associating to ¢ a real number ¢(yp) belonging to its spec-
trum, which is the set of action values of its fixed points. Such selectors were first
constructed by Viterbo for compactly supported Hamiltonian diffeomorphisms of
R?" [73] then generalized by the works of Schwarz [67] and Oh [60]. Likewise, given
an isotopy class of Lagrangian submanifolds of (M, w) satisfying some mild hypoth-
esis, one can associate spectral selectors ¢ such that ¢(Aj, Ag) is in the spectrum of
the couple of Lagrangian submanifolds (Ay, Ag) (which corresponds to symplectic
areas associated to couples of points of AgNAy) [73, 59, 47, [48]. Among the spectral
selectors ¢ or ¢ (a specific construction being given), one can usually distinguish
two specific selectors ¢ < ¢, or £_ < £, (in the case of Hamiltonian Floer theory,
they correspond to the fundamental class and the class of a point) which satisfy
additional property, e.g.

1. (triangular inequality) ¢, (o) < ¢y (p) + e (¥),

2. (Poincaré duality) ¢, (¢) = —c_(yp71),

3. (conjugation invariance) ci (oo~ t) = c1(v),

4. (non-degeneracy) cy(¢) = c¢_ (1) implies ¢ = id.

The number of applications of the existence of spectral selectors, especially c,, is
quite large. Among other ones, on the dynamical side, it has recently been used for
the study of the Hofer-Zehnder conjecture [37, [69] or the C*°-closing lemma [24], it
also has more topological applications: the study of non-squeezing phenomena [73],
the geometry of the group of Hamiltonian diffeomorphisms [11],144] or C°-symplectic
geometry [12].

This notion of spectral selectors has been extended to compactly supported con-
tactomorphisms of R**x St isotopic to the identity by Sandon in [64]. She discovered
that the notion of translated points was key in order to define the spectrum of con-
tactomorphisms (see Section [1.3| below for the definition). These notions of spectral
selectors were then applied in multiple contexts in order to address numerous ques-
tions of contact topology: study of bi-invariant metrics on the group of compactly
supported contactomorphisms isotopic to identity [63], 26], contact non-squeezing
phenomena [64), 4], orderability [65]. Albers-Fuchs-Merry use the Rabinowitz Floer
theory to define contact selectors in a class of Liouville fillable contact manifolds
[2, B] (see in Section some applications of their work). Our main result is that
orderability is the necessary and sufficient condition in order to define contact ana-
logues of selectors ¢+ and ¢4 in full generality (although our ci’s are not spectral
a priori) whose signs only are invariant by contactomorphisms (cf. paragraph just

above Corollary [1.3)).

1.2. Conventions. Whenever no precision regarding regularity is given, maps and
manifolds considered are C*°-smooth. Every contact manifold (M, ) considered are
assumed to be connected and cooriented (i.e. T'M/¢ is an oriented line bundle).
We write that a contact form « is supporting £ if kera = ¢ and « respects the
coorientation. A contactomorphism of (M, §) will always preserve the coorientation.
Given a contact manifold (M, &) and a closed Legendrian submanifold A, C M, one
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denotes £(A,) the isotopy class of A, and L£(A,) its universal cover. One denotes
G(M) the group Conty(M, &) of compactly supported contactomorphisms of (M, §)
isotopic to id through compactly supported contactomorphisms while C;(M ) will
denote its universal cover. B N

Usually, we will only write £ for £(A.), £ for £(A,) etc. implicitly meaning that
A, and M are fixed. By a slight abuse of notation:

1. id € G will denote the class of the constant isotopy s — id. Given a contact
form a supporting £ and ¢t € R, let ¢ € Cont(M, ) denote the a-Reeb flow at
time ¢ € R (see e.g. Section [2.1));

2. when it is understood that ¢§* must be an element of the universal cover of the
identity component of Cont(M, &) (e.g. when acting on G or £), it will denote
the isotopy [0, 1] — Contg(M, &), s +— ¢%;

3. the cover maps Q — G and £ — £ will both be denoted II.

On O being either £, £, G or G, we write 2 < vy, or equivalently y = z, if there
exists a non-negative isotopy from z to y. O is called orderable if and only if <
defines a partial order (see Section [2.4 E 4 for detalls) In particular, the orderablhty of
L (resp. G) implies the orderability of £ (resp. G). We refer to Examples [2.10| for
a list of known orderable spaces.

1.3. Order spectral selectors. Let (M, &) be a closed cooriented contact manifold.
For any contact form « supporting &, let us define ¢* and c§ as the maps G —

R U {00} (resp. G — RU {£oc}) defined by
W) =sup{t e R | ¢ = ¢f} and () :=inf{t e R |y <o}, (1)

for » € G (resp. ¥ € G). These maps are highly inspired by constructions of
Fraser-Polterovich-Rosen [35] and were already considered by the second author in
his PhD-thesis [8] and very recently by Nakamura [58] from a metrical point of view.

Let us now withdraw the closeness assumption on M and let £ = L(A,) for some
closed Legendrian A, C M. For any complete contact form a supporting & (i.e. a
contact form the Reeb vector field of which is complete), let us define % and (¢ as

the maps £ x £ — RU {#o0} (resp. £ x £ — RU {£o0}) given by
(2 (Ar, o) =sup{t € R| Ay = Ao} and (5 (Ay, Ag) :=inf{t € R[ A1 = ¢} Ao},

for Ag, Ay € L (vesp. L).
For ¢ € G and a supporting &, the a-spectrum of v is the set of time-shifts of its
a-translated points that is

Spec®(¢) :=={t e R | Ip e M, (V"«a), = a;, and ¢(z) = ¢y (x)}.

For ¢ € G, the a-spectrum is defined as the a-spectrum of ITy). For Ag, A1 € L, the
a-spectrum of (Aq, Ag) is the set of (positive and non-positive) lengths of a-Reeb
chords joining Ay to A; that is

Speca(Al,Ao) = {t eR | AN ¢?A0 7é @}

For Ag, A, € L, the a-spectrum of (A1, Ag) is defined as the a-spectrum of (ITA, ITAg).
The latter notion of spectrum can be seen as a generalization of the former. Indeed,
if » € Cont(M, ker «v), its contact graph

(1Y) == {(x,¥(x),g9(x)) | © € M}, where v o = e’a,
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is a Legendrian submanifold of the contact manifold M x M x R endowed with the
contact form & := ay — e’ay defined in Example 6. Then,

Spec® () = Spec®(gr® (1), gr* (id)).

Theorem 1.1 (Legendrian order spectral selectors). Let A, be a closed Legendrian
submanifold of (M,€) such that L(A,) (resp. E(A*)) is orderable and let o be a
complete contact form supporting £. The selectors {5 are real-valued and satisfy the
following properties for every Ao, A1, Ay € L (resp. £~),
1. (normalization) €5 (Ao, Ao) = 0 and (5 (p¢ A1, Ao) =t + (5 (A1, Ny), YVt € R,
2. (monotonicity) Ao = Ay implies €5 (Aa, Ao) < 05 (A1, Ag),
3. (triangle inequalities) (5 (Ag, No) < €9 (Ao, Ay) + 05 (A1, No) and £2(Ag, Ag) >
09 (Ag, Ay) + L2 (Ay, Ag),
4. (Poincaré duality) €5 (A1, Ao) = =02 (Ao, Ay),
5. (compatibility) 1% (o(Ay), p(Ag)) = €5 *(Ay, Ay), for every ¢ € Cont(M, &) (resp.
Cont(M, €)),
6. (non-degeneracy) (5 (A1, Ag) = €2 (A1, Ag) =t for somet € R implies Ay = ¢F Ay
(resp. it only implies the equality TIA; = ¢TIAg in L).
7. (spectrality) 05 (A1, Ag) € Spec®(A1, Ay).

Theorem 1.2 (Contactomorphism order selectors). Let (M, &) be a closed contact

manifold such that G (resp. QN) is orderable and let o be a contact form supporting
&. The selectors c§ are real-valued and satisfy the following properties for v, € G

(resp. p, € G):

(normalization) ¢t (id) = 0 and ¢S (¢8)) =t + c(¢), Vt € R,

(monotonicity) ¢ =< 1 implies c§() < L (),

(triangle inequalities) ¢ () < ¢S (@) + ¢ (¥) and ¢ (o) > (@) + c*(¥),

(Poincaré duality) c¢%(¢) = —c* (1),

(compatibility) & (obp™") = ¢ *(1), which extends to every ¢ € Cont(M,€)

(resp. Cont(M.¢))

6. (non-degeneracy) c* () = ¢ (¢) =t for some t € R implies 1 = ¢ (resp. it
only implies the equality 1Y) = ¢ in G).

G Lo o~

The major results in these statements concern the non-degeneracy property and
the spectrality. The non-degeneracy property has also been recently proven by
Nakamura with a different approach [58].

We emphasize the fact that we do not know that the ¢ (¢)’s do actually select
spectral values of ¥. Nevertheless, we strongly believe it should be the case. The
following direct corollary states that orderability is equivalent to the existence of
selectors in a rather weak sense (a similar statement for spaces £ and £ also holds).

In contrast with their symplectic counterparts, these selectors are not actually
invariant: identities £(pAy, pAg) = €(A1, Ag) and c(pih™!) = ¢(1)) are not verified
for every contactomorphism ¢ (resp. lift in the universal cover), Ay, A; and 9 being
fixed. In that sense, the a-selectors are only invariant under a-strict contactomor-
phisms: £%(oA1, pAg) = (5 (A1,Ag) and (e !) = ¢%(¢) when p*a = a. Of
course, this is compatible with the fact that the a-spectrum is only invariant under
strict contactomorphisms: as in general ¢~ '¢%p = ¢f © for all ¢ € R, one has

Spec®(¢Ai, pAg) = Spec? *(Aq, Ag) and Spec® (o) = Spec? “(1)).
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Nonetheless, the sign of these selectors is invariant (see Lemmata and |3.8))

Corollary 1.3. Let (M,&) be a closed cooriented contact manifold. The space G
(resp. G) is orderable if and only if there exists a non-decreasing map ¢ : (G, <) —
(R, <) (resp. (G, =) — (R, <)) such that

1. ¢(id) =0,

2. ¢ = id and ¢ # id implies (1)) > 0.

Proof of Corollary[1.3. The direct implication is a consequence of Theorem (cf.
Corollary below). Conversely, assuming the existence of ¢, if p,9 € G (resp.
G) are such that ¢ < v and 1) < ¢ while ¢ # 9, then ¢(@™") > 0 by the positivity
property of ¢ while ¢y~ < id implies c¢(py~!) < ¢(id) = 0 by monotonicity of ¢, a
contradiction. U

When £ (resp. L) is orderable and Ag € £ (resp. L), any non-decreasing map
0(-,Ng) : L = R (resp. L — R) that is normalized with respect to the contact form
« in the sense of Theorem [[1] satisfies

(2 (-, Ao) < L[5 No) < L5(+ Ao),

so that /¢ can be thought of as the minimal a-spectral selector and (¢ can be
thought as the maximal one. A similar statement can be asserted for cg.

Remark 1.4 (Removing the closeness assumption on ). When studying G (resp.
QN), we have added the additional hypothesis of closeness for the contact space M.
Following Fraser-Polterovich-Rosen [35], one can remove this hypothesis by asking
orderability not only for the group G (resp. G) but for the group G, (resp. G.)
generated by G (resp. G) and the elements of the Reeb flow (¢¢), once fixed a
complete supporting contact form «. This way the relation ¢ < ¢ makes sense for
¥ € G (resp. G) and t € R, and Theorem [1.2{still holds.

1.4. Applications to the existence of Reeb chords and translated points.
A direct consequence of the existence of spectral selectors in orderable Legendrian
isotopy classes, is the non-triviality of the spectrum.

Corollary 1.5 (Existence of Reeb chords). Let A, be a closed Legendrian submani-
fold of a cooriented contact manifold (M, €) such that L(A,) is orderable. Then any
two Legendrian submanifolds No, Ay € L(A,) are joined by two distinct (positive or
non-positive) a-Reeb chords, given any complete a supporting &.

In particular, if (M, €) is a closed contact manifold such that L(A x {0}) as defined
in Example [2.10[4 is orderable, any contactomorphism of M isotopic to id has an
a-translated point (and at least two distinct couples (p,t) where p is a translated
point of time-shift t), given any o supporting &.

The existence of Reeb chords between two isotopic Legendrian submanifolds has
been widely studied. When Legendrian submanifolds are isotopic to RP™ in the
standard RP*"*! (¢f. Example ., the non-linear Maslov index developed by
Givental [38] directly implies that the number of chords whose images are not over-
lapping each other is at least n+ 1 for the standard contact form. When Legendrian
submanifolds are Legendrian isotopic to the zero-section of the standard J'N where
N is closed (c¢f Example ., Chekanov gave lower bounds on the number of
chords based on Morse theory (sum of the Betti numbers plus twice torsion num-
bers in the generic case, cuplength in the general case) for the standard contact form
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[19]. With the exception of these two cases and the question of translated points
discussed below, most of the known results concern the case of a small Legendrian
isotopy in various senses (e.g. regarding C'-metric, C°-metric or Hofer type met-
rics), we refer to [27, [49] and references therein where bounds similar to Chekanov’s
are obtained. Of course, one can easily construct examples of isotopic Legendrian
submanifolds without any Reeb chord joining them (e.g. a Legendrian circle in J'R
pushed horizontally). In contrast with these local studies, Corollary asserts that
orderability of £(A,) is enough for the existence of two chords in between any two
Legendrian submanifolds isotopic to A,, no matter how far they are from each other.
In addition to this global statement, it is remarkable that one gets the existence of
two distinct Reeb chords without any transversality assumption. Indeed, sharper
estimates on the number of Reeb chords involving Morse type estimates are known
in the aforementioned local studies but most of them require additional transver-
sality hypothesis. Without these hypothesis, it is not clear that one could keep two
distinct Reeb chords: when passing from a generic case to the general one, one usu-
ally looses the multiplicity (e.g. the classical Lefschetz fixed-point theorem or more
recently the critical point theory of closed 1-forms [33]).

The existence of translated points is an important question that had been asked
by Sandon in [66]. Originally, Sandon asked whether the number of translated
points of any element of G(M, ) was at least the minimal number of critical points
of a map M — R, by analogy with the Arnold conjecture bounding from below
the number of fixed points a Hamiltonian diffeomorphism can have. This original
statement was proven in the case of projective spaces and lens spaces endowed with
their standard contact form [66] [6]. Lower bound related to Morse theory have
been discovered in multiple other cases including the whole class of non-degenerate
contactomorphisms of hypertight contact manifolds (i.e. admitting a Reeb flow
without any contractible closed orbit) [2, 53, 5]. However, Cant proved recently
that some elements of G(S?***!) do not admit any translated point for the standard
contact form of the sphere of dimension 2n+1 > 3, answering negatively to Sandon’s
question. As the space G(S*"1) is unorderable, this result is compatible with our
conjecture that the selectors ¢ are spectral (which implies the existence of translated

points when G is orderable). Concerning the lower bound, the original conjecture of
Sandon might be too optimistic but variants exist: see the introduction of [5].

Corollary can in fact be generalized to a statement about positive Legendrian
paths.

Theorem 1.6 (Intersection of a positive Legendrian path). Let A, be a closed Leg-
endrian submanifold of a cooriented contact manifold such that E(A*) is orderable.
Given any uniformly positive isotopy A in L(A,) (c.t. the beginning of Section[3),
any Legendrian submanifold A € L(A,) intersect A, for at least two distinct t € R
unless A = A, for somet € R.

Another consequence of our spectral selectors relating to Reeb chords is the fol-
lowing theorem addressing the Arnold chord conjecture (see a discussion of the
conjecture below).

Theorem 1.7 (About the Arnold chord conjecture). Let A, C (M,§) be a Leg-
endrian submanifold such that L(A.) is unorderable and L(A,) is orderable. Then
for every Legendrian submanifold A € L(A,) and every complete contact form «
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supporting &, there exist two distinct non-constant Reeb chords ~; : [0,1] — M,
i € {1,2}, such that v;({0,1}) C A.

Having a periodic Reeb flow for some contact form supporting £ is a sufficient
condition to ensure the unorderability of £ (in this case Theorem is relevant
when applied to other contact forms supporting £). This can be seen as a Legendrian
analogue of the theorem of Albers-Fuchs-Merry addressing the Weinstein conjecture:
every closed contact manifold such that G is unorderable admits a closed Reeb chord
for any supporting contact form [2]. In our setting, we still ask for the orderability
of the universal cover of £. Nonetheless, let us remark that this theorem can be
applied to non closed contact manifolds, only the Legendrian submanifolds need to
be closed, and the statement gives at least two distinct Reeb chords. Therefore, it
implies the Weinstein conjecture on (M, ) in the case A, := Ax {0} C M x M xR
satisfies the hypothesis of Theorem [1.7] for the contact structure of Example [2.10][6}
this set of (M, &) could possibly include cases not treated by the aforementioned
theorem of Albers-Fuchs-Merry.

In its original setting, the Arnold chord conjecture asked about the existence
of a non-trivial Reeb chord the endpoints of which lie on a same Legendrian cir-
cle of the standard contact 3-sphere, given any Legendrian circle [9, §8]. In this
setting Mohnke proved a generalization to closed contact manifolds arising as the
boundary of subcritical Stein manifolds (Legendrian circles are replaced by closed
Legendrian submanifolds) [57]. Hutching and Taubes extended it to any closed con-
tact 3-manifolds [45]. Very recent works still discuss generalized forms of the original
conjecture: Chantraine proved a version for a specific kind of fillable contact man-
ifolds with Lagrangian slices taking the place of Legendrian submanifolds [I7], the
case of Legendrian submanifolds lying in P x R, for a Liouville manifold P, has also
received a lot of attention (see [49] and references therein).

Soon before releasing this article, Leonid Polterovich brought to our attention
another potential class of applications: the study of robust Legendrian interlinking
that had been introduced by Entov-Polterovich [3I]. It turns out that our spectral
selectors do bring new insights to this notion. We refer directly to Section for
more details.

1.5. Applications to the metric structures of £, £, G and G. Since the dis-
covery by Hofer of a bi-invariant metric on the group of Hamiltonian diffeomor-
phisms [43], multiple attempts to obtain a contact counterpart where made. On
the one hand, the obvious generalization of the Hofer metric, often referred to as
the Shelukhin-Hofer metric, is not bi-invariant. On the other hand, one can define
interesting bi-invariant metrics on G and G but they are discrete, as was discovered
by Colin-Sandon [26] and Fraser-Polterovich-Rosen [35]. Our spectral selectors al-
low us to define a contact analogue of the spectral metric discovered by Viterbo in
[73]. This metric has applications to the study of both Hofer type contact metrics
and discrete bi-invariant metrics of Colin-Sandon and Fraser-Polterovich-Rosen on
the questions of non-degeneracy, unboundedness, metric-equivalence and geodesics.
We directly refer to Section [4f for details.

We point out that the spectral metric has also been introduced by the very re-
cent work of Nakamura [58] (without reference to spectrality) in order to show the
metrizability of the interval topology and to study the Hofer type contact metrics.
Our results and his do overlap on these two subjects.
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A last metric application of our spectral selectors concerns the recent Lorentz-
Finsler structure introduced by Abbondandolo-Benedetti-Polterovich [I]. A natural
question arising from their study was the existence of a so-called time function, a
natural object coming from the theory of relativity [I, Question K.1]. The following
theorem is a positive answer in a broader setting to their question.

Theorem 1.8 (Existence of time functions). Let O be either £,L,G or G associated
with a cooriented contact manifold (M,€) (which is closed if O = G or G). If O is
orderable and « is supporting &, then there exists a continuous non-decreasing map
7% : (0,%) = (R, <) such that x < y and x # y implies *(z) < 7*(y) and
T(¢fx) =t +7%(x) for allt € R and z,y € O.

The construction is highly non-canonical and one cannot expect much more nat-
ural properties satisfied by our time functions. Nevertheless, it is natural to ask
whether there exists a time function on the orderable group G or G that can be
conjugation invariant. We show that such a map does not exist (Theorem [5.4)).

Organization of the paper. In Section [2| we provide the background on contact
geometry needed throughout the article. In Section [3, we study the order spectral
selectors defined in the introduction and prove Theorems and as well as the
results introduced in Section[I.4] In Section[d we define the spectral metric and use
it to study Hofer type metrics, Colin-Sandon metrics and the Fraser-Polterovich-
Rosen metric. In Section [5] we show Theorem [1.§
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2. PRELIMINARIES

2.1. Legendrian and contact isotopies and their Hamiltonian maps. Through-
out this section I C R will always be an interval containing 0. Let (M, &) be a
cooriented contact manifold. A contact form « supporting £ (i.e. kera = &) is
called complete if its Reeb vector field R* induces a complete Reeb flow. We recall
that the Reeb vector field R* is uniquely defined by the equations a(R*) = 1 and
trada = 0. Let us fix a complete contact form a supporting &.

Let us recall that for any contact isotopy (that is a smooth isotopy of contacto-
morphisms) (¢;)er with po = id, there exists a unique smooth map H : I x M — R
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related to the time-dependent contact vector field (X;);e; generating the isotopy by

Of(Xt) = Ht7 (2)
LXtht = (dHt . RQ)Q{ - dHt,

where R denotes the Reeb vector field of a and H; : M — R is induced by the
restriction of H to {t} x M. (see e.g. |36 §2.3]). The smooth map H is called the
a-contact Hamiltonian map of (¢;) (Hamiltonian map for short). Conversely, to any
smooth map H : I x M — R is associated a unique time-dependent contact vector
field (X;) by the system (2). When the contact vector field is complete (e.g. when
the differential of H is compactly supported), we say that H generates the contact
isotopy obtained by integrating (X;).

The notion of Hamiltonian map naturally extends to Legendrian isotopies. Through-
out the paper, we only consider closed Legendrian submanifolds. A Legendrian iso-
topy (Ay)ser is a family of Legendrian submanifolds A; C M, such that there exists
a smooth map j : I x Ay — M whose restriction j; to {t} x Ay induces a diffeomor-
phism Ay ~ A, for every t € I. Given such an isotopy (A;) and such a map j, let us
define the family of maps H; : Ay, = R, t € I, by

ot

As jfa = 0 for all t € I, one can deduce that (H;) only depends on the isotopy
(A;) and not the specific choice of parametrization j. The family (H,) is called the
a-contact Hamiltonian map of (A;). The contact Hamiltonian map can be seen as
a smooth map H : N — R defined on the submanifold N := U, {t} x A; of I x M.
If Ay = ¢i(Ag) for some contact isotopy (¢;) generated by the Hamiltonian K, the
Hamiltonian of (A;) is the restriction of K to .

We will use the following unparametrized version of the Legendrian isotopy ex-
tension theorem.

Hioj(t,x) =« (ay(t,x)> , Y(t,x) €I x A, (3)

Lemma 2.1. Let I C R be an interval containing 0 and let (Ay)ier be a Legendrian
isotopy on (M, ker «), the a-contact Hamiltonian map of which is H : U {t} x Ay —
R. Let K : I x M — R be an a-contact Hamiltonian smoothly extending H and
generating a contact isotopy (¢y), then @i(Ag) = Ay for allt € I.

Before proving Lemma [2.1] let us recall the link between Legendrian isotopies and
the Hamilton-Jacobi equation. Let (A;) be a Legendrian isotopy. According to the
Legendrian Weinstein neighborhood theorem, there exists an open subset W C M
containing Ay that is contactomorphic to a neighborhood of the zero-section of the
1-jet space J'Ay := T*Ay x R, through this identification Ay is sent to the zero-
section. Moreover, our chosen contact form « is sent to the standard contact form
g := dz — A, z being the R-coordinate and A being the pull-back of the tautological
form of T*Ay. With this local identification, for t € I close to 0, A; is a Legendrian
graph above the zero section A, so it is the 1-jet of a smooth map f; : Ay — R,

i o ={(g.dfi(q), f:(q)) | ¢ € Ao} C J'Ay.

Applying the parametrization j(t,q) := (¢,df:(q), fi(q)) of (A;), t small enough, to
Equation (3]), one then derives the Hamilton-Jacobi equation

(0. 45(0). 1(0) = ). ()
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for all ¢ € Ag and ¢ € I close to 0 (we have used that « is identified to ag in W).

Proof of Lemma[2.1. By connectivity of the interval I, it is enough to prove this
statement for t € I close enough to 0. By considering a Weinstein neighborhood
of Ag as above, one can then identify A, and ¢;(Ag) to the 1-jet of the respective
maps f; : Ag = Rand ¢, : Ag — R, for all ¢ € I, shrinking I if necessary. Let
us remark that the contact Hamiltonian map of (¢;(Ag)) is the restriction of K to
Ui{t} X ¢i(Ag). Therefore, by the above discussion, both families of maps (f;) and
(g¢) satisfy the same Hamilton-Jacobi equation

ou
87;(9) = Ki(q,du(q),u(q)), Vg€ Ao, Vt e,

with the initial condition ug = 0. By unicity of the smooth solutions of the Hamilton-
Jacobi equation in a small interval of time (see e.g. [62, Exercice 3.5.17]), fi = ¢
for all t € I and Ay = ¢i(A). O

Corollary 2.2. Let (M, ker«) be a contact manifold endowed with a complete con-
tact form «. Let I C R be an interval containing 0 and let (A¢)ier be a (closed)
Legendrian isotopy on (M, ker ), the a-contact Hamiltonian map of which is H.
Then there exist contact Hamiltonians K, G : I x M — R such that inf K = inf H
and supG = sup H, the respective contact flows of which (p;) and () satisfy
©t(Ao) = ¥e(Ao) = Ay for allt € 1.

Proof. Let U C I x M be a tubular neighborhood of N := U {t} x A; and let
7 : U — N be the associated smooth retraction. Let x : I x M — [0, 1] be a smooth
map such that x|y = 1 and X’( rxm)\v = 0. The statement is now a consequence of
Lemma [2.1] applied to the following smooth extensions of H:

K:=x-Hom+(1—x)-supH and G :=x-Honm+ (1 —)-inf H. O

2.2. The C!'-topology of Legendrian and contact isotopy classes. Let A,
be a closed Legendrian submanifold of (M,&). Let us briefly describe the C-
topology of the space L(A,) of Legendrian submanifolds isotopic to A, and the
space G(M, &) of compactly supported contactomorphisms isotopic to the identity.
The C'-topology on G is understood as the topology induced by the Whitney C*-
topology on diffeomorphisms as it is described in [42 Chapter 2] (both weak and
strong topologies coincide for compactly supported diffeomorphisms). One way to
define the C'-topology on L(A,) is to consider £(A,) as a subset of the quotient
Emb(A,, M)/Diff(A,) of smooth embedding A, — M by the right-action by dif-
feomorphisms of A,. This quotient being endowed with the topology induced by
the Whitney C'-topology on Emb(A,, M), the C'-topology of L(A.) is the induced
topology as a subset of this quotient. Equivalently, considering £(A,) as the homo-
geneous space G(M, £)/Stab(A,), its C'-topology is the quotient topology induced
by the C'-topology of G.

Let us fix Ag € L(A,). According to the Legendrian Weinstein neighborhood
theorem, there exists a neighborhood W C M of Ay that is contactomorphic to a
neighborhood of the 0-section of J'Ag endowed with the standard contact structure
and that identifies Ay with the 0-section. Every Legendrian submanifold A that is
C'-close to Ag is the 1-jet of a map f : Ag — R. Therefore, a base of neighborhoods
of the point Ag in its isotopy class L£(A,) is identifiable with the set described by
the balls B, := {f € C®(Ao,R) | ||fllcx <7}, 0 <7 < ¢, for asmall ¢ > 0. In
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other words, the topological space L£(A,) is locally modeled on the space of smooth
maps on A, endowed with the C'-topology. Therefore, it is a locally contractible
space and it admits a genuine universal cover Z(A*) that can be formally described
as a set of equivalent classes of paths v : [0,1] — L(A,), with v(0) = A,, with the
equivalence relation given by homotopy relative to endpoints. With this description
of L(A,), the cover II : £ — £ is the evaluation v — ~(1).

Following a similar argument applied to the contact graphs gr*(¢¥)) C M x M xR
of contactomorphisms v € G(M), the space G(M) endowed with the C''-topology is
locally modeled on the space of compactly supported smooth maps C°(M,R) en-
dowed with the C'-topology (see e.g. [66], §1]). It is therefore a locally contractible
space and admits a universal cover G (M) that can be described as a space of homo-
topy classes. The space G has a natural group structure making the cover II : GG
a morphism (coming from composing homotopies (¢;) and (1) timewise: (p;0y)).
The action by conjugation of contactomorphisms of (M, ) on G naturally lift to an
action on G: for g, T € C;, grg~! only depends on Ilg and z. In particular, IT-{id}
lies in the center of é .

One has a natural map Conto(M) x L(A.) — L(A.) given by (¢, A) — ¢(A). Let
I be an interval containing 0, if (¢;):er is a contact isotopy with po(As) = A, its
elements act naturally on £(A,) by defining y(A) for A € L(A,) and ¢ € T as the
endpoint of the path lifting s — @4 (IIA), s € [0, 1], and starting at A. It induces in
particular a continuous map G(M) x L(A,) — L(A,).

Section can be naturally extended to Legendrian isotopies of E(A*) A family
(A;) of elements of £(A.,) will be called a Legendrian isotopy if (ITA;) is a Legendrian
isotopy (conversely any Legendrian isotopy of L gives rise to a Legendrian isotopy
of £ once a starting point is fixed). The contact Hamiltonian map of a Legendrian
isotopy of E(A*) will designate the contact Hamiltonian map of the projected Leg-
endrian isotopy on £(A,) and similarly for isotopies of G. The lifting property of
the universal cover implies the following extension of Lemma (where we use the
natural action of contact flows on £ discussed above).

Lemma 2.3. The statement of Lemma is still true if the Legendrian isotopy
(Ay) belongs to L(A,) for some closed Legendrian submanifold A, C M instead of
L(A.). In particular, the action of G(M) on L(A,) is transitive.

The topology of £ and L can be made into the topology of a length metric space.
An auxiliary contact form « supporting £ and an auxiliary Riemannian metric g on
M being fixed, one can define the length metric

1 ~
doa (Ao, Ay) o= inf /0 1Hlcrapdt, Ao, Ay € £ (resp. L), (5)

where the infimum is taken over every isotopy (A;) from Ag to Ay, the Hamiltonian of
which is denoted Hy, and || - || c1(a) is the usual C''-norm on maps of the Riemannian
submanifold A C (M, g). The equivalence between the topology induced by d¢: and
the previously described topology is a consequence of the equivalence of their base
of neighborhoods which comes from the Hamilton-Jacobi equation (4.

One defines similarly a length metric on G and G inducing the C*-topology:

1 ~
desp,) = nf [ Hillerugdt, Vo, € G (resp. 0), ()
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where the infimum is taken over every Hamiltonian map (H;):c(0,1) generating a flow
from id to ¥ o L.

Remark 2.4 (from C' to C?). As they induce C*-topology on their respective space,
these C''-distances are indeed non-degenerate (i.e. only vanishing on the diagonal).
However, it is not clear for their natural C°-analogues obtained by putting C°-norms
instead of C''-norms in their respective definition. In fact, in the case of £, it can
not be the case (see Section below). The reason is that it is not clear which
topology is associated with these metrics. Indeed, when e.g. a Legendrian A is C°-
close to Ay, there is no reason for it to be a graph in any Weinstein neighborhood
of Ag. Therefore, one cannot state that the C%topology of L is locally modelled
on the C°-topology of C°(Ag,R). Without this local identification to a normed
vector space, the induced length pseudo-metric can be degenerate or even vanish
identically. Nevertheless, this is not always the case and these pseudo-distances
are relevant by themselves since their non-degeneracy and geodesics are intimately
linked to contact and symplectic rigidity phenomena see Section [2.3] and [4.3] below.

The following lemma will be useful in order to construct time-functions.

Lemma 2.5. Let (M,§) be a contact mam’foéd and A, C M be a closed Legendrian
submanifold. The induced topological spaces G(M) and L(A,) are separable.

Proof. Being a subspace of the separable metrizable space of compactly supported
Cl-diffeomorphisms of M, the space G(M) is a separable metrizable space. So G(M)
admits a countable basis of open sets, which implies that G(M) admits a countable
basis of open sets by the Poincaré-Volterra theorem. Since G (M) has a countable
basis of open sets, we conclude that it is separable.

The fact that the £(A,) is separable is now a consequence of Lemma . O

2.3. Hofer type pseudo-metrics. In this section, we recall the definitions of the
standard generalization of the Hofer metric of symplectic geometry to the contact
setting.

Let us first recall that a pseudo-distance d on a set X is a symmetric map d :
X x X — [0,+00) vanishing on the diagonal and satisfying the triangle inequality.
The pseudo-distance d is non-degenerate if d is a genuine distance, i.e. it only
vanishes on the diagonal. -

We denote dgqy the Shelukhin-Chekanov-Hofer pseudo-distance on £ (resp. L):

1
%o (Ao, Ar) == inf / max | H,|dt, (7)
(Hy) Jo

where the infimum is taken over Hamiltonian maps H; : Ay — R, t € [0, 1], gener-
ating a Legendrian isotopy (A¢)icp,1) from Ag to A;. The Hofer oscillation pseudo-
distance is defined similarly with osc(H;) := max H; — min H; in place of |Hy|:

1

(Ag, A1) := inf [ osc(H,)dt. (8)
(Ht) Jo

dOc

H,osc

Let us remark that the Hofer oscillation pseudo-distance is clearly degenerate as

Hose(N, @A) =0 for all A and all t € R.
The pseudo-distance dgqy was first studied by Rosen-Zhang in [62] where it was
more generally defined on non-Legendrian subsets (the equivalence of their defini-

tion with ours comes from Corollary [2.2)). This pseudo-distance is known to be
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non-degenerate in multiple cases including when L is orderable [41, Theorem 5.2]
(see also Corollary . However, this pseudo-distance can also be degenerate on
unorderable £ [I5]. In the case it is degenerate on L, dgqy is actually identically
zero, according to the generalization of the Chekanov’s dichotomy proven by Rosen-
Zhang [62, Theorem 1.10].

Given a group G, a pseudo-(group-)norm v on G is a map G — [0, +00) satisfying
the triangle inequality v(gh) < v(g) +v(h) for all g, h € G and the invariance under
the inversion: v(g) = v(g7'), g € G. It is non-degenerate if it only vanishes at the
neutral element, in which case v is called a (group-)norm. Any group pseudo-norm v
induces a right-invariant and a left-invariant pseudo-distance on GG by defining either
(g,h) = v(gh™') or (g, h) — v(h~tg). The non-degeneracy of the induced metrics is
equivalent to the non-degeneracy of v while the bi-invariance of the induced pseudo-
distance (which are then equal) is equivalent to the conjugation-invariance of v.

Given a contact form a supporting the contact structure, we denote ||§‘H the

associated Shelukhin-Hofer pseudo-norm on G (resp. G):
1 ~
lolgy = (1[I{1f)/0 max |H|dt, Ve € G (resp. G), (9)

where the infimum is taken over Hamiltonian maps generating a contact flow () ¢eo,1]
joining id to ¢. The Hofer oscillation pseudo-norm is defined similarly with osc(H;) :=
max H; — min H, in place of |H,|:
1
|lose i= (1Ir{1tf) ; osc(Hy)dt. (10)

As before, the Hofer oscillation pseudo-norm is clearly degenerate as it vanishes on
{¢7}i. We denote dgy and dfj .. the respectively induced right-invariant pseudo-
distances. These pseudo-norms were studied in depth by Shelukhin in [68]. He
proved that |-|gy is always non-degenerate on G using an energy-capacity inequality
intimately linked to non-squeezing phenomena.

In contrast to their symplectic counterparts, neither of these pseudo-distances is
invariant by the left-action of contactomorphisms, but the following compatibility
property for g € Cont(M, &), Ao, A1 € L and ¢, ¢ € G holds:

dSen (g0, gA1) = dic(Ao, A1) and dy (g, gv) = A (9, 1))

The same identities hold by considering g, Ag, A1, and 1 in the universal cover
of their respective spaces. We refer to Remark below for a discussion on the
apparent lack of invariance of these contact metrics. Topologies induced by these

pseudo-distances are coarser than the C'-topology, as they are dominated by the
metric defined at (5) and (0.

2.4. Contact orderability. An isotopy (A;) in £ or £ is said to be non-negative
(resp. positive) if its contact Hamiltonian for some, and thus for any, supporting
contact form is non-negative (resp. positive). Given Ag,A; € L or L, we write
Ao X Aj (resp. Ag < Ay) if there exists a non-negative (resp. positive) isotopy (A;)
joining Ag and A;. One defines similarly relations < and < on G and g by considering
contact Hamiltonian maps of compactly supported contact isotopies (g;), one also
defines these relations on the whole space of contactomorphisms and its universal
cover by considering contact isotopies.
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The relation < is reflexive and transitive (i.e. it is a pre-order), whereas < is only
transitive. These relations satisfy properties of invariance with respect to the action
of contactomorphisms: we have for all x1, 4,2, y2 € G (resp. G, resp. Cont(M,§),

resp. C/o\rlt/o(M, £))

r1 2y and z3 2 yp = 1172 X Y19,
z1 <y and 29 < Yo = 1129 < Y1y, (11)
r1 2y and 13 < Y2 = 1172 <X Y12,

and the same is formally true when replacing x5 and y, with elements in £ (resp.
in £).

A space L, £, G or G is said to be orderable if and only if < is antisymmetric
(i.e. = is a partial order) which is equivalent that they do not contain a non-
negative and non constant loop. Obviously, the orderability of £ (resp. G) implies
the orderability of £ (resp. G), but the orderability of the latter is much more
common (see Examples below). The notion of orderability has been introduced
by Eliashberg-Polterovich [30] and has then been investigated by numerous authors.
A short account on these investigations is given by the paragraph Examples
below.

Remark 2.6 (On the terminology). Depending on the authors, the actual meaning
of orderability may differ. When a contact manifold is referred to as orderable, it
seems to always mean that either G or G is orderable. Most of the time, it means
that G is orderable, following the initial focus on G put by Eliashberg-Polterovich
[64, 18, 58]. In [I8, 0], a contact manifold (M, &) is called strongly orderable if
L(A x {0}) is orderable (see Example @) but in [I6, B8] it means that G is
orderable. Chernov-Nemirovski call £ (resp. G) universally orderable when £ (resp.
G) is orderable [21].

The following lemmata will be useful.

Lemma 2.7 ([30, Proposition 2.1.B], 22, Proposition 4.5)). Let O be either £ or L.
The space O is orderable if and only if there does not exist any positive loop among
isotopies of O. The same is true for O being either G or G for a closed contact
manifold.

Lemma 2.8. Let O be either £, L, G or G for a given contact manifold (M, €) and
possibly a closed Legendrian submanifold A.. Then

Va,y,z € O.

r3yandy< z=2<z,
r<yandy 2 z=1x< 2,

Proof. Let us prove the statement for O = L, the proof being similar for the other
cases. Let us assume Ay, A1, Ay € L are such that Ay < A; and Ay < As; we want
to show that Ay < As. By smoothly concatenating isotopies, one can assume the
A;’s, i € {0,1,2}, to be part of a non-negative isotopy (A¢)icjo,2) that is positive
for t € (1,2]. Let us now adapt a construction of Fraser-Polterovich-Rosen in the
proof of [35, Proposition 2.6] in order to find a positive isotopy from Ay to Ay. Let
v : [0,2] — R be a smooth map such that v(0) = v(2) = 0 with v" positive on
[0,3/2]. For e > 0, the isotopy A® := (¢?U(t)At) from Ag to Ay is then positive for
t € [0,3/2]. Indeed, by Lemma [2.1] one can write A; = ¢4A, with (¢;) contact



SPECTRAL SELECTORS AND CONTACT ORDERABILITY 15

flow generated by a non-negative Hamiltonian map, so (¢?U(t)1/}t) has a a-contact
Hamiltonian H; > ev'(t) for all ¢ € [0,2] and so does A°. Since the positivity of an
isotopy is a C''-open condition, the isotopy A is positive on [3/2,2] for £ > 0 small
enough, which brings the conclusion. The proof of the case Ay < Ay and A; < A,
is similar. 0

Corollary 2.9. If (z¢)ic0,1] @5 a non-negative isotopy in either L, L, G orG, the
Hamiltonian (Hy;) of which is positive at some ty € [0, 1], then xo < x1.

Proof. By continuity of (H;), there is an interval [a,b] C [0, 1] containing ¢y in its
interior such that H, is positive for ¢ € [a, b]. Therefore, x, < x;, and the conclusion
follows from Lemma 2.8 O

Ezamples 2.10 (Orderable and unorderable spaces).

1. G(RP?"!) is orderable for the standard contact structure pulled-back from the
sphere. Moreover £(RP") is orderable, where RP" ¢ RP?"! is the projectiviza-
tion of the Lagrangian subspace R™ x {0} of R2*+1 [38 [30]. It generalizes to
lens spaces [54] (65, [39].

. G(S**1) is not orderable for n > 1 [29].

3. Let JIN = T*N x R be the 1-jet space of some manifold N endowed with the
standard contact structure ker(dz — ), z being the R-coordinate and A the pull-
back of the Liouville form on 7*N. This contact structure induces a contact
structure on the quotient space J'N/Z0, = T*N x S'. Let Oy C J'N denote
the zero-section and p : J'N — J'N/ZO, the quotient map. Then £(0y) and
L(p(0y)) are orderable when N is closed (it also generalizes to compactly sup-
ported Legendrian isotopies when N is open) [10), 25] [76].

4. Given any contact manifold, there always are many Legendrian submanifolds for
which £ is unorderable. Such submanifolds can be obtain by “stabilizing” any
Legendrian submanifold. For any loose Legendrian submanifold of dimension
> 2, L is unorderable [25] [50].

5. Given a Riemannian manifold (N, g), let SN denote the unit tangent bundle of
N endowed with the contact form o, ) - 7 := g(v,dm - ), where 7 : SN — N is
the bundle map. For any closed N, £(S,N) is orderable for any fiber S,N of 7
[22]. In particular, G(SN) is orderable. Moreover, £(S,N) is orderable, and thus
so is G(SN), when the universal cover of N is open and dim N > 2 |25, 21].

6. Given a closed contact manifold (M,¢) and a supporting contact form «, let us
consider the manifold M x M x R endowed with the contact structure € induced
by the contact form & := as — ey, where a; is the pull-back of a under the
projection on the i-th factor and € is the R-coordinate. The contact form & is
complete and its Reeb flow is given by

¢?($17I‘2,6) = <x17¢?(x2)79)7 V(:L’l,;z;Q,H) € M x M x R7Vt € R.

The contact structure £ is independent of the choice of a supporting &, up to
isomorphism. Let A C M x M be the diagonal. If (M,€) is the boundary
of a Liouville domain the symplectic homology of which does not vanish for
some choice of coefficients, then £(A x {0}) is orderable. In particular, G(M) is
orderable |75, [3] [18].

7. A contact manifold (M, &) is called hypertight if it admits a contact form having
no contractible periodic Reeb orbit, the latter contact form is called hypertight

[\]
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as well. A Legendrian submanifold A C (M, ¢) is called hypertight if there is
a hypertight contact form for which A has no contractible Reeb chord, 7.e. no
Reeb chord in the null homotopy class of w1 (M,A). If A is a closed hypertight
Legendrian of a closed contact manifold, £(A) is orderable. If (M, €) is a closed
hypertight contact manifold, £(Ax{0}) (hence G(M)) is orderable for the contact
manifold M x M x R defined just above [3], [18].

3. ORDER SPECTRAL SELECTORS

3.1. The Legendrian case. Let (M,&) be a cooriented contact manifold. Let
A := (A,)ier be a uniformly positive path in £ (resp. L), i.e. a positive path, the
a-Hamiltonian of which satisfies inf; min H; > 0 for some complete a supporting the
contact structure. Given A € £ (resp. in L), let us define the spectrum of (A, A) by

Spec(A,A) = {t € R | AN A, # 0},
(resp. Spec(ITA,IIA)). The associated order spectral selectors are defined by
C_(AA) :=sup{t e R| A=A} and /. (AA):=inf{teR|A <A}

According to Lemma , since A is positive, one could replace < (resp. =) in the
definition of the selectors with < (resp. »). The selectors ¢¢ correspond to the
special case where A = (¢ Ag).

Proposition 3.1. If L (resp. E) is orderable, the order spectral selectors are real-
valued.

Proof. Let us prove the statement for A and elements in A in the universal cover £
assumed orderable. Since < is a partial order, it amounts to proving A, < A < A,
for some real numbers s < t. Let us fix a complete a supporting £ such that
¢ := inf; min H, is positive.

Then according to the Legendrian isotopy extension theorem as eﬁ)@sed at
Lemma (see also Corollary , for every t > 0, there exists g, € Conty(M, )
sending Ay on A, that is the time-one map of a (non necessarily compactly sup-
ported) contact flow, the Hamiltonian map A : [0,1] x M — R of which satisfies
infh = te. Let us pick an isotopy from A to A, and extend its Hamiltonian to
a compactly supported map [0,1] x M — R. The induced flow (¢;) is compactly
supported and 1A = A,.

The composition formula of Hamiltonian maps implies that g;p; is the time-one
map of a flow generated by a positive Hamiltonian when ¢ is taken large enough.
Since A, = gip1A, A < A, when ¢ is taken large enough. One proceeds similarly
to prove that A, < A for —s > 0 large enough and the proof in L is formally
identical. 0

From now on, we always assume that £ (resp. EN) is orderable.

The properties of normalization, monotonicity, triangle inequalities, Poincaré du-
ality stated in Theorem directly follow from the invariance and transitivity of
< and the definition of the selectors ¢¢’s. The compatibility property is a direct
consequence of the fact that for any complete contact form « supporting &,

g 0% =7, Vg e Cont(M,E),Vt € R. (12)

The following consequence of the invariance of =< will be useful to restrict ourself to
the spectral selectors /¢ when needed.
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Lemma 3.2 (Sign invariance). For every complete contact form o supporting & and
every A € L (resp. L),

(L (A,A) <0 (resp. =0, resp. >0) < (5 (A,Ag) <0 (resp. =0, resp. >0).
Moreover, if 8 = efa for some smooth f: M — R, VAg, Ay € L (resp. E),

e F0 (Mg, Ag) < 0(A1, Ag) < e 102 (A, Ag)  when (A, Ag) >0,
eI 15 (Ay, Ag) < CL(A1, No) < ™05 (Ay, No)  when (5(Ay, Ag) < 0.

Proof. One has ¢, (A,A) < 0 if and only if A < Ay so we have the first equivalence
for /. Let us assume (1 (A,A) > e > 0. If /$(A,Ay) = 0, then A =< ¢?A, for
all £ > 0. As A jp > A, there exists t > 0 such that A, > ¢fAg so A =X A,
contradicting ¢4 (A, A) > e. Conversely, if £, (A,A) = 0 while (5 (A, Ay) > ¢ > 0,
one gets a contradiction by using ¢g,Ag > A, for small ¢ > 0. This implies the two
other equivalences of the statement for ¢,. The proof for ¢_ is similar.

Let us prove the second statement regarding the comparison of /¢ and Ei for B :=
e/a. The B-Hamiltonian map of (¢¢) is S(R*) = e/ while the 3-Hamiltonian map of
(d)f ) is the constant = 1. The comparison of Hamiltonian maps e™/1 < e/ < eswP/1
implies

Ot sy 2 0F =X Glanyy Tor t 20,
gbﬁ <¢?j¢5 for t <0,

esup ft — einf f¢

which easily brings the conclusion. 0

Lemma 3.3. A contact form o supporting § being fived, if (A¢)icpo,1) @5 a Legendrian

isotopy of L (resp. Z), the Hamiltonian maps of which are denoted H; : Ay — R,
t €[0,1], one has

1 1
/ min Hydt < (9(Ay, Ag) < €9 (A1, Ag) < / max Hydt.
0 0

Proof. By the isotopy extension theorem, one can find a contact Hamiltonian flow
(gt)tepoa) of (M, &) sending Ag on Ay, the Hamiltonian map (K;) of which satisfies
max K; = max H, for all t € [0,1]. Let I(t) := [{ max H,ds, the time derivative I’
of which generates the reparametrized Reeb flow (qﬁ?(t)). By compatibility of < with
contactomorphisms (c¢f. properties ), g1 = @7 implies A < qb‘}‘(l)Ao and the
monotonicity of £¢ together with its normalization property under the Reeb flow
implies the last inequality of the statement. The first inequality is the consequence
of a similar argument or the application of the “Poincaré duality” property. 0

Corollary 3.4 (Continuity). A complete contact form « being fized,
103 (Ay, A) — 0% (Ag, A)] < dscr(Mo, A1), VA, Ag, Ay € L (resp. L).
In particular, the maps A — €L (A, A) are continuous with respect to the C*-topology.
This corollary is somehow reinterpreted in Corollary (see also inequality )

Proof. Given any Legendrian isotopy (A;) joining Ay and A;, the Hamiltonian map
of which is (H,), the triangular identity together with Lemma imply

1
02 (Ay, A) — €5 (Mg, A) < €5 (Ay, Ap) g/ max Hydt.
0
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Intertwining Ag and A; one then gets
1 1 1
162 (A1, A) — £2 (Ao, A)| < max (— | minmar, [ mathdt) < [ max|Hyfdt,
0 0 0

which brings the desired inequality by taking the infimum over all isotopies. The
analogous inequality for ¢¢ follows by Poincaré duality or a similar proof.

Since dgcy is C'-continuous, the maps A — (% (A, A’) are C''-continuous, A’ being
fixed. In order to prove that a map f : X — R is continuous, it is enough to prove
that f~!'(—o0,z) and f~'(z,+00) are open for all x € R. Let f := (.(-,A) for a
fixed A. Given a fixed z € R, let A’ := (Aiys)ter, then

f_l(—OO,JZ) - {A | E-l—(A?A/) < O} = {A | g?—(*AvAz) < O},

where we applied the sign invariance property to some supporting contact form «
at the last step. By C'-continuity of ¢% (-, A,), this last set is C''-open. The other
cases are treated similarly. O

Let us remark that the C'-continuity is also a direct consequence of the C*-
openness of the relations < and >.

Proposition 3.5 (Spectrality). For every A € L (resp. E), both (. (A, A) belong to
Spec(A, A).

Proof. Let us prove the statement in £. Let us prove that IIA N IIA, = @ and
(A, A) < timplies ¢, (A, A) < t; it would imply the result for £, and the result for
¢_ will follow from a similar argument. Since ITANTIA, = @), by compactness Je > 0,
Vs € (—¢,e), IANIIA,, = 0. We now essentially apply the trick employed by
Chernov-Nemirovski in [21, Lemma 2.2]. By compactly extending the Hamiltonian
generated by the isotopy s = Ay /s, s € [0,1], in [0,1] x (M \ IIA), one finds
a compactly supported g € G sending Ay, .5 to A,/ and fixing A (according to
the isotopy extension theorem as expressed in Lemma [2.3)). By definition of ¢, and
positivity of A, A <X A;;./,. By invariance of =< under the action of G, applying ¢,
A=A pps0li (A A) <t—¢/2

The proof in £ is formally the same (removing II’s and tildes). O

Lemma 3.6. Given any A € L (resp. L), if A = Ay and A # Ay, then (A, A) > 0.

Proof. Let us prove the statement in £. Let Ay := Ay and let a be a complete
contact form supporting . By sign invariance, it is enough to prove £ (A, Ag) > 0.
Let us consider a non-negative path (A;) from Ay to Ay = A. By replacing A
with A; for some smaller ¢t € (0,1], one can moreover assume that ITA belongs
to a Weinstein neighborhood of ITA,. Therefore, one can assume that (M, &) is an
open neighborhood of the zero-section of J'ITIAg, ITAg being identified with the zero-
section and ITA being C'-close to ITAy. Let (H;) be a non-negative Hamiltonian, the
flow (¢") of which satisfies Y'Ag = A, for all £ € [0, 1]. Since ITAg # TTA, there exists
to € [0,1), and a non-empty neighborhood U C IIAg, such that Hy, o ¢ (q) > 0 for
g € U. One can furthermore assume without loss of generality to = 0 (by replacing
Ao with ¢ Ay, U with ¢ U etc.) so that Hy(g) > 0 for all ¢ € U.

We will adapt a procedure due to Eliashberg-Polterovich (see the proof of [30),
Proposition 2.1.B]). Let (¢;)1<i<n be a finite family of diffeomorphisms of IIA¢ iso-
topic to the identity such that (¢;(U)) covers IIA, (it exists by closeness of ITAy).
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It lifts to J'IIAy as a family of contactomorphisms isotopic to identity and pre-
serving the zero-section: associating to a diffeomorphism ¢, the contactomorphism
(¢,p,2) — (©(q),podp™t 2). By cutting-off their Hamiltonian maps away from
the zero section, one gets contactomorphisms (g;)1<i<n of (M, &) fixing Ay such that
(9:;(U)) covers ITAg. Let ot := gaptg; ' for t €[0,1] and 1 < i < n.

The key point is that ¢, - - - 11 Ag 3= Ag, where vy, := 1)1. Indeed, it is enough to
prove that the Hamiltonian map (K}) of the flow (Lot | ---4t); is positive along
ITA¢ at time ¢t = 0 (see Lemma . But for all g € TTA,),

alo) = o (4 +0t@)|) = Do (),

i=1

where 90 stands for the time-derivative of ¢! taken at time t = 0. As gfa = Ao
for some positive A; : M — (0, +00), a(iﬁ?(q)) has the sign of a(qﬁo(gi_l(q))) =
Ho(9:*(q)). So each term of the summand is non-negative and the i-th term is
positive when ¢ € ¢;(U). As (g;(U)) covers IIAg, one concludes that K is positive
along TTA,.

Therefore 1, - - -1 Ag 3> Ao s0 €5 (¥ -+~ Y1 Ao, Ag) > 0. Now, by the triangular
inequality,

0 < LS (y 1o, U - - halNg) + L5 (U - - - Yoo, Uy - - - 3g) + - - - + L5 (¥, o),

5O L5 (Y - YrNo, Y - - Yry1No) > 0 for some k. By sign invariance under the
contactomorphism ¥, - - - Y41, €5 (YrMo, Ag) > 0. Since gpAg = Ay, sign invariance
implies gi(d}le, A()) > 0, but 'lblA() =

The proof in L is similar. 0

Proposition 3.7 (Non-degeneracy). Given any A € L (resp. L), if I_(AA) =
C(NA) =t, then A=A, (resp. for L it only implies IIA = TIA, ).

Proof. Let us prove the statement in £, the case of £ being similar. By contradiction,
let us assume that ¢4 (A,A) = t and IIA # IIA;, where A; := A,. By shifting the
parametrization of A and fixing a complete contact form «, Lemma implies
(9(A,Ay) = 0. Let p € ITA \ ITA; and let us consider a non-negative Hamiltonian
map H : M — R supported outside ITA; and such that H(p) > 0, the flow of
which is denoted (gs). Then g;A = A with g;A # A when s > 0 is sufficiently
small (as g,(p) ¢ IIA) whereas g,A; = A;. By Lemma 3.6 €% (gsA, A) > 0 whereas
sign invariance under g, implies €5 (gsA, A;) = €5 (A, A;) = 0. This contradicts the
triangle inequality €5 (gsA, A) < €5 (gsA, Ay) + 05 (A, A) as 5 (A, A) = 02 (A A) =
0. O

As a corollary of Proposition and [3.7, one gets Theorem stated in the
introduction (Section [1.4).

Proof of Theorem[1.7]. According to Lemma [2 - there exists a positive isotopy (A;)
in £ with Ay = Ag. Let A € L. By applying a contactomorphism sending A on Ay,
one can assume Ag = A. Let (At) be a lift of (A;) in L. By positivity, Ay 3 Ay, which
implies /¢ (Al,Ao) > 0. If ¢« (Al,Ao) > (> (Al,A(]) one then gets two Reeb chords
of distinct lengths by spectrahty (Proposition E Otherwise, one gets infinitely
many distinct chords of the same length by non-degeneracy of the spectral selectors

(Proposition [3.7)). O
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3.2. The case of contactomorphisms. Let us assume that (M, €) is a closed
cooriented contact manifold such that G (reps. 5) is orderable. Following Equa-
tions , one defines maps ¢ for any supporting contact form a. Similarly to the
Legendrian case, compactness of M and orderability imply that these maps are real-
valued and the basic properties of normalization, monotonicity, triangle inequalities,
duality and compatibility are straightforward consequences of the compatibility of
the partial order < with the composition of contactomorphisms and . They also
obey a sign invariance property analogous to Lemma [3.2]

Lemma 3.8 (Sign invariance). For all contact forms o and B supporting & (it is
always assumed that such forms preserve the coorientation) and all ¢ € G (resp. G),

(@) <0 (resp. =0, resp. >0) < ci(p) <0 (resp. =0, resp. > 0).
More precisely, if f: M — R is such that 8 = ea, Yo € G (resp. g~),

eIl () < (p) < eI (p)  when () >0,
el eg(p) < l(p) < emTeq(p)  when cl(p) <0.

The following results are consequence of the basic properties of the maps ¢¢ and
are proved in a way similar to their Legendrian counterparts.

Lemma 3.9. A contact form « supporting § being fized, if (1) is an isotopy of G
(resp. G) with ¢y = id, the Hamiltonian map of which is H, : M — R, t € [0, 1],
one has ) )

/ min Hydt < ¢ (1) < (1) < / max H,dt.

0 0

Corollary 3.10 (Continuity). A supporting contact form « being fized,
[c2(p) = ()| < dgy(p,¥), Ve, v €G (resp. G).

In particular, the maps ¢ are continuous with respect to the C'-topology.

Remark 3.11 (Extensions of the selectors to completions). Corollaries and
allow us to naturally extend the selectors to C!, Hofer or spectral-completions of the
spaces £, £, G and G. The Hofer-1-Lipchitzness of the selectors implies their uniform
continuity with respect to the C'-metrics defined in Section . But we actually do
not need this remark to extend the spectral selectors to C''-contactomorphisms or
Legendrian C'-submanifolds: the definition of < and < naturally extends to these
spaces and the orderability of the C''-completion is equivalent to the orderability of
the smooth space.

On the other hand, it could be interesting to study the Hofer-completion or the
spectral-completion of orderable £, £, G and G (see Section and Remark
below), as was initiated by Humiliere [44] and recently revitalized by Viterbo [74]
in the symplectic setting. It would also be interesting to compare these completions
to the respective C%-completions, which in the case of G correspond to its C°-
closure inside the group of homeomorphism [72]. In the symplectic setting, such a
comparison can be done in some special cases thanks to the C°-continuity of the
selectors [12].

Contrary to the Legendrian case, we only conjecture that the maps c¢ are indeed
spectral selectors while the non-degeneracy will follow from the theorem of Tsuboi
on the simplicity of the C'-contactomorphisms isotopic to the identity [71].
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Proposition 3.12. Let ¢ € G (resp. G) be such that ¢® () = ¢2(¢) =t for some
t € R. Thenp = ¢ (resp. IIp = @7 ).

Proof. Let us first deal with the case of G. We want to apply the theorem of Tsuboi
asserting that the group of C'-contactomorphisms isotopic to identity G! is a simple
group. The group of C'-contactomorphisms is defined by Tsuboi in [71, §2], it
contains G and its identity component is contained in the Cl-completion of G: ¢
is a C''-contactomorphism if it is a C'-diffeomorphism such that p*a = efa for a
Clmap f : M — R. As G! is contained in the C'-completion of G, we endow
it with the C'-topology and the maps ¢ naturally extend to C'-continuous maps

¢¢ : G' — R (see Remark just above). Let us define the subset Z' C G!

Zh={pe G| (p) =L (p) =0},

and denote Z := Z' N G. The subset Z! is in fact a normal subgroup of G' (resp.
QN) It is indeed a subgroup: id € Z! by the normalization property, if p, € Z1,
then ¢~! € Z! by the “Poincaré duality” property, while ¢y € Z! by applying both
triangle inequalities and ¢ < c.

In order to prove that Z! is normal, let us prove that ¢% () = 0 implies ¢ (gpg ') =
0 (for ¢¢ or ¢* independently) for all g, € G*. Since ¢%(gpg™"') = () for
g, € G, by Lemma [3.§]

e P slet (p) < cgpg™") < el (), (13)

where f, : M — R is the smooth function such that g*a = efra. Let us recall that
g*a = elfsa for f, of class C' when g € G! so that h — sup|fs| is a continuous
map G — R that extends to G'. Therefore the identity extends to those g, ¢
in G!' by replacing ¢ with its extension ¢%. This extended identity implies that Z*
is normal. The theorem of Tsuboi [71] then implies that Z! = {id} as ¢ ¢ Z for
t #0. So Z = {id} which brings the conclusion.

In the case of g~ , one needs to also consider the universal cover Gl of G! (it is a
genuine universal cover since G! is locally contractible [71) §3]). We denote II' the
cover map (extending the cover map II) and define Z! C G' as the intersection of
the zero sets of ¢§ as above. As Before, Z! is a normal subgroup of Gl. AsI'is a
surjective group morphism, IT' Z! is a normal subgroup of G' which does not contain
¢¢ for t # 0 small enough. The theorem of Tsuboi then implies IT' Z! = {id}, which
allows us to conclude. 0

There is a counterpart to Lemma [3.6] to the case of contactomorphisms that can
be proved using the same procedure inspired by Eliashberg-Polterovich. However,
in the current case, it can also be seen as a consequence of Proposition [3.12]

Corollary 3.13. Given ¢ € G (resp. G), if = id and ¢ # id, then i (@) >0 for
any supporting «.

Proof. In the case ¢ € G, by monotonicity of ¢} and normalization, c () > c*(¢) >
0. Therefore, c§(¢) = 0 would imply ¢*(¢) = 0 so ¢ = id by Proposition In
the case ¢ € G, since ¢ = id, there exists a non-negative isotopy (¢;) from id to
p1 = . Assuming furthermore ¢ # id, this isotopy is non-constant and Iy, # Ilid
for some ¢ € (0,1]. By a similar argument as above, Proposition then implies
¢t (¢r) > 050 ¢¢(p) > 0 by monotonicity. O
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4. METRICS AND PSEUDO-METRICS

4.1. The spectral metrics. In this section, we define the natural pseudo-distance
associated with our spectral selectors, following a classical process originated in
Viterbo’s seminal work [73], where he defined a norm ~ on the compactly supported
Hamiltonian diffeomorphisms of R?". During the writing of this paper, the article
of Nakamura [58] was prepublished. In this article, Nakamura defines dg,.. with
the aim of generating the interval topology (see Proposition |4.4] E Although the link
with the a-spectrum is out of the scope of his work, the results of this section can
also be found there.

Given a supporting contact form «, let us define the following pseudo-distances
on L (resp. £): YA, A € L (vesp. L),

the spectral distance dSee (A, A') = max (€5 (A, A'), L5 (A, A)),

the gamma distance YA AN) =8 (AN) + (S (A A).

These pseudo-distance are symmetric, non-negative and satisfy the triangle inequal-
ity, according to the basic properties of the spectral selectors (the non-negativity
follows from the Poincaré duality property). The compatibility properties of the
selectors also imply

Apec (9(A), p(A) = (A, A') and 17 (p(A), (M) = 7" (A, A),

spec spec

for all ¢ € Cont(M, ), making these pseudo-distances invariant under strict contac-
tomorphisms of (M, «) (see Remark [4.6| below for a discussion on the apparent lack
of invariance of contact metrics). The normalization property regarding the Reeb
flow also implies the following invariance:

YA N) =" (A N), VEER,

so that v* is clearly degenerate. Concerning non-degeneracy, Proposition and
Lemma imply the following less direct properties.

Corollary 4.1 ([58, Theorems 2.17 and 2.26]). On either £ or L orderable, one has

dg S dSCH and 7 < dH 0sC)

spec

for any supporting contact form a. Moreover, dg,..(A, A') = 0 implies A = A" on L
(resp. TIA = TIN on L) ‘while ~y (A, N') =0 implies A = ¢ N for somet € R on L
(resp. IIA = ¢PTIA" on L).

Nakamura’s proof of the non-degeneracy properties of the Legendrian spectral
metrics follows a different path than ours: it is inspired by Rosen-Zhang work [62]
and provides a version of Chekanov’s dichotomy.

The triangular inequality satisfied by ¢¢ implies that the maps ¢4 (-, Ag) are dg
1-Lipschitz:

0% (A, Ao) — ((A, Ag)| < d

spec”

AN, YA N Ay € L (resp. L). (14)

spec(

In particular, Corollary can be seen as a consequence of Corollary [£.1]
Similarly to the Legendrian case, given a supporting contact form «a, one can

define pseudo-distances dg,.. and v* on G (resp. G). Since our space of interest is a
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group, it is customary to first define the associated pseudo-norms (see Section :
Vi € G (resp. G),

the spectral norm "P|gpec = max(ci(gp), ci(srfl)),
the gamma norm Y () = () + L),
and then define the right-invariant pseudo-distances by d% _.(p,v) := |pi~! |:pec and

spec

Y (p,1) == (b~ 1) (although the term “spectral” would suggest it actually comes
from spectral selectors, which we only conjecture for ¢%). Although they are not
left-invariant (see however Remark , they satisfy a compatibility property:

d2ec(g0, 900) = |99 7| e " = dge e, v).

These pseudo-norms and pseudo-distances share properties similar to their Legen-
drian counterparts, among which

|Ci(g0) - Ci@b)’ < dgpec(907w)' (15>
Corollary 4.2 ([58, Theorem 2.6]). On either G or G orderable, one has

|5 e < sy and v < |5

spec osc ?

« gt a

spec spec

«
spec

Iy =id on G) while v*(p) = 0 implies o = ¢ for somet € R on G (resp. lp = ¢
onG)

Let us recall that a partially ordered metric space (Z, d, <) is a metric space (Z, d)
endowed with a partial order < such that a < b < ¢ implies d(a,b) < d(a,c). The
following statement directly follows from the definitions.

for any supporting contact form c«. Moreover, |p|. =0 implies p =1id on G (resp.

Proposition 4.3. Let O be either £, L, G or G, associated to some contact man-
ifold (M, ker ) (and possibly some closed Legendrian submanifold of M ). If O is

orderable, then (O,dg,.., =X) is a partially ordered metric space.

The topology induced by the spectral distance is already known and has been
introduced by Chernov-Nemirovski [23]. It was the motivation of the recent work of
Nakamura for introducing this distance independently [58].

Proposition 4.4 ([58, Proposition 2.3]). Let O be either £, £, G or G, associated to
some contact manifold (M, ker o) (and possibly some closed Legendrian submanifold
of M) and let us assume that O is orderable. The topology induced by the spectral
distance dg,.. is the interval topology, that is the topology generated by the basis of
open subsets

(a,b) :={x €0 | a<z < b},
where a,b € O satisfies a < b.

Proof. Indeed, given r > 0 and z € O, the open dg . .-ball B.(z) centered at x
of radius 7 in O is exactly (¢%,x,¢%x) and these subsets form a basis of open

neighborhoods of both the interval topology and the d2, .-topology.

spec _

Let us show precisely that B,(z) = (¢%,x,¢%x) in the case O = L, the other
cases being similar. Let A € £, then A € B,(x) is equivalent to (A, z) < r and
(*(A,z) > —r (applying £* < (¢ and the Poincaré duality). Now, by definition
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of (9, (3 (A, x) < ris equivalent to A < ¢z while /% (A, x) > —r is equivalent to
A > ¢% x, bringing the conclusion.

The fact that the intervals (¢, z, ¢¢x) form a basis of the interval topology is a
consequence of the fact that if x < y then z < ¢f2x < ¢%.y < y for € > 0 small
enough, which comes from the openness of the relation <. O

This proposition incidentally shows that spectral metrics induce a same topology,
any complete contact form supporting £ being given. It can be quantified as a

corollary of Lemmata [3.2] and

Corollary 4.5. Let (M, &) be a contact manifold and o be a complete contact form
supporting §. Let f: M — R be a bounded map and (3 := efa. Then, on either L,
L, G or G orderable for which selectors are well-defined,

6inffga < gﬁ < esupfga7

where g° either stands for |~]§pec or dl,. for any complete contact form §. In partic-

ular, on the non-vanishing set of g%,
[og|g°| —log |¢°|| < deo(a, B),
with deo(a, ) = sup | f| where a = e/ 5.

Remark 4.6 (Invariant uniform structures and invariant metrics). Let us assume
(M, €) is closed, for simplicity. Corollary implies that one can not only endow
orderable spaces £, £, G or G with a topology that is invariant by the natural action
by contactomorphisms (left and right actions in the case of G and G) but that this
topology is induced by an invariant uniformity structure. Indeed, one can make
sense of Cauchy sequences or uniform continuity by using any a-spectral metric,
given any auxiliary contact form «. And since these spectral metrics are sent to
one-another by the actions induced by contactomorphisms, the uniformity structure
they induce is invariant. A consequence is that the spectral completion of these
spaces will not depend on the choice of « either. In fact, a bit more is invariant:
the notion of Lipschitz maps is also preserved as well as the notion of boundedness.
The same story could also be applied to the Hofer-type pseudo-distance.

One could ask whether one could have more: a natural invariant metric (bi-
invariant in the case of G and G). According to Fraser-Polterovich-Rosen [35, The-
orem 3.1], such metric would essentially be discrete because of the possibility to
squeeze a Darboux ball of (M, ¢) into an arbitrarily small open subset. Therefore,
the induced topology will not be that interesting, although discrete bi-invariant
metrics could carry interesting information, especially regarding their asymptotic

behaviors (see Sections [4.3] and [4.5 below).

4.2. Spectrally robust Legendrian interlinkings. The notion of interlinked
Legendrian submanifolds was introduced by Entov and Polterovich in [31]. We
recall below the definition of interlinked Legendrian submanifolds given in [32]. Let
(M, &) be a cooriented contact manifold and « be a complete contact form support-
ing £. An ordered pair (Ag, A1) of disjoint Legendrian submanifolds is p-interlinked
for some positive number p if for every Hamiltonian map H : R x M — R gener-
ating the contact flow (g;) and satisfying H > ¢ for some ¢ > 0 there exist x € A,
and t € (0, p/c] such that g;(x) € A;. The number p does depend on the specific
choice of supporting c. A pair (Ag, A;) is called interlinked if it is p-interlinked for
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some g > 0. A pair (Ag,A;) is called C'-robustly interlinked if any pair (Aj, A})
obtained from a sufficiently C'-small Legendrian isotopy is interlinked. We define
spectral-robustness and Hofer-robustness by replacing C*-smallness with dg,,. and
d§y-smallness respectively.

Theorem 4.7. Suppose there exists a closed Legendrian A, C M such that EN(A*)
is orderable. If Ao, Ay € L(A,) satisfies pu = 05 (A1, Ag) > 0, then (ITAg,IIA;)
is p-interlinked with respect to «. In particular, (IIAg,IIA;) is spectral-robustly
interlinked (so Hofer and C*-robustly interlinked).

In particular the hypothesis of Theorem [4.7] [4.7) is satisfied whenever Ao and A; are
two different elements in £ satisfying Ag < A; thanks to Lemma Moreover
for any ¢ € G the sign invariance guarantees that (% T(A1,Ag) > 0 1f and only if
% (p(A1),¢(Ao)) > 0 (Lemma [3.2). Therefore, Theorem generalizes [32, Theo-
rem 1.5 (i)].

Let us first prove the following lemma.

Lemma 4.8. Let o be a complete contact form supporting the structure of (M, ¢§)

and A, C M be a closed Legendrian submanifold such that Z(A*) 1s orderable. Let
H :Rx M — R be a Hamiltonian map such that it generates a contact flow (g;)ier

and ¢ :=1inf H > 0. If Ag,\; € EN(A*) satisfy 05 (A1, Ao) > 0, then
1
0 < £y (A1, (96A0)ier) < *Ei(/\la Ao).

Proof. The first inequality comes from the sign 1nvar1ance property of Lemma

For the second inequality, let us remark that 160‘ = Ejr since gbt = ¢% for all
t € R. Moreover thanks to our hypothesis on the sign of £ (A1, Ag) we get the
following equality

1 1o , .
03 (A, o) = 57 (Ao, Ay) = inf {t >0 | ¢5Ag < As}.

Since inf H = ¢ > 0 we deduce that ¢<Ag < g;Ag for all t > 0. Therefore, we get
the desired inequality (4 (A1, Ay) < 160‘ ¢ (A1, Ag) by transitivity of <. O

Proof of Theorem [I.7. If Ao, Ay € L(A.,) satisfies p := 05 (A1, Ag) > 0, for a Hamil-
tonian H > ¢ > 0 generating a contact flow (g;), Lemma implies that 0 <
0y (A1, (g:Mo)ier) < p/c. By spectrality of ¢, (Proposition , there exists t €
(0, 1/ c] such that ITA; intersects g:ITAy, which brings the conclusion.

The spectral robustness now follows from the 1-dg ..-Lipchitzness of £ (A4, ) and
03(-,Ag) (by (14) and the Poincaré duality property). It implies Hofer and C'-
robustness by Corollary O

4.3. Unboundedness of Hofer type pseudo-metrics. The results of this section
have also been derived by Nakamura [58] except for Proposition [4.14]

Corollary 4.9. Let A, C (M,&) be a closed Legendrian submanifold of a contact
manifold such that L (resp. E) is orderable and o« be a complete contact form
supporting . Then dSCH(A A) =0 if and only if A = A (resp. IIA = 1IN'), for
any A,N' € L (resp. L). Moreover, for all A € L (resp. L), (¢¢N)ser is a geodesic
for dSCH

Qom(0ON, 02N) = |t — 5|, Vt,s € R,YA € L (resp. L).
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In particular, d§ey is unbounded. When M is closed, the analogous statements for
dgy on G (resp. G) hold when the latter is orderable.

are well-defined and

Remark 4.10. Note that the maps ¢ (¢)) := lim, cai(fn)

conjugation invariant for all 1) € G (resp. G) orderable, since the sequences (c% (¢™))
and (c® (")) are respectively subadditive and superadditive. Moreover, they satisfy
cd™(¢p) =tforall t € Rand ¢ < ¢ < 7™ < ¢%. Therefore, even the maps
U infueg [ g o and ¢ infucg [t gy are unbounded.

The non-degeneracy of d§-y when £ is orderable was originally due to Hedicke
[41), Theorem 5.2], while the non-degeneracy of dg;; was proven by Shelukhin without
any condition on G [68], as mentioned earlier in Section 2.3 The unboundedness
of d§y and d§.y had already been proven by Hedicke in the special case where
(M,§) is a unit tangent bundle with open cover and A, is a fiber of the bundle
(¢f Example . [41, Theorems 5.7 and 5.8]. For the open contact manifold
(R? x S*, ker ag) defined in Example 2.10[3] (here N := R™ and ay := dz — \),
some geodesics of dg;i have also been characterized in [7] using, among other things,
the spectrality of Sandon contact selectors [64].

Proof. According to Corollariesand @, one has dg, .. < d§cy on £ or L orderable
and dg,.. < dgy on G or G orderable. The non-degeneracy statements directly follow
from their counterpart relative to dg,..

Let us prove that (¢ A) is a geodesic for A € £ orderable. By the above inequality,
one gets

Sou(@F A, 9SA) = die (O A, 9SA) = [t — 5|, Vi, s €R,

the equality coming from the normalization property of £¢. On the other hand, since
¢y, can be generated by the a-contact Hamiltonian H =t — s, dgoy(¢fA, ¢2A) <
|t — s|, for any t,s € R. O

For n > 2, let us consider the unit tangent bundle of the flat torus (T™ :=
R"/Z",(-,-)), where (-,-) is the standard inner product of R™, that can be seen
as T" x S"~!, that we endow with the contact form a defined in Example [2.10][5]
In this context, Eliashberg and Polterovich [30] used the Shape invariant [70) 28]
to construct maps r+(p,-) : G — R, for all p € S" !, which are compatible with
the order: if ¢ =< 1 then ri(p,¢) < ri(p,). They showed moreover that for
Hamiltonian maps H of the form H(q,p) := f(p), where f : S*™! — R, one has
r+(p, o) = f(p), where ¢! € G is the lift of the path (¢f) generated by H. The
proposition was already noticed by the second author [8, §5.2.2] and Nakamura [58],
Example 2.9].

Proposition 4.11. For any ¢ € G and p € S**

(@) < ralp ) < ().
Proof. Let us set ¢ := c%(p). This implies that ¢ < ¢2 _ for any ¢ > 0 and so

r+(p, o) < ra(p, ¢2.). Since ¢, is generated by the constant function equal to
c+ ¢ by the result of Eliashberg and Polterovich discussed above 74 (p, ¢2,.) = c+e¢.
Letting € going to 0 we get the inequality 74 (p, p) < % (¢). The proof for the other

inequality follows the same lines. O
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Corollary 4.12. Let H : T* x S*! — R be a Hamiltonian map of the form
H(q,p) := f(p) for some smooth f : S*"' — R generating the flow (¢). Then
(o) =min H and ¢ (¢1) = max H so that

7 (68) = L, = o

In particular, the gamma pseudo-norms and the Hofer oscillation pseudo-norms are
unbounded on G(T" x S"! ker a).

Proof. As H < max H, one has ¢/ < ¢%, .  so ¢3(¢f) < max H. Conversely,
Proposition implies ¢% (o) > ri(p,¢t') = f(p) for all p € S ! so that
(o) = max H. Similarly, ¢ (¢ff) = min H so v*(¢) = osc H. By definition,

‘qb{{ ’:SC < osc H so the last equality is a consequence of Corollary . 0

Remark 4.13. For any closed contact manifold (M, ker a) a Hamiltonian map H :
M — R that is invariant under the Reeb flow (i.e. Hog$ = H for allt € R) generates
a path (¢f) of strict contactomorphisms: (¢)*a = « for all ¢ € R. In this case,
for any critical point p € M of H one can easily check that ¢’ (p) = ¢%,,(p). In
particular {tH (p) | dH (p) = 0} is contained in Spec®(¢f7). Since in (T"xS" !, ker o)
the Reeb flow is the geodesic flow, i.e. ¢¢(q,p) = (¢ + tp,p), any Hamiltonian map
H :T" x S"' — R of the form H(q,p) = f(p) satisfies H o ¢¢ = H. Therefore for
such Hamiltonian maps, the previous corollary guarantees that ¢ (¢¥) € Spec®(¢f).

«

spec is not a conjugation invariant norm, a natural question is to ask

Since ||
whether

«

spec

i = sup |y
YeG

is a well defined conjugation invariant norm, ¢.e. whether it takes finite values or
not. This question was already asked by Shelukhin [68, Question 18] for the Hofer-
Shelukhin norm |-|¢;;. We do not know the answer to this question, however if we
extend the action by conjugation to the whole group of coorientation preserving
contactomorphisms that are not necessarily isotopic to the identity we have the
following proposition.

Proposition 4.14. Seeing the time-one map of the Reeb flow ¢f as an element of

G(T™ x S*~1 ker ),

[0

YTY

sup
1eCont

= sup

a,—1]%
= +00.
spec WweCont ¢¢1¢ ’SH

Proof. We recall that any diffeomorphism ¢ of the torus T" can be lifted to a con-
tactomorphism of T" x "1

¥(g,p) == <¢(q)’ dy(g)~" - p )

|d(q)~" - pll

whose conformal factor is g(¢,p) := —In (Hd@/}(q)_T -pH), where di(¢)~T denotes
the adjoint of di(¢q)~!. In particular, if ¢ € GL,(Z) is a linear diffeomorphism of
the torus, the conformal factor g of its lift is the function g(gq,p) := —In (H@/J*T pH)
depending only on S"~!.
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Consider the sequence of linear diffeomorphisms (1), := 1*)ren where

~1] 2] o0
vi=| 1 [=1] 0 |eGL,(2)
0| 0 |7

and denote by (Uy)ren the lifted sequence of contactomorphisms. We note that
for k > 1 the contactomorphism Wj is not isotopic to the identity since its action
on the fundamental group of T" x S*~! is given by the non trivial action of 1, on

m (T™) = Z™. We will show that kgrfoocﬁ“r (\If;l(p‘f\lfk) = +00.

k
112] 0
Indeed, vy := (v/2,1,0,...,0)T € R is an eigenvector of ;7 = | 1|1] 0
010 ,-»

associated to the eigenvalue (1+4+/2)* for all k € N. Moreover the Hamiltonian map
of the path (\I/,;lgbg\llk) is given by (q,p) — e %@P) = |47 . p|| depending only
on p. By the result of Eliashberg and Polterovich discussed above we deduce that
T4 (po, \I/,zlqb?\lfk) = (1 ++/2)F where pg := ;. Therefore

l[voll”

W] = (T ) 2 (1 V)

where the equality comes from the relation id < ¥, '¢¢W, and the inequality from
Proposition Letting k go to infinity implies the result for both norms since
1 2 e -

Remarks 4.15.

1. Eliashberg and Polterovich showed that the maps r(p, ) are invariant under the
action by conjugation of G on G for all p € S*~. Together with Corollary it
implies in particular that the conjugation invariant map % : G — R defined by
YL (@) = 7/1}1;2 v (b~ r¢p) is also unbounded. However as shown in the previous

proof the maps r(p,-) are not anymore invariant under the action of Cont by
conjugation.

2. Tt is interesting to note that if (M, kera) is a closed contact manifold such that
the Reeb flow of « is 1-periodic and G(M) is orderable then

Pt

sup “ < |@lppr < +00, Vp € Q~,

1eCont

spec

where the definition of |-|ppg is given in Section[4.5] It is not known whether there
exists or not a closed contact manifold (M, ) such that G(M, &) is orderable and
G(M,€) is not bounded in the sense of [14], i.e. so that there exists an unbounded
conjugation invariant norm on G(M, &).

4.4. Colin-Sandon discriminant and oscillation metrics. Let A, be a closed
Legendrian submanifold of a cooriented contact manifold (M, &) (not necessarily
closed) and let £ := L(A,) (resp. £ := L(A,)). In this specific section, given
Ao, Ay € L (vesp. L), by a path v : Ag ~ A; we will mean a continuous map
v :10,1] = £ (resp. [0,1] — £) such that v(i) = A; fori € {0,1}. The concatenation
Y1 - Yo of two paths v : Ag ~ Ay and 75 : Ay ~ Ay in £ (resp. in Z) is by definition
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the path Ag ~ Ag,

ot {%(2@ telo,1/2],
w2t—1) te[1/2,1].
The reverse path 4 of a path v : Ag ~ A; is the path A; ~ Ay, t — (1 —t). By
definition of the topology defined on L, for any path ~ : [0,1] — L, there exists
a continuous map j, : [0,1] x A, — M such that for every ¢t € [0,1], j,(¢,-) is a
diffeomorphism between A, and (t). A path ~ in £ will be called embedded if there
exists a continuous map j, as above that is a smooth embedding [0,1] x A, — M.
A path v in £ will be called embedded if ITy : ¢ + II(7(t)) is an embedded path.
In [26], Section 8], Colin and Sandon defined the discriminant length of a path ~y

in £ (resp. L) as the integral number

1 - - - ¥, and v are in the same homotopy class with

there exist embedded paths ~q,...,7, such that}
fixed endpoints

Laisc(7y) := min {n eN

with convention fg;s.(y) = 0 if 7y is a constant map. Colin-Sandon proved that £
takes values in N (with convention 0 € N) and that it induces an integral metric on
L (resp. L) called the discriminant metric and defined by

dgisc(Mo, A1) = min Laiee(), VAo, Ay € £ (vesp. L). (16)
v:Ao~Aq
Moreover, this metric is invariant under the action by contactomorphisms of (M, ¢)
since embedded paths are preserved by this action. Let us remark that in the case
of the universal cover £, there is a unique homotopy class of paths Ag ~ A; so that
one can erase the minimum from Equation ([16]).

In addition to the discriminant length, Colin-Sandon defined an oscillation norm
(to be distinguished from the Hofer oscillation norms). In order to properly define
it, let us say that a path v of L (resp. EN) is monotone if it is either a positive or a
negative isotopy. Then, for a path v, one defines the integral number v () by

of which are positive, such that v, - - -, and v are

there exist embedded monotone paths vy,..., v, k }
in the same homotopy class with fixed endpoints

vt (v) := min {k eN

with convention vX (v) = 0 if v is constant and defines v,_.(v) := —v} (7). Colin-

Sandon proved that these numbers are finite for all paths and they defined the
oscillation norm of a path v by

Vose(7) 1= Vo—gc('Y) — Voe(7) €N,
Colin-Sandon proved that the induced distance dcgesc on £ (resp. Z) is non-
degenerate if and only if £ (resp. L) is orderable. It is also a metric invariant
under the action by the contactomorphisms. We are primarily interested in the
case of the universal cover £ for which deg esc(Aog, A1) is simply defined as s ()
for any v : Ag ~ A;. In the case of £, one can thus write dcg s as the difference
déS,osc - dES,osc with
déS,OSC<AO7A1) = Vi ("}/), V")/ : AO ~> Al'

0osc
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In [26], the unboundedness of these two distances was only proven in the case of

L(RP™) (see Example 2.10., some 1-dimensional Legendrian knots, and £(p(0y))
defined in Example 2.10]3]

Theorem 4.16. Let us assume there exists a contact form a supporting § the Reeb
flow of which is T-periodic for some T > 0. If L is orderable, then

{da (AO, Al) < Tddisc(A07 Al)a

spec

gi (A17 AO) < Tdé_S,osc(A07 Al)’

In particular, the discriminant metric and the Colin-Sandon oscillation metric are
unbounded.

VAo, Ay € £ with Ay # A;.

Let us point out that the second inequality of Theorem [4.16] implies
A% (Mo, A1) < Tdog ese(Ao, A1), VAo, Ay € L with Ag # Ay, (17)

spec
as g ose(A1, Ao) equals —dgg o6 (Ao, A1) and is always non-negative.

Proof. Let us first prove the inequality involving the discriminant metric. Let Ag # A
be elements of £ and let n := dgjsc(Ag, A) € N*. By symmetry of the role of Ay and
A, it is enough to prove £ (A, Ag) < nT.

By definition, there exists embedded paths v; : A;_1 ~ A;; 1 < i < n, with
A, = A. Let us consider the maps f; : t —= £5(7;(t),7:(0)), 1 < i < n. By the
normalization property of ¢, fi(0) = 0 for all i. By continuity of ¢, the f;’s
are continuous maps. By spectrality of %, if fj(t) = T for some ¢t € (0,1] and
1 < i < n, it would imply that II(v;(¢)) intersects ¢3I1(7;(0)). But ¢% = id by
assumption so y; would not be an embedded path. Therefore, f; does not take the
value T'. By continuity, it implies that the f;’s take their values in (=7,7). Now,
by the triangular inequality,

(2N No) < fi(1) + fo(1) + -+ + fu(1) < nT,

the conclusion follows.

For the second inequality, one can apply the same strategy. Let k := d{g (Ao, A).
By definition, there exists embedded monotone paths v; : A;_1 ~ A;, 1 <@ < n
for some n € N such that k of them are positive, n — k of them are negative and
A, = A. By the triangular inequality,

(A, Ag) < 62 (An, A1) + -+ + £2(Ay, Ag). (18)

By the previous discussion, since +; is embedded, (5 (A;, A1) < T, 1 < i < n.
Moreover, if 7; is negative, the monotonicity property implies that £ (A;, A;—1) < 0.
As exactly n— k of the 7;’s are negative, the inequality implies €5 (A, Ag) < kT

The unboundedness of both metrics then follows from the unboundedness of the
spectral metric (see also Equation (17)): we recall that dg..(¢fA, A) = [t] for all

tcRand A € L. O

Corollary 4.17. Let us assume that there exists a contact form o supporting & the
Reeb flow of which is T-periodic for some T > 0. If A € L orderable is such that
GPTIANTIA = O for all t & TZ, then the isotopy (¢%:A)er defines a geodesic of both
the discriminant and the Colin-Sandon oscillation metrics, in the sense that

d(Pprd, dor) = “t - 8”, Vt,s € R witht —s ¢ Z~,
for d = daisc o7 desosc (when t — s € Z*, the distance is [|t — s|] + 1).
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For G(R?" x S', &), there is a characterization of some geodesics of the discrimi-
nant and oscillation norms of Colin-Sandon in [7].

Proof. Concerning the case t — s ¢ Z*, by invariance of both metrics under contac-
tomorphisms, it is enough to prove that d(¢%A,A) = [t] for every t € Ry \ N.
Let us fix such a ¢t and consider the case d = dgj.. Then Theorem 4.16| im-
plies that this distance is at least [¢t]. The assumption on A implies that paths
S O Lsr-e\s s € [0, 1], are embedded for every ¢ € (0,7) and ¢, € R. Let

e =T (1 — %) € (0,7). The path s — ¢% A is homotopic (with fixed endpoints)

to the concatenation v; - - -y of the paths

Vit 8 Olapinyr—oN, Vi €{L,... [t]},
which are embedded paths, as was just remarked. By definition of the discriminant
metric, it implies the reverse inequality: dgisc(P3rA, A) < [t].

The argument to prove dcgesc(PfrA, A) = [t] for t € Ry \ N is the same once
remarked that desese(¢fpA, A) = ddg oe (@A, A) in order to apply Theorem m
(since the path s +— ¢%,A is positive).

Concerning the case t — s € Z*, Theorem implies the optimal lower bound
since both metrics take integral values, while a similar decomposition of the isotopy
gives the reverse inequality. U

Ezamples 4.18. The space Z(RP”) described at Example is a space for which
Corollary applies by taking A := RP" and the contact form of RP?"™! induced
by the Liouville form %(ydx — xdy) on R2+D It extends to lens spaces as well.

When N is a closed manifold, EN(p(O ~)) described at Example . also applies
by taking A := p(0Ox) and the standard contact form o = dz — A.

Let us give another family of examples of such a situation. Consider the unit
tangent bundle M := SN of a Riemannian manifold N all of whose geodesics are
closed embedded curves (e.g S", RP", CP", HP™, CaP? for the metric induced by
the round metric on the sphere). For the standard choice of contact form on M,
the Reeb flow corresponds to the geodesic flow and E(SIN ) is orderable given any
r € N (c¢f. Example . By the geometric assumption on the geodesics of N,
A := S, N satisfies the hypothesis of Corollary for any x € N.

4.5. Equivalence of the Colin-Sandon oscillation metric and the Fraser-
Polterovich-Rosen metric. Let us study the natural generalization of the norm
introduced by Fraser-Polterovich-Rosen [35] in the context of Legendrian isotopy
classes. Let (M, &) be a contact manifold endowed with a contact form a the Reeb
flow of which is 1-periodic. If G is orderable, the Fraser-Polterovich-Rosen norm of
RS 5 is defined as

[Ulppy = min {k € N | 6%, < v < 67 }.

If £ is orderable for some closed Legendrian submanifold of M, one then naturally
generalizes the Fraser-Polterovich-Rosen norm as the distance defined by

dppr(A, A) = min{k EN| ¢ AN <A< ¢>gA’}, VA, A € L.
This is indeed a non-degenerate distance by definition of orderability. Moreover,
this distance is invariant under the action of the universal cover of Conty(M,¢), as
% € Conto(M, ) belongs to the center of this group for every k € Z. This metric
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also endows the partially ordered space (£~, =) with the structure of a partially
ordered metric space (see above Proposition .

In the original setting of G, the domination of dppg over the oscillation metric
of Colin-Sandon has been remarked by Fraser-Polterovich-Rosen [35, Remark 3.8].
The close link between dppr and the spectral invariant ¢¢ allows us to prove even
more in the Legendrian case.

Theorem 4.19. Let (M,§) be a contact manifold endowed with a contact form «
the Reeb flow of which is 1-periodic and let us assume that E(A*) s orderable for
some closed Legendrian submanifold A, C M. Then the associated Colin-Sandon
oscillation metric and Fraser-Polterovich-Rosen metric satisfy

drpr < dcsose +1 < 3Adppr + 1,

where A = dcs osc (Mo, 9T No) for some Ay € E(A*) In particular, the two metrics
are equivalent.

Proof. The spectral distance satisfies

dSeo(A, A') = inf {t € [0,+00) | ¢*,A' A ¢}, VAN €L,

spec
SO
[d2ec(A, A)] < dppr(A, A) < |8 (A A) | +1, VAN € L.

In particular, when dg .. is not an integer, dppr = [dg,..]. The inequality dppr <
dcs osc + 1 is then a consequence of Theorem (see also inequality )

The domination of dcg osc by drpr had already been remarked by Fraser-Polterovich-
Rosen [35, Remark 3.8]. It is a consequence of the fact that degese induces a
partially ordered metric space on (E,j) (see [20, Proposition 3.4]). Let us fix

A 1= des osc (Ao, 97 ) for some Ay € £ and let us show that
des.osc(N, 0FA) < Alk|, VkeZ,VA e L. (19)

First, the left-hand side of the inequality does not depend on the choice of A: let
g € G such that gA = Ay, then

des,osc(A, PR A) = desose(9A, g0 g~ gA) = des ose(Ao, G Ao),
where we have used the G-invariance of des osc and the fact that ¢ commutes with
g*!. The inequality now follows from the triangular inequality associated with
the invariance of the distance under the action of the Reeb flow. Now, let A, A’ € L
and let k := dppr(A, A’). By definition, ¢*, A" < A < ¢¢A’ 80 degosc(A, 9% A) <
des.osc (@A, @ A’) by compatibility of deg esc With the partial order <. Therefore,
dCS,osc(A, A,) S dCS,osc(A7 ¢gkA/> + dCS,osc<¢gkA/7 A,)

S dCS,osc(¢(ikA,> ¢(I:A/) + Ak

< 3Ak,
which brings the conclusion as k = dppr(A, A'). O

Remark 4.20. With slight adaptations, one can loosen the hypothesis in both Theo-
rems and by asking for the existence of a 1-periodic positive contact isotopy
(¢¢) with ¢y = id instead of a 1-periodic Reeb flow. One should then replace the
use of /¢ with the use of

00(Ay, M) == Ly (A, (4eho)ier), VAo, Ay € L,



SPECTRAL SELECTORS AND CONTACT ORDERABILITY 33

and make the necessary changes in the definition of dg‘pec as well as dppr. As (¢¢)
is not an autonomous flow, the triangular inequality is not accessible anymore but

one still has
(64 (A2, Mo)] < [62(Ao, AT+ [ (Ar, Ao) .

In this case, the inequalities stated in Theorem are not open anymore but it
still allows to show the unboundedness of the metrics and Theorem [1.19) Moreover,
for any A € £ such that ¢JIA NTIA = § for all t € R\ Z, (¢;A) is a geodesic in the
sense of Corollary [4.17]

5. LORENTZIAN GEOMETRY AND TIME FUNCTIONS

When (M, ker @) is a closed cooriented contact manifold, the relations < and <
on G (resp. Q) have the property to come from a closed proper cone structure, i.e.
a distribution of closed sharp convex cones with non empty interiors [34] 55], 40].
Indeed, the Lie algebra g of the infinite dimensional Lie group G is the space of
contact vector fields. The subset g>( of contact vector fields X € g\ {0} satisfying
a(X) > 0is a closed proper cone whose interior g consists of vector fields for which
the previous inequality is open. The closed proper cone structure used to define <
and < is then given by right translating these cones of the Lie algebra to the whole
tangent space. Note that left translations would give rise to the same closed proper
cone structure since g>g is invariant under the adjoint action of G (which is the push
forward). This point of view recently led Abbondandolo-Benedetti-Polterovich [I]
and Hedicke [41] to introduce objects of Lorentzian geometry to study (G, <, <)
such as Lorentz-Finsler structure or Lorentzian distances. An open question in [I]
was about the existence or not of a time function on (G(RP?*~1), <), i.e. a function
7 such that z <y and x # y implies 7(z) < 7(y). In this section, we give a positive
answer to this question generalized to all orderable G, g £ and £. We show moreover
that time functions cannot be invariant.

Remarks 5.1.

1. In Lorentzian geometry, the existence of a time function is equivalent to stable
causality. The notion of stable causality in this context is strictly stronger than
the notions of causality and of strong causality [56, [55].

2. From a different perspective, Chernov-Nemirovski imported Lorentzian geometric
notions to the study of some Legendrian isotopy classes [20], 23], 22]. The starting
point of their study is that the space of null future pointing unparametrized
geodesics of a globally hyperbolic Lorentzian manifold carries a canonical contact
structure.

3. A consequence of a recent paper of Buhovsky-Stokié¢ [13] is that the Lie algebra of
the group of Hamiltonian symplectomorphisms of any closed symplectic manifold
has no non-trivial invariant convex cone. It would be interesting to know if the
only non-trivial invariant convex cones of g are +g>¢ and £g-( for any closed
cooriented contact manifold (M, ¢).

Let us fix a contact form « supporting £&. According to Lemma G is separable
(and so is G). Then, let us fix (¢,),>1 a dense sequence on G (resp. G) and consider

= C+ an) _
az 27 max (1, e (¥,)]) +0b, Ve eg (resp. G),
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where a,b € R are normalization factors defined by the relations (assuming the
series does converge)

-1

1
2 D max(L, A Bn)])

and 7(id) = 0

Theorem 5.2. 7% is a well-defined d3,..-1-Lipschitz (so dgy-1-Lipschitz and C*-
continuous) map G — R (resp. G — R) satisfying

T(id) =

7(¢0) = () +t for allt €R and 1 € G (resp. G),
3. o 2 with ¢ # ¢ implies 7*(¢) < 7().

Proof. In order to simplify the notation let ¢ := ¢%. According to the triangular
inequality,

c(p) — (@) < eley) < e(p) + e(v),

where the left-hand side inequality comes from the decomposition ¢ = (@)1
Therefore,

e(o)] = le(p)]| < max (|e(¥)], [e(v ™))

Applying this inequality with 1) = 1),,, one gets that the sum defining 7¢ is absolutely
convergent. Since c is dg .-1-Lipschitz (Equation (15))), and dg,,. is right-invariant,

spec spec
one gets

17%(p) — V)| < az 0 dspec( (©Un, Yhn) < dypec(i0, ),

max(1, e} (¢n)]) =

80 7% is dgpec-1-Lipschitz which implies that it is Hofer-1-Lipschitz as well as C'-
continuous according to Corollary [4.2]

Property [1] is true by construction while property [2|is a direct consequence of the
normalization property of c.

Finally, suppose ¢ =< w with ¢ # 1, then by Corollary [3.13] ¢(yp™!) > 2¢ for
some ¢ > 0 while c¢(pp™!) = 0. By C'-density of (¢,) and C'-continuity of £
(Corollary |3.10f - c(p o) < e < c(p o) for some k such that 1 is close to ¢~
Since ¢ is non-decreasing, c(p 0 ¢,) < c(¢ 0 1,) for all n and property [3] follows. D

One defines time functions on £ ~(resp. £~) similarly. Keeping the previously fixed
dense sequence (1,) of G (resp. G) and fixing some Ay € L (resp. in L), let us
consider

éi (Aa ¢nA0)

¢ (A) = b, VA L
Thy (M) Q;Z”max(l,\ci(wn)])+ , VA€ L (resp. L),

where a € R is defined as above and b € R is such that 7§ (Ag) = 0. One proves
similarly the Legendrian counterpart of Theorem

Theorem 5.3. 73 is a well-defined A2, -1-Lipschitz (so d3cy-1-Lipschitz and C"-
continuous) map L — R (resp. L — R) satisfying

1. TK[O(A()) = 0, B

2. TR (PFA) = 78 (A) +t for allt € R and A € L (resp. L),

8. A=A with A # N implies 73 (A) < 78 (A).

spec
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Since the binary relations considered on £ and L are invariant by the left action
of G and G respectively, and the ones considered on G and G are invariant by the
action by conjugation, it is natural to ask if there exists a time function on these
spaces that can be invariant with respect to these actions. We show that it is not
possible.

Theorem 5.4 (Non existence of invariant time function).

1. Let L (resp. L) such that £ (resp. L) is orderable and T a time function on
(L,=) (resp. (L,=)). Then there exist A,\N' € L (resp. L) and g € G (resp.
(j) such that the time difference between A and A is not the same as the time
difference between g\ and g\', i.e. 7(gA) — 7(g\') # 7(A) — 7(A).

2. Let O be either G or 5 such that O is orderable. Let T be a time function. Then
there exist p, g € O such that 7(g 1 pg) > 7(p).

Proof of Theorem[5.4] part 1. Let us prove it for the case é For any Ay € L, by
applying a Reeb flow for a small timespan, one obtains A; € £ such that I[TA;NIIAy =
() and Ay < A;. We now consider a point p € IIAy and a neighborhood U of p
such that U does not intersect ITA;. Let h : M — [0,400) be a Hamiltonian map
compactly supported in U such that h(p) > 0. The induced contact flow (g;) satisfies
Ao = g:Ag and Ag # g;Ag for t > 0 small enough. Moreover since supp(h) NIIA; = 0,
we deduce that ¢:A; = A;. This implies that 7(g:Aog) — 7(g:A1) > 7(Ao) — 7(Ay) for
t > 0 small enough. 0

Let us remark that to prove the second part of Theorem it is enough to
construct two elements g, € G (resp. g € G and ¢ € G) such that

¢ =g 'pg and ¢ # g ¢g. (20)
We will first construct such elements when the contact manifold is the standard

Euclidean contact manifold (R***1 &) and then transport this construction to any
cooriented contact manifold using Darboux charts.

Proof of Theorem part 2. We will prove that there exist g, p € G (resp. (j) such
that is satisfied. Let us first remark that it is enough to prove it in the standard
contact vector space (R?*"1 &) (we recall that in an open manifold, G stands for the
set of time-one maps of compactly supported contact flows). Indeed, there would
exists contact isotopies (g;), (¢:) and (hy) supported in some open ball B C R*"*!
such that gy = id = g, (h;) is non-negative with hy = ¢; and h; = g; ‘@191,
and ; # g7 'p1g1. Now, given any contact (2n + 1)-manifold (M, ), there exists
a contact embedding of B inside (M,{) by the Darboux neighborhood theorem.
Since the contact isotopies (g:), (¢¢) and (h:) are compactly supported in B, they
naturally extend by the identity to contact isotopies of (M, &). Seen in (M, §), (h:) is
still non-negative so that ¢ := ¢ and g := g; still satisfy as needed to conclude.
Let us now prove the existence of such g,¢ € G (resp. G) for (R &) to
finish the proof. The standard contact form oy is dz — Y, y;dz; where (z,y, 2)
denotes the usual coordinate functions on R?*"™!. Let p : [0,+00) — [0,+00) be
a smooth non-increasing function supported in [0,1/4] such that p(0) = 1. Let
H : R**! — R be the Hamiltonian map defined by H(p) := p(|p|?) for all p € R*"*!
and where | - | denotes the usual Euclidean norm. We denote by (¢:) the contact
flow generated by H. Finally for all a € R we denote by ®, the non compactly
supported contactomorphism of R?*"*1 defined as (z,y, 2) — (e, %y, €222).
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Let a < 0 be sufficiently close to 0 so that ®,1(By(1/2)) is strictly included in
By(1), where By(r) denotes the open ball centered at 0 of radius r > 0. Then the
support of &1 o, 0 ®,, that is &' (supp ¢;), is contained in By(1) and contains
strictly supp ¢; for all ¢ € [0, 1]. Moreover since the compactly supported Hamilton-
ian function

h, : R [0,4+0), (x,y,2)— 6_2“h(eax, ey, 62“2),

generates the contact flow (®,1p,®,) and trivially satisfies h, > h we deduce that
(@glgotq)a) is a non-negative compactly supported contact isotopy, so

©®1 j @;1901(1% and P1 7& (I)(;lgplq)a-

In order to conclude, one needs to replace ®, with a compactly supported contac-
tomorphism. Since &1, ®, = g lp;g for any t € R and any diffeomorphism g
agreeing with ®, on ®,'By(1/2), one can take any such g in G. Such a g can be
induced by a compactly supported Hamiltonian map obtained by cutting off the
Hamiltonian map generating (®q)co1]- Finally, the elements g and ¢, satisfy the

relations , as needed. O

REFERENCES

1. Alberto Abbondandolo, Gabriele Benedetti, and Leonid Polterovich, Lorentz-Finsler metrics
on symplectic and contact transformation groups, arXiv e-prints (2022), arXiv:2210.02387.
2. Peter Albers, Urs Fuchs, and Will J. Merry, Orderability and the Weinstein conjecture, Compos.
Math. 151 (2015), no. 12, 2251-2272.

3. Peter Albers and Will Merry, Orderability, contact non-squeezing, and Rabinowitz Floer ho-
mology, J. Symplectic Geom. 16 (2018), no. 6, 1481-1547.

4. Simon Allais, A Contact Camel Theorem, International Mathematics Research Notices 2021
(2019), no. 17, 13153-13181.

, Morse estimates for translated points on unit tangent bundles, arXiv e-prints (2022),

arXiv:2205.13946.

, On the minimal number of translated points in contact lens spaces, Proc. Amer. Math.

Soc. 150 (2022), no. 6, 2685-2693.

7. Pierre-Alexandre Arlove, Geodesics of norms on the contactomorphisms group of R?™ x S*, To

appear in Journal of Fixed Point Theory and Applications.

, Normes sur le groupe des contactomorphismes et contactisation de domaines étoilés,
leurs géodésiques et leurs caractéristiques translatées, Theses, Université de Strasbourg, July
2021.

9. V. 1. Arnol’ d, The first steps of symplectic topology, Uspekhi Mat. Nauk 41 (1986), no. 6(252),
3-18, 229.

10. Mohan Bhupal, A partial order on the group of contactomorphisms of R2"+1 wia generating
functions, Turkish J. Math. 25 (2001), no. 1, 125-135.

11. Misha Bialy and Leonid Polterovich, Geodesics of Hofer’s metric on the group of Hamiltonian
diffeomorphisms, Duke Math. J. 76 (1994), no. 1, 273-292.

12. Lev Buhovsky, Vincent Humiliére, and Sobhan Seyfaddini, The action spectrum and C° sym-
plectic topology, Math. Ann. 380 (2021), no. 1-2, 293-316.

13. Lev Buhovsky and Maksim Stoki¢, Flexibility of the adjoint action of the group of hamiltonian
diffeomorphisms, 2023.

14. Dmitri Burago, Sergei Ivanov, and Leonid Polterovich, Conjugation-invariant norms on groups
of geometric origin, Groups of diffeomorphisms, Adv. Stud. Pure Math., vol. 52, Math. Soc.
Japan, Tokyo, 2008, pp. 221-250.

15. Dylan Cant, Remarks on the oscillation energy of Legendrian isotopies, Geom. Dedicata 217
(2023), no. 5, 86.

16. Roger Casals and Francisco Presas, On the strong orderability of overtwisted 3-folds, Comment.
Math. Helv. 91 (2016), no. 2, 305-316.




17.

18.

19.

20.

21.
22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.
37.

38.

39.
40.
41.
42.
43.
44.

45.

SPECTRAL SELECTORS AND CONTACT ORDERABILITY 37

Baptiste Chantraine, Reeb chords of Lagrangian slices, J. Fixed Point Theory Appl. 24 (2022),
no. 2, Paper No. 26, 8.

Baptiste Chantraine, Vincent Colin, and Georgios Dimitroglou Rizell, Positive Legendrian
isotopies and Floer theory, Ann. Inst. Fourier (Grenoble) 69 (2019), no. 4, 1679-1737.

Yu. V. Chekanov, Critical points of quasifunctions, and generating families of Legendrian
manifolds, Funktsional. Anal. i Prilozhen. 30 (1996), no. 2, 5669, 96.

Vladimir Chernov and Stefan Nemirovski, Legendrian links, causality, and the Low conjecture,
Geom. Funct. Anal. 19 (2010), no. 5, 1320-1333.

, Non-negative Legendrian isotopy in ST*M, Geom. Topol. 14 (2010), no. 1, 611-626.
, Universal orderability of Legendrian isotopy classes, J. Symplectic Geom. 14 (2016),
no. 1, 149-170.

, Interval topology in contact geometry, Commun. Contemp. Math. 22 (2020), no. 5,
1950042, 19.

Erman Cineli and Sobhan Seyfaddini, The strong closing lemma and Hamiltonian pseudo-
rotations, arXiv e-prints (2022), arXiv:2210.00771.

Vincent Colin, Emmanuel Ferrand, and Petya Pushkar, Positive isotopies of Legendrian sub-
manifolds and applications, Int. Math. Res. Not. IMRN (2017), no. 20, 6231-6254.

Vincent Colin and Sheila Sandon, The discriminant and oscillation lengths for contact and
Legendrian isotopies, J. Eur. Math. Soc. (JEMS) 17 (2015), no. 7, 1657-1685.

Georgios Dimitroglou Rizell and Michael G. Sullivan, An energy-capacity inequality for Legen-
drian submanifolds, J. Topol. Anal. 12 (2020), no. 3, 547-623.

Yakov Eliashberg, New invariants of open symplectic and contact manifolds, J. Amer. Math.
Soc. 4 (1991), no. 3, 513-520.

Yakov Eliashberg, Sang Seon Kim, and Leonid Polterovich, Geometry of contact transforma-
tions and domains: orderability versus squeezing, Geom. Topol. 10 (2006), 1635-1747.

Yakov Eliashberg and Leonid Polterovich, Partially ordered groups and geometry of contact
transformations, Geom. Funct. Anal. 10 (2000), no. 6, 1448-1476.

Michael Entov and Leonid Polterovich, Lagrangian tetragons and instabilities in Hamiltonian
dynamics, Nonlinearity 30 (2017), no. 1, 13-34.

, Legendrian persistence modules and dynamics, J. Fixed Point Theory Appl. 24 (2022),
no. 2, Paper No. 30, 54.

Michael Farber, Zeros of closed 1-forms, homoclinic orbits and Lusternik-Schnirelman theory,
Topol. Methods Nonlinear Anal. 19 (2002), no. 1, 123-152.

Albert Fathi and Antonio Siconolfi, On smooth time functions, Math. Proc. Cambridge Philos.
Soc. 152 (2012), no. 2, 303-339.

Maia Fraser, Leonid Polterovich, and Daniel Rosen, On Sandon-type metrics for contactomor-
phism groups, Ann. Math. Qué. 42 (2018), no. 2, 191-214.

Hansjorg Geiges, An introduction to contact topology, Cambridge University Press, 2007.
Viktor L. Ginzburg and Bagak Z. Giirel, Hyperbolic fized points and periodic orbits of Hamil-
tonian diffeomorphisms, Duke Math. J. 163 (2014), no. 3, 565-590.

Alexander B. Givental’, Nonlinear generalization of the Maslov index, Theory of singularities
and its applications, Adv. Soviet Math., vol. 1, Amer. Math. Soc., Providence, RI, 1990,
pp. 71-103.

Gustavo Granja, Yael Karshon, Milena Pabiniak, and Sheila Sandon, Givental’s non-linear
Maslov index on lens spaces, Int. Math. Res. Not. IMRN (2021), no. 23, 18225-18299.

Jakob Hedicke, A causal characterisation of Sp;1(2n), arXiv e-prints (2022), arXiv:2211.03707.
, Lorentzian distance functions in contact geometry, J. Topol. Anal. (2022), 1-21.
Morris W. Hirsch, Differential topology, Graduate Texts in Mathematics, vol. 33, Springer-
Verlag, New York, 1994, Corrected reprint of the 1976 original.

Helmut Hofer, On the topological properties of symplectic maps, Proc. Roy. Soc. Edinburgh
Sect. A 115 (1990), no. 1-2, 25-38.

Vincent Humiliere, On some completions of the space of Hamiltonian maps, Bull. Soc. Math.
France 136 (2008), no. 3, 373-404.

Michael Hutchings and Clifford Henry Taubes, Proof of the Arnold chord conjecture in three
dimensions 1, Math. Res. Lett. 18 (2011), no. 2, 295-313.




38

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

S. ALLAIS AND P.-A. ARLOVE

Francois Lalonde and Dusa McDuff, The geometry of symplectic energy, Ann. of Math. (2)
141 (1995), no. 2, 349-371.

Rémi Leclercq, Spectral invariants in Lagrangian Floer theory, J. Mod. Dyn. 2 (2008), no. 2,
249-286.

Rémi Leclercq and Frol Zapolsky, Spectral invariants for monotone Lagrangians, J. Topol.
Anal. 10 (2018), no. 3, 627-700.

Wenyuan Li, Estimating Reeb chords using microlocal sheaf theory, arXiv e-prints (2021),
arXiv:2106.04079.

Guogang Liu, Positive loops of loose Legendrian embeddings and applications, J. Symplectic
Geom. 18 (2020), no. 3, 867-887.

Dusa McDuff, Geometric variants of the Hofer norm, J. Symplectic Geom. 1 (2002), no. 2,
197-252.

Dusa McDuff and Dietmar Salamon, Introduction to symplectic topology, third ed., Oxford
Graduate Texts in Mathematics, Oxford University Press, Oxford, 2017.

Matthias Meiwes and Kathrin Naef, Translated points on hypertight contact manifolds, J.
Topol. Anal. 10 (2018), no. 2, 289-322.

Isidora Milin, Orderability of contactomorphism groups of lens spaces, ProQuest LLC, Ann
Arbor, MI, 2008, Thesis (Ph.D.)-Stanford University.

Ettore Minguzzi, Causality theory for closed cone structures with applications, Springer Inter-
national Publishing, 2019.

Ettore Minguzzi and Miguel Sanchez, The causal hierarchy of spacetimes, Recent develop-
ments in pseudo-Riemannian geometry, ESI Lect. Math. Phys., Eur. Math. Soc., Ziirich, 2008,
PP- 299-358.

Klaus Mohnke, Holomorphic disks and the chord conjecture, Ann. of Math. (2) 154 (2001),
no. 1, 219-222.

Lukas Nakamura, A new metric on the contactomorphism group of orderable contact manifolds,
arXiv e-prints (2023), arXiv:2307.10905.

Yong-Geun Oh, Symplectic topology as the geometry of action functional. I. Relative Floer
theory on the cotangent bundle, J. Differential Geom. 46 (1997), no. 3, 499-577.

, Construction of spectral invariants of Hamiltonian paths on closed symplectic man-
ifolds, The breadth of symplectic and Poisson geometry, Progr. Math., vol. 232, Birkh&user
Boston, Boston, MA, 2005, pp. 525-570.

Leonid Polterovich, The geometry of the group of symplectic diffeomorphisms, Lectures in
Mathematics ETH Ziirich, Birkh&user Verlag, Basel, 2001.

Daniel Rosen and Jun Zhang, Chekanov’s dichotomy in contact topology, Math. Res. Lett. 27
(2020), no. 4, 1165-1193.

Sheila Sandon, An integer-valued bi-invariant metric on the group of contactomorphisms of
R?"™ x S, J. Topol. Anal. 2 (2010), no. 3, 327-339.

, Contact homology, capacity and non-squeezing in R*" x S wvia generating functions,
Ann. Inst. Fourier (Grenoble) 61 (2011), no. 1, 145-185.

, Equivariant homology for generating functions and orderability of lens spaces, J. Sym-
plectic Geom. 9 (2011), no. 2, 123-146.

, A Morse estimate for translated points of contactomorphisms of spheres and projective
spaces, Geom. Dedicata 165 (2013), 95-110.

Matthias Schwarz, On the action spectrum for closed symplectically aspherical manifolds, Pa-
cific J. Math. 193 (2000), no. 2, 419-461.

Egor Shelukhin, The Hofer norm of a contactomorphism, J. Symplectic Geom. 15 (2017),
no. 4, 1173-1208.

, On the Hofer-Zehnder conjecture, Annals of Mathematics 195 (2022), no. 3, 775 —

839.

Jean-Claude Sikorav, Rigidité symplectique dans le cotangent de T™, Duke Math. J. 59 (1989),
no. 3, 759-763.

Takashi Tsuboi, On the simplicity of the group of contactomorphisms, Groups of diffeomor-
phisms, Adv. Stud. Pure Math., vol. 52, Math. Soc. Japan, Tokyo, 2008, pp. 491-504.
Michael Usher, Local rigidity, contact homeomorphisms, and conformal factors, Math. Res.
Lett. 28 (2021), no. 6, 1875-1939.



73.

74.

75.

76.

SPECTRAL SELECTORS AND CONTACT ORDERABILITY 39

Claude Viterbo, Symplectic topology as the geometry of generating functions, Math. Ann. 292
(1992), no. 4, 685-710.

, On the supports in the Humiliére completion and ~y-coisotropic sets (with an Appendix
joint with Vincent Humiliére), arXiv e-prints (2022), arXiv:2204.04133.

Peter Weigel, Orderable contact structures on Liouville-fillable contact manifolds, J. Symplectic
Geom. 13 (2015), no. 2, 463-496.

Frol Zapolsky, Geometry of contactomorphism groups, contact rigidity, and contact dynamics
in jet spaces, Int. Math. Res. Not. IMRN (2013), no. 20, 4687—4711.

SIMON ALLAIS, IRMA, UNIVERSITE DE STRASBOURG,
7 RUE RENE DESCARTES, 67084 STRASBOURG, FRANCE
Email address: simon.allais@math.unistra.fr

URL: https://irma.math.unistra.fr/~allais/

PIERRE-ALEXANDRE ARLOVE, FAKULTAT FUR MATHEMATIK, RUHR-UNIVERSITAT BOCHUM,
UNIVERSITATSSTRASSE 150, 44780 BocHUM, GERMANY
Email address: pierre-alexandre.arlove@ruhr-uni-bochum.de



	1. Introduction
	1.1. Historical background
	1.2. Conventions
	1.3. Order spectral selectors
	1.4. Applications to the existence of Reeb chords and translated points
	1.5. Applications to the metric structures of L, L"0365L, G and G"0365G
	Organization of the paper
	Acknowledgement

	2. Preliminaries
	2.1. Legendrian and contact isotopies and their Hamiltonian maps
	2.2. The C1-topology of Legendrian and contact isotopy classes
	2.3. Hofer type pseudo-metrics
	2.4. Contact orderability

	3. Order spectral selectors
	3.1. The Legendrian case
	3.2. The case of contactomorphisms

	4. Metrics and pseudo-metrics
	4.1. The spectral metrics
	4.2. Spectrally robust Legendrian interlinkings
	4.3. Unboundedness of Hofer type pseudo-metrics
	4.4. Colin-Sandon discriminant and oscillation metrics
	4.5. Equivalence of the Colin-Sandon oscillation metric and the Fraser-Polterovich-Rosen metric

	5. Lorentzian geometry and time functions
	References

