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Abstract

Let G be a connected reductive algebraic group over C. Through the geometric Satake
equivalence, the fundamental classes of the Mirkovié—Vilonen cycles define a basis in each
tensor product V(A1) ® --- ® V(A,) of irreducible representations of G. We compute this
basis in the case G = SL2(C) and conclude that in this case it coincides with the dual
canonical basis at ¢ = 1.

1 Introduction

Let G be a connected reductive algebraic group over C, endowed with a Borel subgroup B and
a maximal torus T' C B. Irreducible rational representations of G are classified by their highest
weight: to the dominant integral weight A corresponds the irreducible representation V().

Several constructions provide bases of V'(\), for instance:

e Exploiting the geometry of moduli spaces of quiver representations, Lusztig defines in [16]
the so-called canonical basis of the quantum deformation V(). We are in fact interested
in the dual of this basis, aka Kashiwara’s upper global basis [14]. Taking the classical
limit ¢ = 1 provides a basis of V().

e The geometric Satake correspondence [15, 18] realizes V(A) as the intersection coho-

mology of a certain Schubert variety Gr* in the affine Grassmannian of the Langlands
dual of G. The fundamental classes of the Mirkovié¢—Vilonen cycles form a basis of this
cohomology space, hence of V().

These two bases share nice properties; they can both be endowed with a Kashiwara crystal
structure which controls the action of the Chevalley generators of the Lie algebra of G, and
they are both bases over Z of the costandard integral form of V' (\). They coincide in small
rank but usually differ: counterexamples were found in [2] with G = SOg(C) and SLg(C). This
disparity seems related to the theory of cluster algebras. Namely, the algebra C[N] of regular
functions on the unipotent radical N of B has a cluster structure, which is of infinite type
if G = SOg(C) or SLg(C). Each representation V() can be embedded into C[N], and the
counterexamples in [2]| are located at points where the dual canonical basis elements are not
cluster monomials (see e.g. [10], sect. 19).



A tensor product V(A1) ®---®@V (A,) of irreducible representations also admits a dual canonical
basis (see chapter 27 in [17]) and a Mirkovié—Vilonen basis (see sect. 2.4 in [12]). In each case,
one modifies the tensor product of the bases of the factors in a specific way to produce a new
basis, that still enjoys the pleasant properties mentioned earlier, and is moreover compatible
with the isotypic filtration. In this more general setup, the dual canonical basis and the
Mirkovié—Vilonen basis already differ for G = SL3(C) [6].

It is possible to carry out the complete calculations in the case G = SLo(C). This task was
performed by Frenkel and Khovanov [7] for the dual canonical basis, and the purpose of this
paper is to do the same for the Mirkovi¢—Vilonen basis. Recall that each dominant weight
of SLy(C) is a nonnegative multiple of the fundamental weight . The following result is a
corollary of our work.

Theorem. For G = SLy(C), the Mirkovié—Vilonen basis of a tensor product V(nijw) @ -+ ®
V(n,w) coincides with the dual canonical basis of this space specialized at ¢ = 1.

In truth, this theorem holds only after reversal of the order of the tensor factors, but this defect
is merely caused by a discrepancy in the conventions.

The theorem is trivial in the case 7 = 1 and can be expeditiously deduced from general
properties shared by the two bases in the case r = 2. When r > 3, the presence of multiplicities
in the tensor product renders the result less obvious. Perhaps one can deduce the theorem from
a compatibility of both bases with an appropriate rigid structure. (One option here would be
to use the symmetric Howe duality relative to the dual pair (GLg, GL,) in conjunction with the
cluster algebras C[B;\G] studied in [11].) However, we shall not pursue this avenue. Instead,
we regard V(nyw) @ --- @ V(n,w) as a quotient of V (ww)®(™++7) and note that both the
dual canonical basis and the Mirkovi¢—Vilonen basis behave well under this operation. We can
therefore reduce the general statement to the particular case of the tensor power V (ww)®". We
then deal with the latter by direct though complicated calculations.

The paper is organized in the following way. In sect. 2, we define a basis of V(w)®" by a
simple recursive formula and argue that it matches Frenkel and Khovanov’s characterization
of the dual canonical basis. In sect. 3, we recall the definition of the Mirkovié—Vilonen basis in
tensor products of irreducible representations and prove its good behavior under the quotient
operation of the previous paragraph. In sect. 4, we show that the Mirkovi¢—Vilonen basis of
V (w)®" satisfies the recursive formula from sect. 2 (this is the difficult part in the paper).

While preparing this paper, we learned that independently Pak-Hin Li computed the Mirkovié—
Vilonen basis for the tensor product of two irreducible representations of SLa(C).

This work is based on the PhD thesis of the second author [5]. We however rewrote the proof to
render it more accessible and remove ambiguities. We thank an anonymous referee for his/her
benevolent work and his/her pertinent suggestions.

The first author acknowledges support from the ANR (project GeoLie ANR-15-CE40-0012).



2 Combinatorics and linear algebra

Let K be a field and let V be the vector space K2. In this section, we define in an elementary
manner an explicit basis in each tensor power V®" that has nice properties with respect to the
natural action of SLa(K).

2.1 Words

Given a nonnegative integer n, we set 6, = {+, —}". We regard an element in %, as a word
of length n on the alphabet {+, —}. Concatenation of words endows ¢ = J,,~, %, with the
structure of a monoid. The word of length zero is denoted by @.

The weight of a word w € ¢, denoted by wt (w), is the number of letters + minus the number
of letters — that w contains. A word w = w(1)w(2)---w(n) is said to be semistable if its
weight is 0 and if each initial segment w(1)---w(j) has nonpositive weight.

Words are best understood through a representation as planar paths, where letters + and —
are depicted by upward and downward segments, respectively. A word is semistable if the
endpoints of its graphical representation are on the same horizontal line and if the whole path
lies below this line.

Any word w can be uniquely factorized as a concatenation
w_r+ . e +w_1+w0_w1_ e _ws

where r and s are nonnegative integers and where the words w_,., ..., ws are semistable. The
r letters + and the s letters — that do not occur in the semistable words are called significant.
Informally, a letter + is significant if it records the first time an altitude is reached, and a
letter — is significant if it marks a descent from a height that is never attained again. A word
is semistable if and only if it does not contain any significant letter.

Example. The following picture illustrates the factorization of the word
w=—++ ++ R

This word has length 22 and weight 2. Here (r,s) = (4,2) and the words w_s, wy and wo are
empty. Significant letters are written in black, non-significant ones in orange.
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Given a word w, we denote by Z(w) the set of words obtained from w by changing a single
significant letter + into a —. With our previous notation, & (w) has r elements.

2.2 Bases

Let (x4,x_) be the standard basis of the vector space V. Each word w = w(1)w(2)---w(n)
in €" defines an element ., = Ty, (1) ® *++ @ Tyy(y) in the n-th tensor power of V. The family
(Tw)wee, 1s a basis of V™.

We define another family of elements (y,)wecw in the tensor algebra of V' by the convention
Yz = 1 and the recursive formulas

Yiw =24 @Yw and Yo =T Qyu— Y T4 DYy

vEZ (W)
Rewriting the latter as
T4 QY =Ytw and T @Yy = Y—w + Z Y4v <1>
veEZ(w)

one easily shows by induction on the length of words that each element x,, can be expressed as
a linear combination of elements ¥, using only words v that have the same length and weight
as w. It follows that for each nonnegative integer n, the family (Y, )wee, spans V™ hence is
a basis of this space.

Proposition 1 The family (yw)wew is characterized by the following conditions:

(i) If w is of the form +---+—---— (a collection of + followed by a collection of —), then

Y = Lo -
(i) Yo =T — T4

(iii) Let u be a semistable word and let (w',w") € € X Cpr. Write Yy = > 2, & 2 with

)

(Z/- Z//) € V®n/ X V®n”‘ Then Yw'uw” = Z Z; & Yu @ Z7€/~
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Proof. Statements (i) and (ii) follow straightforwardly from the definition of the elements ys,.
We prove (iii) by induction on the length of w'uw”. Discarding a trivial case, we assume that
u is not the empty word.

Suppose first that w’ is the empty word. Let us write u as a concatenation —u'+u” where u/
and u” are (possibly empty) semistable words. Equation (1) gives

T @Yy = Y—w + Z Y+v-
veZ(w')



Applying the induction hypothesis to the semistable word «” and the pairs (—, w”) and (+, v),
for each v € Z(w"), we obtain

T Q Yy Q Yy = Yyt + Z Yiu'v-
veZ(w')

Since x_ ® Yy = Y_yr, We get

Y—u @ Yu! = Y—u''w" + Z Y4u'v
veZ(w')

and applying once more the induction hypothesis, this time to the semistable word ' and the
pairs (&, —u"), (&, —u"w") and (&, +u"v), we arrive at

yu/_u// ® yw// = yu/_u//w// —|— Z y’u,’—i-u”v' (2)
veEZ (W)

Starting now with
T Q Y = Yga

we arrive by similar transformations at
Yttt @ Yot = Yt s (3)
Since Z(u'+u") = {u'—u"}, we have by definition
Yu =T @ Yupu’ — T @ Yo - (4)

Likewise, Z(v/'4+u"w") = {u'—u"w"} U {u'+u"v | v € Z(w")} leads to

Yuw” — T— X yu/+u//w1/ — (1}+ (9] Yu! —u"w" — Z (1}+ X yul_;’_ullv. (5)
UG@(w")

Combining (2)—(5), we obtain the desired equation

Yuw” = Yu & Yo'

We now address the case where w' is not empty. Suppose that the first letter of w’ is a + and
write w' = +w’. Then

Yw'w” = T4 & Yg'w” and Yw'uw” = T4+ Q Yg'yw"
and the result follows from the induction hypothesis applied to the semistable word u and the
pair (w', w").

If on the contrary the first letter of w’ is a —, then we write w’ = —w’. Since u is semistable, its
insertion in the middle of a word does not add or remove any significant letter; in particular,
the set of significant letters in @w’w” is in natural bijection with the set of significant letters in



w'uw”. This observation leads to a bijection from Z(w'w”) onto & (w'uw”), which splits a
word v in two subwords v’ € €,,y_; and v" € €,,» and then returns v'uv”. With this notation,

Yw'w” = T— & Yg'w" — Z Ty @ Yy
veZ(w'w')
and
Yw'uw"” = T— Q Yglyw! — Z Ty @ Yoluv -
veZ(w'w')

Again the desired equation follows from the induction hypothesis applied to the semistable
word u and the pairs (@', w”) and (v',v"), for each v € Z(wW'w").

Condition (iii) computes Yy from the datum of vy, and y, whenever w is semistable;
condition (i) provide the value of y,, when w is of the form +---4—--.—; and condition (ii)
provides the value of y_,. Noting that any word in 4 can be obtained from a word of the
form +---+—---— by repetitively inserting the semistable word —+ (possibly at non disjoint
positions), we conclude that conditions (i)—(iii) fully characterize the family (yy)wes. O

As a consequence of this proposition, we see that if w_g+---+w_1+wo—wi—--- —wy is the
factorization of a word w, as in section 2.1, then

Yo =Yu_,, QT4 @ QTp QY QT @ Yy QT DYy QT @ - QT @ Y. (6)

Remark. The transition matrix between the two bases (Zy)wez, and (Yuw)wee, of V™ is uni-

triangular: if we write
Ty = 5 Naw,v Yo

VEGH
then the diagonal coefficient n,,,, is equal to one and the entry n, , is zero except when the
path representing v lies above the path representing w. In addition, all the coefficients 1, ,
are nonnegative integers. The proof of these facts is left to the reader.

2.3 Representations

In this section, we regard V' as the defining representation of SLy(KK). From now on, we assume
that K has characteristic zero. We denote by (e, h, f) the usual basis of sly(K).

Fix a nonnegative integer n. Given a word w € %,, we denote by ¢(w) (respectively, ¢(w))
the number of significant letters — (respectively, +) that w contains. Thus, in the notation of
section 2.1, e(w) = s and p(w) = r. If e(w) > 0, we can change in w the leftmost significant
letter — into a +; the resulting word is denoted by é(w). Likewise, if ¢(w) > 0, we can change
in w the rightmost significant letter + into a —; the resulting word is denoted by f (w). If these

operations are not feasible, then é(w) or f(w) is defined to be 0. Endowed with the maps wt,
g, p, €, f, the set %, identifies with the crystal* of the sly(K)-module V&,

*In fact, here we use the opposite of the usual tensor product of crystals.



We denote by £(w) = e(w) + ¢(w) the number of significant letters in a word w € %,,; thus w is
semistable if and only if /(w) = 0. For each p € {0,...,n}, we denote by (V®™)<, the subspace
of V" spanned by the elements y,, such that £(w) < p. We agree that (V®")<_; = {0}.

Proposition 2 The basis (yu)wes, of VO™ enjoys the following properties.

(i) For each w € €, we have
e Y = (W) Yow) and [ yuw = QW) Y5,
modulo terms in (V®")§g(w),1.

(ii) For each p € {0,...,n}, the subspace (VE")<, is a subrepresentation of V®™, and the
quotient (VE™) <,/ (VE™)<p_1 is an isotypic representation, specifically the sum of simple
sla(K)-modules of dimension p + 1.

(iii) The elements y, with w semistable form a basis of the space of invariants (V&")St2(K),

Sketch of proof. We first note that y_, is invariant under the action of SLa(K) on V®2 and
that any semistable word is the result of repetitive insertions of the word —+ inside the empty
word (possibly at non disjoint positions). From Proposition 1 (iii), it then follows that any
element y,, with w semistable is SLy(K)-invariant. Using now (6), we reduce the proof of
statement (i) to the case where w is of the form +---+— ... — (perhaps for a smaller n), which
is easily dealt with.

Statement (ii) is a direct consequence of statement (i) and implies that (V™)< is the subspace
of invariants (V®")SL2(K) an assertion equivalent to statement (iii). [J

The basis (Yu)wes, of VE™ is even more remarkable than what Proposition 2 claims. In fact,
let V, be the vector space with basis (x4, 2_) over the field C(g). On the one hand, we can
recover V' (in the case K = C) as the specialization of V, at ¢ = 1; on the other hand, we can
regard V; as the defining representation of the quantum group U, (slz). Frenkel and Khovanov
showed ([7], Theorem 1.9) that the elements in the dual canonical basis of the Uy(slz)-module
Vq®" are produced by inserting repetitively the element z, ®z_ —¢ 'z_ ®z, inside an element
of the formz_ ® - - ®r_ ® z4 ® -+ ® x4+. Comparing with Proposition 1, we deduce:

Theorem 3 Up to the reversal of the order of the tensor factors, (Yw)wec, s the dual canonical
basis of Vq®” specialized at q = 1.

3 The Mirkovié—Vilonen basis

In this section, we consider a connected reductive group G over C and explain the definition
of the Mirkovi¢—Vilonen basis (from now on: MV basis) in a tensor product V(A) = V(A1) ®



-+ ® V(A,) of irreducible representations of G. References for the material presented here
are [18] and sect. 2.4 in [12]. We recall the recipe from [1] to compute the transition matrix
between the MV basis of V' (A) and the tensor product of the MV bases of the factors V (A1),

.., V(An). We state and prove a compatibility property of the MV bases with tensor products
of projections onto Cartan components.

3.1 Definition of the basis

We choose a maximal torus 1" and a Borel subgroup B of G such that T' C B. The Langlands
dual GV of G' comes with a maximal torus 7 and a Borel subgroup BY. We denote by N~V
the unipotent radical of the Borel subgroup of GV opposite to BY with respect to TV. We
denote by A the weight lattice of T and by AT C A the set of dominant weights. Let < be
the dominance order on A: positive elements with respect to < are sums of positive roots. We
view the half-sum of all positive coroots as a linear form p: A — Q.

The affine Grassmannian of GV is the homogeneous space Gr = GY(Clz,27'])/GY(C[z]),
where z is an indeterminate. It is endowed with the structure of an ind-variety.

A weight A € A is a cocharacter of TV. Its value at z is a point z* € TV ((C [z, zil]), whose
image in Gr is denoted by L.

Assume that ) is dominant. Then the GV (C[z])-orbit through Ly in Gr, denoted by Gr?, is a
smooth connected variety of dimension 2p(\). The Cartan decomposition implies that

Gr = |_| Gr*; moreover Gr*= |_| GrH.
AEAT ueAT
p<A

The geometric Satake correspondence identifies the irreducible representation of G of highest
weight A with the intersection cohomology of Gr* with trivial local system of coefficients:

V) = IH(@, Q).

Let n be a positive integer. The group GV(C[z])™ acts on the space G (C [z, zfl])n by
(h1yeo s hn) - (g1, 9n) = (gih7 Y higahs oo b 1gnhy b

where (h1,...,hy) € GY(C[z])" and (g1,...,9,) € GY(C[z,271])". The quotient is called the
n-fold convolution variety and is denoted by Gr,. We will use the customary notation

Gr, = GY(C[z,271]) xG €D .. x G CED gV(C[z,271) /GY(Cl2)

to indicate this construction and denote the image in Gr,, of a tuple (g1,...,9n) by [91,- -, gn]-
Then Gr,, is endowed with the structure of an ind-variety. One notes that Grj is just the affine
Grassmannian Gr. We define a map m,, : Gr,, — Gr by m,([91,.--,9n]) = [91-- - gn)-



For each tuple A = (A1,...,\,) in A™, we set
A= At A

Given A € At, we set Gr* = GY(C[z]) 2* GY(C[z]); this is the preimage of Gr* under the
quotient map GV ((C [z, z_l]) — Gr. Given A = (A1,...,\,) in (A7) we define

G = Gri <@V (CED L. GV CED G / GV (C[)

9

a subset of Gry,. The geometric Satake correspondence identifies the tensor product
VIA)=V(A) @@V (A)
with the intersection cohomology of Gr%‘.

Given p € A, the N7V ((C [z, z_l] )—orbit through L, is denoted by T),; this is a locally closed
sub-ind-variety of Gr. The Iwasawa decomposition implies that

Gr = |_| T,; moreover TM = |_| T,.

HEA veA
v>p

For each (\, 1) € AT x A, the intersection Gr*NT}, (if non-empty) has pure dimension p(\— ).
Using this fact, Mirkovi¢ and Vilonen set up the geometric Satake correspondence so that the p-
weight subspace of V()) identifies with the top-dimensional Borel-Moore homology of Gr*N7T, W
([18], Corollary 7.4):

VO = HES (G nTy,).

We denote by Z'(X\), the set of irreducible components of Gr* N T, If Z € Z(\)y, then
Z N Gr* is an irreducible component of Gr* N T, u,» whose fundamental class in Borel-Moore
homology is denoted by (Z). The classes (Z), for Z € Z()\),, form a basis of V()),.

Likewise, for each (X, u) € (AT)™ x A, the intersection @ N (my,)~Y(T,,) has pure dimension
p(|A| — p), and we can identify

VN, = 3 (G 0 (ma) (T )
We denote by Z'(X),, the set of irreducible components of @ N (my) YT,). Y Z € Z(N),,
then Z N Gr) is an irreducible component of Grp N (m,)~(7},), whose fundamental class

in Borel-Moore homology is denoted by (Z). The classes (Z), for Z € Z(\),, form a basis
of V(A),.
We set
2N =] ZMNW, and ZN)=|]|ZN),.
HEA HEA

Elements in these sets are called Mirkovié—Vilonen (MV) cycles, and the bases of V(\) and
V() obtained above are called MV bases.



3.2 Indexation of the Mirkovié—Vilonen cycles

In this short section, we explain that there is a natural bijection
FN)=ZZ (A1) XX Z(\) (7)

for any A = (A1,...,A\,) in (AT)™. The construction goes back to Braverman and Gaitsgory [4];
details can be found in [1], Proposition 2.2 and Corollary 4.10.

For p1 € A, we define
T, = N~V ((C [z, z_l]) bia

and note that the natural map -

T,/ N™Y(Cl2]) = T,
is bijective. Given a N- —V(Clz])-invariant subset Z C T},, we denote by Z the preimage of Z
by the quotient map T), — T},. In particular, the notation Z is defined for any MV cycle Z.

Pick p = (pt1,...,ptn) in A" and Z = (Z1,...,2Zy,) in Z (M), X -+ X Z(Mn)p,- Then the
closure of

{[gl,...,gn] (gl,...,gn)EZx...XZn}

in (mn)~* (7}, ) is an MV cycle, and actually belongs to 2(X)|,. Each MV cycle in 2°(X)
can be uniquely obtained in this manner, which defines the bijection (7).

Because of this, we will allow ourselves to write elements in 2°(A) as tuples Z as above.

3.3 Transition matrix

We continue with our tuple of dominant weights A = (A1,...,\,). To compute the MV basis
of V(X), we compare it with the tensor product of the MV bases of the factors V (A1), ...,
V(An). This requires the introduction of a nice geometric object.

Let n be a positive integer. We define the n-fold Beilinson—Drinfeld convolution variety Gr,,
as the set of pairs (z1,...,2n;[91,---,9n]), where (z1,...,2,) € C" and [g1, ..., gn] belongs to

GV(C[Z, (Z—xl)_l]) <GV (Cl) ... «GY(C[2]) GV(C[Z, (Z—xn)_l])/Gv((C[z]).

We denote by 7 : Gr,, — C" the morphism which forgets [g1,...,gs]. It is known that Gr, is
endowed with the structure of an ind-variety and that 7 is ind-proper.

To each composition n = (ny,...,n,) of n in r parts corresponds a partial diagonal A, in C",
defined as the set of all elements of the form

X = (X1yeeeyTlyeneyTpyennyTy) (8)

n1 times n, times

10



for (x1,...,2,) € C". The small diagonal is the particular case n = (n); we denote it simply

by A. We define an‘A to be 7 1(Ay).
Given g € GV ((C [z, z_l]) and z € C, we denote by g, the result of substituting z—z for z in g.
We define Qri‘ to be the set of all pairs (xl, ey T [glm, ces ,gn|xn]) with (21,...,z,) € C"

and g; € GrY for each j € {1,...,n}. Similarly, given p = (pi1,. .., ftn) in A", we define Ty to
be the set of all pairs (xl, ey Ty [g”xl, e ,gnun]) with (z1,...,2,) € C" and g; € T),; for
each j € {1,...,n}. For p € A, we set (leaving n out of the notation)

T,= |J T
pHEA™
lpel=p

Given (fi1, ..., pn) € A" and Z = (Z1,..., Zn) in Z(M)py X -+ X Z (M), we define X (Z)
to be the set of all pairs (a;l, ey X [91\:617 e ,gn|xn]) with (z1,...,2,) € C" and g; € Z; for
each j € {1,...,n}. Given in addition a composition n of n, we define

X(Z,m) = X(Z)|, NGry.
(In [1], X(Z) is denoted by W(Z; o - - - o Z,,) and X (Z,n) is defined as X(Z)‘An NGgranT,.)

For given \, p and n, the subsets X'(Z,n) N7}, for Z in

LN = |_| LAy XX Z(An)pn
(B2, ottn ) EA™
H1te Tt pn=p

are the irreducible components of (QTZ‘ N7, u) } A (see 1], proof of Proposition 5.4). We adopt
a special notation for the small diagonal and set Y(Z) = X(Z, (n)).

Now fix n, the tuple A € (A™)", the weight 4 € A, and the composition n of n. We write A
as a concatenation (A(l), e ,)\(T)), where each A(;) belongs to (AT)" | and similarly we write
each tuple Z € Z’(A), as (Zgyy, ..., L) with Zj) € Z(A(j)). Then

VI =VAm) @@ V(Ap) and (Z)) € V(Ag)-
With this notation (|1], Proposition 5.10):

Proposition 4 Let (Z',Z") € (Z(X),)?. The coefficient bgzs z» in the ezpansion

<Z/(,1)> Q- ® <Z,(/r)> = Z bzz (Z)
ZEZ(\),

is the multiplicity of Y(Z') in the intersection product X (Z",n) - grQ\A computed in the am-
bient space QTQ‘A .

11



3.4 Projecting onto Cartan components

To begin with, let n be a positive integer and let A € (A™T)™. We denote by p : V(X) = V(|A|)
the projection onto the Cartan component of V' (A), i.e. the top step in the isotypic filtration.
The map m,, : Gr,, — Gr restricts to an isomorphism Gr N (m,,) ™! (Gr‘)‘l) — GrP (see [13],
p. 2110). Given p € A and Z € Z'(X\),, we define |Z| to be the closure in T}, of m,(Z)N GrP,

The following proposition is a direct consequence of Theorem 3.4 in [1] and its proof.

Proposition 5 (i) The map Z — |Z| defines a bijection {Z € Z(X) | |Z] # @} — Z(|A]).
(it) Let Z € Z(N). If |Z| # @, then p((Z)) = (|Z|); otherwise p((Z)) = 0.

By Corollary 4.10 in [1], the condition |Z| # @ concretely means that under the bijection (7),

Z € Z'(X) belongs to the connected component of highest weight |A| of the tensor product of
crystals Z(A\) X -+ x Z(\p).

Now let n = (nq,...,n,) be a composition of n in r parts. We again write A as a concatenation
(/\(1), . ,)\(T)), where each A(;) belongs to (AT)" | and set |A]| = ({)\(1)}, ce |)\(T)|); then
VXD = V([Ap]) @ @ V(|Ap])-

For each j € {1,...,7r}, we denote by p(; : V(}\(j)) — V(})\(j)’) the projection onto the
Cartan component and define

P=p1) ® - Qpey;
thus p : V(A) — V(|[A]]).

Likewise, we again write each tuple Z € Z(\) as a concatenation (Z(l), ceey Z(T)) with Z;) €
g()\(j)) and set HZH = (‘Z(l)}, ey {Z(T)‘)

Proposition 6 Let Z € Z(X). If |Z)| # @ for all j € {1,...,r}, then p((Z)) = (||Z]]);
otherwise p((Z)) = 0.

Proof. Let Z(X) be the set of all Z € Z(X) such that ‘Z(j)’ # @ for all j € {1,...,r}; then
the map Z +— ||Z]| realizes a bijection from Z(X) onto Z(|A]).

We fix a weight 1 € A and introduce the transition matrices (bz z+) and (ays y»), where
(Z',2") € (Z(N))? and (Y, Y") € (Z(||A]])4)?, that encode the expansions

<Z/(/1)> ® tee ® <Z/(/7,)> - Z bZ’,Z” <ZI>
Z'eZ(\),

and

<Y1//> R ® <Y;n//> = Z aY/,YN <Y/>
Y'eZ(IADu
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in the MV bases of V(A) and V(||A]]). We claim that if Z’ € Z(X), then

b _ {a||Z’||,||Z”|| if 2" € g()\),
Z/yZ// —

0 otherwise.

(9)

Assuming (9), we conclude the proof as follows. Let p : V(A) — V(||A|]) be the linear map
defined by the requirement that for all Z € Z(A),

N izl iz e ZM),
p((2) = {O otherwise.

Then (9) gives

(Zwly @ @ (|Z|) i Ze Z(N),

0 otherwise,

B(20) - (2,,) = {

and from Proposition 5, we conclude that p = p.

We are thus reduced to prove (9). We define a map my, : grn‘A — Gr, by
mn(x; [917 v 7971]) = (xlv <oy T [.91 “9ngs Gni+10 0 Gni+ngy ooy InaitAne1+1 00 gn])

for x as in (8). Then U = QT;‘}A N(my)~? (grﬂ*”) is an open subset of Gr

) ) ) A
restricts to an isomorphism i — gr,'l ”.

Q‘An and my,

Let (Z',Z") € (Z'(X),)?. By Proposition 4, the coefficient bz z~ is the multiplicity of Y(Z')
in the intersection product X(Z",n) - (gr%‘) ’A computed in the ambient space grQ]A .

Assume first that both Z’ and Z” lie in Z'(X). Then the open subset U meets Y(Z') and
X(Z",n). Since intersection multiplicities are of local nature, bz z» is the multiplicity of
V(Z')NU in the intersection product (X(Z”,n) NU) -Z/l‘ A computed in the ambient space

Z/{’A . On the other hand, Proposition 4 for the composition (1") = (1,...,1) of r gives that

ajz/||,|z~| is the multiplicity of Y(||Z'||) in the intersection product X(||Z"][,(1")) - (grﬂ"”) R

computed in the ambient space Qru)‘u. Observing that

m, (V(Z)NU) =Y(|Z']) and mu(X(Z",n)nU) = X(|Z"],(17),
we conclude that bz z» = a)z/ |z n this case.

Now assume that Z’ is in QP(A) but not Z”. Then there exists j € {1,...,r} such that Z’(’j)
is contained in F' = Gri‘;j) \ (M)t (Grp‘(.f)‘). For z € C, denote by ﬁ‘x the set of all tuples
(gl‘an e ;gnj‘a;) Where

(9152 9m) € (G¥(Cl2.2 )™ and g1, gn,] € P,

13



and denote by F the subset of gri"A consisting of all pairs (x;[g1, ..., gn]) such that

(gn1+-~~+nj_1+17 s 7gn1+~~~+nj) € F|:cJ

where x is written as in (8). Then F' is closed in Grn](.” and X(Z",n) is contained in F. As
Y(Z') is not contained in F, it is not contained in X'(Z”,n), so here bz z» = 0. O

3.5 Truncation

In this section, we come back to the setup of sect. 3.3 and record a property which will simplify
our analysis.

We fix nonnegative integers n1, na, n3 and tuples Xy € (AT)™, Aoy € (AT)"2, A(g) € (A1)"s.
We define A to be the concatenation (A(l), A@)s }\(3)) and we regard elements Z € Z(\) as
concatenations (Z(l),Z(g),Z(g,)) where each Z(;) belongs to Z°(Ay;)). If v € A and Z3) €
g()\(g,)),,, then we set wt Z(3) =v.

We fix a weight 1 € A and introduce the transition matrix (agz z~), where (Z',Z") € (Z(X),)?,
that encodes the expansions

<Z/(/1)> ® <(Z/(/2)7Z,(/3))> = Z az'.z" <(Z’(1), Z/(2),Z,(3))>
Z'eZ(N),

in the MV basis of V().

Proposition 7 (i) Let (Z',Z") € (Z(N),)%. If azrzn # 0, then either wt Z’(g) < wt Z’(’g) or
/ _ i
Zis) = Ly
(ii) Let Z" € Z(X),. Then
(Z0y) @(Zy) = D, oz ((Z) Zy))

Z'eFX (N,

/ 7zl
Z(5=23)

in V(An) ©V(Aw)-

Proof. Let Z" € Z'(\), and set v = wt Z'(’g). Expanding <Z’(’1)> ® <Z’('2)> in the MV basis of
V()\(l)) ® V(A(g)), we write

(Z)) ® (Z(y)) = Z cz (Z)

ZeZ (A1) A @) u—v

for some complex numbers cyz.

14



We denote by V()\(3))<V the sum of the &-weight subspaces of V(A(g)) with £ < v. By Theo-
rem 5.13 in [1],

(Zio)) @ (Zy)) = ((Z5), i) (mod V(Ag) @ V(As)<)
and for each Z € Z° (A1), A2)),
(2) @ (2s)) = ((Z.Z())  (mod V(Aw) @V(Aw) @ V(As)<):

Consequently,

> (2 ZapZ)) = > 2 ((ZZ))

Z'e# (N, ZeZ(AayA@))u—v

modulo V()‘(l)) (=) V()\(g)) & V(A(g))<y.
We conclude by noticing that the subspace V(A(l)) ® V()\(g)) ® V()\(g))<y is spanned by the

basis vectors (Z') such that wt Z’(3) < v; see Corollary 5.12 in [1]. O

4 Geometry

In this section, we prove that the MV basis of the tensor powers of the natural representation
of G = SLy(C) is the basis (y,) from sect. 2. As a matter of fact, by Theorem 5.13 in [1], the
MYV basis satisfies the first equation in (1), so we only have to prove that it satisfies the second
one too.

4.1 Notation

We endow G with its usual maximal torus and Borel subgroup. The weight lattice is represented
as usual as the quotient (Ze; ® Zeg)/Z(e1 +€2). The fundamental weight w is the image of 1
in this quotient. The notation Gr indicates the affine Grassmannian of G = PGLg(C).

In this section, A will always be of the form (e, ..., w); the number n of times w is repeated
will usually appears as a subscript in notation like Gr% or Qri‘.

The cell Gr® is isomorphic to the projective line, hence is closed. The two MV cycles in 2 (w)

"o 9]} 2 -sroro =t 9] ]ecc]

(the matrices above should actually be viewed in PGLy(C|z,271])). The standard basis of
V(w) = C2 is then (z4,2) = ((Z4), (Z)).

Given a word v € 6, we set

Pv)={te{l,....,n} |v(l)=+} and Z,= (Zo)s -+ Zogy)-
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Thanks to the bijection (7), we regard Z, as an element in Z°(X).

For (z,a) € C2, we set

<p+(:c,a):<26x ‘1‘> and go_(a:,a):<i Zox>.

Recall the notation introduced in sect. 3.3. For each word v € %,, we define an embedding
b, : C?" — grfg by
(b’U(X; a) = (X; [(pv(l) (1'17 al)a <o Po(n) (:ETH an)])

where x = (z1,...,2,) and a = (ai,...,a,). The image of ¢, is an open subset U, and
d, can be regarded as a chart on the manifold Gr). This chart is designed so that X(Z,) is
the algebraic subset of U, defined by the equations a; = 0 for ¢ € P(v) (compare with the
construction presented in [9]).

4.2 The simplest example

In this section, we consider the case n = 2; the variety grg‘ has dimension 4. The words
v = +4+— and w = —+ give rise to charts ¢, and ¢, on gré defined by

' _ N(z—xz1 a 1 0

o1, 72501, 02) = <$1’$2’ [( 0 1) ’ (az z —332>D’
1 0 - b

o (21, 225 b1,b2) = (wl’m; [(bl z —xl) ’ (Z OZE2 12)D'

The transition map () "' o ¢, is given by
by =1/a1, by = —ai(z2 —x1 + arag)
on the domain
() (U NUy) = {(21,22,a1,a2) € C* | a1 # 0}.

We set A = C[z1, 72, a1, ag]; this is the coordinate ring of (¢,)~*(U,). We let B = .71 A be
the localization of A with respect to the multiplicative subset . generated by ay; this is the
coordinate ring of (¢,) ™1 (U, N Uy).

In the chart ¢, the cycle Y(Z,) is defined by the equations a; = z1 — 22 = 0, so the ideal in
A of the subvariety
V= ((I)v)_l(Uv N y(Zv))
is
p = (a1, 1 — x2).
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In the chart ¢,,, the cycle /'\?(Zw) is defined by the equation by = 0, and the closure in U,
of Uy N X(Zy) is Uy N X(Zy, (1,1)). Therefore the ideal in B of (¢y)~H(Uy N X(Zy)) is
q = (—aj(x2 — x1 + ajag)) and the ideal in A of the subvariety

X = ($0) " (Us N X (Zu, (1,1)))

is the preimage
q= (:L'Q — T+ alag)

of g under the canonical map A — B.

Plainly g C p, which shows that V' C X. The local ring 0y x of X along V is the localization
of A = A/q at the ideal p = p/q. Since as is not in p, its image in Zg is invertible, and then we
see that r1 — x2 generates the maximal ideal of A5. As a consequence, the order of vanishing
of z1 — x9 along V (see [8], sect. 1.2) is equal to one. By definition, this is the multiplicity of
Y(Z,) in the intersection product X (Z, (1,1)) - Qr%“A.

Proposition 4 then asserts that y;_ = (Z,) occurs with coefficient one in the expansion of
Ty = (Z_) ® (Z4) on the MV basis of V(w)®2, in agreement with the equation

Tt =Yt T Yt

The proof of the general case follows the same pattern, but more elaborate combinatorics is
needed to manage the equations.

4.3 Transition maps

Pick v, w in €,. Set Py = Sp = 1 and Qy = Ry = 0. For ¢ € {1,...,n}, let K, =
C(z1,...,m¢,a1,...,ag) be the field of rational functions and define by induction an element

by € Ky and a matrix
Py Qe
Ry S
with coefficients in Ky[z] and determinant one as follows:

o If (v(¢),w(¢)) = (+,+), then

arPr_1 + Qu—1 — beS,
by — (aePr—1 + Qo—1) (x¢) Pr=Pry—bRpq, Q=" ngi; e,

(arRe-y + Se-1) () Ry = (z —x¢)Ro—1, Se=apRe_1+ Sp—1.

o If (v(¢),w(f)) = (—,+), then

P14+ apQo_1 — bR
(Pr—1 + asQe—1) () P =" Q-1 b  Qu=Qu1—biSe,

by = Z— Xy

(Re—1 + agSe) (x0) Ry=Ry_1 +apSp—1, St = (2 —x¢)Se-1.
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o If (v(¢),w(¢)) = (+,—), then

P - - P_ = P_ _
by = (aeRg_1 + Sg_l) (xé) [4 (Z xe) -1, Qe ((lij 1 —:_ng 1,_ . Q
(azPe—1 + Qe_l) (Qj‘g) ’ Ry =Ry_1 —biPy_y, Sy = ¢4 —1 - _z;; ¢ z.

P == P_ _ = f— _
b, — ez T acSen) (ze) Qe Qe Qe
(Proa +acQe) () Ry=—=— ze—ﬁfn_gl S Si=81— biQr1.

. . Py _ . . . .
Since the matrix ( Ré ! gz 1> has determinant one, the denominator in the fraction that
f—1 /—1

defines by is not the zero polynomial and everything is well-defined.

Proposition 8 The transition map
(dw) ™" 0 by 2 (0) " (Uy N Uw) = (bu) ™ (U N Uw)
1s giwen by the rational map
(T1, .y Tp A1y yap) = (1, Ty b1, .o, by)

where by, ..., b, are defined above.

Proof. The definitions are set up so that

P, Py _
Pu(ey(@r, be) <Ri gj) = (Ri_ll gj_i) Po(e) (Te, ar)

£ l
j» Vg PE QZ = INC TN T
(jl;[l @w(j)(xjabj)> <RZ Sg) = (};[1 SDU(J)( i ])>

and therefore

for each ¢ € {1,...,n}. Thus, when complex values are assigned to the indeterminates z1, ...,
Ty, A1, .., Qp, WE get
l Y4
[H %(;‘)(%Mj)] = [H Pw(j) (%bj)]
j=1 j=1

in PGLy(C[z, (z —21)7 %, ..., (2 — 2¢)"']) /PGL2(Cl[z]). This implies the equality
d)'l}(x17"'7xn;a/17"'7an) = q)w(x17"'7$n;b17"‘7bn)

in Gr,,. O
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The parameters by, and the coefficients of the polynomials Py, @, Ry, Sy were defined as
elements in K,. We can however be more precise and define recursively a subring By C Ky to
which they belong: we start with By = C, and for £ € {1,...,n}, we set By = By_1 [ﬂfg, ayp, f[l},
where f; € By_1[xy, ag] is the denominator in the fraction that defines by.

Let Ay = Clx1,...,x¢,a1,...,as be the polynomial algebra. One can easily build by induction
a finitely generated multiplicative set %y C Ay such that By is the localization ,V[lA(g. While
A, is the coordinate ring of (¢, )1 (U,), we see that B, is the coordinate ring of the open subset

Ry, Sy
the denominator of b, cannot both vanish at the same time. As a consequence, ()~ o ¢,
cannot be defined at a point where a function in .%, vanishes.

P,
(b,) 1 (U,NU,). In fact, since the matrix ( ¢ QZ) has determinant one, the numerator and

4.4 Finding the equations

To prove that the MV basis satisfies the equation (1), we need intersection multiplicities in the
ambient space grmA(l ) In practice, we make the base change A ,_1) — C" by letting
To = -+ = x, in the definition of the charts and by agreeing that from now on, U, actually
means UU’ Agm)’ Then, in view of the invariance of the whole system under translation

along the small diagonal A, all our equations will only involve the difference x = x1 — x».

We will consider words v and w in %, such that (v(1),w(1)) = (+,—) and wt (v) = wt (w).
The planar paths that represent v and w have then the same endpoints. We write w as a
concatenation —w’ where w’ € %,_1. Proposition 4 asserts that the basis element 3, occurs in
the expansion of z_ ® y, in the MV basis of V(w)®" only if Y(Z,) C X(Zy,(1,n — 1)), and
when this condition is fulfilled, its coefficient is the multiplicity of }(Z,) in the intersection
product X(Zy, (1,n—1)) - grQ]A.

The next sections are devoted to the determination of these inclusions and intersection multi-
plicities. The actual calculations require the ideals in A,, of the subvarieties (¢,) " (U,NV(Z,))
and (¢,,) "1 (Uy N X (Zy, (1,n —1))) of (d,,)"1(U,): the first one, denoted by p, is generated by
x and the elements ay for ¢ € P(v); the second one, denoted by ¢, is less easily determined.

Taking into account our notational convention regarding the base change A ,_;) — C", we
observe that U, N X (Zy, (1,n — 1)) is the closure in U, of U, N X(Z,). Let g, be the ideal
in By, of the closed subset (¢,,) (U, N X(Zw)) of (¢,)"1(U, NUy). Then g, is generated by
the elements b, for ¢ € P(w) and q is the preimage of q,, under the canonical map A, — B,,.
In other words, q is the saturation with respect to .#, of the ideal of A, generated by the
numerators of the elements by for ¢ € P(w). Though algorithmically doable in any concrete
example, finding the saturation is a demanding calculation, which we will bypass by replacing
q by an approximation qy,.
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4.5 Inclusion and multiplicity, I

This section is devoted to the situation where the paths representing v and w stay parallel to
each other at distance two; specifically, we assume that v(¢) = w(¢) for each ¢ € {2,...,n—1}
and (v(n),w(n)) = (=, +).

Proposition 9 Under these assumptions:

(i) The inclusion Y(Zy,) C X(Zyw,(1,n — 1)) holds if and only if the last letter of w' is
significant.

(ii) If the condition in (1) is fulfilled, then the multiplicity of Y(Z,) in the intersection product
X(Zy,(1,n—1))- QTQ‘A is equal to one.

The proof of Proposition 9 fills the remainder of this section.
Let us denote by S(v) the set of all positions ¢ € {1,...,n} such that the letter v(¢) is significant
in v.

In agreement with the convention set forth in sect. 4.4, we define Ay = C[zg][z, a1, ..., as] for
each ¢ € {1,...,n}, where z = x1 — x9. We rewrite the indeterminate z as Z + z2. We set
P =7%—zand @1 =ay. For ¢ € {2,...,n — 1}, we define by induction two polynomials ]55,
Q¢ in Ag[Z] as follows:

o If v(¢) =w(l) =+ and ¢ € S(v), then

P=Pry and O arPr 4 Qr1 — (szﬁeq + @Efl) (0) ‘

z
o If v(¢) = w(l) =+ and £ ¢ S(v), then P, = P;_; and Qy = (@g_l - Qvg_l(()))/é.

o If u(f) = w(f) = —, then Py = Pp_y + ayQp_1 and Qp = 2 Qq_;.
Moreover, in the case where v({) = w(f) = +, set

~ (arPr—1 + Q1) (0) if £ € S(v),
Cyp =
‘ ay otherwise,

and set B B
En = (Pn—l + anQn—l) (O)

Remark 10. The polynomials P; and Q; do not depend on the variables a; with j € P(v)\S(v).
The elements ¢ for £ € {2,...,n — 1} N P(v) N S(v) and ¢, enjoy the same property.
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For ¢ € {1,...,n}:
e let gy be the ideal of B, generated by {b; | j € P(w), j < {};
e let q¢ be the ideal of A, generated by {¢; | j € P(w), j < {};
e let dy be the weight of the word v(1)v(2)---v(f) and set Dy = max(dy,da, ..., dp).
As noticed before, a + letter at position £ in v is significant if and only if £ marks the first time
that the path representing v reaches a new height; agreeing that Dy = 0, this translates to
te Plv)NS(v) <= d¢> Dy_1.

For the record, we also note that the last letter of w’ is significant if and only if d,,_1 = D,,_1.

Lemma 11 For ¢ e {1,...,n— 1}, we have
(i)e 70 = ar,
(ii)e Py(2) = Pu(z) (mod q[2]) and Qu(2) = Qu(z) (mod q¢[2]),
(iii); P divides Q.
Proof. We proceed by induction on ¢. The statements are banal for £ = 1. Suppose that
2 </ <n—1 and that statements (i);_1, (ii)s—1 and (iii)s—1 hold.
Suppose first that (v(¢),w(¢)) = (+,+). Then by construction

be = (aePr_1 + Qo—1) (z2) x f; 1, (10)

agPp_1 4+ Qo—1 — beSy
2z — o '

Py= Py —biRy_q, Q=

If ¢ ¢ S(v), then dp—1 +1=dy < Dy_1, and we see by (iii),—; that @g,l(O) = 0. Using (ii)¢—1,

Py_1(x2) Qz1(x2)>
Ry_1(x2) Sp—1(w2)
with coefficients in By_; has determinant one. After reduction modulo qs_1, the coefficient in
the top right corner becomes zero; it follows that P;_1(z2) is invertible in the quotient ring
By_1/q¢—1. Reducing (10) modulo g,—1 By and noting that here ¢, = ay, we deduce that b,
and ¢y generate the same ideal in By/qy_1By. This piece of information allows to deduce (i),
from (i)y—;. From (11) and the fact that ay € q¢, we get

, = Qe-1— Qu_1(x2)

zZ — T2

we deduce that Q;_1(x2) € qs—1. On the other hand, the matrix (

Py= Py (mod qg[z]), Q (mod qe[z]).
Then (i), and (iii), follow from (ii)¢_; and (iii),—1 and from the definition of P; and Q.
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If £ € S(v), then (10) and (ii)y—1 lead to by = ¢/ fp modulo qy_1By. Again, by and ¢; generate
the same ideal in By/q,—1By, so we can deduce (i), from (i)p—1. Then (ii), follows from (ii)s—;
and (11). Also, (iii)g—1 holds trivially since Dy = dy.

It remains to tackle the case (v(¢),w(f)) = (—,—). Here (i), (ii)¢ and (iii); can be deduced
from (i)—1, (ii)¢—1 and (iii);—; without ado. O

Lemma 12 With the notation above,

I Q=80 and q={g€ A, |3f €S fg€dn}.

Proof. From (v(n),w(n)) = (—,+), we deduce
bn = (Pnfl + a’TLanl) ($2) X fn_l

From the assertion (ii),—; in Lemma 11, we deduce that b,, = ¢,/ f,, modulo q,,—1B,,. Thus, b,
and ¢, generate the same ideal in B,,/q,,—1 By, and from the assertion (i),—1 in Lemma 11, we
conclude that .7, 14, = §,. The second announced equality then follows from the definition
of q as the preimage of g, under the canonical map A, — B,, with B, = .7, 1A,,. O

Lemma 13 If the last letter of w' is not significant, then q, = B,.

Proof. Assume that the last letter of w’ is not significant. Then D,,_1 — d,_1 > 1, and by
assertion (iii),_; in Lemma 11, we get @,_1(0) = 0. Using assertion (ii),_; in that lemma, we
Pp1(z2) Qn-1(22)
Ry_1(x2) Sp—i1(x2)
see that P,,_1(x2) is invertible in the ring B,,—1/q,—1. Then b, = (Pn—l + anQn_l) (xg) x ft
is invertible in B,,/q,—1By, and we conclude that q,, = B,. O

deduce that @, —1(z2) € qn—1. Since the matrix ( > has determinant 1, we

Lemma 13 asserts that if the last letter of w’ is not significant, then U, N X (Z,,) = @, and
thus U, N X(Zy, (1,n — 1)) = @. Since U, contains a dense subset of J(Z,), this proves half
of Proposition 9 (i).

For the rest of this section, we assume that the last letter of w’ is significant. We want to show
that Y(Z,) is contained in X(Z,, (1,n — 1)). It would be rather easy to prove the inclusion
qn C p, but this would not be quite enough, since we do not know that g, = q. (We believe
that this equality is correct but we are not able to prove it.) Instead we will look explicitly at
the zero set of §, in the neighborhood of (¢,)~'(U, N Y(Z,)). This zero set is the algebraic
subset of (¢,) 1 (U,) defined by the equations ¢, for £ € P(w).

Our analysis is pedestrian. We observe that there are two kinds of equations ¢,;. When
¢ € P(v) \ S(v), the equation ¢, reduces to the variable ay; this equation and variable can
simply be discarded because ay is an equation for Y(Z,) as well. The other equations involve
the other variables.
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Set D = D,,. The map ¢ — dy is an increasing bijection from P(v)NS(v) onto {1,...,D}. We
define L as the largest element in P(v) N S(v); then L is the smallest element in {¢ | dy = D}.
For ¢ € {1,...,n}, we denote by ¢~ the largest element in {1,...,¢} N P(v) N.S(v). In partic-
ular, ~ =/ if £ € P(v)NS(v) and ¢~ = L if £ > L; also dy- = Dj.

Given £ € {1,...,n}, let oy be the sum of the variables a; for j € {2,...,¢} such that v(j) = —
and dj_1 = D; thus 0y =0if £ < L.

We define a grading on A,, by setting degx =1, degay = D + 1 —dy for £ € P(v) N S(v), and
degay, = 0 for the other variables. For d > 1, we denote by J; the ideal of A, spanned by
monomials of degree at least d.

Lemma 14 Let £ € {1,...,n—1}.
(i) If 0 < L, then Py(3) =z — x (mod Jo[2)); if ¢ > L, then Py(0) = apoy — x (mod Jy).

(i) Qu(2) = 2P~ ay- (mod Jpio—a, [Z]).

Proof. The proof starts with a banal verification for £ = 1 and then proceeds by induction
on ¢. Suppose that 2 < ¢ <mn — 1 and that statements (i)y—; and (ii)s—; hold.

Assume first that v(¢) = w({) = —. Here (ii); is an immediate consequence of (ii)p—q. If
¢ —1< L, then dy_1)- < D, so degay_1)- > 2, and Q1 € Ja[Z] by statement (ii)p—1. As a
result, Py = P;_1 (mod Js[Z]), so (i) follows from (i),—;. If {—1 > L, then either dy_; = D, in
which case ég_l(()) = ay (mod J3) and oy = 0y_1+ay, or dg_; < D, in which case @g_l(()) =0
(mod J2) and oy = 0y—1. In both cases, ﬁg(O) — (apoy) = ﬁg,l(O) — (aroy—1) (mod Jo), and
again (i)y follows from (i)p_1.

Assume now that v(f) = w(f) = + and that £ € S(v). Certainly then (i), follows from (i);_1.
Further, d(y_y)- = dy- —1, s0 deg a(y_1)- = D+2—dy-, hence Q-1 is zero modulo Jpio—4, [Z]
by (ii)¢—1. Using (i)¢—1, we conclude that Q; = ay (mod Jpi2-a, [Z]), so (ii), holds.

The third situation, namely v(¢) = w({) = + and ¢ ¢ S(v), presents no difficulties. O

Lemma 15
(i) For £ €{2,...,n—1} N P(v)NS(v), we have ¢, = —agx + ag_1)- (mod Jpy3_4,)-

(i1) We have ¢, = aro, —x (mod Ja).

Proof. Let £ € {2,...,n— 1} N P(v) N S(v). Then Dy 1 = dy1 and dyy_yy- = d¢ — 1. By
Lemma 14, P;_1(0) = —x (mod J5) and Qy_1(0) = a1y~ (mod Jpy3-—g,). This gives (i).
Since the last letter of w’ is assumed to be significant, we have d,,_; = D,,_1 =D, so oy =

On—1 + an. From Lemma 14, we get ﬁn,l(O) = arop—1 — « (mod J3) and @Q,-1(0) = ar,
(mod J2). This gives (ii). O
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Lemma 16 There exists an element g € A,, which depends only on the variables x, a1, and
a; with v(j) = —, such that

-~ ~ p_ ~ Pe N
g=aa? I (-Pa)” (mod dy) (12)
LeP(v)NS(v)
>2
g = a1 (alan — mD) (mod Jgypt1) (13)

where each py and q are nonnegative integers.

Proof. Consider
qJr =c, 2P+ Z Sy op a2,
LeP(v)NS(v)
>2

An immediate calculation based on Lemma 15 yields
gL =Qa10p — xD (mod JD+1).

This g7, meets the specifications for g (with p, and ¢ all equal to zero) except that it may
involve other variables than those prescribed.

We are not bothered by the variables a; for j € P(v)\ S(v) because g;, do not depend on them
(see Remark 10). The variables z and a; with v(j) = — are allowed. The only trouble comes
then from the variables a; with j € {2,...,n — 1} N P(v) N S(v). We will eliminate them in
turn.

Assume that L > 2. Let £ € {2,...,n— 1} N P(v) N S(v) and assume that we succeeded in
constructing an element g; € q,, which satisfies (12) and (13) and depends only on the variables

x and a;j with v(j) = — or j < £. Expand gy as a polynomial in ay
T
Ge =2 hsai

s=0
where the coefficients hg only depend on z and on the variables a; such that v(j) = — or j < .
Then define .

~ T—S ~ S

G- =Y he (~Pa(@) (@ (0))
s=0

This g1y~ only involves the variables z and a; with v(j) = — or j < £ — 1. In fact, we

can strengthen the latter inequality to j < (¢ — 1)~ because g(,_;)- does not depend on the
variables a; with j € P(v)\S(v). Moreover, g,_1)- also satisfies (12) and (13), but for different
integers than gy: one has to increase py and ¢ by r. (To verify that g,_;)- satisfies (13) with
q + r instead of ¢, one observes that

?)

ho = 24 (alan —x (mod Jy4p+1)

hs € Jg+D41-s(D+1-d,) foreachse{l,...,r}
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and uses Lemma 14.)

At the end of the process, we obtain an element ¢ = g; which enjoys the desired properties. [

Let us recall a few important points:

o A, = Clxo][z,a1,...,a,)] is the coordinate ring of (¢,)~1(U,). The variable x5 is dummy
(no equations depend on it); we get rid of it by specializing it to an arbitrary value.

e The ring By is Clzo] [a:, ai, fl_l] with f1 = a;. For £ > 2, we produce an explicit function
fo € By_1lag] and we set By = Bg_l[ag,fgl]. The ring B, is the coordinate ring
of ()1 Uy N Uy).

e .7, is a finitely generated multiplicative subset of A,, such that B,, = .7~ 14,.

e Polynomials ¢, € Ay are defined for each ¢ € P(w). The ideal of A,, generated by these
elements is denoted by qp,.

e The ideal p C A, of (&,) (U, N YV(Z,)) is generated by the variables x and a, for

¢ e P(v).

e The ideal q C A, of (¢,) 1 (Uy N X(Zy, (1,n — 1))) is the saturation of g, with respect
to Y.

e 01, ..., oy are certain sums of variables ay with v(¢) = —; these linear forms are not

pairwise distinct, but o, differs from all the other ones, for only it involves a,.

Lemma 17 Fiz oy € C for each £ € {1,...,n}\ P(v) such that, when ay is assigned the value
ay, the linear form o, takes a value different from all the other oj. Consider these numbers oy
as constant functions of the variable £. Set also oy =0 for £ € P(v) \ S(v). Then there exists
a neighborhood  of 0 in C and analytic functions cy : Q — C for £ € P(v) N S(v) such that

(i) If £ € P(v) N S(v), then ay(§) ~ EPH=de fg .

(i) The point (&, a1(€), ..., an(£)) belongs to the zero locus of q, for each & € Q.
(i4i) The point (£, 0a1(€), ..., an(£)) belongs to (dby) L (U, NUy) for each € # 0 in Q.

Proof. Let g be as in Lemma 16. We consider that the variables a, with £ > 1 occurring in
g are assigned the values ay fixed in the statement of the lemma. We can then regard g as
a polynomial in the indeterminates x and a; with complex coefficients, or as a polynomial in
the indeterminate a; with coefficients in the valued field C((x)). Equation (13) shows that the
points (0, D + ¢) and (1,q) are vertices of the Newton polygon of g. Therefore g admits a
unique root of valuation D in C((z)), which we denote by «;, and the power series o; has a
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positive radius of convergence. Proceeding by induction on £ € {2,...,n — 1} N P(v) N S(v),
and solving the equation ¢, = 0, we define

ar(€) = —Qe-1(0)/Pr—1(0), (14)

where the right-hand side is evaluated at (£, a1(§), ..., ap—1(§)); this is a well-defined process
and oy(§) satisfies the equivalent given in the statement, because Lemma 14 guarantees that
after evaluation

Pr1(0) =€+ 0(£%) and  Qu—1(0) = ap_1)-(€) + O(§D+2—d(£_1),>7

so the denominator in (14) does not vanish if £ # 0. Moreover, (12) ensures that the equation
¢n, = 0 is enforced too. Therefore this construction gives (i) and (ii).

We will prove (iii) by showing that none of the functions f, vanish when evaluated at the point
(& ar(€),...,an()) with £ # 0 in Q. Further, to achieve this result, we have the latitude to
shrink € as needed.

Since f1 = a1, we have fi(&, a1(§),...,a,(€)) = a1(£), and this quantity does not vanish for
¢ # 0 small enough, because a;(£) ~ ¢P/o,,. Proceeding by induction, we assume known that
fi, ..., fe—1 do not vanish at our point.

e In the case (v(¢),w(¢)) = (+,+), we have
fo = (arRe—1 + Se—1) (22).
The congruences in Lemma 11 allow to rewrite the equation ¢, = 0 in the form
(apPr—1 4 Q1) (x2) = 0;

this is satisfied after evaluation at the point (&, a1 (), ..., an(§)). Using then the relation
(Pg_ng_l — Qg_le_l) (.’Eg) = 1, we obtain

Py_1(z2) x fo = Pro1(z2) (agRe—1 + Se—1) (w2) = 14 Ro—1(z2) (arPr1 + Qe—1) (z2) = 1.
Thus, f; does not vanish at (£, a1(§),...,a,(£)).
e The case (v(f),w({)) = (—,+), that is £ = n, is amenable to a similar treatment.
e The remaining case is (v(¢), w(¢)) = (—, —). Here by Lemma 11 we have after substitution
fo= (Pt + arQe—1) (22) = (Pr—1 + a/Qe—1) (0),

and by Lemma 14 and the equivalence in (i)

&fon+0(&?) ifdy—y =Dyy =D,

Py1(0) = (00-1/on—1)£+0(&?) and Qe-1(0) = {0(52) otherwise.

Therefore fy(&, a1(),...,an(§)) is equivalent to (oy/0, — 1) &, hence does not vanish if
& # 0 is small enough.
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This concludes the induction and establishes (iii). O

To sum up, the lemma constructs a germ of a (parameterized) smooth algebraic curve £
(& a1(€),...,an(€)) contained in the zero locus of q,. The ideal of this curve is a prime ideal
of A, which contains ¢, and is disjoint from .#,,, hence it contains q. As a result, our curve is
contained in (¢y) (U, N X (Zy, (1,7 —1))). The point £ = 0 of this curve has for coordinates
z=0,a,=0if £ € P(v), and ay = ay if £ € {1,...,n} \ P(v). Now points of this form fill
an open dense subset of (¢,) "1 (U, N V(Z,)), because the values oy were chosen arbitrarily,
subject to the sole requirement that o, # o; for j € {1,...,n—1}. We can then conclude that
Y(Z,) C X(Zy,(1,n—1)). This proves the missing half of Proposition 9 (i) (the first half was
obtained just after Lemma 13).

As a consequence, q C p. To ease the reading of the sequel, we will omit the subscripts n in
the notation A, and §,. For £ € {1,...,n}, we set R(() = {j € {2,...,0} | v(j) = —, dj_1 =
Dj_1}.

Lemma 18 (i) For each ¢ € {1,...,n — 1}, we have
Pp=% (modp[a]), Qr=z"""a, (modp’[z),

Py(0) = —z + Z agj—1)-aj (mod p?).
JER(Y)

(ii) In the local ring Ay, we have pA, = x A, + qA, + p2Ap.

Proof. Statement (i) is proved by a banal induction. Let us tackle (ii).
If ¢ € P(v)\ S(v), then ay = ¢ belongs to q.

If £ € (P(v)NS(v))\ {L}, then there exists m € P(v) N S(v) such that dy = d,, — 1. Then
¢=(m—1)" and Dy,—1 = d;—1, whence by statement (i)

ay = @m—l(o) = Em - aum—l(O)

Gm  (mod p?),
and therefore a; € q + p2.

Surely D,,—1 =d,—1 = D and L = (n —1)7, so again by statement (i), we have

Cn = ]3n_1(0) + anén_l(O) = ]3n_1(0) +ara, = —x + Z agj—1)-a;j (mod p?).
JER(n)

In the last sum, we gather the terms with the same value ¢ for (j — 1)7: denoting by 7, the
sum of the variables a; for j € {2,...,n} such that v(j) = — and dj_1 = D;_1 = dy, we obtain

Cp=—2+ Z agry  (mod p?).
LeP(v)NS(v)
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Noting that a, € g+ p? for £ € P(v)NS(v)\{L} and that 7, = 0, we get aro, € () +q+p>.
Since oy, is invertible in Ay, we conclude that ay, € xA, + qA, + p*Ap.

Altogether the remarks above show the inclusion

Joint with q C q C p, this gives statement (ii). O

The ideal in A of the subvarieties
V= (q)v)_l(Uv N y(zv)) and X = (q)v)_l(Uv N X(Zum (L n— 1)))

are p and q, respectively. The local ring Oy x of X along V is the localization of A = A/q at
the ideal p = p/q. Lemma 18 (ii) combined with Nakayama’s lemma shows that the image of
r=x1—x9in A generates the ideal ﬁzg. As a consequence, the order of vanishing of x1 — x9
along V' is equal to one, and by definition, this is the multiplicity of Y(Z,) in the intersection
product X(Zy, (1,n—1)) - QTQ‘A. This proves Proposition 9 (ii).

4.6 Inclusion, II

In this section, we again consider words v and w such that (v(1),w(1)) = (+, —) and wt (v) =
wt (w) and explore the situation where the path representing v lies strictly above the one
representing w (except of course at the two endpoints) but does not stay parallel to it. We
thus assume that there exists k € {2,...,n — 1} such that (v(k),w(k)) = (4, —).

Proposition 19 Under these assumptions, Y(Zy) ¢ X (Zy, (1,n —1)).

The proof of Proposition 19 fills the remainder of this section. Our argument is similar to our
proof in Proposition 9 (i).

For each ¢ € {1,...,n}, we define A; = C[xa|[z,a1,...,a], where z = x1 — z9. We introduce
zZ=2z—x9.

In addition:
e let K be the largest integer k € {2,...,n — 1} such that (v(k),w(k)) = (+,—);

o for { € {K,...,n}, let dy be the weight of the word v(K + 1)v(K + 2)---v(¢), with the
convention dx = 0;

e let L be the smallest position ¢ > K such that (v(¢),w(¢)) = (—,+) or d¢ > 0.

Set P =3%—zand @1 =ay. For 0 € {2,...,L — 1}, define by induction two polynomials ﬁg,
Q¢ in Ay[z] as follows:
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o If (v(€),w(¢)) = (+,4+), then

arPro1 + Qo1 — (aeﬁeq + @571) (0)

L B if ¢ < K,
Pp=PFP_; and Qu=1¢ _ ~ :
Q=1 = 91(0) it 0> K.
z
o If (0(¢), w(0)) = (=, +), then
~ P Qi1 — (P Q0-1) (0 - .
B 1+ arQe-1 (Zz 1+ aeQe-1)(0) and Oy = Oy,
o If (u(£),w(f)) = (+,—), then P, =2 Py_y and Q; = agPr_1 + Qp_1.
o If (v(0),w(l)) = (—,—), then P, = Pp_y + a;Qu—1 and Qp = 2 Qy_;.
For ¢ € {1,...,L}:
e let gy be the ideal of B, generated by {b; | j € P(w), j < {};
e if / > K, let o4 be the sum of the a; for j € {K +1,...,¢} such that v(j) = — and

dj—1 = 0, with the convention ox = 0.

Lemma 20 For ¢ e {1,...,L — 1}, we have
(i)e Po(%) = Py(2) (mod de[2]) and Q%) = Qu(2) (mod §y[2]),
(ii)g if £ > K, then ﬁg(O) = @K(O)Ug and @g = Z_d[@](.

Proof. One again proceeds by induction. The details are straightforward, except in the case
where (v(¢),w(¢)) = (+,+) and ¢ > K, where one can follow the arguments offered in the
proof of Lemma 11 to get a; € qp. O

We now distinguish three cases:

e Assume that d;,—1 < 0. Then necessarily (v(L),w(L)) = (—,+). By assertion (ii)r—1
in Lemma 20, we get Qr—1(0) = 0. Using assertion (i)z—; in that lemma, we deduce
that Qr_1(x2) € qr—1. Then, by the identity Pp_1S,1 — Qr_1Rr—1 = 1, we see that
Pr_1(x2) is invertible in the ring Br_1/qr—1. Thus, by = (PL_l + aLQL_l) (1:2) X fL_1
is invertible in By /qr_1Br. We conclude that q;, = By, and therefore q,, = B,. Thus,
Uy NX(Zy) =D, 50 X(Zy, (1,n — 1)) does not meet U, and cannot contain Y(Z,).
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e Assume that dr—; = 0 and (v(L),w(L)) = (—,+). We note that Px(z2) = 0 by con-
struction. The identity PxSk — QxRrx = 1 then implies that Qg (z2) is invertible
in By, and by assertion (i)g in Lemma 20, Qg (0) is invertible in Bg/qx. Moreover,
frbr = (PL_1 + aLQL_l) (xQ) belongs to qr. Using assertion (ii)z—; in Lemma 20, we
deduce that B N N N

(Pr—1+arQr-1)(0) = Qr(0)(or—1 + ar) = Qx(0)or

belongs to gz too. Therefore o, belongs to qr, hence to q. However o, ¢ p, because ay,
is a summand in the sum that defines oy whereas L ¢ P(v). We must then conclude
that q ¢ p, in other words that Y(Z,) ¢ X (Zy, (1,n —1)).

e Assume that d,_; =0 and (v(L),w(L)) = (+,+). As in the previous case, we note that
@K(O) is invertible in By /qx. But now we have frby = (aLPL,l + QL,l) (:L“Q), SO we
get -

Qr(0)(aror—1+1) €qr

and then arop_1 + 1 € q. Here however ap € p, so apor—1 + 1 ¢ p. Again we must
conclude that q ¢ p and Y(Z,) ¢ X (Zy, (1,n —1)).

Proposition 19 is then proved.

4.7 Loose ends

We can now prove that the MV basis of V(w)®" satisfies the second formula in (1). We
consider two words v and w in %, with w(l) = — and wt (v) = wt (w) and we look for the
coefficient of y, in the expansion of x_ ® v, in the MV basis, where w’ is the word w stripped
from its first letter.

If (1) = —, then this coefficient is zero except for v = w, in which case the coefficient is one.
This follows from Theorem 5.13 in [1].

If (1) = +, then the path representing v starts above the path representing w. We distinguish
two cases.

In the case where v stays strictly above w until the very end, we can refer to Propositions 9
and 19: the coefficient of y, is non-zero only if v stays parallel to w at distance two and the
last letter of w’ is significant. If this condition is fulfilled, then the coefficient is one.

In the case where v and w rejoin before the end, after m letters, then we write v and w as
concatenations +v(9)v(3) and —w9)w(3), respectively, with v(y) and w(y) of length m—1 and v(3)
and wz) of length n —m. By assumption, wt v(3) = wtw(z). We can then apply Proposition 7
with n; = 1, ng = m — 1 and n3 = n — m: if vy # wy), then the coefficient of y, in the
expansion of z_ @y, is zero; otherwise, it is equal to the coefficient of y,,(2) in the expansion
of £ ® Yy (2) in the MV basis of V (a)®™.

30



Thus, Proposition 7 reduces the second case to the first one, but for words of length m. The
coeflicient is then non-zero only if +v(y) stays parallel to —w,) at distance two and the last
letter of w(y) is significant, in which case the coefficient is one.

To sum up: if (v(1),w(1)) = (+,—), then the coefficient of y, in the expansion of z_ ® y, is
either zero or one; it is one if and only if v is obtained by flipping the first letter — of w into
a + and flipping a significant letter + in w’ into a —. This shows that the MV basis satisfies
the second formula in (1). We have proved:

Theorem 21 (yy)wec, i the MV basis of V(w)®™.

Putting Theorem 21 alongside Theorem 3, Proposition 6, and Theorem 1.11 in [7], we obtain
the result stated in the introduction.
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