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Abstract

To an abelian category A of homological dimension one satisfying certain finiteness
conditions, one can associate an algebra, called the Hall algebra. Kapranov studied
this algebra when A is the category of coherent sheaves over a smooth projective curve
defined over a finite field, and observed analogies with quantum affine algebras. We
recover here in an elementary way his results in the case when the curve is the projec-
tive line.

Résumé

A toute catégorie abélienne A de dimension homologique égale & un vérifiant cer-
taines conditions de finitude, on peut associer une algébre appelée ’algébre de Hall.
Kapranov a étudié cette algeébre lorsque A est la catégorie des faisceaux cohérents sur
une courbe projective lisse définie sur un corps fini et a observé des analogies entre
I’algébre de Hall et les algébres affines quantiques. Nous redémontrons de maniére
élémentaire ses résultats dans le cas ol la courbe est la droite projective.

Introduction

The combinatorial lattice structure of objects in an abelian category A of homological dimen-
sion one satisfying certain finiteness conditions may be encoded in an algebraic structure,
called the Hall algebra of A. Hall’s original results, as described in Chapters II and III
of Macdonald’s book [14], concern the category of modules of finite length over a discrete
valuation ring with finite residue field.

A decade ago Ringel studied the Hall algebra of the category of finite-dimensional repre-
sentations over a finite field F, of a quiver whose underlying graph I' is a Dynkin diagram of
type A, D, or E. He showed that a suitable modification of this Hall algebra yields an alge-
bra isomorphic to the “positive part” of Drinfeld and Jimbo’s quantized enveloping algebra
associated to I' and specialized at the value ¢ of the parameter (see [9] or Section 2 of [17]
for an introduction to Ringel’s results).

More recently, Kapranov investigated the case when A is the category of coherent sheaves
over a smooth projective curve X defined over F,. In a remarkable paper [13], he used
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unramified automorphic forms, Eisenstein series, and L-functions to carry the geometrical
properties of X into the algebraic structure of the Hall algebra of A. This allowed him to
observe some striking similarities between such a Hall algebra and Drinfeld’s loop realization
of the quantum affine algebras [7]. In the case when X is the projective line P*(F,), Kapranov
deduced from his general constructions an isomorphism between a certain subalgebra of the
Hall algebra and a certain “positive part” of the (untwisted) quantum affine algebra U,(sls).

The main objective of this article is to recover Kapranov’s isomorphism for the projective
line in a more elementary way. Avoiding any use of adelic theory or of automorphic forms,
we compute directly the structure constants of the Hall algebra of the category of coherent
sheaves over P(F,). As is well known (see the references given in Remark 5.2.7 of [13]), this
category has the same derived category as the category of modules over a tame hereditary
algebra; this may be the reason why our computations are feasible. Our approach moves
us away from the analogy that motivated Kapranov, but hopefully makes his results more
accessible and concrete. We also observe that Kapranov’s isomorphism yields a natural
definition for the vectors of the Poincaré-Birkhoff-Witt basis of U,(sly) that Beck, Chari,
and Pressley introduced in [2].

The paper is organized as follows. In Section 1 we give the definitions of the Hall algebra
and of its Ringel variant associated to an abelian category satisfying adequate conditions.
In Section 2 we recall basic facts on the category A of coherent sheaves on the projective
line P!(k) over an arbitrary field k and we carefully analyse the extensions between certain
“elementary” objects. This leads in Section 3.1 to Theorem 10, which provides many structure
constants of the Hall algebra of A when k = F,. Now every coherent sheaf can be written
as the direct sum of its torsion subsheaf and of a locally free subsheaf. The existence of
such decompositions gives rise to a factorization of the Hall algebra as a semidirect product
of two subalgebras, denoted below by B; and H (A ), and related to locally free coherent
sheaves and torsion sheaves, respectively. By an averaging process which takes into account
all closed points of P!(F,), we define in Sections 3.2 and 3.3 a subalgebra By of H(A,).

In the final Section 4, we recall the definition of the quantum affine algebra U, (5/[\2) and we
relate it to the subalgebra of the Hall algebra generated by By and Bj.

Our interest in this subject grew out of a seminar held in Strasbourg in 1996-97 and
aimed at understanding Kapranov’s paper [13]. We are grateful to Henri Carayol, Flo-
rence Lecomte, Louise Nyssen, Georges Papadopoulo, and Marc Rosso for their enlightening
lectures. The first author acknowledges the financial support of the French Ministére de
I’Education Nationale, de la Recherche et de la Technologie and of the CNRS.

1 Hall algebras

1.1 Initial data

Let k be a field. Recall that an abelian category A is said to be k-linear if the homomorphism
groups in A are endowed with the structure of k-vector spaces, the composition of morphisms
being a k-bilinear operation. The extension groups in A, which can be defined even if A does
not have enough injectives or projectives (see [3], § 7, n°5), are then automatically k-vector



spaces. In the sequel, we will consider abelian k-linear categories A satisfying the following
finiteness conditions (H1)-(H3):

(H1) The isomorphism classes of objects in A form a set Iso(A).

(H2) For all objects V, W in A, the k-vector spaces Homy(V,W) and Extl,(V,W) are
finite-dimensional.

(H3) The second extension group Ext?(V, W) vanishes for all objects V, W in A.

The isomorphism class of an object V in A will be denoted by [V] € Iso(A), and the
isomorphism class of the zero object by [0]. It will be convenient to choose a preferred object
M(«) in each isomorphism class a € Iso(A). Condition (H2) implies that A satisfies the
Krull-Schmidt property: each object V' in A can be written as a direct sum Wy & --- & W, of
indecomposable objects, the isomorphism classes of the objects W, and their multiplicities
in the decomposition being uniquely determined. Condition (H3) ensures that short exact
sequences in A give rise to 6-term exact sequences of k-vector spaces involving the bifunctors
Homy(—, —) and Ext!,(—, —).

The Grothendieck group of the category A is, by definition, the abelian group K (A)
presented by the generators d(a)), where o € Iso(A), together with the relations d(3) =
d(a)) + d(7) whenever there is a short exact sequence

0 — M(y) — M(B) — M(a) — 0.

If V is an object in A, we will write d(V') instead of d([V]) to denote the image of its class
in the Grothendieck group. There exists a unique biadditive form (-,-) on K(A), called the
Fuler form, such that for all objects V', W of A,

(d(V),d(W)) = dim Hom4(V, W) — dim Ext, (V, W).

Among the categories A that we will consider, certain enjoy an additional finiteness
condition (H4), namely:

(H4) Each object in A has a finite filtration with simple quotients (Jordan-Holder series).

If A satisfies Condition (H4), then K(A) is the free abelian group on the symbols d(«), for
all isomorphism classes «a € Iso(A) of simple objects.

1.2 Hall numbers

In the remainder of Section 1, the field k& will be the finite field F, with ¢ elements.

Given an isomorphism class a € Iso(A), we denote the order of the automorphism group
Aut4(M(«)) by ga-

Given three isomorphism classes «, 3,7 € Iso(A), we denote by ¢§7 the number of sub-
objects X C M(f3) such that X € v and M(3)/X € a. To be more precise, let S(«, 3,7) be
the set of pairs

(f,9) € Homa(M(v), M(5)) x Homa(M(3), M(a))



such that the sequence
0 — M(y) > M(B) % M(a) — 0

is exact. The group Autg(M(a)) x Auta(M (7)) acts freely on S(«,3,7), and ¢§7 is by
definition the cardinality of the quotient space S(a, 3,7)/(Aut4(M () x Aut 4(M(7))).

The integer ¢ is called a Hall number. It is zero if d(3) # d(a) + d(v). Hall numbers
have the following properties.

Proposition 1 If a, 3,7,0 € Iso(A) are isomorphism classes, then
(i) there are only finitely many isomorphism classes A such that (/bgw #0;
(it) if (H4) holds, there are only finitely many pairs (p,o) € Iso(A)? such that ¢5, # 0;

(iii) ¢§[o] = 0ap and gb[ﬁoh = 0g, (Kronecker symbols);

(i) > Gnsdhe= D Oondhy

A€lso(A) A€Iso(A)

(v) the number gHimHoma(M(@)MO) @5 g g /g5 is an integer;

(Vi) D Doy Gagy/or = a LOD;
A€lso(A)

(vii) if M(a) and M () are indecomposable objects and M ([3) is a decomposable object, then
q — 1 divides ¢§7 — 8 ;

Yo

(viii) the following formula holds:

9a9s0r95 > Gms®hs/on= > q OG0 68 60 6L 9090 9-0-
A€lso(A) p,0,T,vEIs0(A)

In the above statement, the sums in Items (iv), (vi), and (viii) involve a finite number of
non-zero terms.

Proof. Assertion (i) holds because the extension group Extl (M (a), M(7)) is a finite set.
Conditions (H2) and (H4) imply that the map d : Iso(A) — K(A) has finite fibers; Asser-
tion (ii) follows from this fact. Assertion (iii) is trivial. Assertion (iv) is Proposition 1 in [16].
Items (v) and (vi) are consequences of the proposition in Section I1.4 of [19] (see also [14],
p. 221). To prove (vii), it suffices to follow the proof of Proposition 1 in [17]|. Finally, to
prove (viii), one can adapt the proof of Theorem 2 in [8] to the present framework. [J



1.3 The Hall algebra and the Ringel-Green bialgebra

We will use Z = Z[v,v™]/(v* — ¢) as the ground ring. Let H(A) be the free Z-module on
the symbols a, where « runs over Iso(A). Items (i), (iii), and (iv) of Proposition 1 show that

the multiplication
a-y= Y 1.8
B€lso(A)

endows H(A) with the structure of an associative Z-algebra with unit given by [0]. This
algebra is called the Hall algebra of the category A; it is graded by the group K(A), the
symbol « being homogeneous of degree d(a).

Using the Euler form on K (A) and following [15], one can twist this product and get a
new multiplication * on H(A), by setting on the basis vectors

oy = ) o

The associative Z—algebra with unit that one obtains in this way is called the Ringel algebra.
If Condition (H4) holds, then one can define a coproduct A : H(A) — H(A) ®z H(A)

and a coiinit ¢ : H(A) — Z by

AB)= Y WM 2T (ay)  and  e(6) = Gy,
o, vEIso(A) 9s

for all 8 € Iso(A). In this way, H(A) becomes a Z-coalgebra in view of Properties (ii)—(v)
of Proposition 1. Property (viii) of Proposition 1 implies that A is an homomorphism of
algebras when one equips H(A) ®5 H(A) with the following twisted product:

(a®B)* (v®6) = {4(B),d(v))+(d(7),d(B)) (ax7) ® (B *9),

where «a, 3,7, € Iso(A). Endowed with the Ringel product %, the coproduct A, and the
coiinit €, the Z-module H(A) is called the twisted Ringel-Green bialgebra.

2 Coherent sheaves over the projective line

Let k be a field. In this section, we investigate the category A of coherent sheaves over the
projective line P! (k). We recall what the indecomposable objects of A are and study certain
extensions between them. This information will be used in Section 3 to determine structure
constants of the Hall algebra H(A) when £ is a finite field.

2.1 Generalities on coherent sheaves on P!(k)

We put homogeneous coordinates (¢ : u) on P!(k). The two affine open subsets

U={(t:u)|t#0} and U"={(t:u)|u#0}



cover P1(k), and the formulae z = u/t and 2! = ¢/u define coordinates on U’ and U”

respectively. The rings k[z] and k[z7!] are the respective rings of regular functions on U’
and U".

We will use the following convention: if A is a commutative ring, M an A-module and z
an element of A, then M, denotes the localized A-module obtained from M by inverting z.
An analogous notation will be used for morphisms.

An object of the category A of coherent sheaves on P*(k) is a triple (M', M", ¢), where M’
is a finitely generated k[z]-module, M" is a finitely generated k[27']-module, and ¢ : M! —
M, is an isomorphism of k[z,z7!]-modules. A morphism in A from the coherent sheaf
(M', M", ) to the coherent sheaf (N’, N” 1) is a pair of maps (f’, f”), where f': M' — N’
is a k[z]-linear map and f” : M” — N” is a k[z~!|-linear map such that ¢ o f. = f/, o ¢.
One also defines in an obvious way the notions of direct sums and exact sequences in A,
so that A becomes an abelian k-linear category. This definition of A is equivalent to the
standard geometric definition that can be found, for instance, in Section IL.5 of [11].

The study of coherent sheaves over a curve splits into the study of locally free sheaves
and the study of torsion coherent sheaves. In our case, a coherent sheaf F = (M', M”, )
is said to be locally free it M' and M" are free modules over k[z] and k[z7!] respectively;
the sheaf F is said to be a torsion sheaf if M’ is a torsion k[z]-module, which is equivalent
to a similar requirement for M., M’ ,, or M". The full subcategory of A consisting of all
locally free sheaves will be denoted by Ajs. The full subcategory of A consisting of all torsion
sheaves will be denoted by Aqer.

The study of coherent torsion sheaves splits further into the study of torsion sheaves
whose support is a point. Let us first recall the notion of closed point.

A closed point x of P(k) is the zero locus of an irreducible homogeneous polynomial
P € k[T,U]. If P is proportional to the polynomial T (respectively, U), then the closed
point is the point at infinity co € U” (respectively, is the origin 0 € U’). Otherwise, z can
be viewed as the zero locus in U’ of the irreducible polynomial P(1, z) € k[z] and as the zero
locus in U” of the irreducible polynomial P(27! 1) € k[z7!]. In any case, = determines P
up to a non-zero scalar, and the degree deg x of x is defined as the degree of P.

If « belongs to the affine open set U’ (respectively, to U”), one defines the local ring
Op1(x),» of rational functions regular near = as the localization of k[z] at the prime ideal
generated by P(1,z) (respectively, as the localization of k[z7!] at the prime ideal generated
by P(z7',1)). If z belongs to U’ and to U”, then both definitions of Op1 (), yield isomorphic
rings. We choose a generator 7, of the maximal ideal of Op1(x), (“uniformizer”), and denote
by Op1(k)-modf the category of Opi(y),-modules of finite length, that is, of modules that
are finitely generated and annihilated by some power of 7.

Let F = (M', M",p) be a coherent sheaf and = be a closed point, determined by the
irreducible homogeneous polynomial P, and belonging to U’ (respectively, U”). The stalk
J, of the sheaf J at x is the Op1) ,-module obtained by localizing the k[z]-module M’ at
the prime ideal generated by P(1,z) (respectively, the k[z~!]-module M” at the prime ideal
generated by P(z71,1)). If o belongs to U’ and U”, then both definitions are equivalent.
One says that the point x belongs to the support of F if the stalk F, does not vanish. The
support of a torsion coherent sheaf if always a finite set of points. Given a closed point z,
we denote by Ay,y the full subcategory of A consisting of all torsion sheaves with support



included in {x}.

Proposition 2 (i) The category A is k-linear, abelian, and satisfies Conditions (H1)-(HS3)
of Section 1.1. The subcategories Ay, Ao, and Agy of A are closed under extensions.
The categories Awor and Ay are k-linear, abelian, and satisfy Conditions (H1)-(H4) of
Section 1.1.

(i) If F is a locally free sheaf and G is a torsion sheaf, then Hom4 (G, F) = Exty(F,G) = 0.

(i4i) If F and G are torsion sheaves with disjoint supports, then Hom(F, G) = ExtY(F,G) =
0.

(iv) Every coherent sheaf F can be written as a direct sum of a torsion sheaf and a locally
free sheaf. Every torsion sheaf can be written as a finite direct sum of sheaves whose supports
are closed points.

(v) The category Ao, is the direct sum of the subcategories Agy, where x runs over the set
of all closed points of P(k).

(vi) Going from a sheaf to its stalk at a closed point x gives an isomorphism of categories
from Ay to Opig ,-modf.

Proof. (i) The assertion about A is a standard result of algebraic geometry. It is immedi-
ate from the definitions that Ay, Aior, and Ay,y are closed under extensions in A. Since
subobjects and quotients of torsion sheaves are torsion sheaves, A, is an abelian subcate-
gory of A, and the Ext spaces between two objects in A, are the same when computed in
A or in Ay,. Therefore Ay, satisfies Conditions (H1)—(H3). Finally, the simple fact that
finitely generated torsion modules over principal ideal domains have Jordan-Hoélder series
implies that A, satisfies Condition (H4). A similar argument shows that Az} is an abelian
subcategory of A which satisfies Conditions (H1)-(H4).

(ii) Given a locally free sheaf F and a torsion sheaf G, the vanishing of Hom4(G,¥F) is a
direct consequence of the definitions, while that of Extly(F, §) follows from Serre’s vanishing
theorem (Theorem II1.5.2 (b) in [11]).

(iii) and (vi) These assertions follow from standard properties of finitely generated torsion
modules over the principal ideal domains k[z] and k[z1].

(iv) Let F be a coherent sheaf. One can define in an obvious way the torsion subsheaf
tor(F) of F, and the quotient sheaf F/tor(F) is locally free. By Assertion (ii), the group
Ext!, (T /tor(F), tor(F)) vanishes. Thus the short exact sequence

0 — tor(F) — F — F/tor(F) — 0

splits and one gets the decomposition F ~ tor(F) & (F/tor(F)), as desired in the first
assertion. The second assertion follows from the primary decomposition of finitely generated
torsion modules over the principal ideal domains k[z] and k[271].

(v) This follows from Assertions (iii) and (iv).
U



2.2 Indecomposable coherent sheaves over P!(k)

By Assertion (iv) of Proposition 2, indecomposable objects of A are either locally free or
have support in some closed point {z}.

For any n € Z, we construct a locally free coherent sheaf (M’, M"| @) by letting M’ = k|z],
M" = k[z7'], and ¢ : k[z,27'] — K[z, 27!] be the multiplication by z~". As usual, this sheaf
will be denoted by O(n). A theorem of Grothendieck [10] asserts that any locally free coherent
sheaf is isomorphic to a direct sum O(n;) @ --- @ O(n,.) for some sequence ny < --- < n,
of uniquely determined integers. Thus the sheaves O(n) are the indecomposable locally free
coherent sheaves.

For any m,n € Z, the space of homogeneous polynomials F' € k[T, U] of degree n —m
is naturally isomorphic to the homomorphism space Hom4(O(m), O(n)): one associates to
F' the pair of maps (f', f”), where f’ : k[z] — k[z] is the multiplication by F(1,z) and
f": k[z7Y — Kk[z7Y] is the multiplication by F(271,1).

In particular, given an irreducible homogeneous polynomial P € k[T, U] of degree d
and an integer r > 1, the r-th power polynomial P" defines a morphism from O(—rd) to
0(0). The cokernel is the torsion sheaf (M', M" ), where M' = k[z]/(P(1,2)"), M" =
k[z=/(P(27,1)") and ¢ is induced by the identity of k[z,271]. Calling = the closed point
defined by P, we denote this torsion sheaf by O,; its support is {}. Through the iso-
morphism of categories of Proposition 2 (vi), this sheaf corresponds to the Op1 () ,-module
Op1(k),/ (7). Consequently, these sheaves O,[,) are the indecomposable objects of the cate-
gory Ay

To deal with torsion sheaves more conveniently in the sequel, we introduce some further
notation. According to standard terminology, a partition is a non-increasing sequence of
non-negative integers with only finitely many non-zero terms: A = (A\; > Ay > ---) with
A; = 0 for ¢ big enough. The length of A is the smallest integer ¢ > 0 such that A\p.; = 0, and
the weight |A| of A is the sum of the non-zero integers A;. We also put n(A) = > .o, (i — 1)\,

as in [14]. The empty partition is the partition with no non-zero part; the partition with r
non-zero parts, all equal to 1, is denoted by (17); the partition with one non-zero part, equal
to r, is denoted by (r). Finally, given a closed point = and a partition A = (A\; > Ay > --+)
of length ¢, we define the torsion sheaf

Oxia) = Oxfa) @ -+ @ O -

For instance, O(1r), = (O[x])@r and O] = Opfa)-

2.3 The Grothendieck group and the Euler form
We define the rank and the degree of an indecomposable sheaf by
tkO(n) =1, degO(n)=n, 1kO, =0, and degO, =r degx.

Since every coherent sheaf can be written in an essentially unique way as a sum of inde-
composable sheaves, we may extend additively the notions of rank and degree to arbitrary
coherent sheaves. It is well-known from algebraic geometry that the rank and degree maps



factor through the Grothendieck group K(A), defining a isomorphism of abelian groups
K(A) — Z? by
d(F) — (tkF,deg J).

Proposition 3 The Euler form on K(A) is given for all coherent sheaves F and G by
(d(F),d(9)) =rkF rtkG+1kF degG — degF rk G. (1)

Proof. Using the Riemann-Roch formula (Theorem IV.1.3 in [11]) and standard results of
sheaf cohomology (Propositions 11.5.12, 111.6.3 (c), and I11.6.7 in [11]), we obtain

(d(O(m)),d(0(n))) = dimHom,(O(m),O(n)) — dim Extl,(0(m), O(n))
= dim Homa(Opi(), O(n — m)) — dim Exty (Op1 (), O(n — m))
= dim H°(P'(k),O0(n — m)) — dim H'(P*(k), O(n — m))
= 1+deg(O(n—m))
= 1l4+n—-—m

= tkO(m) rkO(n) + rkO(m) degO(n) — degO(m) rk O(n)

for all m,n € Z. This proves (1) when F and G are locally free sheaves of rank 1. Since the
classes of such sheaves generate K (A), the general case follows by the biadditivity of both
sides of (1). O

2.4 Some extensions of sheaves

In this section, we study in detail certain extensions in the category A. Beforehand, let us
record the following lemma, whose proof is immediate from the definitions in Section 2.2.

Lemma 4 For all m,n € Z,

(i) any non-zero element in Hom4(O(m), O(n)) is a monomorphism;

(ii) as a k-algebra, End4(O(n)) ~ k;

(i11) the k-vector space Hom4(O(m), O(n)) has dimension max(0,n —m + 1);

(w) for any closed point x and any partition X\, the k-vector space Homa(O(n), Ox) has
dimension |\| deg x.

Our first result describes the extensions between the indecomposable locally free sheaves.
In a short exact sequence of the form

0 — O(m) - F-L50(n) — 0,

the coherent sheaf F is necessarily locally free of rank 2, and so there are integers p and
q € Z such that JF is isomorphic to the sheaf O(p) ® O(q).



Proposition 5 Let m, n, p, q be integers, and consider a sequence of the form

0 — O(m) -1 0(p) & O(q) - O(n) — 0.
Let
h € Homu(O(m), O(p)), j € Homyu(O(p), O(n)),
i € Homy(O(m), 0(q)), ¢ € Homx(0(q),0(n)),

be defined by f = h® i and g = j DL, and call H, I, J, L the homogeneous polynomials
in k[T, U] representing h, i, j, {, respectively. Then the sequence is a non-split short exact
sequence if and only if the following three conditions are satisfied:

(a) m < min(p,q), max(p,q) <n, and p+q=m+n.
(b) J and L are coprime polynomials.

(¢) There is a non-zero scalar E such that H = EL and [ = —EJ.

Proof. We first prove that Conditions (a), (b), and (c) are necessary. Suppose that the
sequence is exact and non-split. If one of the homomorphism h or ¢ was the zero arrow, then
the other one would be an isomorphism since the cokernel of f is indecomposable, and the
sequence would split. Similarly, neither j nor ¢ can vanish. The four maps h, ¢, j, and /¢
are thus non-zero. The fact that the sequence does not split also implies that none of these
maps is an isomorphism. In view of Lemma 4 (ii) and (iii), it follows that m < min(p, q)
and max(p, q) < n. For degree reasons we also have m +n = p + ¢. Therefore Condition (a)
holds.

Let us turn to Condition (b). In the unique factorization domain k[T, U], one may con-
sider a g.c.d. D of the polynomials J and L. Since every irreducible factor of a homogeneous
polynomial is itself homogeneous (by uniqueness of the factorization), the polynomial D
is homogeneous and defines a homomorphism d € Homz(O(n — deg D), O(n)). We get a
factorization

O(p) @ O(q) : O(n)
N\ /" d
O(n — deg D)

Since g is surjective, so must be d. The non-zero morphism d being injective by Lemma 4 (i),
it is an isomorphism, which implies that deg D = 0. Thus J and L are coprime, and
Condition (b) holds.

Finally, the equality g o f = 0 implies that HJ + IL = 0. Condition (b) and Gauss’s
lemma then imply the existence of a non-zero homogeneous polynomial E € k[T, U] such
that H = FL and I = —FEJ. Since

2deg E =deg H +degl —deg L —degJ =(p—m)+(¢q—m)—(n—q) — (n—p) =0,

E is a constant polynomial, which proves Condition (c).

10



In order to prove the converse statement, we now assume that Conditions (a), (b), and
(c) are fulfilled. Over the affine subset U’, our sequence of sheaves reads
, fur=hyr @iy / , gur=Jjur Lyt ,
0— Om)U) ————— O0U)a0(@U) ——— O0m)U) —0,

I I I
k(2] k[z] ® k[z] k(2]

where the maps hyr, iy, . . . are the multiplications by H(1, 2), I(1, z), ... respectively. Con-
dition (b) implies that the polynomials J(1,z) and L(1,z) are coprime, which ensures by
Bezout’s lemma that the k[z]-linear map gy is surjective. An analogous simple reasoning
based on Gauss’s lemma shows that Conditions (b) and (c) imply that ker gir = im f.
Thus our sequence of sheaves is exact over the open subset U’. A similar argument can be
used over U” and we conclude that our sequence of sheaves is exact. [

Corollary 6 If m,n € Z are integers satisfying n < m + 1, then the extension group
Ext’(0(n), O(m)) vanishes.

We now investigate the extensions of certain torsion sheaves by indecomposable locally
free sheaves. We begin with the following lemma.

Lemma 7 Let x be a closed point of P1(k), corresponding to an irreducible homogeneous
polynomial P € k[T,U|. Letm,n € Z, let F' € k[T, U] be a non-zero homogeneous polynomial
of degree n—m, and let f € Hom4(O(m), O(n)) be the morphism defined by F. If the support
of the cokernel of f is included in {z}, then there exists an integer r > 1 such that F = PT,
up to a non-zero scalar, and one has coker f ~ O,y

Proof. The polynomial F defines a morphism f : O(m—n) — O(0). By unique factorization,
and up to a non-zero scalar, we can write F' = P|* - -- P*, for some positive integers r,...,r;
and some pairwise non-proportional irreducible homogeneous polynomials Py, ..., P,. For
each 1 < i < t, let z; be the closed point of P!(k) corresponding to P;. The homogeneous
polynomial P/ defines an element of Hom4(O(—7; deg F;), 0(0)) whose cokernel is O,
whence a canonical morphism g; : O(0) — O,,;). A direct application of the Chinese
remainder theorem implies that the sequence

0 — O(m —n) 5 0(0) =5 &Ly O,y — 0

is exact over the affine subsets U’ and U”, hence is exact. Taking the tensor product with
the locally free sheaf O(n), we get an exact sequence

0 — O(m) -1 O(n) — B_,0,.1y — 0.

Therefore, the cokernel of f is isomorphic to O (4] @ -+ ® Oy, If the support of coker f
is included in {z}, then ¢ = 1 and P, = P, up to a non-zero scalar, which entails the lemma.
OJ
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Proposition 8 Given a closed point x and an integer r > 1, let
0 — O(m) AN N O@rye — 0

be a non-split short exact sequence of coherent sheaves. Then the middle term F is isomorphic
to Oar-1) ® O(m + degx). If we write f = h @i in this decomposition, then h = 0 and
coker ¢ >~ Q.

Proof. We can write F as the direct sum of a torsion sheaf F, and a locally free sheaf F; of
rank 1. Write the maps f and g as h @7 and j ® ¢ in the decomposition F = Fy B F;. The
morphism h cannot be injective, so i cannot be zero, so i is injective (Lemma 4 (i)), and it
follows that j is injective. Thus Fy must be isomorphic to a subobject of O(ir)[).

Under the isomorphism of categories described in Proposition 2 (vi), the sheaf Oy
corresponds to the elementary Opi ) ,-module (Opl(k;)’x / (Wx))ear, hence to a vector space of
dimension r over the residue field Op1 (1) ,/(7,). This shows that Fj is isomorphic to O s
for some s < r. In the same way, and using Lemma 7, we see that the image of ¢ is either 0
or isomorphic to Op,.

Now if the sequence is not split, then j is not an isomorphism, which rules out the case
s = r. The surjectivity of g then requires that s = r — 1, that im/¢ ~ O, and that
O@ryz) = imj @im{. The equality go f = 0 then splits into the two equalities j o h = 0 and
¢oi = 0. Since j is injective, we get h = 0 and thus cokeri ~ Q). Finally we compute

deg Iy = deg O(m) + deg O(1ryjy] — deg Fo = m + rdegx — sdegx = m + degz,
which shows that F; ~ O(m + degx). O

3 The Hall algebra of Coh(P'(F,))

From now on, k is the finite field F, with ¢ elements, and A stands for the category of
coherent sheaves over P'(k). In this section, we describe the Ringel algebra H(A). Relying
on results of Section 2, we first compute some Hall numbers. Using results explained in
Chapters IT and III of [14], we next investigate more closely the Ringel algebras H(Aj,)
and H (Ator), which will be viewed as subalgebras of H(A). This allows us eventually to
define a certain subalgebra B of H(A), which will turn out in Section 4 to be related to the

quantum affine algebra U, (5/[;)

3.1 Some Hall numbers for A
We start with the following elementary combinatorial lemma.

Lemma 9 The number ¢(a,b) of pairs (J, L) consisting of coprime homogeneous polynomi-
als in ¥ [T, U] of degrees a and b, respectively, is given by

(g—1)(g*™**t—1)  ifa=0o0rb=0,
p(a,b) = , o
(q—1)(¢* — 1)g"* ifa>1andb>1.

12



Proof. Let S be the set of pairs (J, L) € F [T, U] consisting of non-zero homogeneous poly-
nomials of degree a and b respectively. The cardinality of S is (¢**! —1)(¢**! —1). One can
also count the number of elements in S by factoring out a g.c.d. D of J and L. For a fixed
degree d < min(a, b), there are (¢¢™! —1)/(q — 1) possibilities for D up to a non-zero scalar,
and we thus get the relation

The lemma then follows by induction on min(a, b). O

For any closed point = of P'(F,), let ¢, = ¢%°®” be the cardinal of the residue field of
the local ring Opi(p,) .. We denote the greatest integer less than or equal to a real number
a by |a]. The following theorem provides Hall numbers for the category A.

Theorem 10 In the Hall algebra H(A), one has the following relations:

b+c_1

(i) [O(m)®][0(m)®"] = (HL qq—_l) [0(m)2@)] for every m € Z and a,b € N.

(i) If F = O(ny) @ -+ ® O(n,.) is a locally free sheaf, if m € Z is strictly greater than
ni,...,n., and if a is a non-negative integer, then [F][O(m)®] = [F & O(m)%].

(111) If m < n, then

[(n=m)/2)
[Om)][0(m)] = ¢" " [0(m) & O(n)] + (¢* = 1) ¢"" " [0(m +a) & O(n — a)].

a=1
() If F is a locally free sheaf and G is a torsion sheaf, then [F][S] = [F @ G].
(v) If F and G are torsion sheaves with disjoint supports, then [F][G] = [F & Gl.
(vi) If x is a closed point, r is a positive integer, and n € Z, then

[O(p)m”@(n)] = [O(n + deg m) D O(lrfl)[x]] +q; [O(TL) b O(lr)[x]]-

Proof. (i) Since the extension group Ext',(O(m), O(m)) vanishes by Corollary 6, any short
exact sequence of the form

0— O(m)*»® —F — O(m)® — 0

necessarily splits, and the product [O(m)®4][O(m)®*] in H(A) is a scalar multiple of
[O(m)®@*b)]. Tt remains to compute the corresponding Hall number. Since End4(O(m)) ~
F, by Lemma 4 (ii), this Hall number is equal to the number of vector subspaces of dimension

b+c
. . . a q —1
b in a vector space of dimension a + b over F,, namely to (HC:1 W)'

13



(ii) By Corollary 6, the extension groups Extk(O(n;), O(m)) vanish. Thus any short exact

sequence of the form

O—>O(m)@ai>9—>ff—>0

splits, and the product [F][O(m)®?] in H(A) is a scalar multiple of [F @ O(m)®?]. Let us put
G =3 @ O(m)®* in the above short exact sequence, and write f = h @ i according to this
decomposition. Then h = 0, because all spaces Hom4(O(m), O(n;)) vanish by Lemma 4 (iii).
It follows that ¢ is an automorphism. The number of suitable embeddings f : O(m)®* — §
is therefore equal to |Aut4(O(m)®*)|, and the Hall number we are looking for is equal to 1.

(iii) By Proposition 5, any short exact sequence of the form
0 — O(m) - F-20(n) — 0

either splits, in which case F ~ O(m) & O(n), or there exists 1 < a < |(n—m)/2] such that
F>~O0(m+a)®O(n—a).

In the first case, we write f = h @i and g = j @ ¢, where h € Endxs(O(m)), i,j €
Hom4(O(m),0(n)), and £ € End4(O(n)). Since Hom 4(O(n), O(m)) = 0 by Lemma 4 (iii),
the existence of a left inverse of f requires that A should be an automorphism. Similarly,
¢ is an automorphism. The map ¢ may be arbitrarily chosen and then the map j should
be equal to —¢ o i o h™!. Thus the set of suitable pairs (f,g) is in one-to-one correspon-
dence with Aut4(O(m)) x Aut4(O(n)) x Homx(O(m),O(n)), and the desired Hall number
is [Hom4(O(m),O(n))| = ¢"~™FL. This yields the term ¢" " "[O(m) & O(n)] in the Hall
product.

In the second case, the number of epimorphisms g : § — O(n) such that kerg ~ O(m) is
(g —1)(¢> — 1)g" ™! by Proposition 5 and Lemma 9. Since |Aut4(O(n))| = ¢ — 1, the Hall
number ¢ E(n)],[@(m)] is (¢*—1)¢"~™1, whence the term (¢*>—1) ¢" ™! [O(m+a) DO(n—a)]
in the Hall product.

(iv) and (v) These items follow from the vanishing of both Ext}(F, ) and Hom4(G, F) (see
Proposition 2 (ii) and (iii)), as in the reasoning used to prove (ii).

(vi) This follows from Proposition 2 (ii), Lemma 4 (iv), Lemma 7, and Proposition 8, with
the same reasoning as for (iii).

O

Application 11. Let x be a closed point of P}(F,) and let n € Z. Using the relations in
Theorem 10 and the associativity of the Hall product, one obtains after some calculations

[0][0(7)*] = ¢:[0(n) & O(n + deg )]

1 [(degz)/2]
T (1—5) S [0 +a) @ O(n + deg — a)] + ¢, [0(n) ™ @ O

a=1

In particular, if degz > 2, then the Hall number ¢{8§’;{{3§2§}§Z}+ degr=a)] is equal to gd°s >=1(g—1)

for each 1 < a < degx — 1. By an analysis similar to those of Propositions 5 and 8, one may
deduce from this the following fact, which we found not easy to prove directly:

14



If P € F,[T] is an irreducible polynomial of degree d > 2 and if 1 < a < d — 1, then there
are ezactly ¢*~1(q — 1) quadruples (H,I,J,L) € F,[T]* consisting of polynomials of degree
a,d—a,a—1,d—a—1, respectively, such that HI — JL = P.

3.2 The Hall subalgebras H(Ay,;) and H(A,)

The information provided by Theorem 10 is not sufficient to compute all products in H(A).
For instance, the elements [0, ;] do not appear in its statement. More generally, it remains
to understand how one can express the elements [Oy] in terms of the elements [O(1r)(]-
Let us fix a closed point z of P!(F,). The subcategory Ay of A is k-linear, abelian, and
satisfies Conditions (H1)-(H3) of Section 1.1. We can therefore consider the Hall algebra
H (A, ). Since the category Ay, is closed under extensions in A, the algebra H(Ay,) can

be viewed as the subalgebra of H(A) spanned over Z by the isomorphism classes of objects
in Ay,y. Note that there is no difference between the Hall product - and the Ringel product
* on H(Ag,y) since the Euler form vanishes on K (Ay,;) by Proposition 3.

To simplify the notation, we will set h., = > _,[Oxp)], where the sum runs over

all partitions of weight r. The ring of symmetric polynomials over the ground ring 7 =
Z[v,v7']/(v* — q) in a countable infinite set of indeterminates will be denoted by A. We
will follow the notations of [14] and denote the complete symmetric functions, the elemen-
tary symmetric functions, and the Hall-Littlewood polynomials by h, € A, e, € A, and
P\(t) € Alt], respectively (see Sections 1.2 and III.2 in op. cit.). The next statement shows
in particular that the algebra H(Ay,;) is commutative.

Proposition 12 ([13], Proposition 2.3.5)

(i) There is a ring isomorphism V, : H(A(yy) — A that sends the elements Em, 0@ )
and [Oxy] of H(Ag), respectively, to the elements h,, """V %6, and q;"(A)PA(qgl) of A,

respectively, for any integer r > 1 and any partition \.

(ii) The Z-algebra H(Ay) is a polynomial algebra on the set {}Alm | m > 1}, as well as
on the set {[Oanp] | r > 1}. The family ([Oyy])r>1 consists of algebraically independent
elements and generates the Q[u]/(v* — q)-algebra H(A,y) ®z Q.

Proof. The isomorphism between the category Ay and the category of Opi(g,),-modules
of finite length gives rise to an isomorphism between their Hall algebras. Thus H(A(g)) is
isomorphic to the Hall algebra studied in Chapters II and IIT of [14]. Assertion (i) therefore
follows from Paragraphs III (3.4), I111.3 Example 1 (2), II1.4 Example 1, and III (2.8) in
op. cit. B

It is well-known that A is the Z-algebra of polynomials either in the complete symmetric
functions h, or in the elementary symmetric functions e,, for r > 1 (see Statements I (2.4)
and I (2.8) in op. cit.). This fact implies the first assertion in Statement (ii). The second
one follows from Statement III (2.16) in op. cit. and its proof. [J
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We now define three generating functions in H(A,y)[[s]] by

f—-\[z(s) =1+ Zﬁr,x s" = Z 6 SdEgB/degm’

r>1 ,@EISO(A{QC})

Ex(S) =1+ Z (];(T_l)/Q [O(lr)m] ST,
r>1

Qul(s) = 1+ (1—q. ") v [Oppy] 5"
r>1

Lemma 13 (i) The following relations hold in H (A )[[s]]:
Hy(s) Ex(—s) =1 and Qu(s) =

(it) In H(Ay)[[s]], one has

@z(s) = Z ]AutA(Or[x])| p T deg [O'I‘[m]] "

r>0

Proof. Following Paragraphs I (2.2) and I (2.5) of [14], we define generating series in A[[s]]
by
H(s):1+2hrs’" and E(s)zl—l—ZersT.

r>1 r>1

By Formulae I (2.6) and IIT (2.10) in op. cit., we have in A[[s]]

H(svdeer)

H(s)E(-s)=1 and 1+ Z(l —q; ") (s0%%°) Pyy(qp") = H(s vl /q,)"

r>1

Taking the inverse images by W,, one obtains the relations in Assertion (i). As for Asser-
tion (ii), it follows from the equality |Auta(O,))| = ¢5(1 — ¢z ), valid for any r > 1 (use
Formula II (1.6) of [14]). O

Remark 14. The category Ay, satisfying Condition (H4), the algebra H (A(,}) has the struc-
ture of a twisted Ringel-Green bialgebra. Since the Euler form on K (Ay,}) vanishes, the twist
in the multiplication law on H(A,)) ®5 H(A(yy) is trivial, so that H (A, ) is a Z-bialgebra
in the usual sense. (This fact is due to Zelevinsky, see (8], p. 362; moreover, H(Ay,}) has an
antipode.) Now, A is also a Z-bialgebra (see Example 25 in Section 1.5 of [14]). We claim
that the isomorphism W, defined in Proposition 12 preserves the coalgebra structures. To
prove this, it suffices to compare the behaviour of the coproduct of H(A¢,) on the genera-
tors ﬁm with the behaviour of the coproduct of A on their images \Ifx(ﬁm) = h,.. Using the
definition of the coproduct in Section 1.3 and Proposition 1 (vi), we perform the following
computation in (H(Ag,y) ®z H(Agy))[[s%8]]:
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A(H(s57) = Y s*87A(B)

,BEISO(A{Z})

e gag
= ) IR (a®y)

a,B,7€ls0(Ay) 9s

_ Z (Z ga% ¢ > dega )®(Sdeg77)

a,y€lso(Asy)

_ Z (Sdegaa> ® (Sdeg'yv)

afVEISO(A{I})

— ?[x(sdegz) ® ﬁx(sdegx). (2)

Therefore A(h 2) = 2 ep hsx ® hr sz i H(Ag) ®5 H(Agy). A similar formula holds for
the images of the complete symmetric functions h, by the coproduct of A (see loc. cit.), and
our claim follows.

We now turn to the subcategory A, of A consisting of all torsion sheaves. The Hall
algebra H (Ayor) may be viewed as the subspace of H(A) spanned by the isomorphism classes
of objects in Ai.,. By Proposition 2 (v) the category Ao, is the direct sum of the categories
Az}, so the Hall algebra H(Ay,) is canonically isomorphic to the tensor product over 7Z of
the Hall algebras H(Ay,) (this is Proposition 2.3.5 (a) in [13]|). We also note that the Hall
product - and the Ringel product * coincide on H(Ay,;) because the Euler form vanishes on
K (Ator) by Proposition 3.

We define elements /f;r, e, and ¢, of H(Ay,) for r > 1 by means of the generating
functions

His)=1+Y hs" = [[ His*"), (3)

r>1 zePL(Fy)
=1+ &s = [] E.(—s"=),
r=>1 zeP1(Fy)
=1+ Gs = [[ Quls*=).
r>1 zePL(Fy)

These equalities are meant to hold in H (A )[[s]]; in the right-hand side of the above equa-
tions, the products are over the set of all closed points of P*(F,).

Lemma 15 (i) One has the relations

H(sv)

H(s)E(s)=1 and Q(s) = o)

Y
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or equivalently, for each r > 1,

—_

<

he 4+ her o +8 =0,
s=1
(q—l?z —i—Zvrsh Qrs-

(ii) The three families (fAzT)Tzl, (€)r>1, and (Gr)r>1 consist of algebraically independent ele-
ments.

Proof. Assertion (i) follows from Lemma 13 (i). Let I" be the subalgebra of H (A, ) generated
by the subalgebras H(A,)) with @ # oco. Then H(A,) is the algebra of polynomials in
the indeterminates Emo with coefficients in I'. It is easy to see that ET — Em belongs
to F[/f\zl,oo, e ,ET,LOO], which proves the algebraic independence of the elements ﬁr. The
algebraic independence of the other two families can then be deduced from Assertion (i),
which completes the proof of Assertion (ii). O

3.3 A subalgebra of H(A)

The Ringel algebra H(A) turns out to be made of two parts: the first one is the Ringel
algebra H(Ao) described in Section 3.2, while the second one is a certain subalgebra B
related to locally free sheaves. In this section, we explain this decomposition and use it to
define a subalgebra B of H(A) which will be related in Section 4 to the quantum affine
algebra U, (5/[\2)

It will be necessary for us to extend the ground ring of the Ringel algebra H(A) and
of certain Z-submodules B of it from Z to a Z- algebra R. The R-module B ®3 R will be
denoted by B(g).

We first define the g-numbers, setting as usual [a] = (v* —v™%) /(v —v~!) for a € Z. We
set [a]l = [[;_,[i] for @ > 1, and agree that [0]! = 1. Remark that each [a] or [a]! is a product
of a non-zero integer by a power of v.

We next record the following consequence of Theorem 10 and of Proposition 3.

Lemma 16 (i) For allm,n € Z, one has

[O(m + 1) % [0(n)] = v* [0(n)] = [O(m + 1)] =
v [0(m)] % [0(n + 1)] = [0(n + 1)] + [0(m)]. (4)

(i) If ny < -+ < n, is an increasing sequence of integers and if ¢y, ..., ¢, is a sequence of
positive integers, then one has

[O(n)]* % -+ % [O(n,)]* = (H qci(ci_l)/Q[Ci]!) pi<ici<r (M—nitl)ec; [@ O(ni)@ci] )
=1

=1
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Proof. Assertion (i) can be proved by a tedious case by case examination, using Relations (i)—
(iii) in Theorem 10 and Proposition 3. To prove Assertion (ii), one first computes

O™ = v O]

_ci(ei—1)/2 T¢" -1 \®ei
- (Hq_l) O

a=1

gV [ [0(n:) %],
using Theorem 10 (i), and then

O] -+ O]
= pSisicemmnlee [ )] ... [O(n, )]

= (Hq%(crﬂ/?[Ci]!) pXasicisrmnitec (9 ). [O(n,) @]
i=1

— (Hqci(q_lw[cz‘]!) pr<icj<r (Mg mnitl)eics [@O(”i)%i],
=1

i=1
using Theorem 10 (ii). O

We now need two other pieces of notation. We denote by C' the set of all sequences
of non-negative integers ¢ = (¢,)nez that have only finitely many non-zero terms, and for

ce C, we set
X, = [[om),
nez

the products being computed using the multiplication * and the ascending order on Z. We
denote the Z-submodule of H(A) spanned by the isomorphism classes of locally free sheaves
by Bl-

Proposition 17 (i) By is a subalgebra of H(A).

(ii) If R is a Z-algebm containing Q, then the family (X.)cec is a basis of the R-module
(B1)(r)-

(iii) The multiplication in the Ringel algebra H(A) induces an isomorphism of Z-modules
from By ®5 H(Aior) onto H(A).

Proof. Assertion (i) comes from the fact that Ay is a subcategory of A closed under exten-
sions (Proposition 2 (i)) and from the definition of the product * in H(A). Assertion (ii)
follows from Lemma 16 (ii). Proposition 2 (iv) says that any coherent sheaf F is isomorphic
to the direct sum of a torsion coherent sheaf ¥y and a locally free sheaf ¥, and since A sat-
isfies the Krull-Schmidt property, the isomorphism class of F determines those of ¥y, and JF;.
Together with Theorem 10 (iv), this proves Assertion (iii). [J
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Remark 18. As mentioned in Section 3.2, the subalgebra H (A, ) of H(A) is a Hopf algebra.
Let us adopt Sweedler’s notation and denote the image of an element a € H (A, ) under the
coproduct by A(a) = 37, aq) ® a(z). The Hopf algebra H(Aor) acts on H(A) through the
adjoint representation, which is the homomorphism ad : H(A,) — End;(H(A)) defined by

a* T = Z (ad(a(l)) . ZL’) * Q(2),

(a)

forall a € H(A) and 2z € H(A). Relating the adjoint action to Hecke operators, Kapranov
has shown that B; is a H (Ao )-submodule of H(A) (see Proposition 4.1.1 in [13]). Asser-
tion (iii) of Proposition 17 can then be interpreted, in the language of Hopf algebras, as
stating that H(A) is the smash product of the Hopf algebra H (A, ) by the H (Ao )-module
algebra Bj.

The following result gives a commutation relation between certain elements of B; and
certain elements of H(A¢o).

Lemma 19 Forn € Z andr > 1, one has

—

r—
-~

hex [Om)] =[r+ 1] [0 +7)] + > [s+1] [0(n + 5)] * hy_s. (5)

(]

SR

S

Proof. We will use the generating series E,(s) and H(s). We set

X(t)=) [0m)]t"

and compute, using Relations (iv) and (vi) in Theorem 10:

E\x(_sdegw) " X(t) _ Z (_1)r Srdega: m q;(r—l)/Q [O(lr)[a:}] % [O(n)]

neZ, r>0
— Z (_1)r Srdegx " q;(r—l)/Q
n€Z, 20 (1-2r)degx
x ([0(n)] * 0] + v [0(n + deg )]  [Or—1)])
— X (1) % By (—siee®) (1 - (s/tv)deg”’>.
In view of Formula (3) and Lemma 13 (i), we therefore have

()« X(0) = X0 = A(s) ][ W
zeP1(Fy)

after expansion of the rational functions 1/(1 — (s/tv)4°8%) in powers of s/tv.
Now in the formal power series ring Z[[s]], one has

1 1
H 1— sdesr — (1—s)(1—gs)’

z€P(Fq)
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where the product in the left hand side runs over all closed points of P!(F,). The previous
equality follows from the calculation of the zeta function of P'(F,) (see Section C.1 of [11]
for a proof). Therefore,

H(s)* X (t) = X(t) = H(s) = s/w)lu st

(6)
which is equivalent to our assertion. [

Remark 20. Lemma 13 (ii) shows that the elements ¢, € H (Ao ) defined in Formula (5.2)
of [13] satisfy
@(5) =1+ Z v " 8"
r>1
On the other hand, using Relation (6) above and Lemma 15 (i), one obtains

Qls) = X(1) = X(t) * Q(s) %ZZ

We thus recover Formula (5.2.5) in [13].

-~

Finally, let By be the subalgebra of H(A,) generated by the family (h,),>1, and let B
be the subalgebra of the Ringel algebra H(A) generated by By and B;. Let also D be the set
of all sequences of non-negative integers d = (d,),>; that have only finitely many non-zero
terms, and for d € D, set

ha=T]n =[] and G=]]a"

r>1 r>1 r>1

Proposition 21 Let R be a field of characteristic O which is also a Z—algebm.

(i) The algebra Bgy is generated by the elements [O(n)] for n € Z and the elements I
forr > 1.

(i) The families (Xg*ﬁi)(gd)ecxl)7 (Xe*€q)(cajcoxn, and (Xe* Ga)cacoxp are three bases
of the R-module B gy.

Proof. Proposition 17 (iii) implies that the multiplication * induces an isomorphism of Z-
modules from By ®z By onto By * By. Lemma 19 implies that B; * By is a subalgebra of the
Ringel algebra H(A), obviously equal to B. Since the Z-modules By and B, are free (see
Lemma 15 (ii)), the multiplication * in the Ringel algebra H(A)g) induces an isomorphism
of R-modules from (Bl)(R) QR (BO)(R) to B(R).

Lemma 15 shows that (By)g) is a polynomial algebra on each of the three set of inde-
terminates: {h, | r > 1}, {&, | r > 1}, or {g, | r > 1}. Thus the families (Ed)deDa (€d)deDs
and (qu)4ep are three bases of the R-vector space (By)r). Both assertions of our proposition
follow now from Proposition 17 (ii). O

Remark 22. In view of Remark 18, the fact that B is a subalgebra of H(A) should be consid-
ered as a consequence of the fact that By is a sub-bialgebra of H (A, ), itself a consequence
of Formulae (2) and (3).
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4 Link with the quantum affine algebra U, (sl)

Our aim now is to describe the relationship between the Hall algebra H(A) investigated in
Section 3 and the quantum affine algebra Uq(gg). In the original definitions of the latter,
q is an indeterminate. It will however be more convenient for us to deal with a specialized
version of U,(sly), in which ¢ is the number of elements of the finite field that we have chosen
at the beginning of Section 3. We therefore fix for the remainder of this paper a field R of
characteristic 0 together with a square root v of the number ¢. .

In this section, we first recall the definition of the R-algebra U,(sly) in its loop-like
realization and define a certain subalgebra V' in it. We then present an elementary proof
of Kapranov’s result asserting that the R-algebra V" is isomorphic to the R-algebra Bp
defined in Section 3.3. We end with several comments, observing that Kapranov’s approach
to U,(sly) sheds a new light on certain recent constructions by Beck, Chari, and Pressley [2].

4.1 Definition of Uq(;[;)

Following Drinfeld [7], we define U,(sl;) as the R-algebra generated by elements K*!, C*1/2
h,, where r € Z \ {0}, and x, where n € Z, submitted to the relations

KK'=K'K=1,
01/2 071/2 — 071/2 C1/2 _ 1,

C'Y2 s central,

[K,h,] =0 for r € Z '\ {0},
Kzt =02t K for n € Z,
2r) C"—-C"
[, ) = 6 [:] — for r,s € Z\ {0},
2
[hy, 2] = iM CFIM2gE for n,r € Z, r # 0,
r
vt ar — ool =0l el — 2l 2l for m,n € Z, (7)
C(m—n)/Q + _ C(n—m)/Q -
[zt 2z ] = i - Ui for m,n € Z,
v— v~

where the elements ¢E, are defined by the generating functions

Z Y s = K+ exp <:|:(v —o ) Z Py sir>

r>0 r>1
for r > 0 and are defined to be zero for r < —1.
Relying in part on previous work of Damiani [5], Beck [1] made precise the link between
this definition and Drinfeld and Jimbo’s original definition [6, 12| of U,(sly) as the quantized

enveloping algebra associated to the generalized Cartan matrix (_; 2) of type Agl).
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Let V* be the subalgebra of U, (g[\g) generated by the elements zt and h, C™/? forn € Z
and r > 1. The aim of Section 4 is to prove the following result.

Theorem 23 ([13], Theorem 5.2.1) The R-algebras Bry and V* are isomorphic.

—

4.2 Structure of U,(sly)

Following Section 1 of [2], we define elements 9%, for r > 1 by

1+ Z(U — o Yl s = exp (i(v -1 Z he, CE/2 siT> : (8)

> r>1
Let us denote by

e N7 the subalgebra generated by the elements 7, where n € Z;

e H the subalgebra generated by the elements K*', C*'/2 and h,, where r € Z \ {0};
e H* the subalgebra generated by the elements QZ;—LT, where r > 1;

e H° the subalgebra generated by the elements K*! and C+'/2.

Proposition 24

(i) The multiplication induces a linear isomorphism N~ ®r H Qg NT — Uq(g[\g).
(ii) The multiplication induces a linear isomorphism H- ®p H° @ H™ — H.
(iii) The generators Jj (r > 1) of the algebra H™ are algebraically independent.

w) The family of products x)en , performed in the ascending order of Z, is a
neZ n QGC
basis of N*.

Proof. Tt is asserted in Proposition 12.2.2 of [4] that the map N~ ®x H ® g Nt — Uq(;[\g>
induced by the multiplication of U, (EE) is surjective. The defining relations of U, (5/[;) imply
easily that the map H~ ®p H’ ®p H* — H induced by the multiplication of Uq(gg) is also
surjective. The algebra H* is generated by the pairwise commuting elements zzir for r > 1,

which shows that the monomials (H@(zﬁw)dr), for d € D, span the R-vector space H*.

Similarly, the family of elements (K°C? 2)(071,)622 span the R-vector space H. Finally, an
easy induction shows that the products (Hnez(xin)c"), performed in the ascending order of
Z and for ¢ € C, span the R-vector space N*. Consequently, the elements

Mla,b.¢,d,d,d') = (H(m-m*) (H@-»d*) Koo (H@md’r’) (me) ,

nez r>1 r>1 nez

where a,b € Z, ¢, " € C, and d',d” € D, span the R-vector space Uq<5/[\2>.
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Now observe that the definition of Uq(ﬁ/[;) implies the existence of an automorphism 7'
of the R-algebra U,(sly) such that

T(zy) = wppy, T(KT)=K=CT, T(CF?) =C*'?, T(h,) = h,,

n nFl

for all n,r € Z with r # 0. (Using Proposition 3.10.2 (b) and Definition 4.6 of [1], one

can easily see that 7" is the automorphism of Uq(;g) that lifts the translation along the
fundamental weight to the braid group of the extended affine Weyl group of sl;.) On the

other hand, observe, as a consequence of the Poincaré-Birkhoff-Witt theorem for U,(sls)
(Proposition 6.1 in [1]), that the set of elements

{M(CL?b’C_,?C_”)i,?d_//) | a7b 6 Z7 Q’?C_/, E O? i’?d_” E D7 n < O é C;’L - C;’i = O}
is linearly independent over R. Using this and the automorphism 7', one proves the linear
independence over R of the family of elements (M(a,b,c, ", d’,d"))pe " a.d"cz2xc2x D2
This family is therefore a basis of U,(sl2), which entails simultaneously all the assertions

of the lemma. O

Let us remark that the algebra H is the subalgebra denoted by U™(0) in [2] (see Propo-
sition 1.3 (iii) of that paper for instance). Following Section 1 of [2], we now define elements
P. and P, of H*, for r > 1, by the following generating functions:

~ ~ /2
P(s) =1+ ZPTST = exp <Z % sr) , 9)

r>1 r>1
hr Or/2
P(s)=1+ Z P.s" = exp| — Z 7] s" . (10)
r>1 r>1

For sequences ¢ = (¢,)nez € C and d = (d,),>1 € D, we define

of =l@D Pa=1[P" Pa=][R" and o5 =]]@)"

nez r>1 r>1 r>1

Proposition 25 (i) The algebra V' is generated by the elements x} and P., forn € Z and
r>1.

(i) The families (x;“ﬁd)(gd)EcXD, (23 Py) (cayecoxps and ($;Jz)(g,¢)erD are three bases of
the R-vector space V.

Proof. By definition, V't is the subalgebra of Uq(gg) generated by the elements z; and
h,C"/? for n € Z and r > 1. Assertion (i) follows therefore from the definition of the
elements P, (Formula (9)) and from the fact that the scalars [r] do not vanish in the field R
for any r > 1.

Proposition 2.8 in [2] states that for all integers n > 0 and r > 1, one has

r—1
PT sz_ = [T + 1] 'I’VJ'L_'FT‘ + Z [S + 1] x:—i-s PT—S' (11)
s=0
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Applying a well-chosen power of the automorphism 7" defined in the proof of Proposition 24,
one immediately sees that Formula (11) holds more generally for any n € Z. Together with
Proposition 24 (i), this shows that the multiplication map induces a linear isomorphism from
Nt ®r H" onto V.

By Formulae (1.8) and (1.9) in [2], we have the following relations in H*[[s]]:

- P(s )
P(s) P(s) =1 and ﬁ(s/ —1—1—22}—1}

or, equivalently, for each r» > 1:

P, + PsPr—s+Pr:O7

r—1
[P Po=OF + > v Pt
s=1

Together with Assertion (iii) of Proposition 24, this implies that H* is a polynomial algebra
on cach of the three set of indeterminates: {¢, | r > 1}, {B, | r > 1}, or {P, | r > 1}.
Thus the families (Pd)de ps (Pi)dep, and (wd )aep are three bases of the R-vector space H™.
Assertion (ii) follows from this and from Proposition 24 (iv). O

Theorem 23 is now evident. The isomorphism sends [O(n)] to x; , hy to Py, €, to Py, and
g to (v — v~ H T, respectively. Relations (4) and (5) correspond to Relatlons (7) and (11).

4.3 Concluding remarks

As mentioned in the introduction, Ringel was the first one to discover relations between
Hall algebras and quantized enveloping algebras. In [18| he noticed that, in his context,
the natural basis of the Hall algebra corresponds to a Poincaré-Birkhoff-Witt type basis
of Lusztig’s integral form of the positive part of the quantized enveloping algebra. Here a
similar phenomenon occurs:

e by Lemma 16 (ii), the element [O(n1)® @ - - & O(n,)®] of H(A) is equal, up to a power
of v, to the product of divided powers

(ﬁ[oml)]*“) Kok ([;]![O(nr)]*”> ;

e by Lemma 2.3 in [2], the monomials in the N, for r > 1 correspond to the elements of a
Poincaré-Birkhoff-Witt basis of Lusztig’s integral form of H™.

These observations are likely to be part of a more complete statement for which one would
need a version of the Hall algebra H(A) (or at least of the algebra B) with a generic parameter
q as well as an integral version of Proposition 24.
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The elements P, ﬁr, and @Zr play important roles for Uq(ﬁ/g), namely in the classifica-
tion of the finite-dimensional simple U,(sly)-modules (see Theorem 12.2.6 in [4]) and in the

—

construction of a Poincaré-Birkhoff-Witt basis of Lusztig’s integral form of U, (sl2) (see The-
orem 2 of [2]). The relations (8), (9), and (10) defining them, though explicit, look rather
artificial. Kapranov’s isomorphism By — V* helps show where these elements come from:
they are the standard generators of the algebra of symmetric polynomials (elementary sym-
metric functions, complete symmetric functions, Hall-Littlewood polynomials) carried over
to the Hall algebras H(Ajg,) and averaged over the closed points of P!(F,).
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