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Abstract

Each integrable lowest weight representation of a symmetrizable Kac-Moody Lie algebra
g has a crystal in the sense of Kashiwara, which describes its combinatorial properties.
For a given g, there is a limit crystal, usually denoted by B(—oc), which contains all
the other crystals. When g is finite dimensional, a convex polytope, called the Mirkovié-
Vilonen polytope, can be associated to each element in B(—oc). This polytope sits in
the dual space of a Cartan subalgebra of g, and its edges are parallel to the roots of
g. In this paper, we generalize this construction to the case where g is a symmetric
affine Kac-Moody algebra. The datum of the polytope must however be complemented
by partitions attached to the edges parallel to the imaginary root §. We prove that these
decorated polytopes are characterized by conditions on their normal fans and on their 2-
faces. In addition, we discuss how our polytopes provide an analog of the notion of Lusztig
datum for affine Kac-Moody algebras. Our main tool is an algebro-geometric model for
B(—00) constructed by Lusztig and by Kashiwara and Saito, based on representations of
the completed preprojective algebra A of the same type as g. The underlying polytopes
in our construction are described with the help of Buan, Iyama, Reiten and Scott’s tilting
theory for the category A-mod. The partitions we need come from studying the category
of semistable A-modules of dimension-vector a multiple of §.

1 Introduction

Let A be a symmetrizable generalized Cartan matrix, with rows and columns indexed by a
set I. We denote by g the Kac-Moody algebra defined by A. It comes with a triangular
decomposition g = n_ @& h & ny, with a root system ®, and with a Weyl group W. The
simple roots «; are indexed by I and the group W is a Coxeter system, generated by the
simple reflections s;. We denote the length function of W by £ : W — N and the set of
positive (respectively, negative) roots by @, (respectively, ®_). The root lattice is denoted
by ZI = @,c; Zo; and we set RI = ZI ®z R. The canonical pairing between RI and its



dual (RI)* will be denoted by angle brackets. Lastly, we denote by R>o/ the set of linear
combinations of the simple roots with nonnegative coefficients and we set NI = ZI N Rx>¢l.

1.1 Crystals

The combinatorics of the representation theory of g is captured by Kashiwara’s theory of
crystals. Let us summarize quickly this theory; we refer the reader to the nice survey [37| for
detailed explanations.

A g-crystal is a set B endowed with maps wt, €;, ¢;, € and fi, for each ¢ € I, that satisfy
certain axioms. This definition is of combinatorial nature and the axioms stipulate the local
behavior of the structure maps around an element b € B. This definition is however quite
permissive, so one wants to restrict to crystals that actually come from representations.

In this respect, an important object is the crystal B(—oc), which contains the crystals of all the
irreducible lowest weight integrable representations of g (see Theorem 8.1 in [37]). This crystal
contains a lowest weight element u_o, € B(—o0) annihilated by all the lowering operators f,-,
and any element of B(—o00) can be obtained by applying a sequence of raising operators é;
0 U_o-

The crystal B(—o0) itself is defined as a basis of the quantum group U,(n4.) in the limit ¢ — 0.
Working with this algebraic construction is cumbersome, and there exist other, more handy,
algebro-geometric or combinatorial models for B(—o0).

One of these combinatorial models is Mirkovié¢-Vilonen (MV) polytopes. In this model, pro-
posed by Anderson [2]|, one associates a convex polytope Pol(b) C RI to each element b €
B(—00). The construction of Pol(b) is based on the geometric Satake correspondence. More
precisely, the affine Grassmannian of the Langlands dual of g contains remarkable subvarieties,
called MV cycles after Mirkovi¢ and Vilonen [47|. There is a natural bijection b — Zj from
B(—00) onto the set of all MV cycles [11, 12, 23|, and Pol(b) is simply the image of Z; by the
moment map.

Using Berenstein and Zelevinsky’s work [9], the second author showed in [36] that these MV
polytopes can be described in a completely combinatorial fashion: these are the convex lattice
polytopes whose normal fan is a coarsening of the Weyl fan in the dual of R/, and whose
2-faces have a shape constrained by the tropical Pliicker relations. In addition, the length of
the edges of Pol(b) is given by the Lusztig data of b, which indicate how b, viewed as a basis
element of Uy(g) at the limit ¢ — 0, compares with the PBW bases.



1.2 Generalization to the affine case

This paper aims at generalizing this model of MV polytopes to the case where g is an affine
Kac-Moody algebra.

Obstacles pop up when one tries to generalize the above constructions of Pol(b) to the affine
case. Despite difficulties in defining the double-affine Grassmannian, the algebro-geometric
model of B(—o00) using MV cycles still exists in the affine case, thanks to Braverman, Finkelberg
and Gaitsgory’s work [11]; however, there is no obvious way to go from MV cycles to MV
polytopes.

On the algebraic side, several PBW bases for Uy(ny) have been defined in the affine case by
Beck [6], Beck and Nakajima [8], and Ito 30|, but the relationship between the different Lusztig
data they provide has not been studied!.

As recalled above, in finite type, the normal fan of an MV polytope is a coarsening of the Weyl
fan, so the facets of an MV polytope are orthogonal to the rays in the Weyl fan. Therefore an
MV polytope is determined just by the position of theses facets, which form a set of numerical
values dubbed “Berenstein-Zelevinsky (BZ) data”. In the case g = sl,,, a combinatorial model
for an analog of these BZ data was introduced by Naito, Sagaki, and Saito [51, 52]. Later,
Muthiah [49] related this combinatorial model to the geometry of the MV cycles. However,
the complete relationship between this combinatorial model and our affine MV polytopes is
not yet clear.

1.3 The preprojective model

Due to the difficulties in the MV cycle and PBW bases models, we are led to use a third
construction of Pol(b), recently obtained by the first two authors for the case of a finite dimen-
sional g [5]. This construction uses a geometric model for B(—oo) based on quiver varieties,
which we now recall.

This model exists for any Kac-Moody algebra g (not necessarily of finite or affine type) but
only when the generalized Cartan matrix A is symmetric. Then 2id — A is the incidence matrix
of the Dynkin graph (I, E); here our index set I serves as the set of vertices and E is the set
of edges. Choosing an orientation of this graph yields a quiver ), and one can then define the
completed preprojective algebra A of Q.

'Recently, Muthiah and Tingley [50] have considered this problem in the case g = 5/[\2 . They have shown that
the resulting combinatorics matches that produced in the present paper, in the sense that the MV polytopes
coming from the Lusztig data provided by the PBW bases match those defined here. It should be easy to
extend this result to the case of an arbitrary symmetric affine Kac-Moody algebra.



A A-module is an I-graded vector space equipped with linear maps. If the dimension-vector is
given, we can work with a fixed vector space; the datum of a A-module then amounts to the
family of linear maps, which can be regarded as a point of an algebraic variety. This variety is
called Lusztig’s nilpotent variety; we denote it by A(v), where v € NI is the dimension-vector.
Abusing slightly the language, we often view a point 7' € A(v) as a A-module.

For v € NI, let B(v) be the set of irreducible components of A(v). We set B = | |, cx; B(v).
In [42], Lusztig endows B with a crystal structure, and in [38], Kashiwara and Saito show the
existence of an isomorphism of crystals b — Aj from B(—o00) onto 9. This isomorphism is
unique since B(—o00) has no non-trivial automorphisms.

Given a finite-dimensional A-module T, we can consider the dimension-vectors of the A-
submodules of T'; they are finitely many, since they belong to a bounded subset of the lattice
ZI. The convex hull in R/ of these dimension-vectors will be called the Harder-Narasimhan
(HN) polytope of T and will be denoted by Pol(T).

The main result of [5] is equivalent to the following statement: if g is finite dimensional, then
for each b € B(—00), the set {T" € Ay | Pol(T') = Pol(b)} contains a dense open subset of Ay.
In other words, Pol(b) is the general value of the map T +— Pol(T) on Ay.

This result obviously suggests a general definition for MV polytopes. We will however see
that for g of affine type, another piece of information is needed to have an complete model for
B(—00); namely, we need to equip each polytope with a family of partitions. Our task now is
to explain what our polytopes look like, and where these partitions come from.

1.4 Faces of HN polytopes

Choose a linear form ¢ : RI — R and let ¢poj(7)(#) denote the maximum value of & on Pol(T').
Then Py = {x € Pol(T) | (0,z) = ¥poyr)(#)} is a face of Pol(T'). Moreover, the set of
submodules X C T whose dimension-vectors belong to P has a smallest element Ty™" and a
largest element 7",

The existence of TGmin and T follows from general considerations: if we define the slope
of a finite dimensional A-module X as (f, dim X)/dim X, then Tj"®/T}"" is the semistable
subquotient of slope zero in the Harder-Narasimhan filtration of 7. Introducing the abelian
subcategory %y of semistable A-modules of slope zero, it follows that, for each submodule
XCT,

dim (X) € Py <= (T;ﬂin CX CTP™ and X/T" e %).

In other words, the face Py coincides with the HN polytope of T,"**/ Temin, computed relative
to the category Z#p, and shifted by dim T,;"".



Our aim now is to describe the normal fan to Pol(T), that is, to understand how T, Tjnax
and %y depend on 6. For that, we need tools that are specific to preprojective algebras.

1.5 Tits cone and tilting theory

One of these tools is Buan, Iyama, Reiten and Scott’s tilting ideals for A [14]. Let S; be
the simple A-module of dimension-vector «; and let I; be its annihilator, a one-codimensional
two-sided ideal of A. The products of these ideals I; are known to satisfy the braid relations,
so to each w in the Weyl group of g, we can attach a two-sided ideal I, of A by the rule
I, =1I;, ---I;,, where s;, - -- s, is any reduced decomposition of w. Given a finite-dimensional
A-module T'; we denote the image of the evaluation map I,, ® Homy (1,,,T) — T by T".

Recall that the dominant Weyl chamber Cjy and the Tits cone Cr are the convex cones in the
dual of RI defined as

Co={0c R |Viel, (f,a;) >0} and Cr= |J wCy.
weW

We will show the equality Temin = T;"® = T% for any finite dimensional A-module 7', any
w € W and any linear form 6 € wCy. This implies that dim 7" is a vertex of Pol(7T") and
that the normal cone to Pol(T") at this vertex contains wCy. This also implies that Pol(T") is
contained in

{z € RI | V8 € wCh, (0,z) < (0, dimT")} = dimT" — w(Rxo1).

When 6 runs over the Tits cone, it generically belongs to a chamber, and we have just seen that
in this case, the face Py is a vertex. When 6 lies on a facet, Py is an edge (possibly degenerate).
More precisely, if 0 lies on the facet that separates the chambers wCy and ws;Cy, with say
l(ws;) > L(w), then (Tpnin, Tpnax) = (Tws T™). Results in [1] and [27] moreover assert that
TY /T™% is the direct sum of a finite number of copies of the A-module I,, ®4 S;.

There is a similar description when 6 is in —C7p; here the submodules T, of T' that come into
play are the kernels of the coevaluation maps 7' — Homp (1, I, ®a T'), where again w € W.

1.6 Imaginary edges and partitions (in affine type)

From now on in this introduction, we focus on the case where g is of symmetric affine type,
which in particular implies g is of untwisted affine type.



The root system for g decomposes into real and imaginary roots ® = ®* Ll (Z0); the real
roots are the conjugate of the simple roots under the Weyl group action, whereas the imaginary
roots are fixed under this action. The Tits cone is Cp = { : RI — R | (§,0) > 0} U {0}.

We set t* = RI/RJ. The projection 7 : RI — t* maps @™ onto the “spherical” root system
®*® whose Dynkin diagram is obtained from that of g by removing an extending vertex. The
rank of ®* is r = dim t*, which is also the multiplicity of the imaginary roots.

The vector space t identifies with the hyperplane {# : RI — R | (#,0) = 0} of the dual of RI.
The root system ®° C t* defines an hyperplane arrangement in t, called the spherical Weyl fan.
The open cones in this fan will be called the spherical Weyl chambers. Together, this fan and
the hyperplane arrangement that the real roots define in Cp U (—Cp) make up a (non locally
finite) fan in the dual of R, which we call the affine Weyl fan and which we denote by # .

Each set of simple roots in ®° is a basis of t*; we can then look at the dual basis in ¢,
whose elements are the corresponding fundamental coweights. We denote by I' the set of
all fundamental coweights, for all possible choices of simple roots. Elements in I' are called
spherical chamber coweights; the rays they span are the rays of the spherical Weyl fan.

Now take a A-module T. As we saw in the previous section, the normal cone to Pol(T') at
the vertex dim 7% (respectively, dimT,,) contains wCy (respectively, —w™1Cp). Altogether,
these cones form a dense subset of the dual of RI: this leaves no room for other vertices. This
analysis also shows that the normal fan to Pol(7") is a coarsening of #'.

Thus, the edges of Pol(T") point in directions orthogonal to one-codimensional faces of #/, that
is, parallel to roots. In the previous section, we have described the edges that point in real
root directions. We now need to understand the edges that are parallel to §. We call these the
imaginary edges.

More generally, we are interested in describing the faces parallel to 0. Let us pick 6 € t and let
us look at the face Py = {x € Pol(T') | (0, z) = ¥poy(7)(0)}. As we saw in section 1.4, this face
is the HN polytope of Ty"**/T,™", computed relative to the category %. It turns out that
T/ Temin and Zy only depend on the face F' of the spherical Weyl fan to which 6 belongs.
We record this fact in the notation by writing Zr for %y.

We need one more definition: for v € I', we say that a A-module is a y-core if it belongs to %y
for all § € t sufficiently close to . In other words, the category of ~-cores is the intersection
of the categories Z¢, taken over all spherical Weyl chambers C such that v € C.

For each v € NI, the set of indecomposable modules is a constructible subset of A(v). It thus
makes sense to ask if the general point of an irreducible subset of A(v) is indecomposable.
Similarly, the set of modules that belong to Z¢ is an open subset of A(nd), so we may ask if



the general point of an irreducible subset of A(nd) is in Z¢. In section 7.4, we will show the
following theorems.

Theorem 1.1 For each integer n > 1 and each v € T, there is a unique irreducible component
of A(nd) whose general point is an indecomposable ~y-core.

We denote by I(vy,n) this component.

Theorem 1.2 Let n be a positive integer and let C' be a spherical Weyl chamber. There are
exactly r irreducible components of A(nd) whose general point is an indecomposable module
in Zc. These components are the I(y,n), fory e I'NC.

In Theorem 1.2, the multiplicity r of the root md materializes as a number of irreducible
components.

Now let b € B(—o0) and pick # in a spherical Weyl chamber C. Let T be a general point of
Ay and let X = T /Ténin, an object in Z¢. Write the Krull-Schmidt decomposition of X
as X1 ®---® Xy, with X1, ..., Xy indecomposable; then each X} is in Z¢, so dim X = nid
for a certain integer ny > 1. Moreover, it follows from Crawley-Boevey and Schréer’s theory
of canonical decomposition [18] that each X} is the general point of an irreducible component
Zi € A(ngd). Using Theorem 1.2, we then see that each Zj is a component I(~yx,ny) for a
certain v, € I' N C. Gathering the integers nj according to the coweights 7, we get a tuple
of partitions () JETAT" In this context, we will show that the partition A, depends only on b
and v, and not on the Weyl chamber C.

We are now ready to give the definition of the MV polytope of b: it is the datum f%l(b) of
the HN polytope Pol(T'), for T' general in Ay, together with the family of partitions (Ay),er
defined above.

1.7 2-faces of MV polytopes

Let us now consider the 2-faces of our polytopes Pol(T). Such a face is certainly of the form

Py ={z € Pol(T) | (0,2) = ¢poi1)(0)},

where 6 belongs to a 2-codimensional face of #'. There are three possibilities, whether 6
belongs to C'r, —Cr or t.

Suppose first that § € Cr. Then the root system ® = ® N (ker 0) is finite of rank 2, of type
Ay X A; or type As. More precisely, let w € W be of minimal length such that 8 € w Cy and let



J={iel|{w'0,q;) = 0}; then the element w~! maps ®y onto the root system ®; = PNR.J.
The full subgraph of (I, E') defined by J gives rise to a preprojective algebra A ;. The obvious
surjective morphism A — A induces an inclusion Aj-mod — A-mod, whose image is the
category %,,—19. Further, the tilting ideals I,, provide an equivalence of categories

Lo®p?
Y r——
Homp (1,?)
whose action on the dimension-vectors is given by w. Putting all this together, we see that Py
is the image under w of the HN polytope of the Aj-module X = Homy (I, T3"®*/Tj"m). In
addition, genericity is preserved in this construction: if T is a general point in an irreducible
component of a nilpotent variety for A, then X is a general point in an irreducible component
of a nilpotent variety for A;. When ® is of type Ao, this implies that the 2-face Py obeys the
tropical Pliicker relation from [36].

A similar analysis can be done in the case where 6 is in —C7. It then remains to handle the
case where 6 € t, that is, where 6 belongs to a face F' of codimension one in the spherical
Weyl fan. Here &y = ® N (kerd) is an affine root system of type Ay. The face F separates
two spherical Weyl chambers of t, say C’ and C”, and there are spherical chamber coweights
7" and 7" such that TNC" = (INF)U{y} and ' NC" = (L NF) U{y"}.

Choose 0" € C" and 0" € C”. Assume that T is the general point of an irreducible component.
As we saw in section 1.6, the modules Tj® /T and Tp** /T are then described by tuples
of partitions (Ay), cpngr and (Ay),cpqem, respectively. Both these modules are subquotients
of Tjnax/Tmin - 5o this latter contains the information about the partitions A, for all v €

CnF)ufy, v}

Theorem 1.3 Let Py be the polytope obtained by shortening each imaginary edge of the 2-face
Py by <Zwel“mf‘)‘7|>6' Then Py, equipped with the two partitions Ay and Ay, is an MV

polytope of type A;.

A partition can be thought of as an MV polytope of type g@, since the generating function
for the number of partitions equals the graded dimension of the upper half of the Heisenberg
algebra. Thus, the family of partitions O‘W)fyemf can be thought of as an MV polytope

of type (go)’"_l. We can therefore regard the datum of the face Py and of the partitions
()W)ve(l"ﬂf)u{v’,'y”} as an MV polytope of type A X Ag_l.

Theorem 1.3 will be proved in section 7.5. Our method is to construct an embedding of II-mod
into %y, where II is the completed preprojective algebra of type Aj; this embedding depends
on F' and its essential image is large enough to capture a dense open subset in the relevant



irreducible component of Lusztig’s nilpotent variety. In this construction, we were inspired by
the work of I. Frenkel et al. [20] who produced analogous embeddings in the quiver setting,.

So the final picture is the following. Let MYV be the set of all lattice convex polytopes P in
RI, equipped with a family of partitions (\,),er, such that:

e The normal fan to P is a coarsening of the Weyl fan #'.

e To each spherical Weyl chamber C corresponds a imaginary edge of P; the difference

between the two endpoints of this edge is equal to (Zyermé ]/\,y\)é.

e A 2-face of P is an MV polytope of type A x Ay, As or Ay x gg_l; in the type A, case,
this means that its shape obeys the tropical Pliicker relation.

At the end of section 1.6, we associated an element Pol(b) of MV to each b € B(—00).

Theorem 1.4 The map Pol : B(—o0) — MYV is bijective.

Theorem 1.4 will be proved in section 7.7. In a companion paper [4], we will provide a
combinatorial description of MV polytopes of type A;. With that result in hand, the above
conditions provide an explicit characterization of the polytopes Pol(b).

1.8 Lusztig data

As explained at the end of section 1.1, for a finite dimensional g, the MV polytope Pol(b) of
an element b € B(—o00) geometrically encodes all the Lusztig data of b.

In more detail, let N be the number of positive roots. Each reduced decomposition of the
longest element wy of W provides a PBW basis of the quantum group Ugy(n4), which goes to
the basis B(—o00) at the limit ¢ — 0. To an element b € B(—00), one can therefore associate
many PBW monomials, one for each PBW basis. In other words, one can associate to b many
elements of NV, one for each reduced decomposition of wy. These elements in NV are called
the Lusztig data of b. A reduced decomposition of wg specifies a path in the 1-skeleton of
Pol(b) that connects the top vertex to the bottom one, and the corresponding Lusztig datum
materializes as the lengths of the edges of this path.

With this in mind, we now explain that when g is of affine type, our MV polytopes f’gl(b)
provide a fair notion of Lusztig data.
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Figure 1: Examples of 2-faces of affine MV polytopes. These faces are of type A; x A1 (top left),
Ay (bottom left), and A; (right). In type A, the tropical Pliicker relation is ¢ = min(p,r).
Note that the edges are parallel to root directions. In type A, the edges parallel to the
imaginary root § (displayed here vertically) must be decorated with partitions A,/ and A~
which encode the structure of the modules T3 /T and T /T (notation as in the text
above). The lengths of all the edges and the partitions are subject to relations which are the
analogs of the tropical Pliicker relations; the displayed polygon endowed with the partitions
Ay =(3,1) and Ay» = (4,2,1,1,1,1,1,1, 1) satisfies these relations.

To this aim, we first note that a reasonable analog of the reduced decompositions of wy is
certainly the notion of “total reflection order” (Dyer) or “convex order” (Ito), see [15, 28]. By
definition, this is a total order < on ®, such that

(a+ﬂ€<1>+ and a%ﬂ) — a<a+p<x0.

(Unfortunately, the convexity relation implies that md < nd for any positive integers m and
n. We therefore have to accept that < is only a preorder; this blemish is however limited to
the imaginary roots.)
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A convex order < splits the positive real roots in two parts: those that are greater than § and
those that are smaller. One easily shows that the projection 7w : RI — t* maps {f € &4 | 5 >
d} onto a positive system of ®°. Thus, there exists 6 € t such that

VBe®¥, B0 < (6,5)>0. (1.1)

Given such a convex order =, we will construct a functorial filtration (T.4)ace, on each
finite dimensional A-module T, such that each dimT., is a vertex of Pol(T"). The family of
dimension-vectors (dim 7% 4)aca, are the vertices along a path in the 1-skeleton of Pol(T')
connecting the top vertex and bottom vertices. The lengths of the edges in this path form a
family of natural numbers (n4)aea, , defined by the relation dim 7% ,/T\o = nqo. Further, if
we choose 6 € t satisfying (1.1), then Ti5 = T3 and T\ 5 = Tjmn,

Fix b € B(—o0) and take a general point 7" in A;. Besides the family (nq)aecs, of natural
numbers mentioned just above, we can construct a tuple of parti"cions (Ay) ~ETNT by applying
the analysis carried after Theorem 1.2 to the module T /T;™", where C' is the spherical
Weyl chamber containing 6. To b, we can thus associate the pair Q<(b) consisting in the two
families (na)acaore and (Ay),cpng. All this information can be read from Pol(b). We call (b)
the Lusztig datum of b in direction <.

Let us denote by P the set of all partitions and by N®¥) the set of finitely supported families
(na)a@}f of non-negative integers.

Theorem 1.5 The map Q : B(—o0) — N(®¥) x PINC s bijective.
Theorem 1.5 will be proved in section 7.6. Let us conclude by a few remarks.

(i) The MV polytope f?(;l(b) contains the information of all Lusztig data of b, for all convex
orders. This is in complete analogy with the situation in the case where g is finite
dimensional. The conditions on the 2-faces given in the definition of MV say how the
Lusztig datum of b varies when the convex order changes; they can be regarded as the
analog in the affine type case of Lusztig’s piecewise linear bijections.

(ii) The knowledge of a single Lusztig datum of b, for just one convex order, allows one to
reconstruct the irreducible component Ap. This fact is indeed an ingredient of the proof
of injectivity in Theorem 1.4.

(iii) Through the bijective map f’gl, the set MV acquires the structure of a crystal, isomorphic
to B(—o0). This structure can be read from the Lusztig data. Specifically, if «; is
the smallest element of the order <, then ¢;(b) is the aj-coordinate of Q4(b), and the
operators €; and fz act by incrementing or decrementing this coordinate.
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(iv) As mentioned at the beginning of section 1.3, Beck in [6], Beck and Nakajima in [8], and
Ito in [30] construct PBW bases of Uy(ny) for g of affine type. An element in one of
these bases is a monomial in root vectors, the product being computed according to a
convex order <. To describe a monomial, one needs an integer for each real root o and a
r-tuple of integers for each imaginary root nd, so in total, monomials in a PBW basis are
indexed by N(®%) x P". Moreover, such a PBW basis goes to B(—00) at the limit ¢ — 0.
(This fact has been established in [7] for Beck’s bases, and the result can probably be
extended to Ito’s more general bases by using [46] or [57].) In the end, we get a bijection
between B(—oc) and N(®¥) x P". We expect that this bijection is our map Q.

\Q
Figure 2: Two views of the same affine MV polytope f’(b) of type As. The thick line goes
successively through the points vy = 0, v1 = v+ (o + 201 +2a2), v = 11 + 20, V3 = V2 + 50,
vy = v3 + (ap + a2), v5 = v4 + 2ap. The length of the edges of this line, together with the
two partitions A, = (1,1) and Ag, = (2,1), form the Lusztig datum Q4 (b) relative to any
convex order < such that ag < ag + as < § < a1 < ag + 201 + 2a0. The other vertices were
calculated using the conditions on the 2-faces. The MV polytope Ig(b) includes the data of A,

for all spherical chamber coweights w, and in this example, the rest of this decoration is given
by )‘81w1 = (1> 1)7 )\3251w1 = (0)7 >‘82w2 = (27 1) and )‘8182772 = (27 1)-

1.9 Plan of the paper
Section 2 recalls combinatorial notions and facts related to root systems. We emphasize the

notion of biconvex subsets, which is crucial to the study of convex orders and to the definition
of the functorial filtration (7% )ace, mentioned in section 1.8.

Section 3 is devoted to generalities about HN polytopes in abelian categories.
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In section 4, we recall known facts about preprojective algebras and Lusztig’s nilpotent vari-
eties. We also prove that cutting a A-module according to a torsion pair is an operation that
preserves genericity.

In section 5, we exploit the tilting theory on A-mod to define and study the submodules T
and T, mentioned in section 1.5. An important difference with the works of Iyama, Reiten et
al. and of Geifs, Leclerc and Schréer is the fact that we are interested not only in the small
slices that form the categories Sub(A/I,) (notation of Iyama, Reiten et al.) or C, (notation
of Geif, Leclerc and Schréer), but also at controlling the remainder. Moreover, we track the
tilting theory at the level of the irreducible components of Lusztig’s nilpotent varieties and
interpret the result in term of crystal operations.

In section 6, we construct embeddings of II-mod into A-mod, where II is the completed pre-
projective algebra of type A;. The data needed to define such an embedding is a pair (S, R)
of rigid orthogonal bricks in A-mod satisfying dim Ext} (S, R) = dim Ext} (R, S) = 2. The key
ingredient in the construction is the 2-Calabi-Yau property of A-mod.

The final section 7 deals with the specifics of the affine type case. All the results concerning
the imaginary edges, the cores, or the partitions are stated and proved there.
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1.11 Summary of the main notations

N={0,1,2,...}.

P the set of partitions.

K (&) the Grothendieck group of o7, an essentially small abelian category.
Irr &7 the set of isomorphism classes of simple objects in 7.
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Pol(T') C K(&)r the HN polytope of an object T' € &7

Py ={x € P| (6,x) = m} the face of a HN polytope P, where § € (K(<)r)* and m is the
maximal value of § on P.

K the base field for representation of quivers and preprojective algebras.

(I, E) a finite graph, wihout loops (encoding a symmetric generalized Cartan matrix).

g the corresponding symmetric Kac-Moody algebra.

n, the upper nilpotent subalgebra of g.

Q an orientation of (I, F) (thus @ = (I,) is a quiver).

H = QUQ the set of edges of the double quiver Q.

s,t: H — I the source and target maps.

A the completed preprojective algebra of Q.

A-mod the category of finite dimensional left A-modules.

® the root system of g.

{a; | i € I} the standard basis of ®.

® = &, LI P_ the positive and negative roots with respect to this basis.

W = (s; | € I) the Weyl group.

£: W — N the length function.

71 = @, Zaoy; the root lattice.

RI = ZI ®7 R, the R-vector space with basis (;)ier.

(RI)* the dual vector space.

w; € (RI)* the i-th coordinate on RI; thus (w;);es is the dual basis of (a;)ier.

(,):ZI x ZI — Z the W-invariant symmetric bilinear form (real roots have square length 2).
Co={0 € (RI)*| (0, ;) > 0} the dominant Weyl chamber.

Cr = Uwewﬁo the Tits cone.

Fr={0e RI)*|VjeJ, (8,a;) =0and Vie I\ J, (§,a;) >0}, for J C I.

®; and W, the root subsystem and the parabolic subgroup defined by J C I.

wy the longest element in W, when the latter is finite.

ht : ZI — 7 the linear form such that ht(«;) = 1 for each i € I.

Ny = & Nnwd_, for w € W; thus Ny = {si; -8, a5, | 1 < k < £} for any reduced
decomposition w = s;, - - - 8;,.

II the preprojective algebra of type le.

In the case of an affine root system:

0 the positive primitive imaginary root.

t* = RI/RJ.

m: RI — t* the projection modulo Ré.

®* = 7(P™) the spherical (finite) root system.

¢ % — @ the “minimal” lift, a right inverse of .
r = dim t* the rank of ®%.

t={0 € (RI)*| (0,9) = 0} the dual of t*.
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I" C t the set of all spherical chamber coweights.

# the Weyl fan on (RI)*, completed on t by the spherical Weyl fan.

Q" C t the coroot lattice, spanned over Z by the elements («;, ?).

ty € W the translation, for A € QY; thus t)\(v) = v — (\, )¢ for each v € RI.
Wo = W/QV the image of W in GL(t*).

¥V ={A C &, | A biconvex}.

And after having chosen an extending vertex 0 in the extended Dynkin diagram:
In =1\ {0} the vertices of the (finite type) Dynkin diagram.

{m(a;) | i € Iy} a preferred system of simple roots for ®*.

(wi)ier, the spherical fundamental coweights, a basis of t.

C§ = ic 1, R>ow; the dominant spherical Weyl chamber.

Geometry:

The set of irreducible components of a topological space X is denoted by Irr X. If Z is an
irreducible topological space, then we say that a propriety P(x) depending on a point z € Z
holds for x general in Z if the set of points of Z at which P holds true contains a dense open
subset of Z. We sometimes extend this vocabulary by simply saying “let « be a general point
in Z”; in this case, it is understood that we plan to impose finitely many such conditions P.

2 Combinatorics of root systems and of MV polytopes

In this section, we introduce our notations and recall general results about root systems and
biconvex subsets. Starting from section 2.3 onwards, we focus on the case of an affine root
System.

2.1 General setup

Let (I, E) be a finite graph, without loops: here I is the set of vertices and E is the set of
edges. We denote by ZI the free abelian group on I and we denote its canonical basis by
{a; | i € I}. We endow it with the symmetric bilinear form (, ) : ZI x ZI — Z, given by
(a, ;) = 2 for any 4, and for i # j, (o, a;) is the negative of the number of edges between the
vertices ¢ and j in the graph (I, E)). The Weyl group W is the subgroup of GL(ZI) generated
by the simple reflections s; : a; — a; — (a;, o;)oy; this is in fact a Coxeter system, whose
length function is denoted by ¢. Lastly, we denote by NI the set of all linear combinations of
the ay; with coefficients in N and we denote by ht : ZI — Z the linear form that maps each «;
to 1.
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The matrix with entries (a4, ;) is a symmetric generalized Cartan matrix, hence it gives rise
to a Kac-Moody algebra g and a root system ®. The latter is a W-stable subset of ZI, which
can be split into positive and negative roots & = & LI &_ and into real and imaginary roots
P = Py pim,

Given a subset J C I, we can look at the root system ®; = ® Nspanz{c; | j € J}. Its
Weyl group is the parabolic subgroup Wy = (s; | j € J) of W. If W is finite, then it has a
longest element, which we denote by wy. An element u € W is called J-reduced on the right
if (us;) > £(u) for each j € J. If u is J-reduced on the right, then ¢(uv) = ¢(u) + €(v) for
all v € Wj. Each right coset of W; in W contains a unique element that is J-reduced on the
right.

The Weyl group acts on R/ and on its dual (RI)*. The dominant chamber Cjy and the Tits
cone Cr are the convex cones in (RI)* defined as

Co={0€ R |Viel, (f,a;) >0} and Cr= |J wCy.
weWw
The closure Cy is the disjoint union of faces
Fr={0eRN*|VjeJ, (0,a;) =0and Vi € I\ J, (8,0;) > 0},
for J C I. The stabilizer of any point in Fy is precisely the parabolic subgroup W;. Thus
60:UFJ and CT:l_l |_| U)FJ.
JCI JCI weW/W;

The disjoint union on the right endows Cp with the structure of a (non locally finite) fan,
which we call the Tits fan.

To an element w € W, we associate the subset Ny, = &, Nwd_. If w = s;, ---s;, is a reduced
decomposition, then
Nw = {Si1 c S Oy, ‘ 1 < k < 6}

The following result is well-known (see for instance Remark & in [15]).

Lemma 2.1 For (u,v) € W2, the following three properties are equivalent:

L(u) + £(v) = L(uv), Ny C Ny, Ny-1 NN, =@.
Corollary 2.2 Let J C I and letw € W. Ifw is J-reduced on the right, then N,-1 NP ;= &.
Proof. Let J C I and let w € W be such that N,,-1 N®; # @. Then there exists . € ®; N D4
such that w3 € ®_. Since 3 is a nonnegative linear combination of the roots «; for j € J, it

follows that there exists j € J such that wa; € ®_. For this j, we have Ns; C N,,-1, whence
0(s;) + £(sjw™) = £(w™') by Lemma 2.1. Therefore w is not J-reduced on the right. O
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2.2 Biconvex sets (general type)

A subset A C @ is said to be clos if the conditions a € A, B € A, o+ € ® imply a+ € A
(see [10], chapitre 6, §1, n° 7, Définition 4). A subset A C ® is said to be biconvex if both A
and @4 \ A are clos. We denote by ¥ the set of all biconvex subsets of ®; and endow it with
the inclusion order.

Ezamples 2.3. (1) An increasing union or a decreasing intersection of biconvex subsets is
itself biconvex.

(ii) Each finite biconvex subset of @ consists of real roots and is a N,,, with w € W (see
[15], Proposition 3.2). For convenience, we will say that a biconvex set A is cofinite if
its complement @ \ A is finite. Given w € W, we set A, = N,-1 and AY = &, \ N,,.
Thus the map w — A, (respectively, w — A") is a bijection from W onto the set of
finite (respectively, cofinite) biconvex subsets of ®.

(iii) Each 6 € (RI)* gives birth to two biconvex subsets

Aréain:{ae(p_’_ ‘ <070¢> >0} and AglaX:{Oée‘I’+ ‘ <9,0&> ZO}

Remark 2.4. Define a positive root system as a subset X C & such that & = X U (—X) and
that the convex cone spanned in RI by X is acute. Denote by ¥ the set of all positive root
systems in ®. If X is a positive root system, then A = X N &, is biconvex and X can be
recovered from A by the formula X = AU(—(®4\ A)). Thus the map X — X N&, from ¥ to
¥ is well-defined and injective. The image of this map is the set #” of all subsets A C &, such
that the convex cones spanned by A and by @, \ A intersect only at the origin. Lemma 2.11
below shows that ¥’ = ¥ whenever ® is of finite or affine type.

Proposition 2.5 Let J C I, let 0 € Fy, and let w € W. Assume w is J-reduced on the right.
Then A" = AUE* and A, = A‘fgl_le. In addition, if Wy is finite, then AWYJ = A%n and

Ay = AP,

Proof. Let J, 0, w as in the statement of the proposition.

We have AY = {a € &4 | wla € &4} and A = {a € 4 | (§,w™a) > 0}. The inclusion
A" C AmS* is straightforward. To show the reverse inclusion, we take o € ® \ A", that is,
a € Ny. Then 8 = —wta is in N1, in particular 8 € ®,, but 8 ¢ ®; by Corollary 2.2,

and so (0, 3) > 0, which means that o ¢ A5%. We conclude that A" = A4

Suppose now that W, is finite. Then A¥*/ = {a € ¢4 | wyw™la € ¢} and A™" = {a €
@, | (0, wywta) > 0}. The inclusion A™" C A¥W is straightforward. To show the reverse
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inclusion, we take o € AW%J \Agin, if possible. Then w jw~'a necessarily belongs to ®, N®;,

and so does 8 = —w 'a. Then 8 € N,-1 N ®;, which contradicts Corollary 2.2. We conclude
that AvV®7 = AT

The last two equalities A,, = Arj‘g]{l g and Ay = A, ) are proved in a similar fashion. [J

2.3 Setup in the affine type

In the rest of section 2, we will focus on the case where the root system ® is of affine type.
Then there exists § € ZI such that @™ = Z-¢d. We set t* = RI/RJ and we denote the
natural projection by 7 : RI — t*. Then ®° = 7(®') is a finite root system in t*, called the
spherical root system.

The dual vector space t of t* is identified with {# € (RI)* | (§,0) = 0}. The linear forms
x — (a;,x) on RI span a lattice in t, called the coroot lattice; we denote it by QY. The Weyl
group leaves ¢ invariant, hence acts on t*. The kernel of this action consists of translations
ty, for X € QV. The translation ¢y acts on RI by ¢\(v) = v — (\,v) § and acts on (RI)* by
ta(0) = 0+ (0,5)\. We denote by Wy the quotient of W by this subgroup of translations; it
can be viewed as a subgroup of GL(t"), indeed as the Weyl group of ®°.

A basis of the root system ®° is in particular a basis of t*, and the elements in the dual basis
are called the spherical fundamental coweights. We define a spherical chamber coweight as an
element of t that is conjugate under Wy to a spherical fundamental coweight, and we denote
by I' the set of all spherical chamber coweights. The root system ®° defines a hyperplane
arrangement in t, called the spherical Weyl fan. The open cones in this fan will be called the
spherical Weyl chambers. The rays of this fan are spanned by the spherical chamber coweights.

The Tits cone is Cp = {6 € (RI)* | (0,6) > 0} U{0}. Thus (RI)* is covered by Cp, —Cr
and t. Gathering the faces of the Tits fan, their opposite, and the faces of the spherical Weyl
fan, we get a (non-locally finite) fan on (RI)*. We call it the affine Weyl fan and denote it
by # . The cones of this fan are the equivalence classes of the relation ~ on (RI)* defined in
the following way: one says that x ~ y if for each root a € ®, the two real numbers (z, o) and
(y, ) have the same sign.

For each o € ®°, we denote by ((a) € ®¢ the unique positive real root such that 7(:(a)) = «
and (o) — 0 ¢ @7, Thus ¢ : ®° — O'F is the “minimal” right inverse to 7.

It is often convenient to embed the spherical root system ®° in the affine root system ®. To
do that, we choose an extending vertex 0 in I and we set Iy = I\ {0}. Then the spherical
Weyl group Wy can be identified with the parabolic subgroup (s; | i € Iy) of W. Further,
{m(e) | i € Iy} is a basis of the spherical root system ®° whence a dominant spherical Weyl
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Figure 3: The upper half of the affine Weyl fan of type Ay. The intersection with the affine
hyperplane {6 € (RI)* | (8,6) = 1} draws the familiar pattern of alcoves. On the hyperplane
{6 € (RI)* | (#,6) = 0}, one can see the spherical Weyl fan.

chamber C§ = {0 € t | Vi € I, (0,a;) > 0}. The highest root & of ®° relative to this set of
simple roots satisfies 0 = ag + ¢(a). We denote by {w; | i € Iy} the basis of t dual to the basis
{71'(041‘) ’ 1€ Io} of t*.

2.4 Biconvex sets (affine type)

One nice feature of the affine type is the following key result, which is a direct application of
Theorem 3.12 in [15].

Proposition 2.6 Let A C & be a biconvex subset. If 6 ¢ A, then A is the union of an in-
creasing sequence of finite biconvex subsets. If § € A, then A is the intersection of a decreasing
sequence of cofinite biconvex subsets.

Ezample 2.7. Let A € QY. With the notation of Remark 2.3 (iii), we then have

Ay = | J Ay, and AP = () A
neN neN

these equalities readily follow from the formula ¢, () = a — n(\, a)d.
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Lemma 2.8 Let A C &, be a biconvexr subset such that § ¢ A and let X = w(A). Then X is
contained in a positive root system of ®° and (X) C A.

Proof. Since A is clos, so is X. Since § ¢ A, we furthermore have X N (—X) = @. By [10],
chapitre 6, §1, n® 7, Proposition 22, X is contained in a positive root system of ®°. Lastly, let
a € X, and choose B € AN 7~ !(a) of minimal height. Then 3 — § is not in A. It is not in
®, \ A either, for this latter is clos and contains § but not 5. Therefore 8 — § ¢ @, which
means that 5 = ¢(a). We have shown that ((X) C A. O

Lemma 2.9 Let o € ®F and let A and B be two biconvex subsets such that B = AU {a}.
We assume that 6 ¢ A. Then, for each finite subset X C A, there are finite biconvexr subsets
A" C A and B' C B such that X C A" and B' = A’ U{a}.

Proof. Since A is the increasing union of finite biconvex subsets, one can find a biconvex 4g C A
that contains X. Similarly, one can find a finite biconvex By C B that contains Ao U{a}. By
Example 2.3 (ii), we can write A9 = N, and By = Ny, with (u,v) € W2, Lemma 2.1 says
then that ¢(uv) = €(u) + £(v). Let us write a reduced decomposition s;, - --s;, for v. There
exists k such that a = us;, -+ s;,_, @, . We then take A" = Nus,, - and B’ = Nus;, 55, - O

“Sig_1 ik
One can of course obtain a similar statement in the case where § € B by taking complements
in q)+.

Lemma 2.10 (i) Let A and B be two biconvex subsets such that B = AU (Z=od). Then
there is a positive system X C ®° such that A = {a € &4 | m(a) € X }.

(i) Let A C B be two biconvex subsets. Suppose that A is finite and that B is cofinite. Then
there is a positive system X C ®° such that A C {a € &4 | w(a) € X} C B.

Proof. Let us first show (i). We take A and B as in the statement to be proved. Let X = 7(A)
and Y = m(®, \ B). Certainly, ®° = 7(®'’) = X UY. In addition, X and Y are disjoint,
because otherwise the inclusions «(X) C A and «(Y) C &4\ B given by Lemma 2.8 would force
A and @4 \ B to share a common element. Lastly, X and Y are clos. By [10], chapitre 6, §1,
n° 7, Corollaire 1 to Proposition 20, X is a positive system in ®*. Assertion (i) then follows
from the observation that A C 7=1(X) and n(®, \ A) C Y U{0}.

Now we consider (ii). By Example 2.3 (ii), there are (u,v) € W? such that A = A, = N, -1 and
B = A" = &, \ N,. The condition A C B means that N,-1 NN, = &, so {(uv) = £(u) + £(v)
by Lemma 2.1. By Lemma 2.8, w(N,,) is contained in a positive root system of ®°, say Y.
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Since 7 : RI — t* is W-equivariant, 7(u~1N,,) is contained in v='Y. Let X = —u~'Y. From
the equality u ' Ny, = v~ (N, UuN,) = (—~N,-1) U N, we deduce that 7(N,-1) € X and
that 7(N,) N X = @. Therefore N,-1 C{a € &4 |7(a) € X} C P\ N,. O

Lemma 2.11 For any biconvex set A, the convex cones spanned by A and by 1\ A intersect
only at the origin.

Proof. Taking complements in @, we can assume that § ¢ A. Suppose that the convex cones
spanned by A and ®, \ A share a common nonzero element z. This x can be expressed as a
non-negative linear combination of a finite family of elements of A, so using Proposition 2.6, we
can find a finite biconvex subset B C A such that x belongs to the convex cone spanned by B.
Further there exists § € (RI)* such that B = AJ"™ by Example 2.3 (ii) and Proposition 2.5.
We then have (f,z) > 0. On the other hand, = belongs to the convex cone spanned by
¢, \ B=A"g*, and so (—0,z) > 0. This contradiction shows that the convex cones spanned
by A and @, \ A do not share any nonzero element. [J

2.5 Convex orders

One motivation for studying biconvex subsets comes from the notion of “convex order” on & .
Specifically, a preorder < on ®, is called a convex order if for all (a,3) € ®2, the three
following conditions hold:

a8 or B=a,
(a+B€®, and axf) = a<a+B<5,
(a < B and B < a) <= « and f are proportional.

In this section, we restrict to affine type. In this case, in the last condition above, o and 5 are
proportional if and only if they are equal or they are both imaginary.

A terminal section for a convex order < is a subset A C & such that
(aeA and a%ﬁ) = [ €A

We denote the set of terminal sections of < by % (<). The following result, implicit in [15, 28],
provides the link between biconvex subsets and convex orders. We leave its (routine) proof as
an exercise for the reader.

Lemma 2.12 For each convex order <, the set % (<) is a mazimal totally ordered subset of
V. The datum of % (X) completely determines <.
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Remarks 2.13. (i) It is known that any biconvex subset is the terminal section of a convex

(i)

(iii)

order (Corollary 3.13 in [15]).

Let us say that a pair (A4, B) of biconvex subsets is adjacent if A C B and if there does not
exist a biconvex subset C' such that A C C C B. Each (w,i) € W x I with £(ws;) > £(w)
gives such a pair, namely (Ny,, Nys,); indeed, one here observes that Ny, = Ny, U{wa;},
so there is no room between N,, and N,,. Using Lemma 2.1, one easily shows that any
adjacent pair of finite biconvex subsets is of this form, so the notion of adjacent biconvex
subset generalizes the covering relation for the weak Bruhat order.

Given a real positive root o € ®°, let us say that a pair (A, B) of biconvex subsets is
a-adjacent if B = AU {a}. Let us say that (A4, B) is d-adjacent if B = A L (Z>06). We
conjecture that a pair (A, B) of biconvex subsets is adjacent (in the sense of (ii) above)
if and only if there is a root 8 (real or imaginary) such that (A, B) is $-adjacent. This
conjecture seems reasonable in view of our current understanding of biconvex subsets,
but we were not able to extract it from the papers [15, 29]. If it is correct, then Lemma
2.12 admits a converse, and “maximal totally ordered subset of ¥” would be a notion
equivalent to that of “convex order”. In any case, Zorn’s lemma shows that any totally
ordered subset of ¥ can be completed to a maximal one.

Let < be a convex order. The terminal sections

{Bedy|p-0} and {fe®y|p =0}

satisfy the assumptions of Lemma 2.10 (i), so there is a positive system X C &% such
that {f € &1 | B> 0} ={p € &4 | n(B) € X}. This fact was announced in section 1.8,
see equation (1.1).

Ezamples 2.14. (i) Let us consider the type Ay. As is customary, we use I = {0,1}. Then

(i)

O, ={ap+nd,a; +nd,(n+1)d | n € N}.
There are exactly two convex orders on ®,. One of them is
o <o +0<a1+20<--- <0<+ <a+20 <ap+9d < ag,

the other is the opposite order.

A linear form 0 € (RI)* defines a preorder on ®,, as follows: we say that a < S
if (0,a)/ht(a) < (0,8)/ht(B). For 6 general enough (outside countably many hyper-
planes), this preorder is a convex order.
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2.6 GGMS polytopes in affine type

To a non-empty compact convex subset K C RI, one associates its support function ¥y :
(RI)* — R, defined by ¥k () = max(f(K)). One can reconstruct K from the datum of ¢ .
If P is a convex polytope, then 1p is piecewise linear; the maximal regions of linearity are
closed cones that cover (RI)*. The relative interiors of these cones and of their faces form the
normal fan A4p of P. In addition, each face of P is of the form Py = {x € P | (,z) = ¢¥p(0)}
for some 0 € (RI)*.

We say that a convex lattice polytope P C RI is GGMS if each open cone of the affine Weyl
fan # is contained in an open cone of the normal fan .#p. In other words, we ask that for
each open cone C € #/, there is a vertex x of P such that Py = {z} for all § € C. It follows
that an edge of a GGMS polytope always points in a root direction. As we will see later in
this section, a convex lattice polytope P is GGMS if and only if AP is a coarsening of #/, in
the sense that each cone of Ap is the union of cones of #.

Let us fix a GGMS polytope P. If A is a finite or cofinite biconvex subset, then there is a
unique open cone C € # such that A = Ag’in = Ay"™ for each 0 € C, by Example 2.3 and
Proposition 2.5, and we denote by pup(A) the vertex z of P such that Py = {z} for each 6 € C.

We now want to extend this definition to all biconvex subsets A. As mentioned above, the
edges of a GGMS polytope P point in root directions. Let us denote by Ep C (% L {d}) the
(finite) set of all these directions. Furthermore, let us denote the symmetric difference between
two sets A and B by AAB=(A\ B)U(B\ A).

Lemma 2.15 Let P be a GGMS polytope and let A and B be finite or cofinite biconvex subsets.
Then there is a family of nonnegative integers (ng)acAnp Such that n, =0 if a ¢ Ep and

up(B) —pp(A) = Z N0 — Z e

a€B\A ac€A\B

Proof. We choose 0y and 6, in open cones of # such that A = {a € &4 | (A, ) > 0} and
B ={a € &, | (f1,a) > 0}. By moving 6y and 6; if necessary, we may assume that the
segment [0y, 01] does not meet any cone of codimension 2 in the normal fan .#p. We consider
0(t) = (1 —t)fp + t01. As t varies from 0 to 1, the face Py is generally a vertex of P,
occasionally an edge, but never a face of higher dimension. The vertices and edges found in
this way form a path in the 1-skeleton of P from up(A) to up(B). Each edge traversed by
this path points in the direction of a root a such that (fp,a) < 0 < (61, @), so that either
a€edP, N(B\A)or —aec®, N(A\ B), and moreover the length of this edge is an integral
multiple of «, because P is a lattice polytope. [
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With the notation of the lemma, we have up(A) = pp(B) as soon as AAB does not meet Ep.
We can thus extend pp to a map from all of 7 to the set of vertices of P as follows. If A is a
biconvex subset such that § ¢ A, then we set up(A) = up(B), where B is any finite biconvex
subset such that AN Ep C B C A; the result does not depend on the choice of B, because the
set of all possible B is filtered. Similarly, if A is a biconvex subset such that § € A, then we set
up(A) = pp(B), where B is any cofinite biconvex subset such that A C B C (AU (®4 \ Ep)).
With these conventions, Lemma 2.15 trivially extends to any biconvex subsets A and B.

Recall the biconvex subsets AP™ and AP®* from Example 2.3 (iii).

Proposition 2.16 The support function Wp of a GGMS polytope P is given by

Yp(0) = (0, up(AG™)) = (0, pp(AF™)),

for all 6 € (RI)*.

Proof. Let P be a GGMS polytope, let 8 € (RI)*, and let B be any biconvex subset. By
definition, (0, a) > 0 for each o € AJ™\ B, and (#, o) < 0 for each o € B\ AP™. Lemma 2.15
then implies that (0, up(AP") — up(B)) > 0. Since each vertex of P can be written as a
pp(B), it follows that (6, up(AF™)) is the supremum of 6 on P, whence the first equality. The
second equality also directly follows Lemma 2.15. [

The biconvex subsets Agﬂn and Ag®* only depend on the cone of %" to which ¢ belongs. From
Proposition 2.16, we then deduce that the support function of a GGMS polytope P is linear
on each cone of #. Therefore the normal fan .4p is a coarsening of %, as announced earlier
in this section.

The fact that 4p is a coarsening of # restricts the shape of the 2-faces of P. Specifically,
given # in a codimension 2 face of #', two cases can happen: either £0 € Cp, and then
® N (ker 0) is a finite root system of type A; x A; or Ag; or 6 belongs to a facet of the spherical
Weyl fan, and then ®N (ker ) is an affine root system of type A;. In both cases, Py is a GGMS
polytope of the same type as ® N (ker #). In the former case, we thus say that Py is a 2-face of
finite type; in the latter, we say that Py is a 2-face of affine type.

Now fix a GGMS polytope P and a convex order < on ®. For o € ®X° LI {d}, look at
A={fecd |f>a} and B={fc P |f=a}l

These are biconvex subsets such that B = AU{«}, if ais real, or B = AU (Z>05), ifa=4. In
either case, [up(A), up(B)] is an edge of P (possibly degenerate) which points in the direction
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of «, so we may write up(B) — up(A) = noa, where n, is a non-negative integer (nonzero
only if &« € Ep). For any A € % (<), we then have

up(A) = Z Na Q.

acAN(PeU{o})

The collection of numbers (n,) will be called the Lusztig datum of P in direction <. We will
however later decorate our GGMS polytopes in order to refine the information carried by ns,
taking into account all the imaginary roots and their multiplicities.

3 Torsion pairs and Harder-Narasimhan polytopes

In this section we will study general facts about torsion pairs and Harder-Narasimhan poly-
topes. We consider an essentially small abelian category ./ such that all objects have finite
length. This assumption ensures that the Grothendieck group K() is a free abelian group,
with basis the set of isomorphism classes of simple objects. As usual, we denote by [T] the
class in K(&) of an object T' € o/. Our subcategories will always be full subcategories.

3.1 Torsion pairs

Following 3], a torsion pair in & is a pair (.7,.%) of two subcategories, called the torsion class
and the torsion-free class, that satisfy the following two axioms:

(T1) Homy(X,Y) =0 for each (X,Y) € 7 x Z.

(T2) Each object T' € o7 has a subobject X such that (X,7/X) € .7 x Z#.

Axiom (T1) forces the subobject X in (T2) to be the largest subobject of T' that belongs to
7, and a fortiori to be unique; this X is called the torsion subobject of T with respect to the
torsion pair (7, .%).

An equivalent set of axioms are the two requirements:

(T'1) 7 ={X € o | VY € Z, Hom(X,Y) = 0}.
(T2) F ={Y € o | VX € F, Hom(X,Y) = 0}.
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With this second formulation, it is clear that .7 is closed under taking quotients and extensions
and that .# is closed under taking subobjects and extensions.

Given two torsion pairs (7', .#") and (7", F"), we write (J',.7") < (T",.Z") if the following
three equivalent conditions hold:

9/ g <74/7 <g-/ 2 g\//’ gl mg‘// — {0}

In this case, each object T' € & is endowed with a three-step filtration 0 C X’ C X” C T, where
X' and X" are the torsion subobjects of T' with respect to (7', %”) and (7", F"), respectively.
Since .#’ is stable under taking subobjects and .7” is stable under taking quotients, we have
(X, X"/ X'\ T/X"e (T, ' nT" F".

A typical example of torsion pair is obtained by the following construction, directly translated
from the well-known theories of Harder-Narasimhan filtrations and stability conditions [58, 53,
56]. Fix a group homomorphism 6 : K(&/) — R and define five subcategories .%y, %y, P,
Pg and Ky of o :

e Anobject T is in .% (respectively, . ) if any nonzero quotient X of T satisfies 0([X]) > 0
(respectively, 6([X]) > 0).

e An object T is in 2y (respectively, Py) if any nonzero subobject X of T satisfies
0([X]) < 0 (respectively, 0([X]) < 0).

e An object T is in %y if 6(|T']) = 0 and any nonzero subobject X of T satisfies 8([X]) < 0.

The objects in the category %y are called §-semistable [40]. Note that Zy = Sy N Py.

Proposition 3.1 Both (S, Py) and (Fg, Py) are torsion pairs in </ . The category g is
an abelian subcategory of <7 .

Proof. Let us first prove that (.%p, Py) is a torsion pair. The axiom (T1) is obvious, so we
have to prove the axiom (T2).

We first show that .# is closed under extensions. Let 0 — T — T Jo T 5 0 be a short
exact sequence with 7" and T” in .%j and let g : T — X be an epimorphism. The pushout
of (f,g) then exhibits X as the extension of a quotient X" of T” by a quotient X’ of T". By
assumption, #([X']) and #([X"]) are both nonnegative, so §([X]) > 0. Moreover, equality holds
only if both X’ and X" are zero, thus only if X = 0.

Now let 7" € 7. Our assumption of finite length allows us to pick a maximal element X among
the subobjects of T' that belong to %y. Suppose that T//X is not in &y. Then it contains a
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subobject Y such that 6([Y]) > 0, and we may assume that Y has been chosen minimal with
this property. Certainly, Y does not belong to .%; otherwise, the extension of Y by X inside T’
would belong to %, contradicting the maximality of X. So Y has a nonzero quotient Y/Z such
that 0([Y/Z]) < 0. Since Z is a subobject of T'/ X properly contained in Y, the minimality of ¥
requires 0([Z]) < 0. We thus reach a contradiction, namely 0 > 0([Z])+0([Y/Z]) = 0([Y]) > 0.
Therefore T/ X € Py, which establishes (T2).

We have thus shown that (%, &) is a torsion pair. The proof for (#y, &) is similar. The
fact that %y is an abelian subcategory is well-known. [J

Since (S, Py) < (F 9, Py), these two torsion pairs endow each object T’ € o7 / with a three-step
filtration 0 C Temin C Ty"®* C T. The quotient Té“ax/Térnin belongs to Zy = Fg N Py.

Proposition 3.2 Let 0 : K(o/) — R be a group homomorphism and let T € <of . Then
O([T5"™]) = 0([T3"]) > 6([X))

for any subobject X C T. Equality holds if only if T9”1in C X C Ty"™ and X/Tém{1 s 0-
semistable.

Proof. We adopt the notation of the statement. Let X be a subobject of T". Since Temi“ € Sy,
we have O([TpM" /(X N TR)]) > 0, with equality only if 7p" C X. Since T/T"> € 2y,
we have O([(X + Tp"*)/Ty**]) < 0, with equality only if X C T;"**. Lastly, we note that
(X NTRax) /(X N Tn) is a subobject of Tpnax/Tpmin; since the latter is in &y, we have
O([(X NT) /(X NTE)]) < 0, with equality if and only if (X N T3%) /(X N T0) is 6-
semistable. The result now follows from the relation [X + Ty 4+ [X NT"*] = [X] + [T"*].
(]

3.2 Harder-Narasimhan polytopes

We set K(o/)r = K(7) ®z R. We view this R-vector space as the inductive limit of its finite
dimensional subspaces; it is thus a locally convex topological vector space. Linear forms on this
vector space are automatically continuous. We denote the canonical pairing between K(7)g
and its dual (K(</)r)* by angle brackets. We may regard a linear form 6 € (K(«/)r)* as a
group homomorphism 6 : K(</) — R, whence the torsion pairs (%, Zy) and (.4, Py) and
the abelian subcategory %p.

Given an object T' € 7, there are finitely many classes [X] of subobjects X C T'. The convex
hull in K(.«7 )R of all these points is a convex lattice polytope. We call it the Harder-Narasimhan
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polytope of T' and we denote it by Pol(T"). The support function pgry of this polytope is
defined as the function on (K(2/)r)* that maps a linear form # to its maximum on Pol(T).
As in section 2.6, Py = {z € Pol(T) | (0, x) = ¥poi(1)(0)} is a face of Pol(T).

The inclusion i : %y C & is an exact functor, so it induces a group homomorphism K(7) :
K(%p) — K(#/) and a corresponding linear map K(¢)r. Proposition 3.2 then receives the
following interpretation.

Corollary 3.3 Let € (K(&/)R)*. Let us denote by Q the HN polytope of TjR** /TE™0, regarded
as an object of %y (so that Q C K(%p)r). Then

Py = [T5""] + K()r(Q)-

Thus the face Py of Pol(T) is the HN polytope of T"**/ Tgnin, computed relative to the category
Rp, and shifted by [T3"1].

A consequence of this observation is that [Tj""] and [T3@] are vertices of Pol(T). Another
noteworthy consequence is the following rigidity property: if = is a vertex of Pol(T'), then T'
has a unique subobject X such that [X] = x.

We may also interpret the categories Sy, Fg, etc., in terms of HN polytopes. For instance,
an object T" belongs to .# if and only if T' = T;"**, hence if and only if the top vertex [T'] of
Pol(T') lies on the face defined by #.

Given T and 6, the subfaces of Py are obtained by perturbing slightly . The following result
states this formally.

Proposition 3.4 Let (0,1) € Homz(K(&),R)?, let T € o, let X = T /T and let
i: %y C A be the inclusion functor. Let 0 C Xf]‘(‘)ifé(i) C X;)‘;al‘é‘(i) C X be the filtration of X,
regarded as an object in Xy, relative to the group homomorphism noXK(i) € Homz (K (%), R).
Call Tjm C T C T" C T the pull-back of this filtration by the canonical epimorphism

T — X. Then for m large enough, T' = T;Ing)ﬂn and T" = TJ5%, .

Proof. The classes in K(&) of subquotients of T are finitely many. Pick m large enough so
that, for all subquotients Z of T,

0(12) >0 = (m0+n)([2]) >0 and 0(]Z]) <0 = (mf+n)([Z]) <O.

Each nonzero quotient Y of Tj"™" satisfies 6([Y]) > 0, hence satisfies (mf + n)([Y]) > 0.
Therefore Tgﬂin € Imb+n, and so Ténin - Tnl%rjrn. The quotient U = T;%‘jrn / Ten[1in belongs to

Imo+n and to Py, so we have (mf +n)([U]) > 0 and 0([U]) < 0, which forces 6([U]) = 0.
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In a similar fashion, we see that T%  C Ty and 6([T3">/T54%, 1) = 0. We conclude that

TP C Ty © T, € T4

and that the subquotients of this filtration belong to %y.

Reducing modulo 73", we get a three-step filtration 0 C X’ C X” C X of X = Tpnax/Tjnin,
viewed as an object of %y. Any nonzero quotient Y of X’ in %y is a nonzero quotient of
Tn%ljrn in o such that ([Y]) = 0, and so n([Y]) = (m8 + n)([Y]) > 0. Therefore X’ belongs
to the subcategory %,k ;) of Zy. One checks in a similar fashion that X”/X’ € %,k ;) and

X/ X" € k(i) We conclude that X' = Xﬁilré(i) and X" = X;ﬁé‘(i). O

Let us now compare this construction to the more usual notion of Harder-Narasimhan filtration.
To define the latter, we need to fix a pair (1,60) € Homz(K(<),R)? such that n([T]) > 0 for
each nonzero object T'. The slope of a nonzero object T' € 7 is defined as u(T") = 6([T])/n([T])
and an object T is called semistable if it is zero or if u(X) < u(T) for any nonzero subobject
X CT. It can then be shown that any object T' € &/ has a finite filtration

O=TycThhCc---CTy1CTy=T (3.1)

whose subquotients are nonzero and semistable, with moreover u(Ty/T)—1) decreasing with k
(see for instance [53], close to the present context). This filtration is unique and is called the
Harder-Narasimhan filtration of T.

Given a € R, the torsion subobject of T" with respect to the torsion pair (,ﬂg_m],?g_an) is Ty,
where k is the largest index such that (T /Ti—1) > a. In our former notation, this means that
Ty = Tén_ign; in particular, [T;] is a vertex of Pol(T"). One can even be more precise: the linear
map ¢ : K(#)g — R? given in coordinates as (1,6) projects Pol(T) to a convex polygon of
the plane, and the upper ridge of this polygon is the polygonal line going successively through

the points ¢([T%]), for 0 < k < £. We leave the proof of this fact to the reader.

The polygonal line just obtained is what Shatz calls the HN polygon [58]. Thus our HN
polytopes are a multidimensional analog of those HN polygons; they simply take into account
the existence of a whole space of stability conditions. There may well exist sensible adaptations
of this notion of HN polytope to other contexts where spaces of stability conditions have been
defined (see for instance [13]).

Remarks 3.5. (i) In Corollary 3.3, the map K(i)r induces an actual loss of information.
For example, in our study of imaginary edges (sections 1.6 and 7.4), the category %y
has infinitely many simple objects; since they all have the same dimension-vector, their
classes have the same image by K(i)g.
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(ii) The HN polytope of the direct sum of two objects is the Minkowski sum of the HN
polytopes of the two objects.

3.3 Nested families of torsion pairs

The subobjects of T that appear in the HN filtration (3.1) are the torsion subobjects with
respect to the torsion pairs (Fyyan, P6+an), as a varies over R. Observe that, in the notation
of section 3.1,

V(a,b) € R27 a<b = (ﬂe—&-amﬁe-kan) < (fe—&-bmye—&-bn)'

This prompts the following definition: a nested family of torsion pairs is the datum of a family
(T4, Za)acA of torsion pairs, indexed by a totally ordered set A, such that

Y(a,b) € A%, a<b = (T, F) < (T F).

This definition is certainly less general than Rudakov’s study [56] but is sufficient for our
purposes.

A nested family of torsion pairs (7, %4)eca in & induces a non-decreasing filtration (75 )qeca
on any object T' € «7: simply define T, as the torsion subobject of T" with respect to (T, Zy).
As already shown in section 3.1, the object T}/T, is in .%, N .9, whenever a < b.

4 Background on preprojective algebras

4.1 Basic definitions

We fix a base field K, which we assume for convenience to be algebraically closed of charac-
teristic 0. As in section 2.1, we fix a graph (I, E'), where I is the set of vertices and E the set
of edges. We denote by H the set of oriented edges of this graph. Thus each edge in E gives
birth to two oriented edges in H, and H comes with a source map s : H — I, a target map
t: H — I and a fixed-point free involution a — @ such that s(a) = t(a) for each a € H.

An orientation is a subset 2 C H such that H = QU Q. Such an orientation yields a quiver
Q = (1,9,s,t), and then @ = (I, H, s,t) is the double quiver of Q). We set e(a) =1 if a € Q
and e(a) = —1if a ¢ Q.

Let KQ be the path algebra of Q. The linear span S = spany (e;);cs of the lazy paths is a
commutative semisimple subalgebra of K Q. The linear span A = spany (a).cy of the paths
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of length one is an S-S-bimodule. Then K@ is the tensor algebra TgA. For i € I, set

pi = Z e(a)aa,

acH
s(a)=i

the so-called preprojective relation at vertex i. The linear span R = spany(p;)ier is a S-S-
subbimodule of KQ.

By definition, the preprojective algebra of @ is the quotient of KQ by the ideal generated
by R. This is an augmented algebra over S. Its completion with respect to the augmentation
ideal is called the completed preprojective algebra and is denoted by Ag. For brevity, we will
generally drop the @ in the notation Ag. Completing has the effect that the augmentation
ideal becomes the Jacobson radical; thus A quotiented by its Jacobson radical is isomorphic
to S, and the simple A-modules are just the simple S-modules, namely the one dimensional
modules S;. We denote by A-mod the category of finite dimensional left A-modules.

The involution a — @ on the set H of oriented edges induces an anti-automorphism of A. If M
is a finite dimensional left A-module, then we denote by M* the dual module Homg (M, K),
viewed as a left module by means of this anti-automorphism.

Occasionally, we will have to write A-modules in a concrete fashion. Our notation is as follows.
An S-module M is an I-graded vector space M = @iel M;, where M; = e;M; we define the
dimension-vector of M to be the element dim M =}, _;(dim M;)a; in NI. A KQ-module M
is the datum of an S-module and of linear maps M, : M) — My(q) for each a € H.

Since the simple A-modules are the modules S;, concentrated at a vertex of the quiver, it
is natural to present a special notation designed to analyze a A-module M locally around a
vertex ¢. Specifically, we break the datum of M in two parts: the first part consists of the
vector spaces M; for j # ¢ and of the linear maps between them; the second part consists of
the vector spaces and of the linear maps that appear in the diagram

(Mz) (e(a) Ma)
@ Mt(a) M; : @ Mt(a)'

acH acH
s(a)=i s(a)=i

Here (Mjz) denotes a column-matrix, whose lines are indexed by {a € H | s(a) = i}; likewise,
(e(a)M,) denotes a row-matrix.

For brevity, we will write this diagram as

Mout(i)

— M) —
M; M; M;. (4.1)

With this notation, the preprojective relation at i is My Moug) = 0.
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We define the i-socle of M as the largest submodule of M that is isomorphic to a direct sum of
copies of 5;; we denote it by soc; M. It is concentrated at the vertex ¢ and it can be identified
with the vector space ker My ;). Likewise, the largest quotient of M that is isomorphic to a
direct sum of copies of .; is called the i-head of M and is denoted by hd; M. It is concentrated
at the vertex ¢ and can be identified with the vector space coker M, ;).

The assignment [M] — dim M provides an isomorphism between the Grothendieck group
K(A-mod) and the root lattice ZI. Crawley-Boevey’s formula (Lemma 1 in [17]) gives a
module-theoretic meaning to the bilinear form on the root lattice:

dim Homy (M, N) + dim Homy (N, M) — dim Ext} (M, N) = (dim M, dim N) (4.2)

for any finite dimensional A-modules M and N.

Remark 4.1. The HN polytope Pol(T") of an object 7" € A-mod lives in K(A-mod)r = RI.
Since the duality exchanges submodules and quotients and leaves the dimension-vector un-
changed, Pol(T™) is the image of Pol(T") under the involution x +— dim 7T — x of RI. We leave

it to the reader to check the equalities Z_g = (Fy)*, F _g = (Py)* and Z_g = (%y)*, for any
f € Homz(K(A-mod), R).

4.2 Projective resolutions

We now recall Geifs, Leclerc and Schréer’s description of the extension groups in the category
A-mod (see [26], section 8).

Consider the complex of A-bimodules
A®sResA L Aos Ao A2 AwsS®gA— A— 0, (4.3)
where the map on the right is multiplication in A, where for each a € H
d(1®a®1) =a®ey ) @1 —1R ey, ®a,
and where for each i € T

h(lepol)= Y ca)(@are®l+1Ra®a).
s(a)=i

Then (4.3) is the beginning of a projective resolution of A, by [26], Lemma 8.1.1.
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Given M, N € A-mod, one can apply Hom (?®a M, N) to (4.3). One then obtains the complex

]\/IN

0 — @5 Hom (M;, N;) 2R — €D Homp (My(q), Ni()) —— @D Homg (M;, N;),  (4.4)
el a€H i€l

where
d(])\/LN : (fi)ief = (Nafs(a ft )aEH

and

d}\/[,N : (ga)aEH — Z €(a) (Nﬁga + %Ma)
acH
s(a)=1 el

Thus for k& € {0,1}, the extension group Extk (M, N) can be identified to the cohomology
groups in degree k of the complex (4.4).

In [26], section 8.2, Geif, Leclerc and Schroer explain that in this identification, the bilinear

T (@ Hom g (M(q), Ne(a) ) (@ Hom g (Ny(q); My(q ))) - K

a€H

map

defined by

Tl((ga)a (ha)) = E Tr E 5(@)96%
el acH
s(a)=t

induces a non-degenerate pairing between Ext} (M, N) and Ext} (N, M). Note that because of
the cyclicity of the trace and of the presence of the signs e(a), this pairing 77 is antisymmetric.

One sees likewise that the bilinear map

T : (@HomK(Mi,Ni)> X (@HomK(Ni,Mi)> — K

icl iel
defined by

= Te(fihi)

el

induces a non-degenerate pairing between coker d}\/f, n and Homp (N, M).
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4.3 Lusztig’s nilpotent varieties

Given a dimension-vector v = ), ; ;a5 in NI, we set

RepK(@, v) = @ Homp (K"s(a) | KVt(@)),
a€eH

A structure of A-module on the I-graded vector space @, ; K" is specified by linear maps
T, : K" — K" for each a € H, that is, by a point T' = (Tg)ecp in Repg(Q,v). To have
an action of the completed preprojective algebra, we must moreover impose the preprojective
relations and the nilpotency condition. These equations define a subvariety

A(V) - RepK (@a V)v
called the affine variety of representations of A or Lusztig’s nilpotent variety.

The group G(v) = [[,c; GL,,(K) acts by conjugation on Repy (@, 1/). This action preserves
the nilpotent variety A(v). Then any isomorphism class of a A-module of dimension-vector v
can be regarded as a G(v)-orbit in A(v).

In [43], Lusztig shows that A(v) is a Lagrangian subvariety of Repy (@, V); in particular, all
the irreducible components of A(r) have dimension dim(Rep K (@, 1/)) /2. A straightforward
calculation shows that this common dimension is

dimA(v) = dimG(v) — (v,v)/2. (4.5)

A A-module M is called rigid if Ext/l\(M ,M) = 0. An immediate consequence of Crawley-
Boevey’s formula (see Corollary 3.15 in [25]) is that the closure of the G(v)-orbit through a
point 7" € A(v) is an irreducible component if and only if 7" is a rigid module.

As in the introduction, we denote by B(v) = Irr A(v) the set of irreducible components of
the nilpotent variety and we define B = | | c; B(v). This set B is endowed with a crystal
structure, defined by Lusztig (|42], section 8), which we quickly recall.

The weight of an element Z € B(v) is wt Z = v. The number ¢;(Z) is the dimension of the
i-head of a general point T' € Z. The number ¢;(Z) can then be found be the general formula
©i(Z) — €i(Z) = (), wt Z). The operators & and f; add or remove a copy of S; in general
position at the top of a module T' € Z. In other words, the relationship Z’ = ¢;Z corresponds
to extensions 0 — T — T" — S; — 0 as general as possible: if T runs over a dense open
subset of Z, then T” will also run over a dense open subset of Z’, and vice versa. The duality *
corresponds to the involution Z — Z* on B, which preserves the weight. We refer the reader
to the literature for the formal definitions.
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Kashiwara and Saito show in [38] that the crystal B is isomorphic to the crystal B(—oo) of
Uq(ny). This isomorphism is canonical, because the only endomorphism of the crystal B(—oo)
is the identity. For b € B(—o0), we write Ay for the image of b under this isomorphism.
Moreover, the crystal B(—o0) is endowed with an involution, usually also denoted by * (see [37],
§8.3), and the proof in [38] shows that the isomorphism B(—oo0) — B commutes with both
involutions — thus, the use of the same notation * does not lead to any confusion.

4.4 The canonical decomposition of a component

In this section, we quickly recall Crawley-Boevey and Schréer’s results [18] on the canonical
decomposition of irreducible components of module varieties, specializing their results to the
case of nilpotent varieties.

Let v/ and " be two dimension-vectors. The function (77, 7") — dim Homp (7", T") on A(v') x
A(V") is upper semicontinuous. Given Z' € Trr A(v') and Z” € Trr A(v"), we denote its
minimum on Z' x Z"” by homy(Z’, Z"). Then homy(Z', Z") = dim Homp (7", T") for (T",T")
general in Z' x Z".

Likewise, the function (7", T") +— dim Ext} (T, 7") on A(¢") x A(v") is upper semicontinuous.
Given Z' € Irr A(V') and Z” € Irr A(v"), we denote its minimum on Z’ x Z" by ext} (Z', Z").
Then ext} (Z/, Z") = dim Ext} (7", T") for (T',T") general in Z' x Z".

Let n > 1, let vy, ..., v, be dimension-vectors, and for 1 < j < n, let Z; € Irr A(v;). Set
v =11+ 41, and denote by Z1®- - -® Z, the set of all modules in A(v) that are isomorphic to
a direct sum T @ - - - @ T, with T; € Z; for all 1 < j < n. This is an irreducible subset of A(v).
Its closure Z1 & -+ & Z, is an irreducible component of A(v) if and only if ext} (Z;, Z;) = 0
for all j # k.

Conversely, for any Z € Irr A(v), there exists n, v; and Z; as above such that the general point
in Z; is an indecomposable A-module and

Z=71® ®Zy.

Furthermore, the Z; are unique up to permutation. This is called the canonical decomposition
of Z.

4.5 Torsion pairs in A-mod
Here we consider the constructions of section 3 in the category A-mod. Since we are primarily

interested in the crystal B(—o0), we need to make sure that our constructions go down to the
level of irreducible components of the nilpotent varieties.
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Proposition 4.2 Let v € NI be a dimension-vector and let 6 € (RI)*.

(i) For each & € NI, the set of all T € A(v) that contain a submodule of dimension-vector £
15 closed.

(ii) There are finitely many polytopes Pol(T'), for T € A(v). For each polytope P C RI, the
set {T' € A(v) | Pol(T') = P} is constructible.

(iii) For each category € among S, Ly, Py, Py and Ry, the subset {T € A(v) | T € €} is
open in A(v).

Proof. When we view a point T' € A(v) as a A-module, we tacitly agree that the underlying
I-graded vector space of this module is @), ; K"*. Let X be the set of all its I-graded vector
subspaces @, ; Vi of dimension-vector &; as a product of Grassmannians, X is naturally en-
dowed with the structure of a smooth projective variety. The incidence variety Y consisting
of all pairs (7,V) € A(v) x X such that T, (V) C Vi) for all a € H is closed. The first
projection Y — A(v) is therefore a projective morphism, so is proper. Its image is therefore
closed, which shows (i).

Let R = (NI) N (v — NI); this is a finite set. If ' € A(v), then the dimension-vectors of the
submodules of T' form a subset S(T) of R. Assertion (i) says that {T" € A(v) | £ € S(T)} is
closed for each £ € R. This implies that {T' € A(v) | S(T) = S} is locally closed for each
subset S C R. Gathering these locally closed subsets according to the convex hull of S, we
obtain assertion (ii).

According to a remark following Corollary 3.3, a point T € A(v) belongs to .#4 if and only
if v lies on the face of Pol(T") defined by 6. This condition means that S(7') does not meet
{€ € R (6,¢) > (§,v)}. Thus assertion (i) exhibits {T' € A(v) | T € Fy} as a finite
intersection of open subsets of A(r). This shows the case € = .#4 in assertion (iii). The other
cases are dealt with in a similar fashion. [

Now let us fix a torsion pair (.7,.%#) in A-mod. All torsion submodules mentioned hereafter
in this section are taken with respect to it. We make the following assumption:

(O) For each v € NI, both sets {T'€ A(v) | T € I} and {T € A(v) | T € #} are open.

Under this assumption, it is legitimate to consider the set T(v) (respectively, F(v)) of all
irreducible components of A(r) whose general point belongs to 7 (respectively, .7 ). We then
get two subsets

T = I_I T(v) and F= |_| S(v)

veNT veNT
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of 8. Our aim now is to construct a bijection = : T x § — B that reflects at the component
level the decomposition of A-modules provided by (7, .%).

Let (v,vy) € (NI)2. We set v = 14 + vy and define A7 (1) = {T3 € A(n) | Ty € T} and
A (vp) = {Ty € A(vy) | Ty € F}. We define O(vy,v¢) as the set of all tuples (T, T3, Ty, f, g)
such that T € A(v), (T}, Tf) € A7 (1) x A7 (vg), and 0 — T; ERIEN Ty — 0 is an exact
sequence in A-mod. This is a quasi-affine algebraic variety. We can then form the diagram

A7 () x A7 (vp) & O(v,vp) L A(v) (4.6)

in which p and ¢ are the obvious projections.

Lemma 4.3 The map p is a locally trivial fibration with a smooth and connected fiber of
dimension dim G(v) — (v, v¢). The image of q is the set of all points T' € A(v) whose torsion
submodule has dimension-vector vy. The non-empty fibers of q are isomorphic to G(v) x G(vy).

Proof. The statements concerning ¢ are obvious, so we only have to deal with p.

The points (7,), (Ty,e) and (T},4), chosen in the nilpotent varieties A(v), A7 (1) and A7 (vy),

define A-module structures on the vector spaces @,;; K", @,c; K" and @, K"/-.

Let first consider the complex (4.4) from section 4.2, with the A-modules Ty and T} in place
of M and N. The maps d%f,Tt and lef,Tt of the complex depend on the datum of the arrows
(Ti.0) € A7 () and (Ty) € A7 (vy), but the spaces of the complex depend only on vy and .
The map d%f7Tt has rank dim Homg (T}, T;) — dim Homy (T, T}). In addition, Ext} (T, T}) =
ker d%%Tt /im dgﬂﬁTt. Using Crawley-Boevey’s formula (4.2) and using the axiom (T1) of torsion
pairs, we easily compute

dimker dj v = dim Exty (Tf, Ty) + rkd, 7, = dim Homs(Ty, Ty) — (vf, v1).

Remarkably, this dimension depends only on vy and 14, and not on the datum of the arrows
(Th.o) and (T§a)-

Let E be the set of all exact sequences 0 — T; i> T % T 't — 0 of I-graded vector
spaces. This is a homogeneous space for the group G(v) and the stabilizer of a point (f, g) is
{id+fhg | h € Homg(T},T;)}. It is thus a smooth connected variety of dimension dim G (v) —
dim Homg (T, T}).

The fiber of p over a point ((T.4), (T.a)) € A7 () x A7 (vf) consists of the datum of (f,g) € E
and of (T,) € A(v), with a compatibility condition between the two. The datum of (f,g)
corresponds to a trivial fiber bundle over A7 (1) x A7 (vf) with fiber E. Let us now examine
how (T,) can be chosen when ((T},), (T,4)) and (f,g) are given.
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Once chosen an I-graded complementary subspace of ker g in the vector space T, the set of pos-
sible choices for (1) is isomorphic to ker d%ﬂf 7,; moreover, the isomorphism depends smoothly

on (f,g). The linear map d%pf7Tt depends smoothly on ((T;4), (Tf,,)) and has constant rank,
as we have seen above, so its kernel depends smoothly on ((T3.4),(T¥,)). In this fashion, we

eventually see that the set of possible choices for (T5,) depends smoothly on ((T;4), (Tt.4), f,9)-
Choosing trivializations where needed, we conclude that p is a locally trivial fibration.

Finally, the dimension of the fibers of p is the sum of two contributions, namely dim F and
dim ker lef,Tt' We find dim G(v) — (v¢,1¢), as announced. [

Let (Zy, Z) € Tt A7 (1) x Trr A7 (v). In view of Lemma 4.3, p~*(Z; x Z;) is an irreducible
component of O(vy,vy). Then Z = q(p~(Z; x Z)) is an irreducible subset of A(v) which, by
e.g. I, §8, Theorem 3 in [48], has dimension

dim(Z; x Zy) + (dim G(v) — (v, vy)) — dim(G(v) x G(vy)).
Equation (4.5) shows that this dimension is equal to that of A(v), so Z € Irr A(v).

This construction defines a map (Z;, Zy) — Z from T(1;) x F(vy¢) to B(v). Gluing these maps
for all possible (v, v¢), we eventually get a map Z: T x § — B.

Theorem 4.4 The map = : T X § — *B is bijective.

Proof. Given v; and vy, Z is a bijection from T(v;) x §(vf) onto the set of irreducible compo-
nents of ¢(O (v, vy)).

Now we take v € NI. We consider the diagrams (4.6) for all v and vy such that v, + vy = v.
In this fashion, we split A(v) according to the dimension-vector of the torsion submodule:

A = || a(©wvp).

Vt—l—uf:V

Each piece of this partition is constructible, therefore an irreducible component of A(v) is
contained in one and only one closure ¢(© (v, v¢)).

Taking the union, we see that = defines a bijection from |_|Vt+yf:l/(3(yt) x §(vy)) onto B(v).
U

The construction of Z implies that, if 7" is a general point of Z, then the torsion submodule
X of T has dimension-vector v; and the point (X,7/X) is general in Z; x Z;. To see this,
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take a G(v¢)-invariant dense open subset U; C Z; and a G(vy)-invariant dense open subset of
Us C Zs. Then p~ (U x Uy) is dense in p~*(Z; x Zg). The subset q(p~!(Uy x Uy)) is thus
dense in the irreducible set Z, and is constructible by Chevalley’s theorem, so it contains a
dense open subset U of Z. By construction, if T belongs to U, then dim X = v; and (X,T/X)

belongs to the prescribed open subset U; x Uy, as desired.

Suppose now that we are given two torsion pairs (7', %) and (7", ") in A-mod that both
satisfy the openness condition (O). They give rise to subsets T, §F, T’ and §” of B and to
bijections 2/ : ¥ x §F — B and 2" : ¥ x F' — B.

Proposition 4.5 Assume that (T, ") < (T",F"). Then the map Z' restricts to a bijection
T x (FNI) = I, the map Z" restricts to a bijection (F NT") x F' — F, and we have a
commutative diagram

T« (3/ N 1//) % 3// E'xid T« 1%4/
id XEHJ Jz"
T xF B,

Proof. Let (Z1,7Z5) € ¥ x § and set Z = Z/(Z1,Z3). Let T be a general point of Z and
let X be the torsion submodule of T' with respect to (7',.%’). Then X € 7" and the point
(X,T/X) is general in Z; X Z3. Since a torsion class is stable under taking quotients and
extensions, T belongs to .7 if and only is T//X does. This means that Z belongs to T” if and
only if Z does. Thus Z’ restricts to a bijection ¥’ x (§F' NT”) — T”, as announced.

One shows that Z” restricts to a bijection (§F' NT”) x §” — §F in a similar fashion.

Now let (Zl,ZQ,Zg) €T x (SI N ‘3://) X S//. Set Z4 = E,(Zl,ZQ) and Z = E”(Z4,Z3). Let T
be a general point of Z and let X’ and X” be the torsion submodules of T' with respect to
(7', F") and (T, F"), respectively. Then the point (X", T/X") is general in Z4 x Z3. Since
X' is the torsion submodule of X" with respect to (7', . #'), the point (X', X" /X', T/X") is
general in 71 X Zy X Z3.

A similar reasoning shows that (X', X”/X’,T/X") is also general in Z; x Zy x Zs, where
(Z1, Za, Z3) = (2 o (id xZ"))"1(Z). Therefore a point can be general in Z; X Zy x Z3 and in
Zl X 22 X Zg at the same time. Then necessarily (21, Z3, Z3) = (21, 22, 23), which establishes
the commutativity. [

The torsion pairs (%, Pg) and (Fg, Py) satisfy the assumption (O), thanks to Proposi-
tion 4.2 (iii). Applying Proposition 4.5 to them, we get a bijection

Eg:jgxfﬁgxmgﬁ%,
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where Jg, Ry and Py are the subsets of B, consisting of components whose general points
belong to Zy, %y and Py, respectively.

We also note that Proposition 4.5 can be generalized in an obvious fashion to any finite nested

sequence
(%, F0) < - < (T2, Fa)

of torsion pairs that satisfy (O).

5 Tilting theory on preprojective algebras

5.1 Reflection functors

Let I; = A(1 — ¢;)A; in other words, let I; be the annihilator of the simple A-module S;. Am-
plifying their previous work [31], Iyama and Reiten, in a joint paper [14] with Buan and Scott,

~

show that I; is a tilting A-module of projective dimension at most one and that Endy (I;) = A
(at least, when no connected component of (I, F) is of Dynkin type).

This certainly invites us to look at the endofunctors ¥; = Homp (;,7) and X} = I;®A? of the
category A-mod. It turns out that these functors can be described in a very explicit fashion.

Recall that we locally depict a A-module M around the vertex i by the diagram (4.1).

Proposition 5.1 (i) The module ;M is obtained by replacing (4.1) with

—~ M us) Min (i —~
Mi —>Ou © © ker Min(i) — MZ',

where the map Mout(i) : My — ker Mgy is induced by Moy (iy-
(i1) The module X7 M is obtained by replacing (4.1) with

Mou(iyMingy —

]\Z —» coker Moyq(s) M;

where the map Mm(i) : coker Moyo(s) — M, is induced by My ;).

Proof. Applying the functor S;®x7 to the resolution (4.3) and changing the right arrow by a
sign, one finds the following exact sequence of right A-modules:

KpiosA 2 @@ KawsA 2 e -0, (5.1)

acH
s(a)=1
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where

pi®l)= Y el@awa and Q@el)=a

The sequence obtained by applying 7 ® M to (5.1) can be identified with

out(z)

M—>M — e l; @p M — 0.

Using the decomposition I; = (1 — e;)A @ e;1;, one can subsequently identify XXM = I; @ M
with the vector space described in Statement (ii).

Let us check the equality (37M)oui) = Mout(i)ﬂin(i). Let x € coker My,(;)- It can be
represented by an element (z;) € ]\Z, which, in the identification

]\Z = @ Kb®g A | @y M, corresponds to Z b® xyp.

beH beH
s(b)=i s(b)=i

In the A-module X7 M, an arrow a that starts at ¢ maps x to

S @)@z = MM,
beH beH
s(b)=i s(b)=i

where the left-hand side lives in (1 — e;)A @z M. Therefore

(B M) ous(iy () = | ela)(Bf M) (x) = Z e(a) My My, = Moy (i) Miniy ().
(=i \sloi =

One checks similarly that (3} M );,(;) is the canonical map ]\//-71 — coker M,4(;), which concludes
the proof of (ii). The proof of (i) is similar, with two differences: one starts with the exact
sequence obtained by applying 7®x.S; to the resolution (4.3), and one has to change the position
of the signs €(a) (Remark 2.4 in [5] explains that this change is without consequences). [

These mutually adjoint functors ¥; and X} are called reflection functors. The concrete de-
scription afforded by the proposition yields several important properties that they enjoy:
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e Adjunction morphisms can be inserted in functorial short exact sequences
0—soc; —»id = %37 -0 and 0— 3;%; —id — hd; — 0 (5.2)
(see Proposition 2.5 in [5]).

e They are exchanged by the %-duality; in other words, ¥f7T™ = (3,T)* for all finite
dimensional A-module T.

e They induce Kashiwara and Saito’s crystal reflections \S; and S} on 9B (see section 5.5).

e The operation of restricting a representation of A to a representation of the quiver @)
intertwines the functors ¥; and X7 with the traditional Bernstein-Gelfand-Ponomarev
reflection functors (see Proposition 7.1 in [5]).

Remark 5.2. These functors ¥; and ¥} were introduced by Iyama and Reiten in [32] by means
of the ideals I;, and also, independently, by the first two authors in [5] by the explicit description
of Proposition 5.1. The link between the two constructions was suggested to us by Amiot.

5.2 The tilting ideals [,

Reflection functors satisfy the braid relations, so it is natural to study products of reflection
functors computed according to reduced decompositions of elements in W. We now look for
an analog of the exact sequences (5.2) for such a product.

To simplify the presentation, we consider in this section the case where no connected component
of the diagram (I, E) is of Dynkin type. This allows us to rely on the following result, due to
Buan, Iyama, Reiten and Scott (section II.1 in [14]) We will however argue in section 5.6 that
almost all the results presented here hold true in general.

Theorem 5.3 (i) If s; ---s;, is a reduced decomposition, then the multiplication in A gives
rise to an isomorphism of bimodules I;; @z -+~ @p Liy — Ijy -+ I;,.

(11) Under the same assumption, the product I;, - - - I;, depends only on w = s;, - -+ s;,; we can
thus denote it by I,. It has finite codimension in A.

(iii) Each I is a tilting A-bimodule of projective dimension at most 1 and Endy(I,) = A.
(i) If L(ws;) > €(w), then Tory (I, S;) = 0. If £(s;w) > £(w), then Ext} (I, S;) = 0.
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In view of Theorem 5.3 (iii), it is natural to apply Brenner and Butler’s theorem. For that, we
define categories

T ={T | I, @5 T = 0}, T ={T | Ext)(I,,T) = 0},
Fw = {T | Tor\(I,,T) = 0}, FY = {T | Homp (I, T) = 0}.

Theorem 5.4 (i) The pair (7%, F"Y) is a torsion pair in A-mod. For each A-module T,
the evaluation map I, @\ Homyp (I, T) — T is injective and its image is the torsion
submodule of T with respect to (T, FY).

(ii) The pair (T, Fw) is a torsion pair in A-mod. For each A-module T', the coevaluation
map T — Homp (L, I, @z T) is surjective and its kernel is the torsion submodule of T
with respect to (T, Fuw)-

(iii) There are mutually inverse equivalences

Iw®A?
- -
R ——— A
Homy (1w,?)

Proof. See [3], in particular the lemma in section 1.6, the corollary in section 1.9, and the
theorem and its corollary in section 2.1. [J

Given w € W and T' € A-mod, we will denote by T% and T, the torsion submodules of T with
respect to (7%, F") and (S, Fw), respectively.

If u,v € W are such that {(u) + ¢(v) = ¢(uv), then I,,, = I, ® I,,. It immediately follows that
FW 2 F" and T C Ty,
which can be written

(7w, 7)) (7 7") and (T, %) S (T, Fuw)- (5.3)

Remarks 5.5. (1) The reader may here object that we apply a theorem valid for finite di-
mensional algebras to an infinite dimensional framework. In fact, there is no difficulty.
The non-obvious point is to show that the functors Homy (I, ?) and I,,®4? preserve the
category of finite dimensional A-modules. In the case where w is a simple reflection, this
follows from Proposition 5.1. The general case follows by composition.
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(i)

By Theorem 5.4 (iii), any module T' € .7" is isomorphic to a module of the form ,,®x X.
Conversely, one easily checks that if T is of the form I, ®y X, then the evaluation map
I,®AHomy (I, T) — T is surjective, so T' belongs to .7 by Theorem 5.4 (i). Therefore
" is the essential image of the functor [,®,7. Likewise, one shows that .%,, is the
essential image of Homp (1, 7).

Ezamples 5.6. (i) The case where w is a simple reflection has been dealt with in the previous

(i)

section: the functorial short exact sequences (5.2) imply that the torsion submodule of
T with respect to (7,,.%s,) is the i-socle of T and that the torsion-free quotient of 7'
with respect to (7%, .%#%) is the i-head of T. Therefore

7, = add S;, T% = {T | hd; T = 0},
Fs, ={T | soc; T = 0}, F% = add S;,

where add S; is the additive closure of .S; in A-mod. These equalities were also obtained
by Sekiya and Yamaura (Lemma 2.23 in [59]).

Let us generalize the first example. Let J C I and let @)y be the full subquiver @) with
set of vertices J. The preprojective algebra A; is a quotient of A. The kernel of the
natural morphism A — A is the ideal I; = A(l — ZjeJ ej)A. The pull-back functor
allows to identify A j-mod with the full subcategory

{M e Amod |e;M #0 = je J}

of A-mod. Moreover, a A-module T" belongs to A j-mod if and only if Homy (1;,T) = 0.
In fact, if this equality holds, then I;7° = 0, hence T is a A/Ij;-module. Conversely, if
T € Aj-mod, then

Extj(A;,T) = Exty (As,T) =0,

for A j-mod is closed under extensions; since the first arrow in the short exact sequence
Homp (A, T) < Homp (A, T') — Homy (17, T) — Exth (A;, T) =0

is an isomorphism, we get Homy (I;,T) = 0.

Assume now that @ is of Dynkin type. Then Theorem I1.3.5 in [14] says that I is the
ideal I,,,,, where w is the longest element in the parabolic subgroup W; = (s; | j € J) of
W. We conclude that .#*7 = A j-mod. Further, by duality, we also have .7, = A j-mod.

Thus the torsion-free part of a module 7" with respect to the torsion pair (%7, .Z"7) is
the largest quotient of T" that belongs to A j-mod, and the torsion part of T with respect
to the torsion pair (7, %y,) is the largest submodule of T' that belongs to A j-mod.
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(iii) We have already mentioned that the reflection functors ¥; and X} are exchanged by the
x-duality. By composition, we obtain (I, @ 7T)* = Homp (I,,-1, 7). This readily implies

FU = (Ty1)* and TV = (Fy1)".

(iv) We will explain in Examples 5.13 and 5.14 that .#" is Buan, Iyama, Reiten and Scott’s
category Sub(A/I,) [14] and that .7, is Geif, Leclerc and Schroer’s category Cy, [27].

We conclude this section by showing that the equivalence of categories described in Theo-
rem 5.4 (iii) can be broken into pieces according to any reduced decomposition of w.

Proposition 5.7 Let (u,v,w) € W3 be such that {(uvw) = £(u) + £(v) + £(w). Then one has
mutually inverse equivalences
I’u®A?

Fry N TV ————— F, 1 T
Homy (1v,7)

Proof. Certainly, I,@A7 maps 7%, the essential image of I,,®A7, to ", the essential image
of I,,,®a7. On the other side, any module T' € %, belongs to the essential image of
Homp (Lyy, 7) = Homy (I, Homy (1, 7)),

hence is isomorphic to Homy (1, X), with X € .%,,. By Theorem 5.4 (i), I, ® T is a submodule
of X, hence belongs to .%,. To sum up, I,®x7 maps 7% to V" and maps %, to %,, hence
maps Fyp N TV to F, N TV,

One shows in a dual fashion that Homy (I, ?) maps %, N I to %, N T, O

Under the assumptions of the proposition, one thus has a chain of equivalences of categories

]w®A? IU®A? Iu®A?
= — —
Frpe T Ty N T > F, ) FV guw
Hompy (I,?) Hompy (1v,?) Homp (1y,?)

Corollary 5.8 Let w e W and let T € %#,,. Then

dim I, @A T = w(dim T').

Proof. The particular case where w is a simple reflection is Lemma 2.5 in [1]; it can also be
proved in a more elementary way with the help of Proposition 5.1. The general case is obtained
by writing w as a product of ¢(w) simple reflections. [
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5.3 Layers and stratification

In section 10 of [27], Geif, Leclerc and Schréer construct a filtration of the objects in .7,. In
section 2 of [1|, Amiot, Iyama, Reiten and Todorov construct a filtration of the finite dimen-
sional module A/I, by layers. Our aim in this section is to show that these two constructions
are *-dual to each other and are defined by the torsion pairs associated to the tilting ideals I,.
These results will help us later to identify the categories %, Fv, 7, and %, with the
categories fy and Py from section 3.1.

We begin by introducing the layers. The next lemma is identical to Corollary 9.3 in [27], to
Theorem 2.6 in [1], and to Lemma 5.11 in [59]. We cannot resist offering a fourth proof of this
basic result.

Lemma 5.9 Let (w,i) € W xI be such that £(ws;) > £(w). Then the simple module S; belongs
to Fy,. Moreover, the module I, ®p S; belongs to FY% and has dimension-vector way.

Proof. We proceed by induction on the length of w. The case w = 1 is obvious. Assume
{(w) > 0 and write w = s;v with £(v) < ¢(w). Applying Homy (1,,?) to the short exact
sequence

0— SOCj(IU XA SZ) — I, ®p S; — ZjE;f(Iv XA Sz) — 0

leads to
0 — Homp (1, Sj)@” — Homp (1, I, ®p Si) — Homp (1, Ly ®p Si) — 0

with n = dimsoc; (I, ®a S;), by Theorem 5.3 (iv). Applied to (v,%), the inductive hypothesis
says that the middle term is isomorphic to S;, hence is simple. Applied to (v~!,7), the
inductive hypothesis, together with Example 5.6 (iii) and Corollary 5.8, implies that the left
term has dimension-vector nv~'(a;). Moreover, the assumption ¢(ws;) > ¢(w) means that
v~ () # ;. We conclude that necessarily n = 0 and that the right term is isomorphic to S;.
Therefore S; belongs to the essential image of Homp (1y,, ?), that is, to .%,,. We also see that

HomA(stia I, @ Sz) =38 = 0,
which means that I, ® S; belongs to .# "%, The last claim follows from Corollary 5.8. [

The following result is in essence due to Amiot, Iyama, Reiten and Todorov [1] and to Geif,
Leclerc and Schréer [27].

Theorem 5.10 (i) Let (w,i) € W x I be such that ¢(ws;) > (w) and let T € A-mod. Then
TY /TS is the largest quotient of T isomorphic to a direct sum of copies of the module

Iw QA Sz
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(ii) Let w = s;, ---s;, be a reduced decomposition. Then a module T € A-mod belongs to F*
if and only if it has a filtration whose subquotients are modules of the form I, ®ASi,
with 1 < k < 4.

Sip_q

(111) Let w = s;, --- 84, be a reduced decomposition. Then a module T € A-mod belongs to T
if and only if there is no epimorphism T — I, . @A Si, with 1 <k < 4.

“Sik—l

Proof. Let w, i and T as in (i) and set X = Homy (I,y,T"). Applying I,,®? to the short exact
sequence
0—-%%X—>X—>hd; X —0

and using Tor} (I, S;) = 0 (Theorem 5.3 (iv)), we get
0— sti XA HomA(IwSi,T) — Iw XA HomA(Iw,T) — Iw XA Si@m — 0,

where m = dim hd; X. Therefore T% /T"% has the desired form.

To finish the proof of (i), it remains to show the maximality. Before that, we look at State-
ments (i) and (iii). For 1 < k </, we set Ly = I, ®A Sy,

SiypSig g

Let T € A-mod. What has already been showed from Statement (i) implies that T'/T"
has a filtration whose subquotients are all isomorphic to some Lg. If T belongs to FY,
then T = T/T" has such a filtration: this shows the necessity of the condition proposed in
Statement (ii). If 7" has no quotient isomorphic to a module Ly, then T'=T", and therefore
T belongs to Z%: this shows the sufficiency of the condition proposed in Statement (iii).

By Lemma 5.9, Li belongs to .% %1%  hence to .#". Any iterated extension of modules in
the set {Ly | 1 < k < ¢} therefore belongs to .Z"v, for Z" is closed under extensions: this
shows the sufficiency of the condition in Statement (ii). On the other hand, a module in .J%
cannot have a nonzero map to a module in .#", hence has no quotient isomorphic to a module
Ly this shows the necessity of the condition in Statement (iii).

Now let us go back to Statement (i), resuming the proof where we left it. We choose a reduced

decomposition w = s;, -+ s;, , and set iy = 4. For 1 <k </, we set L = ISil'"Sik,l @A Siy -

Assume the existence of a short exact sequence of the form 0 — 7 — T% — L;e" — 0, where n
is a positive integer and Z does not belong to 7. Then Z has a quotient Z/Y isomorphic to
some Ly, with k < ¢, and we have an extension 0 — Ly — T"/Y — L?" — 0. By Lemma 5.9,
dim Ly and dim L, are distinct real roots, hence are not proportional; therefore dim7%/Y is
not a multiple of dim L,. Let us set U = T"/Y. This module belongs to 7%, because T
does, so U = U"; it also belongs to .#"“%i because Ly and Ly do and because . "% is closed
under extensions, so U%% = 0. Therefore U = UY/U"*, which implies (by the first part of
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the proof applied to U) that U is a direct sum of copies of Ly. We thus reach a contradiction,
and conclude that the assumption at the beginning of this paragraph is wrong.

Consider a short exact sequence 0 — Z — T% — L;en — 0. The preceding paragraph
says that Z belongs to .7%*. Further, we note that Homp (1, T") = Homa ([, T) = X, by
Theorem 5.4 and Remark 5.5 (ii). Applying Homp (1., ?) to the short exact sequence, we then
get 0 — Homy (I, Z) — X — SP" — 0. Therefore, by definition of the i-head, Homy (I, Z)
contains ¥¥; X, and moreover the quotient Homp (I, Z)/XF%; X is a direct sum of copies of
S;. Applying I,,®7 to the inclusion ¥*3; X — Homy (I, Z) and using Theorem 5.3 (iv), we
conclude that Z = I, ® Homp (I, Z) contains T = [, ® X3, X. O

This theorem admits a dual version, which we state for reference.

Theorem 5.11 (i) Let (w,i) € W x I be such that {(s;w) > ¢(w) and let T € A-mod.
Then Ts;/Tyw is the largest submodule of T'/T,, isomorphic to a direct sum of copies of
the module Homp (I, S;).

(i1) Let w = s;,---s;; be a reduced decomposition. Then a module T € A-mod belongs
to Ty if and only if it has a filtration whose subquotients are modules of the form
Hompy (1, wesiy s i ) with 1 <k < ¢.

Sig—1

(111) Let w = s;,---si, be a reduced decomposition. Then a module T € A-mod belongs to Fy,
if and only if there is no monomorphism Homy (1 Si) = T with 1 <k < £.

Sig_q Sy

As already mentioned, most of the results presented above in this section can be found in
papers by Iyama, Reiten et al. and by Geifs, Leclerc and Schréer. The aim of the next three
examples is to explain some connections in more detail.

Example 5.12. Let us denote by {w; | i € I} the set of fundamental weights of the root system
®: these weights are elements of a representation of W which contains RI, and for all (i, j) € I?,
we have sjw; = w; — 6;504, where §;; is Kronecker’s symbol. Let us now fix (i,w) € I x W.
By [5], Theorem 3.1 (ii), there exists a unique A-module N(—ww;) whose dimension-vector is
w; — ww; and whose socle is 0 or S;. (The paper [5] mainly deals with the case where g is finite
dimensional, but the constructions in sections 2 and 3 are valid in general, with the exception of
Proposition 3.6.) The aim of this example is to show that N(—ww;) = ((A/I,)®a Ae;)*, where
e; is the lazy path at vertex i (see section 4.1). For that, we consider a reduced decomposition
w = 85, - -+ 5j,. The filtration A D Isn D Isj15j2 DD Ish'“suq D I, induces a filtration of
A/I,,, whose k-th subquotient is the layer

@ (A/ Ijk) =1

~ .
Isjl"'sjkfl /Ish”'sik - Isjlmsjkfl Sj1° 85k -1 ®A SJ’C
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studied by Amiot, Iyama, Reiten and Todorov [1]. Tensoring this filtration on the right with
the projective A-module Ae; kills all the subquotients with ji # 4, so by Lemma 5.9,

dim (A/I,) @ Ae; = E Sjy S Qg = Wi — WW;.
1<k<t
Jr=t

In addition, the head of Ae; is equal to S;, so the head of (A/I,,) ®a Ae; is 0 or S;. The dual
of (A/I,) @ Ae; therefore satisfies the two conditions that characterize N (—ww;).

Ezample 5.13. Theorem 5.10 (ii) and Corollary 2.9 in [32] imply that our category .#v is
equal to Sub(A/I,), the full subcategory of A-mod whose objects are the modules that can be
embedded in a finite direct sum of copies of A/I,,. (To make sure that the assumptions of the
statements in [32] are fulfilled, observe that a module T € .Z" satisfies Homp (I,,, T) = 0 by
definition, whence I,,7 = 0, so T can be seen as a A/I,,-module.)

Example 5.1/. We now compare Theorem 5.10 to Geif, Leclerc and Schréer’s stratification.
We fix a reduced decomposition w = s;, - - - s;,. Then Geifs, Leclerc and Schréer define modules
Vi and My, for 1 < k < ¢ (sections 2.4 and 9 of [27]). By construction, Vj is a submodule
of the injective hull of S;, , hence has socle 0 or S;,; moreover, the dimension-vector of V}, is

Wi, — Siy -+ - Sipwi,, by Corollary 9.2 in [27]. Comparing with Example 5.12, we see that

Vi = N(=sip -+ siwiy) = ((A/Isil“'sik) QA Aeik)*'

If {se{l,....,k —1} | is = ix} is not empty, then k£~ is defined to be the largest element in
this set and M}, is defined to be the quotient V}/V}.-; note here that

Vi- = (_5i1 o 'Sik—wik—) = N(_sil o 'Sik—lwik) = ((A/Isil'”sikil) QA Aeik)*'
Otherwise, M, is defined to be V. In both case, M}, is the dual of

(Isil”.S'Lk—l/]’sil.”sik) QA Aeik >, XA (A/Izk) XA Aeik = ISil' XA Slk

i1 Sy “Sig_q

By Example 5.6 (iii), this gives M} = Hompy ([, Si, ). Further, Geif, Leclerc and
Schroéer consider the module V- = V1 @®- - - V and the category C,, = Fac(V), the full subcategory
of A-mod whose objects are the homomorphic images of a direct sum of copies of V. Comparing
Lemma 10.2 in [27] with Theorem 5.11 (ii), we see that C,, is our category .7, and that the
stratification constructed in section 10 of [27] on a A-module T' € C, coincides with the
filtration by the submodules Ty, s, - Combining this with the conclusion of Example 5.13,
we additionally obtain that C,, = Fac((A/I,-1)*), in agreement with Theorem 2.8 (iv) in [27].

Sig 18117
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Theorem 5.10 has the following noteworthy consequence.
Proposition 5.15 Let (u,v) € W2 such that £(u)+£(v) = €(uv). Then (Zy, Fu) < (T, F°).

Proof. We want to show that 7, N .#" = {0}. Assume the contrary and choose T" # 0
of minimal dimension in the intersection. Write u = s;,---s;; and v = s, - - 55,,. By Theo-
rem 5.10 (ii), T" has a filtration with subquotients of the form Is;, 85 ®@pSj,. Any subquotient
of this filtration belongs to .#", and the top one also belongs to .7, since a torsion class is
closed under taking quotients. The minimality of dim 7 imposes then that the filtration has
just one step. Dually, T has a filtration with subquotients of the form Homa (1, sy Si, )
and minimality impose again that this filtration has just one step. We end up with an isomor-
phism

Homy (I,

Sip_q Sy

AT

517 Sdg—1

@A qu'

Taking dimension-vectors, we get s;, -+« 8i, &, = Sj; "+ 8j,_,Qj,, by Lemma 5.9. This con-
tradicts the assumption ¢(u) + £(v) = {(uv). O

We conclude this section with a proposition that slightly refines Proposition 3.2 in [32].

Proposition 5.16 Assume that {(u) + ¢(v) = l(uv). Then one has equivalences of categories

I, ®A7 I,®A7
—— —_
Fr— s g T and TN T T,
Homp (1u,?) Homy (1v,7)

Proof. f T € Y, then T € %,, by Proposition 5.15. Thus T' = T/T,, = Homp (I, I, @A T),
whence

Homy (I, Iy @ T) = Homp (I, Homp (I, I, 5 T')) = Homy (1, T) = 0,
which shows that I, ® T € F"Y. Conversely, if T € .#"?, then
Homy (1,,, Homp (I,,, T')) = Homp (Lyy, T') = 0,

hence Homy (1,,,T) € .#". The first pair of equivalences then follows from Theorem 5.4 (iii).

The second equivalence is proved in a similar fasion (or follows by duality). O
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5.4 Tilting structure and HN polytopes in A-mod

We now relate all this material about the reflection functors and the torsion pairs (J%, #")
and (Z,, %) to the categories Fy, %y, etc., and to the HN polytopes defined in section 3.

The following result is almost identical to Theorem 3.5 in [59]; we however prove the key point
in a different fashion.

Theorem 5.17 Let 0 : ZI — R be a group homomorphism and let i € I. If (0, ;) > 0, then
Y and X5 induce mutually inverse equivalences

=

k3

Proof. The assumption (6, ;) > 0 forbids a module T' € % to have a submodule isomorphic
to S;, so Zy C F,, by Example 5.6 (i). Likewise, Zs,9 C T 5.

Let T € #y. Then T € F;, and (A, dimT") = 0. Using Corollary 5.8 with w = s;, we obtain
(si0, dim 3T = 0.

To show that 37T is s;#-semistable, it remains to show that (s;6, dim X) > 0 for any quotient
X of ¥T. In this aim, consider a surjective morphism f : X7 — X. The functor 3; modifies
only the vector space at vertex i, so the cokernel of ¥; f is concentrated at this vertex. There
exists thus a natural integer n such that dim coker(¥;f) = na;. Note now that not only X7,
but also X belong to 7%, for a torsion class is closed under taking quotients. By Corollary 5.8
again, we have dim ¥; X = s;dim X. We therefore have s; dim X = dim im(3; f) + na;. Since
T is f-semistable, (6, dim im(3;f)) > 0. We eventually find that (s;0, dim X) > n(6, a;) > 0,
as desired.

We thus see that X7 maps %y to #s,9. A dual reasoning shows that 3; maps %9 to Zg. The
theorem now follows from Theorem 5.4 (iii) and from the inclusions %y C .%,, and Zs,9 C T 5.
O

Recall from section 2.1 the definition of the dominant cone Cy and of the Tits cone Cp =
Uwew wCy. A subset J C I gives rise to a face F; C C, to a parabolic subgroup Wy = (s; |
j € J)of W, and to a root system ®; C ®. In the case W is finite, we denote its longest
element by wj;. Recall also that for w € W, we set N, = &, Nw®P_ and that for any reduced
decomposition w = s;, - - - s;,, we have

Nw = {3i1 C S Qg | 1 < k < f}
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Theorem 5.18 Let J C I, let 0 € Fy, and let w € W. We assume that w is J-reduced on the
right, that is, {(ws;) > €(w) for each j € J.

(i) The category Xy coincides with the subcategory A j-mod. Moreover, there are mutually

inverse equivalences

1w®A?
e
Ko R -

Hompy (1,?)

(ii) We have (T, FY) = (I wo, Pus)-
(iii) If Wy is finite, then have (T, FV) = (Lo, Puwp)-

Proof. Let J, 6, w as in the statement of the theorem.

Given T € A-mod, the condition (6, dim7) = 0 is necessary for T' to be in %y. It is also
sufficient, because any quotient module X of T satisfies (f, dim X') > 0 by the dominance of
6. The equality Zy = A j-mod then follows from Example 5.6 (ii).

Since 6 is in Fy, it takes a positive value at each root in & \ ®;. Corollary 2.2 then ensures
that 0 take positive values on IV,,-1. Choosing a reduced decomposition w = s;, ---s;,, we
obtain (s;,,, ---s4,0,0;) > 0 for each 1 < k < £. Using Theorem 5.17, we get a chain of
equivalences of categories

* »* * *
Eie t—1 Eiz Zil

_
Ry R0 s R, 51,0 T Ry -
p ;

¢ -1
By composition, we get assertion (i).

Let T € 7% and let X be a quotient of T; then X € J%. By Theorem 5.4 (iii) and
Corollary 5.8, dim X is of the form wv with v € NI, and so (w6, dim X) = (f,v) > 0. This
proves that T' € .7 9.

Let T € .#" and let X C T be a nonzero submodule; then X is in .#". Theorem 5.10 (ii) and
Lemma 5.9 then imply that dim X is a nontrivial N-linear combination of elements in N,,. In
addition, wé takes negative values on N, for # takes positive values on N,-1 = —w~'N,,, as
we have seen during the course of the proof of assertion (i). Therefore (wf, dim X) < 0. This
reasoning shows that T' € 2.

We have established that 7% C .#, and that .F% C Z,4. This implies assertion (ii).

We now prove assertion (iii), assuming that W is finite.
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Consider first T' € 7“7 and take a nonzero quotient X of T. Then X also belongs to .7 %%/,
and by Proposition 5.7, we can write X = [, ®x Y, with Y € 7%/, Since X # 0, we have
Y #0, hence Y ¢ .Z7"/. By Example 5.6 (ii), this means that dimY is not in NJ, the set of
N-linear combinations of elements in {¢; | j € J}. Therefore (wf, dim X) = (¢, dimY") > 0.
This proves that T' € .Z,9.

Now let T € F%%J and take a submodule X C T. Then X € F%% as well. Theorem 5.10
(ii) and Lemma 5.9 then imply that dim X is a N-linear combination of elements in Ny, .
Certainly, ww 6 takes nonpositive values on Ny, , so (wwy6, dim X) < 0. Observing that
wy0 = 6, we conclude that T € 2.

We have established that 7%%/ C .7, and that .F*"%/ C &4, whence assertion (iii). O]
Remarks 5.19. (i) In the context of assertions (ii) and (iii) of Theorem 5.18, we have TV =

Ty g™ and T = ngn for any A-module T'. This shows in particular that each dim T
is a vertex of the HN polytope Pol(T").

(i1) With the help of Remark 4.1 and Example 5.6 (iii), we can complement the statement
of Theorem 5.18 as follows:

(gw—l,g;w—l) = (f_wg,ﬁ_wg) and (waw—lawaw—l) = (j_wg, g_wg).

(iii) Combining (ii) with Proposition 4.2 (iii) and Remark 5.14, we get another proof of the
openness statement in Remark 14.2 of [27].

(iv) In the case where Wy is finite, assertion (i) of Theorem 5.18 is a particular case of

Proposition 5.16, since Zyp = F o N Py = TV N FY and Xy = Aj-mod = .FW/.

Our first corollary to Theorem 5.18 shows that the position of the facets of our polytopes can
be computed as the dimension of homomorphism spaces.

Corollary 5.20 Let J, 6 and w be as in Theorem 5.18. Suppose that 6 is integral, that is,
each (0, a;) is an integer. Set N(wl) = @, (lw ®a Ae;)®0%) and denote by N(—w8) the
dual of @,;c;(A/Ly) ®a Ae;)®0) - Then for any A-module T,

dim Hom (N (£wf), T') = tpeyr) (£wd).
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Proof. The case +wf comes from the computation
dim Hom (N (w6), T) =) (0, o) dim Homy (Ae;, Homp (I, T))
el
= (6, o) dim e; Homy (1, T)
el
= <97 dim HOmA(Iw, T)>
= (wh, dim T)
= (wf, dim T5™)
= Ypol() (w0).
Here the first equality is adjunction, the fourth is Corollary 5.8, and the fifth is Remark 5.19 (i).

Now applying the functor Homp (7, 7*) to the short exact sequence 0 — I, @ Ae; — Ae; —
(A/I,) @5 Ae; — 0, we get a long exact sequence

0 — Homp ((A/I,) @ Ae;, T*) — Homp (Ae;, T™)
— Homp (I, ®p Ae;, T*) — Ext} ((A/I,) @4 Ae;, T*) — 0.

Taking dimensions, and using Crawley-Boevey’s formula (4.2) and Example 5.12, we obtain

dim Homp (T, (A/I,) @ Ae;)
= dim Homy (I, ®p Ae;, T*) — dim Homy (Ae;, T*) + (dim (A /1) ®@p Ae;, dim T)
= dim Homy (I, ® Ae;, T*) — dime; T* + (w; — ww;, dim T™).
Multiplying by (6, «;) and summing over ¢ € I gives then
dim Homy (N (—wb), T) = > (6, ;) dim Hom (T*, (A/I,) @4 Ae;)
el

= dim Homy (N (w#),T*) — (0, dim T™) 4 (§ — wh, dim T™*)
= Ypoi(r+) (w0) — (wl, dim T').

Remark 4.1 shows that the right-hand side is ¥pg)(7)(—w0). O

Our second corollary compares the normal fan of an HN polytope to the Tits fan.

Corollary 5.21 The support function of the HN polytope of a A-module is linear on each face
wkFy of the Tits cone.
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Proof. Let T' be a A-module. The support function of Pol(T') is given by 6 — (6, dim T"**).
However, Tg"** =T" if § € wFy, with w chosen J-reduced on the right. [

Using Remark 4.1, we see that the support function of an HN polytope is also linear on each
face of the opposite —Cr of the Tits cone.

The third corollary describes the face of an HN polytope defined by a linear form in the Tits
cone.

Corollary 5.22 Let J, 8 and w as in the statement of Theorem 5.18 and let T € A-mod. Set
X = HomA(Iw,Tl%aX/Tq%m). Then X is in the subcategory A j-mod and
{z € Pol(T) | (wh,z) = Ypoyry(wh)} = dim Ty + w Pol(X).

w

Proof. This follows by combining Corollary 3.3, Theorem 5.18 (i), Corollary 5.8 and Exam-
ple 5.6 (ii). O

In the case J = @, that is, if § belongs to the open cone Cp, then T = ngn = T35,

I = g = T, Pug = Pug = FY, and Xy = Hy = Aj-mod = {0}. This case
corresponds of course to a vertex of Pol(T').

In the case where J has just one element, say ¢, then w; = s;, (T%“,T&ax) = (Tvs,Tv),

Hy = A j-mod = add S;, and Z,,9p = add (I, ®, S;). This case corresponds to an edge of Pol(T")
that points in the direction dim (I, ®x S;) = way.

The case where J contains just two vertices ¢ and j linked by a single edge is more interesting.
Here wy = s;5j8; = s;8i5;, (Tg}}n,Tl%ax) = (T, T"), and %y = Aj-mod has four indecom-
posables. This case corresponds to a 2-face of type As. We will come back to this case soon:
if T is a general point in an irreducible component Z, then the shape of this 2-face will be

constrained by the tropical Pliicker relations.

5.5 Tilting structure and crystal operations

Thanks to Theorem 4.4, we know that under a suitable openness condition (O), each torsion
pair (7 ,.%) gives rise to a bijection = : T x § — B. The aim of this section is to show that in
the case of the torsion pair (7%,.Z"), this bijection can be described by elementary operations
on the crystal B. Given v € NI, both sets {T' € A(v) | T € I} and {T € A(v) | T € F*}
are open (Proposition 4.2 (iii) and Theorem 5.18 (ii)), so we can define the subsets T* and
$Y of B formed by irreducible components whose general point belongs to 7% and #". We
define ¥, and §,, in a similar fashion.
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The first ingredient is the particular case where w is a simple reflection s;. By Example 5.6 (i),
§% = | ,en B(nay) is in bijection with N; moreover, by the definition of the crystal structure
on B (see section 4.3), we have T% = {Z € B | p;(Z) = 0}. Under the identification §* = N,
the bijection T% x §F% — B becomes the map (Z,n) — €'Z. The inverse of this map is
Z v (f*Z (7)), where fraxp = (f;)#(0)p,

To go further, we need to understand how the equivalence of categories provided by Theo-
rem 5.4 (iii) relates to crystal operations. Twisting the usual crystal operators by the involu-
tion *, one defines the starred operators on B(—o0) as follows:

&b (E0°),  fribes (FU)Y ()b e (Fmexpr)r,

In [57], Corollary 3.4.8 (see also [38], section 8.2), Saito defines mutually inverse bijections

{be Bl-o0) [ (b) = 0} T {b € B(-o0) | i(0") = 0}

7

by the rules S;(b) = (&)%) (f7)™@ b and S¥(b) = (&7)=(®) fmaxp. This definition ensures that
if ¢;(b) = 0, then wt S;(b) = s;(wtb). For convenience, we extend S; and S on B(—o0) by
setting ;b = S;(f™@%b) and o'b = SF((f)™*b). By transport through the bijection B(—o0) =
B, we can view the maps o; and o} as maps from B to itself. In view of Example 5.6 (i), o;
and o} restrict to mutually inverse bijections
o
. gsi .

%
-
9

Proposition 5.23 (i) Let v € NI, leti € I, let Z € §5,(v) and let Z' = 0} (Z), an element
in T (s;v). Let U ={T € Z|soc;T =0} andU' ={T" € Z' | hd; T' = 0}. Let © be the
set of triples (T, 1", h), such that (T, T") € U x U’ and h : T' — X¥T is an isomorphism.
Then the first projection © — U and the second one © — U’ are locally trivial fibrations
with a smooth and connected fiber.

(ii) Let (u,v,i) € W2 x I be such that £(us;v) = l(u) + £(v) + 1. Then F° C Fus, and
§%Y C Fu. In addition, o; and o} restrict to mutually inverse bijections

g; (ex7
FuN TV Fus, NT and  FONTI
o; o;

Proof. Assertion (i) is [5], Theorem 5.3. It is the precise way of stating that if 7" is a general
point in Z, then XIT “belongs” to Z" and is general in Z’. (The quotes around “belongs” reflects
the fact that a point of Z’ can only be isomorphic to X7, and not equal to it.) Assertion (ii)
follows then from Propositions 5.7, 5.15 and 5.16. [J
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Let (w,i) € W x I be such that ¢(ws;) > ¢(w). By Proposition 5.16 and Example 5.6 (i),
we have 7" N Y = add(I, ®a S;), so F¥% N T is in bijection with N: to an integer n
corresponds the closure in A(wa;) of the orbit representing the module I, @ SfB”.

Now choose a finite sequence i = (i1, ...,4is) such that s;, ---s;, is a reduced decomposition.
Set (9, %y) = (A-mod, {0}), and for 1 < k < ¢, set (T, Fi) = (T %1%k, F31 %), Then

(T0, F0) < - < (o, Fo)-

The generalization of Proposition 4.5 to finite sequences provides a bijection

l
Q;:B — H(Sk NTp_1) X Ty
k=1

(Here we have used the inverse map to that defined in Proposition 4.5 and have reversed the
order of the factors.) Under the identification §xNTx_1 = N, this bijection §2; can be expressed
in terms of the crystal operations in the following way.

Proposition 5.24 Let Z € B. Set Z' = (0}, -~ 0,04, - 04, )(Z) and ny, = @;, (04, _, -+~ 04, Z)

for 1 <k <t Then %(Z) = (ny,...,ne, 2Z").

Proof. Set i =1y and i’ = (ia,...,%¢). For 2 < k < {, set (!, F}) = (T %275 F¥2"%k). By
Propositions 5.7 and 5.16, ¥; and X7 restrict to equivalences of categories

Zi Zi
T s m;%uiTﬁsi Ng, and J% mﬁk%T*ﬁsi n.Z# .

Let T' € Z be a general point and let X be its torsion submodule with respect to (77, %#1).
Then X is the top step in the filtration of T' defined by our nested sequence of torsion pairs.
The other modules define a filtration of X, whose image by ¥; is the filtration on ¥; X defined
by the nested sequence

(T4 F0) < - = (T, F).

Now X is a general point of fimaXZ , 80 ;X is a general point of 0;(Z). By induction, we then
have Qy (0;(Z)) = (na,...,ne, 2"), where Z" = o7 -+~ 07,04, - - - 04,(0Z). On the other hand,
we have T/ X = Si@"l, because X is the kernel of the canonical map T — hd; T" and n; is the
dimension of the i-head of T'. The result now follows from Proposition 5.23 (ii). O
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Remarks 5.25. (i) Set w = s;, - - - s;,. Obviously, Q; induces a bijection between F* and N
Up to duality, this bijection corresponds to the parameterization defined by Geifs, Leclerc
and Schroer (|27], Proposition 14.5), as one sees from our discussion in Example 5.14. In
this context, Proposition 5.24 has been independently proved by Jiang [33].

(ii) Consider the case where g is finite dimensional and s;, ---s;, = wg. Then €2; induces a
bijection between B and N'. For b € B(—00), the procedure to compute Q;(Ap) given in
Proposition 5.24 coincides with Saito’s method to determine the Lusztig datum of b in
direction i (compare with the proof of [57|, Lemma 4.1.3). So in this case, ; gives the
usual Lusztig data. This gives us an incentive to use ; in order to define Lusztig data
in the affine type case as well; we will pursue this road in section 7.6.

We now examine how € depends on i, when s;, ---s;, is fixed in W. Matsumoto’s lemma
instructs us to look what happens under a braid move, so let us locate a subword of the form
(4,7,4) in i, where i and j are linked with a single edge in the graph (I, E). Let us denote
by m 4+ 1 the index at which this subword begins and let us denote by j the result of the
substitution of (i, j,) by (j,4,7) in i.

Proposition 5.26 Let Z € B and write Q{(Z) = (n1,...,Mm, D, ¢, 7, Nnsa, - - -, g, Z'). Define
p', ¢ and r' by the formulas

¢ =min(p,r), p+d =q+r, ¢+r"=p+q

Then QJ(Z) = (nla s 7nm7plaq/7r/7nm+47' : 'anfaZ/)‘

Proof. We adopt the notation of the statement of the proposition. Let us set J = {i,j}.

The nested sequences of torsion pairs defined by i and j differ only in the places m + 1, m + 2
and m+3, so ;(Z) and Q;(Z) differ only there. Moreover, thanks to Proposition 5.24, we can
reduce to the case where m = 0 by replacing Z by o;,, - -+ 0, (Z). Finally, we can also assume
without loss of generality that £ = 3 and that Z € §%/.

By Example 5.6 (ii), the category .#"7 is isomorphic to the category of representations of the
preprojective algebra Ay, of type As. It is well-known that this category has four indecom-
posable objects, namely two simple objects S; and S; and two objects T; and T; of Loewy
length 2, obtained as the middle terms of non-split extensions 0 — S; — T; — S; — 0 and
0 — S; = T; — §; — 0; the structure of these modules T; and T} can be represented pictorially

as follows: ' ‘
ﬂ:(\,) and Tj:(/>.
J i
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Thus, there exists (a, b, c,d) € N* such that a general point in Z is isomorphic to
® ®b D ®d
S @ ST eT, ‘P 77,

with moreover min(a,b) = 0, because a module which has S; @ S; as summand cannot be
general. One then easily computes

Q) (Z) = (a+e,d,b+¢,{0})  and  QUWN(Z) = (b+d, c,a+d, {0}).

Setting p=a+c¢, ¢ =d and r = b+ ¢, one checks that p’ =b+d, ¢ = ¢, v = a + d, which
shows the desired result. [

Likewise, let us locate a subword of the form (7, j) in i, where ¢ and j are not linked in the
graph (I, F). Let us denote by m+ 1 the index at which this subword begins and let us denote
by j the result of the substitution of (7, 7) by (j,4) in i.

Proposition 5.27 Let Z € B and write Q(Z) = (n1,..., Nns Dy @, Mns3s - - -, 1, Z'). Then
QJ(Z) = (n17 s My 45 P, M43y - - -5 Ty, Z/)

The proof is similar to that of Proposition 5.26, save that we now deal with a preprojective
algebra Ay of type A1 x Aj.

For a fixed w € W, let 2 (w) be the set of all tuples i that represent a reduced decomposition of
w. Lusztig’s piecewise linear bijections R: : N — N* ([41], sections 2.1 and 2.6) can be defined
here just as in the case where w is the longest element in a finite W. Since any two elements in
Z (w) can be related by a sequence of braid and of commutation relations, Propositions 5.26
and 5.27 say that the numerical parts of {}; and € are related by Rﬂ

To conclude, let us consider again Proposition 5.24 and choose a general point T' € Z. The
integers ni, ..., ng are equal to the lengths of the edges of Pol(T") along the path

dim7, dim7T*1, dim7T*1%2, ..., dimT%1 %%,

Now look at Proposition 5.26, set J = {i,j}, choose § € Fj, and set u = s;, ---s;,,; then
u is J-reduced on the right. Using Theorem 5.18 (i) and Corollary 5.21, one can show that
the vertices on the face of Pol(T') defined by uf are the six vertices dim 7"’ with v € W;.
The relation given in Proposition 5.26 constrains the lengths of the edges of this face; it is
equivalent to the tropical Pliicker relations of [36].
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5.6 The finite type case

Our main focus of interest in this paper concerns the case where ® is of affine type, to which
section 5.2 directly applies. In the finite type case, the ideals I, are not tilting of projective
dimension at most 1 anymore. They nevertheless exist, so we can define the full subcategories

T = essential image of [,,,7,
F = kernel of Homy (I, ?),
T = kernel of I,Q7,

F, = essential image of Homy (1y,, 7)

of A-mod. With this definition, all the results in sections 5.1 hold unchanged, except of course
Theorem 5.3 (iii).

To show this, one can adopt the method of Iyama, Reiten and their collaborators, namely,
one chooses an embedding of the Dynkin diagram into a non-Dynkin one. One then get a
natural surjective morphism from the preprojective algebra A of non-Dynkin type onto the
preprojective algebra A of Dynkin type, and thus a natural embedding of A-mod as a full
subcategory of A-mod. This subcategory is abelian and closed under extensions. Each ¢ € T
yields then an ideal I; of A and an ideal fz of A. By Proposition 5.1, the functors I;®,7 and
E@K? (respectively, Homy (I;, ?) and HomK(E, 7)) coincide on A-mod.

Moreover, the Weyl group W of the Dynkin diagram embeds as a parabolic subgroup of
the Weyl group W of the larger diagram. Given w € W, one can then define I, as the
bimodule I;; ®A --- ®a I;, by choosing a reduced decomposition w = s;, ---s;. Since the
functors I,,® 7 and fw®7\? coincide on A-mod, we deduce the Dynkin case of Theorem 5.3 (iv)
from the non-Dynkin case. The proof of [14], Proposition II.1.5 then immediately implies
Theorem 5.3 (i). Using that moreover the functors Hompy (I, 7) and Homf\(fw, ?) coincide on
A-mod, we deduce the Dynkin case from the non-Dynkin case in Theorem 5.4, Examples 5.6

(i) and (ii), Propositions 5.7 and Corollary 5.8.

Finally, to see that Examples 5.6 (iii) and (iv) hold true in the Dynkin case, one can apply
Example 5.13. One may here moreover note that the surjection A — A induces an isomorphism
K/ T, = A/I, (this follows, for instance, by an obvious dimension argument based on Amiot,
Iyama, Reiten and Todorov’s filtration, see section 2 of [1]).

Another pecularity of the finite type case is the fact that the Tits cone C7 fills the whole
dual space of RI. By Theorem 5.18, any torsion pair (%, %) or (Fp, Py) is of the form
(TwyFw), so these latter are enough to completely describe the polytopes Pol(7T"). This fact,
combined with Corollary 5.20, shows that the definition of Pol(7") given in [5] is identical to
the definition used in the present paper.
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In addition, the intersection between C7 and its opposite is not {0} anymore, so it is possible
to write —u~!n = vf with (u,v) € W? and both 7 and @ in Cy. In this case, we have

(79, F) = (Svo, Fuo) = (J_ ‘@fu_ln) = (Ju, Fu), (5.4)

u=ln
by Theorem 5.18 (ii) and Remark 5.19 (ii).

A last peculiarity of the finite type case was mentioned above in Remark 5.25 (ii).

6 The Hall functors

In this section, we assume we are given two orthogonal rigid bricks S and R in A-mod such
that dim Ext!(S, R) = 2. In other words, we assume that S and R are two finite dimensional
A-modules such that

End(S) = Enda(R) = K, Homy (S, R) = Homp (R, S) =0,

) o B . ) B (6.1)
Exty (S,S5) = Exty (R, R) =0, dim Ext4 (S, R) = 2.

We fix f and n in GBGEH HomK(Ss(a)>Rt(a)) and é and ﬁ in ®a€H HOmK(Rs(a),St(a)) such
that, in the notation of section 4.2,

d§ (&) = d p(n) =0, di.5(§) = dg s(7) =0, (6.2)
71(€,€) = (0, 7) =1, m1(€,7) = 11 (0, €) = 0. (6.3)

Thus (£,7) can be regarded as a basis of Exth (S, R) and (,7) can be regarded as the dual
basis of Ext} (R, S).

6.1 A combinatorial lemma

We denote by II the completed preprojective algebra of type Ay. This is the completed pre-
projective algebra of the Kronecker quiver
(0%
—
0 L
B

It contains orthogonal idempotents ey and e; and arrows a, 3 € eiIleg and @, B € eglle;. We
denote its augmentation ideal by J.
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For the following, it is useful to think of the algebra II as the quotient
S{{a, B,@,B))/(ac + BB, G + BB)
of the ring of non-commutative formal power series in four variables o, 8, @, B with coefficients
in the commutative semisimple algebra S = Key @ Ke;.
Lemma 6.1 The image of the linear map
C: (€1H€0)2 X (601_[61)2 — eplleg x e1lleg
given by B B
Cla,y,2,9) = (—2a — B — ax — By, 20+ yB + ad + 47
contains:
e any element of the form (uv —vu,0), where (u,v) € (eOHeo)Q;
e any element of the form (0,uv — vu), where (u,v) € (elﬂel)z;
e any element of the form (uv, —vu), where (u,v) € eglle; x e1lley.
Proof. Let u and v be two words of even length in the alphabet {a, B8, a, B}, in which barred

and non-barred letters alternate, and which start with a barred letter. Thus u and v define
elements in eglleg. We write u = ¢1cg - - - Cap_1¢20, With ¢ € {a, B}. For 1 < k < £, we set

Mk = CopCoky1 - C2p V C1C2 "~ - C2k_2 and Nk = Cok11C2k42 """ C2 UV C1C2 - Cok—1-

Then (uv — vu,0) is the image of the element

DR DTS DTS Rt
1<k<l 1<k<t 1<k<t 1<k<t

Cop—1=0 Gono1=0 Cop =0 cor=PB

by our linear map. This shows that the elements of the first kind belong to the image of our
map. The two other cases are similar. [
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6.2 A universal lifting

Given a K-vector space V| two elements X and Y in V®gII, and an integer & > 0, generalizing
a standard notation, we will write X =Y mod J* to express that X —Y belongs to V ®x J*.

For a € H, we set Sa =5, ® eg, where S, is the linear map attached to the arrow a in the A-
module S; this S, is an element in HomK(Ss(a), St(a))®K eolleg. Likewise, we set R, = R, ®eq;
this is an element in Homg (Ry(q), Rya)) @k e1ller.

Weset P=¢(Ra+nQ 0 anszé@@—i—ﬁ@B; these are elements in

@ Homp (Sy(a); Ri(a)) @K e1lleg and @ Homg (Ry(a), Si(a)) @K eoller,
acH aceH

respectively. For a € H, we write P, for the component of P in Hom (S(q), Ry(a)) @k e1lleg
and Q, for the component of @ in Hom (R4, St(a)) @k eolles.

Lemma 6.2 There are elements

S(OO) € @ HOII]K(SS(a), St(a)) ®Rx eolleg, R(OO) S @ HOIIlK(RS(a), Rt(a)) R elleq,

acH acH
p(>) € @ HomK(SS(a), Rt(a)) Rk eilleg, Q(OO) S @ HomK(Rs(a), St(a)) Rk eolley
acH acH

such that for each a € H,

S QL) Su Qa J2 g3
= . mod ,
P Ry P, R, NERE

Séoo) Qéoo) S(goo) goo) 0
> () Pl glo) | | pleo) plee) | =0

and for each i € 1,

Proof. The desired elements will be constructed as the limit in the J-adic topology of elements

SE)  RE) Pk and Q) such that
G(k+1) Q(k+1) B S (k) Q(k) J2k+2  j2k+3
p+) pen) ) =\ pw pwy ) Mo | gokis ok ) -
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For k = 0, we define
SO ¢ @ HomK(Ss(a), St(a)) ®Rx eolleg
acH

by gathering the elements S,. We similarly define R(®) and we set P(©) = P and Q(© = Q.
The conditions we impose at step k are

Sﬁk) Q&k) S,Sk) Q((zk) J2k+2 J2k+3
> ela) (P%k) R?Jc) ph) pk) | = 0 mod <J2k+3 J2k+2) (6.4)
sl vt

for each 7 € I,
H (S(’“),S(’“)) i (Q(k),P(k)) —0 mod J¥+1 (6.5)

and
1RO, RO 4 (P0,QW) =0 mod JHH, (6.6)

In (6.5) and (6.6), the symbol 71 represents 71 ® idy, the map obtained from the bilinear form
71 defined in section 4.2 by extending the scalars from K to II. Similarly, we will denote the
map 7o ® idp by the symbol 7».

Thanks to the preprojective relations for the A-modules S and R and to equations (6.2) and
(6.3), the conditions (6.4)—(6.6) are fulfilled at step k& = 0.

Let us assume that S*®), R(®) P(k) and Q(k) have been constructed. We set

fi= Z e(a) (Sék)Sék) + Qék)P(gk))

acH
s(a)=i

and we regard (f;) as a formal series in a, 3, @,  with coefficients in D, Homg (S;, S;) and
valuation at least 2k + 2. Then, thanks to (6.5), we have

#2((fi), (ids, ®e)) € J*H4,

in other words, the coefficient in (f;) of any monomial of degree less than 2k+4 is m-orthogonal
to Homy (S, S). We conclude that modulo J?**+4 (f;) belongs im d}g,s- Therefore there exists

§ S @ HomK(SS(a), St(a)) Rk eolleg
acH

of valuation at least 2k+2 such that d§ ¢(S) = (fi) mod J?**4. We then set Sk+1) — (k) g
and the upper left corner of (6.4) is satisfied at step k + 1. One similarly finds first R(+1),
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and next P*+1) and Q+1) | that satisfy (6.4) at step k4 1. However, the elements P*+1) and
Q1) obtained in this way are not the final ones, since they do not yet satisfy (6.5) and (6.6).

The left-hand sides of (6.5) and (6.6) are the components of
D= (T.l (S(k—i-l)’s(k—i-l)) F 7 (Q(k—i-l)’P(k—&-l))’ # (R(k+1)7R(k+1)) 7 (P(k—l-l)’Q(k—l-l)))'

Thus D € eglleg x e1lle; and its two components have valuations at least 2k + 4. Because of
the cyclicity of the trace and of the presence of the sign €(a) in

7'—1<S(k+1 k+1)> ZTr Z s(a)(SékH)S((lkH)) ;

el acH
s(a)=1t

the first term in the first component of D is a linear combination of elements of the kind
uv — vu, with (u,v) € (eOHeo) . Likewise, we see that the contributions to D of R 1 and
of P* 1) and Q*+1 are linear combination of elements of the second and third kind in the
statement of Lemma 6.1. Therefore D belongs to the image of the map C', so we can find
(x,7) € (e1lleg)? and (2, 9) € (eolley)? of valuation at least 2k + 3 such that D = C(z,y,2,9).
If we now correct P+ and Q*+1 by subtracting £ ®z+n®y from the former and 22 +7®7
from the latter, then D will vanish modulo J?**6 thanks to (6.3), while the condition (6.4)
remains satisfied, thanks to (6.2). O

6.3 Construction of the Hall functors

We are now in a position to define a fully faithful exact functor J# : II-mod — A-mod.

Let V' be a II-module. We define an I-graded vector space M = €, M; by
M; = (Si ®k Vo) ® (R; @k V).

Now let @ € H. Then S((loo) is an element of Homg (Ss(a), Si(a)) @Kk €olleg, hence can be seen
as a matrix with entries in eglleg. We can evaluate these entries in the representation V; the
result belongs to

Hom g (Ss(a)» St(a)) ®x Homp (Vo, Vo) = Homk (Sy(a) @k Vo, Sya) @k Vo)-
(00)  p(o0)

Evaluating Ry, /, P, and Qt(loo) in a similar way, we map
S Q)
Péoo) Rgoo)
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to an element in Hom g (M, s(a)» My(a))- The conditions imposed in Lemma 6.2 assert that we
then get a A-module M.

Since we have worked with a universal formula (the same for all II-modules V'), the assignment
V +— M defines a functor ., which moreover is exact. Let (S, R) be the smallest abelian,
closed under extensions, subcategory of A-mod that contains the isomorphism classes of S
and R.

Theorem 6.3 The functor 7€ induces an equivalence of categories between II-mod and (S, R).

Proof. The category (S, R) has only (up to isomorphism) two simple objects, namely S and
R, for these latter are orthogonal bricks. In view of [22], Lemma 11.7, it thus suffices to
show that for any simple II-modules L and L’, the induced homomorphism Extllf[(L,L’ ) —
EXtIXS,R) (A(L), (L)) is bijective for k € {0,1} and injective for k = 2. We can here replace
the extension spaces in (S, R) by the extension spaces in A-mod: this does not change the Ext?
nor the Ext!, for (S, R) is full and closed under extensions; and if the injectivity condition holds
for Ext%, it will a fortiori holds for Ext%& R)

Let us call Wy and W; the two simple II-modules, concentrated at vertices 0 and 1 respectively;
then 5 (Wy) = S and (W) = R. Obviously,

End(Wp) = End(W;) = K and Hom (W, W1) = Hom (W5, W) = 0,

so the condition is fulfilled for k£ = 0.

The II-modules T, and T with dimension-vector (1,1) obtained by letting the arrows of I1I
act by

(o, B,@,B) — (1,0,0,0) and  (a,B,@,B)~ (0,1,0,0)
are extensions of Wy by Wi. We denote their extension classes in Extll—I(Wo, W1) by a and
B, respectively. The extension classes of 7 (T,) and ¢ (T3) are £ and 7. Thus, the induced
homomorphism Exti(Wy, W7) — Ext} (S, R) maps the basis (a, 3) of the first space to the
basis (£,7) of the second space; it is therefore bijective. We check in a similar way the other
cases for k = 1.
The equality 7 (ﬁ,f) = 1 implies that the Yoneda product &€ € Ext3 (R, R) does not vanish.
The induced homomorphism Ext%(W;, W;) — Ext3 (R, R) maps aa@ to €€, so it cannot be
zero. Tt is thus injective, for Ext% (W7, W) is one dimensional. The other cases for k = 2 are
treated in like manner. [J

We here note that a proof for Lemma 11.7 in [22] can be found in [39], Proposition 3.4.3.
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6.4 Irreducible components

We now study the consequences of the existence of a Hall functor at the level of irreducible
components of the nilpotent varieties.

Let u = (uo, p1) be a dimension-vector for IT and set v = podim S + p1 dim R. We denote by
() the nilpotent variety for IT and by A(g ) (v) the set of all points in A(r) that belong to
(S, R). In addition, we define Q(u) to be the set of all triples (V, M, f) such that V' € II(u),
M € A(v) and f : (V) — M is an isomorphism of A-modules. We can then form the
diagram

M(p) ¢ Qp) = A(v) (6.7)
in which p and ¢ are the first and second projection. Obviously, p is a principal G(v)-bundle,
the image of q is A(g g)(v), and each non-empty fiber of ¢ is isomorphic to G ().

Proposition 6.4 The subset Ag gy (v) is constructible and all its irreducible components have
full dimension in A(v). The diagram (6.7) induces a bijection between the irreducible compo-
nents of Il(p) and the irreducible components of A(v) whose general point belongs to Ag ry(v).

Proof. Combining the conditions (6.1) with equation (4.2), we get

(,Uwu) = (I/,I/)7

where (, ) in the left-hand side is the bilinear form on K(II-mod) and (, ) in the right-hand
side is the bilinear form on K(A-mod) = ZI. In view of (4.5), this translates to

dim G(p) — dim II(p) = dim G(v) — dim A(v).

The proposition now results from general results of algebraic geometry, similar to those used
in section 4.5. OJ

7 Preprojective algebras of affine type

From now on, g is of symmetric affine type. We will apply the theory we have been developing
to finally obtain our affine MV polytopes. We will use the notation concerning affine roots
systems discussed in section 2.3.

67



7.1 Torsion pairs associated to biconvex subsets

From Corollary 5.21, it follows that the HN polytope P = Pol(T) of a finite dimensional A-
module 7" is GGMS. The construction in section 2.6 then assigns a vertex up(A) of P to each
biconvex subset A C . As noticed after Corollary 3.3, up(A) is the dimension vector of a
unique submodule T4 of T'. Our aim in this section is to construct a torsion pair (.7 (A), . #(A))
with respect to which T4 is the torsion submodule of T', for all A-module T'.

As in section 2.2, each w € W gives rise to two biconvex subsets: a finite one, namely A,, =
N,-1, and a cofinite one, A¥ = &4 \ N,, (see Example 2.3 (ii)). We set

(7 (Aw), F(Aw)) = (T, Fw) and (T (AY), F(AY)) = (T, F7).

In this fashion, we associate a torsion pair in A-mod to each finite or cofinite biconvex set. (By
(5.4), this construction is unambiguous in the finite type case, where biconvex sets are both
finite and cofinite.)

Using Lemma 2.1, (5.3) and Proposition 5.15, we deduce the following monotonicity property:
if AC B, then (7(A),.Z#(A4)) < (7(B),#(B)). We also note the following interpretation of
Example 5.6 (iii): if B = &4 \ A, then (7 (B),.#(B)) = (F(A)*, 7(A)*).

By Proposition 2.6, every biconvex subset A is either the increasing union of finite biconvex
subsets or the decreasing intersection of cofinite biconvex subsets. In the former case, we set

T(A) = U J(B) and F(A)= N Z(B).
B finite biconvex B finite biconvex
BCA BCA

Then (7 (A), . #(A)) is a torsion pair. The axiom (T1) is indeed easily verified. To check (T2),
we take T' € A-mod. Each finite biconvex subset B C A provides a submodule T C T such
that (15, 1T/Tp) € T (B) x #(B). The monotonicity property implies that the map B +— 15
is non-decreasing, so for dimension reasons, the family (7z) has an maximal element, say T, .
Then for any By O By, we have T, = Tp,, which shows that (Tg,,T/Tg,) € 7 (B1) x Z#(Bi).
We conclude that (T's,,7/Tg,) € T (A) x F(A), as desired.

When A is the intersection of cofinite biconvex subsets, we set

T(A) = N F(B) and  F(A)= U Z(B).

B finite biconvex B finite biconvex

We then have a torsion pair (7 (A),.%# (A)) associated in a monotonous way to each biconvex
subset A, and for B = ®, \ A, we have (7 (B),.Z(B)) = (F(A)*, 7(A)*).
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Proposition 7.1 Let T be a finite-dimensional A-module T, let P be its HN polytope, let A
be a biconver subset, and let T4 be the torsion submodule of T with respect to the torsion pair

(7 (A), Z(A)). Then pp(A) = dimTy.

Proof. Suppose first that A is cofinite. Let us choose 6 € Cj and let w be the unique element
in W such that A = A" (Proposition 2.5). We have T% = Tm» = T by Theorem 5.18.
Therefore the face P,y of P is reduced to the vertex dim7T". The definition in section 2.6
then leads to pup(A) = dim 7", which is the desired equality in our case. The case where A
is finite is proved in a similar fashion, using Remark 5.19 (ii). The case of a general A then
follows by monotonous approximation. [

Recall from Example 2.3 (iii) that any 6 € (RI)* defines two biconvex subsets

Agﬂin — {Oé c Q)_i_ ’ <970¢> > O} and Agﬂax = {Oé S (I)+ ‘ (9706> Z 0}

Proposition 7.2 For each § € (RI)*, we have

(7 (AF™), F(AF™) = (F9, Po)  and (T (AF™), F(AF™)) = (F g, Pp).

Proof. Let 6 € (RI)*.

Let T be a finite dimensional A-module and let P be its HN polytope. By definition, T' € &
if and only if 73" = 0. By Proposition 3.2, this is equivalent to the equation ¢ p(¢) = 0, which
holds if and only if (6, up(AJ™)) = 0 by Proposition 2.16. Since pup(AJ") is a non-negative
linear combination of roots a such that (f,«) > 0 (Lemma 2.15), this equation amounts to
pp(AS™) = 0. By Proposition 7.1, this holds if and only if 7' € .7 (Aj™).

Therefore 2y = .F (AM), whence the first equality. The second follows by *-duality. O

The biconvex subsets Ag‘in and Ay'®* only depend on the face of # to which 6 belongs. By
Proposition 7.2, the same is true for the torsion pairs (%, Zy) and (Fg, Py), and also for the
category Zg = S9N Py. For each face F of #, we may thus define categories #, .# , etc.
so that Ip = S, I = 4, etc. for any 0 € F. Further, we denote by Jr, R, and P the
subsets of B consisting of irreducible components whose general point belong to the categories
I, Zr, and P, respectively.

Lemma 7.3 Let T be a finite dimensional A-module and let A C B be two biconver sub-
sets. Denote by T4 and Ty the torsion submodules of T with respect to the torsion pairs
(7(A), #(A)) and (7 (B),#(B)). If dimT < ht o for each o € B\ A, then Ty = Tg.
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Proof. Let P be the HN polytope of T. By Proposition 7.1, dimTg/T4 = up(B) — up(A),
whence ht(up(B) —pp(A)) = dimTg/T4 < dimT. On the other hand, Lemma 2.15 expresses
the weight up(B) — pp(A) as a non-negative linear combination of roots in B \ A. The last

assumption in the statement forces this linear combination to be trivial, which implies that
Tp/T4=0.0

Proposition 7.4 Let A and B be two biconvexr subsets and let o € ®F. Assume that B =
AU{a}. Then there is a rigid indecomposable A-module L(A, B) of dimension-vector o such

that F(A) N 7 (B) = add L(A, B).

Proof. The case where A and B are both finite follows from Theorem 5.11 (i): if A = A,, and
B = A;,w, then L(A, B) = Homy (I, S;). This module is rigid, because S; is rigid and the
equivalence in Theorem 5.4 (iii) preserves rigidity.

Assume now that A and B are infinite and that § ¢ A. By Lemma 2.9, we can then find
A" C A and B’ C B finite biconvex subsets such that B’ = A’ U {a}. Certainly, A’ and B’ are

not unique subject to these requirements. We claim however that L(A’, B’) does not depend
on the choice of A" and B'.

To see this, consider A” and B” finite biconvex subsets with B” = A” U {a} and A” C A. We
want to show that L(A’, B") = L(A”, B"”). Without loss of generality, we may assume that
A" D A" We write A" = Ay, B = Agu, A = Apy, B" = Ag,py with L(vu) = £(v) 4 £(u) and
a =uta; = (vu)"taj. Then L(A’, B') = Homp(1y,S;) and L(A”, B") = Homy (I, Sj) =
Homa (I, Homa (1, S5)). Observing that Homy (1,, S;) has dimension-vector v_laj = o, we
obtain L(A’, B") = L(A”, B"), as announced.

Certainly, L(A’,B") € J(B). Let Ay be a finite biconvex subset contained in A. By
Lemma 2.9, there is a finite biconvex subset A” C A that contains Ay and such that B” =
A" U {a} is biconvex. Then L(A’, B") = L(A”, B”) belongs to .#(A”), hence to .#(A). Since
Ay was arbitrary, we get L(A', B") € Z#(A). It follows that add L(A", B") C .Z(A) N 7 (B).

Conversely, let T € F(A) N .7 (B). By Lemma 2.9, there is a biconvex subset A” C A that
contains {# € A | ht § < dimT'} and such that B” = A” U {«a} is biconvex. By Lemma 7.3,
we have T' € 7 (B"). Therefore T belongs to #(A”) N 7 (B") = add L(A”, B").

Setting L(A, B) = L(A’, B"), we thus have .#(A) N .7 (B) = add L(A4, B), as desired.

It remains to deal with the case where § € A. When A and B are both cofinite, the result
follows from Theorem 5.10 (i): if A = AYS and B = A", then L(A,B) = I, ® S;. The
general case follows by approximation, in a similar fashion as above. [
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We now claim that for any biconvex subset A, the torsion pair (7 (A),.#(A)) satisfies the
openness condition (O) of section 4.5. When A is finite or cofinite, or more generally when
A is of the form Agmn or Ap®*, this follows from Proposition 4.2 (iii). The general case is
deduced from this particular case with the help of Lemma 7.3. For instance in the case 6 ¢ A,
for each dimension-vector v € NI, we can find a finite biconvex subset Ag C A that contains
{a € A|hta < htv}; then

(TeAW)|TeT(A)}={TcAl)|Te T(A)}

and
[T eAW) | T e F(A)}={T € Aw) | T € F(Ag)}:

and thus condition (O) for (.7 (A), . #(A)) in dimension-vector v follows from the condition (O)
for (7 (Ayp),-Z (Ap)).

We may thus apply the results of section 4.5: each biconvex subset A defines subsets T(A) and
§(A) of B, and we have a bijection

E(A4) : T(A) x F(A) — B.
More generally if A = (Ay,...,Ay) is a nondecreasing list of biconvex subsets, then we have

nested torsion pairs

(7 (A0); F(A0)) < -+ < (T (Ar), 7 (A)),

whence a bijection

[1]

J4
(A): T(40) x [ (g(Ak,_l) N ‘I(Ak)) x F(Ay) — B.
k=1

We define the character of a subset X C B as the formal series
Py(t) = Z Card X(v) t”
veNT

in Z[[ (t*)ier]], where X(v) = X N*B(v) is the set of elements of weight v in X. We denote the
multiplicity of a root a by mg; thus my = 1 if « is real and m, = r if « is imaginary.

Proposition 7.5 Let A C B be two biconvex subsets. Then
1

P&(A)OQ(B) = H (1 _ ta)ma : (71)
a€B\A
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Proof. Let A C B be two biconvex subsets. The bijection Z((A, B)) leads to the equation

Pra) X Pyaynz() X Pyp) = Py.
Since B indexes a basis for U(n4.), the series Py is given by the Kostant partition function
1
P%(t) — H m. (72)

OZE‘I’+

For any subset S C ®, consider the formal power series
1
QS = H (1 _ta)moc7
a€EsS

and notice that a monomial ¥ can only occur in Qg if v belongs to the convex cone spanned
by S. Our aim is to show that Pya)ngp) = @p\a-

To simplify the notation, let us set Q" = Qa, Q" = Qpa, Q" = Qo,\p, R = Pz,
R" = Pyanz(p) and R" = Py). We then have

Q/Q//QNI — R/R//R///
because each side is equal to Pgy.

Given a formal power series

P = Z a,t’

veNTI

and a nonnegative integer n, we define

Pn: E CLl,tV and an:PO'i_Pl‘i“i‘Pn
veNTI
ht v=n

We now show the equations
/ / " /! " /"
an - RSn? <n — Rgnv <n — Rgn (En)
by induction on n.

Certainly, (Ep) holds, because all the series involved have constant term equal to 1. Assume
that (E,,—1) holds. Then

PaY¥all / /! " _ ! I I / /! /1
Q Q Q - QSn—lQSn—l <n—1 — RRR” — Sn—lRSn—lRSn—l‘

72



After appropriate truncation, this leads to
Qn+ Qn +Qu' = By + By + Ry (7.3)

Now consider a monomial t” that occurs in the right-hand side of (7.3). If it appears in R,
then there is a A-module in .7 (A) of dimension-vector v, and it follows from Lemma 2.15
and Proposition 7.1 that v belong to the convex cone spanned by A. By Lemma 2.11, v does
not belong to the convex cones spanned by B\ A or by ®, \ B, hence ¥ cannot occur in
Q" nor in Q". Therefore t¥ can only appear in @Q/,. Likewise, we see that if ¥ appears in
R! (respectively, R!"), then it can only appear in Q! (respectively, Q""). We conclude that
equation (7.3) splits into the three equations Q) = R),, Q! = R!! and Q! = R!’, and thus
that (E,,) holds.

Therefore (E,) holds for each n € N, whence Q" = R". O

In view of its later use, the particular case (A, B) = (Agmn, AP®¥) with 0 € t deserves a special
mention.

Corollary 7.6 Let § € t. Then

1 1
P%GZ H 1 —to Hl—tM
aed’® n>1
(6,a)=0

7.2 Simple regular modules

We come back to the description of the abelian categories Zr. Our aim in this section is to
get information on their simple objects.

We begin with a general remark: let F and G be two faces such that F C G. If we pick § € F
and n € G, then _ _
Ag’lll’l g Aglln g A7r7nax g ‘Ag’laX7

hence

(S, Po) < (I, Py)

(I, Py) < (F9, Py);

N

in other words,

(I, Pr) X (I, P¢) < (Ia, Pa) < (Ip, Pp).

Therefore
Ipr C Iq, PprC Pq and Zr D Zq, (7.4)
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and for any A-module T', we have a filtration 0 C Temi]rl - T,];nin C T C Ty CT. The
three subquotients

T € Pon gy, T /TM e Z,0.7, and T /T e 2,N .7y
all belong to %y; in particular, a simple object of Zr belongs either to Ao, Za or Pg.

We denote by Irr Zr the set of simple objects in Zpr. Recall that two objects T and U in
Irr Zr are said to be linked if there is a finite sequence T = X, X1, ..., X, = U of objects
in Trr Zr such that Ext} (Xp_1, Xx) # 0 for each k € {1,...,n}. (Note here that the groups
Ext! are the same computed in A-mod and in Zp, for the latter is closed under extensions,
and that Ext} (X,Y) and Ext} (Y, X) are K-dual to each other.) The linkage relation is an
equivalence relation. Finally, recall the map ¢ : ¥ — ®'° constructed in section 2.3 as a right
inverse to the projection .

Theorem 7.7 Let F' be a face of the spherical Weyl fan.

(i) If the dimension-vector of a simple object T € R is a multiple of &, then {T} is a
linkage class in Irr Zr, and T belongs to Zc for each spherical Weyl chamber C such
that F C C.

(i) The other objects in Irr ZF are rigid. Their dimension-vectors belong to 1(®*). Given o €
L(®*), there is at most one simple object in Zp of dimension-vector «, up to isomorphism.

Proof. Let T be as in (i). For any X € Irr Zp different from T, we have Homy (T, X) =
Homa(X,T) = 0, by Schur’s lemma applied in the category %Zr, so Exth(T,X) = 0 by
Crawley-Boevey’s formula (4.2). Therefore {T'} is a linkage class. Let C be a spherical Weyl
chamber such that £ C C. The assumption on dim 7T rules out the possibility that T € Z¢
or Z¢. We conclude that T € Z¢. Thus assertion (i) is true.

We now turn to (ii). Let 7' € Irr #Zr, whose dimension-vector « is not a multiple of 6.
Then (o, ) is a positive even integer. By Schur’s lemma, the endomorphism algebra of T
has dimension 1. Using Crawley-Boevey’s formula (4.2), we then see that (o, ) = 2 and
dim Ext} (7, T) = 0. Thus T is a rigid A-module, and, by Proposition 5.10 in [34], a is a real
root.

In this context, assume that o — ¢ is a positive root. Then, by Corollary 7.6, A(«a — ) has an
irreducible component whose general point belongs to Zr. In particular, there exists X € Zp
of dimension-vector & — . But then (dim X, dim7T") = 2, and (4.2) gives that Homy (7', X)
or Homy (X, T) is nonzero. Since dim7" > dim X, this forbids 7" to be simple in Zr, which
contradicts our choice of T'. Therefore @ — ¢ ¢ @, which means that a € ¢(®*).
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Lastly, let 7" and T” be two simple objects in Zp with the same dimension-vector « € ¢(P*).
Since (dim7”, dimT") = 2, (4.2) gives that Homu (7", T") or Homy (7"”,T") is nonzero. By
Schur’s lemma, 7" and 7" are isomorphic. [J

One can show that the simple objects of #Zp described in Theorem 7.7 (i) always have
dimension-vector ¢ (see Corollary 7.21).

7.3 The type 2{1

Let II be the completed preprojective algebra of the Kronecker quiver, as in section 6. We
identify the Grothendieck group of II-mod with Z? by writing the dimension-vector of a II-
module V' as the pair (dim Vp, dim V7).

As in section 6.4, we denote by II(u) the nilpotent variety of type A for a given dimension-
vector pu = (po, ). A point in II(4) is a 4-tuple of matrices T' = (Ty, T, T, T) which satisfy
the equations T, 1% + TﬁTE =0 and 15T, + TETﬁ = 0 and the nilpotency condition.

We denote the root system of type A by A, so AL = A'f U (Z>o6), where § = (1,1) is the
primitive imaginary root and

A™ = {(1,0) + nd, (0,1) + nd,| n € N}

(Note that we use the same letter § to denote the primitive imaginary root in both ®; and Ay ;
this will not lead to confusion.)

There are two opposite spherical chamber coweights, namely
7 (nos 1) = po — p and A" (po, p11) = 1 — peo.

The spherical Weyl fan has three faces, namely {0} and the two chambers Rs¢v" and Rs¢v"”.

Given n € N, we denote by II(nd)* the open subset of all points 7" € II(nd) such that the
n X n matrix T, is invertible. Obviously, the dimension-vector u of a submodule of T satisfies
wo < p1, so T is +'-semistable, and is even 7/-stable if n = 1.
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We now describe II(nd)* with the help of an auxiliary variety. Let
Zn ={(X,Y) € M,(K)?| X is nilpotent, XY = Y X},

where M,,(K) denotes the algebra of n x n matrices over K. The group GL,(K) acts by
conjugation on Z,. Given a partition \ of size n, let us denote by &) C M, (K) the adjoint
orbit of nilpotent matrices of Jordan type A. The following lemma is due to I. Frenkel and
Savage (it is a particular case of [21]|, Proposition 2.9).

Lemma 7.8 (i) The map f : 1I(nd)* — Z,, defined by f(T) = (TngTa_lTﬂ) is a principal
GL,(K)-bundle.
(i) The first projection Z,, — My (K) identifies Z,, with the disjoint union of the conormal

bundles T;A M, (K), where X runs over the set of all partitions of n.

Proof. We begin with (i). Let T € II(nd)*. By definition, T5T, is nilpotent. In addition,
(TgTu) (T, ' Tp) = =TaTo = =T (ToTa)To = (T, ' T3)(T5Tw),
thanks to the preprojective equations. So f is well defined. Now GL, (K) acts on II(nd)* by
U (Ta,Tp, T, T5) = (UTa, UTp, ToU ", T5U ).

This action is free, for Ty, is invertible, and the orbits of this action are the fibers of f. Thus (i)
holds true.

For a matrix X € M, (K), the tangent space to its adjoint orbit identifies with the subspace
{W,X] | W € M,(K)}. Under the standard trace duality, the orthogonal of this subspace
identifies with the Lie algebra centralizer of X because for any Y € M, (K),

[X,Y] =0 < (VWeMn(K), Te(W[X, Y]) :0)
= (VW € My(K), Tr(W, X]Y) =0).

Assertion (ii) follows. [

Thanks to Lemma 7.8, we see that the irreducible components of II(nd)* are of the form
f‘l(TgA M, (K)). We denote by I()) the closure in II(nd) of this set; since II(nd)* is open,
this is an irreducible component of II(nd), whose general point is 7'-semistable. When X has
just one nonzero part, here n, we write simply I(n) instead of I((n)).
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Figure 4: The II-module afforded by a general point T of I(3). On the picture, a digit 0 or 1
represents a basis vector of the corresponding degree, each dotted arrow indicates a nonzero
entry (equal to 1 unless otherwise indicated) in the matrix that represents T,, or T, and each
plain arrow indicates a nonzero entry in the matrix that represents Tz or TB' Things have been

010 x a2
arranged so that 73T, = | 0 0 1] is a Jordan block of size 3 and T, Ty=10 = 2
0 00 0 0 =

is a point in the commutant of TgTa- The parameters z, ' and z” can take any value in K.

We denote the set of partitions by P. Recalling the well-known formula

Al _ !
Zt)\_Hl_tn

AeP n>1

and applying Corollary 7.6 to IT and 7/, we see that {I(\) | A € P} is the full set of elements
in R,

Recall Crawley-Boevey and Schréer’s theory of the canonical decomposition explained in sec-
tion 4.4.

Proposition 7.9 Let m and n be positive integers and let A be a partition.

(i) Any general point T' in I(n) is an indecomposable II-module.

(i) We have homy(I(m),I(n)) = exti;(I(m),I(n)) = 0.
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(iii) Writing A = (A1,...,A¢), where £ is the number of nonzero parts of A, the canonical
decomposition of I(\) is

IV =T) @ - & I(X).

(iv) The component I(\)* is obtained from I(X\) by applying the automorphism of 1L that
exchanges the idempotents ey and ey, the arrows a and @, and the arrows 5 and 5.

(v) For any general point T in I(N\), we have dim Endp(T) = |A|.

Proof. Let T be a general point in I(n). It provides a II-module with dimension-vector nd. If
this module were indecomposable, then the matrix TETQ would represent an endomorphism of
the vector space K™ which stabilizes two complementary subspaces. This is however impossible,
since T5T, is a nilpotent matrix of Jordan type (n). This shows (i).

The group G(0) acts on I(1) with infinitely many orbits, and a general point in I(1) is a
~'-stable II-module. So if S’ and S” are points in two different orbits, then they are non-
isomorphic simple objects in the category Z,/, whence Homp(S’, S”) = Homp(S”,S") = 0 by
Schur’s lemma. Now let (T”,T") be general in I(m) x I(n). Then there is a general point
(S’,8") € I(1)? such that 7" is an m-th iterated extension of S’ and 7" is an n-th iterated
extension of S”. Therefore Homp (7", T") = Homp(T",T") = 0, and using Crawley-Boevey’s
formula (4.2), we get Exti (7", T") = 0. Ttem (ii) is proved.

From (ii) and from Crawley-Boevey and Schréer’s theory, it follows that for any partition
A = (A1,..., A), the closure Z(\) = I(A\) @ ---® I()\) is an element in R,,. There thus
exists a partition p such that Z(\) = I(u). Let T be a general point in this irreducible
component. Looking at the Jordan type of the nilpotent matrix of TBTQ, we conclude that
A = p, whence (iii).

In order to establish (iv), it suffices by (iii) to consider the case A = (n). Certainly, I(n)*
belongs to R,~, by Remark 4.1. Applying to it the automorphism defined in the statement,
we obtain again an element of M./, which we can write I () for a certain partition p. Now the
general point of this component must be indecomposable, by (i), so x has only one nonzero
part. Looking at the dimension-vector, we conclude that y = n, as desired. Item (iv) is proved.

Lastly, let T" be a general point in I(n). The commutator of the matrix X = T5T, in My(K)
is the algebra of polynomials on X, because X is a nilpotent matrix of Jordan type (n), so is
a commutative algebra of dimension n. Therefore the stabilizer of f(7') in GLy,(K) coincides
with the group of invertible elements in this algebra; in particular, its dimension is equal to n.
The stabilizer of T" in II(nd) is isomorphic to this group, and is the group of invertible elements
in the endomorphism algebra Endp (7). We conclude that dim Endy(7") = n. This shows (v)
in the particular case where A has just one nonzero part; the general case then follows from (ii)
and (iii). O
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Assertion (iv) in this proposition implies that {I(\)* | A € P} is the full set of elements in R.».

7.4 Cores (proofs of Theorems 1.1 and 1.2)

Let v € I' be a spherical chamber coweight. By equation (7.4), we have

() %r= N Re.

F face C Weyl chamber
yEF ~veC

Objects in this intersection are called «y-cores. They form an abelian, closed under extensions,
subcategory of A-mod. The dimension-vector of a «-core is a multiple of 4.

The following proposition provides an alternative definition of y-cores.

Proposition 7.10 A object in %., is a y-core if and only if the dimension-vectors of all its
Jordan-Hélder components are multiples of 9.

Proof. By Theorem 7.7 (i), a simple Z--module whose dimension-vector is a multiple of &
is necessarily a y-core. The sufficiency of the condition then follows from the fact that the
category of y-cores is closed under extensions.

Conversely, let T' € %, be such that the dimension-vector of at least one Jordan-Holder
component of T is not a multiple of . We want to show that T is not a ~y-core. It suffices to
show that T has a direct summand which is not a y-core, so without loss of generality, we can
assume that 7' is indecomposable. Then all the Jordan-Holder components of T, regarded as
an object of %, belong to the same linkage class; by Theorem 7.7, none of these components
have a dimension-vector multiple of 6. Now consider a simple object X of %, contained in
T. Since X belongs to %, its dimension-vector dim X is in the kernel of 7, without being a
multiple of d, so there exists 6 near v, in a Weyl chamber, such that (0, dim X) > 0. It follows
that T is not in %y, and therefore is not a «-core. This proves the necessity of the condition
given in the lemma. [

Obviously, the *-dual of a y-core is a (—v)-core. More interesting is the following compatibility
between cores and reflection functors.

Proposition 7.11 Let v € I, let i € I, and let T be a y-core. If (y,a;) < 0, then T € T 5
and ;T is a s;y-core. If (v, i) > 0, then T € Fs, and £IT is a s;y-core. If (y, ;) = 0, then
T 25,7 =T,
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Proof. The first two claims immediately follow from Theorem 5.17, so let us consider the case
where (v, ;) = 0. Then there exists 6 € t close to v such that (6, «;) > 0, which forbids S;
to appear as a submodule of 7', and there exists n € t close to v such that (n, ;) < 0, which
forbids S; to appear as a quotient of T. Therefore the i-socle and the i-head of T" are both
trivial. Now recall the diagram (4.1). We rewrite it as

Tout(i) ~ Tin(i)

This is a complex, Ty,(;) is injective, and T, ;) is surjective. We have (i, dim T') = 0, for
dim 7" is a multiple of §, so the dimension of T; is twice the dimension of T;. Our complex is
therefore acyclic. The isomorphisms 7" = ¥;T" = ¥*T" then follow from Proposition 5.1. [

We will produce ~-cores by means of Hall functors. According to section 6, we need to construct
pairs (S, R) of A-modules that satisfy (6.1). We proceed as follows.

We call a pair (C, F') a flag, if it consists of a spherical Weyl chamber C' and a facet F' contained
in the closure of C'. Such a pair determines a spherical chamber coweight 7o/ by the equation
C =F +Rs07¢/p- The spherical Weyl group Wy acts on the set of flags.

Take a flag (C, F) and pick § € F. Then ® N (ker ) is an affine root system of type A; and
®% N (ker 0) is a root system of type A;, consisting of two opposite roots £a. By Theorem 7.7,
the dimension-vectors of the simple objects in Zp belong to {i(a),t(—a)} U (Z>od). This
implies that an object in Zr of dimension-vector ¢(f«) is necessarily simple.

Now Corollary 7.6 guarantees the existence of a whole irreducible component of A(:(+«)) whose
general point is in Zr. Therefore there are objects in Zr of dimension-vector ((+a). These
objects are necessarily simple, and therefore unique up to isomorphism, by Theorem 7.7 (ii).
We denote them by Sc¢ r and R r, the labels being adjusted so that

(voyps dimSc,p) =1 and  (yo/r, dim Rer) = —1. (7.5)

Examples 7.12. (i) One fashion to produce Sc rp and Rc, r is to use Proposition 7.4: if we
set A = AP = {a € 4 | (§,a) > 0}, B = AU {u(a)} and B” = AU {i(—a)},
then both modules L(A, B’) and L(A, B”) belong to %y and have the correct dimension-
vectors to be S p and Re p. Alternatively, we can consider L(A’, B) and L(A”, B),
where B = AP ={a e ®, | (f,a) >0}, A= B\ {t(a)} and A" = B\ {¢(—a)}.

(i) A facet F separates two chambers, say ¢’ and C”. We then have (S¢v p, Rov p) =
(Rew py Son F).

(iii) If (C,F) is a flag, then (—C,—F) is also a flag, and we have (S_¢c_p,R_c_F) =
((Bo.r)*, (Sc.r)”).
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(iv) Let us fix an extending vertex 0 € I, as explained at the end of section 2.3. Then each
i € Ip provides a flag (C§, Fi;3), where

Fy ={0ct](0,0;) =0, (f,05) >0 forall jelp\{i}}.

We have vz /ry,, = @i and {u(+a)} = {@, 6 — os}. The dimension-vector of Sz ry;, is
«;, hence ch,p{i} = S;. We define R; = RCg,F{i}- Since R; is in %F{i}’ it cannot contain
any submodule isomorphic to S;, with j € Ip\ {7}, and since it is simple, it cannot contain
any submodule isomorphic to S; either. Therefore R; has dimension-vector § — «; and
its socle is Sp. By Lemma 2 (2) of [17], these two conditions characterize R;.

(v) Keeping our extending vertex 0 € I, let (i, w) € Ip x Wy be such that ¢(ws;) > ¢(w) and
consider (C, F') = (wC§, wF;). By Theorem 5.18 (i), we have equivalences of categories

wFiyo
which carries (S;, R;) to (Sc.r, Rc.r).
Lemma 7.13 The modules Sc,r and Rc p satisfy the conditions (6.1).

Proof. The modules Sc r and Rc r are simple objects in ZF, so by Schur’s lemma, they are
orthogonal bricks:

EndA(SC,F) = EndA(RC’F> = K, HOIIIA(SQF, RC,F) = HOHIA(RQF, SQF) = 0.
The remaining equations
EXt/l\(SaF7 SC,F) = Extjlx(RqF, RQF) =0, dim EXt/l\(SaF7 RQF) =2
follow from Crawley-Boevey’s formula (4.2). O
We can thus apply the results of section 6 to the modules Sc r and Rcr. We get a Hall

functor ¢ r : II-mod — A-mod, which is an equivalence of categories between II-mod and
the subcategory (Sc r, Rc,r) of Zr.

We denote by 2 = | |gcn2 Irr II(d) the analog of the crystal B, but for the Kronecker quiver.
Proposition 6.4 claims that J#¢ r induces a injection ¢ r : A — B, whose image consists of
those components whose general points lie in (S¢ r, Ro,F).
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For \ a partition, recall the irreducible component I(A) € 2 defined in section 7.3. We will
see that the general point of ¢ p(I(X)) is a y¢, p-core, and moreover that $c p(Z(N)) depends
only on y¢ r and on A.

To establish these results, our strategy is to first focus on the particular case described in
Example 7.12 (iv). So now let us fix an extending vertex 0 € I, let us take i € I, and let us
set I(wi, 1) = Hcg,ry, (1(1)). As we saw earlier in this section, there is a unique irreducible
component of A(d — ;) whose general point is in %F{i}. Further, this component is the closure
in A(0 — o) of the set of all modules isomorphic to R;. Denoting it by Z;, we thus have
I(w;, 1) = €;Z;. The following proposition is essentially a reformulation of [17], Theorem 2.

Proposition 7.14 (i) One has R¢; (0) = {I(wi, 1) | i € Io}.
(ii) For each i € Iy, a general point in I(ww;, 1) has socle Sy and head S;.

(iii) For each i € Iy, a general point in I(w;, 1) is a w;-core. Conversely, any w;-core of
dimension-vector 0 belongs to I(w;,1).

Proof. We first note that the socle of a module T" € Zcs is necessarily concentrated at the
vertex 0. If in addition dim 7T = §, then socT = .Sy.

Let Ao = {T € A(0) | T € %c;}, an open subset of A(J) by Proposition 4.2 (iii). Then R¢;(6)
can be identified with the set of irreducible components of Ag.

Let T € Ay and let S; in the head of T'. There is then a surjective morphism T — S;. Its
kernel has socle Sy and dimension-vector § — «y, so is isomorphic to R;. We thus have a short
exact sequence 0 — R; — T — S; — 0, which shows that T" belongs to é;Z; = I(w;, 1).

Therefore Ag is covered by the irreducible components I(w;, 1). Now Corollary 7.6 asserts that
Ag has r irreducible components. Assertion (i) follows.

If a point in Ag has two different simple modules .S; and S; in its head, then it belongs to both
I(w;, 1) and I(wj, 1), and therefore is not general. Therefore the head of a general point in
I(w;, 1) is concentrated at the vertex . Further, R; and S; are non-isomorphic simple objects
in #p,,,, therefore Homy(R;, S;) = 0, and so the i-head of R; is trivial. It follows that the
i-head of a general point T in I(w;, 1) is one-dimensional. All this shows (ii).

Now fix i € Iy. Let T be a general point in I(w;, 1). Then (w;, dim7T) = 0 and (ii) implies
that (zo;, dim X') < 0 for any proper submodule X C T'. The module T is thus a simple object
in Z,. By Theorem 7.7 (i), T is a w;-core.

Conversely, if T is a w;-core of dimension-vector J, then its socle must be Sy and only .S; can
show up in the head of T'. The reasoning used to prove (i) applies anew, and we conclude that
T belongs to I(w;,1). Assertion (iii) is proved. O
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Remark 7.15. With the notation of the proof, a point 7" in Ag N I(w;, 1) is always the middle
term of a non-split extension 0 — R; — T — S; — 0. Using the fact that Enda(S;) =
Endj(R;) = K, one shows that the datum of the isomorphism class of T is equivalent to the
datum of the class of the extension, up to scalar. In other words, G(§)-orbits in Ag N I(ww;, 1)
are in bijection with points in the projective line P(Ext}(S;, R;)). In [17], Crawley-Boevey
shows that in the moduli space Ag//G(6) (the quotient here should be understood in the GIT
sense w.r.t. a character § € Cj, see [40], Definition 2.1), these projective lines intersect as
displayed by the edges of the Dynkin diagram.

For i € Iy and A € P, let us set I(w;, \) = Hcy,rp;, (I(A)). As before, we simplify the notation
I(w;, (n)) into I(w;,n) when A has just one nonzero part, here n. It follows from Theorem 6.3
and Propositions 6.4 and 7.9 (iii) that if A = (A1,..., A¢), then

I(wi,)\) :I(wi,)\l)@~~-@1(wi,)\g). (7.6)

Lemma 7.16 (i) Leti € Iy. For any partition A\, a general point in I(tw;, \) is a w;-core.
(ii) Let (i,n) € In x N. A general point in I(w;,n) is indecomposable in A-mod.
(iii) For (i,m) and (j,n) in Iy x N, we have
hom (I(z;, m), I(w;,n)) = exth (I(w;, m), I(w;,n)) = 0.

In addition, if (i,m) # (j,n), then I(w;,m) # I(w;,n).

Proof. Let n be a positive integer. Let us take a general point in I(w;,n). It is of the form
Hyg,ky (T), where T' is a general point in I(n), and there is a general point S € I(1) such
that 7" is an n-th iterated extension of S. By Proposition 7.14 (i), #cs r,, (S) is a w;-core.
Thus H¢g,r;, (T), being an iterated extension of w;-cores, is itself a w;-core. This shows (i)
in the case where A has just one nonzero part; the general case follows then from (7.6).

The functor A, F(;, breserves the indecomposability, because it is fully faithful and because
direct summands are kernels of idempotent endomorphisms. Assertion (ii) is thus a conse-
quence of Proposition 7.9 (i).

Let (4,7, m,n) € (Ip)* x N?, with i # j. Let (T’,T") be a general point in I(cw;, m) x I(w;,n).
Then there is a general point (5',5") € I(w;, 1) x I(wj,1) such that 7" is an m-th iterated
extension of S" and 7" is an n-iterated extension of S”. By Proposition 7.14 (ii), the head
of S’ is concentrated at vertex i and the head of S” is concentrated at vertex j. Therefore

the simple objects S” and S” of Zc; are not isomorphic. By Schur’s lemma, we then have
Homy (57,5”) = Homp(S”,S") = 0, whence Homp (7", T") = Homp(T”,T7") = 0. Using
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Crawley-Boevey’s formula (4.2), we get Ext} (7', T") = 0. Moreover, this argument show that
the head of a general point in I(w;, m) (respectively, I(w;,n)) is concentrated at vertex i
(respectively, j), whence I(w;, m) # I(w;,n). All this shows (iii) in the case i # j. When
i = j, item (iii) follows from Proposition 7.9 (ii). O

Any spherical chamber coweight v can be written as ww;, with (i,w) € Iy x Wy. We denote
by I(v,A) the image of I(w;, A) by the functor I,,®?, viewed as operating on irreducible
components as in section 5.5. Proposition 7.11 shows that I(y, ) does not depend on the
choice of w, which justifies the notation; it also shows that a general point of I(y,\) is a
~-core. Moreover,

I(v,\) =I(y,\) DD I(, ).

Theorem 7.17 Let C be a spherical Weyl chamber. Then the map
(Ay) = @ I(v, Ay)
~ernC

s a bijection from PIC onto Re.

Proof. Using the reflection functors (specifically, Theorem 5.18 (i) and Propositions 5.7 and
5.23), we can reduce to the case of the dominant chamber C§.

Lemma 7.16 shows that each @wermﬁg I(v,Ay) is an irreducible component whose general
point belongs to Z¢s. The canonical decompositions of these components show that they are
pairwise distinct. The map described in the statement is thus well defined and injective. Its
surjectivity follows from Corollary 7.6. J

Theorem 7.17 provides the following intrinsic characterization of I(~y,n).

Corollary 7.18 For each v € T and each n > 1, I(vy,n) is the unique irreducible component
of A(nd) whose general point is an indecomposable ~y-core.

We have now established Theorem 1.1 and 1.1: Theorem 1.2 is a special case of Corollary 7.18,
and with this in hand Theorem 1.2 is exactly Theorem 7.17.

The characterization in Corollary 7.18 also proves that the components I(y,n), and thus
also the components I(y, A), do not depend on the various choices made to construct them,
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Figure 5: Examples of cores in type Dy (convention: the central node of the Dynkin diagram
is 2). The isomorphism class of the general point of I(,n) depends on n parameters; here
these parameters are called x and 2.

notably in the construction of the functors Jgs r,, used to define I (wi, A). It also implies
that I(—v,n) = I(y,n)*, whence

(=7, A) =1(7, )" (7.7)
for any (y,\) € I' x P.

This independence on the choice of the Hall functors leads to the following result.

Corollary 7.19 For all flags (C, F) and all partitions A, we have Hc,p(I(N)) = I(yo,r, A).

Proof. Suppose that we are in the situation of Example 7.12 (v) with (C, F') = (wC§, wF;y).
Then Homp (1, ?) o #¢ r is a Hall functor built from the datum of S; and R;, so it can play

85



the role of J¢s, Fryy- Thus by the above observation, the map on components defined by the
functor Homy (1., ?) sends Ho,rp(I(A)) to I(w;, A), for each partition A. This immediately
yields $¢,r(I(A) = I(ve,r, A).-

This analysis applies to exactly half of the flags. The remaining flags are of the form (C, F') =
(—wC§, —wFY;); their cases are deduced from the previous situation by duality. [J

Combining the above result with Proposition 7.9 (iv) and Example 7.12 (ii), we obtain:

Corollary 7.20 Let F be a facet and let C' and C" be the two Weyl chambers that F separates.
For any partition A, we have Hcr p(I(N)*) = I(ver/p, A).

Our last corollary to Theorem 7.17 rounds off Theorem 7.7 (i).

Corollary 7.21 Let F be a face of the spherical Weyl fan. Let T be a simple object of Zr. If
dim T is a multiple of §, then in fact dimT = 4.

Proof. Using the reflection functors, we can reduce to the case where F' is contained in the
dominant spherical Weyl chamber Cf.

Let n be a positive integer. Take an irreducible component Z € R¢s in dimension-vector nd.
This Z can be written in the form provided by Theorem 7.17. Combining Proposition 7.9 (v)
with Lemma 7.16, we obtain that dim Endj(X) = n for any general point X € Z. Since the
function X — dim End (X) is upper semicontinuous on A(nd), we have dim Enda(X) > n for
any X € Z. Since Z was arbitrary in Rcs, the latter inequality holds for any X € Zc¢s with
dimension-vector nd.

Now take a simple object T' € #p with dimension-vector né. Then T € Zc;, by Theo-
rem 7.7 (i), and dim Enda(T") = 1, by Schur’s lemma. The result just established then implies
that 1 > n. O

Theorem 7.22 For any flag (C, F), the map

(Z, (M) = SerZ)o @ I(v, )

~eTNF

s a bijection from A x PIOF onto Rp.
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Proof. Let v € I'N F and let n be a positive integer. Let T be a general point in I(v,n).
Then T is the n-th iterated extension of a general point X € I(y,1). By Corollary 7.18, X is
a 7y-core of dimension-vector 9, so X is simple in %, by Proposition 7.10, so X is simple in
Zr. By Theorem 7.7, {X} is a linkage class in Irr Zp, so X is not linked to the modules S¢
and Rc p. It follows that Ext} (Y, T) = 0 for any module Y in the subcategory (Sc r, Ro,r),
and therefore that ext} (9c r(Z), I(v,n)) = 0 for any Z € 2. In view of Crawley-Boevey and
Schroéer’s theory, this implies that our map is well defined.

The argument above also shows that the general point of the component I(y,n) does not
belong to the category (Sc r, Rc,r), so I(y,n) cannot occur in the canonical decomposition
of ¢ r(Z). The set of indecomposable irreducible components that arise from the $H¢ p(Z) is
thus disjoint from {I (v,n) ‘ vyeTNF, n> 1}. The uniqueness of the canonical decomposition
of an element in R implies then that our map is injective.

Finally, we use a counting argument to prove the surjectivity of our map. Pick 6§ € F. If
Z € A has weight g = (o, 1), then H¢c p(Z) € B has weight K(#0 r) (1) = podim Sc p +
w1 dim Ro . We here note that K(#¢ ) maps the imaginary root § € A4 to the imaginary
root in 9 € ®4; thus the use of the same notation § for both root systems does not lead to
any confusion. Plugging this information into the character series for 2, given by the analog
for Ay of (7.2), and adding the contribution of the components I(y, Ay), we get the character
of the image of our map:

1 1 1
[Ay[8
H (1 _ ¢dim Sc, p+nd X 1 — ¢dim Ro,p+nd X 1_t(n+1)5> X H Z .

neN 'ye[‘mf Ay EP

This is equal to

1 1
P%": H 1 — ¢t Hl_tné
aedl? n>1
(0,a)=0

(see Corollary 7.6), which ensures that our map is surjective. O

Let (Z,(\,)) € 2 x P'F and denote by Z € Ry its image under the map in Theorem 7.22.
Write each partition involved as A, = (Ay1,Ay2,...) and denote by ¢(\y) the number of
nonzero parts of \,. Pick general points X € Z and Y, ,, € I(v,\,,), for each v € T N F and
each p € {1,...,¢(\y)}. Then

X=srrX)o| P b v, (7.8)

YELNF \1<p<{(Ay)
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is a general point of Z. By Remark 3.5 (ii) applied to the category Zr, the HN polytope of
X is the Minkowski sum of the HN polytopes of its summands, that is, the Minkowski sum
of K(¢ r)r(Pol(X)) and of segments that join 0 to each [Y, p]. Further, if i : Zp C A-mod
denotes the inclusion functor, then K(i)r([Y;,]) = pd, so

K(i)r (Pol(X)) = K(i 0 #pp)r(Pol(X)) + > [0, [A]4]. (7.9)
~ELNF

Pick now 8 € F and Ay € 8. The bijection E;l maps Ay to say (Ay, Apr, Ayr) € TpXRp X Pp.
If T € Ay is a general point, then Ty /Ty™" is a general point in Ays. Corollary 3.3 then
says that the HN polytope of Tp"**/Ty™", viewed as an object of Zp, is the 2-face of the
HN polytope of T defined by 6. Putting Z = Ay in the previous paragraph, we then see
that this 2-face can be written as a Minkowski sum (7.9). This sum involves [T N F| =r — 1
one-dimensional polytopes, which all point in the direction J, so we can intuitively regard it
as an MV polytope of type El X 26_1 if we equip it with adequate partitions.

We now need to look at these partitions. In particular, we need to show that the partitions
used in Theorem 7.22 (including those that decorate the polytope Pol(X)) are the same as the
partitions provided by Theorem 7.17, which decorate Pol(T').

7.5 The MV polytope of a component (proof of Theorem 1.3)

For any spherical Weyl chamber C, we have bijections
JoxRe xPo — B and P - Re,

by Proposition 4.5 and Theorem 7.17. Therefore each Ay € B provides a tuple of partitions
(Ay) ~erne- Concretely, for any n € C' and any general point T in Ay, in the Krull-Schmidt

decomposition of T3"** / T,;nin, there are as many ~-cores of dimension-vector nd as parts equal
ton in \,.

A priori, A, depends on b, on v and on C, but in fact it only depends on b and y. Our aim
now is to show this fact. To this end we fix b and we indicate the potential dependence on C'
by writing A, (C).

Let us study what happens around a facet F'. We thus consider a flag (C’, F'), whence a functor
¢ r to which we apply Theorem 7.22. Tracing A, € B through the bijections

Jp x Rp xPp— B and Ax P'F - Ry
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given by Proposition 4.5 and Theorem 7.22, we get (Z, (A,(F))) € % x P'F . Concretely, for
any f € F and any general point T in Ay, we can write

TﬁmaX/Temm = Horp(X)® EB @ Yop

YELNE \1<p<l(X\y)

where the notations are as in equation (7.8). In addition, with the notation of section 7.3, we
can look at the II-module Y;Pax / Yvrf“n; this is the general point of an irreducible component

I(X). Likewise, the II-module Y 7**/ Y;Bm is the general point of an irreducible component
I(\")*. Finally, let C” be the other spherical Weyl chamber bordered by F'.

Proposition 7.23 In the context above,

Mg (C) =X, Ay o (C7) = X,

and for each v e T NF,
A (C1) = A (C") = A (F).

Proof. Take m large enough and consider n = mf + ycr/p.

We first note that v = 7 o K( ). In fact, K(#¢/ p) maps a dimension-vector p in
K(II-mod) to the element o dim Sev g + pq dim Rev p of K(A-mod). Using (7.5), we then see
that 7 o K(J¢ ) maps f to po — p1, as does 7' (see section 7.3).

Now 7 is an element of C’, so the module T3/ T;,ni“ bears the information about the partitions
A (C"). Proposition 3.4 explains how this module can be obtained from T}"*</T ", In the
process, the summands Y, , stay unchanged, because they already belong to Z¢». By contrast,
S p(X) is truncated to its subquotient X' = ¢ p(X e /X ;I}i“), which is a general point
of the component Hcr p(1(X)) = I(ycryp, A'). We thus have

M(F) ifyelNF,
N if’Y:’yC//F.

)"Y(Cl) = {

The partitions A\, (C”) are computed in a similar fashion, using Corollary 7.20 at the last step.
O

Proposition 7.23 asserts in particular that A\, (C’") = X\, (C”) if C’ and C” are two adjacent
spherical Weyl chambers whose closures contain . This implies that A, (C') is independent of
C, assuming of course that v € C.
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To an irreducible component A, € B, we may thus associate a family of partitions (\,) € P'.
In addition, by Proposition 4.2 (ii), A, contains a dense open subset on which the map 7" —
Pol(T') is constant. As in the introduction, we denote by f’gl(b) the datum of this constant
value Pol(T') and of the family of partitions (\,).

We have shown that f’gl(b) belongs to the set MV of decorated lattice polytopes defined in
section 1.7:
e The polytope is GGMS, by Corollary 5.21, so its normal fan is coarser than # .

e Given a spherical Weyl chamber C, the partitions (\,) for v € C describe the Krull-
Schmidt decomposition of T,"**/ Tgﬂin, where T is general in A, and 6 € C. Therefore

Z |)"Y| 5:(117mT ax/ mln.
~ernC

e Each 2-face of finite type is constrained by the relations in Propositions 5.26 and 5.27,
and each 2-face of affine type is an MV polytope of type Ay x AT 1 as explained at the
end of section 7.4 and in the discussion following Proposition 7. 23

The last point in the list above proves Theorem 1.3.

7.6 Lusztig data (proof of Theorem 1.5)

We are now ready to prove Theorem 1.5. However, first we need to precisely define the map
Q< (i.e. the map taking an element of B(—o0) to its Lusztig data) in affine type.

Fix a convex order . Given a weight v € NI, we set E, = {o € ®F U {6} | hta < htv}.
Enumerate the elements in F, in decreasing order: 81 > B2 > --- = [p. For 1 < k < £, set
Ay ={a € @4 | a > B} and By, = {a € @4 | « = Br}. These biconvex subsets provide a
nested family of torsion pairs (here we write only the torsion classes):

{0} C T(41)C T(B1) C T(A2) C--- C T(Ay) € 7(By) € A-mod.
On a A-module T, this induces a filtration

0CTCTICTC- CT, CT CT, (7.10)

with T /T), € F(A) N T (By). If dimT = v, then by Lemma 7.3 the only jumps in the
filtration (7.10) occur between a T} and the corresponding T';. If moreover T is a general
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point in an irreducible component Z € B(v), then by Proposition 4.5 each subquotient T /Ty
will be a general point in an irreducible component Zj € §F(Ax) N T(By), and furthermore the
map

J4
Bv) — {(zl, L Zy) € H(S(Ak) ﬂT(Bk))
k=1

¢
ZWtZk:V} (7.11)
k=1

is a bijection.

By Proposition 7.4, if 5y is real, then .7 (Ax) N 7 (By) = add L(Ag, By), where L(Ag, By)
is a rigid A-module of dimension-vector B;. Therefore §(Ax) N T(By) is in one-to-one corre-
spondence with N: to a natural number n corresponds the closure in A(nfy) of the orbit that
represents L(Ay, By)®".

On the other hand, if By = J, then we can find a spherical Weyl chamber C' such that
(Ak, Br) = (A, Ama) for @ € C (Lemma 2.10 (i)), and then ZF(Ag) N T (By) = Z%c
(Proposition 7.2), whence §F(Ax) N T(Bg) = Re. Further, Theorem 7.17 provides a bijection

between Re and Pr nc,

The bijection (7.11) can thus be rewritten as

B(v) = { ((ng), (\y) € NEPL e pIoc  N™ g | N 0| o=v

BEE,NDTE vernC

Letting v run over NI and assembling the resulting maps, we get a bijection
Qs B — N®F)  pInC,
proving Theorem 1.5.

One may here observe that the map €); constructed in section 5.5 gives the beginning of 24
when the smallest roots for < are, in order

O[il, silo%, 57;182'20(1’3,

In addition, Remark 5.25 (ii) and Propositions 5.26 and 5.27 justify referring to the bijection ;
as the partial Lusztig datum in direction i. We are thus led to regard €25 as the Lusztig datum
in direction <. A further justification of this terminology is the fact that the components of
Q< (b) can be read as the lengths and the decorations of the edges on the path in the 1-skeleton

of Pol(b) defined by <.
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7.7 Proof of Theorem 1.4

Proof of the injectivity of Pol. Let us choose a convex order <, and let C be the spherical
Weyl chamber whose positive root system is ({3 € ®%¢ | 5 > 0}).

An element P € MYV is the datum of a GGMS polytope P and of a family of partitions
(Ay) € P, subject to certain conditions. To P and =, the construction at the end of section 2.6
associates a finitely supported family of non-negative integers (n,, ), indexed by ®'¢; specifically,
nq is the length of the edge parallel to a on the path in the 1-skeleton of P defined by <. Adding
to this datum the partitions A, for all v in T'N C, we get an element Q<( ) € N(‘Dm) x P,

Proposition 7.1 shows that the resulting map Qﬁ is compatible with the map Q< constructed
in the previous section, in the sense that the diagram

N % (7.12)

N(®TF) « prnC

commutes. The injectivity of Pol then follows from the injectivity of Q5. O

Proof of the surjectivity of Pol. As explained in Example 2.14 (ii), a sufficiently general 6 €
(RI)* defines a convex order. The precise condition is that € avoids the countably many
hyperplanes

Hap ={0 € (RI)* [ 6(a)/ht(a) = 6(5)/ ht(B)},
where (o, 8) runs over pairs of non-proportional roots. We denote the collection of all these

hyperplanes by 2. For simplicity, we will denote by Qg the map (AQ relative to the order <
defined by such a 6.

Consider an MV polytope P = (P,(\y)). Every vertex (respectively, every imaginary edge)
of P is a face Py, and 6 € (RI)* can certainly be chosen outside all the hyperplanes in the
collection Z". The position of this vertex (respectively, the partitions relative to this imaginary
edge) is then determined by Qg(P). Thus P is determined by the datum of Qg(P) for all
possible 6.

Now fix an element 79 € (RI)* outside the hyperplanes in the collection 2". We will show that
for any general 11 € (RI)* and any MV polytope P, the datum Qm( ) can unambiguously
be determined from ﬁm)( ) by a rule which depends on P only through its weight. Together
with the argument in the previous paragraph, this establishes the injectivity of the map ﬁn()'
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Chasing in the diagram (7.12) relative to the order < defined by 7y, we can then deduce the
desired result from the surjectivity of the map 1.

Let P = (P,(\y)) be an MV polytope, let v be the weight of ]5, and as in section 7.6, let
E, ={a € ®?U{6} | hta < htr}. The datum Q(P) depends on the choice of the convex
order < only through the restriction of < to E,. Therefore, as a function of #, the datum
ﬁg(ﬁ) only changes when 6 crosses an hyperplane H € Z,,, where 2, denotes the collection
of all hyperplanes H, s with (, 8) € (E,)%.

Pick m € (RI)* outside all the hyperplanes of the collection 2", and let (n:) be a piecewise
linear path in (RI)* that connects 1y to 71, general enough so that 7; lies on a hyperplane of
the collection 2, at only finitely many times 0 < t; < --- < t,, < 1, and never lies at once on
two such hyperplanes. Set tg = 0 and ¢,,41 = 1. For a fixed j € {0,...,m}, the data @m (f’)
for t € (t;,tj4+1) are all one and the same. We denote this datum by ﬁj and observe that
ﬁno (P) = Qo and ﬁm (P) = Q. For j € {1,...,m}, the data ﬁj_l and (Alj record the lengths
and the partitions along two paths in the 1-skeleton of P which coincide almost everywhere,
the only difference between these paths being that they may traverse the opposite sides of
the 2-face Py, where 6 = ;. But P is an MV polytope, so its 2-faces are constrained: by
Propositions 5.26 and 5.27 in the case where Py is a 2-face of finite type, and by Theorem 7.22
and Proposition 7.23 in the case where Py is a 2-face of affine type, the datum (AZj_l determines
ﬁj. Thus ﬁm (P) is determined by (Alm(ﬁ), as announced. [J

Appendix: Restriction to the tame quiver

The path algebra K@ of an acyclic quiver () can be seen as a subalgebra of the completed
preprojective algebra Ag of Q). In our present situation of an extended Dynkin diagram, @
is tame, so its representation theory is very well understood, thanks to the work of Dlab and
Ringel. In this appendix, we discuss our constructions in terms of the representation theory

of Q.

We begin with a refinement to Theorem 7.7 in the case where F' is a minimal face, that is,
the ray generated by a spherical chamber coweight . For (u,v) € (ZI)?, we write u > v if
uw—v e NI

Proposition A.1 Let F be a ray of the spherical Weyl fan and let L be a linkage class of
simple objects in Zr. Then ) g dim S < 0.

Proof. Theorem 7.7 distinguishes two kinds of simple objects, described in its assertions (i)
and (ii). For the objects of the first kind, the desired property is proved in Corollary 7.21. In
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the sequel of this proof, we consider the other case, when the dimension-vectors of objects in
L belong to ¢(®*).

We choose an extending vertex in I and we set Iy = I \ {0}. The spherical root system &*
is then endowed with a basis, namely {m(c;) | i € Ip}, whence a positive system @7, and a
dominant spherical Weyl chamber Cj. As in section 2.3, we identify the spherical Weyl group
Wy with the parabolic subgroup (s; | i € Iy) of W.

First consider the case where F' C C’ig. Then F' is spanned by a certain spherical fundamental
coweight w;, with ¢ € Ij.

Given a connected component J of Iy \ {i}, we can look at the root system ®; = ®NZJ. This
root system is finite and irreducible and comes with a natural basis, so it has a largest root
ay. By the dual statement of [17]|, Lemma 2 (2), there is a unique A-module with socle Sy and
dimension-vector § — & y; we denote it by Rj.

We claim that the head of R; is isomorphic to S;. In fact, Sy does not occur in the head
of Ry; otherwise, Sy would be a direct factor of R; (because it occurs in the socle of R
and its Jordan-Holder multiplicity in R; is one), which is ruled out by the fact that R; is
indecomposable (the socle of R is simple) of dimension-vector # ag. If S; occurs in the head
of R, then we can produce a A-module X with socle Sy and dimension-vector dim Ry — oy;
the latter is then a root, by [17|, Lemma 2 (1), and therefore a; + a; is a root; this forces
j =1. If S; occurred twice in the head of Ry, then dim R — 2«a; would be a root, so ay + 2q;
would be a root, which is impossible because the root system ®° is simply laced.

Next we claim that Ry is a simple object in Zp. To prove that, it suffices to show that Ry is
w;-stable, in other words, that (;, dim R;) = 0 and that (w;, dim (R;/X)) > 0 for all proper
submodules X of R;. The first equation comes from the fact that ®; is contained in ker w;.
To prove the second equation, we observe that Sy is not a Jordan-Hélder component of R;/X
(because X contains the unique copy of Sy in Rj), so the simple components in R;/X are S;
with j € Iy, and S; appears at least once in Ry/X.

In addition, the modules S;, for j € Iy\ {i}, are also simple objects in Zr. We now claim that
the modules R; and S; are all the simple objects in Zr whose dimension-vectors are in ¢(®?).

Indeed, let T' € Irr ZF such that dimT" € «(®% ). The vector space Tp attached to the extending
vertex is thus zero. The vector space T; attached to i is then also zero, for w;(dim7) = 0.
Thus 7' is an iterated extension of the modules S; with j € Iy \ {i}. Since all these modules
belong to ZF, we conclude that 7" is one of these S;.

On the other hand, let T' € Irr ZF such that § = dim T belongs to ¢(®% ). The simplicity of T'
forbids any S; with j € Iy \ {7} to appear in the socle or in the head of T'. Further, S; cannot
appear in the socle of T', because T' € Zr and S; € Fr. Therefore socT = Sy. This condition
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and [ completely determine T', by [17], Lemma 2 (2). With the notations of [5], section 3 (see
also Example 5.12), we have T' = N (5 —wyp). (To apply [5], Theorem 3.1, we note the existence
of w € Wy such that S = wagp, which implies 5 — wy = —wspwp.) Equation (3.1) in [5] (or the
proof of Lemma 2 in [17]) then says that

dimhd; T" = max(0, (8, oj) — (wo, o)),

and we have seen that the left-hand side is zero for j € Iy \ {i}. Let us write 5 = ¢(—«), with
a € ®3. Then (o, a;) > 0 for each j € Iy \ {i}. Now (w;, 3) = 0, so the support of a (a subset
of Iy) avoids the node i, and therefore ov € ®% for a certain connected component J of Iy \ {i}.
We then conclude that o = «y, and therefore that T'= R;.

We now claim that the simple objects linked to R; are the S; with j € J. By [10], chapitre 6,
§1, n° 6, Proposition 19, there is a sequence f1, ..., 3, of elements in {«; | j € J} such that
B1+ -+ Bk is a root for each k and By + -+ + B, = ay. For k € {1,...,n}, let Ty be the
simple A-module with dimension-vector f;. Let N,+1 = Ry, and for 1 < k < n, let Nj be the
A-module with socle Sy and dimension-vector

=B+ 4 Br1) =06 —as+ (Bn+ -+ Br)

The existence and uniqueness of Ny, follows from Lemma 2 (2) in [17]. Inspecting the proof of
this result, we see that Ny is the middle term of a non-trivial extension of Ny by Tk, and
thus T}, is certainly linked to at least one of the simple components of Ng1. This conclusion
also holds for k = 1, since Ext} (N, T1) # 0 by Crawley-Boevey’s formula (4.2). Thus, all the
T}, with 1 < k < n are linked to R;. Since each S; with j € J shows up among these modules
Tj,, we conclude that all the S; with j € J are linked to R.

Now take two different connected components J and K of I \ {i}. By Schur’s lemma,
HOInA(Sj, Sk) = HOHlA<Sj, RK) = HOHIA(RJ, Sk) = HomA(RJ, RK) =0

for any j € J and k € K. An easy calculation based on Crawley-Boevey’s formula (4.2) then
shows that the Ext! between Sj or Ry and Sy or Ry is zero. So J and K give rise to different
linkage classes.

To each connected component of Iy \ {i¢} corresponds thus a linkage class, formed by R; and
the S; with j € J. The sum of the dimension-vectors of these objects is 6 — ay + Y. ; ¢,
which is smaller than or equal to &, with equality if and only if J is of type A.

jeJ

At this point, we have established the desired property in the case where ' C C’ig. It remains
to handle the case of a general face F. Let w € W of minimal length such that w™'F C Cp.
Then F' is spanned by a certain spherical chamber coweight w w;, where i € Iy and w € W is
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Ip \ {i}-reduced on the right. By Theorem 5.17 (and Corollary 2.2), we have equivalences of

categories

Iw®A?
-
R, %

F -
Homa (1w,?)
We can then transfer to Zr the information obtained above for Z,.

What is at stake is the fact that the sum of the dimension-vectors of the simple objects in a
linkage class is at most §. As regards #,, this sum has the form J — 57, where J is a connected
component of Iy \ {i} and f; = ay — ZjeJ a;. Checking the classification of root systems,
we observe that (3 is a root; using Corollary 2.2, we see that 87 ¢ N,-1. Therefore w3, is a
positive root and w(d — ) = 0 — wfy is less than or equal to 4, as desired. [J

Recall the framework of section 4.1. The graph (I, E') can be endowed with several orientations
Q (we only consider acyclic orientations). The datum of 2 gives a quiver ), whence an Euler
form (, )g on ZI, defined as

Mg = D Aiti = Y As(aylii(a)-

i€l aefl
The symmetric bilinear form (, ) : ZI x ZI — Z is then the symmetrization of (, )g.

The imaginary root d belongs to the kernel of (, ), so (4,7)q induces a linear form on t*, in

other words, an element o € t. For example, in type Aq, there are two orientations

«

(0%
Q- 031 and Q" : OCL

s 8
The corresponding linear forms are the spherical chamber coweights v = 7' and ~vqor = " of
section 7.3.

Proposition A.2 The map Q — ~q is an injection from the set of all non-cyclic orientations
of (I, E) into T. In type A, this map is bijective.

Sketch of proof. We begin by studying the type A,. The vertices of the graph (I, F) are
numbered consecutively from 0 to n and we have § = ag + -+ - + «a,,. Let € be a non-cyclic
orientation. The number a; = yo(7(a;)) = (J, )@ is equal to 1, 0 or —1 depending on the
number of arrows that terminate at i. When i cyclically runs over {0,...,n}, a; alternatively
takes the values 1 and —1, with zeros interspersed between these values. The sum of all the
a; is (6,0)g = 0, and the a; cannot be all zero because € is not cyclic. There is thus a
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unique sequence of values b; € {0,1}, for ¢ € {0,...,n + 1}, such that a; = b; — b;11 and
bg = bp+1. Now t* has a standard realization as a hyperplane of the vector space with basis
{ei | 1 <i < n+1}. In this context, the b; are the coordinates of v in the basis (&) dual
to (g;). In this basis (g]), the spherical chamber coweights are the sums e +--- + ¢, with
1<k<nand 1l <i; < - <ip <n+ 1. Certainly vy matches this pattern, hence is a
spherical chamber coweight. We leave to the reader the routine verifications needed to show
the announced bijectivity.

Consider the following orientation in type D,,.

0 n—1

N e

24— 34— —n—3<—n—-2

N

1 n

A direct calculation shows that the associated coweight is (sp—15,)(s1 -+ Sp—2)wp—2. Since the
graph is a tree, any orientation {2 can be obtained from this one by a sequence of reflections at
sources. Noting that § is W-invariant and using [5], Lemma 7.2, we deduce that the coweight
vq is W-conjugate to wy,_2. We omit the proof of the injectivity of the map Q — ~q, for it
requires lengthy (but direct) calculations in coordinates.

The types EG, E‘7 and Eg are dealt with similarly. One finds that the coweights vq are all
W-conjugate to the fundamental coweight corresponding to the branching point in the Dynkin
diagram. For these exceptional types, we used a computer to check the injectivity of the
map Q — vq. O

Let us fix an orientation €2, whence a quiver Q. In [54], Ringel describes A-mod in terms of the
category K (Q-mod of finite dimensional representations of ). More precisely, let 7 denote the
Auslander-Reiten translation in K Q-mod and let M be a KQ-module. Then the structures of
A-module on M that extend the given structure of K@Q-module are in natural bijection with
a certain subspace N7 (M) of nilpotent elements in O" (M) = Hompq (771 M, M).

Recall that indecomposable K@Q-modules are classified into preprojective, preinjective and
regular types. Every K@Q-module M can then be written as M =1 & R & P, where I, R and
P are the submodules of M obtained by gathering all direct summands in a Krull-Schmidt
decomposition of M which are respectively preinjective, regular, and preprojective. (The
subspaces R and P depend on the choice of the Krull-Schmidt decomposition, but I and I & R
do not; see [16], §7, Remark.)

Proposition A.3 Let T be a A-module and decompose the restriction M = T|g as a sum
M=I®R®P as above. Then T%i“ =1 and T3 = I © R (as subspaces of T').
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Proof. According to Ringel’s construction, the datum of T is equivalent to the datum of M
and of f € N7 (M). By [16], §7, Lemma 3, f must map 7~/ to [ and 7' (R® ) to R® I,
so I and R @ I are A-submodules of 7.

Any nonzero quotient K @Q-module of T is preinjective (otherwise, we would have a nonzero map
from a preinjective to a preprojective or a regular module), hence has a positive defect (§7,
Lemma 2 in [16]). A fortiori, a nonzero quotient A-module X of I satisfies (7q, dim X) > 0.
Therefore the A-module I belongs to .%,,.

Similarly, a nonzero K @-submodule of P & R cannot have a preinjective direct summand, so
has a nonpositive defect. Thus a nonzero A-submodule Y of T/1 satisfies (vq, dimY) < 0,
and so T'/I belongs to &,,,.

We conclude that I is the torsion submodule of T" with respect to the torsion pair (&, P+, ),
o) T,;gin = I. The proof of the equality T}** = I & R is similar. [J

Remarks A.4. (i) This proposition explains our choice of the notation %, %y and Py:
when 6 = vq, the objects of these categories are the A-modules whose restriction to
are preinjective, regular or preprojective, respectively.

(ii) The abelian category R¢ of regular K@Q-modules is well understood (see [16], §8). In-
decomposable objects are grouped into tubes, and there is no nonzero morphism or
extension between modules that belong to different tubes. Simple objects in Rg lie at
the mouth of the tubes; two simple objects are linked if and only if they belong to the
same tube. The sum of the dimension-vectors of the simple objects in a tube 7 is equal
to . A tube is called homogeneous if it has only one simple object; all but at most three
tubes are homogeneous.

This description fits well with Theorem 7.7 and Proposition A.1, with F' = Ry¢vq. In
fact, using Ringel’s description of A-modules, one easily shows that the arrows in Q act
by zero on any simple object in Zr. Therefore the map T — T ‘ 0 is a bijection from
Irr ZF onto Irr Rg. In this context, the statements (i) and (ii) in Theorem 7.7 correspond
to the cases where T' ‘ 0 belongs to an homogeneous tube or not.

Two simple objects in Zr are linked if their restrictions to @ are linked in Irr Rq. Using
Proposition A.1, we conclude that the bijection T — T } o maps linkage classes in Irr Zpr
to linkage classes in Irr Rq.

(i) Let us keep F' = R~¢7vq, let us choose an extending vertex 0 in I, and let ¢ € Iy be such
that vq is Wo-conjugated to w;. By item (ii) above, we have ) ¢ ; dim S = ¢ for each
linkage class L in Zr. As we observed during the course of the proof of Proposition A.1,
this implies that the connected components J of I \ {i} are of type A. This is certainly
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compatible with the fact, noticed in the proof of Proposition A.2, that i is the central
node of Iy when [ is of type D or E.

Let v € NI be a dimension-vector. The nilpotent variety A(v) is a subvariety of the space of
representations of the double quiver @, which itself can be identified with the cotangent of the
space of representations Rep(KQ, v) of the quiver Q). It turns out that any irreducible compo-
nent of A(v) is the closure of the conormal bundle of a constructible subset X C Rep(K@Q,v).
The relevant subsets X were first described by Lusztig [44] in the case of a bipartite orientation
Q, and by Ringel [55] in the general case of an acyclic orientation. We now explain how this
works.

Recall that an indecomposable K@Q-module N is regular if and only if the Auslander-Reiten
translation acts periodically on N: there is a number p > 0 such that 7PN = N. One says that
a finite-dimensional K @Q-module M is aperiodic if for any indecomposable regular module N
in a non-homogeneous tube, the sum @f:_g 7'N is not a direct summand of M, where p > 2 is
the T-period of N. In addition, recall that a homogeneous tube T contains exactly one module
in each dimension-vector nd; we denote this module by J(7,n). Lastly, recall that the set of

homogeneous tubes is parameterized by the projective line PL., minus at most three points.

Given v € NI, let .#(v) be the set of all pairs (o, ), where ¢ is an isomorphism class of
aperiodic modules and A is a partition, with the further condition v = dimo + |A|d (see [44],
§4.13). For (o, A) € . (v), denote by ¢ the number of nonzero parts of A, write A = (A1, ..., Ag),
and let X (o, \) be the set of all points in Rep(KQ,v) isomorphic to a module of the form
MaJ(Ti, \)® B J(Te, \e), where Tq, ..., Ty are distinct homogeneous tubes and M is an
aperiodic module in the isomorphism class o. Let also N(a, \) be the closure of the conormal
bundle of X (o, A). Proposition 4.14 in [44] claims that the map (o, \) — N (o, \) is a bijection
from . (v) onto B(v). Thanks to [55], Corollary 5.3, N'(c,\) can also be described as the
closure of {T" € A(v) | T‘QE X(o, M)}

With all these tools in hand, one can prove that I(yq, A) = N (0, \) for each partition A\, where
0 is the isomorphism class of the trivial module. Thanks to Proposition A.2, this construction
provides another proof (only valid in type A) for the results presented in section 7.4.
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