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Abstract. On a (pseudo-)Riemannian manifold (M, g), some fields of endomorphisms
i.e. sections of End(7TM) may be parallel for g. They form an associative algebra e,
which is also the commutant of the holonomy group of g. As any associative algebra, ¢
is the sum of its radical and of a semi-simple algebra s. Here we study s: it may be of
eight different types, including the generic type s = R1d, and the K&hler and hyperkéhler
types s ~ C and s ~ H. This is a result on real, semi-simple algebras with involution.
For each type, the corresponding set of germs of metrics is non-empty; we parametrise it.
We give the constraints imposed to the Ricci curvature by parallel endomorphism fields.
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We classify here the germs of (pseudo-)Riemannian metric, after the semi-simple part of
their algebra of parallel endomorphism fields. Our motivation is the following.

Motivation. A Kéhler metric g on some manifold M may be defined as a Riemannian
metric admitting an almost complex structure J which is parallel: DJ = 0 with D the Levi-
Civita connection of g. A natural question is to ask whether other fields of endomorphisms,
i.e. sections of End(7T'M), may be parallel for a Riemannian metric. The answer is nearly
immediate. First, one restricts the study to metrics that do not split into a non trivial
Riemannian product, called here “indecomposable”. Otherwise, any parallel endomorphism
field is the direct sum of parallel such fields on each factor (considering as a unique factor
the possible flat factor). Then a brief reasoning ensures that only three cases occur: g
may be generic i.e. admit only the homotheties as parallel endomorphisms, be Kéhler, or
be hyperkédhler i.e. admit two (hence three) anticommuting parallel complex structures.
The brevity of this list is due to a simple fact: the action of the holonomy group H of an
indecomposable Riemannian metric is irreducible i.e. does not stabilise any proper subspace.
In particular, this compels any parallel endomorphism field to be of the form A Id +uJ with
J some parallel, skew adjoint almost complex structure. Now, such irreducibility fails in
general for an indecomposable pseudo-Riemannian metric, so that a miscellany of other
parallel endomorphism fields may appear. This gives rise to the question handled here:

Which (algebra of) parallel endomorphism fields may a pseudo-Riemannian metric admit 7

The interest of this question lies also in the following. When studying the holonomy
of indecomposable pseudo-Riemannian metrics, the irreducible case may be exhaustively
treated: the full list of possible groups, together with the corresponding spaces of germs of
metrics (and possibly compact examples) may be provided. After a long story that we do
not recall here, this has been done, even for germs of arbitrary torsion free affine connections,
see e.g. the surveys |7, 15]. Yet, in general, the representation of H may be non-semi-simple
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and such an exhaustive answer is out of reach, except perhaps in very low dimension, see
e.g. the already long list of possible groups in dimension four in [1, 10]. Thus, intermediate
questions are needed: not aiming at the full classification, but still significant; see e.g. [9] for
a survey of such works. Investigating the commutant End(7}, M) of H at some point m of
M, instead of H itself — that is to say studying the algebra of parallel endomorphisms —
is such a question. One may also notice that determining all the parallel tensors, not only
the endomorphisms, would mean determining the algebraic closure of the holonomy group
H. So this work is a step towards this.

Now, as any associative algebra, End(T,, M) classically splits into a sum s @& n with s
a semi-simple subalgebra — in general not canonical, but its isomorphism class is — and
n := Rad(End(7,,M)H) a nilpotent ideal, its radical. The study of s and n involve very
different methods, and each of them is a work in itself. This article is devoted to s; we deal
with nin [2] and other future works. The interest of this article is that:

We deal with indecomposable metrics the holonomy group of which is never supposed to
be irreducible or totally reducible.

As it is classical in holonomy problems, the question is twofold: (i) Which algebras s
are possible 7 (ii) By which sets of metrics are they produced ? We will handle both,
restraining ourselves, for point (ii), to the first natural step i.e. to germs of metrics.

Contents and structure of the article. Let (M, g) be a (pseudo-)Riemannian manifold
of dimension d, H its holonomy group, H° the neutral component of H and m € M.

In Part 1, we introduce the decomposition End(7},, M)# = s@®n in §1.1 and some natural
objects associated with a reducible holonomy representation in §1.2, together with a simple
but remarkable commutation property in End(7};, M), Proposition 1.8. In §1.3, we give
our main theorem: s may be of eight different types, including the generic, Kéhler and
hyperkahler types s = RId, s ~ C and s >~ H. See Theorem 1.10 p. 5 and Tables 1 and 2 for
details. In the five non-Riemannian cases, the metric has necessarily a “neutral” signature
(%, %l) and s contains a “parakéhler” structure L i.e. a g-skew adjoint automorphism such
that TM = ker(IN —Id) @ker(N +1d). That is linear algebra: the classification of some semi
simple, g-self adjoint subalgebras of gl(R?), see Remark 1.12. We also give two corollaries.

In Part 2, to show that each type given by Theorem 1.10 occurs, we do a little more:
we parametrise the set of germs of metrics in each of them (explicitly, or via Cartan-Kéhler
theory). Here we adapt a classical proof the line of which is given by R. Bryant in [7] — in
particular, in the Riemannian case, this provides an explicit writing of this proof.

In Part 3, we give the consequences of the existence of any type of parallel endomor-
phisms on the Ricci curvature. They are quite simple, hence very remarkable.

General setting and some general notation. Here M is a simply connected manifold
of dimension d and g a Riemannian or pseudo-Riemannian metric on it, whose holonomy
representation does not stabilise any nondegenerate subspace, that is to say does not split in
an orthogonal sum of subrepresentations. In particular, g does not split into a Riemannian
product. We set H C SOO(TmM,g|m) the holonomy group of g at m and b its Lie algebra.
As M is supposed to be simply connected, we deal everywhere with b, forgetting H. Let ¢ be
the algebra End(7},, M) of the parallel endomorphisms of g — to commute with h amounts
to extend as a parallel field —; it is isomorphic to some subalgebra of M4(R)Y. Notice that
¢ is stable by g-adjunction, which we denote by o : a — a*. If A is an algebra and B C A,



we denote by (B), (B), and AP the algebra, respectively the ideal, spanned by B, and the
commutant of B in A. When lower case letters: x;,y; etc. stand for local coordinates, the
corresponding upper case letters: X;,Y; etc. stand for the corresponding coordinate vector
fields. Viewing vector fields X as derivations, we denote Lie derivatives Lxu also by X.u.

The matrix diag(lp, —I,) € Mpyq(R) is denoted by I, ( ok ) € Ma,(R) by J, and
P

< IO IO” ) € My, (R) by L,. If V is a vector space of even dimension d, we recall that an
p

L € End(V) is called paracomplex if L? = Id with dimker(L — Id) = dimker(L + Id) = 4.
Finally, take A € I'(End(7T'M)), paracomplex i.e. such that dim ker (/N —Id) = dim ker(N+

Id) = g. If it is integrable ¢.e. if its matrix is constant in well-chosen local coordinates, we call

it a “paracomplex structure”, like a complex structure, as opposed to an almost complex one.
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in Algebra, P. Baumann for his availability and for the references he indicated to me. I
thank M. Audin, P. Mounoud and P. Py for their comments on the writing of certain parts
of the manuscript.

1 The algebra ¢ = End(T'M)* and its semi-simple part s

1.1 The decomposition ¢ = s @ n of ¢ in a semi-simple part and its radical

First we need to recall some facts and set some notation. All the results invoked are classical
for finite dimensional associative algebras; we state them for a unital real algebra A.

1.1 Notation If A is a subset of an algebra, A* C A denotes here the subset of its invertible
elements. If o is an involutive anti morphism of A, then A* = {U € A;0(A) = +A} denotes
the subspace of its self adjoint or skew adjoint elements.

1.2 Reminder An algebra A is said to be nilpotent if A*  the algebra spanned by the
products of k elements of A, is {0} for some k. In particular, the elements of a nilpotent
subalgebra of M,,(R) are simultaneously strictly upper triangular in some well-chosen basis.

1.3 Definition (See [8] §25 or [12]) The radical Rad A of A is the intersection of its maximal
ideals. It is a nilpotent ideal. Equivalently, it is the sum of the nilpotent ideals of A. The
algebra A is said to be simple if its only proper ideal is {0}, and semi-simple if its radical is
{0} — so a simple algebra is semi-simple, and A/ Rad(A) is semi-simple.

The decomposition ¢ = s @ n is provided by the following classical result. The last
assertion is a refinement due to Taft [16, 17]. I thank P. Baumann for this reference.

1.4 Theorem [Wedderburn — Malcev]| (see [8] §72) Let A be a finite dimensional R-
algebra. Then there exists a semi-simple algebra Ag in A such that A = Ag @ Rad(A). If
moreover A is endowed with an involutive anti-morphism o, then Ag may be chosen o-stable.

1.5 Notation We set n = Rade. Being the unique maximal nilpotent ideal of ¢, n is self
adjoint i.e. stable by g-adjunction. We take s ~ ¢/n some self adjoint semi-simple subalgebra
of ¢ provided by Theorem 1.4.



1.2 Some natural objects associated with a reducible holonomy represen-
tation; a “quasi-commutation” property

1.6 Remark/Notation We denote by Ey = Nyepker W the (possibly trivial) maximal
subspace of T, M on which the holonomy group H acts trivially. AsT,, M is H-orthogonally
indecomposable, Ej is totally isotropic. We set ng = {N € ¢; Im N C Ey}; as the actions
of H and ¢ on T, M commute, ng is an ideal of e, moreover self adjoint. So, for any
z,y € TryM, and any N,N’ € ng, g(N'Nz,y) = g(Nz,N*y) € g(Ey, Ey) = {0}, so
N'N =0 i.e. n = {0}.

1.7 Remark/Notation The algebra e is naturally endowed with the bilinear symmetric
form (U,V) = 2 tr(U*V). By Reminder 1.2, n C ker((-, -)). If moreover ¢ admits some self
adjoint complex structure J, and denoting by e; the J-complex algebra {U € ¢; UJ = JU},
then e is endowed with the complex form (U, V), = 1 (tr(U*V) — itr(U*JV)).

The following proposition is the key of most steps of the classification 1.10. As it is also
worth to be noticed by itself, we state it apart, here.

1.8 Proposition Let U,V be in ¢ and m be any point of M. Then , if U is self adjoint,
then for any x,y € T,, M, R(z,y)(UV — VU) = 0. Consequently, UV — VU € ny. In
particular, in case Ey = Ny epker W = {0}, all self adjoint elements of e are central in e.

Proposition 1.8 rests on the following remark.

1.9 Reminder/Remark We will need the following remark. The Bianchi identity implies
that, at any point m € M and for any z,y, z,t € T,, M, g(R(z,y)z,t) = g(R(z,t)z,y). This
holds also for any, possibly degenerate, bilinear form ¢’, parallel with respect to the Levi
Civita connection of g. The proof does not need nondegeneracy, see e.g. Lemma 9.3 in [13].
So if U is a parallel self adjoint endomorphism, R(Uzx,y)z = R(z,Uy)z = R(x,y)Uz. The
first equality is classical. For the second one, take t any fourth vector and denote by g;; the
bilinear form = g(-,U - ), which is parallel, as U is, and symmetric, as U* = U. Then:

g(R(z,Uy)z,t) = g(R(z,t)x,Uy) applying the relation to g,
— gu(R(=,t)z,y)
= gu(R(x,y)z,t) applying the relation to g,
= g(R(z,y)Uz,1) as U* = U, being parallel,
commutes with R(z,y). O

Proof of Proposition 1.8. Take U,V € ¢ with U* = U and x,y, z,t € T,, M. The bilinear
form gy :=g(-,U ) is parallel, as U is.

g(R(x,y)z, VU?)

(R(
g(R(x,y)V*z,Ut) as, V™, parallel, commuteswith R(x,y),
g(R(x,Uy)V*z,t) by Remark 1.9, applied to U,
(R(
(R(

g(R(z,Uy)z, V') as, V* commutes with R(z,y),
g(R(z,y)z,UVt) again by Remark 1.9, so the result. [



1.3 The eight possible forms of s

The types given by Theorem 1.10 are known, but not in full generality for type (3°) i.e.
with the corresponding set of germs of metrics clearly stated, and except (3%) which I never
encountered explicitly. So Theorem 1.10 closes the list, may the action of H be totally
reducible or not. The proof rests on the classical Wedderburn-Artin and Skolem Noether
theorems, and then is elementary. Remark 1.15 below gives the generic holonomy group
corresponding to each case of the theorem.

1.10 Theorem The algebra s is of one of the following types, where J, J, and L denote
respectively self adjoint complex structures and skew adjoint complex and paracomplex
structures. FEach case is precisely described in Tables 1 p. 7 and 2 p. 8, which are part of
the theorem.

(1) generic, s = vect(Id).

(1%) “complex Riemannian”, s = vect(Id,.J). Here d > 4 is even, sign(g) = (%, g), (M,
Jyg(-,-) —ig(+,J-)) is complex Riemannian for a unique complex structure in s, up to sign.
(2) (pseudo-)Kihler, s = vect(Id,J). Here d is even and (M, J,g) is (pseudo-)Kéhler,

for a unique complex structure in s, up to sign.

(2’) parakiihler, s = vect(Id, L). Here d is even, sign(g) = (£, %), (M, L, g) is parakihler,
for a unique paracomplex structure in s, up to sign.

(2%) “complex Kihler”, s = vect(Id,J,L,J). Here d € 4N* sign(g) = (g,%) and
(M, J,J,L,g) is at once complex Riemannian, pseudo-Kéhler, and parakéahler, on a unique

way in s, up to sign of each structure.

(3) (pseudo-)hyperkihler, s = vect(Id, J1, J2, J3). Here d € AN*, (M, J1, J2,g) is (pseu-
do-)hyperkihler, the set of Kéhler structures in s being a 2-dimensional submanifold.

(3’) “para-hyperkihler”, s = vect(Id, J, L1, La). Here d € 4N*, sign(g) = (%,g) and
(M, J, Ly, g) is at once pseudo-Kéhler and parakéihler, the set of complex and of paracomplex
structures in § being each a 2-dimensional submanifold.

(3%) “complex hyperkihler”, s = vect(Id,.J,.J, Ly, Ly,.J.J,.JLy, JLy) Here d € 8N*,
sign(g) = (£,%) and (M, g) is at once complex Riemannian (on a unique way up to sign
in s), and pseudo-Kéhler and parakihler. The sets of pseudo- or parakihler structures are

2-dimensional J-complex submanifolds of s.

Each type is produced by a non-empty set of germs of metrics. On a dense open subset
of them, for the C? topology, the holonomy group of the metric is the commutant SO°(g)®
of 5 in SO°(g).

1.11 Remark The fact that the set of germs of metrics in each case is non-empty is well-
known, except perhaps for types (37) and (3C). In all cases, §2 gives their parametrisation.

1.12 Remark In fact, we proved the following result in plain linear algebra. If g is a
(pseudo-)Euclidean product on R? and A a semi-simple, g-self adjoint subalgebra of gl(R?),
whose action on R? is indecomposable (in an orthogonal sum), then A is one of the eight
algebras of Theorem 1.10 or the algebra A ~ H & H of Remark 1.21.

1.13 Notation If G is a subgroup of GL4(K), we denote here by V its standard represen-
tation in K% We denote then by V* : g — (A +— Mo g™!) its contragredient representation
in (K)* and, if K = C, by V" the complex conjugate of it.



1.14 Remark In cases (2), (2°), (3’) and (3©), the existence of a paracomplex structure
L splits TM = ker(L —1d) @ ker(L+1d) = V@ V' into a sum of two totally isotropic factors,
and the morphism b given by the metric identifies V' with V*. Then, H is isomorphic to a
subgroup [H] of GLg/2(K), the holonomy representation being V@ V*, if K = R, or VoV,
if K= C, on ker(L — Id) @ ker(L + Id). Matricially:

H = —- |, U €[H]p;
0 'U

soif K=R, HCS0°(%,%) and if K=C, H C U(4,4).

1.15 Remark For s of each type, we sum up here: the possible signature(s) of g, the group
in which H (possibly identified with [H], see Rem. 1.14) is included, and to which it is
generically equal (proof in §2), and the representation of H or [H]. Notice that each time,
this group is also the commutant of 5 in SO°(g). See Notation 1.13 for V.

(1) (19 (2) (2) (29 (3) (3) (39

(p.q) (p,p)  (2p,29) (p,p) (2p,2p)  (4p,4q)  (2p,2p)  (4p,4p)
SO%(p,q) SO(.C) Ulp.g) GL'(p,R) GL(p,C) Sp(p.a) Sp(2p,R) Sp(2p.C)
Y% \Y% Y% Vovs Vav A% Vavs Vav

1.16 Remark In Theorem 1.10, the new cases with respect to the Riemannian framework
occur only for metrics g of signature (%, %)

1.17 Remark [Justification of the labels in Theorem 1.10] The generic holonomy
groups corresponding to s of types (1), (2%) and (3%) are complexification of those corre-
sponding to s of respective types (1), ((2) or (27)), and ((3) or (3”)). Besides, if you consider
the different types in a comprehensive sense, type (2) e.g. meaning only “H C U(p, ¢)”, and
so on, you obtain the following inclusion diagram:

(1)

(2) (2’) (1°) where the strokes denote the

‘ \ ‘ \ ‘ inclusion of the set of metrics
(3) (2% below into the one above.
— =

(3%
This justifies our notation. Another point of view is the following. Suppose that ¢ is a
real analytic germ of metric at m. Then b is generated by {D¥R(uy, ..., ugya), (u)t2 €
T,, M}, the curvature tensors at m and their covariant derivatives at all orders. So the
complexification ¢ of the germ ¢ has H ® C as holonomy group. Thus here, if ¢ is “of
type (1)”, respectively ((2) or (2°)), or ((3) or (3°)), its complexification is “of type (1°)”,
respectively (2€) and (3°).

1.18 Lemma Take U € ¢ and N € n, u the minimal polynomial of U and /' that of U + N.
Then any irreducible factor of u is also in i, and vice versa.

Proof. (U + N) = p(U) + NV = NV with V some polynomial in U and N. As n is an
ideal, NV € n and by Proposition 1.2, NV is nilpotent. So for some k € N, (u*)(U+N) =0
i.e. y'|pk. Symmetrically, 31 € N* : u|u!, so the result. O



(1) (1%) (2) (2) (2%)
R C R, CcC, RcC, R(,1)cRaeR,C(l,1)cCaC,

Rl,O C Rl,O Rl’l C Rl’l Rl,O C RQ,O Rl,O C Rl’l Rl’l C RQ,Z
(J,L,J |
() (L) (/) (L) J € Z(s),
LJ=JL=J)
. . {(171)7(17_1))
%) 1 1 1, -1 D
{i} i} (.-} T
Id Id¢ Z—Z (a,b) — (b,a) (a,b) — (b,a)
| In case (2©), viewed as a J-complex algebra, s = (L) is given as in (2’). |
(3) (3" (3%) (3%), s given as
R C H, R.I5 € My (R), C.I, € My(C), a J-complex
R0 ¢ RO RO c R22 RL c R4 algebra
J, L1, Lo, J
<L17L27<]| <_J €1Z(i”) | <L17L27L3‘
(J1,J2, J3 | J=—L1Ly J_ —L1112 1Ly Lyt
i) = Jjiva), = LoL, LI, = Ljiy,
Jidi = _Ji’Ji> Ly = LoJ = —JLo, ’ L[i]L[i/}
Ly = LyJ = —J Ly,
Lo=JL = —L1J> = _L[z/}LM>

Ly=JL, = —LyJ)
1 0 01 il 1 0 1 0 01
the canonical 0-1)'\10) 20 -1) 0o-1)\1o0)
{i,j,k} Cc H 0 -1 01\ /0 —1 0 —i
1 0 10/)7\1 0 i 0
_ (a b) <d —b)
Z—Z —
o cd —c a
(qua.uterm.omc i.e. transpose of
conjugation) the comatrix

Table 1: Theorem 1.10 summed up in o table. We give on each line:

~ 5t C 5 as an inclusion of algebras, then of (pseudo-)euclidian spaces for (-,-); R%* means
(R, (-, ) with sign((-,-)) = (a,b),

— s as a unital R-algebra generated by (-, -)-orthogonal complex and paracomplex structures,
— the corresponding generators of A,

— the antimorphism of A conjugated to the adjunction of s.

All letters J denote complex structures, and L paracomplex ones. All are g-skew adjoint,
except the g-self adjoint underlined J. Bracketed indices [i] denote indices modulo 3.

Proof of Theorem 1.10. We denote T;, M by E in this proof. We first state the announced
classical results in associative algebra.

1.19 Theorem [Wedderburn — Artin] (see [12] §3, p. 40). Let A be a finite dimensional
semi-simple R-algebra. Then A is isomorphic to a direct sum of matrix algebras:

k
A~ .e_glMdi (Ks)
with for each i, d; € N* and K; € {R,C,H}.

1.20 Theorem [corollary of a theorem of Skolem — Noether]| (see [4] §10, no. 1). Let
0 be an automorphism of a finite dimensional semi-simple R-algebra A. If 0 acts trivially
on the center of A, 0 is interior.



dim M, sign(g) Matrices, in a well-chosen basis

(1) any, any Mat(g) = I, 4
(1%) d=2p, (p,p) Mat(g) = I, ,, Mat(J) = J,,
(2)d =2p+2q, (2p,2q) Mat(g) = diag(lpq, Ipq), Mat(J) = Jy/0
(2) d=2p, (p,p) Mat(g) = I, Mat(L) = L, 1
(26) é; ;15)’ Mat(g) = Loy, Mat(L) = Iy ap, Mat(J) = diag(Jy, —J,)
) c(if A:LN;, Mat(g) = diag(lp.q, Ip.q: Ip,qs Ip.g): Mat(J2) = Jyo,
3 D,4q), i - 0 Jaa
g Nat(h) = ding(~ya, i), Mat(s) = <Jd/4 .

Mat(g) = Iop2p, Mat(Lq) = Loy

() (o D
(2p, 2p) Mat(J) = diag(—Jp, Jp) (2], Mat(Ly) = <J Op)
P
Mat(g) = diag(Izp.2p, —I2p.2p); Mat(J) = diag(Jap, Jop),
(3°) (d = 8p) Mat(J) = diag(Jp, Jp, —Jp, —Jp), Mat(Ly) = Ly
4p.4p _ 0 diag(J,. Jp)
Mat(Ly) = _diag(, ) 0

[Tor e.g.. Mat(g) = L,, Mat(L) = I,,,.

[21or e.g.: Mat(g) = Loy, Mat(Ly) = Iy 0p, Mat(J) = (}) {)p)
p

1) 19 2 (@) 25 (3 3) (39
o {£J} o g {tJ} o @ {£J}

“Complex Riemannian”
structures
Kéahler structures o o {tJ} o {L£J} 8] [4 [6]
para Kéhler structures @ @ o A{£L} {£L} @ 1[5 [7]
[Blthe 2-sphere {aJy + By +vJ3;02 + 2 +~2 =1} = {U; (U, U) = 1}
[4lthe two-sheet hyperboloid
{aLy + BLy +J;0% 4+ % = 7% = =1} = {U; (U, U) = 1}
[Blthe one-sheet hyperboloid
{aLi + BLy +vJ;a% + 2 =~ =1} = {U; (U, U) = -1}
[6lthe proper quadric with centre {U; (U, U); = 1} =
{ali + BLy+~yJ;a =o' +a"J etc. o + 32 — 42 = -1}
["Ithe proper quadric with centre {U; (U, U)y=—-1}=
{aly + BLy+~J;a =o' +a"J etc. o® + 32—~ =1}
Cases (3), (3”), and (3%) imply that the metric is Ricci-flat.

Table 2: Th. 1.10 in a matricial form, with the (para)complex structures.

As g is orthogonally indecomposable, then if it is flat, dimM =1 and s = ¢ = R1d is
of type (1). We now suppose that g is not flat. The list 1.10 follows from the orthogonal
indecomposability of the action of b, through the claim below. The elimination of only one
possible form for s will also require, through Proposition 1.8, the fact that b is a holonomy
algebra i.e. from the Bianchi identity satisfied by the curvature tensor.

Claim 1. If p € e is self adjoint, its minimal polynomial p,(X) is of the form Q% with @
irreducible — so if p is not invertible, it is nilpotent.

Proof. The minimal polynomial reads p,(X) = Hf\; L Q5" with irreducible @;’s. As p is
self adjoint, the direct sum E = @Y, ker Q¥ (p) is g-orthogonal. As p € End(E)", each



ker Qi (p) is h-stable. Now E is indecomposable, so N = 1 and the claim.

By 1.4, ¢ = s @ n where n = Rad(e) and s is a semi-simple, self adjoint subalgebra of
e. As n is the intersection of the maximal ideals of ¢ and as the adjunction ¢ is an anti-
morphism, n is also self adjoint. So 1.19 gives an isomorphism ¢ : s — A with A = @lefi
and I; = My, (K;), K; € {R,C,H}. By a slight abuse, we also denote by o the conjugate
action p oo o@~! of o on A.

Claim 2. k < 2. If k =2, then o(I;) = Io. We then denote the ¢; by § and the K; by K.

Proof. Let us denote by 1 the unit matrix of any factor of A. As an (anti) automorphism
of A, o acts on the factors I; of A, permuting them. Take p = (1,0,...,0) € A. As p?> =p,
o (p) is a (non zero) projection, so by Claim 1, either ¢~!(p) = 1, and thus k = 1, or
o(p) # p. In the latter case, o(I1) # I. Take p’ = p+ o(p). It is self adjoint by construc-
tion, and p? = p® 4+ o(p)? = p + o(p?) = p’ s0 it is a (non zero) projection. By Claim 1,
¢ 1(p)) =1¢s0 A=1, ® o(I;) and then k = 2.

Claim 3. If k=2, then § =1 and K=R or K= C.

Proof. Suppose k = 2. Take p = (diag(1,0,...,0),0) € A and p’ = p + o(p). By the same
reasoning as above, o~ !(p') is a non zero self ajoint projection so p’ = 14 by Claim 1. As
the I1-component of o(p) is zero, then in fact p = (1,0) and o(p) = (0,1); in particular
diag(1,0,...,0) = 17, i.e. 6 = 1. Now Proposition 1.8 implies K # H. Indeed, suppose that
K = H, denote by i and j two of the three canonical roots of —1 in H, take m € M and
z,y € TpyM. Set I = o~ 1(i,0) and J = ¢71(j,0) in ¢ = o }(H @ H). Notice that the I3
component of o((i,0)) is zero, so I*J = 0, similarly IJ* = 0. By construction, I + I'* is self
adjoint, so:

R(z,y).(I +I")(J + J*) = R(x,y).
= R(z,y).

- - ($7y
= —R(z,y

J + J*)(I + I*) by Proposition 1.8,
JI+ J°T%)

(IJ+T°J%)  asinH, ji = —ij,
I+ TI)(J+J).

—~

~— —

So R(z,y).(I+I*)(J+J*) =0. Now (I+I*)(J+J*) = IJ+(IJ)* = o ((ij,0) +0o((ij,0)))
is invertible, so for any m € M and any z,y € T,, M, R(z,y) = 0 i.e. (M,g) is flat, in
contradiction with s ~ H ¢ H.

Let us suppose k = 1 and finish the proof. Let 7 be the transposition u +—!u in
A ~ M;(K), and 7 its composition u —' with the conjugation, in case K € {C,H}. Then
for K € {R,C}, respectively K € {C,H}, 7, respectively 7, is an anti-morphism (of R-
algebra) of A. So either 700 or T oo is an automorphism of A and, for K € {R, H}, it acts
trivially on the center Z(A) as Z(A) = K.Is5. If K = C, either 0 o7 or ¢ o7 acts trivially on
the center Z(A) = C.Is. Then Theorem 1.20 gives a v € A such that o : u — v'uv~! with
t=uif K=R,u=wif K=Handu=uoru=1uif K=C. As 02 =1d,, v'v ! € Z(A)
i.e. '0 = v with A e Rif K € {R,H} and A\ € C if K = C. Applying 7 on both sides, we
get that A = £1 (in the case K = C and u = @, we get only |[A| = 1, but replacing v by an
adequate element of C.v achieves even A = 1).

If we replace ¢ by ¢, o ¢ with ¢, : u — w™ 'uw, then v is replaced by wv'w i.e. v
undergoes a basis change like the matrix of a bilinear or “-sesquilinear form. So using a
suitable ¢,,, and recalling that ‘0 = \v with A = 1, we may suppose:
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—in case A = 1, that v = diag(ly/, —Is») with ¢’ + 6" =0 if K=R or (K € {C,H} and
u=1), and that v = Iy if (K= C and © = u),

—in case A = —1, that § is even and v = < ]0/ _IS/Q ) if (Ke {R,C} and © = u), and
6/2
that v = I;.i if K = H.

Now all cases where v is diagonal imply § = 1. Indeed, if v = diag(Iy, —Is7) or v = Iy,
set p = diag(1,0,...,0), and if K = H and v = I4., set p = diag(j,0,...,0). Then
p is self adjoint, non nilpotent, so p = 14 or p = 14.j by Claim 1 ée. § = 1. So if

d > 2, then K € {R,C}, A = =1, & = u, 0 is even and v = < ]O _165/2 ) Setting
5/2

p’ = diag(1,0,...,0) € Ms/5(K) we get p = diag(p', p’) a self adjoint non nilpotent element
of A, so p is invertible by Claim 1 i.e. ¢’ = 1 i.e. § = 2. So the only allowed cases are those
listed in 1.10:

—ifk=landé=1,K=Rando:u—lu=u,or K=Cando:u—u=u,orK=C
and oc:u—u=u,or K=H and 0 : u —'u =7,

~ifk=1land 6 =2, (K=Ror K=C) anda:un—w)tuv_lwithv:((l) _Ol)i.e.a

is as described in Table 1,

~ifk=2andd=14e A=L&®I, withlj ~ I, ~K, (K=RorK=C) and
o permutes I; and Is. Composing possibly ¢ with a suitable automorphism of A, we get
simply o : (a,b) — (b,a).

The remaining informations given in Tables 1 and 2 follow from standard calculations.
We give only the following details.

In Table 1, the given generators are a (pseudo-)orthogonal family of (s, (-,-)), indeed
Ttr(L*L) = L tr(—L?) = Jtr(—1d) = —1 or, in case (2€), L tr(L*J) = L tr(—J) =0 as J
is a complex structure.

For the three last columns of Table 2, we must check that the different (para)complex
structures U announced are indeed the only ones. Notice that if U € s—, U? = +1d
U'U==F1d= (UU) = F1.

In cases (3), (3’), and (3%), after Proposition 1.23, the (pseudo-)Kihler manifold
(M, g,J) admits a non zero complex volume form so is Ricci flat. See also another brief
proof in Theorem 3.1.

Finally, in §2 are built the (non-empty) sets of germs of metrics inducing each case, and
Proposition 2.4 and Remark 2.11 show Remark 1.15 above and hence the last assertion of
the theorem. O

1.21 Remark In Claim 3 above, the use of the Bianchi identity, through Proposition 1.8, is
necessary. Consider the case E = R% ~ HP@H? and H' := {u € GL,(H)? : u = (u1,'u7)} C
GLg,(R). Then H' preserves the non degenerate real quadratic form (z1, X9)—=!T1.29 on E,
and its action is orthogonally indecomposable. Now gl(E)" = (Idygpr H)* C GL,(H)? C
CLg,(R) and thus gl(E)" ~ Ha H.

The following corollary of Theorem 1.10 may be noticed.

1.22 Corollary A metric g admits parallel self adjoint complex structures exactly in cases
(1), (2) and (3%), and they are: {J + N;N € ng and NJ = —JN}.
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Proof. Suppose that some .J, € ¢t satisfies J3 = — Id. Take the decomposition J, = S+ N
with S € s and N € nt. By Lemma 1.18, and as the minimal polynomial of .J, is
X2 41, irreducible, S? = —1Id so we are in case (1), (2¢) or (3%) and S = +J. Now
—Id = J2 = (J+ N)2 = —Id+JN + NJ + N2. By Proposition 1.8, JN — N.J € no,
so N2J+N)=JN+ NJ+N? —(JN - NJ) = —(JN — NJ) € ng. By Lemma 1.18,
((2J + N)2 +41d)* = 0 for some k, so 2J + N is invertible, so N € ng, and as then N2 = 0,
N e{U €ny; JU = -UJ}. O

Finally, it may be useful to list the different possible parallel tensors.

1.23 Proposition In each case of Theorem 1.10, the metric admits the nondegenerate
parallel multi- or sesquilinear forms of Table 3 p. 11.

parallel tensor/exists in cases  parametrised by given as
Pseudo.—Riemannian Uecet wnt g(-,U)
metric/all cases
Symplectic form/all U=V +N, (U
except (1) and (1%) Ve ), Nen AN
“Complex Riemannian” Uecet ~nt 9y =

metric/ (1), (2°), (3%) such that UJ = JU ¢g(-,U-) +ig(-,JU-)
Hermitian (pseudo-)Kéhler

+ + _

metric w. r. to some J € s~ Uecelsn hU._
(2), (2. (3), (3"). (3°) such that UJ = JU  ¢(-,U-) +1ig(-, JU")

J-complex symplectic form U=V+N, wy =

Ve ) Nen,

C C —
(2%), (3%) such that NJ = gy 90 U) +igl JUY)
J-complex symplectic form v EU(EZ_ )‘*/ —];]\E[’n_ wy =
9 C I 9 . .
(3)7 (3)7 (3 ) such that UJ = —JU (7U)+lg(7JU)

Non null J-complex volume

form/(1%), (2°), (3%)

Non null J-complex volume
form/(3), (8", (3°)

associated with 9yr above

(d/4)

equal to w{} with wy as above

Table 3: The real and complex parallel tensors existing in the different cases. In cases (3),
(3’) and (3%), (s7)* is the complement of the isotropic cone in s~. The real part of hy is
a (pseudo-)Riemannian metric, its imaginary part is a 2-form of type (1,1).

Proof. Some lines of Table 3 require a brief checking.

(1) Any U € ¢" ~ n" is nondegenerate. Indeed, any U € s \ {0} is (see Table 1),
so its minimal polynomial p is not divisible by X; by Lemma 1.18, neither is the minimal
polynomial of U + N for any N € n.

(2) If some nondegenerate alternate form is parallel for a torsion-free connection, it is
closed, thus symplectic. Then proceed as in (1) above.

(3) If J is a parallel complex structure (self- or skew-adjoint), nondegenerate complex
bilinear forms are the g(-,U-) —ig(-, V) such that (check it) kerU Nker V = {0}, V =UJ,
U* = U and V* = V. By Proposition 1.2, the first condition implies that U € nor V € n, so
by Lemma 1.18 and the reasoning of (1), that U or V is nondegenerate, hence both. Now if
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J* = —J, the relations give that UJ = —JU and VJ = —JV. As U* = U, by Proposition
1.8, everywhere, R(-, - )(UJ — JU) = 0. As UJ — JU = 2UJ is nondegenerate, M would
be flat. So J* = J, we denote it by J. This time UJ = JU. After Table 1 and Lemma
1.18, the existence of such a J leads to the announced form of 7. Conclude by the same
reasoning as in (1); (4)-(6) are entirely similar.

(7) If some parallel J exists, so some complex Riemannian metric g ; as on line 3 of
Table 3, take (ei)?i 21 some g i—orthonormal complex frame field, and v = e] A ... A€ /2 As
g, is parallel, so is v. O

2 The space of germs of metrics realising each form of s

2.1 Reminder Metrics with s of type (1C) are the real parts of complex Riemannian
metrics i.e. of holomorphic, non degenerate C-bilinear forms on complex manifolds (M, J).
It is well known and easy to check.

As it is also well known, germs of (pseudo-)Kéhler metrics (type (2)) are parametrised
by a Kahler potential u, which is a real function:

0 9\ _ Pu (a)

g 8zi’ Eﬁj N 8zi8§j '
Similarly, germs of para Ké&hler metrics (type (2’)) are parametrised by a para Kéhler
potential (see e.g. §2 of [1]). The supplementary distributions ker(L + Id) are integrable.

Take ((;ri)d/ 2 (yz)fi 21) coordinates adapted to the corresponding pair of integral (g-isotropic)

=1

foliations. Then the metrics of type (2’) depend on a real potential u through:

0o 0 0%u
I\z5-) = : (b)
c%ri 8yj c%rzay]
A metric of type (2°) is given by the complexification of (a) or (b), indifferently: take u

complex and replace the real and imaginary parts of the z;, in case (a), or (x;); and (y;);,
case (b), by complex variables.

2.2 Remark Be careful however that a manifold (M, g) of type (2) or (2%) has to be
complex, hence in particular real analytic, whereas one of type (2’) may be only smooth.

2.3 Remark We recall also that the “complex Riemannian” metrics defined in Table 3 in
cases (1%), (2%) and (3%) are holomorphic with respect to the self adjoint complex structure
J. Check that, if z; = x; + iy; are complex coordinates, %le = i%gkl for all k,1.

2.4 Proposition A generic metric of type (1), (2), (2°), (1%) or (2°) has the holonomy
algebra given in Remark 1.15. More precisely, if the 2-jet at the origin of some metric of
the wished type satisfies some dense open condition among such 2-jets, then its holonomy
algebra is as in Remark 1.15. In particular, those holonomy groups are obtained on a dense
open subset, for the C? topology, of the corresponding metrics.

Proof. It is standard, but we did not find any really explicit reference in the literature,
and we need such a reference, as we will generalise it in our work on n. Besides it is short,
and makes this paper self-contained. So we recall it. At the origin, take normal coordinate
vectors (X;)L,, moreover such that X;11 = JX; or X;11 = LX; for i odd, in case (2)
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or (2%). So for any coordinate vectors U,V, DyV = 0 at 0. For any coordinate vectors
A, B,U,V at the origin, g(R(A, B)U,V) is equal to (check it):

1
S(AU(9(B.V)) - BU(9(A.V)) ~ AVg(B.V)) + BV.(g(A.))).
In case (1), g(R(X;, Xj)o-, ) is the alternate part of the bilinear form:
Bi,j : (U, V) — Xi.U.g(Xj, V) - Xj.U.g(XZ', V)

The (; ; depend on the second derivatives of the coefficients of g at 0, which are free in
normal coordinates. So, on a dense open subset of the 2-jets of metrics, their alternate parts
are linearly independent and span a @—dimensional space in dim 0g4(R) i.e. 04(R) itself.
In case (2) we set, for j odd, Z% = X, —iXj41 and 7% = X, +iX;41 in T°M. The
R(Z;, Z;) and R(Z;, Z;) vanish, and the R(Z;, Z;) vanish when evaluated on A?T0M or
A’T%I M. So R is determined at 0 by the 8; j: (Zk, Z)) — 9(R(Zi, Z;), Zy, Z)). As:

9(R(Zi,Z;), Z. Z)) = 5(=Z;.2Zk-(9(Zi, Z))) — Zi-Z1:(9(Z 5, Zy)))

Rq is given by the fourth derivatives of the Kéhler potential u. Those are free in normal
coordinates, so on a dense open subset of the 2-jets of metrics, the (@-73-)%2:1 are linearly

independent hence span a (%)Q—dimensional space in /9, hence ug/s.
For (2°), replace (Z;, Z:){/3 by (Xi,Yi){L3, and gy by glyya(R).

2

For types (1€) and (2©), R is .J-complex; repeat the proofs in complex coordinates. [J

Now we describe the space of germs of metrics of type (3), (3’) and (3%). It is classical
for type (3) (hyperkéhler), the other cases are an adaptation of the argument.

2.5 Notation Take ¢ € {—1,1} and 6 € N*. We denote by G. the set of germs at 0 of
triples (g,.J,U) with g a (pseudo-)Riemannian metric on R? = R* and J and U two g-skew
adjoint parallel endomorphisms fields such that eU? = —J? = Id, and JU = —UJ. We
define G¢ similarly, with g a complex Riemannian metric on C* and similar J and U (with
e.g. € = —1, but this makes no difference on C).

Using Cartan-Kéhler theory (see [6, 11]), we parametrise G. and G¢ in the real analytic
category. We proceed as R. Bryant did in [7] §2.5 pp. 122-126 for hyperkihler metrics i.e.
for ¢ = —1, detailing the calculations to show that the case ¢ = 1 works alike, and to allow
another generalisation of this construction in our work on n. The complex case G¢ follows.
This provides in particular an explicit writing of R. Bryant’s line of proof given in |7]; we
did not find this in the literature.

2.6 Remark/Notation Let wy be some complex symplectic form on some open set O of
C?°. Then any 2-form w of type (1,1), real, may be written as w = ¥ (wo(-,U, -)), with
U, an wp-self adjoint complex antimorphism field. The correspondence is bijective between
such forms w and such U, so we use this notation U, in the following.

2.7 Remark The set G. is in bijection with the set G/ of germs of couples (wp,w), with
wo a complex symplectic form on C* and w a closed 2-form of type (1,1), real, such that
U2 = e1d, through the following.

~ Let (g,J,U) be given. Then on C% := (R%J) set:
wo :g(?U)—i_lg(vJU) andw:zsg(-,J-):%(wo(-,U-)).
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As DJ = DU = 0, immediately dwy = dw = 0.
— Let (wp,w) be given. Then on (R*,.J) := (C%,1) set:

g:=—ew(-,i-) and U :=U,.
As dwy = dw =0, DJ = DU = 0. This is standard, see e.g. [14] §11.2.

In this new point of view, up to a biholomorphism of C?*, wy may be considered, by the
Darboux theorem, as the canonical symplectic form:

1
1t . 0 Is
wozz;dzi/\ dzgii = 5'dz A Qg A dz with Qg = ( L 0 )
]:
dz denoting the column (dzi)?il. From now on, we consider that wg is this canonical form.
Then the elements of G, seen up to diffeomorphism of R* are in bijection with those of gl
seen up to symplectomorphism of (C?%,wy). Now we use Cartan-Kihler theory to describe

g..

2.8 Notation Set V := Mat(U), U is an antimorphism so U(z) = V.Z. As wo(U-, ) =
—wo(+,U-), we get QoV = —tVQq. A 2-form w is in G’ if and only if it is closed and:

w=S(wy(-,U")) = £'dz AQyV A dz with VV =¢1d
i.e., setting H := —QyV, if and only if:
w=3'dz A H A dz with "H = H and HQoH = —Qy.

Let H. C Mas(C) be the space of such matrices H. The (1,1)-forms w such that U2 = ¢1d
are exactly given by the functions H : C¥* — H., through: wpy = %tdz N H(z) N dz.
Denoting by (z, H) the points in C* x H,, such an wy is closed if and only if the 3-form
A :=!'dz A dH A dZ vanishes along the graph S of H. So we are looking for the integral
manifolds S of the exterior differential system I = (\) on C?® x H,, with the independence
condition that dz; A ... A dzps never vanishes (i.e. S is the graph of some H : C* — H,).
Then the Cartan-Kéhler theorem parametrises G/, hence G., providing:

2.9 Proposition The elements of G., considered up to diffeomorphism, are parametrised
by %l = 26 real analytic functions of 26+ 1 real variables. Those of G¢, up to biholomorphism,
are parametrised by % = 26 holomorphic functions of 26 + 1 complex variables.

2.10 Remark The generality of the elements of G. and G¢ ensures that their corresponding
algebra s is indeed, generically, in cases (3), (3”) or (3%) (and e.g. not the full End(TM)).
In fact, their holonomy group itself is generically that of Remark 1.15, see Remark 2.11.

Proof. The writing of I in C? x H. does not depend on z, so we have only to perform
Cartan’s test on some arbitrary fibre {29} x H, say with zp = 0. Moreover, over that point
20, the symplectic group Sp(26, C) acts transitively on {%tdz/\H/\ dz; H € HE}, preserving
I, so we have only to perform Cartan’s test at some specific element Hy € H,, say:

—ite=—1, Hy = I, 4pq = diag(l,, — 1y, I, —1;) with p+ ¢ =n,
Sife=1, Hy =il
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Remark. As it appears in [7], the connected component H”{ of I, ;¢ in H_1 = Uyt gen H”]
is canonically isomorphic to Sp(n,C)/Sp(p,q). So choosing some function H : C%° — N4
amounts to choosing a reduction to Sp(p, ¢), which is a real form of Sp(n, C), of the principal
bundle Sp(n, C) x C%°. Similarly here, H; ~ Sp(n,C)/Sp(n,R) so choosing some H : C* —
H; is choosing a reduction of it to Sp(n,R), which is another real form of Sp(n, C).

Let us set 0z; = Oz +i0y;. If a subspace E of T},, M is horizontal i.e. tangent to the
factor C2, Az = 0so E is an integral element of I. Let us define (Ek)ié:o by:

Ej = span ((ej);?:l) with, for 1 < j <6: e; = (0x;,0) and

— 1
es4j = <8$5+j + ‘]T8y5+j,0> , and for 1 < j < 28: exsy; = (0y4,0).

Each E, is horizontal so (Eg)i ) is an integral flag of I at mg. We classically set H(E}) :=
{v;span(v,Ek) is an integral element of I}, and s, := codimp (g, ) H(Ey) the kth. char-
acter of I (indeed this flag is ordinary, as we will see). We will check:

(1) for all k, s, =k — 1, and s, = 0 for k > 2§ + 1,

(2) dim Vys(I) > 2C3;.,, with Vjs(I) the variety of integral elements of I in the grass-
mannian Gys(T(C? x H.)).

After Cartan’s criterion, dim Vjs(I) < Zﬁil ks, and if equality holds then FEys is ordi-
nary. So here:

8 4
dim Vis(I) < Y ksp = Y k(k—1) = 553 +46% + 0= 2035 .

As 2035 42 < dim Vjs(I), equality holds, hence Ejys is ordinary and after the Cartan-Kéhler
theorem, I admits an integral manifold S through (0, Hy) with T'S = Ejs, and the space of
germs of integral manifolds passing by zg depends on sj, functions of k variables, with si the
last non vanishing character, so here 2 functions of 2§ + 1 variables. This parametrisation
of the set G. is done up to the choice of complex Darboux coordinates for wg, and such
coordinates depend on one symplectic generating function of 2§ variables. As 26 < 2§ + 1,
this does not interfer and G. itself is parametrised by 20 functions of 26 + 1 variables, the
proposition. We are left with showing (1) and (2).

We introduce W, := Ty, ’H., then:
a b t —
W1:{<[—) a);(1,Z)EM5((C), a=a, b:b}

and: W4 = {( o Ipab );a,b € M,(C), ‘a=1a, b= b}.

EIp,q _Ip,qalp,q

Then T, M. = ToC? @ W, ~ C?* @ W, and the subset of the grassmannian Gus5(T},, M)
on which the independence condition holds is canonically identified with (C?%)* ® W..
(1) follows from the fact that for k > 26, H(E},) = C* @ {0}, and for 1 < k < §:

~ H(E}) = C¥ @ {Sa;; =0 for 1 <i<j<k}CC?®a@W,,socodimpp, )H(E) =
k-1,

~ H(E,4k) = C® @ {Ra;; = Rb;j = 0 for 1 <i < j < k and Sby; + LR, ; = 0 for
k<j<é}cC C? @ W, so codimp gy, ) H(Esix) =6 +k — 1.
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To check (2), we introduce some notation. We denote the basis vectors (0x;)2%, of C%
by ((ug)k_, (ub)k_}) (the u; and u} are wo-dual), then (0y;)2%; = ((Ju;)E_, (Jul)k_|). We de-
note by H()) a generic element of (C*)*®@W.. If a function H : C* — H, with H(0) = Hy is
such that dH|y = HW  then, at 0, dwy is determined by dwpy = )\|mO(H(1) LHO . gD ),
that we denote by Aj1). In concrete terms, for the calculations below, Ay (u, v, w) is equal
to:

wo (u, H(l)(v).@> + wo (v, H(l)(w).ﬂ> + wo (w, H(l)(u).ﬁ) .

At (0, Hp), Vis(T) is the set of the 1-jets of closed 2-forms wy as wanted. An H® is in
Vys(I) if and only if A1) = 0, which may be written as the two following conditions:

(a) for any three {u,v,w} C {u;, Ju;}¥ 1, Ay (u?), 0" w?) =0,
(b) for any two {u,v} C {u;, Ju;}_;,
)\H(l)(u7ul7v(,)) = )\H(1)(v,v’,u(')) =0.

The parenthesised primes enable to denote several equations at once, so (a) consists of 86'23(S
equations and (b) of 4C3;. Now the equations of (a) are redundant. Indeed the reader may
check the following. Take any H") and any {i, j,k} C [1,d] and {a, 8,7} C {0,1} such that
ﬁ{J“ui,Jﬁuj,J'Yuk} = 3 (so, Cy; possibilities). Set (u,v,w) := (Jaui,Jﬁuj,JVuk) and, in
case ¢ = 1, 1y := (=1)77 P nmp := (—=1)®7 and n3 := (—1)°~2, and in case ¢ = —1, 5y :=
(_1)wfﬂ(_1)X{k<p}+X{j<p}, N 1= (—=1)7Y (=1)Xtspy X (k<) g = (_1)ﬁ*a(_1)X{jsp}+X{isp},
We denote by xp the characteristic function of the set P, equal to 1 on P and null else-
where. Explicitly, x{i<p) + X{j<p) 18 even if and only if (7,5) C [1,p]? U [p + 1,6)%. Then
the following sets of relations (say respectively (i), (ii), (iii) and (iv)) hold.

( 771)\1{(1) (ulv v, ?,U) + 772>\H(1) (U, Ulv ’U))

+n3A g (w, v, w') + edga) (W0, w') =0
nl)‘H(l) (J’U/, v, w) + 772)\1{(1) (’LL, JU,7 w)

+3A g (w, v, Jw') + ey (Ju', Ju', Jw') =0
771)\]{(1) (U, Ulv ’U)/) + 772)\1{(1) (ulv v, w/)

+773)\H(1> (ula /U,7 ’LU) + E)‘H(l) (U, v, w) =0
mA g (u, JU', Jw') +meA g (Ju', v, Jw')

+3A gy (Ju', JU' w) + ed g (u, v, w) = 0.

So the 8C3; linear forms of the type HW — Xy ((J)u®), (J)v®), (J)w") are linearly depen-
dent, through the 46’23(S equations above. In turn, those equations are linearly independent.
Counting the number of primes appearing in them, one sees that equations of types (i)—(ii)
on the one hand, and types (iii)—(iv) on the other hand, span subspaces in direct sum. Now
any dependence relation would involve some fixed triple (i, 7, k). For such a triple, equations
of type (i) may be seen as expressing the forms H® s X ((J)u), (J)uj, (J)uy,) as combi-
nation of the other ones, and then equations of type (i)—(ii), doing the same with the forms
HWY s Xy ()l (J)wg, (J)uy,). Equations of types (iii)—(iv) are similar, so all the 4C3;
equations are independent, and the 8035 forms span a space of dimension < 80235 — 40235 =
4C3;. So (a) and (b) consist of not more than 4C3;+4C3; = 4C3; , independent equations,

so dim Vj5(I) > dim[C® @ W.] — 4C35, | = (46).(262 + 6) — 4C35,, = 2C35,,. This is (2).

We finally treat Ge. In all that precedes, see all complex variables x +iy as real matrices
( _xy Y ) Then, complexifying everything i.e. replacing the real entries z, y by complex
numbers amounts to parametrise Gc; so the same reasoning gives the proposition for Ge. [
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2.11 Important Remark Among real analytic germs of metrics with holonomy H in-
cluded in Hy = Sp(p, q), Hy = Sp(20,R) or Hy = Sp(24, C), corresponding to cases (3), (3°)
and (3%), a dense open subset for the C? topology has its holonomy equal to Hy. Indeed, the
first prolongation I(Y) of the ideal I satisfies also Cartan’s criterion; this enables to show that
any 2-jet of metric, integrable at the order 1 and such that {R(X,Y); X, Y € ToM} C by,
is the 2-jet of a metric with holonomy included in Hy. The reasoning is presented, in the
case H = (9, in Proposition 3 p. 556 of [5]. It may be adapted here, as indicated in |7] §2.5
p. 126. So as, among such 2-jets, those satisfying {R(X,Y); X, Y € Ty M} = by are generic,
we get the result.

3 Parallel endomorphisms and Ricci curvature

The Ricci form ric(-,J -) has remarkable properties on Kdhler manifolds. Let us determine
the properties of the corresponding forms when g admits other parallel endomorphism fields
than a Kéhler structure.

3.1 Theorem Suppose U is a parallel endomorphism field for a pseudo-Riemanian metric
g; (a,b) denote any two tangent vectors at some point.

(1) If U is self adjoint:

a) ric(a,Ub) =ric(Ua,b) = tr(U(R(a,-)b)); U and R(a,-)b commute,

b) (standard result) if U = J is a complex structure, g is the real part of the J-complex
metric gc == ¢(-,-) —ig(-, J-), and the Ricci curvature of gc is ricc = ric(, ) — iric(-, J-),

c) if U= N # 0 is nilpotent, ric is degenerate and Im N C ker ric.

(ii) If U is skew adjoint:

a) ric(a, Ub) = —ric(Ua,b) = 3 tr(U o R(a,b)),

b) if U= N # 0 is nilpotent, ric is degenerate and Im N C kerric,

c) if V is another skew symmetric parallel endomorphism with VU = —UV, and if U
and V are invertible, then ric = 0. So (standard result) cases (3), (3”), (3%) of Theorem
1.10 are Ricci-flat.

Proof. Take U self adjoint, then the whole of a) follows from Remark 1.9. Point b) is
standard and for ¢), after a), ric(a, Nb) = tr(N(R(a,-)b)), and as N and R(a, )b commute,
their product is also nilpotent, so trace free. Now take U skew adjoint.

ric(a, Ub) = tr(R(a,-)UD)
= tr(U(R(a,-)b)) as U, being parallel, commutes with R(a,-),
=tr(R(a,U-)b) astr(UV)=tr(VU),
= —tr(R(Ua,-)b).

R
U

For the last line, take any u, v, w: g(R(Ua,u)v,w) = g(R(v,w)Ua,u) = g(UR(v,w)a,u) =
—g(R(v,w)a,Uu) = —g(R(a, Uu)v,w). So finally, ric(a, Ub) = —ric(Ua,b). Besides:
ric(Ua, b) = ric(b,Ua)
= tr(U(R(b,-)a))
= —tr(U(R(-,a)b)) — tr(U(R(a,b)-)) by the Bianchi identity,
= tr(R(a,-,)Ub) — tr(U o R(a,b)) as U commutes with
= ric(a, Ub) — tr(U o R(a,b)). R(a,-) = —R(-,a),
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As ric(Ua, b) = —ric(a, Ub), we get a). Point b) follows: ric(a, Nb) = 1 tr(N o R(a,b)) =0
as N o R(a,b) = R(a,b) o N is nilpotent. Point ¢) is only a way to re-find that ric = 0
in cases (3), (3’), (3%), using a). Indeed, if U and V are as announced, any b can be
written b = UVe, and: ric(a,b) = ric(a,UVe) = —ric(Ua,Ve) = —2tx(V o R(Ua,c)) =
+tr(V o R(a,Uc)) = ric(a,VUc) = —ric(a,UVc) = —ric(a, b). O

3.2 Corollary Let Ric be the endomorphism such that ric = g(-,Ric -). If the metric is
indecomposable (in a local Riemannian product) and such that ric is parallel, then Ric is
either semi-simple or 2-step nilpotent.

Proof. As g is indecomposable, the minimal polynomial of Ric is of the form P with P
irreductible, see Claim 1 p. 8 in the proof of Theorem 1.10. So Ric is either invertible or
nilpotent. Apply Theorem 3.1 (i) ¢) to the nilpotent part Ngj. of Ric: if Ric is invertible,
ker ric = {0} so Ngic = 0, else Ric* = N2,. = 0. We re-find here the result of [3]. O

References
[1] L. BERARD-BERGERY, A. IKEMAKHEN, Sur ’holonomie des variétés pseudo-riemanniennes de signature
(n,n). Bull; Soc. Math. France 125 no. 1, 93-114 (1997).

[2] C. BOUBEL, The algebra of the parallel endomorphisms of a germ of pseudo-Riemannian metric. Preprint.
arXiv:1207.6544.

[3] C. BouBEL, L. BERARD-BERGERY On pseudo-Riemannian manifolds whose Ricci tensor is parallel.
Geom. Dedicata 86, No.1-3, 1-18 (2001).

[4] N. Boursaxki, Eléments de mathématique. Livre IT: Algébre. Chap. 8: Modules et anneaus semisimples.
(French) Actualités scientifiques et industrielles, Hermann, 1958.

[5] R. BRyANT, Metrics with exceptional holonomy. Ann. Math. 126, 525-576 (1987).

[6] R. L. BryanT, S. S. CHERN, R. B. GARDNER, H. L. GoLpscuMmIDT, P. A. GRIFFITHS, Ezterior
differential systems. Mathematical Sciences Research Institute Publications, 18. Springer-Verlag, 1991.

[7] R. BryanT, Classical, exceptional, and exotic holonomies: A status report. In: A. Besse (ed.), Actes de
la table ronde de géométrie différentielle en [’honneur de Marcel Berger, Luminy, France, 12-18 juillet,
1992., 93-165. Société Mathématique de France, Sémin. Congr., 1, 1996.

[8] C. Currtis, I. REINER, Representation theory of finite groups and associative algebras. Reprint of the
1962 original. AMS Chelsea Publishing, 2006.

[9] A. GaLaEv, T. LEISTNER, Recent developments in pseudo-Riemannian holonomy theory. In: Handbook
of pseudo-Riemannian geometry and supersymmetry, 581-627. IRMA Lect. Math. Theor. Phys., 16, Eur.
Math. Soc., 2010.

[10] R. GHANAM, G. THOMPSON, The holonomy Lie algebras of neutral metrics in dimension four. J. Math.
Phys. 42 no. 5, 2266-2284 (2001).

[11] T. A. Ivey, J. M. LANDSBERG, Cartan for beginners: differential geometry via moving frames and
exterior differential systems. Graduate Studies in Mathematics, 61. Amer. Math. Soc., 2003.

[12] N. JacoBsoN, Structure of rings., AMS, Colloquium Publications, vol. 37, 1956.

[13] J. MILNOR, Morse theory. Based on lecture notes by M. Spivak and R. Wells. Annals of Mathematics
Studies no. 51. Princeton University Press,1963.

[14] A. MoroiaNu, Lectures on Kdhler Geometry, Cambridge University Press 2007.

[15] L. ScuwAcHHOFER, Connections with irreducible holonomy representations, Adv. Math. 160 No. 1,
1-80 (2001).

[16] E. J. TAFT, Invariant Wedderburn factors, Illinois J. Math. 1, 565-573 (1957).
[17] E. J. TaFT, Cleft algebras with operator groups, Portugal. Math. 20, 195-198 (1961).

18



