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Diophantine approximation of Mahler numbers

Jason P. Bell, Yann Bugeaud and Michael Coons

ABSTRACT

Suppose that F(x) € Z[[z]] is a Mahler function and that 1/b is in the radius of convergence of
F(z) for an integer b > 2. In this paper, we consider the approximation of F(1/b) by algebraic
numbers. In particular, we prove that F(1/b) cannot be a Liouville number. If, in addition, F(z)
is regular, we show that F'(1/b) is either rational or transcendental, and in the latter case that
F(1/b) is an S-number or a T-number in Mahler’s classification of real numbers.
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1. Introduction

One of the interesting classes of numbers from the perspective of Diophantine approximation
is the set of automatic real numbers. In this setting, one has natural numbers b and k with
b,k > 2, and a sequence f : Z>o — {0,...,b— 1} such that the value f(n) is generated by a
finite-state automaton that reads as input the base k expansion of n and outputs a number in
the range. We call such a sequence {f(n)},>0 k-automatic (or just automatic) and call the real
number whose n-th b-ary digit is f(n) a k-automatic number.

In a series of papers in the 1980s, Loxton and van der Poorten [22,; 23] used Mahler’s method
to investigate whether or not an automatic number could be both irrational and algebraic,
a problem posed by Cobham [15] in 1968. Mahler’s method [24, 25, 26, 29| is a method in
transcendence theory whereby one uses a function F(x) € Q[[z]] that satisfies a functional
equation of the form

d
Zai(x)F(mkl) =0 (1.1)

=0
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for some integers k > 2 and d > 1 and polynomials ag(), ..., aq(x) € Z[x] with ag(x)aq(z) # 0,
to give results about the nature of the numbers F'(1/b) with b > 2 an integer such that 1/b is
in the radius of convergence of F(x). We refer to such numbers F(1/b) as Mahler numbers.
Indeed, it is well-known that automatic numbers are special cases of Mahler numbers (see [10,
Theorem 1]).

Some twenty years after Loxton and van der Poorten’s work, Adamczewski and Bugeaud [2,
5] answered the question concerning automatic numbers by substituting Schmidt’s Subspace
Theorem in place of Mahler’s method. Adamczewski and Bugeaud showed that such numbers are
either rational or transcendental [2]. Their result naturally leads to the question of irrationality
measures for automatic numbers.

Let £ be a real number. The irrationality exponent, u(€), of £ is defined to be the supremum
of the set of real numbers p such that the inequality

1
S
has infinitely many solutions (p,q) € Z x N. Computing the irrationality exponent of a given
real number is generally very difficult, although there are several classes of numbers for which
irrationality exponents are well-understood. All rational numbers have irrationality exponent
one, and a celebrated theorem of Roth [30] gives that all irrational algebraic numbers have
irrationality exponent precisely two. In fact, the set of real numbers with irrationality exponent
strictly greater than two has Lebesgue measure zero. Roth’s theorem built on work of Liouville
[20], who showed that if £ is an algebraic number of degree d over Q, then u(§) < d. Using
this fact, Liouville produced the first examples of transcendental numbers by constructing real
numbers with infinite irrationality exponent; numbers with infinite irrationality exponent are
now called Liouville numbers in his honour.

Towards classifying irrationality exponents of automatic numbers as well as settling a
conjecture of Shallit [33], Adamczewski and Cassaigne [6] proved that a Liouville number
cannot be generated by a finite automaton.

In this paper, we use Mahler’s method to provide the following significant generalisation of
Adamczewski and Cassaigne’s result.

0<

e P
q

THEOREM 1.1. A Mahler number cannot be a Liouville number.

Historically, the application of Mahler’s method had one major impediment. In order to consider
numbers F(1/b) one must ensure that ag((1/b)*") # 0 for all i > 0; this condition is commonly
referred to as Mahler’s condition. Note that in the statement of Theorem 1.1 no such condition
is stated. Indeed, we are able to remove Mahler’s condition within the setting of this paper. As
far as we know, this is the first time that Mahler’s condition has been removed. We suspect
that our trick, presented in Section 5, has further applications.

Theorem 1.1 is obtained via a more general quantitative version (see Theorem 5.3) in which we
give a bound for the irrationality exponent of the number F(a/b) in terms of information from
the functional equation (1.1) and the rational number a/b when |a| is small enough compared
to b. Futhermore, the rational approximations constructed to get the quantitative bound are of
high enough quality that we may apply a p-adic version of Schmidt’s Subspace Theorem to
extend Adamczewski and Bugeaud’s above-mentioned result to a much larger class of numbers.

To explain this extension formally, let a = {a(n)},>0 be a sequence taking values in a field K.
We define the k-kernel of a, denoted by Kj(a), as the set of distinct subsequences of the form
{a(k*n + 1) }n>o with £ > 0 and 0 < 7 < k. Christol [14] showed that a sequence is k-automatic
if and only if its k-kernel is finite. We say the sequence a is k-regular (or just regular) provided
the K-vector space spanned by Kx(a) is finite-dimensional. The notion of k-regularity was
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introduced by Allouche and Shallit [8, 9]. We also use the term regular to refer to both the
function ) . a(n)z™ and its values at rationals 1/b, with b > 2 an integer, for k-regular
sequences a.

THEOREM 1.2. An irrational regular number is transcendental.

As an immediate corollary of this result, we have that if F'(z) is a Mahler function satisfying
(1.1) with ag(z) a nonzero integer, then F(1/b) is either rational or transcendental (see [10,
Theorem 2]).

A particular case of Theorem 1.2 is the transcendence of irrational automatic numbers,
a result first established in [2]. While both proofs ultimately rest on the Schmidt Subspace
Theorem, they are quite different; see the discussion after Theorem 8.1 for details.

As all regular numbers are Mahler numbers (see Becker [10, Theorem 1]), Theorem 1.1 shows
that regular numbers cannot be too well approximated by rational numbers. In the final result of
this paper, we show that one may control the strength of the approximations of regular numbers
by algebraic numbers of higher degree. Before stating the result, we need a few definitions.

Mahler [27] in 1932, and Koksma [19] in 1939, introduced two related measures of the quality
of approximation of a complex transcendental number £ by algebraic numbers. For any integer
m > 1, we denote by w,,(§) the supremum of the real numbers w for which

1

O<|P(€)|<W

has infinitely many solutions in integer polynomials P(x) of degree at most m. Here, H(P)
stands for the naive height of the polynomial P(x), that is, the maximum of the absolute values
of its coefficients. Further, we set

©)

w(§) = limsup Bmis)
m— 00

According to Mahler [27], we say that & is an
— S-number, if w(§) < oo;
— T-number, if w(§) = co and w,,(§) < oo for any integer m > 1;
— U-number, if w(§) = oo and w,,(§) = oo for some integer m > 1.

Almost all numbers are S-numbers in the sense of Lebesgue measure, and Liouville numbers
are examples of U-numbers. The existence of T-numbers remained an open problem for nearly
forty years, until it was confirmed by Schmidt [31, 32].

Following Koksma [19], for any integer m > 1, we denote by w,(§) the supremum of the
real numbers w for which

1
0<|E—al< H(ayo+

has infinitely many solutions in complex algebraic numbers « of degree at most n. Here, H(«)
stands for the naive height of «, that is, the naive height of its minimal defining polynomial.
Koksma [19] defined S*-, T*- and U*-numbers as above, using w}, rather than w,,. He proved
that this classification of numbers is equivalent to Mahler’s classification. For more information
on the functions w,, and w},, the reader is directed to Bugeaud’s monograph [12].

We may now state our final result.

THEOREM 1.3. An irrational regular number is an S-number or a T-number.
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Since automatic numbers form a subset of regular numbers, Theorem 1.3 implies that any
irrational automatic number is either an S-number or a T-number, a result already established
in [4].

Theorems 1.1, 1.2, and 1.3 combine to give a rather satisfactory answer to the following
problem, posed by Allouche and Shallit [8, page 195]:

Obtain transcendence results for the real numbers ), ., s(n)p™", where s(n) is p-regular
and ) ., s(n)xz™ is not a rational function. -

This paper is organised as follows. In Section 2, we produce a family of rational function
approximations to a power series F'(x) satisfying a Mahler functional equation. We then show
that specialisation of our family of rational functions at a given rational number a/b inside
the radius of convergence of F(z) produces a family of good approximations of F'(a/b) under
very general conditions on a and b. In Section 3, we show that the rational approximations
produced in Section 2 cannot be too strong and we are able to combine these results in Section
4 to give an upper bound on the irrationality exponent for F'(a/b) in terms of data from the
functional equation and the rational number a/b under Mahler’s condition. In Section 5, we
remove Mahler’s condition. In Section 6, we prove a quantitative result on the unimodular
completion of matrices with polynomial entries which are of use in Section 7. Section 7 considers
regular (and hence also automatic) numbers; specifically, in the case of a regular function, the
results of Section 6 are used to provide an alternative method for removing Mahler’s condition.
This alternative method produces a functional equation based on information from the k-kernel,
which is used in Section 8 alongside an appropriate version of the p-adic Schmidt Subspace
Theorem to prove general versions of Theorems 1.2 and 1.3.

2. Upper bounds on rational approximations

In this section, we consider power series F'(x) satisfying a k-Mahler equation and construct a
family of rational function approximations of F(z), which we then use to give good rational
approximations to F'(«a) for rational numbers « inside the radius of convergence of F(z). We
approach this problem by looking at finite-dimensional Q(x)-vector subspaces of Q((z)) that
are stable under the ring homomorphism Ay : Q((z)) — Q((x)) given by z — z*. Throughout
this paper, unless stated otherwise, we take all complex matrix norms || - || to be the operator
norm; i.e., [|All = supy =1 [[Av||, where the norm of a vector v is the ordinary Euclidean norm.

NoOTATION 2.1. We adopt the following assumptions and notation.
(i) We take k and d to be natural numbers that are both greater than or equal to 2.
(ii) We take a; j(x) € Z[z] to be polynomials for i,j € {1,...,d}.
(iii) We take B(x) to be a polynomial with integer coefficients such that B(0) # 0.
(iv) We take H := max;<; j<q{dega; ;(x),deg B(x)}.
) We take A(x) to be the d x d matrix whose (i, j)-entry is a; ;(x)/B(x) and we assume that
det (A(z)) is a nonzero rational function.
(vi) Wetakel = Fy(x), Fa(x), ..., Fy(x) € Z[[z]] to be power series that are linearly independent
over Q(z) and which satisfy

[Fu(z),...,Fi(2)]" = A@)[Fi(a®), ..., Fyz®)]".

(vii) We let F(z) denote the d x 1 vector [Fy(z),..., Fy(z)]".

(viii) We take a,b € Z with a #0, b > 2, and p :=log|a|/logb € [0,1/(d + 1)) such that |a/b|
is in the radius of convergence of F(z) for each i € {1,...,d} and B((a/b)*") # 0 for all
n > 0.
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(ix) Welet v:Q((x)) — Z U {oc} be the valuation defined by v(0) = oo and

v Z cpz™ | :=1inf{i: ¢; # 0}

n>-—m

when > o c,x2™ € Q((x)) is a nonzero Laurent power series.
We begin with a simple norm estimate.

LEMMA 2.2. Assume the notation and assumptions of Notation 2.1 and let t € (0,1). If
B(t*") is nonzero for every nonnegative integer n, then there is a positive constant C' = C(t) > 1

such that for all n > 1 we have
n—1

[T 1A <cm

£=0
Moreover, there exists a closed disc containing the origin in which the constant C' can be taken
to be independent of t.

Proof. Since B(0) # 0, there is some closed disc containing the origin such that B(x) # 0 for x
in the disc. Thus by compactness there is some € > 0 such that we have that [|A(z)|| < [JA(0)]| + 1
for x € [0, ¢].

Furthermore, there is some Ny = Ny(t) such that %" < e for £ > Ny and in particular, we have
HA(th)H < [|A(0)|| + 1 for all £ > Ny. Since B(t*") is nonzero for every nonnegative integer n,
we have that ||A(tF")|| exists for i < Np.

Let
_ ._ K’
C=C(t) = Ogl}ggg,o{llA(t ) [A0)]] + 1}
Then we have
n—1
2
[T1ac)) <cm
=0

This proves the first assertion.
Notice that for t € (0,¢), we can take Ny = 0 and so we can take C' = ||A(0)|| + 1, which does
not depend upon t. |

Our next lemma establishes good rational approximations to power series.

LEMMA 2.3. Assume the notation and assumptions of Notation 2.1. Then there are € > 0,
polynomials Py(z),...,Py(z),Q(x) € Z[z] of degree at most (d — 1)(d + 2)H with Q(0) =1,
and a positive constant C' = C(e) such that for i € {1,...,d} we have

|Fit) = P(0)/Q(t)] < O+

for t € (0,¢).

Proof. Fori € {2,...,d}, the theory of simultaneous Padé approximation (see [28, Chapter 4]
for details) provides polynomials P;(z) and Q(z) of degree each bounded by (d — 1)(d + 2)H,
and Q(0) = 1, such that

v (Q(z)Fl(:c) — Pz(x)) > d(d + Q)H.
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Since Fy(z) = 1, we take P;(z) = Q(x).
For i € {1,...,d} we thus have

Pi(I))
v| Fi(x) — >d(d+2)H.
(r0)- g3 ) 2 dta 2

Since Q(0) =1 and each of Fy(x),..., Fy(x) has positive radius of convergence (see [17,
Theorem 31, page 151] and [11, Lemma 4]), there exists an R > 0 such that F;(z) — P;(z)/Q(x)
is analytic on B(0, R) for i € {1,...,d}. Hence there exist power series G1(z),...,G4(x) that
are analytic on B(0, R) such that

Pi(x) d(d
Fi - =T ( +2)HG1' x

@)~ o (@)
for i € {1,...,d}. Let € € (0, R). Then there is a positive constant C' such that
for |z| <e. Thus for i € {1,...,d},

Pi(t)‘ d(d
Fi(t) — < CcpdldtDH
(t) IR

whenever ¢ € (0,¢). O

LEMMA 2.4. Assume the notation and assumptions of Notation 2.1 and let t € (0,1) be less
than the radius of convergence of each Fj(x) and satisfy B(t*") # 0 for all n. > 0. Then for each
n > 0 there are polynomials Py ,,(x), ..., Pin(x), Qn(x) € Z[z] satistying:

(1) maxi<i<q{deg P; ,(z),deg Q,(z)} < ((d+2)(d — 1)+ 1)HE"™;
(ii) if ®,(z) = [P1n(2)/Qn(), ..., Pin(x)/Qn(z)]" for n >0, then
®,(z) = A(z)®,_1 (z");
(i) Qu(x) = B(x)B(a*) - B )Qo(ah");
(iv) there exists an € > 0 and positive constants Cy = Cy(e) and Cy = Cy(€), not depending on
t, such that for i € {1,...,d} and for all n sufliciently large we have Q,,(t) # 0 and

|Fi(t) = Pin(t)/Qn(t)] < CLCHETDHET,
whenever t € (0,¢) and in particular the order of vanishing of F;(t) — P, ,,(t)/Q(t) at t =0
is at least d(d + 2)HEk™;
(V) Pl,n(x) = Qn(‘r)

Proof. By Lemma 2.3, there are € > 0, polynomials P o(z), ..., Pyo(z), Qo(x) € Z[z] of
degree at most (d+2)(d —1)H with Q(0) =1, and a positive constant C' such that for
i€ {l,...,d} we have

[Fi(t) = Pi(1)/Qo(t)] < CtH@+H
whenever ¢ € (0,¢).

We define

®o() := [Pro(2)/Qo(x), .., Pao(x)/Qo(x)]" (2.1)
and for n > 1, we take
@, (z) = A(z)®,_1(z"). (2.2)

We note that there exist integer polynomials P; ,(x) for i € {1,...,d} and @, (z) such that
(a) ®n(z) = [Prn(2)/Qn(2),- .., Pon(z)/Qu(x)]";
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(b) Qn(x) = B(2)Qpn_1(z*) for n > 1.
From (b), we immediately get Q,(z) = B(z)B(z*)--- B(z*" ™ )Qo(x*"). Since the entries of
A(z) are all polynomials of degree at most H, we see that if we define

dp = gliagxd{deg P; n(x),deg Qn(z)},

then (2.2) gives d,, < kd,,—1 + H. By induction we see, using the fact that dy < (d —1)(d + 2)H,
that

k
:I{ano—i-H- i

1< ((@-10)(d+2)+ DHE. (23)

By assumption,

and hence for n > 1 we have
F(x) - @,(r) = A@AGY) - AL ) (F@H) - @o(@"))

Then for n sufficiently large we have t*" < e. Hence if e; denotes the d x 1 column vector
whose i-th coordinate is 1 and all other coordinates are zero, then

[Fi() = Pun()/Qu(®)] = [[ef (B(1) = @,.(0)|
TAMAL) - AT FE) - @o(H)|

< ey = o) T Jac|
£=0

n—1
< Va2 ] HA(W)H .
=0
Applying Lemma 2.2, we see there is a positive constant Cy = Cy(t) such that

n—1
I1 HA(tk"')H <cn
=0

for all n > 1 and hence we have

|Fi(t) — Pin(t)/Qu(t)] < CVACHHATDHE

for all i € {1,...,d} and all n sufficiently large. Also, applying Lemma 2.2, in a neighbourhood
of the origin, we see that there exists € > 0 such that the constant Cy can be taken to be
independent of ¢ (and dependent only on €) for ¢ € (0,¢). To see that this gives the statement
about the order of vanishing at ¢ = 0, note that if F;(t) — P; ,(t)/Qx(t) has a zero of order ¢ at
t = 0 then we can write F;(t) — P, (t)/Qn(t) as t*G(t) where G(0) # 0. It follows that there is
a neighbourhood of zero such that [t‘G(¢)| > |G(0)|[t|*/2 for ¢ in this neighbourhood. Letting ¢
approach 0 from the right and using the fact that

|F3(t) = Pin(t)/Qu(t)] < CVACEHHDIR

gives £ > d(d + 2)HE™ and so F;(t) — P;,(t)/Qn(t) has a zero at t = 0 of order at least d(d +
2)HK™. The result follows. O

We now give the key result of this section, which shows that if F (), ..., F;(z) are power series
and a and b are integers as in Notation 2.1 then there are many good rational approximations
to F;(a/b).
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PROPOSITION 2.5. Assume the notation and assumptions of Notation 2.1. Then there exists
a sequence of positive integers {qn }n>0 such that:
(i) for § = 55,4 € {1,...,d} and each n > 0, there is an integer p;,, such that

‘F’L(a’/b) Di, n/Qn| < Qn (1+9)

for all n sufficiently large;
(ii) there is a positive constant C' such that q, < q,+1 < CqF for all n sufficiently large.

Proof. By assumption, |a| = b” for some p < 1/(d + 1), and so by definition of § it is easy
to check that

(I=p)d(d+2)>1+0)((d+2)(d—1)+1). (2.4)
In particular, we take
e:=(1-=pdd+2)—(1+9)({(d+2)(d—1)+1) (2.5)

and note that € > 0. By Lemma 2.4, we have that for each n > 0 there are polynomials

Pl,n( ) Pd n( ) Qn (SC) satisfying:

(a) max1<l<d{deg P (z),degQn(z)} < ((d+2)(d—1)+ 1)HE™,

(b) Qn(z) = B(@)B(a") - B ")Qo(z*");

(c) there exist positive constants Cy and Cy such that for i € {1,...,d} and for all n sufficiently
large we have Q,(a/b) # 0 and

|Fi(a/b) — P; n(a/b)/Qn(a/b)] < C1Cy (a/b) (d+2)HE"

Let No > 0 be such that @, (a/b) # 0 for n > Ny. For n < Ny, we take g, =1 and p; , = 1
for i € {1,...,d}. For each n > Ny, we have maxj<;<qs{deg P; ,,(z),deg Q,(z)} < ((d+ 2)(d —
1) + 1)Hk"™, and hence we define integers

_ b((d+2)(d71)+1)Hk" |Qn(a/b)| c7 (26)
and
n b)
@D ER oy @n(a/b) 9.

Observe that

Qu(aft) = ‘Qo (a/b)" HB (/b

Since

> (Bla/m)) - B())

£>0

is absolutely convergent, B(0) # 0, and Qo((a/b)*") — Qo(0) = 1 as n — oo, we see that there
are positive constants Cs, C3 such that

Co|B(0)|" < [Qn(a/b)| < C5|B(0)[" (2.8)
for all n > Ny. Thus
CQ|B(O)|nb((d+2)(d71)+1)Hk" <qp < 03|B(0)|nb((d+2)(d71)+1)Hk" (29)
for n > Ny. Using the fact that |B(0)| > 1, we see that there is some C' > 0 such that
Iny1 < 03\B(O)|n+1b((dﬁ)(dil)ﬂ)karl <Cq
for n sufficiently large. Finally, by (2.4) and (2.5), we have
(1—p)d(d+2)HK" =(14+6)((d+2)(d—1)+ 1)HK™ + cHK"
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for all n and hence by inequality (2.9), for n sufficiently large, we have
|Fi(a/b) — Pip(a/b)/Qn(a/b)| < CLCY |a/b| TR
= Cngb—(l—p)d(dJrz)Hk"
= ClCg’bf(1+5)((d+2)(d—1)+1)Hkn b*EHk"'

< Clcg(c?)|B(0)|n)1+6b—sHk”q;(l+6)

< q;(l-i-é)’

for all n sufficiently large. The result now follows. |

We make the remark that the estimates obtained in the proof of Proposition 2.5 do not imply
that the F;(a/b) are irrational; they do, however, show that if one of F;(a/b) is rational then
Din/qin = Fi(a/b) for all n sufficiently large.

3. Lower bounds on rational approximations

In this section, we continue the work we began in the preceding section and analyse the
rational approximations to special values of functions satisfying a k-Mahler equation. The
purpose of this section is to show that these rational approximations cannot be too good.

In addition to the assumptions and notation of Notation 2.1, we adopt the following.

NoTATION 3.1. We adopt the following assumptions and notation.
(i) We take Py (), ..., Pyn(z), Qn(x) € Z[z] for n > 0 to be polynomials satisfying conditions
(1)—(iv) of Lemma 2.4.
(ii) We take the integers p; , and g, to be as defined in Equations (2.6) and (2.7).
(iii) We take ®,(x) := [P1,(2)/Qn(), ..., Pin(x)/Qn(x)]T for n > 0.

LEMMA 3.2. Assume the notation and assumptions of Notation 2.1 and let N be a positive
integer. If ¢1(x),...,cq(x) € Q[x] are polynomials of degree at most N, not all of which are
zero, then

d
v (Z c,(x)FAx)) < oHdN[2d+3,

i=1

Proof. We define Cartier operators A; : Q((x)) — Q((z)) by

A; E cprt | = E Chnix"

n=—j n2(—j—i)/k

forie=0,...,k
Let vy :=v <Zi=1 cl(:c)FZ(:E)) We have

Note that
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where ¢1.1(x), ..., ¢cq1(x) are polynomials of degree at most N + H. It follows that
d
v (Z ci,l(x)Fi(xk)> = vg 4 v(B(z)) = vy, (3.1)
i=1

since B(0) # 0.
Let jo € {0,...,k — 1} be such that vy = jo (mod k). Applying the Cartier operator Aj, to
Z?:l Ci,l(x)Fi(l‘k) we have

d
v (Z Aj, (i (7)) Fz‘(@) = (vo — jo)/k-

Set vy := (vo — jo)/k. Then
’U()/k—].gl)lg’l)o/k. (32)

Moreover, Aj, (c1,1(x)),...,Aj, (cqa,1(x)) have degree at most Ny := (N + H)/k. Similarly,

Ao (e11(2) -+ Agy (can ()] Al) = [C“(m) ., c@)]

Bz) " B(x)
for some polynomials ¢1 2(z), ..., cq2(x) of degree at most N1 + H and we have
d
v (Z c,-72(x)Fi(xk)> = 1.
i=1

Let j; € {0,...,k—1} be such that vy =j; (mod k). Applying the operator A, to
Z?Zl cio(x)F;(x") we see that

d
v (Z Ajy (ci2(2)) Fi(fﬂ)) = (1 = 1) /k-
i=1

Now set vy := (v1 — j1)/k. Then

vi/k—1<wy <wv/k (3.3)
and thus by (3.2) we have
vo/k? — 1/k — 1 < vy < wp/k2. (3.4)
Moreover, Aj, (c1,2(x)), ..., A}, (ca2(x)) have degree at most

Ny := (N, + H)/k < N/k* + H/k* + H/E.

Continuing in this manner, for each n, we can construct polynomials ¢; ,,(z), ..., ¢4n(z) such
that for some j € {0,...,k — 1} we have

d
v (Z A (e () E«(x)) =
where
vo/k" —k/(k — 1) < vy < vo/k", (3.5)
and the degrees of
b1 (), ban(2)] := [Aj (crn(2)) .- Aj (cam(@))]

are at most
N/k" + H/k+ -+ H/kK™ < N/k" + H/(k — 1).
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Let ng be the unique natural number such that k™ > N > k™0 ~1 Then for
n € {ng,no+1,...,n0+ | H/(k—1)+2]d}

the constructed vectors [by »(z),...,ban(z)] are in the vector space of d-tuples of polynomials
of degree less than H/(k — 1) 4+ 1, which has dimension at most | H/(k — 1) + 2|d as a Q-vector
space. Hence for n € {ng,no + 1,...,n0+ [ H/(k — 1) + 2]d} the vectors [b1 ,(x),...,ban(x)]
are linearly dependent over Q. In particular, there exist constants \,, not all of which are zero,
such that
no+|H/(k—1)+2]d
An - [bin(x), ..., ban(x)] = 0.
n=ng

But this gives that

no+ | H/(k—1)+2)d

0= > Ao [b1n(@), . ban ()] - F(x)
n=ng
no+|H/(k—1)+2]d d
= > An D bin(@)Fi(2),
n=no i=1

which immediately yields that the functions

d
Gn(a:) = Z bi,n(x)Fi(x)

for n € {ng,no +1,...,n0 + | H/(k — 1) + 2]d} are linearly dependent over Q.
Suppose, towards a contradiction, that

k
_ N pnot(H/(k-1)+2)d
0 o)
Then for i € {0,...,|H/(k—1)+ 2] -d — 1} we have by Inequality (3.5) that
Vo k Vo — 1 k
Ung+i — Ung+itl = Eroti  h_ 1 fnotitl = vok™ " (1 - k) T ro1 > 0.

Thus the numbers
Ungs Ung+1y -« - 7vn0+|_H/(k—1)+2jd

are all distinct, and so for n € {ng,no +1,...,n0+ | H/(k — 1) + 2]d} the functions G, (z) are
linearly independent over Q, as we have v(G,(x)) = v, for all n. This is a contradiction.
Hence

k2 k2 Hd
< N _protH/(e=D+2)d o« T Nyt g2
= < o WORE

Note that k/*~1) < 2 and thus
vy < 2Hde2d+3.

The result follows. O

LEMMA 3.3. Assume the assumptions and notation of Notations 2.1 and 3.1 and let m be
a natural number with the property that k™ > QHdp2d+3 Then for each n > 0, we have that
D, (1), ®pim(2),. .., Ppym—1)(x) are linearly independent over Q(x).
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Proof. We prove this by induction on n > 0. We first prove the base case n = 0 by showing
by induction on i that ®¢(z), ®,, (), ..., Pmi(x) are linearly independent over Q(x) for all
i < d. When ¢ = 0, ®¢(z) is linearly independent over Q(z) as it is nonzero.

Suppose that ®¢(z), @, (), ..., ®mi(x) are linearly independent over Q(z) for all ¢ with ¢ <
J < d and consider the case i = j. Then ®¢(x), @, (), ..., ®y,;—1)(x) are linearly independent

over Q(x).

If ®¢(x), @ (z),..., ®p;(z) are linearly dependent over Q(x) then the column spaces of the
matrices (®g(x), <I>m( ) @ (7)) and (@o(z), (), ..., ®yj—1)(2)) are the same, and
hence if by (z), ..., bq(x) € Q( ) are such that

[b1(2),...,ba(x)](Po(x), ®r(x),..., Ppj—1)(x)) =0, (3.6)

then we have

[b1(x), ..., ba(z)] Py, (x) = 0.
By Cramer’s rule, there is a nonzero solution to (3.6) with b;(x) equal—up to sign—to the deter-
minant of a j x j submatrix of (®o(z), ®y(2),..., ®p-1(x)) fori=1,...,7+1land bi(xz) =0
fori=j+2,...,d. By Lemma 2.4, if we define d,, to be maxj<;<q {deg(P; »(x)),deg(Qn(x))}
and define h,, to be min;<;<4{v(Fi(z) — P; »(x)/Qn(z))} for n > 0, then we have

hy, > d(d+2)HE" (3.7)
and
dp, < ((d+2)(d—-1)+1)HEK" (3.8)

for all n > 0. Observe that each determinant of a j X j submatrix of (®¢(z), ®,,(x),...,
®,,j—1)(x)) is a rational function with numerator and denominator of degree at most do + d,, +

“+ 4 dyy(j—1); moreover, they all have a common denominator of at most this degree. Thus there
exist polynomials by (z), ..., bs(z) € Q[z], not all zero, of degree at most do + dp, + - - - + dyyy(j—1)
such that

[b1(), .., ba(2)](o(x), B (), ..., Bin(j—1)(2)) =0,

which gives

Thus

d
=v <sz(l‘)(Fz($) ,jm( )/Qjm( ) >

> Ry > d(d+ 2)HE™, (3.9)
But the polynomials b;(x) are of degree at most do + dy, + - - - 4 dyy(j—1) and so by Lemma

3.2 and (3.8) we have
d
d(d + 2 Hk]m (Z 7 ) 2Hd(d0 + d + + dm(jil))kZd—&-S
= .
<2f4((d+2)(d — 1) + 1)H — k%473,

Dividing this inequality by d(d + 2) Hk'™ we get

e 1 g @EDE@=D 4D i oy aais
= d(d+2) v
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a contradiction.

This completes the base case for our induction on n.

Next assume that the result is true for all natural numbers less than or equal to n. Notice by
construction ®,,;(z) = A(z)®,(2*), and A(z) is invertible. Thus we have that

(‘I’n(x), D, m(x),. .., ‘1’n+m(d—1)($))
= A(z) (@n,l(xk), D, 1 im(zh),. .., <I>n_1+m(d_1)(xk)) . (3.10)

By the inductive hypothesis, the matrix
(anl(xk)v q)nfler(xk)v ceey (I)n—1+m(d—1)(xk))

is invertible. Since A(x) is also invertible, the product

A(JI) ((I)nfl(xk)u §n71+m(xk)> ceey ¢n71+m(d71) (xk))
is invertible, and thus the equality (3.10) gives the desired result. This proves the lemma. []

We will need a few more estimates for the norms of matrices.

LEMMA 3.4. Let d and H be natural numbers and let B(x) be a d x d invertible matrix
whose (i, j)-entry is the rational function b; ;(x)/b(z) for 1 <i,j < d, where b; ;(x),b(x) are
polynomials of degree at most H. Then there exist € > 0 and a positive constant C' such that
for all « € (—¢,¢) \ {0} we have

1 C
B < o

Proof. Define D(z) := b(x)B(z), and let A; ;(z) denote the determinant of the (d — 1) x
(d — 1) submatrix of D(z) formed by removing the i-th row and j-th column of D(z). Note
that A, j(x) is a polynomial of degree at most H(d — 1). The classical adjoint of the square
matrix B(z) is the d x d matrix

adj(B(z)) = b(x)~ " ((=1)" A i(x))

Note that each entry of ((—1)"7A;;(z))

1<ij<d”

is a polynomial of degree at most H(d — 1).

1<ij<d
Since
-1 _ adj(B(z))
B@)™ = GetB@)’
and

det(B(z)) = det (b(z) ™" - D(z)) = det(D(x))b(z) ¢,

we have that
b(z)

B(z)!'= det(D(z)) - (D™ 85i(@) )< <a-

Note that the entries of D(x) are all polynomials of degree at most H, and so det(D(z)) is a
polynomial of degree at most Hd. In particular, there is some ¢ > 0 such that det(D(xz)) has
no zeros on {x € C : 0 < |z| <&} and so 27/ det(D(x)) is continuous on the compact set
{z € C : |z| < e}. In particular, there is some constant Cy > 0 such that

|2/ det(D(x))| < Co

for |x| < e. Similarly, there is a positive constant C; such that |b(z)A; ;(z)| < C; for |z| < e
and for 1 <14,5 <d.
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Thus for « € (—e,¢) \ {0} we have

1/2
- b(a) Ay (o) [* -
B 1| <« i,j < (120202 2Hd\1/2
1<i,5<d
The result follows taking C' = dC1Cy. ]

Applying the preceding results gives the following lemma. As is customary, when working
with a vector space K™ over a field K, we let e; denote the 1 x n row vector with a 1 in the
i-th coordinate and zeros in the remaining coordinates.

LEMMA 3.5. Assume the assumptions and notation of Notations 2.1 and 3.1 and let m be
a natural number with the property that k™ > 2H3[24+3  For each natural number n > 1, let
C,.(x) denote the d x (d — 1) matrix whose j-th column is ®,(z) — ®p4;m(x). Then C,(z)
has rank d — 1. Moreover, there are positive constants ¢o and ¢q such that for i € {2,...,d} we
either have

7 Cr(a/b)|| > cocta/b|l D@ +DHRT IR,

for all n sufficiently large or |lel C,, (a/b) || is eventually zero.

Proof. For the first part of the lemma, suppose to the contrary that C,,(x) has rank strictly
less than d — 1. Then the vectors {®,,(x) — @, 1im(z)}9=} are lincarly dependent. Thus there
exist a1(x),...,a4—1(x) € Q(x), not all zero, such that

d—1
Zai(w)(@n(x) = ®ytim(z)) = 0.
i=1

Hence
d—1

(a(z) + az(2) - + ag-1(2))@n(2) = Y ai(2) Brpim(z) = 0,
i=1

and so the set of vectors {®,, i, (2)}{4 is linearly dependent over Q(z). But this contradiction
the conclusion of Lemma 3.3.

Recall from Lemma 2.4 (v) that Py ,,(x)/Qn(x) =1 for all n and hence the top row of C,,(x)
is zero. We let Csll)(x) denote the (d — 1) x (d — 1) matrix obtained by deleting the first row of
C,.(z). Then Cgll)(x) must have rank (d — 1) and thus it is invertible.

Then Lemma 2.4 (i7) gives

Cn(z) = A(2)A(ZY) - A(zF" ) Co(z*") (3.11)
for each n > 1. Let i € {2,...,d}. By construction we have
lel s CP (@) = llef Crle)]|

for @ € (—1,1) at which C,,(z) is defined.

From the first part of the lemma we have that C(()l)(x) has nonzero determinant and by
Lemma 2.4, its entries are rational functions with numerator and common denominator having
degree bounded by ((d — 1)(d + 2) + 1) Hk™¢=D, Hence by Lemma 3.4, there is some € > 0
and some constant Cy > 0 such that

Hcél)(a)—ln < CO|a|7(d71)((dfl)(d+2)+1)Hkm<d’1)

for o € (—e,¢) \ {0}.
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Since Fj(z) = 1 we have
1 =elF(z) = T A(z)F(2").

Since Fy,. .., Fy are linearly independent over Q(z), we see that the first row of A(x) is el . Let
B(z) denote the (d — 1) x (d — 1) submatrix of A(z) obtained by deleting the first row and
first column. This fact along with (3.11) imply that

CV(a/b) = B(a/b)B((a/b)*) - B((a/b)*" )C ((a/b)*"). (3.12)

By Notation 2.1 the entries of B(z) are rational functions with numerator and common
denominator of degree at most H and so by Lemma 3.4 there exists some gy € (0,€) such that

IB(a)~!|| < Cyla|~H@-1) (3.13)
for a € (—60750) \ {O}

Pick a natural number r such that (a/b)*" € (—¢¢, o) for n > 7. Then (3.12) and the definition
of B(z) imply that for ¢ € {2,...,d} we have

lef Cula/b)]| = || Aa/b)A((a/B)*) -~ Al(a/b)* )
< (let o | T foerme ) - a0

If
el Ala/b)A((a/b)") - Al(a/b)F ") =0
then e C,,(a/b) is zero for all n > r and so we may assume that
Cy = |le] A(a/b)A((a/0)F) - A((a/D)F )] > 0.
Inequality (3.13) gives

(H HB a/b H) >C{*n|a/b|H(d71)k"—l.“|a/b|H(d71)kr

> 7" a/bH DR/ (k=) (3.15)
Hence by (3.14) we have
lef Cula/b)l] = CoCy 'O fa/p| (4 DUV EDHITEIR DI/ 20 - (3.16)
Note that
((d=1)(d+2) + DE™ D +1/(k = 1) < (d* + d)k™ Y
and so taking cg = C2C; ' C7 and ¢; = C; ! in (3.16) gives
e Cn(a/b)]| > coctla/p| @D +HETIR,

The result follows. ]

DEFINITION 1. We call an infinite subset S of the natural numbers syndetic if there exists
a natural number m such that for each s € S there exists somet € S with 0 <t —s < m.

We have the following lemma.

LEMMA 3.6. Assume the assumptions and notation of Notations 2.1 and 3.1 and let m
be the smallest natural number with the property that k™ > 2Hdg24+3 [f; ¢ {1,... d}, then
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either F;(a/b) is a rational number or
[Ei(a/b) = Pin(a/b)/Qula/b)] = b= (-

for a syndetic set of natural numbers n with gaps eventually bounded by at most (d — 1)m.

Proof. Let L := d3HE™(@=1_If the conclusion of the statement of the theorem is not true,
then there are infinitely many natural numbers N such that

|Fy(a/b) — Pin(a/b)/Qu(a/b)] < b= (=PLE"
forn=N,N+m,...,N+ (d—1)m. So by triangle inequality

[Py (@/5)/Qu(afb) — Piysjm(a/b)/Quvsmlafb)] < 2=
forj=1,...,d—1.
As defined in the previous lemma, let C,,(z) denote the d x (d — 1) matrix whose j-th column
is ®,(z) — ®pqjm(z). Then
|Pi.n(a/b)/Qn(a/b) = Pintjm(a/b)/QN+jm(a/b)|
is the j-th coordinate of e Cy(a/b) and so we have

2v/d—-1

lei Cn(a/b) < sz

But by Lemma 3.5, we have that either el C,,(a/b) is zero for all n sufficiently large or there
exist positive constants ¢y and ¢y such that

el Cula/B)]| > coc (a/p)( =D +DHET IR
for n sufficiently large. If the former possibility occurs then there is some r > 0 such that

1P (a/b)/Qr(a/b) = Pirinm(a/b)/Qrinm(a/b)| =0
for all n > 0 sufficiently large, and since P, (a/b)/Qn(a/b) — Fi(a/b) as n — oo, we see

Fi(a/b) = Pir(a/b)/Qr(a/b) € Q.

If the latter possibility occurs then we have

Coc?bf(lfp)(dfl)(d2+d)Hkm<d_1)+” <2(d— 1)1/2b7(17p)Lk" (3.17)

for infinitely many n. Taking logarithms of both sides, dividing by (1 — p)HE**™@=1 and
taking the limit supremum of both sides over all n for which the inequality (3.17) holds, we see
that

(d—1)(d* +d) > d?,

a contradiction. The result follows. [

PROPOSITION 3.7. Assume the assumptions and notation of Notations 2.1 and 3.1, let
i €{2,...,d}, and let m be the smallest natural number with the property that k™ > 2Hd2d+3
Then either F;(a/b) is a rational number or for each sufficiently large natural number n, there
isje{n,n+1,...,n+m(d— 1)} such that

1—p)dk™(@=1

Fi(a/b) — IQ

J

Proof. Suppose that F;(a/b) is irrational. From (2.6), we have
gn = BEFDUA=DEDHR (4 /b)| € Z. (3.18)
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Equation (2.9) shows there exist positive constants Cy and C5 that
02|B(O)|nb((d+2)(d71)+1)Hkn < In < C«S‘B(O)‘nb((d+2)(d71)+1)Hk” (319)

for all n sufficiently large. Since p; »/qn = Pn(a/b)/Qn(a/b) we see from Lemma 3.6 that for
each n sufficiently large there is some j € {n,n+1,...,n 4+ m(d — 1)} such that

Fi(a/b) — @ > p—(1=p)d® HE™ (4= DkT

dj

For n sufficiently large we have

b_(l—p)d?’Hk"L(d*l)kj > q-,(lip)dkm,(d—l)
— 1

by inequality (3.19). This proves the proposition. O

4. Mahler numbers are not Liouville

In this section, combining Propositions 2.5 and 3.7, we give a quantitative bound on the
irrationality exponent of a Mahler number assuming Mahler’s condition is satisfied. That is, we
prove the following result.

THEOREM 4.1. Suppose that F(x) € Z[[x]] satisfies the Mahler equation (1.1), that a/b is
inside the radius of convergence of F(x), log|a|/logb € [0,1/(d + 2)), and ao((a/b)*") # 0 for
n > 0. Then

,U(F(Cl/b)) < 4H(kd+1)d2k5d2’

where H = maxo<;<q{dega;(z)}.
We use a slightly modified version of the following classical lemma.

LEMMA 4.2. Let &, 0, 0 and ¥ be real numbers such that 0 < § < g and ¥ > 1. Let us assume
that there exists a sequence {py/qn}n>1 of rational numbers and some positive constants cg, c1
and co such that both

9
n < gn+1 < €04y

and
‘1 Dn C2
o S ‘5 IS 155
n an n
Then we have that
)
we <1+oy.
Proof. See Adamczewski and Rivoal [7, Lemma 4.1]. O

As a consequence of this lemma, we have the following result.

LEMMA 4.3. Let &, 0, 0 and ¢ be real numbers such that 0 < § < g and ¥ > 1 and let d € N.
Let us assume that there exists a sequence {p,/qn tn>1 of rational numbers and some positive
constants cs, cq4 and cs such that for all n > 1 we have

(i) 0< gn < gni1 < c3q,
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(i) |e— 22| < s,

(#i1) and that there is a syndetic subset S of N with gaps eventually bounded by ¢ such that

Cs DPn
e < ‘é 0 (4.1)
for allm € S.
Then
?96
n(é) < (1+ 9)§~

Proof. Let S be the set described in assumption (ii¢) of the lemma, and let S’ be an infinite
subset of S for which the difference of consecutive elements is at most £. Set s; := min{k € S’}
and for n > 2 set

By assumption (ii7) the number s,, exists and for n > 2 we have s,, < s,—1 + £. Define the
sequence {@Qn}n>1 by @Qn = ¢s, for all n > 1. By assumption (i) we have that

Cs
140
gn

Sp 1= min{ke (Sn—1,8n—1+ 4] : < ‘«f—pn
dn

9 2 92 0 9t 0 9*
0< qs, < Qs 41 < s, +2 < Cqu"—i-Z—l < C3qsn+€—2 << C3qsn+€—l = C3qsn,’
so that
¢
0< Qn < Qn+1 S OOQn ) (42)
0

where Cy = c5 is a positive constant independent of n. Also, we have for all s,, that

¢ e Pl
X ~ )
q;:‘g ds, q%jé
so that setting P, = ps,, we have that
Cs Pn Cq
I+o §— Qn| = Qe (4.3)
n n n

We now apply Lemma 4.2 to the sequence {P,/Q}n>1 of rational numbers using (4.2) and
(4.3) to give that

L
ue) < (1+0)5

This proves the lemma. ]

We are now ready to prove one of the main results of this section.

THEOREM 4.4. Assume the assumptions and notation of Notation 2.1. Then

11 (Fyla/b)) < 4HE 54",

Proof. By Propositions 2.5 and 3.7, we may apply Lemma 4.3 using
1+o0=>0-p)dk™ Y 9=k  §=1/3d%, L=m(d-1).
This gives
u(Fi(a/b)) < 3(1 = p)d k>0,
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Since m is the smallest natural number such that k™ > 2042443 we have k™ < 2Hdf2d+4,
Thus

w(Fi(a/b)) < 3(1 — p)d*2*HHd=1p2ld=D)EdH), (4.4)
Since d* < 22Hd we see that
M(Fl(a/b)) S 22Hd . 3(1 _ p)22Hd(d—1)k,2(d—1)(2d+4)
=3(1— p)22Hd2 Ad®+4d—8
< 4Hd2k5d2

which is the desired result. ]

In the proof of our main theorem, we will use the well-known fact that if £ is a real number,

then
" (;’ f) = 4 (";’ +s> = u(€) (4.5)

for any nonzero rational z/y € Q.

PROPOSITION 4.5. Suppose that F(xz) € Z[[z]] satisfies

d .
p) + Y @) Fat) =0
1=0

for some integers k>2 and d>1 and polynomials ag(z),...,aq(z),p(x) € Clz] with
ag(z)aq(x) # 0, which is minimal with respect to d. Suppose that a and b are integers with
b > 0 satisfying

(i) a/b is inside the radius of convergence of F(x),

(ii) |a| = b” for some p € [0,1/(d + 2)), and
(iii) ao((a/b)*") # 0 for all n > 0.
Then

u(F(a/b)) < 4H(d+1)2k5(d+1)2

)
where

H = max {degp(x), deg a;(w) + k'v(ao ()}

If, in addition, we have ag(0) # 0, then H = maxo<;<q{degp(z),dega;(x)} suffices.

Proof. 1In this proof, we will consider two preliminary cases based on conditions of our
coefficient polynomials and then proceed to prove the general result, as the third case, based on
the two previous cases.

Case I. Assume in addition to the assumptions of the theorem that ag(0) # 0.

Let Fi(z) =1 and Fi(z) = F(xkld) for i =2,...,d+ 1. It is clear that Fi(z), Fx(x),...,
Fy11(x) are linearly independent over Q(z) since d is minimal. Let Ag(x) denote the (d + 1) X
(d + 1) matrix

1 0 0
_ p(z) 7a1($) 7<12(€17) .. 7ad($)
ao(z) ao(z) ao(z) ao(z)
0 0 , (4.6)
: I
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where I;_1 is the (d — 1) x (d — 1) identity matrix. Then we have
[Fi(z), ..., Fa1(2)]T = Ap(x)[Fi(a"), ..., Far(a®)]T. (4.7)

Taking the determinant of A p(z) by using cofactor expansion along the right-most column
gives

det Ap(z) = 24T 4
ap(x)

Applying Theorem 4.4 (replacing d by d + 1), gives the result in this case where

H = Org%xd{degp(a:), dega;(x)}.

Case II. Set j := minj<;<q{7 : a;(z) # 0} and assume in addition to the assumptions of the
theorem that

(K — 1) - v(F(2)) 2 vlao(@)) and v(p(x)) = v(ao(x)) + (P ().
Define the polynomial A(z) and the power series G(z) by
ag(z) = 27 @) A(x) and F(z) = 2"F@)q(z).
Then

d )
0=p(x)+ap(z)F(z)+ Zai(ﬂc)F(xkl)
i=1

d
= gV F@)=v(@0@)y(2) + A(2)G(x) + Zai(x)x(k‘—l)V(F(:c))—V(ao(r))G(mk
i=1
where z~V(F(@)=v(a0(@))p(2) € Z[x] since by assumption v(p(z)) > v(ag(x)) + v(F(x)). Also,
since we have (k7 — 1)v(F(x)) — v(ag(x)) > 0 and A(0) # 0, the above equality shows that G(x)
satisfies a Mahler-type functional equation with A(O)ad(x)x(kd’1)”(F(I))*”(“°(””)) # 0. Thus
Case I applies to give that

i

),

M (G(a/b)) < 4H(d+1)2k5(d+1)2,
where

H = max {degp(r), degai(v) + (K = 1) - v(F(x))}.

Since F(x) = 2*F@)G(x) we have that F(a/b) is just a rational multiple of G(a/b), and so
1(F(a/b)) = u(G(a/b)). This proves the theorem under this added assumption.

Case I1I. Assume that neither Case I nor Case II applies.

We have that v(ag(z)) # 0. Define the series G(z) and the polynomial P(z) by

G(z) = gV (@) 4 Z f(n)z™ and P(z):= F(z) — G(x).
n>v(ao(x))

Then
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where Q(x) := p(z) + Z?:o a;(x)P(z*"). Notice that by construction v(G(z)) = v(ao(z)). Also,
note that by (4.8) we have that
d .
v(Q(z)) =v (Z az‘(ﬂ?)G(ﬂckl)> > min {v(a;(z)) + k'v(G(@))} . (4.9)
i=0 ==

If the minimum occurring in the right-hand side of (4.9) is at ¢ = 0, then we can apply Case
IT to the functional equation (4.8) to give

1(Gla/b)) < 4MHD (17, (4.10)

where

H = max {deg Q(x),degai(w) + (k' = 1) - v(ao(x))} .

If the minimum occurring in the right-hand side of (4.9) is at some ¢ > 1, then we at least
have that

v(Q(2)) = k- v(G(z)) = 2-v(G(z)) = v(G(2)) + v(ao(x)),

since v(ag(x)) = v(G(x)), and again we can apply Case II to give the same bound as in (4.10).
Since G(a/b) — F(a/b) is rational we have that u(G(a/b)) = u(F(a/b)). Noting that

deg Q(x) < max, {degp(z),dega;(x) + k'v(ao(z))},

gives the desired result, finishing the proof of the theorem. |

Notice that Proposition 4.5 is very similar to Theorem 4.1; it has the added condition that d
be minimal. In fact, there is no need for this minimality condition, which we will demonstrate
in the following results.

Let k > 2 be a positive integer and let Ay, : Q[[z]] — Q[[z]] be defined by Ay (F(z)) = F(z*).
Let F(x) be a k-Mahler function and S(Ay) € Q(z)[Ag] be the minimal degree annihilator of
F(z); note that since Q(x)[A] is a left principal ideal domain, S(Ay) is well defined. Write

S(Ak) = qo(2) + qu(@) A + -~ + g5 (1) AF

where ¢s(x)qo(z) # 0 and without loss of generality suppose that ¢;(z) € Q[z] for i =0,...,s

and ng(qO(ﬂf), s 7qb(‘x)) =1
Suppose that there is some

_ao(z)  ai(x) ar(z)
R(Ag) = bo(2) + b (2) A+ + b ()

with ged(a;(x),b;(z)) =1 such that R(Ag)S(Ak) = ho(x) + hi(2)Ak + -+ + ha(z)AY €
Q[z][A] is an annihilator of F(x) of degree s + r and height

H = max{deg(h;(x)): 0 <i <d}, (4.11)

where, as is clear from (4.11), we use height in this context to mean the maximum of the degrees
of the polynomial coefficients.
PROPOSITION 4.6. The height of S(Ay) is at most H, where H is as defined in (4.11).

We will use the following two lemmas to prove Proposition 4.6.

LEMMA 4.7. We have that b, divides qo(z)qo(z*) - qo(z*" ).
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Proof.  We will first show that b, divides go()qo(z*) - qo (:ck[) for all £. To see this note that
the constant coefficient of R(Ax)S(Ag) is ag(x)go(x)/bo(z) € Qlz]. Since ged(ao(x),bo(z)) =1
we have that by(z) divides go(x). Now suppose that b; divides go(z)qo(z*) - - - qo(z*") for all
i < (. The coefficient of Af in R(Ay)S(Ay) is

L J
aj(x)qe—;(z¥) . .

Thus multiplying through by the product of the b;(x)s, with minor rearrangement we have

‘ i bo(x) - be(z ‘
CE E:% Par-s ) 2D )@ o )
j=0 J

we note here that each term in the sum is a polynomial. Since b;(x) divides each term on the
left-hand side, it must divide the right-hand side. That is, by divides bg(z) - - - bg_l(x)ag(a:)qo(xkl).
Since for i < ¢ we assumed that b; divides go(2*"), we have by transitivity of division that b,
divides qo(7)qo(z*) - - qo(xk[). This completes the first step of the proof of the lemma.

Novi let j € {0,...,s} and consider h,1,_j(x), and note that since h, s ;(z) is the coefficient
of AT,

QT+9 —j— z( kl)+h’7’+s—j(x)' (412)

ar(z) _
by () ; bl

By the first step of this proof, we have that the right-hand side of (4.12) is a polynomial if
Ml

we multiply it by qo(x)qo(z¥) - - qo(z¥ ), and we thus also have this for the left-hand side of

(4.12); that is,

%umsﬂﬂ”%ﬁiTﬁ*“%“”l>e@m.

Since ged(a,(z),b-(z)) =1, we thus have that for each j € {0,...,s}, b.(z) divides the
[ r—1 . .
qs,j(ack )qo(x)qo(zF) - - qo(xF" ). Since ged(qo(x), ..., qs(x)) = 1, there exist ug(z), ..., us(z)

such that
Z(Zz ui(z) =1,

and since b, (z) divides the gs—;(z*")go(2)go(2*) - - qo (zF"") for each j € {0, ..., s}, we have
that b,.(x) divides any linear combination of these. In particular, b,(z) divides

Z Us— J (Is ]( kr)qO(l‘)qo(xk) ... qo(l.k"*)

:qO(x)QO( k kT 1 Zus —J QS ]( kr)

:%@max»~%m“1»

This completes the proof of the lemma. |

LEMMA 4.8. Let e; :=dega,;(x) —degb;(x) for i € {0,...,r}, d; :=degqg;(z) for je€
{0,...,s}, and H be as given in (4.11). Then e; + k'd; < H for all i and j.

Proof. Pick j such that d; is maximal and such that dy < d; for k¥ < j. Next pick the
smallest ¢ such that e; + k‘idj is maximal; that is, e; + k‘tdj <e+ kidj for t < i. Now consider
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the coefficient
2 a(x)
hivj(x) = Givj—e(z")
= ()

in the product R(Aj)S(Ag). Notice that we look at the term when ¢ =4 in the above sum
we get a contribution of Zg; qj(ackz), which has a pole at @ = oo of order e; + k'd; > H. Since
deg hiyj(x) < H, we see that h;yj(x) has a pole at & = oo of order at most H and so there
must be some cancellation in the above sum; that is, necessarily there is some other term that
has a pole at x = oo of order e; + kidj and so ey + kedi_l,_j_[ =e; + kidj for some £ #£ 0. If £ > 1,
then

eo+ ki o <ep+ K < e+ Edj=ep+kdivjy,
a contradiction. And if ¢ < 4, then
eo+ Ko < e+ k'd; < e+ kd=er+kdij,

which is again a contradiction. O

Proof of Proposition 4.6. Let j € {0,...,s} be such that d; is maximal. By Lemma 4.7 we
have that

er = dega,(v) —degby(z) >0 —do(1 +k+--+ k1> —dj(1+k+--+E1).
By Lemma 4.8 we have that e, + k"d; < H, and so using the preceding inequality we have
Ert — 2k +1
— | >d;
o)z
where the last inequality follows from the fact that & > 2. |

HZeT—i—k"djZdj(k:"—k:"_l—-~-—k—1):dj(

Proof of Theorem 4.1. Let d > 1 be an integer and suppose that F(z) € Z[[z]] satisfies a
Mahler equation

d .
> ai() Pt =0,
=0

where ag(z)aq(x) # 0. By Proposition 4.6, the Mahler equation which is minimal with respect
to length, say

dmin

3" bi(2)F(a™) =0, (4.13)
=0

where bo(z)ba,,,, (z) # 0, has coefficients which are polynomials with integer coefficients which
satisfy maxo<i<d,.,{degb;(x)} < maxo<j<q{dega;(x)}.
Now suppose that a and b are integers with b > 1 satisfying
(i) a/b is inside the radius of convergence of F'(z),
(ii) |a| = b” for some p € [0,1/(d + 2)), and
(iil) ao((a/b)k") # 0 for n > 0.
Then by Proposition 4.5 we have

p(F(a/b)) < 4N @mint1)? 5(dmin+ 1)

where

N = Ogringad)i‘m{deg bi(x) + k'v(bo(x))}.

Since v(bo(x)) < degbo(x), applying Proposition 4.6 again, we have

— . % < dmin . . .
N ogr?g%}i,i,,{deg bi(x) + K'v(bo(z))} < (K% +1) Orgja;cd{deg a;(x)}
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Since dpin < d, the result follows. O

5. Removal of Mahler’s condition

While no general method for removing Mahler’s condition is known, our interest is focused on
irrationality exponents of Mahler numbers, and in this context we are able to remove Mahler’s
condition. We require Dumas’ characterisation of Mahler functions [17, Theorem 31].

THEOREM 5.1 Structure Theorem of Dumas [17]. A k-Mahler function is the quotient

of a power series and an infinite product which are analytic in the unit disk. Specifically, if
F(z) := [Fi(x) = F(x),..., Fy(x)]T satisfies

— k
where A(x) € Q[z]9*? with det A(z) # 0 and B(z) € Z[x], then there exist k-regular series
Gi(z) (i=1,...,d) such that
Gi(x)
Fz(x) = 3N
szo B(xk)

where B(z) = ax’8(z), with a # 0 and B(0) = 1.

We also require the following lemma, which is based upon [1, Lemma 6.1], although more
care is needed in keeping track of certain estimates.

LEMMA 5.2.  Suppose that F(z) =), <, f(n)z™ € Z[[z]] satisfies the Mahler equation (1.1)
and suppose that F(x) is not a polynomial. If § is the order of the zero of ag(z) at x =0 and H
denotes the maximum of the degrees of ag(z), ..., aq(x), then there exist some natural number
M < H + k%5 and some polynomial P(x) of degree at most § such that F(x) = P(z) + 2™ E(x)
where E(0) # 0 and E(x) satisfies a Mahler equation of the form

d+1

S bi@)E@E) =0
=0

with by(0) #0 and such that the degrees of by,...,bgy1 are at most (H + k4)2(k+1).

Furthermore, the following hold:

(i) if o is a nonzero complex number and ag(x) has a zero at x = « of order s, then by(x) has
a zero at © = « of order at most s + H + k%6;

(ii) if h is the maximum of the absolute values of the coefficients of ag(z),...,aq(x), then
the leading coefficient of by(x) is, in absolute value, bounded above by (d + 1)h?(§ + 1) -

max{|f(0)],...,|f(8)[}.

Proof. Let P(z) be the unique polynomial of degree at most ¢ such that F'(z) — P(z) has a
zero at x = 0 of order at least 6 + 1. (In other words, P(z) is the Taylor polynomial approximation
to F(z) of degree at most .) Let M denote the order of zero at x = 0 of F(z) — P(x) and let
E(x) be such that F(z) = P(z) + 2™ E(z). Then E(0) # 0, by construction and M > § + 1.
We claim that M < H + k9§. To see this, let

d .
Qz) = Zai(x)P(a?kl). (5.1)
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Then making the substitution F(x) = P(x) + 2™ E(x) into the Mahler equation (1.1) gives

d
> ai(x)at E@h) = —Q(). (5.2)
i=0
Notice that Q(z) has degree at most H + k%5. Thus if M > H + k% then we must have
Q(z) = 0 since the left-hand side has a zero of order at least M at 2 = 0. On the other hand if
Q(z) = 0 then we must have
d
> ai(x)a* E@R) =0,
i=0
and this cannot occur if M > H + k% since the order of vanishing at = = 0 for a;(x)2™* E(2*")
is exactly 6 + M for i = 0 and is at least Mk® > M + 6 for i > 0. It follows that M < H + kds.
Observe that the order of vanishing of ao_(ac)scM at © = 0 is precisely 2°t™ | which is strictly
less than the order of vanishing of a;(z)z*' at 2 = 0 for i > 0 since M > §. We let ¢;(z) =
ai(x)xF M=M=0 for 4 =0,...,d and R(z) = —Q(x)z~™~?. Then the ¢;(z) and R(zx) are all
polynomials. Moreover, each ¢;(x) has degree at most H + k%M — M — § < H + kM and R(x)
has degree at most H + k96 — M — 6 < H + k%M. Then we have

d

3" ci@)E(*') = R(x) (5.3)

i=0
where ¢¢(0) # 0 and ¢;(0) = 0 for 4 > 0. In particular, R(0) # 0 since ¢o(0) # 0 and E(0) # 0.
Applying the operator x + z* to (5.3) gives

d -
_ (P E@RT) = R(z%). (5.4)

<

Finally, multiplying both sides of (5.3) by R(z*) and subtracting the result of multiplying both
sides of (5.4) by R(z) gives

Z b(z)E(zF) = 0, (5.5)

where b;(z) = ¢;(x)R(z*) — ¢;_1(z*)R(z), and we take c_(z) = cq41(x) = 0. We observe now
that each b;(x) has degree at most (H + kM) (k + 1). Using the fact that M < H + k% now
gives us the desired bound of (H + k%)%(k + 1).

Finally, we note that bo(z) = co(z)R(z*) = —ao(x)Q(x*)x= =%, Thus the order of vanishing
of by(x) at = a is s more than the order of vanishing of Q(z) at = = ¥, which is at most
s+ H + k96, since Q(x) has degree at most H + k%5. Next note that the leading coefficient
of bo(x) is, up to sign, equal to the leading coefficient of ag(x) times the leading coefficient
of Q(x), which is at most h times the absolute value of the leading coefficient of Q(x). To
estimate the size of the leading coefficient of Q(z), we use Equation (5.1) and observe that P(x)
is just 30,5 f(j)z. If Q(x) has degree r, then we have that the leading coefficient of Q(z) is
at most the sum of the absolute values of the coefficients of " in a;(z)P(z*") as i ranges from
0 to d. Since P(z*") has at most § + 1 nonzero coefficients, we see that the coefficient of 2" in

ai(x)P(x*") is at most h(J + 1) times the maximum of |£(0)],...,|f(d)|. Since there are a total
of d + 1 such terms that contribute to the leading coefficient of Q(x), we see that its leading
coefficient is at most (d 4+ 1)h(d + 1) times the maximum of |f(0)[,...,|f(d)]. The result now
follows. U

We are now ready to prove the main result of this section.
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THEOREM 5.3. Suppose that F(x) =5 ., f(n)a™ € Z[[x]] satisfies the Mahler equation
(1.1) and that a/b is in the radius of convergence of F(x). Then

((F(a/b)) < (4dHR3)1E36H K d? 320l k0" d?
whenever log |a|/logb € [0,1/8H?dk?*1), where H = max{1,degag(z),...,degaq(x)} and h

is the maximum of max{|f(0)|,...,|f(H)|} and the absolute values of the coefficients of
ap(x),...,aq(x).

Proof. To see how Theorem 5.3 is deduced from Theorem 4.4 suppose that F(z) satisfies
Mahler’s equation (1.1), that is,

a/b is in the radius of convergence of F(x), and that log |a|/logb € [0,1/6 H2dk?3*!). Let & be
the order of the zero of ag(z) at x = 0.

By Lemma 5.2, there exists some natural number M < H + k%§ and some polynomial P(x)
of degree at most 6 < H such that F(z) = P(x) + 2™ E(z) where E(0) = 0 and E(z) satisfies
a Mahler equation

d+1 v

Z bi(x)E@") = 0

i=0
with b(0) # 0 and such that the degrees of by,...,bsr1 are at most (H + k%)%(k+1). It
is immediate from Equation (4.5) that p(F(a/b)) = u(E(a/b)). We continue by bounding
p(E(a/b)).

To set us up to use Theorem 4.4, note that

E(z) := [Er1(z) = E(x),..., Ed+1(a:)]T

satisfies
) = A(z) 2k
B() = 5 B)
where E;(z) = E(z® Yfor j=1,...,d+1, B(z) = by(z), and
—bi(z) —ba(2) —bat1(2)
1 0 0
A(z) = 0 1
0 1 0

We note that if there does not exist some i > 0 such that B((a/b)*") = 0, then we can apply
Theorem 4.1 to give an upper bound on the irrationality exponent of E(a/b) that is better
than the one given in the statement of the theorem. Thus it is sufficient to consider the case
that B((a/b)k") = 0 for some i > 0. We shall give an upper bound on the irrationality exponent
for E(a/b), if B((a/b)*") =0 for some i > 0, by applying Dumas’ theorem and then using
L’Hopital’s rule.

By Theorem 5.1, there exist k-regular functions G1(x), ..., G4r1(x) such that
Gi(x)

Eiw) = 0

szo B(xk)

where B(x) = bg(z)/bo(0).
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If we let G(z) := [G1(x) = G(x),...,Gay1(x)]T, then we have

G(z) = g((a;)) A(z)G(zF) = Z‘;Eg))G(mk)
Differentiating we have that
i Gl(l‘) 1 i Gl(xk) T
Gai()| _ 1 [AG) O | |Gunileh)

Gi(z) bo(0) [A'(z) ka*tA(2)] | Gi(aF)

LGl (), _G&+1(Ik)_
We note that the entries of the above matrix all have degree at most k — 1 + (H + k%)2(k + 1).
Continuing in this manner one can write for any n € N the equation

A kat A (z)
Gn(2) = boiO) . 3 Gule 8
* x  kraDA(x)
where
G () == [Gi(2), ..., Gap1 (@), GL(2), ..., Glpypr (@), .., G (@), ..., GT (@),

and the upper triangular part of the matrix in the equality is all zeros. Again the degrees of all
entries in this matrix are bounded by n(k — 1) + (H + k%)?(k + 1).

We are now set up to show that Mahler’s condition can be removed. Towards this, suppose
that a,b € Z, b > 0, and ged(a,b) = 1.

Since B(x) = bo(z), Lemma 5.2 gives that the leading coefficient of B(z) is at most

(d+1)(8 + 1)kt max{|f(0)],.... |f(9)[},
where hj is the maximum of the absolute values of the coefficients of ag(z),...,aq(x). We
note that hy < h and max{|f(0),...,[f(0)|} < max{|f(0)],...,|f(H)|} < h and so the leading
coefficient of B(z) is at most (d + 1)(H + 1)h3. Using the rational roots theorem and the fact
that ged(a, b) = 1, we have that B((a/b)k") # 0 whenever b*" > (d 4+ 1)(H + 1)h3. In particular,
there exists a unique positive integer N such that

e [ sl DE F DR
- ’ logb '

(5.7)

Then, by the remarks above, we have that for all n > N,

B <(Z)k> £0.

If E(a/b) is defined, then G(a/b), as defined above, must be zero. Define the integers s; > 0
and the polynomial 7(x) by

where 7((a/b)*") # 0 for i > 0. Thus there is a polynomial T(z) € Q[z] such that
N-1

[ 56" = (¢~ %) 7).

=0
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where s = sg+ -+ sy—1 and T'(a/b) # 0; note that 0 < s < deg 3(z). Then G(x) has a zero
of order at least s at x = a/b. A routine calculation shows that
B(%) - G (%)
b a ALAN
ST () n 8((3)")
Now s!-T'(a/b) € Q\ {0}, so using Equation (4.5), we see that we need not worry about it in
order to determine the irrationality exponent.

Set
__&w

L%J (37) - anN ﬂ(l’kn)’

and write
Gg(x)
L ==
() Do B’
so that we have
A(z)
1 x  kaFTlA(2) .
L(z) = W : L(z"). (5.8)
* . w  kSrsmDA(2)

Recall that [3((a/b)kN“) # 0 for all 4 > 0 and that deg f(z) = deg B(x). Also, we have that

oy yop(o V6 e
E(5)-1(3) Moo ((5)7) L (5)-
Finally, we note that the matrix in (5.8) has entries whose degrees are at most
s(k—1) + (H + k%)*(k + 1)
and ﬁ(ka) has degree at most
KN(H + k) (k + 1),
which by (5.7) gives

degﬁ(xk”) < max (1’ log((d + 1)(H + 1)h?)
logb

) (H 4 kM) (k 4 1)k. (5.9)
Thus using the vector equation of length (s + 1)(d + 1) in (5.8), we can apply Theorem 4.4 to
L1 s(a/b)t to obtain

,u(F(a/b)) — ,u(E(a/b)) _ M(Ll,s(a/b)) < 4H0(1+(s+1)(d—&-1))2k,E')(1-‘,—(3—}-1)(d+1))27 (510)

where

Ho = max <max (1, log((d + 1)(H +1)h%)

log b

) (H 4 kN2 (k4 Dk, s(k — 1) 4+ (H 4+ k%)% (k + 1)

(5.11)
The bound s < deg S(x) implies

s+1<1+degf(x) <1+degB(z) <14 (H+ k)*(k+1).

TWe must actually work with a vector equation of length (s + 1)(d + 1) + 1 to apply Theorem 4.4 since we
must throw the constant function 1 into our system. This has the net effect of adding a new row and column to

the matrix in (5.8) that has their shared entry exactly equal to bg (O)B(:pkN) and all other entries equal to zero.
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Thus (s + 1)(d+ 1)+ 1< (1 + (H + k%)2(k +1))(d + 1) + 1. It is straightforward to check
that (1 + (H + k9)2(k +1))(d + 1) + 1 < 8H?*k?¥*'d for d, H > 1 and k > 2. Using this estimate
along with (5.10), we see that

p(F(a/b)) < AHoBH K2 o(SHE )",

To finish the proof, we estimate Hy. Notice from the above remarks, we have
s(k—1)+ (H+EkYVk+1) < (H+EYk+1D)(k—-1)+(H+EHY2(k+1) = (H+kYk(k+1)
and it is straightforward to check that this is at most 8H2k??*2 for H,d > 1 and k > 2. On the
other hand, for H,d > 1 and k£ > 2, we have

log((d + 1)(H + 1)h?)

log b

Since (H + k%)2(k + 1)k < 12log((d + 1)(H + 1)h3) H?2k?*¥*+2 | the definition (5.11) of Hy gives

Hy < 12log((d + 1)(H 4 1)h®)H?k*+2,

(H + kN2 (k + 1)k < 12log((d + 1)(H + 1)h3) H? k42,

Using this estimate for Hy now gives
((F(a/b)) < AT68108((d+ 1) (H+ DA HOKS 4G 5 HA 2 )
Since 4 < €2, 6d + 4 < 10d, and 4d + 2 < 6d, we see that this estimate is less than
((d+1)(H + 1)h3)1536H6k10dd2 3200 KOYd®

We now obtain the desired result by noting that (d + 1)(H + 1)h3 < 4dHh®. Moreover, we
notice this upper bound applies whenever

p =loglal/log(b) < 1/((s +1)(d+1) + 1),
thus, in particular, it applies for p < 1/8H2dk?3+1. |

6. Free modules over polynomial rings

In this section, we prove a quantitative result on the unimodular completion of matrices
with coefficients in Q[z] which is used in the next section to give a quantitative bound on the
irrationality exponent of regular numbers (see Proposition 6.8 and Theorem 7.2). This result
is a quantitative version of a special case of the following result of Quillen and Suslin: given

a unimodular m x n matrix A (m <n) over C[zy,...,x,], there exists a unimodular n x n
matrix U over C[zy,...,x,] such that
1 0 - 00 --- 0
« 1 -+ 00 -0
A U=

See Fitchas and Galligo [18] and Logar and Sturmfels [21] for more general algorithms and less
specialised degree bounds on the entries of U.

DEFINITION 2. Let A be an m X n matrix with m < n and with entries in a commutative
ring R. We say that A is unimodular if the induced map A : R™ — R™ is surjective.

DEFINITION 3. Let A and B be matrices of the same size with entries in a commutative
ring R. We say that matrix A is row equivalent to a matrix B if matrix B can be obtained by
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applying a finite sequence of invertible elementary row operations to A. We will denote this
equivalence by A = B.

LEMMA 6.1. Let A(z) € Q[z]™*™ be a matrix with polynomial entries of degree at most H.
Then there is a polynomial a(x) € Q[z] with dega(z) < H and a matrix B(z) € Q[z]™* (1)
with polynomial entries of degree at most 2H such that A(x) is row equivalent to the m X n
matrix

a(x)

O(m-1)x1 B(x) (6.1)

Proof. Let A(z) = (a;;(x)) € Q[z]™*™ be a matrix with polynomial entries of degree at
most H. If the first column of A(z) contains only zero entries then the result follows trivially.
Thus we can assume that there is some nonzero entry in the first column. Interchanging rows
as necessary, we can assume that the (1,1)-entry of A(x) is nonzero of minimal degree within
the first column.

By now adding the appropriate multiple of row 1 to each of the other rows we can reduce the

degrees of the first entry of each row i for i € {2,...,m}, and we have that
1
aili ()
A(r) = : BW(z) | (6.2)
1
agn?l(m)

where deg ag}l) (z) < deg aﬂ () < H for i =2,...,m, and the entries of B (z) are bounded
in degree by 2H — deg agli(a:) = 2H — deg aﬂ (z). Now interchange rows so that again the
(1,1)-entry of the matrix on the right-hand side of (6.2) is of minimal degree within the first
column (note that this degree is now strictly less than H). Repeat the process of adding the
appropriate multiple of the new row 1 to each of the other rows to again reduce the degrees of
the first entry of each row i for ¢ € {2,...,m}. Thus we have that

A(z) = : B?(z) |- (6.3)

where
deg “1(,21) (x) < deg aﬂ(m) < deg agli(x) <H
for i = 2,...,m, and the entries of B() (x) are bounded in degree by
H+ H —deg agli(z) + deg agli(x) — deg aﬁ(m) =2H — deg aﬂ(az)

Continuing in this manner, since the maximum degree of the elements of the first column
decreases at each step, there is a k with 0 < k < H, such that

(k)
A(z) = ay 1 () ,
O(n—l)xl B(k) ({E)

(6.4)
where deg aglfl) (z) < H and the entries of B*)(z) are bounded in degree by
2H — deg agkl)(a:) <2H.

This proves the lemma. ]
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REMARK 6.2. Note that a(z) in the matrix in (6.1) as given by the proof of Lemma 6.1 is
the greatest common divisor of the entries in the first column of A(x).

LEMMA 6.3. If a Q[z]-submodule W of Q[x]? is spanned by polynomial vectors whose
coordinates all have degree at most H, then W has a Q(x)-basis consisting of polynomial vectors
whose coordinates all have degree at most 2™ H, where m = rk(W).

Proof. For i € {1,...,n} let v;(z) be the 1 X d vector whose coordinates all have degree at
most H such that W = span; <, {vi(z)}. Applying Lemma 6.1 we have that

[a1(z) =
0 o 0 ag(z) =
vi(z) '
= 0 am(z) x* x|,
Vi () 0
: : B(z)
| 0 . 0 |
where the entries in row i are bounded in degree by 2°H for i € {1,...,m} and B(z) is a matrix

whose entries are of degree at most 2™ H. Now if there are any nonzero entries in B(z) then we
have rk(W') > m, and so since this is not the case, we necessarily have that B(x) has only zero
entries. Thus the first m row vectors of the right-hand matrix in the above equivalence are a
Q[z]-module basis for W. Since these vectors have entries of degree at most 2" H we arrive at
the desired result. O

LEMMA 6.4. Let d > 2 and w(z) € Q[z]? be a unimodular row all of whose coordinates
have degree bounded by H. Then there exist d polynomials qi(x),...,qq4(x) € Q[z] each of
degree less than (d — 1)H such that

1 (x),...,qa(z)] - w=1.

Proof. Write w(x) = [wy(2), w2(x), ..., wg(z)]. We may assume without loss of generality
that the degree of wy is at least as large as the degree of w; for ¢ < d. By unimodularity, there
exist polynomials ¢q(x),. .., qq(z) such that

> gi(@)wi(x) =1.
i
We pick g1, ..., qq satisfying this equation with

max(deg(q1), - ..,deg(qa)}

minimal. We claim that each ¢; has degree less than (d — 1)H. To see this, let ¢;(x) =[], ; w;(z)
for i =1,...,d. Then each t;(x) has degree at most H(d — 1) and so by the division algorithm,
we may write ¢;(x) = s;(x)t;(x) + r;i(z) for some polynomials s1(z),...,sqs(x). We note that
r;(z) is nonzero for some ¢ < d since otherwise, we would have wq(z)|q;(x) for ¢ < d, which is
impossible.

By construction, ¢;(x)w;(z) — tg(x)wq(x) = 0 for all ¢ and so we see

[ri(x), ro(x), ..., ra—1(x), s1(x)tq(x) + - -+ + sq—1(x)ta(z) + qa(x)]w(x) = 1.



Page 32 of 50 JASON P. BELL, YANN BUGEAUD AND MICHAEL COONS

Let u(z) = s1(x)ta(x) + -+ - + sq—1(x)tq(x) + ga(x). Then
u(x)wg(z) =1— Z ri(x)w; ().

i<d
Since the right-hand side has degree strictly less than (d — 1)H + deg(wq), we see that u(z)
has degree strictly less than (d — 1)H, which gives the desired result. U

LEMMA 6.5. Let w(x) € Q[z]? be a unimodular row with entries that have degree bounded
by H and let A : Q[z]? — Q[z] be the map defined by A(v(x)) = v(z)-w(z). Then ker A is
spanned by a finite number of vectors all of whose coordinates have degree bounded by H. In
particular, ker A has a Q[z]-module basis consisting of vectors whose coordinates have degree
at most 291 H.

Proof. Let d > 2 and w(z) € Q[z]? be a unimodular row with entries that have degree
bounded by H and let A : Q[z]¢ — Q[x] be the map defined by A(v(x)) = v(x) - w(z). For
i,j €{1,...,d}, let b; j(x) denote the 1 x d row vector with —w;(z) in the i-th position and
w;(z) in the j-th position and with all other entries equal to zero. We note that

ker A D span; <, <4 {bi ;(x)}.

We let Wy denote the Q[z]-span of {b; ;(x)}. We claim that ker A is spanned by W, along with
a set of vectors with the property that every coordinate has degree strictly less than H.

To see this, note that we may assume without loss of generality that the degree of wg(z) is
at least as big as the degree of w;(z) for ¢ < d. Let u(z) € ker A and let u;(z) denote the i-th
coordinate of u(z). Then, for each i < d, we have deg(u;(z) — p;(x)wq(x)) < deg(wq(x)) for
some polynomial p;(x). Then ug(x) :=u(x) + ), ., pi(z)bsa(x) has the property that each of
its coordinates has degree less than H, except for possibly the d-th coordinate. We let ug ()
denote the i-th coordinate of ug(x) for i € {1,...,d}. Then we have

Z up,i(x)w;(z) = 0.

By construction,

Z up,i (x)w; ()

i<d
has degree at most 2deg(wq(z)) — 1. It follows that ugq(x) must have degree at most
deg(wg(z)) — 1 and so ug(z) has the property that each of its coordinates has degree at
most H — 1. Thus we see that we may use the procedure above to produce a basis for W
consisting of the elements {b; j(z)} along with a set of vectors with the property that every
coordinate has degree strictly less than H. Thus ker A is spanned by a set of vectors with the
property that every coordinate in each vector has degree at most H. Thus there is a Q[z]-module

basis for ker A consisting of polynomial vectors whose coordinates all have degree at most
2¢=1H by Lemma 6.3. |

LEMMA 6.6. Let w(x) € Q[z]? be a unimodular row with entries that have degree bounded
by H and let A : Q[z]? — Q[z] be the map defined by A(v(z)) = v(x)-w(x). Suppose that
q(x) € Q[z]? is a unimodular row with entries that have degree bounded by (d — 1)H such that
A(q(z)) = 1. Then q(z) taken together with a Q[x]-module basis for ker A is a Q[x]-module
basis for Q[x]?. Moreover, this basis can be taken so that the coordinates of the basis vectors
have degree bounded by 291 H.
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Proof. This follows from
0 — ker A % Q2] @ Qlz] 2 Q[z] — 0.
Since this exact sequence splits, we have that
ker A © Q[z] = Q[x]“.

Now since q(z) is a unimodular row such that A(q(z)) = 1, the above isomorphism implies
that q(z) taken together with a Q[z]-module basis for ker A is a Q[x]-module basis for Q[xz]%.
By Lemma 6.5 since ker A has a basis with coordinates of degree at most 2¢~'H and since
q(r) has coordinates of degree at most (d — 1)H this basis for Q[z]¢ can be taken so that the
coordinates of the basis vectors have degree bounded by 2¢='H. This proves the lemma. [

We are now in a position to prove the main goal of this section (see also Logar and Sturmfels
[21] or Fitchas and Galligo [18]). This result is a direct consequence of the following lemma.

LEMMA 6.7. Let W be a Q[x]-submodule of Q[z]? of rank m that has Q[x]-module basis of

row vectors wi(z), ..., Wy () whose coordinates all have degree at most H. Then there is a
G(z) € SLq(Q[x]) with entries of degree bounded by (m + 1)H such that
wi(x) alz) 0 - 0
wa(x) c1(x)
G(z) = .
: : B(x)
W () Cm—1()

where B(z) is an (m —1) x (d — 1) matrix, and all of the entries of B(x), as well as
a(z),c1(x),..., cm_1(x), have degree at most 2H. Moreover, the matrix (G(z))~! has entries
of degree bounded by (2m — 1)H.

Proof. To prove this lemma, we need only apply Lemma 6.1 to
wi(z)
wa(z)

noting that, in the proof of Lemma 6.1, we produce matrices G(x), B(x) € SL4(Q[z]) such that

w1 Ex% T a((x)) o - o]"
. W2. x | @ .a: |
(=) : : B(x)
W () Cm—1(x)

where a(x) is the greatest common divisor of the entries of wy(z), and the entries of B(x) all
have degree at most 2H.
There is necessarily an m x m invertible submatrix, W (x), consisting of some subset of m
columns of
w1 ()
wa(z)

Wm(x)
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We let D(z) denote the m x m submatrix of
alzy 0 -+ 0
c1(x)
: B(x)
Cm—1(x)
made from the corresponding columns. Then we have
W(z)G(z) = D(z),
and so D(x) is invertible and we have
G(z) = W(z) 'D(z)
and
G(z) ' =D(2)"'W(2).

We see that det(W(x)) - G(z) = adj(W (x)) - D(x), where, as previously, adj(E) is the classical
adjoint of a matrix E. Since the entries of adj(W (x)) all have degree at most (m — 1)H and
the entries of D(z) all have degree at most 2H, we see that det(W(z)) - G(x) is a polynomial
matrix whose entries have degree at most (m + 1)H. Since G(z) is a polynomial matrix
and det(W(z)) is a polynomial, we see that the entries of G(x) are each of degree at most
(m+1)H. A similar argument shows that the entries of G(z)~! are each of degree at most
(m—1)2H+H = (2m—1)H. O

PROPOSITION 6.8. Let W be a Q[z]-submodule of Q[z]? of rank m that has Q[z]-module

basis of row vectors wi(x), ..., W, (x) whose coordinates all have degree at most H. Then there
exist m matrices B1(z),Ba(z),...,By(z) € SLy(Q|x]) such that
wi(x) a(x) 0 0 0o --- 0

wa(x) x  as(z) - 0 0o - 0
. BI(I)BQ(I)BHL(I) = . . . . . .
W () * . *  am(z) 0 -+ 0

is lower triangular with nonzero polynomials on the diagonal. Moreover, the entries of the
matrices By (z)Ba(x) - - - By, (z) and (B1(2)Ba(z) - - - By (x)) ! are bounded in degree by (m +
1)H2™ and (2m + 1) H2™ respectively. In addition, if the matrix

wi(z)

wo ()

W (2)

is unimodular then we can take a1(z) = -+ = an,(z) = 1.

Proof. The bounds on degrees of entries follow immediately by induction using Lemma 6.7.
If

wi(z)
WQ(J?)

Wm(x)
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is unimodular, then so is

a1 (z) 0 0 0 0
x  as(x) 0 0 0

This can only occur if a1 (z),...,aq(x) are units in Q[z], and thus by right-multiplying by an
invertible scalar matrix if necessary, we may assume that a1 (z) = --- = ann(x) = 1. O

7. Application to k-regular power series

Concerning the irrationality exponent of an automatic number, Adamczewski and Cassaigne
[6] proved the following result. We recall for the reader’s benefit that the definition of the
k-kernel of a k-automatic sequence is given in the introduction.

THEOREM 7.1 Adamczewski and Cassaigne [6]. Let k,b > 2 be two integers and let a =
{a(n)}n>0 be a k-automatic sequence taking values in {0,1,...,b — 1}. Let m be the cardinality
of the k-kernel of a and let d be the number of values in {0,1,...,b — 1} which the sequence a
actually assumes. Then

> % < dk(k™ +1).

n>0

In this section, as an application of Theorem 4.4, we provide a generalisation of Theorem 7.1.
In particular, we prove the following result.

THEOREM 7.2. Let k> 2 be an integer, f :={f(n)},>0 be a k-regular sequence, and
F(xz) =3, f(n)z™ € Z[[z]]. Let L denote the dimension of the Q-vector space spanned by
the k-kernel of f and a/b be a rational number with log|a|/logb € [0,1/(L +2)) and b > 2.
Then

1 (F(afb)) < 392°R°

To this end, let k > 2 be a positive integer and f : NU {0} = Z C Q be a k-regular sequence.
Let

{F(n)inz0 = {f1(n)}nz0, {f2(n)}nz0s - -, {SL(7)}nx0 (7.1)

be a basis for the Q-vector space spanned by K ({f(n)}n>0). Let

= filn)a" € Z[x]] (7.2)

n>0

fori=1,...,L. Then
k—

ZZ (kn + j)(a*) 2

j=0n>0
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and by construction, each {fi(kn +j)}n>0 is a Q-linear combination of {f1(n)}n>0, ---
{fr(n)}n>0. Thus we may write

)

L
Fi(z) = Z pij(x)Fj(z*) (7.3)

where for each i,j we have p; j(z) € Q[z] and degp; ;(x) < k— 1. Thus, writing F(z) :=
[Fi(x), ..., Fr(z)]T, we have

F(z) = A(2)F(z"), (7.4)
where
A(z) = (pij(2))1<ij<r € Q)" *F,

and the polynomials p; ;(x) are given by (7.3).
Let S denote the dimension of the span of {Fi(x),..., Fr(z)} as a Q(z)-vector space; that is,

L
S = dimg(,) »_ Q(x)F;(x), (7.5)

and note that 1 < S5 < L. Then
L
W= {[% (x),...,¥5()] € Q)" Zwi(x)Fi(m = 0} (7.6)

is a subspace of Q(z)” of codimension S. We can pick a spanning subset A of W with the
following properties:
(i) A C Q[z]*, and
(ii) if D is the largest degree polynomial which occurs as a coordinate of some w(z) € A,
then any other spanning subset of W satisfying (i) has some polynomial of degree at
least D occurring as a coordinate; that is, A is a minimal spanning set of W with respect
to maximum degree of coordinates of elements of A.
We have the following lemma.

LEMMA 7.3. Let k > 2 be a positive integer, Fi(x),...,Fr(x) € Q[[z]] be as defined in
(7.2), and W be as given in (7.6). Then there is a spanning set for W each of whose coordinates
are polynomials of degree at most 2F (k¥ — 1).

Proof. Note that for the system in question, A(x) is an L x L polynomial matrix and has
entries of degree at most k — 1. Set

B(z) := A(z)A(z") - A(c® )

and denote by Kg(;) the left kernel of B(z). Note that the entries of B(x) are all of degree at
most k¥ — 1 and observe that KB(s) is equal to the left kernel of
A)A(") - Al

for all j > L — 1 as well.
We start our proof, by finding a basis for Kp(,), each of whose coordinates are polynomials
of degree at most 2X (k% — 1). We use a reduction similar to that within the proof of Lemma
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6.3; we row reduce [B(z)|ILx 1] using Lemma 6.1 to obtain the row equivalent matrix

[a1(z) = T
0 0 as(x) =
B(@)|Tpz) = 0 am(x) e
0 0
o 0 o |

where m = rk B(z), and the matrix C(z) has entries whose coordinates are polynomials of
degree at most

2L (kL —1).

Performing row operations on the matrix [B(z)|IL« 1] is equivalent to left multiplying by an
invertible L x L matrix; in this case the row operations are the result of left multiplying by
C(z). Thus the bottom L —m rows of C(x)B(z) are zero. Since C(z) is invertible and B(x)
has rank m, we see that the bottom L — m rows of C(x) form a basis, which we denote by By,
for KB(z)

Also, By C W since if [e1(z), ..., cp(2)] is in By, then by construction we have

L L
0=[cr(z),...,c(x)|Bx)[F(z*), ... Fpz* )T = Zci(m)Fi(x)
and so [c1(x),...,cr(x)] € W.
If By spans W, then we are done. If not, let

{wi(z), wa(z),...,wp(x)}, (Wi(z) =[wii(x),...,w; (z)])
be a such that
Bo U{wq(z), wa(z),...,wy(x)}
is a basis for W with w;(z) ¢ Kg(s) for each 4, and with
D := max{degw; ;(x)}

minimal according to property (ii) above. Note that to prove the lemma, it is sufficient to prove
that D = 1.
To this end, set

vi(z) = w;(z)B(x).

Then writing, v;(z) = [v;,1(2), ..., v;,z(x)], we have that the v; () are polynomials of degree
at most D + k¥ — 1, and also that

vi(2)F(z*") = wi(2)B(2)F(z"") = wi(2)F(z) = 0.
kY — 1}, define vl@) () by

kf—1

vile) = Y atv{ ("),
=0

For each ¢ € {0,1, ...
(7.7)

By construction vl(e) (asz)F(asz) =0, so that VEZ) (x)F(x) =0 for each £ € {0,1,... . kF —1};
that is, each vgé)(a:) € W. Also, at least one of the v\* x) is nonzero, since otherwise w;(z)

would be in Kp;). Define

S~

Wp := span (BoU{VEZ)(iE)ZEE {0,1,... .k —1},i € {1,...,n}}).
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We claim that the set Wy = W. To see this, note that if Wy % W, then the dimension
of Wo/Kp(y) is strictly less than m. Since right multiplication by B(z) has kernel Kg(q),
applying this map to Wy induces a map on Wy/Kg(,) and thus WyB(z) has dimension strictly
less than m as well. It follows that there are L — m + 1 linearly independent column vectors
t1(),...,t1_my1(x) in Q(z)” such that

WoB(z)ts(x) =0
for all s. Thus

L L

vi) @B )t () = 0,
for all 7,¢ and s. This then gives that

vi(z)B(z" )ty (") = 0,
for all 7 and s, which in turn gives that

w;(2)B(z)B(z* )t (") = 0,

for all i and s. Since By U {w1(x), wa(z),..., Wy(x)} is a basis for W and By is a basis for Kg(4),
we have that the images of wy(z), wa(z),...,wy(z) in W/Kg(,) form a basis for the quotient
space. In particular, wi(x)B(z),...,w,(x)B(z) are linearly independent. By construction, the

left kernel of B(x) is equal to the left kernel of B(x)B(a:kL) and so we have that the set

Wi(l‘)B(JJ)B(JZkL) i=1,...,n
{ }

is linearly independent. Define
L

w;(z) == w;(z)B(z)B(z"").
Then we have
ui(2)ts(a*") = 0

for all ¢ and s. That is, we have an m dimensional set (the span of the u;(x)) whose orthogonal
complement is at least L — m + 1 dimensional, a contradiction. Thus Wy = W.

We are now in a position to prove that D = 1. Note that since Fiy(x),..., FL(x) are linearly
independent over Q, we have D > 1. By the definition of Wy, the fact that Wy = W, and by
the minimality of D, we must have that the maximum degree of the coordinates of the VZ(D (x)
is at least D, since otherwise we could pick some subset whose images in W/Kg(,) form a basis
for the quotient space; this would then contradict the minimality of D.

Using Equation (7.7), we see
D+kF—1—1
deg vgz) (x) < N —

and so we have that
D+kl—1-7¢ D—1
D= {kL} =l

If D > 1, then we must have L = 0, which we are assuming is not the case. Thus D = 1. Hence
there is a spanning set for W, namely

BoU{w;(z):i€{1,...,n}},

whose elements have polynomial coordinates of degree at most 2 (k% — 1). ]

LEMMA T7.4. Let S be as given in (7.5), W be as given in (7.6), and suppose that
{wi(z),...,wr_g(z)} is a Q[z]-module basis for W N Q[x]*. Then the matrix T(z) whose i-th
row Is w;(z) is unimodular.
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Proof. We have a surjective Q[z]-module homomorphism ¢ : Q[z]* — U := Zle Q[z]Fi(z),
with kernel W N Q[z]¥. Since U is finitely generated and torsion free as a Q[z]-module, the map
splits and we have Q[z]* = W @ U. Moreover, if we choose v (z),...,vs(z) € Q[z]" such that
p(vi(z)),...,p(vs(z)) is a basis for U then wy(z),...,wr_g(z),vi(z),...,vs(x) is a basis
for Q[z]”. It follows that the L x L matrix

V(z):=[wi(z),...,wr_g(x),vi(z),... ,Vg(m)]T
is invertible and hence has determinant equal to a nonzero scalar in Q. In particular the column
span of V() is Q[z]* and so the column span of T(x) is Q[z]*~°, which says that T(x) is
unimodular. 0

Applying Lemma 6.3, Lemma 7.3, and Lemma 7.4 immediately gives the following result.

LEMMA 7.5. Let k > 2 be a positive integer, Fy (), ..., Fr(x) € Q[[z]] be as defined in (7.2),
and W be as given in (7.6). Then W N Q[z]% has a Q[z]-module basis consisting of polynomial
vectors whose coordinates all have degree at most 225 (k™ — 1), where S is as defined in (7.5).

We are now ready to prove Theorem 7.2.

Proof of Theorem 7.2. Let wi(z),...,wr_g(x) be the Q[z]-module basis for W N Q[x]* as
given by Lemma 7.5 and, as above, define

w1 ()
T(z) := :
wi_s(x)

By Proposition 6.8 there is a B(z) € SL.(Q[z]), such that B(z) and (B(x))~! have entries of
degree at most (L — S + 1)23L=25(kL — 1) and (2L — 25 + 1)235729 (kL — 1), respectively, and

T(x)B(x): . . . . . . 9

since T(x) is unimodular. Define

M(z) := [ T(z)B(z) ] ’
Osx(L—s) | Lsxs
and note that by construction det M(z) = 1 and the matrix T(z)B(x)M(z)~! is the the first
L — S rows of the L x L identity matrix. Now set
— ~1_ |T(2)
Y(z):=M(z)B(x)"" = [R(m) ,
for some S x L matrix R(x). By construction we have that det Y (z) = 1 and that the entries
of Y(x) are polynomials of degree at most (2L — 25 + 1)23L=25(kL — 1). Moreover, the matrix
(Y(x))~' = B(z) has entries of degree at most (L — S + 1)23F=25 (kL — 1)
By the definition of Y (z), we have

0(L—s)x1

Gl Z‘)
Yr@=| |,

G ()
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where each of G1(z),...,Gg(x) is a Q[z]-linear combination of Fy(z),..., Fr(z). We claim that
G1(z),..., Gg(x) are linearly independent over Q(x). To see this, suppose that there is some
non-trivial linear combination that is equal to zero:

S
> ui(@)Gi(x) = 0.
i=1

Let
u(z) = [01x(r-s) ur(x) - us(z)].
Then by construction, we have
u(2)Y (z)F(x) = 0.
In particular, since u(z)Y (x) is a vector that annihilates F(x), we have that it is a Q(x)-

linear combination of wi(z),...,wz_g(z). That is, there is some v(z) € Q(z)**(*~%) such
that v(z)T(x) = u(z)Y(z). But Y(2) = M(z)B(z)~! and so we see that

v(2)T(z)B(z)M(z) "' = u(x).
But this is impossible, since
T(2)B(z)M(z) " = [L_s)x(1—-5) 0(1—5)x5]

and so the last S entries of v(z)T(z)B(z)M(z)~! must be zero, contradicting the fact that
u(zx) is nonzero.

Let a/be Q with b>1 and logla|/logb € [0,1/(L +2)). Note that we are interested
in an irrationality measure of F(a/b) and also that Fy(z) = F(z) is in the Q[z]-span of
G1(z),...,Gg(z). Thus there is a Q-linear combination

S
H(z) := Z’"J'GJ‘(I)

of G1(z),...,Gg(x) such that when specialised at x = a/b we have H(a/b) = F(a/b) and for
at least one jo € {1,...,5} we have r;, # 0. Permuting G1(x),...,Gg(z) if needed, we can
assume that jo = S. Thus we have, setting

R .— [ Iio-1xr } c QLrL,
O1x(—35) Ty ot TS
that det R # 0 and

0L—s)x1
Gi(z)
R-Y(@)F@) = |
Gs_1 (.23)
H(z)

Since F(r) = A(z)F(z*) we have that

O(L—s)x1 O(L—s)x1
Gl(LIJ) Gl(xk)
(R-Y(x)™" : = A(z)(R-Y(z")™! : ;
Gs-1(x) Gs—1(z")

H(z) H(a)
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and so
OL—s)x1 O(L—s)x1
G1(z) Gy (z")
; =R-Y(2)A(z)(R-Y(z"))™" :
Gs-1(z) Gs-1(z")
H(z) H(a")

Define the matrices Cq 1(z), C1,2(x), C21(x), and Coo(x) by

R-Y(2)A(2)(R-Y(a") " = (S;Eii gli%) ’

s
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where Cq1(z)is (L—8) x (L —5), Cy2(x) is (L —5) x S, Co1(x)is S x (L — 5), and Cy 2(z)

is S x S. Then
G1(x) Gy (x*)
: = Cy(2) :
Gsfl(lﬂ) Gg_l(ﬂjk)
H(z) H (z)
Note that

R-Y(2)A(x)(R-Y (") € Qla]™7,

so that the matrix Cg 2(z) has the form

Ci i\
0272(1’) = <7Jq( ))
1<i,j<S

(7.8)

where ¢ € Z\ {0} and all of the polynomials ¢; j(x) are polynomials with integer coefficients

and have degree bounded by the degrees of the entries of
R Y(x)A(z)(R-Y ("),
degrees for which the bound

L(2L —2S +1)23L=25(kL — 1) + (k= 1)

= L(2L + 1)2%F 729 (kY — 1) + (k — 1) — 2SL23L 725 (kL — 1)
< 2L223E72k L 4 13l 2S (kL 1) 4 (b — 1) — 2023729 (kL — 1)

IN

%L223LkL +(k—1)— L2b (K —1)

IN

1 ..
5L223LkL +(k—1) —2(k" - 1)
< %L223LkL.

holds.

(7.9)

Now note that since G1(x),...,Gs—1(x), H(x) are linearly independent over Q(z), the matrix

Cy2(z) is invertible. So also the matrix

[ 1 01><S ]
Osx1 Caa(x)
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is invertible. Thus we can apply Theorem 4.4 to the system

1 1
Gi(x) G (")
. _ |: 1 01><S :| .
: ~ |0sx1 Cap(x : ’
G 1 (2) s 2o) G 1(ah)
H(z) H(x")

using H as given in the right-hand side of (7.9) and taking d =S+ 1 < L + 1; since H(a/b) =
F(a/b), this gives us that the irrationality exponent of F(a/b) is at most

2L2(L+1)223LkLk5(L+1)2'

It 156 stLraightforward to check, using elementary estimates, that this is in turn bounded by
39(2°%) which is the desired result. (]

8. Approximation of regular numbers by algebraic numbers

Adamczewski and Bugeaud [2, 4] showed that automatic irrational numbers are transcendental
and are not U-numbers within Mahler’s classification recalled in the Introduction. In this section,
we use the system constructed at the end of the proof of Theorem 7.2 together with Lemma 2.4
and the p-adic Schmidt Subspace Theorem to extend their result to irrational regular numbers.

THEOREM 8.1. Let k> 2 be an integer, f := {f(n)},>0 be a k-regular sequence, and
F(xz) =350 f(n)z™ € Z[[z]]. Let L denote the dimension of the Q-vector space spanned by
the k-kernel of f and a/b be a rational number with p := log|a|/logb € [0,1/(L + 2)) and b > 2.
Then F'(a/b) is either rational or transcendental. Moreover, if m > 2 is an integer, then we have

wm(F(a/b)) < max {39(26]@)L, (8m)0(10g8m)(10g log8m)} ,

where the constant ¢ can be explicitly given and depends on F(z) and p, but is independent of
b and m.

Since, by Theorem 7.2, we already know that F(a/b) is not a Liouville number, that is,
wy (F(a/b)) is finite, it only remains for us to control the approximation to F(a/b) by algebraic
numbers of any given degree m > 2. We will not only show that F(a/b) is transcendental or
rational, but also bound from below the distance between F'(a/b), when irrational, and any
irrational algebraic number. To do this, we proceed as in [3, 4] using a suitable quantitative
version of the Schmidt Subspace Theorem.

Since automatic numbers form a subset of regular numbers, Theorem 8.1 implies that any
irrational automatic number is either an S-number or a T-number, a result already established
in [4]. Although both proofs depend ultimately on the Schmidt Subspace Theorem, there are
some important differences. Indeed, the transcendence results obtained in [2, 4] depend on a
result of Cobham [16] asserting that an automatic sequence has sublinear complexity, while in
the present paper we make use of the functional equation satisfied by the generating series of
an automatic sequence.

Before proceeding with the proof of Theorem 8.1, we present a few auxiliary results.

We state below an immediate consequence of Theorem 5.1 of [13].



DIOPHANTINE APPROXIMATION OF MAHLER NUMBERS Page 43 of 50

For a linear form L = 2?21 a; X; with real algebraic coefficients, let Q(L) denote the number
field generated by ag,...,a, and define the height of L by

H*(L) := H dH (a;),

where d is the degree of Q(L).

Let n be an integer with n > 2. Let € be a positive real number and & = {00, p1,...,p:} be a
finite subset of the set of places of Q containing the infinite place. Further, let L; o (i = 1,...,n)
be linear forms in Xy,..., X, with real algebraic coefficients and L; , (p € {p1,...,p}, 1 =
1,...,n) be linear forms in X;,..., X,, such that

|det(L1 o0y -y Ln.oo)| =1,
[Q(Li): Q< Dfori=1,...,n,
H*(L; o) <Hfori=1,...,n,

and let e;,, (p € S, 1 =1,...,n) be real numbers satisfying ¢; .o <1 (i =1,...,n), and ¢;, <0
(pe S\ {0}, i=1,...,n), such that

n
E E €ip = —E.
peS i=1

Let ||x|| denote the sum of the absolute values of the coordinates of the integer vector x. We
consider the system of inequalities

|Lip(x)]p, < |x[|¢? (peS,i=1,...,n) in x € Z" with x # 0. (8.1)

THEOREM 8.2. The set of solutions of (8.1) with
Ix|| > max {ZH, n2"/a}

is contained in the union of at most
{8(”+9)2(1 + e~ 1)+ log(4nD) log log(4nD) ifn>3

232(1+ 713 log(4nD)log ((1 + e 1) log(4nD)) ifn=2. (8.2)

proper linear subspaces of Q™.
We will make use of the following lemmas.

LEMMA 8.3. Let m > 1 be an integer. For every real irrational number ¢ we have

% < w?, (€) < win(6).

In particular, w,,(§) is finite if, and only if, w},(§) is finite.

m

For a proof of Lemma 8.3, see e.g. [12].

LEMMA 8.4. Let o be a real algebraic number of degree m and P(X) be an integer
polynomial of degree n. If P(X) does not vanish at «, then

[P(e)] > (m+1)"""  (n+1)""" H(a) ™" H(P)"™ .
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Lemma 8.4 follows from [12, Theorem A.1].
Let us recall that the height H(p) of an integer vector p in Z"™ is the maximum of the
absolute values of its coefficients and that the height H(#) of a hyperplane H of Q™ given by

the equation y121 + ... + ypx, = 0, where yy,...,y, are integers, not all zero and without a
common prime divisor, is equal to the maximum of the absolute values of y1, ..., yn.
For given vectors x1, ..., X, in Z™, we denote by rk(xy, ..., X;,) the dimension of the Q-vector

space generated by these vectors.

LEMMA 8.5. Letn and N be integers with N > 2" and p1, p2,- .-, PN be nonzero elements
of Z™ such that

H(p1) < H(p2) <+ < H(pn)
and
rk(p1, P2, .-, PN) < M.

Then, there exist integers 1 < j; < jo < ---<j; with | > N/2™ and such that the points
Pj.>Pj.: - - -, Pj, belong to a hyperplane H of Q" whose height satisfies

H(#H) < n'H(pj,)".

This is [3, Lemma 8.4].
We are now in a position to establish Theorem 8.1.

Proof of Theorem 8.1. We give here, the proof for the case a = 1; see the remark following
this proof for the explanation of the general case.

Let F(z) € Z[[z]] be a k-regular power series and b > 2 be a positive integer. Let H(z) be
the series given

In the proof of Theorem 7.2, we have associated to F(z) power series G1(z),...,Ggs(x)
and H(z) such that H(z) is a Q-linear combination of G1(z),...,Gg(z) chosen to have the
property that H(1/b) = F'(1/b). Furthermore, there is a matrix Cs 2(z) described in the proof
of Theorem 7.2 that satisfies

1 1
Gi() { . 0 } Gy (%)
. _ 1xS .

: ~ |0sx1 Caop(x :
Gs-1(x) ° N P
H(x) H(z")

We pick a positive integer B such that BCy () has entries in Z[z]. For clarity, set d := S + 1.
Note that d < L + 1.
By Lemma 2.4, there exist polynomials Py ,,(z), ..., Pyn(2), Qn(x) € Z[z] such that

Qulx) = B Qu(a*"), (83)
and positive constants Cy, C such that, for i € {1,...,d} and for sufficiently large n, we have
Qr(1/b) # 0 and

Pin(1/b) Py (1/b) loXess
F(1/b) — =222 = |H(1/b) — == < . 4
(1/2) Qn(1/b) (1/8) Qn(1/b) | = bA@DHE" (84)
Write

D 5
Qo(x) := Zaixl = Z ag ",
=0 i=1
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where
{i:OSiSD,ai 750} = {fl,...,f(;},

with0 =41 </ly <...<{s=D.
Lemma 2.4 asserts that

D < (d*+d—1)H, (8.5)

where H is the maximum of the degrees of the entries of Cq 2(x), and that

5
Qn(z) = B"Qo(z*") = Z ag, B """ (8.6)
i=1

Set
P = bP " Py (1/b) and g, = 0P Q(1/b).

Note that p,, and g,, are both integers.
It follows from (8.3) and (8.6) that

5

i=1

5
<B"Y |ag, pPO < 0y BmHPH, (8.7)
=1

lgn| = B"

where C5 is a positive constant depending only on F. Thus, by (8.4), (8.5) and using that d > 2,
we obtain

C1Co(CoB)"p(@* +d=DHE" 0y o (CyB)™ 1
|an(1/b) _pn‘ é bd(d+2)Hk" = dek" < kan . (88)

We proceed in two steps. First, we prove that F(1/b) is rational or transcendental. Second,
we show that F'(1/b) cannot be too well approximated by irrational algebraic numbers of any
fixed degree.

For simplicity, we set £ = F(1/b).

Assume that ¢ is algebraic. We consider the linear forms in the § + 1 variables Xy, ..., Xs541:

Lioo(X1,0 s Xs11) = X5, (1<i<9),

5
Lot100(X1,-. o, Xo41) = > a,6X; — Xs 41,
i=1

and, for every prime divisor p of b,
Lip(X1,..., Xs41) = X3, (1<i<d+1).

For n > 1, set
X, = (B"b(szl)kn, . ,B"b(szé)kn,pn).

Define ¢’ by the equality

W . log 2 1
= min
2Dlogb’ 66(1 + w(b))d? |’

where w(b) denotes the number of distinct prime factors of b.

Set
D—; 1
€loo =1, €ioo= 5 +& (2<i<d), and esi1,00 = 1B (8.9)
and, for every prime divisor p of b,
log |bl, D —¥;
_loslbl, D=bi 1 2i<s), and ess1p = 0. (8.10)

i = log b D



Page 46 of 50 JASON P. BELL, YANN BUGEAUD AND MICHAEL COONS

Recall that the p-adic absolute value is normalised such that |b|, = p~" if p” divides b and pvtl
does not. Set S = {oo} U {p : p divides b}. We check that

ei,ooglv ei,pSOa (1Sl§5+15p68\{00})a

and
5+1

11 1
Pp— . ! e A2 o2
o= pezsz;ez,p SOt wb))e +estioe < 5~ 1m = g

Observe that there exists a positive real number C5 such that
B™"WPF" < ||x,|| < C5B"bP*", (8.11)

for n sufficiently large.
We claim that, if n is large enough, then (8.8) implies that the tuple x,, satisfies the system
of inequalities

|Lip(¥)|p < [Ix

o (pesS,i=1,...,5+1), (8.12)

where | - | means the ordinary absolute value. To see this, first observe that, for any positive
real number 7 at most equal to (log2)/(2D logb), we have

|Li oo(Xn)| — Bnb(D—Ei)k” < (Bankn)n—l-(D—Zi)/D
< Hxn||77+(D_éi)/D,
fori=2,...,d, and
|Lz p(x)|p < |b‘z()D—€,-)k" < (CBBank")n-‘r(D—Zi) log |b|p/ (D logb)
< ||Xn||n+(D*fi)1og\blp/(Dlogb)
fori=1,...,0 — 1 and every prime divisor p of b, provided that n is sufficiently large. Since
|L1,00 (3n) | = B"6PF" < [|xc, |
and
|Lsp(®¥)]p <1, [Lot1p(x)]p <1,
for every prime divisor p of b, it only remains for us to check that
L5 41,00 (xn)] < [ ]| 0% 0= (8.13)

holds for every sufficiently large integer n. To this end, observe that the combination of (8.8),
(8.5) and d > 2 gives

| Los1.00 ()| = |an F(L/b) — p| < b~ K" < (pPF") =1/,

for n large enough, which, by (8.11), gives (8.13).

By Theorem 8.2, the tuples x,, n > 1, satisfying (8.12) are contained in a finite union of
proper rational subspaces of Q%+, Thus, we deduce that there exist an infinite set A/ of positive
integers and rational integers yi,...,¥ys+1, not all zero, such that

Y B P—OR s B PR s ipn = 0, (8.14)

for every n in N. Dividing (8.14) by B"bP~)*" and letting n tend to infinity along N, we
deduce that

1+ aof’y5+1 =0.
If ¢ is irrational, we get that y; = ys+1 = 0 and, using again (8.14), we deduce that

y1:...:y5+1:0,
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a contradiction. Consequently, the real number £ is either rational or transcendental.

We will now use the full strength of Theorem 8.2, that is, the upper bound for the number
of subspaces provided by (8.2), to estimate from below the distance between £ and irrational
algebraic numbers of any fixed degree.

Let m > 2 be an integer and « be a real algebraic number of degree m and sufficiently large
height. Let j be the integer determined by the inequalities

pd-+1) HE ~! < H(a) < peld+1)HE (8.15)

In the sequel, the integer j is implicitly assumed to be sufficiently large. This causes no trouble,
since we can safely omit the case | — | for a of bounded degree and height.
Let us define the real number x by
1
£ —al =

H(a)x’

We will bound x from above in terms of m.
It follows from (8.4) that

1

< W, (8.16)

Pn
:
q

n

when n is large enough.
Let M be the greatest integer for which

Qb+ DHE Y gy,

For every integer h = 0,..., M — 1, we have 2b4(d+DHK " < opd(d+DHE M gy (8.16),

R
dj+h dj+h
1
< Spdd D) HRITE T H(a)x
1
< Iy (8.17)
By (8.5), (8.7) and (8.17), we then have
5
. R
(@ +ne = pjinl = | Y an, B EOR T —p
=1
< qj+hb—d(d+1)ij+h

< bekJ*h/Z

We proceed as in the proof of [13, Theorem 2.1]. We consider the linear forms in the § + 1
variables Xy,..., Xs41:

L;,oo(Xlﬂ"'7X5+l):Xi, (ISZS(S),

5

!
5+1,00( X150, Xoy1) = E agaX; — X5y,
=1

and, for every prime divisor p of b,
L;,P(Xl""’Xé-"l):Xh (1SZ§5+1)
FOI'h:O’,,,7M_1, set

x|, = (BIthp(D—0OW " pithp (D=t
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By (8.11), if j is large enough, then the tuple x}, satisfies the system of inequalities
1L p(®)p < %[ (peS,i=1,....,6+1), (8.18)

with the same e; ,, as defined above in (8.9) and (8.10). We omit the detailed proof, which is
very similar to that of (8.12).

In the sequel, the constants ¢y, co, . .. are independent of the degree m of a.. Theorem 8.2 and
(8.15) imply that the tuples x), with |M /2| < h < M — 1 satisfying (8.18) are contained in a
finite union of T' proper rational subspaces of Q%+, where

T < [c1 log(8m) loglog(8m)]. (8.19)

Let U be a positive integer and assume that one of these proper rational subspaces contains
2°+1U integer tuples x), all of which satisfy (8.18). By Lemma 8.5, there exist a nonzero integer
tuple (z1,...,2541) and integers [ M /2] < iy < --- <iy < M such that

2 Bitip (DR s It (D= L)RTT 2541Pj+i, = 0, (8.20)
for 1 <u < U, and
7 = max{|z1),. .., |z511]} < (6 + 1)(CaBIHpPR TH)HL (8.21)
Note that
Piviv I o |Pitiv _ Pitiv Pitiv _ | 2
agBitiv pDkIFU @iy aogBitiv DU Gitiv = pkitiv /2

It then follows from (8.20), with v = U, and (8.21) that

|21 + 2541000 < . (8.22)

nce « 1s irrational of degree m, Lemma 8.4, (8. an . imply that
Si is i ional of d L 8.4, (8.15 d (8.21) imply th
|21 + 251000 > 272" ag Z) T H () 7! > 27 g 2] T p IR, (8.23)
Combining (8.22) and (8.23) gives
bkﬂ'“U/?, < |4aOZ‘mbd(d+1)ij < b2D2mk1+i1

for j sufficiently large. This implies that
U < cologm.
Thus, each of the T" subspaces introduced above contains at most ¢, log m elements in the set
{x},, 0 < h < M — 1}. The upper bound for 7' given by (8.19) then implies
M < c3(log 8m)?(log log 8m).
Moreover, (8.15) and the definition of y give

H(a)x < 2bd(d+1)ij+M < 2H(Oé>kM+1

)

whence
x < 2kM+1 < (Sm)C4(log8m)(loglog8m)'

Consequently, Lemma 8.3 implies that
wm(g) < max {wl (6)7 (Sm)C5(log 8m)(log log Sm)} ,

for every integer m > 1.

Furthermore, we have already established that £ is not a Liouville number, that is, that wq (&)
is finite. A bound for its value is given in Theorem 7.2. It then follows that w,, () is finite for
every positive integer m, showing that £ cannot be a U-number.
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Since we have already established that £ is either rational or transcendental, this completes
the proof of the theorem. O

REMARK 8.6. Inequality (8.16) is less precise than what we have actually obtained. Indeed,

we have
1

I O
opd(d+2)(1—e)Hk™

¢

an
for every € > 0 and every n sufficiently large. Keeping this in mind, we can prove that the
conclusion of Theorem 8.1 holds for the real numbers F(a/b) provided that p = (log |a|)/(logb) <
1/(L+2) <1/(d+1). To see this, we proceed exactly as above, enlarging the set S in such a
way that it contains all the prime divisors of a. We need to check that the product of the linear
forms is sufficiently small, that is, that

(a/b)d(d+2—e)Hk"b(d2+d—1)Hk"

is smaller than b="*" for some positive real number 1. This is true, since
d>4+d—1—dd+2—¢)(1—p) <0,

when ¢ is small enough.
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