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ABSTRACT

We give transcendence measures for p-adic numbers £, having good rational (resp., integer)

approximations, that force them to be either p-adic S-numbers or p-adic T-numbers.
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1. INTRODUCTION

In 1955, Roth [12] proved that irrational real algebraic numbers cannot be approximable by

rational numbers at an order greater than 2.

Theorem 1.1 (Roth [12], 1955). Let £ be a real number and e be a positive real number. Suppose

that there exists a sequence (pn/qn),y of rational numbers such that 2 < q; < gz < --- and

0<§—]ﬁ <q;>f (n=1,2,..).

n

n

Then & is transcendental.

In 1964, under an additional assumption on the growth of the sequence (g,),>1 in Theorem
1.1, Baker [2] obtained a more precise conclusion than the simple transcendence of . Before stating
his result, we shall recall the classifications of transcendental real numbers defined by Mahler [9]
in 1932 and by Koksma [7] in 1939. Let d be a positive rational integer and £ a real number.
Then, wq(€) is defined as the supremum of the real numbers wy for which there exist infinitely
many polynomials P(X) with rational integral coefficients and of degree at most d satisfying the
inequalities

0<[P(§)] < H(P)™,

where H(P) denotes the height of the polynomial P(X), that is, H(P) is the maximum of the
absolute values of the coefficients of P(X). On the other hand, w}(¢) is defined as the supremum
of the real numbers w} for which there exist infinitely many real algebraic numbers « of degree at

most d satisfying the inequalities
0<|6—a|<H(a) ",

where H () denotes the height of «, that is, H(«) is the height of the minimal polynomial of «
over Z. Setting w(§) = limsup,_, ., (wq(€)/d), Mahler [9] called &



e an S-number if 0 < w(§) < oo,
e a T-number if w(£) = co and wy(§) < oo for all positive rational integers d,

e a U-number if w(§) = co and wg(§) = oo from some d onward.

Exactly in the same manner, setting w*(§) = limsup,_, . (w}(€)/d), and using w*(&) and w}(§)
instead of w(&) and wq(§), Koksma [7] defined the classes of S*-, T*-, and U*-numbers and proved
that they coincide with those of S-, T-, and U-numbers, respectively. Thus, the real transcendental
numbers are divided into three disjoint classes. (See Bugeaud [3] for details of the classifications

of Mahler and Koksma.) Now we can state the result of Baker.

Theorem 1.2 (Baker [2], 1964). Let & be a real number and € a positive real number. Suppose
that there exists a sequence (pn/qn),—, of rational numbers with ged (pp,gn) =1 (n = 1,2,...)

such that 2 < q1 < g2 < --- and

0< ‘5—];" <q,* ¢ (n=1,2,..).
If
1
limsupM < 00,

n—ooo logqn

then there exists a real number c, depending only on & and €, such that
wh(€) < expexp{cd®} (d=1,2,...).

In particular, € is either an S-number or a T-number.

Recently, in 2010, Adamczewski and Bugeaud [1, Théoréme 3.1] gave a new proof of Theorem
1.2, based on a new application (Théoreme EL in [1]) of a quantitative version of Theorem 1.1
obtained by Evertse [6] and Locher [8]. Moreover, the result of Adamczewski and Bugeaud [1,
Théoréme 3.1] improves the transcendence measure given by Theorem 1.2. In Theorem 1.4, we
give a p-adic analogue of Theorem 1.2 by following the method of the proof of Théoréme 3.1 in [1].
Before stating our new result, we recall the classifications of p-adic numbers in analogy with the

classifications of Mahler and Koksma of real numbers.

Throughout the present paper, p denotes a fixed prime number, and | - |, denotes the p-adic
absolute value on the field Q of rational numbers, normalized such that |p|, = p~*. We also denote
the unique extension of | - |, to the field Q, of p-adic numbers, the completion of Q with respect

to | - |p, by the same notation | - |,.

In 1958, Ridout [11] proved the p-adic analogue of Theorem 1.1. For coprime non-zero integers

x,y, write |z, y| for the maximum of |z| and |y|, that is, for the height of the rational number z/y.

Theorem 1.3 (Ridout [11], 1958). Let & be a p-adic number and e a positive real number. Suppose

that there exists a sequence (xn/yn)ne, of rational numbers with ged (zn,y,) =1 (n = 1,2,...)



such that 2 < |z1,y1| < |T2,y2| < -+ and

<Nzmoyn) 2T (n=1,2,..)).

0<le—In
y p

n

Then & is transcendental.

Unlike in the real case, we cannot replace |z, y,| by |y,| in the statement of Theorem 1.3
since, for any irrational p-adic number £ and any positive real number ¢, there exists an integer x

such that | — z/y|, is less than €.

Mabhler [10], in 1934, proposed a classification of transcendental p-adic numbers in analogy
with his classification of transcendental real numbers. Let d be a positive rational integer and &
a transcendental p-adic number. Then wy(§) is defined as the upper limit of the real numbers wy
for which there exist infinitely many polynomials P(X) with rational integral coefficients and of

degree at most d satisfying the inequalities
0<[P(E)], <H(P) vt
Setting w(§) = limsupy_, o, (wq(§)/d), we then call £

e a p-adic S-number if 0 < w(§) < oo,
e a p-adic T-number if w(§) = co and wy(§) < oo for all positive rational integers d,

e a p-adic U-number if w(§) = co and wg(§) = oo from some d onward.

The p-adic transcendental numbers are divided into the three disjoint classes S, T, and U. (See
Bugeaud [3] for more information about Mahler’s classification in Q,.) On the other hand, in
analogy with Koksma’s classification of real numbers, let define w}(£) as the upper limit of the
real numbers w}; for which there exist infinitely many p-adic algebraic numbers o of degree at most
d satisfying the inequalities

0<[§—al, < H(o) wa

Setting w*(§) = limsupy_, o, (w}(€)/d), we define the p-adic S*-numbers, T*-numbers, and U*-
numbers, respectively, exactly as in the real case. Again, the classes S, T, and U are the same as
the classes S*, T*, and U*, respectively. (See Bugeaud [3] and Schlickewei [13].)

A first goal of the present paper is to establish the following p-adic analogue of Baker’s
Theorem 1.2.

Theorem 1.4. Let & be a p-adic number and € a positive real number. Suppose that there ezists
a sequence (Tn/yn)re, of rational numbers with ged (zn,yn) = 1 (n = 1,2,...) such that 2 <
lz1, 91| < |z2,92| <--- and

(1.1) 0< ‘f - z—” <N|tmyynl 27 (n=1,2,..)).

p

n



If

I
(1.2) lim sup 08 [@nt1, Ynt1] [P t1:Yn 1|

< 00,
n—oo log |znayn|

then £ is transcendental and there exists a real number ¢, depending only on & and €, such that
wh(€) < (2d)cleloe3d (g =1,2,...).

In particular, £ is either a p-adic S-number or a p-adic T-number.

We point out that the bound on w(§) in Theorem 1.4 does not depend on p. It has the same
shape as the bound obtained in the real case in Theorem 3.1 of [1]. The same remarks hold for

our next result.

Theorem 1.5. Let £ be a p-adic number and let & = Zkz—ko app® = 2]21 an;p"7 denote ils
Hensel expansion, where ko > 0, a_g, # 0 if kg > 0, (n;);>1 is strictly increasing, and a,; is in
{1,...,p—1} for j > 1. Let € be a positive real number. Suppose that there exists an increasing
sequence J = (jr)k>1 of positive integers such that nj11 > (14 ¢)n; for j in J and
lim sup Jk—“ < 00
k— o0 Jk

Then, & is transcendental and there exists a real number ¢, depending only on £ and €, such that
wj(€) < (2d)°08083 (4 =1,2,...).

In particular, € is either a p-adic S-number or a p-adic T-number.

We display a straightforward application of Theorem 1.5.

Corollary 1.1. For any real number ¢ > 1, the p-adic number Zj:g pLCiJ is either an S-number

or a T-number.

The proof of Theorems 1.4 and 1.5 follow a method introduced in [1] and depend on a quan-

titative version of Ridout’s theorem given in Theorem 2.1 in the next section.

We take this opportunity to give, in addition, an application of Theorem 2.1 to the number
of digit changes in the Hensel expansion of irrational algebraic p-adic numbers, thereby improving
[4, Theorem 2].

Let & be a p-adic number and denote by

+oo
5: Z akpka (ak € {0,1,...,]?*1},]90 > O;a—ko #O lka >0)7
k=—ko

its Hensel expansion. For a positive integer n, set

nbde(n, &, p) = Card{1 < k <n:ay # ars1},



ot

and
n
‘S(nﬁgap):: j{: ag.
k=1
Theorem 1.6. Let p be a prime number. Let & be an algebraic irrational number in Q,. For any

positive real number § with 6 < 1/2 and any sufficiently large integer n, we have

nbdc(n, &,p) > (logn)'*?,

1+9

and there are at least (logn) non-zero digits among the first n digits of the Hensel expansion of

&, and, moreover,
(logn)'™* < 8(n, &, p) < n(p—1) — (logn)'**.

The proof of Theorem 1.6 follows the same lines as that of [5, Theorem 3.1]. We omit
the details. The good approximations to £ are obtained by truncating its Hensel expansion and
repeating the last digit. They are rational numbers, whose denominator divides p — 1, and we

apply Theorem 2.1 to (p — 1)¢.

Corollary 1.2. For every real numbers ¢ > 1 and n > 2/3, the p-adic number

3 pl

Jj=1

is transcendental.

2. AUXILIARY RESULT
The following theorem is a consequence of [5, Proposition A.1] and is the key point in the

proof of Theorems 1.4 and 1.5. It can be regarded as a p-adic analogue of Théoréme EL in [1].

Theorem 2.1 (Bugeaud and Evertse [5], 2008). Let a be a p-adic algebraic number of degree d

and height H, and let € be a positive real number. Then the inequality

<|w,y| 2
p

T
o — —

has at most
226(1 4 2/¢)% log(2d + 4) log ((1 + 2/¢) log(2d + 4))

solutions (z,y) € Z* with ged(z,y) = 1 and
1/((d+1)(d+2))
|z, y| > max ((wd n 1H) ,42/6> .

Likewise, the inequality
—1—¢
la =z, < |z|
has at most

226(1 +1/¢)® log(2d + 4) log ((1 + 1/¢) log(2d + 4))
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solutions x € 7 with

1/((d+1)(d+2))
|z| > max ((2\/d n 1H> ,41/5> .

Theorem 2.1 follows from [5, Proposition A.1] in a same way as [5, Corollary 5.2] eventually

follows from [5, Proposition A.1]. We omit the details.

3. PROOF OF THEOREM 1.4
Let all the hypotheses of Theorem 1.4 be satisfied. It follows from Theorem 1.3 that £ is a
p-adic transcendental number. By (1.2), there exists a real number ¢ > 1 such that
(31) |xn7yn| < |xn+1ayn+1‘ < ‘-/En7yn|c (’I’LZ 172a)

Let d be a positive rational integer and a be a p-adic algebraic number of degree d. We choose
« with sufficiently large height H(«) so that

21,1 < (2Vd+ 1H(a)

is satisfied. Let j > 2 be the unique integer satisfying
)1/((d+1)(d+2))

)1/((d+1)(d+2))

(3.2) 251,951 < (2Vd+ TH(a) <laj.u.
We suppose that we choose o with sufficiently large height H(«) so that the inequality
(3.3) |z, y;] > max (42/6, 4°(d + 1)0)
is satisfied. Let x be the real number defined by
€~ al, = H(a)™.

We suppose that y > 1 and we will bound y from above.

Let K be the largest of the positive integers h satisfying |z;1s, yj+h|2+5 < H(a)X. Then
(3.4) € —al, = H@) ™ < [aysnyyenl 25 (h=1,2,....K).

By (1.1) and (3.4),

Tith
’a_ﬁ
Yj+h

T
< max ’f _ itk
p Yj+h

_o_
1€ — a|p> < |@jan, Yyanl 0
p

for h=1,2,..., K. As a result, the inequality

<|w,y| 2

P

T
o — —

has at least K rational solutions z/y with ged(x,y) = 1 and |z,y| > |z;,y,|. Hence, by (3.2), (3.3),
and Theorem 2.1,

(3.5) K <2%(142/¢)%log(2d + 4)log ((1 + 2/¢) log(2d + 4)) .
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On the other hand, by x > 1 and the choice of K, the inequalities (3.1), (3.2), and (3.3) imply
that

9 K+ 2 _ _ c 2c
|, ;] > |z ki, Yjr k1] T = H(@)X > 27X(d + 1) |z, 4, > |z, 5,

and so

(3.6) X < 2(2+ )2

It follows from (3.5) and (3.6) that there exists a real number ¢/, depending only on £ and ¢, such
that
wi(€) < (2d)1ElES (d=1,2,...).

Then ¢ is either a p-adic S-number or a p-adic T-number. This completes the proof of Theorem
1.4.

4. PROOF OF THEOREM 1.5

Let all the hypotheses of Theorem 1.5 be satisfied. It follows from Theorem 2.1 that & is a

p-adic transcendental number. For J > 1, set &; := Z;jzl an,;p"’. By assumption, there exists a

real number ¢ > 1 such that

(4.1) G<&Gn<& (G=12...).

Without loss of generality, we assume that ky = 0. Consequently, we have
(4.2) 1<g<pt™ (j=1,2,...)

and there exists jo such that

(4.3) € — &ilp = prtr < R UF) TR (> gy,

Let d be a positive rational integer and « be a p-adic algebraic number of degree d. We choose
« with sufficiently large height H(«) so that

& < (2Vd+1H()

is satisfied. Let j > 2 be the unique integer satisfying
) 1/((d+1)(d+2))

)1/((d+1)(d+2))

(4.4) g1 < (2\/mH(a) <&
We suppose that we choose o with sufficiently large height H(«) so that the inequality
(4.5) ¢ > max (42/5, 4°(d + 1)0)
is satisfied. Let x be the real number defined by

€~ al, = H(a)™™.

We suppose that y > 1 and we will bound x from above.



Let K be the largest of the positive integers h satisfying 5;12/2 < H(a)X. Then

(4.6) €—al,=H@) ™ <& (h=1,2,...,K).
By (4.3) and (4.6),

—1-€/2
la = &anl, < max (|€ = &tnl, 16— Oélp) <&

for h=1,2,..., K. As a result, the inequality

la — x|, < z1me/?

has at least K solutions in positive integers x with = > £;. Hence, by (4.4), (4.5), and Theorem
2.1,

(4.7) K < 2%°(142/¢)%log(2d + 4)log ((1 + 2/¢) log(2d + 4)) .

On the other hand, by x > 1 and the choice of K, the inequalities (4.1), (4.4), and (4.5) imply
that

CK+1 _ — [ c
G 2 g 2 Hap 227X+ 1) X0 2 g/,

and so
(4.8) X < 2(14¢/2)c5 T2,

It follows from (4.7) and (4.8) that there exists a real number ¢/, depending only on £ and ¢, such
that
wi(€) < (2d)1oslos3d (g=1,2,...).

Then £ is either a p-adic S-number or a p-adic T-number. This completes the proof of Theorem
1.5.
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