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Abstract

Let p be a prime number. Let w2 and w∗
2 denote the exponents of

approximation defined by Mahler and Koksma, respectively, in their
classifications of p-adic numbers. It is well-known that every p-adic
number ξ satisfies w∗

2(ξ) ≤ w2(ξ) ≤ w∗
2(ξ) + 1, with w∗

2(ξ) = w2(ξ) = 2
for almost all ξ. By means of Schneider’s continued fractions, we give
explicit examples of p-adic numbers ξ for which the function w2 − w∗

2

takes any prescribed value in the interval (0, 1].

1 Introduction and results

For a real number ξ, the value of Mahler’s function w2 (resp., of Koksma’s
function w∗2) at ξ is the supremum of the real numbers w for which

0 < |P (ξ)| ≤ H(P )−w (resp., 0 < |ξ − α| ≤ H(α)−w−1)

is satisfied for infinitely many integer polynomials P (X) (resp., algebraic
numbers α) of degree at most two. Here and below, H(P ) (resp., H(α))
stands for the näıve height of the polynomial P (X) (resp., of the minimal
defining polynomial of α over Z).

Throughout this text, p denotes a prime number and Qp is the field of
p-adic numbers equipped with the p-adic absolute value | · |p normalized in
such a way that |p|p = p−1. For a p-adic number ξ, the value of Mahler’s
function w2 (resp., of Koksma’s function w∗2) at ξ is the supremum of the
real numbers w for which

0 < |P (ξ)|p ≤ H(P )−w−1 (resp., (0 < |ξ − α|p ≤ H(α)−w−1)

is satisfied for infinitely many integer polynomials P (X) (resp., algebraic
numbers α ∈ Qp) of degree at most two.

For every real number ξ (resp., p-adic number ξ), we have w∗2(ξ) ≤
w2(ξ) ≤ w∗2(ξ) + 1 and every real number ξ (resp., p-adic number ξ) which
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is not rational or quadratic satisfies w∗2(ξ) ≥ 2. References and more in-
formation (including the justification of the slight difference between the
definitions of w2 on the real numbers and on the p-adic numbers) can be
found in [3, Chapter 3] and in [3, §9.3].

By modifying Baker’s variant [1] of Schmidt’s construction of T -numbers,
Bugeaud [2] established that w2 − w∗2 takes on the set of real numbers any
value in [0, 1). Pejković [11, Theorem 5.2], [12] proved the p-adic analogue
of this result. These constructions are quite involved and give no explicit
examples of numbers ξ for which w2(ξ) differs from w∗2(ξ). Furthermore,
they do not cover the case of this difference being 1.

Subsequently, Bugeaud [5, Theorems 4.1 and 4.2] used the theory of
continued fractions to give explicit examples of real numbers ξ with any
prescribed value (in [0, 1]) for w2(ξ)− w∗2(ξ). The aim of the present paper
is to establish an analogous result in the field Qp. Our key tool is the
following restricted version of Schneider’s p-adic continued fractions [14] as
described for example in [4, 6] or, more generally, in [15].

Set

(
p0 p−1
q0 q−1

)
=

(
1 1
1 0

)
and for a sequence a = (an)n≥1 of positive

integers set

pn = pn−1 + panpn−2, qn = qn−1 + panqn−2, (n ≥ 1). (1.1)

This implies

(
pn pn−1
qn qn−1

)
=

(
pn−1 pn−2
qn−1 qn−2

)(
1 1
pan 0

)
, for n ≥ 1, and, by

induction, (
pn pn−1
qn qn−1

)
=

n∏
i=0

(
1 1
pai 0

)
, (n ≥ 1), (1.2)

where we have put a0 = 0.
Taking the determinant of (1.2), we get

pnqn−1 − pn−1qn = (−1)n+1
n∏
i=1

pai , (n ≥ 1).

It follows easily from (1.1) that p divides neither pn nor qn for any n ≥ 0 so
the last equality gives∣∣∣∣pnqn − pn−1

qn−1

∣∣∣∣
p

=
1

|qnqn−1|p
|pnqn−1 − pn−1qn|p = p−

∑n
i=1 ai .

Since the p-adic absolute value is non-Archimedean, for n ≥ 0 and k ≥ 1,
we have ∣∣∣∣pn+kqn+k

− pn
qn

∣∣∣∣
p

= p−
∑n+1
i=1 ai . (1.3)
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This shows that (pn/qn)n≥1 is a Cauchy sequence and therefore converges
to some ξa ∈ Qp. Then it follows from (1.3) that∣∣∣∣ξa − pn

qn

∣∣∣∣
p

= p−
∑n+1
i=1 ai , (n ≥ 1), (1.4)

and we can write

ξa = 1 + lim
n→∞

pa1

1 +
pa2

1 +
pa3

. . . + pan

.

For ease of notation we denote the right hand side of the last equation by
[a1, a2, a3, . . .]. In analogy with real continued fraction expansions, we call
pn/qn the n-th convergent to ξa and we observe that

pn
qn

= 1 +
pa1

1 +
pa2

1 +
pa3

. . . + pan

and write pn/qn = [a1, a2, . . . , an]. This should not cause any confusion since
we do not use real continued fractions in the present paper.

We are now ready to present explicit examples of p-adic numbers for
which the values of Mahler’s and Koksma’s functions differ by any prescribed
value from the interval [0, 1]. Throughout, bxc denotes the greatest integer
smaller than, or equal to x.

Theorem 1. Let w > (5+
√

17)/2 be a real number, b a positive integer and
(εj)j≥0 a sequence taking its values in the set {0, 1}. Define the sequence
(an,w)n≥1 by

an,w =

{
b+ 3j + 2, if n = bwjc for some j ∈ Z≥0,
b+ 3j + εj , if bwjc < n < bwj+1c for some j ∈ Z≥0.

Set
ξw = [a1,w, a2,w, a3,w, . . .] ∈ Qp. (1.5)

Then
w∗2(ξw) = w − 1 and w2(ξw) = w. (1.6)

Although (an,w)n≥1 depends on (εj)j≥0 as well as on w, we do not in-
dicate this dependence explicitly for ease of writing. We introduce the
sequence (εj)j≥0 in order to show that our construction provides us with
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uncountably many explicitly given p-adic numbers ξw for which (1.6) is sat-
isfied.

The next theorem covers the case where the function w2 − w∗2 takes its
values strictly between 0 and 1.

Theorem 2. Let w ≥ 16 be a real number, b a positive integer and (εj)j≥0
a sequence taking its values in the set {0, 1}. Let η be a positive real number
with η <

√
w/4. Define the sequence (an,w,η)n≥1 by

an,w,η =



b+ 4j + 3, if n = bwjc for some j ∈ Z≥0,
b+ 4j + 2, if bwjc < n < bwj+1c for some j ∈ Z≥0

and (n− bwjc)/bηwjc ∈ Z,
b+ 4j + εj , if bwjc < n < bwj+1c for some j ∈ Z≥0

and (n− bwjc)/bηwjc 6∈ Z.

Set
ξw,η = [a1,w,η, a2,w,η, a3,w,η, . . .] ∈ Qp.

Then

w∗2(ξw,η) =
2w − 2− η

2 + η
and w2(ξw,η) =

2w − η
2 + η

,

hence

w2(ξw,η)− w∗2(ξw,η) =
2

2 + η
.

Since the equality w2(ξ) = w∗2(ξ) holds for almost all (with respect to the
Haar measure) p-adic numbers ξ (see e.g. [3, Theorem 9.5]), the previous
two theorems immediately yield the next corollary.

Corollary 1. For every ε in [0, 1] there are uncountably many p-adic num-
bers ξε for which w2(ξε)− w∗2(ξε) = ε.

Corollary 1 was already established in [11, 12] (except for the case ε =
1), by means of a much more complicated proof. The present approach is
simpler and, unlike the other one, it is constructive in the sense that we are
able to give explicit examples of p-adic numbers with the required properties.

We stress that there is an important difference between our theorems
and [5, Theorems 4.1 and 4.2]. Namely, the continued fractions constructed
in [5] have bounded partial quotients, while the sequences (an,w)n≥1 and
(an,w,η)n≥1 defined in Theorems 1 and 2 are unbounded. As we explain in
Remark 2 below, we are forced to work with unbounded sequences, since
otherwise we would be unable to estimate sufficiently precisely the heights
of the quadratic numbers involved in our proofs and would not get the exact
values of the exponents of approximation.

Our theorems and the previous papers [4, 6] show that Schneider’s con-
tinued fractions appear to be a powerful tool for constructing explicit exam-
ples of p-adic numbers with various, prescribed Diophantine properties.
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The present paper is organized as follows. In Section 2 we gather results
on quadratic numbers in Qp with precise estimates for the heights of special
families of p-adic quadratic numbers. In Section 3, we improve the classical
Liouville’s inequality in the special case where one of the quadratic numbers
involved is p-adically close to its Galois conjugate. Finally, the proofs of our
theorems are given in Section 4.

Throughout this text, the constants implied by �, � are absolute.

2 Quadratic numbers in Qp and estimates for their
height

For a p-adic number ξ = [a1, a2, a3, . . .] defined as above and an integer
i ≥ 1, put ξi = [ai, ai+1, . . .]. Using (1.2), we get

ξ =
pi−1ξi+1 + paipi−2
qi−1ξi+1 + paiqi−2

, (i ≥ 1). (2.1)

Let r ≥ 0, s ≥ 1 be integers and a1, . . . , ar+s be positive integers.
Set ξ = [a1, . . . , ar, ar+1, . . . , ar+s], where the bar indicates that the block
ar+1, . . . , ar+s is repeated infinitely many times. Then, ξ is a quadratic p-
adic number (see [7] or [15]). To see this, apply (2.1) first for ξ and i = r
and then for ξ and i = r + s to get

ξ =
pr−1ξr+1 + parpr−2
qr−1ξr+1 + parqr−2

=
pr+s−1ξr+s+1 + par+spr+s−2
qr+s−1ξr+s+1 + par+sqr+s−2

.

Then, by eliminating ξr+1 = ξr+s+1, we obtain

(par+sqr−1qr+s−2 − parqr−2qr+s−1)ξ2

+ (parpr−2qr+s−1 + parpr+s−1qr−2 − par+spr−1qr+s−2 − par+spr+s−2qr−1)ξ
+ (par+spr−1pr+s−2 − parpr−2pr+s−1) = 0. (2.2)

Denote by ξ′ the Galois conjugate of ξ. It is well defined since ξ is not a
rational number [7, 15]. Thus ξ′ ∈ Qp satisfies the same equation (2.2) as ξ.

The square of the p-adic distance between the p-adic roots of the poly-
nomial aX2 + bX+ c is | b2−4ac

a2
|p. We apply this fact to (2.2) in order to find

|ξ − ξ′|p.
Assume that ar 6= ar+s. It is easily checked that

|par+sqr−1qr+s−2 − parqr−2qr+s−1|p = p−min{ar,ar+s},
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and∣∣(parpr−2qr+s−1 + parpr+s−1qr−2 − par+spr−1qr+s−2 − par+spr+s−2qr−1)2

−4(par+sqr−1qr+s−2−parqr−2qr+s−1)(par+spr−1pr+s−2−parpr−2pr+s−1)
∣∣
p

=

∣∣∣∣(parqr−2qr+s−1(pr+s−1qr+s−1
− pr−2
qr−2

)
+par+sqr−1qr+s−2

(pr+s−2
qr+s−2

− pr−1
qr−1

))2

− 4par+ar+sqr−2qr−1qr+s−2qr+s−1

(pr+s−1
qr+s−1

− pr−1
qr−1

)(pr+s−2
qr+s−2

− pr−2
qr−2

)∣∣∣∣
p

= p−2
∑r
i=1 ai ,

by (1.3). Consequently, we have established that the p-adic distance be-
tween the quadratic number ξ = [a1, . . . , ar, ar+1, . . . , ar+s] and its Galois
conjugate ξ′ satisfies

|ξ − ξ′|p = p−
∑r
i=1 aipmin{ar,ar+s}, if ar 6= ar+s. (2.3)

Remark 1. Keeping the above notation, it can be shown that 1 − ξ′r+1 =
[ar+s, . . . , ar+1] and |ξ′r+1|p < 1, where ξ′r+1 denotes the Galois conjugate of
ξr+1.

The following two lemmas provide us with lower and upper bounds for
the height of the quadratic numbers occurring in the proofs of Theorems 1
and 2.

Lemma 1. Let a1, . . . , an+1 be positive integers such that an > an+1. Let
ξ = [a1, . . . , an, an+1] ∈ Qp and denote by (pk/qk)k≥1 the sequence of its
convergents. Then, the height of ξ satisfies

p−2n p2
∑n
i=1 ai � H(ξ)� panp2n. (2.4)

Proof. Let Pξ(X) = AX2+BX+C = A(X−ξ)(X−ξ′) denote the minimal
polynomial of ξ over Z. Since q2nPξ(pn/qn) is a nonzero integer, we have∣∣∣∣Pξ (pnqn

)∣∣∣∣
p

=

∣∣∣∣q2nPξ (pnqn
)∣∣∣∣

p

= |Ap2n +Bpnqn + Cq2n|p

≥ 1

|Ap2n +Bpnqn + Cq2n|
≥ 1

3 H(Pξ)p2n
.

(2.5)

It follows from (1.4) and (2.3) that∣∣∣∣Pξ (pnqn
)∣∣∣∣

p

= |A|p
∣∣∣∣ξ − pn

qn

∣∣∣∣
p

∣∣∣∣ξ′ − pn
qn

∣∣∣∣
p

≤ 1 · p−
∑n+1
i=1 ai · p−

∑n
i=1 aipan+1 ≤ p−2

∑n
i=1 ai .

(2.6)

Combining (2.5) and (2.6) gives

p−2n p2
∑n
i=1 ai ≤ 3 H(ξ),

while the right hand side of (2.4) is a consequence of (2.2).
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Lemma 2. Let a1, . . . , an+m be positive integers such that

an > an+m > an+1 = . . . = an+m−1.

Let
ζ = [a1, . . . , an, an+1, . . . , an+m] ∈ Qp

and denote by (pk/qk)k≥1 the sequence of its convergents. Then, the height
of ζ satisfies

p−2n p−an−an+mp
3
2

∑n
i=1 ai+

1
2

∑n+m−1
i=1 ai � H(ζ)� pnpn+m. (2.7)

Proof. The resultant of the minimal polynomials of ζ and of the p-adic
number ξ = [a1, . . . , an, an+1] is a nonzero integer which can be bounded
from above using its representation as a determinant (see e.g. [11, p. 20]).
Therefore, we get

|ζ − ξ|p|ζ ′ − ξ|p|ζ − ξ′|p|ζ ′ − ξ′|p ≥
1

81 H(ζ)2 H(ξ)2
, (2.8)

where ζ ′ and ξ′ denote the Galois conjugates of ζ and ξ, respectively.
Since an+1 < an+m, we deduce from (1.4) that

|ζ − ξ|p = max
{∣∣∣ζ − pn+m−1

qn+m−1

∣∣∣
p
,
∣∣∣ξ − pn+m−1

qn+m−1

∣∣∣
p

}
= max{p−

∑n+m
i=1 ai , p−

∑n+m−1
i=1 ai−an+1}

= p−
∑n+m−1
i=1 ai−an+1 ,

while (2.3) gives

|ζ − ζ ′|p = p−
∑n
i=1 ai+min{an,an+m} = p−

∑n
i=1 ai+an+m ,

|ξ − ξ′|p = p−
∑n
i=1 ai+min{an,an+1} = p−

∑n
i=1 ai+an+1 ,

since an > an+m and an > an+1. Consequently,

|ζ ′ − ξ|p = max{|ζ − ζ ′|p, |ζ − ξ|p} = p−
∑n
i=1 ai+an+m ,

|ζ − ξ′|p = max{|ζ − ξ|p, |ξ − ξ′|p} = p−
∑n
i=1 ai+an+1 ,

|ζ ′ − ξ′|p = max{|ζ − ζ ′|p, |ζ − ξ′|p} = p−
∑n
i=1 ai+an+m .

Combining these results and the right hand side of (2.4) with (2.8), we get

p2anp4n H(ζ)2 � p−2an+m+3
∑n
i=1 ai+

∑n+m−1
i=1 ai ,

which is exactly the lower bound in (2.7), while the upper bound is a con-
sequence of (2.2).
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Next, we investigate the bounds on the numerator pn and on the denomi-
nator qn of the n-th convergent pn/qn to the number ξw = [a1,w, a2,w, a3,w, . . .]
defined in Theorem 1. The discussion concerning the numbers ξw,η defined
in Theorem 2 is analogous and we give only the necessary results at the end
of this section.

Let βj = (1 +
√

1 + 4pb+3j+εj )/2 be the largest of the two eigenvalues of

the matrix
( 1 1
pb+3j+εj 0

)
.

For a positive integer n, let k be the integer defined by the inequalities
bwkc ≤ n < bwk+1c. An induction based on (1.1) gives the lower bound

pn ≥
k−1∏
j=0

β
bwj+1c−bwjc
j · βn−bw

kc
k . (2.9)

To see this, observe that p1 = 1 + pa1,w ≥ 1 and p2 = 1 + pa1,w + pa2,w ≥ β0.
Let n ≥ 2 be such that (2.9) holds for pn−1 and pn. In order to prove (2.9) for
pn+1, we distinguish two cases, namely n = bwkc and bwkc < n < bwk+1c.
In the first case, we get

pn+1 = pn + pan+1,wpn−1 ≥
k−1∏
j=0

β
bwj+1c−bwjc
j (1 + pb+3k+εk/βk−1)

≥
k−1∏
j=0

β
bwj+1c−bwjc
j · βk,

while, in the second, we obtain

pn+1 = pn + pan+1,wpn−1 ≥
k−1∏
j=0

β
bwj+1c−bwjc
j · βn−bw

kc
k (1 + pb+3k+εk/βk)

≥
k−1∏
j=0

β
bwj+1c−bwjc
j · βn+1−bwkc

k .

This proves (2.9). Throughout, we denote by logp the base p logarithm. For
n ≥ 1, set

Sn =

k−1∑
j=0

(bwj+1c − bwjc) logp βj + (n− bwkc) logp βk,

and observe that (2.9) can be rewritten as pn ≥ pSn .
In order to find an upper bound on pn, we take a (submultiplicative)

matrix norm ‖ · ‖ on R2×2 such that for every 2× 2 matrix A the inequality

ρ(A) ≤ ‖A‖ ≤ ρ(A) + 1 (2.10)
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is valid (see [8, Lemma 5.6.10]). We denote by ρ(A) the spectral radius of
the matrix A.

It then follows from (1.2) that there exists a positive number M , inde-
pendent of n, such that∥∥∥∥(pn pn−1

qn qn−1

)∥∥∥∥ =

∥∥∥∥∥
n∏
i=0

(
1 1

pai,w 0

)∥∥∥∥∥
≤
∥∥∥∥(1 1

1 0

)∥∥∥∥ · k−1∏
j=1

∥∥∥∥∥
(

1 1
pb+3j+εj 0

)bwj+1c−bwjc−1
∥∥∥∥∥

·

∥∥∥∥∥
(

1 1
pb+3k+εk 0

)n−bwkc∥∥∥∥∥ ·
k∏
j=0

∥∥∥∥( 1 1
pb+3j+2 0

)∥∥∥∥
< 2

k−1∏
j=0

(
β
bwj+1c−bwjc−1
j + 1

)
·
(
β
n−bwkc
k + 1

) k+1∏
j=1

(βj + 1)

< 22k+3
k−1∏
j=0

β
bwj+1c−bwjc
j · βn−bw

kc+1
k · βk+1

≤ nMpSn ,

(2.11)

where we used the submultiplicativity, applied (2.10) and the well known
fact that ρ(Ak) = ρ(A)k holds for any positive integer k. Since any two
norms on R2×2 are equivalent, the bound (2.11) also holds (by increasing M
by an absolute constant if necessary) for the sup norm ‖ · ‖∞. Therefore,

pSn ≤ pn ≤ nMpSn , (n ≥ 1). (2.12)

For (an,w)n≥1 as in the definition of ξw in (1.5), define the quadratic
number

ξw,j = [a1,w, . . . , abwjc,w, abwjc+1,w] (2.13)

Then Lemma 1 and (2.12) give

bwjc−2Mp2
∑bwjc
i=1 ai,w−2Sbwjc � H(ξw,j)� p

abwjc,wbwjc2Mp2Sbwjc .

To estimate the difference
∑bwjc

i=1 ai,w − 2Sbwjc we apply

0 < 2 logp
1 +
√

1 + 4px

2
− x = logp

(1 +
√

1 + 4px)2

4px

=
1

log p
log
(
1 +

1 +
√

1 + 4px

2px
)

<
1

log p
· 1 +

√
1 + 4px

2px
<

2

log p
· 1

px/2
, x > 0,
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which for x = b+ 3i+ εi gives

2 logp βi − (b+ 3i+ εi) <
2

log p
· p−

b+3i+εi
2 .

Thus,

∣∣∣∣ bw
jc∑

i=1

ai,w − 2Sbwjc

∣∣∣∣ < j−1∑
i=0

(
2 logp βi − (b+ 3i+ εi)

)
(bwi+1c − bwic)

+ 2j + b+ 3j + 2

< 5(b+ j) +
2

log p · pb/2

j−1∑
i=0

p−
3i+εi

2 bwi+1c

< (w/2)j for j large enough.

(2.14)

This implies

p
2Sbwjc−3(w/2)

j

� H(ξw,j)� p
2Sbwjc+(w/2)j

(2.15)

Furthermore, the real numbers E1(j) defined by

bwjc∑
i=1

ai,w =

j−1∑
i=0

(b+ 3i+ εi)(bwi+1c − bwic) +

j−1∑
i=0

(2− εi) + b+ 3j + 2

=
(
b+ 3j + E1(j)

)
wj ,

(2.16)
satisfy |E1(j)| < 10 when j is sufficiently large.

Remark 2. Let us define the p-adic number ξcw = [a1,w, a2,w, . . .] in a similar
way as what was done in [5], that is, by putting abwjc,w = c for j ∈ Z≥0 and
ai,w = b otherwise, where b and c are distinct positive integers. Unlike for
real continued fractions, we are unable to decide whether w2(ξ

c
w)−w∗2(ξcw) =

1. The reason for this can be explained as follows. Define ξcw,j as in (2.13)

and denote by (ξcw,j)
′ its Galois conjugate. Since (1 +

√
1 + 4pb)/2 > pb/2,

bounds similar to those in (2.12) show that (2.4) is not tight enough to get
that |ξcw,j−(ξcw,j)

′|−1p is close to H(ξcw,j) when j tends to infinity (cf. (2.3)), a
condition required in order to apply Lemma 5 below. Thus, we would need
to show that the coefficients in (2.2) in this case (r = n = bwjc, s = 1) are
all actually much smaller than p2n, i.e., of the same size as p

∑n
i=1 ai,w (which

still leaves the left hand side of (2.4) problematic), or that this polynomial
is not the minimal polynomial of ξcw,j . This seems to be out of our reach.

For the p-adic numbers ξw,η defined in Theorem 2, we obtain similar
results, which we briefly summarize below. Choose and fix w and η as in
the statement of Theorem 2. Denote by (pk/qk)k≥1 the convergents to ξw,η
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and set γj = (1 +
√

1 + 4pb+4j+εj )/2 for j ≥ 0. For a positive integer n, let
k be the integer defined by the inequalities bwkc ≤ n < bwk+1c. As above,
we get

pn ≥
k−1∏
j=0

γ
bwj+1c−bwjc
j · γn−bw

kc
k .

Setting

S̃n =

k−1∑
j=0

(bwj+1c − bwjc) logp γj + (n− bwkc) logp γk,

then, arguing as before, there exists a real number M̃ , independent of n,
such that

pS̃n � pn � nM̃pS̃n . (2.17)

For the sequence (an,w,η)n≥1 defined in Theorem 2, set

ξw,η,j = [a1,w,η, . . . , abwjc,w,η, abwjc+1,w,η, . . . , abwjc+bηwjc,w,η]. (2.18)

Then, Lemma 2 and (2.17) give

bwjc−2M̃p−2S̃bwjc−abwjc,w,η−abwjc+bηwjc,w,η+
3
2

∑bwjc
i=1 ai,w,η+

1
2

∑bwjc+bηwjc−1
i=1 ai,w,η

� H(ξw,η,j)

� bwjcM̃pS̃bwjc(bwjc+ bηwjc)M̃pS̃bwjc+bηwjc . (2.19)

We also have ∣∣∣∣ bw
jc∑

i=1

ai,w,η − 2S̃bwjc

∣∣∣∣ < (w/2)j ,

∣∣∣∣ bw
jc+bηwjc∑
i=1

ai,w,η − 2S̃bwjc+bηwjc

∣∣∣∣ < (1 + η)(w/2)j ,

(2.20)

for j large enough and the real numbers Ẽ1(j), Ẽ2(j) defined by

bwjc∑
i=1

ai,w,η =
(
b+ 4j + Ẽ1(j)

)
wj ,

bwjc+bηwjc∑
i=1

ai,w,η =
(
b+ 4j + Ẽ2(j)

)
(1 + η)wj ,

(2.21)

satisfy |Ẽ1(j)|, |Ẽ2(j)| < 10 + 1
η , for j large enough.
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3 Liouville’s inequality and application

Lemmas 4 and 5 below are the p-adic analogues of Lemmas 7.1 and 7.3
from [5]. Their proofs are, up to the non-Archimedean nature of the p-adic
absolute value, almost identical to the proofs of these lemmas. We include
them for the sake of completeness.

We need the following facts which we collect in one lemma.

Lemma 3. a) (cf. [10, p. 341]) Let P (X) = anX
n+· · ·+a1X+a0 = an(X−

α1) · · · (X − αn) ∈ Qp[X]. Then for any non-empty set I ⊆ {1, . . . , n}, we
have ∏

i∈I
|αi|p ≤

maxj∈{0,1,...,n} |aj |p
|an|p

.

b) For any x, y ∈ Qp, |x− y|p ≤ max{1, |x|p}max{1, |y|p}.
c) (cf. [11, Lemma 3.2]) For any quadratic p-adic number α with Galois
conjugate α′,

1

H(α)
√

5
≤ |α− α′|p ≤ H(α).

The next lemma provides us with a strengthening of the Liouville in-
equality.

Lemma 4. Let α and β be p-adic quadratic numbers. Denote by Pα(X) :=
a(X−α)(X−α′) and Pβ(X) := b(X−β)(X−β′) their minimal polynomials
over Z. Assume that α, α′, β, β′ are distinct. Then we have

|α− β|p ≥
1

81
max{|α− α′|−1p , 1}H(α)−2 H(β)−2. (3.1)

Proof. The resultant Res(Pα, Pβ) is a nonzero integer which can be bounded
from above using its representation as a determinant (see e.g. [11, p. 20]).
Therefore,

1

34 H(α)2 H(β)2
≤ 1

|Res(Pα, Pβ)|
≤ |Res(Pα, Pβ)|p
= |a|2p|b|2p|α− β|p|α′ − β|p|α− β′|p|α′ − β′|p.

(3.2)

Using Lemma 3, firstly part b), then part a), we get

|a|p|b|2p|α− β′|p|α′ − β′|p
≤ |a|p|b|2p max{1, |α|p}max{1, |α′|p}max{1, |β′|p}2 ≤ 1,

(3.3)

|a|2p|b|2p|α′ − β|p|α− β′|p|α′ − β′|p
≤ |a|2p|b|2p max{1, |α|p}max{1, |α′|p}2 max{1, |β|p}max{1, |β′|p}2 ≤ 1.

(3.4)
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If |α′ − β|p ≤ |α− β|p, then (3.2) implies

|α− β|p
(3.3)

≥ 1

9
H(α)−1 H(β)−1

L.3c
≥ 1

9
√

5
|α− α′|−1p H(α)−2 H(β)−2

and

|α− β|p
(3.3)

≥ 1

9
H(α)−1 H(β)−1 ≥ 1

9
H(α)−2 H(β)−2,

which is stronger than (3.1).
If |α′ − β|p > |α− β|p, then |α′ − β|p = |α− α′|p and (3.2) implies

|α− β|p
(3.3)

≥ 1

81
|α− α′|−1p H(α)−2 H(β)−2 and

|α− β|p
(3.4)

≥ 1

81
H(α)−2 H(β)−2.

Putting all these estimates together proves the lemma.

Lemma 5. Let ξ be a p-adic number with |ξ|p ≤ 1. Assume that there exist
positive real numbers c1, c2, c3, δ, ρ, θ and a sequence (αj)j≥1 of quadratic
numbers such that

c1 H(αj)
−ρ−1 ≤ |ξ − αj |p ≤ c2 H(αj)

−δ−1 (3.5)

and
H(αj) ≤ H(αj+1) ≤ c3 H(αj)

θ,

for j ≥ 1. Set ε = 0 or assume that there exist c4 ≥ 1 and 0 < ε ≤ 1 such
that

|αj − α′j |p ≤ c4 H(αj)
−ε, (3.6)

for j ≥ 1, where α′j denotes the Galois conjugate of αj.
Then we have

δ ≤ w∗2(ξ) ≤ ρ
if

(ρ− 1)(δ − 1 + ε) ≥ 2θ(2− ε). (3.7)

Furthermore, we have

δ ≤ w∗2(ξ) ≤ ρ and w2(ξ) ≥ w∗2(ξ) + ε,

if
ε > 0 and (δ − 2 + ε)(δ − 1 + ε) ≥ 2θ(2− ε). (3.8)

Finally, if (3.8) holds and the limit

lim
j→∞

log |αj − α′j |p
log H(αj)

= −χ (3.9)

exists, then we have

δ ≤ w∗2(ξ) ≤ ρ and w2(ξ)− w∗2(ξ) ∈ [ε, χ].
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Proof. Set Qj = H(αj) for j ≥ 1. Let α ∈ Qp be a rational or a quadratic
number not in (αj)j≥1 and define the integer j by

Qj−1 <
(
c5 H(α)

)2/(ε+δ−1) ≤ Qj ,
where

c5 = 10(c2c4)
1/2. (3.10)

We assume that H(α) and hence j, is sufficiently large. By Lemma 4, we
have

|α− αj |p ≥
1

81
|αj − α′j |−1p H(αj)

−2 H(α)−2

(3.6)

≥ c−14 H(αj)
ε H(αj)

−2c25Q
−ε−δ+1
j

=
1

81
c−14 c25Q

−1−δ
j

(3.10)
> c2 H(αj)

−δ−1.

Consequently, we get |α−αj |p > |ξ−αj |p, hence |ξ−α|p = |α−αj |p. Since

H(αj) = Qj ≤ c3Qθj−1 < c3
(
c5 H(α)

)2θ/(ε+δ−1)
,

we conclude that

|ξ − α|p = |α− αj |p ≥
1

81
c−14 H(αj)

−2+ε H(α)−2

>
1

81
c−14 c−2+ε3 c

−2θ(2−ε)/(ε+δ−1)
5 H(α)−2−2θ(2−ε)/(ε+δ−1),

(3.11)

thus
w∗2(ξ) ≤ max{ρ, 1 + 2θ(2− ε)/(ε+ δ − 1)},

so (3.7) ensures that w∗2(ξ) ≤ ρ, while w∗2(ξ) ≥ δ is guaranteed by (3.5).
If (δ−2 + ε)(δ−1 + ε) ≥ 2θ(2− ε) also holds, then it follows from (3.11)

that

|ξ − α|p >
1

81
c−14 c−2+ε3 c

−2θ(2−ε)/(ε+δ−1)
5 H(α)−δ−ε.

This means that the best algebraic approximants of degree at most two to
ξ are in the sequence (αj)j≥1. Assume that α is a quadratic number not
in (αj)j≥1 and let Pα(X) = aα(X − α)(X − α′) be its minimal polynomial
over Z. Without loss of generality, we assume that |ξ−α|p ≤ |ξ−α′|p, thus
|ξ − α′|p ≥ |α− α′|p and

|Pα(ξ)|p = |aα|p|ξ − α|p|ξ − α′|p ≥ |aα(α− α′)|p|ξ − α|p

>
1

200
c−14 c−2+ε3 c

−2θ(2−ε)/(ε+δ−1)
5 H(α)−δ−ε−1,

(3.12)

where we have used that |aα(α− α′)|p = |Disc(Pα)|1/2p ≥ (H(α)
√

5)−1.
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Denoting by Pj(X) the minimal polynomial of αj over Z and using

|ξ − α′j |p ≤ max{|ξ − αj |p, |αj − α′j |p}
(3.6)

≤ c4 H(αj)
−ε and |aj |p ≤ 1,

we deduce that

|Pj(ξ)|p = |aj(ξ − αj)(ξ − α′j)|p ≤ c4 H(αj)
−ε|ξ − αj |p ≤ c2c4 H(αj)

−δ−ε−1.

This shows that w2(ξ) ≥ w∗2(ξ) + ε ≥ δ + ε.
It remains for us to prove that |Pj(ξ)|p cannot be too small when the limit

in (3.9) exists. It follows from |ξ|p ≤ 1 and (3.5) that |αj |p ≤ 1 and, by (3.6),
we get |α′j |p ≤ 1 as well. This shows that |aj |p = 1, for otherwise Pj(X)
would not be minimal. If (3.9) holds, then we have the reverse inequalities

|ξ − α′j |p = max{|ξ − αj |p, |αj − α′j |p} � H(αj)
−χ

and
|Pj(ξ)|p = |aj(ξ − αj)(ξ − α′j)|p � H(αj)

−χ|ξ − αj |p,

which together with (3.12) yields w2(ξ) ≤ w∗2(ξ) + χ.

4 Proofs of main theorems

Proof of Theorem 1. Let j ≥ 2 be an integer. Define the quadratic number
ξw,j as in (2.13) and denote by (pn/qn)n≥1 the sequence of convergents to
ξw. By (1.4), we have∣∣∣∣∣ξw − pbwj+1c−1

qbwj+1c−1

∣∣∣∣∣
p

= p−
∑bwj+1c−1
i=1 ai,wp−b−3j−5

and ∣∣∣∣∣ξw,j − pbwj+1c−1

qbwj+1c−1

∣∣∣∣∣
p

= p−
∑bwj+1c−1
i=1 ai,wp−b−3j−εj ,

thus the real number E2(j) defined by

|ξw − ξw,j |p = p−
∑bwj+1c−1
i=1 ai,wp−b−3j−εj = p−(b+3j+3+E2(j))wj+1

is in absolute value less than 10 when j is large enough. The same holds for
the real numbers E3(j), E4(j) defined below.

It follows from (2.3) that the distance between ξw,j and its Galois con-
jugate ξ′w,j satisfies

|ξw,j − ξ′w,j |p = p−
∑bwjc
i=1 ai,wpb+3j+εj = p−(b+3j+E3(j))wj .
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Furthermore, we deduce from (2.15), (2.14) and (2.16) that

H(ξw,j) = p(b+3j+E4(j))wj .

We are now in condition to apply Lemma 5. Let ι > 0 be given and set

δ = w − 1− ι, ρ = w − 1 + ι, θ = w + ι, ε = 1− ι.

The condition (w − 1)(w − 2) > 2w holds because w > (5 +
√

17)/2. For
j > j(ι) large enough, the conditions of Lemma 5 are satisfied. Thus, we
have w∗2(ξw) ∈ (w − 1 − ι, w − 1 + ι) and w2(ξw) − w∗2(ξw) ≥ 1 − ι. Since ι
is arbitrary, we deduce that w∗2(ξw) = w − 1 and w2(ξw) = w. The proof of
the theorem is complete.

Proof of Theorem 2. Let j ≥ 2 be an integer. Define the quadratic number
ξw,η,j as in (2.18) and denote by (pn/qn)n≥1 the sequence of convergents

to ξw,η. The real numbers Ẽ3(j), Ẽ4(j), Ẽ5(j) occurring below are all in
absolute value less than 10 + 1

η when j is large enough. By (1.4), we get

|ξw,η − ξw,η,j |p = max

{ ∣∣∣∣∣ξw,η − pbwj+1c−1

qbwj+1c−1

∣∣∣∣∣
p

,

∣∣∣∣∣ξw,η,j − pbwj+1c−1

qbwj+1c−1

∣∣∣∣∣
p

}
= p−(b+4j+4+Ẽ3(j))wj+1

.

For the distance between ξw,η,j and its Galois conjugate ξ′w,η,j , we deduce
from (2.3) and (2.21) the estimate

|ξw,η,j − ξ′w,η,j |p = p−(b+4j+Ẽ4(j))wj .

Furthermore, it follows from (2.19), (2.20) and (2.21) that

H(ξw,η,j) = p(b+4j+Ẽ5(j))(1+η/2)wj .

Let ι ∈ (0, 0.01) be given such that ι < 2/(2 + η), and set

δ =
w

1 + η
2

− 1− ι, ρ =
w

1 + η
2

− 1 + ι, θ = w + ι, ε =
1

1 + η
2

− ι.

We check that, for w ∈ [16,+∞) and η ∈ [0,
√
w/4], the inequalities (3.8)

hold. For j > j(ι) large enough, the conditions of Lemma 5 are satisfied.
Thus, we have

w∗2(ξw,η) ∈
[

2w

2 + η
− 1− ι, 2w

2 + η
− 1 + ι

]
and

w2(ξw,η)− w∗2(ξw,η) ∈
[

2

2 + η
− ι, 2

2 + η

]
.

Since ι is arbitrary, we deduce that w∗2(ξw,η) = 2w−2−η
2+η and w2(ξw,η) = 2w−η

2+η .
This proves the theorem.
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