DISTRIBUTION OF FULL CYLINDERS AND THE DIOPHANTINE
PROPERTIES OF THE ORBITS IN S-EXPANSIONS

YANN BUGEAUD AND BAO-WEI WANG*

ABsTRACT. Let 8 > 1 be a real number. Let T denote the S-transformation on
[0, 1]. A cylinder of order n is a set of real numbers in [0, 1] having the same first
n digits in their S-expansion. A cylinder is called full if it has maximal length,
i.e., if its length is equal to §7". In this paper, we show that full cylinders are well
distributed in [0, 1] in a suitable sense. As an application to the metrical theory
of B-expansions, we determine the Hausdorff dimension of the set

{x €[0,1]: [Tjx —z4| < €/ for infinitely many n € N},

where {z,},>1 is a sequence of real numbers in [0, 1], the function f : [0, 1] —» R*
is continuous, and S, f(x) denotes the ergodic sum f(x) + ...+ f (Tg“x).

1. INTRODUCTION

1.1. p-expansions. Let 8 > 1 be a real number. Let 75 : [0,1] — [0, 1] be the
B-transformation defined by

Tp(x) = px — | Bxl,

where |- | denote the integer part of a real number. It is well-known [16] that every
real number x € [0, 1] can be uniquely expanded into a finite or an infinite series:

Lo axp +8"(x’ﬁ)+T/?x :isn(x,ﬁ)

. , 1.1
B B B (D

n=1
where, forn > 1,
£, B) = |BT} ™' x]

is called the nth digit of x. Sometimes we identify x with its digit sequence

£(x,B) = (e1(x. ), ..., &n(x. ), .. )

and call also the digit sequence £(x, 8) the B-expansion of x. We call the system
([0, 1], Tp) the B-dynamical system.

It is well-known that the S-dynamical system is, in general, not a subshift of
finite type with mixing properties. This causes difficulties in studying metrical
questions related to S-expansions.

For an admissible sequence (¢, ..., &), i.e. a prefix of the digit sequence of
some x € [0, 1), we define the cylinder I,(¢y, ..., &,) of order n by

Li(er,....,e0) :i={x€[0,]): gj(x,8) = ¢, for j=1,...,n}.
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We write I,(x) for the cylinder of order n containing x and |/,,(x)| for the length of
I,,(x). It follows from the definition of the S-expansion that the length of a cylinder
always satisfies

\L(e1,...,e)l <B7". (1.2)
We stress that there is no nontrivial universal lower bound for the length of a cylin-
der, which can be much smaller than 87".

From the ergodic theorem, it is well known [13] that for almost all x,

o loBs I

n—co n
where log,; denotes the logarithm with respect to the base 8. This means that, in
some sense, almost all cylinders are of almost maximal length.

Cylinders with maximal length have very good properties; see for example
Lemma 3.2 below. Thus, we would like to know whether there exist cylinders with
maximal length, which cylinders have maximal length and how they are distributed
in the unit interval [0, 1].

Definition 1.1 (Full cylinder). A cylinder I,(ey,...,&,) is called full if it has max-
imal length, i.e., if
1, (e1,...,80)| = ﬁ_n'

The properties of full cylinders were firstly investigated in [6]. In the present pa-
per, we give a full characterization of full cylinders and investigate the distribution
of full cylinders in the unit interval.

Theorem 1.2. For n > 1, among every (n + 1) consecutive cylinders of order n,
there exists at least one full cylinder.

Theorem 1.2 enables us to prove a modified mass distribution principle to study
the Hausdorft dimension of sets defined in terms of S-expansions. The reader is
referred to Falconer’s book [5] for the definition of Hausdorff dimension and the
“Mass distribution principle”, which is a classical tool to obtain a lower bound for
the Hausdorft dimension of a set.

Proposition 1.3 (Modified mass distribution principle). Let E be a Borel measur-
able set in [0, 1] and u be a Borel measure with u(E) > 0. Assume that there exist
a positive constant ¢ > 0 and an integer ng such that, for any n > ng the measure
of any cylinder I, of order n satisfies u(I,) < c|l,,|*. Then, dimy E > s.

In the classical form of the mass distribution principle [5, Proposition 4.2], one
needs to estimate the measure of an arbitrary ball, while the above proposition tells
us that, for S-expansions, it is sufficient to consider only the measure of cylinders.
This will simplify the argument in determining the Hausdorff dimension of sets
defined in terms of S-expansions.

To give an application of Proposition 1.3 to the metrical theory of S-expansions,
we determine the Hausdorff dimension of the following shrinking target set:

S(f) := {x €[0,1]: |Tjx — 24| < e/ for infinitely many n € N},

where {z,},>1 is a sequence of real numbers in [0, 1], the function f : [0,1] —» R
is continuous, and S, f(x) denotes the ergodic sum f(x) + ... + f(Tg‘lx). For the
background and more results on shrinking target problems, the reader is referred to
[1,2,3,4,8,9,10, 11, 12, 20, 21, 24, 25] and the references quoted therein.
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The special case when z,, = z is a constant function and f(x) = b for all x € [0, 1]
was investigated in [14, 19]. The following result is much more general.

Theorem 1.4. Let {z,},>1 be a sequence of real numbers in [0,1] and f : [0,1] —
R* be a continuous function. The Hausdor{f dimension of the set S(f) is the unique
solution s to the pressure equation

P (Tg,—s(f +logp)) =0,
where P(Tg, ¢) denotes the pressure function related to the potential ¢.

We display a particular instance of Theorem 1.4. Throughout this paper, dimpy
denotes the Hausdorff dimension.

Corollary 1.5. Let {z,}u>1 be a sequence of real numbers in [0,1] and b be a
positive real number. Then,

1
1+b
Actually, very similar ideas allow us to extend a result of [19] as follows.

dimgy {x €[0,1]: ITgx — 2l < B for infinitely many n € N} =

Theorem 1.6. Let i be a positive function defined on the set of positive integers.
Let {z,}n>1 be a sequence of real numbers in [0, 1]. Then,

1
di 0,17:|Thx — infinitel Np = —r7r
1mH{x€ [0,1] ;] BX Zn| < W(n) for infinitely many n € } 5
where .
—1lo (n)
b = liminf L‘ﬁ
n—+00

We omit the proof of Theorem 1.6.

Remark 1. We stress that the Hausdorff dimensions determined in the above the-
orem and corollary do not depend on the choice of the sequence {z,},>1. This is
not always the case for general systems; see Reeve [17] for an example of a con-
formal iterated function system showing that sometimes the dimension depends on
the centers of the targets.

For more dimensional results related to S-expansions, the reader is referred to
the papers of C.-E Pfister and W. G. Sullivan [15], J. Schmeling [18], D. Thompson
[22], D. Farm, T. Persson and J. Schmeling [7] and the references therein.

The paper is organized as follows. The next section is devoted to recalling some
elementary properties of S-expansions. The distribution of full cylinders is studied
in Section 3. Since no further new ideas are needed to prove Theorem 1.4, only an
outline of the proof is presented in the last section.

Throughout, we use the symbol § to denote the cardinality of a finite set.

2. PRELIMINARIES

In this section we give a brief account on S-expansions.

From the definition of Tp, it is clear that, for n > 1, the nth digit &,(x, ) of
x belongs to the alphabet A = {0,...,[8 — 1]}, where [y] denotes the smallest
integer greater than or equal to y. We stress that not all sequences & € A" are the
B-expansion of some x € [0, 1]. This leads to the notion of S-admissible sequence.
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Definition 2.1. A finite or an infinite sequence (€1, . .., &y, .. .) is called B-admissible,
if there exists an x € [0, 1) such that the S-expansion of x begins with €1, ...,&p, ...

Denote by Zg the set of all S-admissible sequences of length n and by Xz the set
of all infinite S-admissible sequences:

g = {8 e A" : g is the B-expansion of some x € [0, l)}.
When there is no possible confusion, we simply write admissible instead of -

admissible.

In order to characterize the admissible sequences, let us first define the infinite
expansion of 1. Let 5 > 1 be given. If the S-expansion of 1 terminates, i.e. if there
exists m > 1 such that €,(1,8) > 1 but &,(1,8) = 0 for n > m, then g is called a
simple Parry number. Whence, we put

€1B), &5B). &5(B), ...) = (e1(L, p), ..., €m-1 (1, ), &m(1, ) = DT,

where (¢)* denotes the periodic sequence (g, ¢, ¢,...). If 8 is not a simple Parry
number, we use (£](B), &5(B), &5(B), . ..) to denote the B-expansion of 1. In both
cases, we say that the sequence

&'(B) := (£1(B). &;,(B), &5(B), - . )
is the infinite S-expansion of 1 (or of unity).
The lexicographical order < on A" is defined as follows: we write

(€1,82, .. s Enyon ) < (€],8h, ..., 80,..)
if there exists k > 1 such that g; = s} for 1 < j < k, while & < g. This order
can be extended to finite blocks by identifying a finite block (g, ..., &,) with the
sequence (£1,...,&,,0,0,...).

The admissible sequences and the topological entropy are characterized in the
following two theorems.

Theorem 2.2 (Parry [13]). (I). Let B > 1 be given. A sequence (1,&,...) of
non-negative integers is 3-admissible if and only if, for any k > 1,
(&K, &1 - ) < (E1(B), &5(B), - . ),
where (£{(B), £5(B), . . .) is the infinite 3-expansion of unity.
(2). If 1 < By < Bo, then Zg, C Zp,.
Theorem 2.3 (Rényi [16]). For any 8 > 1, we have
log §27
B <tsp<p/B-1), lim £ = logp.
n—oo
In particular, the topological entropy of the dynamical system ([0, 11, Tp) is equal
to log SB.

We end this section by a definition of the pressure function. In the S-dynamical
system, following [26], the pressure function P associated to a continuous potential
g can be defined by the formula

1 ,
P(Ty.g) = lim ~log Z sup €58, @2.1)

(&1 s,,)ezgyeln(sl ..... £n)

.....

where S ,g(y) denotes the ergodic sum Z?;é g(Téy).
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This definition of the pressure function looks different from the one given in
P. Walters’ book [27]; however, both of them fulfill the same variational principle,
namely

P(Tg,g) = sup {h;z + f gdp: pe Ml(Tﬁ)},

where £, is the measure-theoretic entropy of u and M;(T) denotes the collection
of Tg-invariant Borel probability measures. Thus, the two definitions coincide.

3. DISTRIBUTION OF FULL CYLINDERS

In this section, we consider the distribution of cylinders with maximal lengths.
We start with an auxiliary lemma.

Lemma 3.1. Assume that the infinite 3-expansion of 1 is purely periodic with min-
imal period €, denoted by
&) = (1B)-- . £78)) -
Then
(651, 8(8) < (£1B). ... 6] B). fori=1,....6=1.  (3.I)

Proof. Let i be an integer with 1 < i < £. It immediately follows from the mini-
mality of £ that

(51,2818 £ (£1(B). ... £(B)). (3.2)
Furthermore, the admissibility of £*(8) implies

(71 B &1, 0B) = (£1(B). - ... £1(B))- (3.3)
Combining (3.2) and (3.3), we get

(8718 &1,0B) < (£1(B) - ... £1(B))- (3.4)

We are led to compare the tails of the words in (3.4). The left one ends with
(€5,1B)s - -, ., ,(B)), while the right one ends with (g}_,, ,(B),...,&,(B)). Using
the periodicity and admissibility of £*(5) again, we get

(65181 81,0B) = (€8s .. 1B) = (€711 B). .. £5(B)).
In other words, the smaller word in (3.4) has larger tails, thus we conclude
(“%ﬁ—l(ﬁ)v s 8;(5)) < (ST(ﬁ)’ s 8;_i(ﬁ))a
as asserted. O

Fan and Wang [6] gave several criteria and properties of full cylinders.

Lemma 3.2. [6] (1). The cylinder I,(wy, . ..,wy,) is full if and only if for any m > 1
and (uy, ..., uy) € X7, the sequence (Wi, ..., Wy, U1, ..., Uy) is still admissible.

(2). Let (Wi, ..., Wy_1,w,,) be an admissible sequence with w, # 0. Then, for
any integer w, with 0 < w, < w,, the cylinder

Liwi, ..., Wy_1, wy) is full.

3). If I,(w, ..., wy) is full, then for any m > 1 and any (uy, ..., uy,) € X7,

|In+m(wl, DR Wn’ Uty ..., l'tm)|

= [Lwis oW - [T, )| = B | I, )|



6 YANN BUGEAUD AND BAO-WEI WANG*

Thus, the concatenation I, ,(W1, ..., Wy, U1,...,Uy) of two full cylinders I,(w, . . .,
and L,(uy, ..., uy) is still full.

Proof. Ttems (1) and (3) are immediate. For the sake of completeness, we establish
item (2). In view of item (1), it is sufficient to check that for any (w;,11, ..., Wpim) €
ZZ’ with m > 1, the word

WL oo s Wi Wit 1y« o o, W)

is admissible. This follows from a direct application of the criterion of admissibil-
ity of a sequence (Theorem 2.2). When k < n, since w, < w), and (wy, ..., Wp_1, W},
is admissible, we have

(Wk+15 e Wi Wity e e ey Wn+m) < (Wk+19 ce W;l) = (8T(ﬂ)’ s sz_k(ﬂ))
When k > n, by the admissibility of (W41, ..., Wnim), it is clear that

(Wksts oo W) < (E1B)s -85k B))-

O
We give below a new necessary and sufficient condition ensuring that a cylinder
is full.

Proposition 3.3. Let (wy,...,wy) be in Eg.
(i) If £*(B), the infinite B-expansion of 1, is not purely periodic, then the cylinder
L,(wi,...,wy)is full ifand only if fork = 0,...,n—1,

(wk+1, e, wn) < (8”[(,8), e sz_k(ﬂ));

(ii) if €°(B), the infinite B-expansion of 1, is purely periodic, then the cylinder
L,(wy,...,wy) is full if and only if

(Weets - wa) < (£]B).....&,(B)): fork=0,....n—1, (3.5)
or (wi,...,wy) ends with a period of " ().

Proof. (i) We prove the sufficient part first. With almost the same argument as in
the proof of item (2) of Lemma 3.2, we check that, for any m > 1 and (uy, ..., u,) €
Zg, the sequence

Wiy oo s Wiy ULy e e ey Uy)
is B-admissible. Then, the sufficient part follows by applying item (1) of Lemma
3.2. The necessary part is proved by contraposition. Assume that for some integer
k=0,...,n—1,

(Wests o wn) = (€108 ... 651 (B))- (3.6)
For any m > n — k, consider the admissible sequence (8’[ B, ....€,(B). Since
the interval I,,(wq,...,w,) is full, by item (1) of Lemma 3.2, we get an admissible

sequence
(wl, W E1(B), .. ,8;‘”(ﬁ)).
By the criterion of admissibility of a sequence, we have
(Wk+1, s Wh, ST(B)a » & (,B)) (81(3) Ermin— k(ﬂ))
By (3.6), it then follows that

(&1, ... &, 1 BB, £1(B) = (61, Ep i B). BT

Wy)
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Cutting the common prefix (&7(8), ..., &,_,(B)) of the two sequences in (3.7), we
get

(£1B).-...&0B) = (E1 11 B EprniB). (3.8)
By applying the criterion of admissibility again, we get an equality in (3.8), thus
(3.7) is also an equality. Consequently, (£7(B), . . ., &,(B)) is periodic of period n—k.
Since m is arbitrary, we deduce that £*(5) is periodic. This is a contradiction.
(ii). Let
£B) = (/8),....5:8)
be purely periodic with ¢ being the minimal period.

For the sufficient part, it is clear that I,,(wy,...,w,) is full if (3.5) holds. Thus,
we show that I,,(wy,...,w,) is also full if the admissible sequence (wi,...,w,)

ends with (&{(B), ..., &,(B)).
Let ¢ > 1 be the largest integer such that (wy, ..., w,) can be written as

(Wi - wi (8108). - ... £1(8))").

First we claim that

(Wi ..owe) < (£]8). ... £(B))- (3.9)
If this is not the case, then, by the admissibility of (wy, ..., wy), we have
(wi.-owi) = (€18, £4(B). (3.10)

We show that (3.10) contradicts the admissibility of (wy,...,w,). Indeed, by the
maximality of ¢, the admissible word (w1, ..., w,) can be written as

(£1B).....EB) " EB)..... 5B (B ...E,B)

for some integers #; > 0 and 1 < i < £. Consider the subword w of (w1,...,w;)
defined by

W= (](B)..... 5] (B).£(B). ... 5]_(B)).
Lemma 3.1 implies that
(£18).....6]B). &), ... £1_i(B) > (£](B). ... £,(B)).

This means that w is not admissible. From the criterion of admissibility, it is
clear that any subword of an admissible word is admissible. Applying this fact to
(w1, ..., wy), the non-admissibility of w contradicts the admissibility of (w1, ..., wy).
Thus, (3.9) holds. In the same way, we can show that

(wists ..o wi) < (£](8),....&5_i(B)), fori=0,... .k—1. 3.11)

For any admissible word v, it can be checked directly using (3.11) and the criterion
of admissibility that

(Wi, Wk (1B, . 5B V)

is admissible. This implies that the cylinder /,,(w1, ..., w,) is full.
Now, we show the necessary part. Assume that (3.5) does not hold. Let then
k < n be the largest integer such that

Wer1s - W) = (E1(B), ..., £,_4(B)).
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To reach the desired conclusion, it is sufficient to show that n—k = £. Since £*(8) is
periodic with period £, by the maximality of k, it follows thatn—k < €. If n—k # €,
consider the word

W’ = (Wk+1’ cees WnagT(ﬂ)’ ce ,5;<ﬁ)),

which is admissible since I,,(wq,...,w,) is full. Combined with (3.10), this leads
to a contradiction with the admissibility of w’. Thus we getn — k = €. O

Proposition 3.3 gives us an easily checkable criterion for full cylinders, which
will be used frequently later.

Corollary 3.4. Let (wy,...,wy) be in Zg. If I,(wy,...,wy) is not full, then there
exists an integer k = 0,...,n— 1 such that (w, ..., wy) is full and (Wis1, ..., wy)
is a prefix of the infinite B-expansion of 1.

We are now in position to prove Theorem 1.2 indicating that the full cylinders
are well distributed, in a suitable sense.

Proof of Theorem 1.2. Let w®, w(D ... - w® be n+ 1 consecutive words in T} in

the lexicographic order. Then Lw), ..., I, (w™) are n + 1 consecutive cylinders
of order n in [0, 1].

Step 1. Assume that I,(w™) is not full. Then, by Corollary 3.4, there exists an
integer 0 < ko < n such that

Ty (W, ...,wg‘j) is full and w,(;’)ll =&{B).....w)" =&, (B).

Step 2. Assume that I,(w” 1) is as well not full.
Firstly we claim that w®~! and w® have a common prefix up to at least the ko-th
digit. In fact, since (w(") .. wl(("), €(8)) is admissible and &} (8) # 0, we know that

(w(”) . w,((”), 0) is another admissible sequence smaller than (w(”) .. w,(:’), /().

Thus,

(W, .o, 0) < w D < (W, Wi, £1(8), 85B), ... £, (B))-

This shows that w"~1 also begins with (w(”) wko))
Since w1V < w®™ and they have a common prefix at least up to the ko-th
position, there exists k; > ko such that

(n 1) (n) (n—1) (n)

=w/" . owl T = wl but WP

<w®,

k-1 k-1 ki ki
By item (2) of Lemma 3.2, we know that the cylinder
(n—=1) (n—1)
I (wl ,...,WEI )
is full. Then, by item (3) of Lemma 3.2, the cylinder
(n— 1) (n—1)
I, k.( el R 7 )
is not full, since otherwise 1, (w(”_l), .., w Yy would be full. Applying Corollary
3.4 to the cylinder I, ¢ (w(" 1), o, wﬁ," 1)) and using then item (3) of Lemma 3.2,

we deduce that there exists k1 > %1 such that

I (W™, owy V) ds fulland (w1 owl ) = (6108). - g, (B)).
(3.12)



DISTRIBUTION OF FULL CYLINDERS 9

To sum up, if I,(w"™) and I,(w"~D) are both not full, then there exists k; > kg
such that (3.12) is satisfied.

StEP 3. We repeat the argument in Step 2 to show that, if 7,(w"2) is not full,
then there exists ko > k; such that

) ~2)\ . -2 -2 * %
I (W™, owi ™) ds fulland (w7, wi™) = (61(B), ... &)1, (B).

We then continue this procedure. If there exists some &; (0 < i < n) such that
ki = n, this procedure ends since IL,(w") is full. Otherwise, assuming that every
IL,(w?D) (0 < i < n) is not full, we would have a sequence of integers

kn>kyp1>...>k1 >kg =0 (3.13)
such that
I, (W, ... W) is full and (Wi ... wy)) = (8]0 8 ) (3.14)

Since k, < n, we must have k, = n by (3.13). Thus the first part in (3.14) implies
that 7,(w®) is full which leads to a contradiction. .

Therefore, there must be at least one full cylinder among 7, wWN@G=0,1,...,n).
O

4. DIMENSIONAL THEORY FOR ﬁ—EXPANSIONS

In this section, we prove Proposition 1.3. We begin with two propositions con-
cerning the relationship between balls and cylinders.

Proposition 4.1 (Covering properties). Let § > 1. For any y € [0,1] and any
positive integer €, the ball B(y, 8) can be covered by at most 4(€ + 1) cylinders of
order {.

Proof. By Theorem 1.2, among any 4(£ + 1) consecutive cylinders of order £, there
are at least 4 full cylinders. So the total length of these intervals is larger than 487
Thus B(y, ,8‘5) can be covered by at most 4(¢ + 1) cylinders of order . ]

Proposition 4.2 (Packing properties). Let 6 > 0. Let ny > 3 be an integer such
that (Bng)'*% < B"°. Then, for any real number r with 0 < r < no8™" and for any
xo € [0, 1], there exists a cylinder I, satisfying the following three conditions:

(1). The cylinder I, is a full cylinder.

(2). The cylinder I, is contained in the ball B(xg, r).

(3). The length of I, is comparable with r, in the sense that i <Ll < r.

Proposition 4.2 was shown for the first time in [19], by means of a constructive
method. Here, we apply Theorem 1.2 to give a simpler proof.

Proof. Let n > ng be the integer defined by
B <r<m-1g".

Since the length of every cylinder of order #n is at most equal to 87", the ball B(x, r)
contains at least 2n —2 > n+ 1 consecutive cylinders of order n. Thus, by Theorem
1.2, it contains a full cylinder of order n. Denote by I, such a full cylinder. By the
choice of n and ng, we have

r1+6 < ((n _ l)ﬁ_n+1)]+6 S,B_n = |L,l.

This completes the proof of the proposition. O
We apply Proposition 4.1 to prove Proposition 1.3.
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Proof of Proposition 1.3. Letn > 0. Let ny be the smallest integer such that
B" > 8n. For any interval U with length |U| < 87, let n > ny be the integer
defined by "' < |U| < B™". It follows from Proposition 4.1 that U can be
covered by at most 8n cylinders of order n. Denoting by I the collection of these

cylinders of order n, we get

u(U) < Z u(ly) < Z L < c-8nB™ < cBlUI™.

I,el’ I,el’

Since 77 can be chosen arbitrarily small, we conclude by the classical form of the
mass distribution principle [5, Proposition 4.2]. O

5. Proor oF THEOREM 1.4

As usual, the proof of Theorem 1.4 is divided into two parts: upper bound and
lower bound. In the following, unless otherwise specified, when we need to take

a point y in a cylinder I,(e1,...,&,), we always take for y the left endpoint of
L(e1,...,&y),1.e.
€1 + + En
y=—+...+—.
B B

Instead of S(f), we consider the following set

where
Jer,..en) = {x € Ly(er,... ). IThx — 24 < e O}

with y being the left endpoint of I,,(¢1, ..., &,).
It follows from the continuity of f that, for any § > 0 and n large enough,

|S0f(X) = Suf ()| < né, with x,y € L, ..., &).

Thus we have
S(f +6) C B(f) C S(f - 9).

Therefore, it is sufficient to determine the dimension of &( ).
Let s(8) be the solution to the pressure equation

P(Tg, —s(f +logB)) = 0.

5.1. Upper bound. The upper bound can be obtained by considering the obvious
covering system of S(f) given by

(Jer,....e0 @1, .8 € Zgn = N}, for N > 1.
The length of J(ei,. . ., &) satisfies
(et,..., e <28 Sn/O),

since, for every x in J(g1,. .., &,), we have

IT[I;X - Zn

€ Entz —n =S, f(y
|x—(—1+...+ — n) = — | <p SnfO),
B B B
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Thus, for s € (0, 1], we get

[Se]

liminf )" n|J(sl,...,sn)|s

(287 510",

H(S(f))

IA

A
=
5
=3

By the definitions of the pressure function and of s(8), we have, for any s > s(5),
H(E(f)) < oo
This implies that the Hausdorff dimension of @( f) satisfies
dimy S(f) < s(B).

5.2. Lower bound. We apply the modified mass distribution principle (Proposi-
tion 1.3) to give a lower bound for dimy S(f). We first construct a large Cantor set
F., inside S(f) and then we define a suitable probability measure y supported on
Fo and estimate the Holder exponent of u on cylinders.

5.2.1. Construction of a Cantor subset of S(f).

At first, we give concisely a family of full cylinders. Recall that the sequence
' (B) = (£1(B), &5(B), . . .) is the infinite B-expansion of unity. When (£7(8), £5(B), - . .)
is periodic, let By = g for N > 1. Otherwise, for every N with &,(8) > 1, define
B to be the unique positive solution to the equation
716 + 228 +...+ 8N(ﬁ).

By By By

In the latter case, it is easy to see that Sy increases to S as N — oo, and thus

Z”N C ZZ for n > 1. Moreover, the infinite Sy-expansion of unity is given by

B
E1B), - ... en_1(B), en(B) — DT
The following fact, which will be used several times, is a consequence of Propo-

sition 3.3 on the criterion of full cylinders. It should be reminded that all the cylin-
ders appearing below are cylinders in S-expansion, but not in Sy-expansion.

Corollary 5.1. (1). When £*(B) = (&(B), &5(B), . . ., ex(B)) is a periodic sequence

1=

(5.1)

with period length N, for any B-admissible sequence (€1, ...,&,) withn > 1, the
cylinder Iin(€1,. .., &, oM) is full.

(2) When £*(B) is not periodic, for any Bn-admissible sequence (g1, ..., g,) with
n > 1, the cylinder I n(&1, . . ., €, ON) is full.
Proof. We claim that for every Sy-admissible sequence (g1, ..., &,),

Els- e 8n ON) < (B, &5B), ..., €5 N (D))
Then, by applying the above claim repeatedly and by the first item of Proposition
3.3, we get the desired result.
To check the claim, we distinguish two cases, according as whether £*(8) is
periodic or not.
(i). Assume that £*(8) = (&](B), &5(B), ..., &y(B))™ is a periodic sequence with
period length N. Firstly, the admissibility of (g1, ..., &,, 0") implies that

&1 0 OV) < (E5B), 5B, ... 85 N (B)). (5.2)
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Secondly, the periodicity of £*(8) implies that any subword of length N in £*(8)
cannot be 0. Thus the inequality < in (5.2) is strict.

(i1). Assume that £*(8) is not periodic. Recall that (g1, ..., &,) is Sy-admissible
and that the infinite Sy-expansion of 1. When n > N, by the criterion of admissi-
bility, we have

(&1s--nen) 2 (E]B)s - ey (B eyB) = 1) < (1(B), . ... en(B)).
When n < N, with the same argument as in (i), we have
(E1s. 280, 0") < (E]B). E5(B). . ... £, (D))
This proves the claim. O

Now, we are in the position to construct a Cantor subset Fo, of @( f). Fixo >0
and choose a very rapidly increasing subsequence {m;}i>; of positive integers with
m large enough.

Generation 1 of the Cantor set. Let ny = m;. For every (5(1) .. 8,11)) € Z"‘

ending with OV, consider the set
[xen,".....a): ITg x—znl < e ~Smfon), (5.3)

where y; € I,,l(s(l) .. sm))

Applying Pr0p051t1on 4.2 to the ball B(znl,e_s nSODY we get a full cylinder
Ir, (wy) such that

I6,(01) € B(zay,e™700), and |1, (w)] = (75/00) ™.
Then, we get a subset of (5.3), namely the cylinder
In1+€1( W 85111),W1)
(1))

We point out that the cylinder I, ., given above is a full cylinder, since /,,, (3(1) cesEpy
(by Corollary 5.1) and I, (w;) are both full.
Now the first generation of the Cantor set is defined as

F = { ni+6) (8(11), .. 85,11), ) (8(]) .. snl)) € E"l ending with ON}
From the construction of Fy, it is clear that for any x € I,;, ¢, (1) € Fy,
Tg'x € I, (W1) C Blzy, e °n70V). (5.4)

It should be noted that £; and w; depend on (8(1) . (1)) This dependence

will not play a role in the following argument, thus W111 not be indicated explicitly.

We abbreviate by u; the word (s(l) e, sﬁ,ll), wi).

Generation 2 of the Cantor set.
Choose a large integer m, such that

19)
T 2 10gh = (m +suplly : by, () € FiIA, (5.5)
where || f]| = sup{lf(x)| : x € [0, 1]}.
Fix an element I, .., (1) € Fy and set ny = ny+£; +my. For every 8(2) ... ,(52)
%7, ending with OY, consider the set
{x € I, (uy, 8(2) ...,s,(,fz)) : Ingx - Zn,| < e_S”Zf(yz)} (5.6)

2 (2))

with y, € Inz(ul,el Y.
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Applying Proposition 4.2 to the ball B(znz,e‘sﬂzf 02)) we get a full cylinder
Ir,(w2) such that

, _ 1+6
It,(W2) C B(zny,e5202), and |1, (wp)] 2 (e752702) "

Then, we get a subset of (5.6), namely the cylinder
(1,62, . 62 w5).

As above, we note that /,,,.¢, is a full cylinder.
A subfamily of the second generation of the Cantor set is defined as

2 2 2 2
Fz(Iergl (uy)) = {In2+w2(u1, 8(1 )7 e, 8,("2), Wz) : (g(l ), .. 781(112)) € E;”;
ending with 0V }
Then, abbreviating (u1, 8(12), e sffz), w») by uy, the second generation of the Cantor

set is defined as
Fa = {Iny+t,(2) € Follny o, (1)) ¢ Iy, (1) € Fy .
From the construction of F,, it is clear that for any x € I,,.¢,(u2) € Fa,
Ti2x € I,(w2) C B(zn,, e Smf02)y, (5.7)
The Cantor set. Continuing the process, we obtain a nested sequence {Fy}i>1

composed of full cylinders, called basic cylinders. And then the desired Cantor set
is

Foo = ﬂ U Ink+[k(uk)~
k=1 I ¢, (ui)€Fk
By (5.4) and (5.7), it is clear that
Foo C B(f). (5.8)

To apply the modified mass distribution principle, we will construct a probability
measure u supported on F,, and then estimate the Holder exponent of the measure
4 on cylinders. Since the construction and the estimation are quite analogous to
those in [23], we do not give all the details.

5.2.2. Supporting measure.
Now we construct a probability measure u supported on F.,, which is defined
by distributing masses among the cylinders with non-empty intersection with F,.
Recall that s(f) is the solution to the equation

P(Tg,—s(logB + f)) = 0.
Fix an integer N. For k > 1, we define a sequence of real numbers connected to the
Hausdorff dimension of F: let s be the solution to the equation

Z (ﬁ_mke_s"'kf(y’,‘))s =1,

(€1 JEZ,% - ending with OV

where y;c € I, (&1,...,&n). By the continuity of the pressure function P(Tp, f)
with respect to 8 [23, Theorem 4.1], it can be shown that

im lim s; = s(B).

1
N—>o0 k—oo

At first, we define the measure u on the basic cylinders.
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(1). Define the measure u on the basic cylinders in F;. For every basic interval

e, (8, g0 W1) = Lyae (1) € Fy, take
1 S ’ 51
Ly, (u1) = (/37'6_ mlf@l)) ,

where y1 € Iml(s(l) a,(qll))
(2). Define the measure u inductively on the basic cylinders in F;. For every

k k
Il’lk+€k(uk—1 ’ 8(1 )$ . 85}12’ Wk) nk+[A (l/lk) € Fk’ define

1 _ ’ S
,U(Ink+€k(uk)) = /’l(lnk—l'f-fk*l (uk—l)) (We Smkf(yk))
k NS
- 1 e_Smjf(yj) (59)
B ’
j=1

wherey el, (s(” .. (J)) forj=1,...,k

We empha31ze that there are dlfferences between the definitions of y” in (5.9)
and y in (5.6).

To ensure that y is indeed a measure, the measure of every cylinder which is not
a basic cylinder is defined to be the total measure of basic cylinders contained in it.

5.2.3. The lengths of cylinders. In this subsection, we estimate the lengths of the
cylinders {/,,(x) : n > 1} for all x € F,. As in the previous subsection, let

k k
x = (U 1,8() 3;(11,2,Wk’---)

be the S-expansion of x.
(1) When n = ny + £, since I, +¢,_, (Uk-1), I (€],
full cylinders, we have

() 8,(2) and I, (wy) are all

10| = By, )] - U (&)1 - [T (w0
_ _ W\ 1+6
2 |Ink,1+€k,1(uk—l)| 'B M (e nkf(}k)) )
where y; € Ink(uk_l,s(lk),... (k)) Thus, by induction, we get
k 1+6
ol = [ ] (g - (e7577)™), (5.10)
j=1
where I, W Y ...,k
Vj € In(uj1,€{",..., &) for j =

Now, we compare Snkf(yk) and Smkf(yk) by (5.5), we have

, 0
[Snf 0 = S SO = [Smyvtis S| < (et + G flloo < e log B

Combining this with (5.10), we get
k
o 146
Lol = [ [ (57 &5 0P) ™ (5.11)
j=1

wherey € Im](s(ﬁ .. (J)) forj=1,...,k
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(2). When n; < n < ng + 44,
k

|L.(0)| > |y, ()] = 1‘[ (ﬂ—m,- .e—sm_,ﬂy_',))

Jj=1
(3). When i1 + €31 <n < ng, write

1+6
. (5.12)

(k) (k)
£ ).

In(x) = In(uk—l’sl sy

Since Ly, y+e, , (x-1) is full and (£,
1m0 2 (I ] - e, o] 2 pr =g = g7 (5.13)

5.2.4. Holder exponent of the measure .

.,eg,k)) € X!, we have
N

Once the u-measure of a cylinder and the length of a cylinder are given, it only
remains for us to check that u(Z,(x)) < |I,(x)|* holds for some suitably chosen
s. Here, we omit the argument and the reader is referred to [23] for a detailed
calculation.

Lemma 5.2. For any s < s(B), there exist an integer ni, a measure u supported on
Fe and a constant Cy = Co(s) such that for all x € [0, 1] and n > ny,

(1) < Co - Lo

We then conclude using the modified mass distribution principle (Proposition
1.3) that .
dimy S(f) > s.

This ends the proof of the theorem.
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