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Abstract. Let © be a point in R"™. We are concerned with the approximation to © by
rational linear subvarieties of dimension d for 0 < d < n—1. To that purpose, we introduce
various convex bodies in the Grassmann algebra A(R™*!). It turns out that our convex
bodies in degree d are the d-th compound, in the sense of Mahler, of convex bodies in
degree one. A dual formulation is also given. This approach enables us both to split and
to refine the classical Khintchine transference principle.

1. Introduction

Let n be a positive integer and let © = (64,...,6,) be a point in R™. We shall
assume in all the forthcoming statements that the real numbers 1,6q,..., 0, are linearly
independent over the field Q of rational numbers. Khintchine’s transference principle
relates the sharpness of the rational simultaneous approximation to 64,...,60, with the
measure of linear independence over Q of 1,6, ...,60,. Let us first quantify these notions
by introducing the exponents wy(©) and w,_1(0) (the meaning of the indices 0 and n — 1
will be explained afterwards).

Definition 1. We denote respectively by wo(©) and w,_1(©) the supremum, possibly
infinite, of the real numbers w for which there exist infinitely many integer (n + 1)-tuples
(o, ..., xy) satisfying respectively the inequation

—w —w
0; — .<( ) 0L+ + 2,0 << ) .
1%%Xn\a:0 i — x| < Orél%xn\xl\ or |zo+x101 4+ +x,0, < Orélzasxn|x2|

Now we can state Khintchine’s transference principle [12] (see [15] for an alternative
proof, and the monographs [6, 18, 8]) as follows:

Theorem K. The inequalities

Wn—1(0) < wo(0) < wn-1(©) —n+1

(1.1) (n—1w,—1(©)+n — - n



hold for any point © = (61,...,0,) in R™ with 1,04, ...,6,, linearly independent over Q.

Moreover, Jarnik [10, 11] established that both inequalities in (1.1) are optimal, and,
consequently, that Theorem K is best possible. It is the main purpose of the present paper
to show that, however, Theorem K can be refined if we introduce two further quantities
associated with ©.

Following the general “hat” notations of [3], let us introduce the uniform analogues
of the exponents wy(0) and w,_1(0).

Definition 2. We denote respectively by wy(©) and &,—1(0) the supremum of the real
numbers w such that for all sufficiently large real number X, there exists a non-zero integer
(n + 1)-tuples (xq, . ..,2y,) with supremum norm

max |z;| < X,
0<i<n

satisfying respectively the inequation

max |zof; —x;| < X% or |xog+ax161+ - Fxp0, <X
1<i<n

We establish the following refinement of Khintchine’s theorem, which involves the
uniform exponents associated with ©.

Theorem 1. Suppose n > 2. The inequalities

(Wn-1(0) = Dwn-1(0)
((n = 2)0n-1(0) + Dwn-1(0) + (n — 1)@, —1(O)

< wo(O)

and (1 —=00(0)wn-1(0) —n+2—wy(O)

<
wo(@) - n—1

hold for any point © = (64,...,0,) in R"™ with 1,04, ...,0,, linearly independent over Q.

The above inequalities are stronger than (1.1), since

Y

Wn-1(©) >n and @y(O) >

S|

by the Dirichlet Box Principle. Theorem 1 was first established when n = 2 in [13] and its
statement was announced in [5] and in [14]. It follows from the description given in [13] of
the set of all possible quadruples

(Wl(e))a wO(G))a &)1(9)7 &}0(9)) )
where © ranges over R?, that Theorem 1 is optimal in dimension two.
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Theorem K was extended by Dyson [7] to transfer inequalities between approximation
to a system of linear forms and approximation of the tranpose system. It would be
interesting to establish a suitable extension of Theorem 1.

The present paper is organized as follows. In Section 2, we define further exponents
wq(©) for d = 1,...,n — 2, measuring the accuracy with which © can be approximated
by rational linear subvarieties of dimension d. We state in Theorems 2 and 3 transference
inequalities linking wq(©) and wq4+1(0), the composition of which gives Theorem K. This
was already known [17, 14], but our proof, based on the second theorem of Minkowski, is
new. Furthermore, our method allows us to refine inequalities between w(0) and w;(O)
(resp. between wy, _1(0) and w,_2(0)), by taking also wy(0) (resp. w,—1(0)) into account.
Using this, we get Theorem 1, as is explained in Section 7. Section 3 is devoted to some
preliminaries of multilinear algebra. In Section 4 and at the beginning of Section 6, we give
alternative definitions of the exponents wy. Theorems 2 and 3 are established in Sections
5 and 6, respectively.

2. Going-up and going-down transfers

It is convenient to view R™ as a subset of P"(R) via the usual embedding
(1,...,2n) — (L, 21,...,2,). We shall identify © = (64, ...,6,,) with its image in P"(R).

Following [14], let us introduce for each integer d with 0 < d < n—1 an exponent wq(©)
which measures the approximation to the point ® € P™(R) by rational linear projective
subvarieties of dimension d, in terms of their height. Denote by d the projective distance
on P"(R) (it will be defined in §4 below ; notice however that the normalization used there
does not matter for our purpose). For any real linear subvariety L of P™(R), we denote by

d(©,L) = min d(e, P)

the minimal distance between © and the real points P of L. When L is rational over Q,
we indicate moreover by H (L) its height, that is the Weil height of any system of Pliicker
coordinates of L. It is convenient to normalize the height by using the Euclidean norm at
the Archimedean place of Q. We refer to §1 of [17] for more information on the notion of
height of a linear subspace.

Definition 3. Let d be an integer with 0 < d < n— 1. We denote by wy(©) the supremum
of the real numbers w for which there exist infinitely many rational linear subvarieties
L c P*(R) such that

dim(L) =d and d(©,L) < H(L)™'™“,

Definitions 1 and 3 are consistent, since d(©, L) compares respectively with

Z; |yo+y191+~-~+yn9n|
max |#; — —| and
1<i<n T max |y;|
0<i<n



when L is either the rational point (case d = 0) with homogeneous coordinates
(1,21/zq,...,2n/x0), or the hyperplane (when d = n — 1) with homogeneous equation
Theorem 1 is a consequence of the following two statements.

Theorem 2 (Going-up transfer). Let © = (01,...,0,) be in R™ with 1,04,...,0,
linearly independent over Q. For any integer d with 0 < d < n — 2, we have the lower
bound

(n—d)wq(O) +1

2.1 0) > .
(21) wa(€) 2
Furthermore,

wo(O) + @ (O)

2.2 0) > .
( ) CU1( ) et 1 _ d)o(@)
Theorem 3 (Going-down transfer). Let © = (64,...,0,) be in R"™ with 1,64,...,0,
linearly independent over Q. For any integer d with 1 < d < n — 1, we have the lower
bound

dwd(@)
(23) wi-1(0) 2 e I T

Furthermore,

(@0-1(6) = Dwn-1(6).

(2.4) wn-2(0) 2 Wn_1(0) + &pn_1(0)

The lower bounds (2.1) and (2.3) are implicit in [17] and are stated in [14]. It is
shown in [14] that their composition produces Khintchine’s theorem. The same splitting
principle is used here. We prove Theorem 1 in §7 by iterating successively the finer Going-
up estimates (2.2) and (2.1), and in the other direction the Going-down inequalities (2.4)
and (2.3). Note that @w(©) < 1 if at least one of the )’s is irrational [12]. The right hand
side of (2.2) is then understood to be 400 when @(0) = 1.

In contrast with the previous works [13, 14, 17|, our approch is based here on the use
of the second theorem of Minkowski on the successive minima of a convex body, combined
with Mahler’s theory of compound convex bodies [16].

We conclude this section by formulating the transfer inequalities between wy(©) and
wa (O) that easily follow from repeated applications of (2.1) and (2.3).

Corollary 1. Let © = (0y,...,0,) be in R™ with 1,04,...,6, linearly independent over
Q. For any integers d,d’ with 0 < d < d <n — 1, we have
(d+ 1w (O) < (n—d)wey(©)—d +d
(d/—d)u)d/(@)—f—d/—f—l o n—d ’

wd(@) <



3. Multilinear algebra

We collect in this section some classical results of multilinear algebra and their
geometrical interpretation in terms of join and intersection of linear varieties in the space
Rt For more details, we refer to [1].

First, we equip the real vector space R"*! with the usual scalar product

X-y=211+  F Tpp1¥Yntt, X= (1, Tng1), Y= W1s s Ynt1)s

and extend it naturally to the Grassmann algebra A(R™"!), by requiring that for any
orthonormal basis {e;}1<j<n+1 of R"*!, the family of wedge products

e, N...Ne;.; 1<y <<, <n+1 0<r<n+1,
is an orthonormal basis of A(R"1). Then, the Cauchy-Binet formula shows that

(3.1) XY =det <xi : yj>

1<i,j<r

for any pair of decomposable r-vectors X =x; A...AXx, and Y =y A...Ay,. The scalar
product - enables us to identify the dual of the real vector space A"(R"*!) with itself. For
any multivector X € A(R™*!), we denote by |X| = v/X - X the Euclidean norm of X.

Let X € A"(R"™!) and Y € A*(R"™1) be two multivectors of respective degree r and
s with s < r. We define the internal product (also called contraction ) of X by Y, as the
unique multivector

Y 0 X e A" SR
for which the equality
(3.2) Z - (Y1X)=(ZNY)-X

holds for any Z € A"™~*(R™*"1). In other words, the application X + Y 1 X is the transpose
of the linear map Z — Z A'Y with respect to the dot pairing.

Assume now that X = x;A...Ax,. and Y = yjA...Ays are decomposable multivectors.
When s = 1, we deduce from (3.1) and (3.2) the explicit formula

(3.3) YIX =) ()" (y X)X AL AR A LA,

for any vector y € A'(R™*1). It formally follows from (3.2) that
(3.4) (YAY) X =Y (Y 1X)
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for any pair of multivectors Y and Y’ with respective degree s and s’ such that s+ < r.
Starting with (3.3) and using (3.4), we obtain by induction on s the formula

(35) Y X = Z sgn(a) (Y1 : Xa(r—s—i—l)) e (ys : Xo(r)>xa(1) ARRRWA Xo(r—s)

where the sum is taken over all the substitutions o of {1,...,r} such that o(1) < --- <
o(r—s).
Let {e1,...,e,+1} be any positively oriented (meaning that det(eq,...,e,y1) = 1)

orthonormal basis of R™"*!. Remark that the volume form e; A ... A e,+1 does not depend
upon the choice of such a basis.

Definition 4. For every X in A"(R"™1), we denote by
*xX =X (el VANIRWA en+1) € An—l—l—r(Rn—f—l)

the Hodge dual of X.

Expanding
X = Z Xihm,ireil AN .../\eir

1<iy < <ip<n+1l

in the induced orthonormal basis of A”(R"1), we find

*X = Z 87;17_”71'TX7;1’W71'TGJ'1 FANPIRAN ejnJrliT,
1<iy < - <ip<n+1
where {j1,...,jnt1-r} = {L,...,n 4+ 1} \ {i1,...,0} with j1 < -+ < Jnyi—r,
and ¢;, . ;. stands for the signature of the shuffle substitution (1,...,n + 1) —

(J1y- -+ Jn+i—r,91,-..,%-). The Hodge star operator

% Ar(Rn—l—l) -~ An—l—l—r(Rn—l—l)
is clearly an isometry for the dot scalar product and iterating twice the Hodge star, we get
(3.6) xox = (—1)"(PH=q,

Lemma 1. Let X = x; A...AX, be a system of Pliicker coordinates (fj) of a r-dimensional
subspace

V=<x1,...,%, >

(1) The word “coordinates” classically refers to the canonical basis of A”(R"*1).
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in R"*!. Then %X is a system of Pliicker coordinates of the orthogonal V- of V.

Proof. That is the assertion of Theorem I of Chapter VII §3 in [9]. Using the notion of
contraction, we may argue as follows. Take any orthonormal basis {e;,...,e,} of V and
extend it to an orthonormal basis {e1,...,e, 1} of R""!. Then

X=pletN...Ne,)
for some non-zero real number p. Now, it follows from (3.5) that
*X = tp(€e 41 N...N€pyi1).
O
Remark. The same argument shows more generally that if Y =y; A ... Ay is a system
of Pliicker coordinates of an s-dimensional vector space W =< yq,...,ys > with s > r,

then X 1Y is a system of Pliicker coordinates of the intersection W N V=, provided that

this intersection has dimension s — 7.

Lemma 2. For any X € A"(R"™!) and Y € A*(R"!) with r + s < n + 1, we have the
duality formula
(Y AX) =Y J (+X)

Proof. Using (3.4), we find

*(YAX)=(YAX)J (et A...hepr1) =Y 2 (X (e1 Ao Aepq1)) =Y 0 (xX).

4. Alternative definition of the intermediate exponents
Let P and @ be points in P (R) with homogeneous coordinates x and y. As in [14],
we define the projective distance d(P, Q) between P and @ by

_xAyl
AP =TT

It has been shown in Lemma 1 of [14] that for any point © in P"(R) with homogeneous
coordinates y = (1,64,...,0,) and any linear subvariety L of P"(R) with Pliicker
coordinates X, the minimal distance d(©, L) between © and the set of real points of

L is equal to

ly AX]

(4.1) d(©,L) = ~——.
|y 1X]|

We can now reformulate Definition 3 in terms of integer solutions of the following system

of linear inequations.



Proposition. For any integer d with 0 < d < n — 1, the exponent wy(©) is the
supremum of the real numbers w for which there exist infinitely many integer multivectors
X € A4TY(Z"HL) such that

ly A X| < X7

In relation with Definition 4 of [14], we do not assume here that the multivectors X
occurring in the Proposition are decomposable. To suppress this additional condition, we
expand the remark given on page 312 of [14]. The following lemma will be as well our main
ingredient to prove Theorem 2.

Lemma 3. Let y = (1,01,...,0,) € R""! and let U,V be positive real numbers with
V < U. The convex body C of A*1(R"*1) consisting of the Z such that

(4.2) |Z| <UVY and |yAZ|<VE?

is comparable (1) to the (d + 1)-th compound of the convex body C' consisting of the
z € R"! such that

(4.3) |z| <U and |yAz| <V
Proof. The convex body C’ is comparable to the parallelepiped P defined by
lzo| < U, |zl —x;| <V, 1<i<n.
However, P is comparable to the convex hull of the points
+Uy,xVeq,...,xtVe,,

where

e =(0,1,0,...,0),...,e, = (0,...,0,1).

The convex compound C’*1 is then comparable to the convex hull in A1 (R"+1) of
the exterior products of d 4+ 1 of these points, that is, of

+VIitle, A Nei,, 1<ig<---<ig<n,

(t) We say that two families C; and Cs of symmetrical convex bodies, parametrized by
(say) U and V', are comparable if there exists a real number « > 1, such that the inclusions
k1C1(U, V) C Co(U,V) C kCi1(U,V) hold for any parameters U, V. Accordingly, the
constants implied in the forthcoming symbols <, > and =< may depend on n and ©, but
not on U and V. The relation f =< g means that we have both f < g and f > g.
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and
j:Ude/\eil/\.../\eid, 1< < <ig < n.

The points Z of this form satisfy
1Z| < UVE, |y AZ| < VI

Conversely, let Z be in ATt (R"*1) for which (4.2) holds and express it in the base
composed of the d 4+ 1 exterior products of the base (y,e1,...,e,), that is,

Z = Z Qigiq,... iq €ig VANPIAA €, + Z bil,ig,...,id Yy /\ei1 VANIA €,

Then, we have the estimates

Z |Qig ir,..ria] + Z b in,..ial < |Z] UV and Z |Gigin.ia] =< |y AZ| < VAT

This completes the proof of the lemma. O

With this lemma, we are able to establish our Proposition.
Proof of the Proposition. Let w be a real number with w > —1 and let X be a non-zero
point in A4t1(Z"+1) such that
ly AX] < X[

The first minimum of the convex body C composed of the Z € A“t1(R"*+1) such that
Z| < [X] and |y AZ| < [X]|7*
is therefore at most equal to 1 since X belongs to C. Setting

(4.4) U = |X‘(dw+d+1)/(d+1), V= ‘er/(dﬂ),
we observe that V < U and that
X| =0V, X[ =V

By Lemma 3, the convex C is comparable to the (d + 1)-th compound of the convex body
C’ ¢ R™"! defined by the inequalities (4.3). Now, Mahler’s theory on compound convex
bodies tells us that the integer point where C reaches its first minimum is essentially
obtained as the wedge product x; A ... A x441 of the integer points x;,1 < i < d + 1,
where C’ reaches its i-th minimum. We may therefore assume that X = x; A ... A Xgy1.
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Let L C P"(R) be the d-dimensional rational linear subvariety L = P(V) where
V =(x1,...,X4+1). By (4.1), we obtain

ly A X]|
d L) =
©.0) =X

<y THXITTE < H(L) T,

so that wy(0) > w.

Conversely, if L satisfies d(©,L) < H(L)™'7%, choose a system of coprime integer
Pliicker coordinates X of L, so that H(L) = |X]. Then (4.1) shows that the upper bound
ly A X| < |X]7 holds true. O

Our Proposition enables us to recover the following corollary, which was already
obtained in [14] and earlier in [17], using different arguments.

Corollary 2. For any integer d with 0 < d < n — 1, we have the lower bound

S d+1‘
“n—d

wd(@)

Proof. The linear map AT (R"*!) — A?2(R"*!) which sends X — y A X has rank
M = (Zii) —(1). Now, view the coordinates of y AX in the canonical basis of A**?(R"1)
as linear forms in the N = (Zj:

independent forms L (X), ..., Ly (X). By Minkowki’s first theorem on convex bodies, the

) coordinates of X, and select among them M linearly

system of linear inequalities
X| < H, [Ly(X)] < cH- N30T L (X)] < egm (N M0/M

has a non-zero integer solution X for any H > 1 and for some positive coefficient c
independent of H. It follows that

N-M (%) d+1
w C-) > = — ,
9= (i) — () n—d

as claimed. O

5. Proof of Theorem 2

We use the Proposition as a more convenient characterization of the exponents wq(O)
and take again the notations of Section 4. Let w be a real number with —1 < w < wg(O)
and let X € A4t1(Z"+1) be such that

ly A X < X7,
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where y denotes the homogeneous coordinates of ©. Recall that U and V are given by
(4.4) and that the convex bodies C and C’' are defined by (4.2) and (4.3), respectively.
The first minimum A; of the convex body C is at most equal to 1 since X belongs to C.
Replacing, if necessary, X by an integer point where this first minimum is reached, and
suitably increasing w, we may assume that A\ = 1.

By Lemma 3, the convex C is comparable to the (d + 1)-th compound of the convex

body C’ of volume
vol(C') < UV"™ = |X|(-(n=d)wtd+1)/(d+1)

By Minkowski’s Theorem, the successive minima A} <... <\, of C’ satisfy
)\’1 N )‘;1—1—1 — Vol(cl)—l — |X‘((n—d)w—d—1)/(d+1).

Since C is comparable to the (d + 1)-th compound of C’, Mahler’s theorem on compound
convex bodies asserts that A;, the first minimum of C, is comparable to the product
A X ... X Ay, ;. Consequently,

(5.1) NpXox N <1

and
(Nppo)" ™4 < Nppo X oo x Ny x| X|((nmd)wmd =D/

whence

(5.2) [y < X e—d=D/ (@4 D n-a).
Now, since the (d + 2)-th compound of C’ has its first minimum comparable to
N XX N X A,

it follows from Lemma 3 with d 4+ 1 in place of d that there exists X € A%2(Z"t1) such
that
1X| < Ny UV iy AX| < N, VT2,

A rapid computation using (5.2) yields that
&+2Uvd+1 < ‘X|(n7d71)/(nfd)

and
Ny VT2 « [ X[~ (=)ot 1)/ (n—d)

This gives
ly A X| < |X|~(n=dw+1)/(n—d—1)
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and we get (2.1) since w can be taken arbitrarily close to wq(©).
To establish (2.2), let us first observe that (5.2) with d = 0 gives

(5.3) Ny < | X0,

One can get a better upper bound for A} when d = 0 by taking the uniform exponents into
account, as we show now. In that case C = C" and A} = A\; = 1. The vector X is necessarily
primitive in Z"*1!, since the convex body C’ attains its first minimum at that point. Let &
be a real number with @ < min(w,©y(0)). By Definition 2, there exists a non-zero integer
point x such that

x| <IXI, |y Ax| <X
Since X is primitive, the vectors x and X are linearly independent. Furthermore, we have

x| < X| < [X[F72 = UK,

since w > @, and
[y Ax| < X7 = X[ = VX
This gives
(5.4) Ny < | X[,
Note that the upper estimate (5.4) may be sharper than (5.3) since wy(0) > 1/n.
Observing that U = |X]| and V' = |X|~* and proceeding as above, we infer from (5.4)

that
WV < | X1

and
ANV < X[t

whence
ly A X’ < ‘X‘—(wﬂ?))/(l—w)

Letting w tends to wp(©) and @ tends to wy(O) < wy(O), this gives

We have proved (2.2).

6. Proof of Theorem 3

The proof is parallel to that of Theorem 2. We use Hodge duality to reverse the Going-
down transfer into a Going-up transfer, noting that the duality permutes the dimension
with the codimension.

Let us start with the following dual version of the above Proposition.

12



Lemma 4. Ford =0,...,n—1, the exponent wy(0) of a point © in R™ with homogeneous

coordinates y is the supremum of the real numbers w such that there are infinitely many
X € An=4(Z"+1) with
ly 1 X| < X[

Proof. By Lemma 2 and (3.6), we have
#(y A #X) = (=1) DD (y 1 X)),

for every X in A"~¢(R"*1). Note that * maps A"~¢(Z"*!) isometrically onto A+ (Z"+1),
so that
|+ X|=|X| and |yA=*X]|=|y1X|

Now, replace X by *X in the Proposition to conclude the proof. |

Here is now the dual version of Lemma 3.

Lemma 5. Let d be an integer with 0 < d < n — 1 and let U,V be positive real numbers
with V < U. The convex body C of A"~¢(R"*!) consisting of the Z such that

(6.1) 1Z| <U™? and |yJZ|<U" v

is comparable to the (n—d)-th compound of the convex body C' composed of the z € R" !
such that

(6.2) |z| <U and |y-z| <V.

Proof. Let {ej,...,e,} be an orthonormal basis of the orthogonal of y in R""!. The
convex body C’ is comparable to the parallelepiped P consisting of the points

xoy + z1€1 + -+ xpe, where |zo| <V, |z <U, 1<i<n.
Note that P is comparable to the convex hull of the points
+Vy,tUeq,...,xtUe,.

The compound convex body €'~ ¢ is then comparable to the convex hull in A?»~4(R"*+1)
of the exterior products of n — d of these points, that is, of

(6.3) +U e A Ne, ,, 1<ip <o <ip_g <o,
and
(6.4) +U " We, Ao ANe, , Ay, 1<ip < - <ipg1 <n.
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Express now any point Z in A"~¢(R"*!) in the base composed of the n — d exterior
products of the base (ey,...,e,,y), that is,

7 = Z aih-n,in—d €, AL A €. _4 + Z bi1,--~,in_d_1 €, VANPIRAN € a1 A y.

Then, formula (3.3) shows that

y4 Z = ‘y‘2 <Z bi17...7in7d71 €, VANIWA ein7d71> .
Therefore, the points Z of the form (6.3) or (6.4) satisfy
(6.5) 1Z| <U™ % and |yJZ|<|ylPU" 1V

Conversely, for any point Z satisfying (6.5), the coefficients a;, .. ;. _, (resp. bi, . i, )
are bounded in absolute value by U"~¢ (resp. by U"~4~1V). This completes the proof of
the lemma. O

With these two lemmata, we are able to establish Theorem 3.
Proof of Theorem 3. Let w be a positive real number with w < wg(©). By Lemma 4,
there exist infinitely many points X € A"~4(Z"*+1) such that

ly 1 X < X[,

Fix such a point X with large norm |X| and consider the convex body C composed of the
multivectors Z € A"~¢(R"*1) such that

|1Z| <|X| and |y JZ| < |X|7“.

It contains the integer point X. Replacing possibly X by a smaller point and enlarging
suitably w, one can assume that X is the smallest non-zero integer point in C. Thus, we
may assume that the first minimum of C is equal to 1. Setting

U= |X‘1/(nfd) and V = |X‘f((nfd)w+nfd71)/(n7d),
we observe that V < U and that
1X| = Un—d7 1X|™ = yr—d-1ly,

By Lemma 5, the convex body C is therefore comparable to the (n — d)-th compound of
the convex body C’ consisting of the real (n 4 1)-tuples z such that

|z| <U and |y-z| <V.
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Let
VIR

be the successive minima of the convex body C’. Since the Euclidean volume of C' is < U™V,
the second theorem of Minkowski gives

N XX AL < (UmV)~ L = |X‘((n*d)wfd71)/(n7d)_

n

Since the first minimum of the (n — d)-th compound of C’ is comparable to 1, one gets

/ / -
AL X XA g <1,

hence

Ny X oo X Ay x| X|((nmd)wmd=1)/(n=d),
Consequently,
(6.6) ( %_d+1)d+1 < ‘X|((n—d)w—d—1)/(n—d)’
and

N, aaU < X/,

Since the first minimum of the (n —d+ 1)-th compound of C’ is comparable to the product
Ap XX Xn_~d 1, hence to N 4 41, we infer from Lemma 5 that there exists a non-zero
integer point X € A"~4+1(Z"*1) such that

K| € Ny g U = X, UIX] < XD/ @)

and
ly 0 X| <Ny UV = N UK < [ X0/ D),

Since w can be taken arbitrarily close to wg(©), Lemma 4 gives (2.3).
For d = n — 1, it is possible to get a sharper result. In that case C = C’ is a convex
body in R"*! and (6.6) reads

(6.7) L < X T/
Enlarging possibly w, we may assume that
ly - X| = [X]7%.

The vector X is necessarily primitive in Z"*!, since the convex body C’ attains its first
minimum at that point. Let @ be a positive real number with @ < min(w,®,—1(0)). By
Definition 2, there exists a non-zero integer point x € Z"*! such that

x| < |X[*/* and |y x| < |[X|7¥.
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Since X is primitive, the vectors x and X are linearly independent ; otherwise x should be
an integer multiple of X and |y - x| should be greater than or equal to |y - X| = |X|7“.
Thus, we obtain the upper bound

(6.8) Ny < |X|THE,

which may be better than (6.7) since w,_1(0) > n. Now, we take again the preceding
arguments. Noting that U = |X| and V = |X|~%, we obtain a non-zero point X € A%(Z"11)
satisfying

1X| < MU? < |X|1He/@

and

ly 0 X| < MUV < |X|7wte/@,
Then, Lemma 4 gives
(w—1w
w+w

wan(e)) Z

Letting w and @ tend respectively to w,—1(©) and @, _1(©), we have established (2.4).

7. Proof of Theorem 1

It is a formal consequence of the finer estimates (2.1)—(2.4).
Using the second inequality of Corollary 1 with d = 1 and d’ = n — 1, we get the
estimate
wn1(0) 2 (n— 1wy (0) +n—2,

which, combined with (2.2), yields the second claimed estimate of Theorem 1, namely

wo(@)—i—d)o(@) _9— (n—l)wo(@)+®0(@)+n—2‘

anl(@) > (TL - 1) 1— @O(@> n 1-— @0(@>

Using now the first inequality of Corollary 1 with d =0 and d’ = n — 2, we get

wn,Q(G)

w(©) (n—2)w,2(0)+n-—1

which, combined with (2.4), yields the first claimed inequality of Theorem 1, namely

(Wn-1(0) = Dwn1(O)

wo(©) 2 (n —2)0n-1(0) + wp—1(0) + (n — 1), —1(O)
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