Expansions of algebraic numbers

Yann Bugeaud

Abstract. Classical ways to represent a real number are by its continued fraction ex-
pansion or by its expansion in some integer base. It is commonly expected that algebraic
irrational numbers behave, in many respects, like almost all numbers. For instance, their
decimal expansion should contain every finite block of digits from {0,...,9}. We are
very far away from establishing such a strong assertion. However, there has been some
recent progress, and it is now possible to prove that the decimal expansion of an irra-
tional algebraic number cannot be ‘too simple’; in a suitable sense. The same applies for
the continued fraction expansion of an algebraic number of degree at least three (recall
that a continued fraction is ultimately periodic if, and only if, it represents a quadratic
number). The main tool for the proofs is a deep result from Diophantine approximation,
namely the Schmidt Subspace Theorem, a powerful multi-dimensional extension of the
Roth Theorem.
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1. Representation of real numbers

The most classical ways to represent real numbers are by means of their continued
fraction expansion or their expansion to some integer base, in particular to base two
or ten. In this text, we consider only these expansions and deliberately ignore -
expansions, Liiroth expansions, ()-Cantor series, etc., as well as the many variations
of the continued fraction algorithm.

The first example of a transcendental number (recall that a real number is
algebraic if it is root of a nonzero polynomial with integer coeflicients and it is
transcendental otherwise) was given by Liouville [51, 52] in 1844. He showed that
if the sequence of partial quotients of an irrational real number grows sufficiently
rapidly, then this number is transcendental. He mentioned only at the very end of
his note the now classical example of the series (keeping his notation)
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a“rm“rﬁ-i-...-l-m—‘r...,

where a > 2 is an integer.
Let b denote an integer at least equal to 2. Any real number £ has a unique
b-ary expansion, that is, it can be uniquely written as

5=L§J+Z%=m+o-ala2..., (1.1)

>1
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where |-| denotes the integer part function, the digits aj,as,... are integers from
the set {0,1,...,b—1} and a, differs from b — 1 for infinitely many indices ¢. This
notation will be kept throughout this text.

In a seminal paper published in 1909, Emile Borel [21] introduced the notion
of normal number.

Definition 1.1. Let b > 2 be an integer. Let & be a real number whose b-ary
expansion is gien by (1.1). We say that & is normal to base b if, for every k > 1,
every finite block of k digits on {0,1,...,b — 1} occurs with the same frequency
1/b%, that is, if for every k > 1 and every dy,...,dy € {0,1,...,b— 1} we have

lim #{€:0§€<N,a4+1:dl,...7ag+k:dk}_i
N>Foo N bk’

The above definition differs from that given by Borel, but is equivalent to it;
see Chapter 4 from [27] for a proof and further equivalent definitions.

We reproduce the fundamental theorem proved by Borel in [21]. Throughout
this text, ‘almost all’ always refers to the Lebesgue measure, unless otherwise
specified.

Theorem 1.2. Almost all real numbers are normal to every integer base b > 2.

Despite the fact that normality is a property shared by almost all numbers, we
do not know a single explicit example of a number normal to every integer base,
let alone of a number normal to base 2 and to base 3. However, Martin [54] gave in
2001 a nice and simple explicit construction of a real number normal to no integer
base.

The first explicit example of a real number normal to a given base was given
by Champernowne [34] in 1933.

Theorem 1.3. The real number
0-12345678910111213..., (1.2)

whose sequence of decimals is the increasing sequence of all positive integers, is
normal to base ten.

Further examples also obtained by concatenation of sequences of integers have
been given subsequently in [35, 37]. In particular, the real number

0-235711131719232931 .. ., (1.3)

whose sequence of decimals is the increasing sequence of all prime numbers, is
normal to base ten. This is due to the fact that the sequence of prime numbers
does not increase too rapidly. However, we still do not know whether the real
numbers (1.2) and (1.3) are normal to base two.

Constructions of a completely different type were found by Stoneham [66] and
Korobov [49]; see Bailey and Crandall [18] for a more general statement which
includes the next theorem.
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Theorem 1.4. Let b and ¢ be coprime integers, both at least equal to 2. Let d > 2
be an integer. Then, the real numbers

are normal to base b.

Regarding continued fraction expansions, we can as well define a notion of
normal continued fraction expansion using the Gauss measure (see Section 5) and
prove that the continued fraction expansion

Q= LaJ+[0;alaa23"'} = LQJ +
mr
as + —

of almost every real number « is a normal continued fraction expansion. Here, the
positive integers aj,as,... are called the partial quotients of « (throughout this
text, ay denotes either a b-ary digit or a partial quotient, but this should be clear
from the context; furthermore, we write £ for a real number when we consider its
b-ary expansion and a when we study its continued fraction expansion). In 1981,
Adler, Keane, and Smorodinsky [13] have constructed a normal continued fraction
in a similar way as Champernowne did for a normal number.

Theorem 1.5. Let 1/2,1/3,2/3,1/4,2/4,3/4,... be the infinite sequence obtained
in writing the rational numbers in (0, 1) with denominator 2, then with denominator
3, denominator 4, etc., ordered with numerators increasing. Let x1xoxs. .. be the
sequence of positive integers constructed by concatenating the partial quotients (we
choose the continued fraction expansion which does not end with the digit 1) of this
sequence of rational numbers. Then, the real number

[0; 21, x2,...] =[0;2,3,1,2,4,2,1,3,5,.. ]
has a normal continued fraction expansion.

All this shows that the b-ary expansion and the continued fraction expansion
of a real number taken at random are well understood. But what can be said for
a specific number, like ¥/2,log 2, 7, etc.?

Actually, not much! We focus our attention on algebraic numbers. Clearly, a
real number is rational if, and only if, its b-ary expansion is ultimately periodic.
Analogously, a real number is quadratic if, and only if, its continued fraction
expansion is ultimately periodic; see Section 5. The purpose of the present text is to
gather what is known on the b-ary expansion of an irrational algebraic number and
on the continued fraction expansion of an algebraic number of degree at least three.
It is generally believed that all these expansions are normal, and some numerical
computation tend to support this guess, but we are very, very far from proving such
a strong assertion. We still do not know whether there is an integer b > 3 such that



4 Yann Bugeaud

at least three different digits occur infinitely often in the b-ary expansion of v/2.
And whether there exist algebraic numbers of degree at least three whose sequence
of partial quotients is bounded. Actually, it is widely believed that algebraic
numbers should share most of the properties of almost all real numbers. This is
indeed the case from the point of view of rational approximation, since Roth’s
theorem (see Section 6) asserts that algebraic irrational numbers do behave like
almost all numbers, in the sense that they cannot be approximated by rational
numbers at an order greater than 2.

The present text is organized as follows. Section 2 contains basic results from
combinatorics on words. The main results on the complexity of algebraic numbers
are stated in Section 3. They are proved by combining combinatorial transcendence
criteria given in Section 4 and established in Sections 9 and 10 with a combinatorial
lemma proved in Section 8. In Sections 5 and 6 we present various auxiliary
results from the theory of continued fractions and from Diophantine approximation,
respectively. Section 7 is devoted to a sketch of the proof of Theorem 4.1 and
to a short historical discussion. We present in Section 11 another combinatorial
transcendence criterion for continued fraction expansions, along with its proof.
Section 12 briefly surveys some refined results which complement Theorem 3.1.
Finally, in Section 13, we discuss other points of view for measuring the complexity
of the b-ary expansion of a number.

A proof of Theorem 4.1 can already be found in the surveys [20, 8] and in the
monograph [27]. Here, we provide two different proofs. Historical remarks and
discussion on the various results which have ultimately led to Theorem 4.2 are
given in [30].

2. Combinatorics on words and complexity

In the sequel, we often identify a real number with the infinite sequence of its b-ary
digits or of its partial quotients. It appears to be convenient to use the point of
view from combinatorics on words. Throughout, we denote by A a finite or infinite
set. A finite word on the alphabet A is either the empty word, or a finite string
(or block) of elements from A. An infinite word on A is an infinite sequence of
elements from A.

For an infinite word w = wjws ... on the alphabet A and for any positive
integer n, we let

p(n7W7A) = #{U)j+1 co e Wjgn - _] Z 0}

denote the number of distinct strings (or blocks) of length n occurring in w. Ob-
viously, putting #A = +o0 if A is infinite, we have

1 <p(n,w,A) < (#A)",

and both inequalities are sharp. Furthermore, the function n — p(n,w,A) is
non-decreasing.
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Definition 2.1. An infinite word w = wiws . .. is ultimately periodic if there exist
positive integers ng and T such that

WptT = Wy, for everyn > nyg.

The word WyyWpy+1 - - - Wno+T—1 48 @ period of w. If ng can be chosen equal to 1,
then w is (purely) periodic, otherwise, wy ... wn,—1 i a preperiod of w.

We establish a seminal result from Morse and Hedlund [55, 56].

Theorem 2.2. Let w be an infinite word over a finite or infinite alphabet A. If w
is ultimately periodic, then there exists a positive constant C' such that p(n, w, A) <
C' for every positive integer n. Otherwise, we have

p(n+1,w,A) >p(n,w,A)+1, for everyn > 1,

thus,
pn,w, A) >n+1, foreveryn > 1.

Proof. Throughout the proof, we write p(-, w) instead of p(-, w, A).

Let w be an ultimately periodic infinite word, and assume that it has a prepe-
riod of length r and a period of length s. Fix h =1,...,s and let n be a positive
integer. For every j > 1, the block of length n starting at w, st is the same as
the one starting at w, 4. Consequently, there cannot be more than r + s distinct
blocks of length n, thus, p(n,w) <r +s.

Write w = wyws ... and assume that there is a positive integer ng such that
p(no, w) = p(np+1, w). This means that every block of length ng extends uniquely
to a block of length ng + 1. It implies that p(ng, w) = p(ng + j, w) holds for every
positive integer j. By definition of p(ng, w), two among the words w; ... wpy4j—1,
j=1,...,p(ng,w) + 1, are the same. Consequently, there are integers k and ¢
with 0 < k < ¢ < p(ng,w) and wg4m = Weys form =1,... ng. Since every block
of length n extends uniquely to a block of length ng + 1, this gives wiym = Wotm
for every positive integer m. This proves that the word w is ultimately periodic.

Consequently, if w is not ultimately periodic, then p(n + 1, w) > p(n,w) + 1
holds for every positive integer n. Then, p(1,w) > 2 and an immediate induction
show that p(n,w) > n + 1 for every n. The proof of the theorem is complete. [J

We complement Theorem 2.2 by pointing out that there exist uncountably
many infinite words w on A = {0, 1} such that

p(n,w,A)=n+1, forn>1.

These words are called Sturmian words; see e.g. [16].

To prove that a real number is normal to some given integer base, or has a
normal continued fraction expansion, is in most cases a much too difficult problem.
So we are led to consider weaker questions on the sequence of digits (resp. partial
quotients), including the following ones:

* Does every digit occur infinitely many times in the b-ary expansion of £7
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* Are there many non-zero digits in the b-ary expansion of £7

* Is the sequence of partial quotients of a bounded from above?

* Does the sequence of partial quotients of « tend to infinity?

We may even consider weaker questions, namely, and this is the point of view
we adopt until the very last sections, we wish to bound from below the number
of different blocks in the infinite word composed of the digits of £ (resp. partial
quotients of «).

Let b > 2 be an integer. A natural way to measure the complerity of a real
number £ whose b-ary expansion is given by (1.1) is to count the number of distinct
blocks of given length in the infinite word a = ajasas... We set p(n,§,b) =
p(n,a,b) with a as above. Clearly, we have

p(n,§,b) = #{aj+1aj+2 cljyn ] 2 0} =p(n,a, {07 L....,b—1})

and
1 gp(/rL7é-7b) S bn?

where both inequalities are sharp.
Since the b-ary expansion of a real number is ultimately periodic if, and only
if, this number is rational, Theorem 2.2 can be restated as follows.

Theorem 2.3. Let b > 2 be an integer. If the real number £ is irrational, then
p(n,&,b) >n+1, forn>1.
Otherwise, the sequence (p(n,&,b))n>1 s bounded.

Let o be an irrational real number and write
a=|a] +[0;a1,az,...].

Let a denote the infinite word ajas ... over the alphabet Z>;. A natural way to
measure the intrinsic complexity of c is to count the number p(n, o) := p(n, a, Z>1)
of distinct blocks of given length n in the word a.

Since the continued fraction expansion of a real number is ultimately periodic
if, and only if, this number is quadratic (see Theorem 5.7), Theorem 2.2 can be
restated as follows.

Theorem 2.4. Let b > 2 be an integer. If the real number « is irrational and not
quadratic, then

p(n,a) >n+1, forn>1.
If the real number « is quadratic, then the sequence (p(n, a))n>1 is bounded.

We show in the next section that Theorem 2.3 (resp. 2.4) can be improved
when £ (resp. «) is assumed to be algebraic.
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3. Complexity of algebraic numbers

As already mentioned, we focus on the digital expansions and on the continued
fraction expansion of algebraic numbers. Until the end of the 20th century, it
was only known that the sequence of partial quotients of an algebraic number
cannot grow too rapidly; see Section 12. Regarding b-ary expansions, Ferenczi and
Mauduit [43] were the first to improve the (trivial) lower bound given by Theorem
2.3 for the complexity function of the b-ary expansion of an irrational algebraic
number 6. They showed in 1997 that p(n,0,b) strictly exceeds n + 1 for every
sufficiently large integer n. Actually, as pointed out a few years later by Allouche
[14], their approach combined with a combinatorial result of Cassaigne [32] yields
a slightly stronger result, namely that

nEIJIrloo (p(n,0,b) —n) = +oo, (3.1)
for any algebraic irrational number 6.

The estimate (3.1) follows from a good understanding of the combinatorial
structure of Sturmian sequences combined with a combinatorial translation of Rid-
out’s theorem 6.6. The transcendence criterion given in Theorem 4.1, established
in [10, 3], yields an improvement of (3.1).

Theorem 3.1. For any irrational algebraic number 8 and any integer b > 2, we

have 0 b
lim p(n, 6,0) = +00. (3.2)
n—-+4oo n
Although (3.2) considerably strengthens (3.1), it is still very far from what is
commonly expected, that is, from confirming that p(n,8,b) = b™ holds for every
positive n when 0 is algebraic irrational.
Regarding continued fraction expansions, it was proved in [15] that
Jm (p(n,6) —n) = +o0,
for any algebraic number 6 of degree at least three. This is the continued fraction
analogue of (3.1).
Using ideas from [1], the continued fraction analogue of Theorem 3.1 was es-
tablished in [29].

Theorem 3.2. For any algebraic number 6 of degree at least three, we have

lim p(n,0)

n—-+oo n

The main purpose of the present text is to give complete (if one admits Theo-
rem 6.7, whose proof is much too long and involved to be included here) proofs of
Theorems 3.1 and 3.2. They are established by combining combinatorial transcen-
dence criteria (Theorems 4.1 and 4.2) and a combinatorial lemma (Lemma 8.1).
This is explained in details at the end of Section 8.
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4. Combinatorial transcendence criteria

In this section, we state the combinatorial transcendence criteria which, combined
with the combinatorial lemma from Section 8, yield Theorems 3.1 and 3.2.
Throughout, the length of a finite word W on the alphabet A, that is, the
number of letters composing W, is denoted by |W|.
Let a = (a¢)e>1 be a sequence of elements from A. We say that a satisfies
Condition (#) if a is not ultimately periodic and if there exist three sequences of
finite words (Up)n>1, (Va)n>1 and (W,,),>1 such that:

e (i) For every n > 1, the word W,,U,,V,,U,, is a prefix of the word a;
e (ii) The sequence (|V,|/|Uyn|)n>1 is bounded from above;

e (iii) The sequence (|W,,|/|Un|)rn>1 is bounded from above;

e (iv) The sequence (|Uy|)n>1 is increasing.

Theorem 4.1. Let b > 2 be an integer. Let a = (ag)r>1 be a sequence of elements
from {0,1,...,b—1}. If a satisfies Condition (#), then the real number

1s transcendental.

Theorem 4.2. Let a = (ag)e>1 be a sequence of positive integers. Let (ps/qe)e>1
denote the sequence of convergents to the real number

Q= [0;a17a27~«~,a£,...].

Assume that the sequence (q;/z)Ql is bounded. If a satisfies Condition (#), then
a 1s transcendental.

The common tool for the proofs of Theorems 4.1 and 4.2 is a powerful theorem
from Diophantine approximation, the Subspace Theorem; see Section 6.

Let us comment on Condition (#) when, for simplicity, the alphabet A is finite
and has b > 2 elements. Take an arbitrary infinite word ajas ... on {0,1,...,b—1}.
Then, by the Schubfachprinzip, for every positive integer m, there exists (at least)
one finite word U, of length m having (at least) two (possibly overlapping) occur-
rences in the prefix ajas...apmyy,. If, for simplicity, we suppose that these two
occurrences do not overlap, then there exist finite (or empty) words Vi, Wi, X,
such that

a1az - .. apm 1 = Wi U Vi Uy X -

This simple argument gives no additional information on the lengths of W,, and
Vi, which a priori can be as large as ™ — m. In particular, they can be larger
than some constant greater than 1 raised to the power the length of U,,.
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We demand much more for a sequence a to satisfy Condition (#), namely we
impose that there exists an integer C' such that, for infinitely many m, the lengths
of V,,, and W,,, do not exceed C times the length of U,,. Such a condition occurs
quite rarely.

We end this section with a few comments on de Bruijn words.

Definition 4.3. Let b > 2 andn > 1 be integers. A de Bruijn word of order n on
an alphabet of cardinality b is a word of length b™ + n — 1 in which every block of
length n occurs exactly once.

A recent result of Becher and Heiber [19] shows that we can extend de Bruijn
words.

Theorem 4.4. Every de Bruijn word of order n on an alphabet with at least three
letters can be extended to a de Bruijn word of order n+ 1. Every de Bruijn word
of order n on an alphabet with two letters can be extended to a de Bruijn word of
order n + 2.

Theorem 4.4 shows that there exist infinite de Bruijn words obtained as the
inductive limit of extended de Bruijn sequences of order n, for each n (when the
alphabet has at least three letters; for each even n, otherwise). Let b > 2 be
an integer. By construction, for every m > 1, the shortest prefix of an infinite
de Bruijn word having two occurrences of a same word of length m has at least
b™ + m letters if b > 3 and at least 27! + m — 1 letters if b = 2.

5. Continued fractions

In this section, we briefly present classical results on continued fractions which will
be used in the proofs of Theorems 4.2 and 11.1. We omit most of the proofs and
refer the reader to a text of van der Poorten [58] and to the books of Bugeaud [22],
Cassels [33], Hardy and Wright [44], Khintchine [47], Perron [57], Schmidt [64],
among many others.

Let xg, x1, ... be real numbers with x1,zo, ... positive. A finite continued frac-
tion denotes any expression of the form

1
[T0; 21,22, .., Tn] = T0 + 1
r1 +
! 1
T2 + 1
ot —
Tn
We call any expression of the above form or of the form
[xo;x1,29,...] =20+ —————— = lim [xo;21,22,...,2p]
1 n—+o00

T+
' 1
T2+ —
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a continued fraction, provided that the limit exists.

Any rational number r has exactly two different continued fraction expansions.
These are [r] and [r — 1;1] if r is an integer and, otherwise, one of them reads
[ap; a1, ..., an_1,a,] wWith a,, > 2, and the other one is [ag; a1,...,an_1,a, — 1,1].
Any irrational number has a unique expansion in continued fraction.

Theorem 5.1. Let o = [ag;ay,az,...] be an irrational number. For £ > 1, set
pe/qe = lao; a1, az,...,a¢. Let n be a positive integer. Putting

b-1= ]-7 q-1 = Oa Po = ao, and qo = ]-7

we have
Pn = AnPn—1 +pn727 dn = AQnQqn—1 + dn—2, (51)
and
Pn—14n — Pndn—-1 = (*1)n- (5'2)
Furthermore, setting 11 = [@nt1; Qni2, Ants, - - .|, we have
PnOn+1 +pn71
Q= [a0;01,...,0pn,Qpt1| = —————, 5.3
[ 1 ny Gn+ ] GnCnit + Qn1 ( )
thus
=k
gn® —Pp = ————————
qnQin+41 + qn—1
and
1 1 1 1 1
5 < <la=Irl< < 5 < —. (54)
(ant1+2)q3  qn(gn + Gnt1) In|  @nny1  Any19i: T 4

It follows from (5.3) that any real number whose first partial quotients are
ap,ai, . .., a, belongs to the interval with endpoints (p, + pn—1)/(¢n + ¢n—-1) and
Pn/qn. Consequently, we get from (5.2) an upper bound for the distance between
two real numbers having the same first partial quotients.

Corollary 5.2. Let o = [ag;a1,as,...] be an irrational number. For £ > 0,
let qp be the denominator of the rational number [ag; a1, as,...,ap. Let n be a
positive integer and B be a real number such that the first partial quotients of 8 are
ag,a1,...,an. Then,
1 - 1

QH(Qn =+ anl) Q?L .

Under the assumption of Theorem 5.1, the rational number p,/q, is called the
¢-th convergent to a. It follows from (5.1) that the sequence of denominators of
convergents grows at least exponentially fast.

la—p| <

Theorem 5.3. Let a = [ag;a1,a2,...] be an irrational number. For ¢ > 0, let
qe be the denominator of the rational number [ag; a1, as,...,as. For any positive
integers £, h, we have

Qern > qe(V2)"
and
qe < (1 +max{ay,...,a})"
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Proof. The first assertion follows from induction on h, since g¢,+2 > ¢ni1+an > 2q,
for every n > 0. The second assertion is an immediate consequence of (5.1). O

The next result is sometimes called the mirror formula.

Theorem 5.4. Let n > 2 be an integer and aq,...,a, be positive integers. For
¢=1,...,n, set pp/qe = [0;a1,...,as. Then, we have

-1 _ [0; an, an_1,...,a1].
Q'n/
Proof. We get from (5.1) that
qn —a, + Qn—2,
dn—1 dn—1
for n > 1. The theorem then follows by induction. O

An alternative proof of Theorem 5.4 goes as follows. Observe that, if ag = 0
and n > 1, then, by (5.1), we have

o (Pa-1 pn) _ (0 1 0 1 0 1
Mn o <Qn—1 %) N (1 CL1> (1 a2) o (1 an) ’

Taking the transpose, we immediately get that

by (0 1 0 1 0 1
M, = 1 a 1 ay) " "\1 a,
_t(0 1\t[0 1 ti0 1
o 1 Qp 1 Ap—1 e 1 aq
(0 1 0 1 0 1\ (Pt @n-1
- 1 an, 1 Ap—1 A\l ay o Pn dn ’
which gives Theorem 5.4.

Theorem 5.4 is a particular case of a more general result, which we state below
after introducing the notion of continuant.

Definition 5.5. Let m > 1 and aq,...,a,, be positive integers. The denominator
of the rational number [0;a1,...,ay] is called the continuant of ai,...,a,, and is
usually denoted by K, (a1,...,am).

Theorem 5.6. For any positive integers ai,...,a, and any integer k with 1 <
k<m—1, we have

Ky (at,...,am) = Kn(am,...,a1), (5.5)
and
Kk(al, e ,ak) . Km,k(ak+1, e 7(J,m)
S Km(ala cet am) (56)

S 2Kk(a1, o ,ak) . Km_k(ak+1, .. .,am).
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Proof. The first statement is an immediate consequence of Theorem 5.4. Combi-
ning

Kn(at, ... am) = amKpm—1(at, ..., am—1) + Km—a(a1,...,am—2)
with (5.5), we get
Kp(ar,...,am) = a1 Km_1(az, ..., am) + Km—2(as, ..., am),
which implies (5.6) for k£ = 1. Let k be in {1,2,...,m — 2} such that

Ky := Kp(ag, ... am)
:Kk(al,...,ak)-Km,k(ak+1,...7am) (57)

+ Kyp_1(ay,...,ak-1)  Kp—p—1(ag42, ..., am),

where we have set Ky = 1. We then have

K,, = Ki(a1,...,ax) - (ak+1Km_k_1(ak+2, cosm) F Ko k—o(agys, - - ,am))
+ Kp_1(ar,...,a5—1) Km—g—1(ars2, ..., am)
= (ak_,_lKk(al, cooag) + Kg—1(ag, ... ,ak_l)) cK—p—1(akt2, -y am)
+ Ki(at,-.. a5) Kp—g—2(aga3, - am),

giving (5.7) for the index k 4+ 1. This shows that (5.7) and, a fortiori, (5.6) hold
fork=1,...,m—1. O

The ‘only if” part of the next theorem is due to Euler [39], and the ‘if” part was
established by Lagrange [50] in 1770.

Theorem 5.7. The real irrational number a = [ag; a1, az, . ..] has a periodic con-
tinued fraction expansion (that is, there exist integers v > 0 and s > 1 such that
Upts = ayn for all integers n > r+ 1) if, and only if, o is a quadratic irrationality.

We display an elementary result on ultimately periodic continued fraction ex-
pansions.

Lemma 5.8. Let 0 be a quadratic real number with ultimately periodic continued
fraction expansion
0=1[0;a1,...,0r,Gry1; - Gris),

and denote by (pe/qe)e>1 the sequence of its convergents. Then, 6 is a root of the
polynomial

(QTflqr+s - QTQT+571)X2 - (QTflprJrs - QTprJrsfl

(5.8)
+pr—1QT’+s - prQr—i-s—l)X + (pr—lpr+s - prpr+s—1)-

Proof. Tt follows from (5.3) that

o’ _ % -
9:[0;&17...,ar’97‘+1]:p1“ /"‘p’r 1:pr+8 /—‘,—pr+s 17
qra +QT—1 qH_SG +q,r_+s_1
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where 6/ = [a;11;@r532,- -, Grts, Grt1)- Consequently, we get

g — pr—1— ¢r—10 _ DPr4s—1— qrts—10

g9 — pr QH—so — Pr+s

from which we obtain

(Pr—1 = @—10)(Gr+50 — Prvs) = Pras—1 — @rrs-10)(q-0 — pr).
This shows that 6 is a root of (5.8). O

We do not claim that the polynomial in (5.8) is the minimal polynomial of 6
over the integers. This is indeed not always true, since its coefficients may have
common prime factors.

The sequence of partial quotients of an irrational real number « in (0,1)
can be obtained by iterations of the Gauss map Tg defined by Tg(0) = 0 and
Tg(z) = {1/z} for x € (0,1). Namely, if [0; a1, ag, ...] denotes the continued frac-
tion expansion of «, then Tg (o) = [0;apny1,anq2,...] and a, = Ll/Tgil(a)J for
n>1.

In the sequel, it is understood that « is a real number in (0, 1), whose partial
quotients a1 (@), as(«), ... and convergents p1(a)/q1(a), pa(a)/g2(c),. .. are writ-
ten aq,asg, ... and convergents p1/q1, p2/qs, - . . when there should be no confusion.

The map Tg possesses an invariant ergodic probability measure, namely the
Gauss measure g, which is absolutely continuous with respect to the Lebesgue
measure, with density

dx
For every function f in L'(ug) and almost every « in (0,1), we have (Theorem
3.5.1 in [36])

n—1
lim lZf(Tga) I R (O (5.9)
k=0

n—+oo N :log2 o 1+

For subsequent results in the metric theory of continued fractions, we refer the
reader to [47] and to [36].

Definition 5.9. We say that [0;a1,as,...] is a normal continued fraction, if, for
every integer k > 1 and every positive integers di, ..., dy, we have
lim #{j:0<j<N-—kaj11=dy,...,a54 = dy}
N—+o0 N
r' /s’ (510)
— [ holdn) = o(Bas..o),
r/s
where r/s,r'/s" denote the rational numbers [0;dy,...,dk—1,d;] and [0;dq,...,

di—1,di + 1] ordered such that r/s <r'/s', and Ng, . 4, = [r/s,7'/5].



14 Yann Bugeaud

Let dy,...,dy be positive integers. It follows from Theorem 5.1 that the set

Ay, .4, of real numbers « in (0, 1) whose first k partial quotients are di, ..., dx
is an interval of length 1/(qx(qr + qr—1)). Applying (5.9) to the function f =
1A, a4+ We get that for almost every a = [0;a1,az,...] in (0,1) the limit de-

fined in (5.10) exists and is equal to pg(Ag, ... 4, ). Thus, we have established the
following statement.

Theorem 5.10. Almost every o in (0,1) has a normal continued fraction expan-
sion.

The construction of [13], reproduced in [27], is flexible enough to produce many
examples of real numbers with a normal continued fraction expansion.

6. Diophantine approximation

In this section, we survey classical results on approximation to real (algebraic)
numbers by rational numbers.
We emphasize one of the results of Theorem 5.1.

Theorem 6.1. For every real irrational number &, there exist infinitely many
rational numbers p/q with ¢ > 1 and

e-2]<

Theorem 6.1 is often, and wrongly, attributed to Dirichlet, who proved in 1842
a stronger result, namely that, under the assumption of Theorem 6.1 and for every
integer @ > 1, there exist integers p,q with 1 < ¢ < @ and |£ — p/q| < 1/(¢Q).
Theorem 6.1 was proved long before 1842.

An easy covering argument shows that, for almost all numbers, the exponent
of ¢ in Theorem 6.1 cannot be improved.

Theorem 6.2. For every € > 0 and almost all real numbers £, there exist only
finitely many rational numbers p/q with ¢ > 1 and

‘E - 7’ PR (6.1)

Proof. Without loss of generality, we may assume that £ is in (0,1). If there are
infinitely many rational numbers p/q with g > 1 satisfying (6.1), then £ belongs to
the limsup set

NUU 222+ ) o

Q>1 ¢>Q p=0
The Lebesgue measure of the latter set is, for every @ > 1, at most equal to

Z 957 2+5’

7>Q
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which is the tail of a convergent series and thus tends to 0 as @ tends to infinity.
This proves the theorem. O

The case of algebraic numbers is of special interest and has a long history. First,
we define the (naive) height of an algebraic number.

Definition 6.3. Let 6 be an irrational, real algebraic number of degree d and let
ag X%+ -+ a1 X + ag denotes its minimal polynomial over Z (that is, the integer
polynomial of lowest positive degree, with coprime coefficients and positive leading
coefficient, which vanishes at ). Then, the height H(0) of 6 is defined by

H(0) := max{lag|, |a1], .- ., |aaql}

We begin by a result of Liouville [51, 52] proved in 1844, and alluded to in
Section 1.

Theorem 6.4. Let 0 be an irrational, real algebraic number of degree d and height
at most H. Then,

; (6.2)

for all rational numbers p/q with ¢ > 1.

p 1
60— =|>
‘ ‘ ~ d?H(1+|0])7 g

Proof. Inequality (6.2) is true when |# — p/q| > 1. Let p/q be a rational number
satisfying |6 — p/q| < 1. Denoting by P(X) the minimal defining polynomial of 8
over Z, we have P(p/q) # 0 and |¢®P(p/q)| > 1. By Rolle’s Theorem, there exists
a real number ¢ lying between 6 and p/q such that

|P(p/q)| = |P(0) — P(p/q)| = |0 — p/q| x |P'(t)|.
Since |t — 0] <1 and
|P'(t)] < d°H(1+6])""",

the combination of these inequalities gives the theorem. O

Thue [67] established in 1909 the first significant improvement on Liouville’s
result. There were subsequent progress by Siegel, Dyson and Gelfond, until Roth
[61] proved in 1955 that, as far as approximation by rational numbers is concerned,
the irrational, real algebraic numbers do behave like almost all real numbers.

Theorem 6.5. For every e > 0 and every irrational real algebraic number 0, there
exist at most finitely many rational numbers p/q with ¢ > 1 and

D 1
0 — f‘ <. (6.3)
’ q q2+6
For a prime number ¢ and a non-zero rational number z, we set |x|p := £7%,

where u € Z is the exponent of £ in the prime decomposition of . Furthermore,
we set |0]p = 0. The next theorem, proved by Ridout [59], extends Theorem 6.5.
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Theorem 6.6. Let S be a finite set of prime numbers. Let 0 be a real algebraic
number. Let € be a positive real number. The inequality

. P 1
H |pqg-rmn{17 0 — q’} < e

tes
has only finitely many solutions in non-zero integers p, q.

Theorem 6.5 is ineffective in the sense that their proofs do not allow us to
compute explicitly an integer gy such that (6.3) has no solution with ¢ greater
than gg. Nevertheless, we are able to bound explicitly the number of primitive
solutions (that is, of solutions in coprime integers p and ¢) to inequality (6.3). The
first result in this direction was proved in 1955 by Davenport and Roth [38]; see
the proof of Theorem 12.1 for a recent estimate.

The Schmidt Subspace Theorem [62, 63, 64] is a powerful multidimensional
extension of the Roth Theorem, with many outstanding applications [20, 26, 69].
We quote below a version of it which is suitable for our purpose, but the reader
should keep in mind that there are more general formulations.

Theorem 6.7. Let m > 2 be an integer. Let S be a finite set of prime numbers.
Let L1 oo, - ., Lim,oo be m linearly independent linear forms with real algebraic coef-
ficients. For any prime £ in S, let L1 4, ..., Ly, ¢ be m linearly independent linear
forms with integer coefficients. Let € be a positive real number. Then, there is
an integer T and proper subspaces Si,...,S7 of Q™ such that all the solutions
z = (x1,...,%,) inZ™ to the inequality

[T II 1Zie@)le- IT oo (@)l < (max{L,|z1,..., |zml}) (6.4)

LeS i=1 i=1
are contained in the union S1 U...U Sp.

Let us briefly show how Roth’s theorem can be deduced from Theorem 6.7.
Let 6 be a real algebraic number and ¢ be a positive real number. Consider the
two independent linear forms #X — Y and X. Theorem 6.7 implies that there are
integers T' > 1, 1,..., %1, Y1,...,yr with (z;,v;) # (0,0) for ¢ = 1,...,T, such
that, for every integer solution (p,q) to

lql - 10 — pl <lq|™*,

there exists an integer k£ with 1 < k < T and xip + yrqg = 0. If 4 is irrational, this
means that there are only finitely many rational solutions to |0 — p/q| < |q|~27*,
which is Roth’s theorem.

Note that (like Theorems 6.5 and 6.6) Theorem 6.7 is ineffective in the sense
that its proof does not yield an explicit upper bound for the height of the proper
rational subspaces containing all the solutions to (6.4). Fortunately, Schmidt [65]
was able to give an admissible value for the number T' of subspaces; see [42] for a
common generalization of Theorems 6.6 and 6.7, usually called the Quantitative
Subspace Theorem, and [41] for the current state of the art.
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7. Sketch of proof and historical comments

Before proving Theorems 3.1 and 3.2, we wish to highlight the main ideas and
explain how weaker results can be deduced from various statements given in Section
6. We focus only on b-ary expansions.

The general idea goes as follows. Let us assume that (3.2) does not hold.
Then, the sequence of digits of our real number satisfies a certain combinatorial
property. And a suitable transcendence criterion prevents the sequence of digits
of an irrational algebraic numbers to fulfill the same combinatorial property.

Let us see how transcendence results listed in Section 6 apply to get combi-
natorial transcendence criterion. We introduce some more notation. Let W be a
finite word. For a positive integer £, we write W* for the word W ... W (¢ times
repeated concatenation of the word W) and W for the infinite word constructed
by concatenation of infinitely many copies of W. More generally, for any positive
real number z, we denote by W? the word W= W', where W’ is the prefix of W
of length [(z — |x])|W]]. Here, [-] denotes the upper integer part function. In
particular, we can write

aabaaaabaaaa = (aabaa)'*® = (aabaaaabaa)®’® = (aabaa)'*®°.

Let a = (as)¢>1 be a sequence of elements from A. Let w > 1 be a real number.
We say that a satisfies Condition (#),, if a is not ultimately periodic and if there
exist two sequences of finite words (Z,),>1, and (W,,),>1 such that:

e (i) For every n > 1, the word W,,Z" is a prefix of the word a;
e (ii) The sequence (|W,|/|Z,|)n>1 is bounded from above;
e (iii) The sequence (|Z,|)n>1 is increasing.

We say that a satisfies Condition (#)s if it satisfies Condition (#),, for every
w > 1.

Our first result is an application of Theorem 6.4 which gives a combinatorial
condition on the sequence b-ary expansion of a real number which ensures that this
number is trancendental.

Theorem 7.1. Let b > 2 be an integer. Let a = (ag)r>1 be a sequence of elements
from {0,1,...,b—1}. If a satisfies Condition (W), then the real number

+oo

§:=

{=1

ar
2

18 transcendental.

Proof. Let w > 1 be a real number. By assumption, there exist two sequences of
finite words (Z,,)n>1, and (W,,),>1 and an integer C' such that |W,,| < C|Z,,| and
W,ZY is a prefix of a for n > 1. Let n > 1 be an integer. In particular, £ is very
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close to the rational number &, whose b-ary expansion is the eventually periodic
word W,,Z>°. A rapid calculation shows that there is an integer p,, such that

_ Pn
&n = bIWnl(blZnl — 1)

and

1€ =&l = |€ — b|Wn‘(b‘Z"‘ _ 1)’ < bW l+w|Zy|

< 1 (IWnl4+w|Zn )/ (IWa|+1Zn|)
- (b\Wnl(blznl — 1)) '

Since |W,| < C|Z,|, the quantity (|W,| + w|Z,|)/(|Wy| + |Zx|) is bounded from
below by (C' + w)/(C 4 1). Consequently, we get

D 1 )(C+w)/(C+1)

AT 1)‘ = (b\vvn|(b|zn\ ) (7.1)

Let d be the integer part of (C' 4+ w)/(C + 1). Since (7.1) holds for every n > 1, it
follows from Theorem 6.4 that £ cannot be algebraic of degree < d — 1. Since w
can be taken arbitrarily large, one deduces that £ must be transcendental. O

It is apparent from the proof of Theorem 7.1 that, if we replace the use of
Liouville’s theorem by that of Roth’s (Theorem 6.5) or, even better, by Ridout’s
Theorem 6.6, then the assumptions of Theorem 7.1 can be substantially weakened.
Indeed, Roth’s theorem is sufficient to establish the transcendence of ¢ as soon as
the exponent (C' + w)/(C + 1) strictly exceeds 2, that is, if w > 24 C. We explain
below how Ridout’s theorem yields a much better result.

Theorem 7.2. Let b > 2 be an integer. Let a = (ag)r>1 be a sequence of elements
from {0,1,...,b—1}. Let w > 2 be a real number. If a satisfies Condition (),
then the real number

1s transcendental.

Proof. We keep the notation of the proof of Theorem 7.1, where it is shown that,
for any n > 1, we have

P 1
€~ g | < g
that is,
—Wal e Pn ’ 1
bl e Pl (b2l — 1) | = QRIWalrulZ,]

1 QW l+w|Zn )/ (IWn|+|Zn])
< (b\Wnl(bIZn\ — 1)) ’
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Observe that, for n > 1,

2|Wh| + w|Z,| 5 (w — 2)|Z,] S w— 2

= 2+ .
(Wal + 2] (Wal+12n] = C+1
Consequently, taking for S the set of prime divisors of b and setting ¢ := (w —
2)/(C + 1), we have proved that there are infinitely many rational numbers p/q
such that
. P 1
HPQ|£m1n{1af—’}< 2¢e”
tes q q
By Theorem 6.6, this shows that ¢ is transcendental, since w > 2. O

We postpone to Section 9 the proof that the conclusion of Theorem 7.2 remains
true under the weaker assumption w > 1 (the reader can easily check that this
corresponds exactly to Theorem 4.1).

8. A combinatorial lemma

The purpose of this section is to establish a combinatorial lemma which allows us
to deduce Theorems 3.1 and 3.2 from Theorems 4.1 and 4.2.

Lemma 8.1. Let w = wyws ... be an infinite word over a finite or an infinite
alphabet A such that

tim it 200 A o

n—-+oo n

Then, the word w satisfies Condition (#) defined in Section 4.

Proof. By assumption, there exist an integer C' > 2 and an infinite set A/ of positive
integers such that
p(n,w, A) < Cn, for every n in N. (8.1)

This implies in particular that w is written over a finite alphabet.

Let n be in A. By (8.1) and the Schubfachprinzip, there exists (at least) one
block X,, of length n having (at least) two occurrences in the prefix of length
(C +1)n of w. Thus, there are words W,,, W/, B,, and B, such that |W,| < |W/|
and

Wy ... W1y = WnXnBn =W, X, B],.

If (W, X,,| < |W/|, then define V,, by the equality W,,X,,V;, = W/. Observe
that

and V| + W)
n| + | Wh
< C. (8.3)
X,

Set U, := X,,.
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If |W)| < |WpX,|, then, recalling that |W,| < |W)|, we define X, by W/ =
W, X}, Since X, B, = X, X, B, and | X} | < |X,|, the word X, is a prefix strict
of X, and X,, is the concatenation of at least two copies of X/, and a (possibly
empty) prefix of X/. Let ¢, be the largest positive integer such that X, begins
with 2¢,, copies of X,. Observe that

thus
n=|Xn| < (2t, +1)|X5] < 3t | X,

Consequently, W,L(X,’lt")2 is a prefix of w such that
X, > n/3

and
Wl _

‘Xltn| = " ((C+1)n_2‘Xr/Ltn|) <3C+1. (8.4)

3
n

Set U, := X/' and let V,, be the empty word.
It then follows from (8.2), (8.3), and (8.4) that, for every n in the infinite set

N,
WU, V, U, is a prefix of w
with
Wl +[Va] < (3C +1) Uyl
This shows that w satisfies Condition (#). O

We are now in position to deduce Theorems 3.1 and 3.2 from Theorems 4.1 and
4.2.

Proof of Theorem 3.1. Let b > 2 be an integer and £ be an irrational real number.
Assume that p(n, £, b) does not tend to infinity with n. It then follows from Lemma
8.1 that the infinite word composed of the digits of £ written in base b satisfies
Condition (#). Consequently, Theorem 4.1 asserts that £ cannot be algebraic. By

contraposition, we get the theorem.
O

Proof of Theorem 3.2. Let a be a real number not algebraic of degree at most two.
Assume that p(n, @) does not tend to infinity with n. It then follows from Lemma
8.1 that the infinite word composed of the partial quotients of ¢ satisfies Condition
(#). Furthermore, p(1, «) is finite, thus the sequence of partial quotients of « is
bounded, say by M. It then follows from Theorem 5.3 that ¢, < (M + 1) for
¢ > 1, hence the sequence (ql}/ Z)gzl is bounded. Consequently, all the hypotheses
of Theorem 4.2 are satisfied, and one concludes that « cannot be algebraic of de-
gree at least three. By contraposition, we get the theorem.

O
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9. Proof of Theorem 4.1

We present two proofs of Theorem 4.1, which was originally established in [10].

Throughout this section, we set |U,| = up, |V, = v, and |W,| = w,, for
n > 1. We assume that £ is algebraic and we derive a contradiction by a suitable
application of Theorem 6.7.

First proof.

Let n > 1 be an integer. We observe that the real number £ is quite close to
the rational number &, whose b-ary expansion is the infinite word W, (U,V,,)°.
Indeed, there exists an integer p,, such that

_ Pn
bn = bwn (buntvn — 1)

and
1

e TR SATA
since ¢ and £, have the same first w, + v, + 2u,, digits in their b-ary expansion.
Consequently, we have
‘bwn-ﬁ-un-i—vng _ bwnf _ pn| — ‘b’LUn (bUnJF'Un _ 1)§ _ pn| < pUn
Consider the three linearly independent linear forms with real algebraic coefficients:

Ly oo (X1, X2, X3) =X,
Lo oo (X1, X2, X3) =X,
L3 oo (X1, X2, X3) =6X1 — X — X3,

Evaluating them on the integer points x,, := (h¥»FTuntvn pn p ) we get that

IT 1Zjco(xn)] < p7enton. (9.1)
1<5<3

For any prime number ¢ dividing b, we consider the three linearly independent
linear forms with integer coefficients:

Ly (X1, X2, X3) =X,
Lo (X1, X2, X3) =X,
L3,€(X17X27X3) :Xd

We get that
IT II [Zje(xn)le < bm2emmemmon, (9:2)

b 1<5<3
Since a satisfies Condition (#), we have

.. u
liminf ———2 > 0.
n—-+oo Wn, + Un + Un



22 Yann Bugeaud

It then follows from (9.1) and (9.2) that there exists € > 0 such that

[T 12secteall - TT IT 1Eseen)le <7

1<5<3 ob 1<5<3
< maX{bw7L+un,+Un’ bw",pn}_e,

for every n > 1.

We then infer from Theorem 6.7 that all the points x,, lie in a finite number of
proper subspaces of Q3. Thus, there exist a non-zero integer triple (21, 22, 2z3) and
an infinite set of distinct positive integers A7 such that

b sy o 20, (93

for any n in M.
Dividing (9.3) by y¥ntuntvn we get

Pn

z 2ob7 U T gy ———
1+ 22 + 3bwn+un+vn

=0. (9.4)
Since u,, tends to infinity with n, the sequence (p,, /b¥»T4»T?n), <, tends to £. Let-
ting n tend to infinity along N7, we then infer from (9.4) that either ¢ is rational,
or z; = z3 = 0. In the latter case, zo must be zero, a contradiction. This shows
that £ cannot be algebraic.

O

Second proof.
Here, we follow an alternative approach presented in [2].
Let p, and p], be the rational integers defined by

Wp+Vn+2Un Wy +Un ’
Qyp Pn ayp P
E — =—————  and — = .
4 bwn+vnt+2us, bt hwntun
=1 /=1

Observe that there exist integers f,, and f/ such that

-1
P = G, 4o, +2u, T Cwpyto,+2u, —10 F -+ Gy v, 4, 10"+ frd" (9.5)

and
p;. = Qu,+u, t Qwptu, 10+ 0+ awn+1bu"71 + f’r/Lbu"' (9.6)

Since, by assumption,
At up+vn+j = Qwp+j, 10T J=1,... up,

it follows from (9.5) and (9.6) that p,, — p}, is divisible by an integer multiple of
b4r. Thus, for any prime number ¢ dividing b, the ¢-adic distance between p,, and
p), is very small and we have

[P — Phle < [DIF™.
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Furthermore, it is clear that
|bwn+un§ *PH <1 and ‘bwnJrvn+2un£ 7pn| < 1.

Consider now the four linearly independent linear forms with real algebraic
coefficients:

Evaluating them on the integer points x,, := (bWntvnt2un pntwn 4 0 we get
that
I 1Zjoo(xn)] < p2ontontsun, (9.7)
1<j<4

For any prime number p dividing b, we consider the four linearly independent
linear forms with integer coefficients:

Ly (X1, X2, X3, X4) =X,
Lo (X1, X2, X3, X4) =X,
L3 (X1, X2, X3, X4) =X3,
Lyo(X1, X2, X3,Xy) =Xy — X3
We get that
IT TI |Zje(xn)le < b= @rntontsun) pmun, (9.8)

b 1<j<4
Since a satisfies Condition (#), we have

Up,

lim inf > 0.

n—+oo W, + 2U, + Up

It then follows from (9.7) and (9.8) that there exists € > 0 such that

I 1ZieoGe)l- IT T 12seGenle <7

1<j<4 b 1<5<4

Wy +Vn+2Un  pUn+Wh /I —¢€
< max{b ;b Py Pn} s

for every n > 1.

We then infer from Theorem 6.7 that all the points x, lie in a finite num-
ber of proper subspaces of Q* Thus, there exist a non-zero integer quadruple
(21, 22, 23, 24) and an infinite set of distinct positive integers N such that

bR g gt 4! = (), (9.9)

for any n in M.
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Dividing (9.9) by bWntvnt2un e get

/
P b o g (910)

—Up—Un n
21+ z2b + 23 bwnt+vn+2un buntwn

Recall that u,, tends to infinity with n. Thus, the sequences (p,, /bW Hont2un), 4
and (p),/b“T%n),>1 tend to £ as n tends to infinity. Letting n tend to infinity
along Np, we infer from (9.10) that either & is rational, or z; = 23 = 0. In the
latter case, we obtain that & is rational. This is a contradiction, since the sequence
(ar)e>1 is not ultimately periodic. Consequently, £ cannot be algebraic.

O

Also, the Schmidt Subspace Theorem was applied similarly as in the first proof
of Theorem 4.1 by Troi and Zannier [68] to establish the transcendence of the
number ) 27", where S denotes the set of integers which can be represented
as sums of distinct terms 2% + 1, where k > 1.

Moreover, in his short paper Some suggestions for further research published
in 1984, Mahler [53] suggested explicitly to apply the Schmidt Subspace Theorem
exactly as in the first proof of Theorem 4.1 given in Section 9 to investigate whether
the middle third Cantor set contains irrational algebraic elements or not. More
precisely, he wrote: A possible approach to this question consists in the study of

the non-homogeneous linear expressions
|3Pr+PTX —3rrX — er.

It may be that a p-adic form of Schmidt’s theorem on the rational approzimations
of algebraic numbers [10] holds for such expressions.

The reference [10] above is Schmidt’s book [64].

We end this section by mentioning an application of Theorem 4.1. Adamczewski
and Rampersad [12] proved that the binary expansion of an algebraic number
contains infinitely many occurrences of 7/3-powers. They also established that the
ternary expansion of an algebraic number contains infinitely many occurrences of
squares or infinitely many occurrences of one of the blocks 010 or 02120.

10. Proof of Theorem 4.2

We reproduce the proof given in [29].

Throughout, the constants implied in < depend only on «. Assume that the
sequences (Uy,)n>1, (Vi)n>1 and (W,,),>1 occurring in the definition of Condition
(#) are fixed. For n > 1, set u, = |Uy|, vp, = |V,| and w,, = |W,,|. We assume
that the real number « := [0; a1, az,...] is algebraic of degree at least three. Set
p-1=¢qo=1and g1 =po = 0.
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We observe that o admits infinitely many good quadratic approximants ob-
tained by truncating its continued fraction expansion and completing by periodic-

ity. Precisely, for every positive integer n, we define the sequence (b,(cn)) k>1 by

bgln):ah for 1 < h < wy, + Uy + vy,

b$)+h+j(u top) = Qwth for1 < h<wu,+v, and 5 > 0.

The sequence (b,(cn)) k>1 is ultimately periodic, with preperiod W,, and with period

U,V,. Set

Qa, = [O;bgn),bgn),...,bé”),...]

and note that, since the first w,, + 2u,, + v, partial quotients of « and of «,, are
the same, it follows from Corollary 5.2 that

o = | < 0y 420,10, (10.1)

Furthermore, Lemma 5.8 asserts that a, is root of the quadratic polynomial

Pr(X) = (qu, 19w +un+vn — antan+un,+vn71)X2
- (an—lpwn—&-un—i-vn — Qup Pwp+un+v,—1
+ P —1Gwn +un+vn — P, G tun+v,—1)X
+ (Pwn—1Pwn +tn+vn — Pwn Prwn+un+v,—1)-

By (5.4), we have

[(Qun—19wn+tm+vn — Qun Qo+ tim+vn—1)C — (Qup —1Pwn +1un v — Gwn P +uun+va—1)]
< Qu,—1 ‘QMn+un+vna - pwn+u7l+vn| + G, |an+un+vn—1a - pUJn,+un+vn—1|

< 2 Qw,, q;i-&-un-i-vn )
(10.2
and, likewise,

(G —19wn+tm+vn = Qun Qo+ tin+vn—1)C = (P, —1Gwn +1un+v — Proy Qup+1in+v,—1)]

< Quptunton Qw10 = Pw, —1] + Gy tup+0, —1|Gw, @ = P,

<2 q;,} Qwp+up+vp -
(10.3)
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Using (10.1), (10.2), and (10.3), we then get

[Pn(a)| = |Pr(ar) = Pr(am)]
= [(Qwn 10w +un+vn = Gy Qun+un+v,—1) (@ — ) (@ + o)
— (Qup —1Pwp+uun+vn — GQun Prwn+un+v,—1
+ Pw,—1Gw, +un v, — Py, Gy g+, —1) (@ — Q)|
= [(Qw,, —1Gw, +un -+, — Qwn Qu iy +v,—1)0
= (Qun—1Pwn+un+vn — GwnPwntun+v,—1)
+ (Gun 1w ttn+vn — Gy Qo +11n +0,—1)
= (Pwn 19w +un+vn = Pwn Qwntunt+v,—1)
+ (Qwn —19wn +tn+vn = Qup Qo +un+v,—1) (@0 — )| - o — |
< o —apl- (an qwn+un+un + QEi G+ +vn T+ Quon G+ +o, | — an|)
< a— an|q;,1b G, +un+on

< q;}i Qup+un+on q;3+2un +vp,
(10.4)
We consider the four linearly independent linear forms:

Li(X1, X, X3, Xy) =a*X; — a(Xa + X3) + X4,
Lo(X1, X2, X3, Xy) =aX; — Xy,
L3(X1, X2, X3, X4) =aX; — X3,
Ly(X1, X2, X3, Xy) = X1

Evaluating them on the quadruple
Xn = (Gup, —1Gw,, +1un +vn — G G +1in +0p —1> Qwp —1Pwp, +1in +vn — G P+t +v, —15
Pwn—19w,+up+v, — Pw,Qun,+un+vn—15 Pw, —1Pw,+un+v, — PwpPwn +un +v,—1 )7

it follows from (10.2), (10.3), (10.4), and Theorem 5.3 that

H ‘LJ (XTL)| < Q12un+un+vn Q;3+2un+vn
1<j<4

K 27Un

< (an Qw,, +wn 4+, ) Oun/ (2 tuunton) )

if n is sufficiently large, where we have set

log 2
M =1+limsup ¢,/ and &= .
opos log M
Since a satisfies Condition (#), we have
lim inf ——"—— >0,

n—+oo 2Wy + Up + Vn
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Consequently, there exists € > 0 such that

H 1Lj(%n)| < (Qu, Quptuntv,)
1<j<4

holds for any sufficiently large integer n.

It then follows from Theorem 6.7 that the points x,, lie in a finite union of
proper linear subspaces of Q* Thus, there exist a non-zero integer quadruple
(z1,22,73,74) and an infinite set N7 of distinct positive integers such that

Il(‘]wn—l%un-l-un—i-vn — Quw, an+un+vn—1)

+ 22(qu, ~1Pwn +1un+v — Gy Py +run+v,—1) (10.5)

+ 23(Pw,, —1Gw,, +1un+v — Py Qu i+, —1
+ 24(Pw,, —1Pwn +un+vn — PwpPwnun+vn—1) = 0,

for any n in M.

e First case: we assume that there exist an integer £ and infinitely many integers
n in M7 with w,, = £.

By extracting an infinite subset of N7 if necessary and by considering the real
number [0; agy1, apta,...] instead of «, we may without loss of generality assume
that w, = £ =0 for any n in N7.

Then, recalling that g_; = pg = 0 and g9 = p_1 = 1, we deduce from (10.5)
that

T1Gu, v, —1 + L2Pup4v,—1 — L3GQu,+v, — T4Pu,+v, — O; (106)
for any n in M. Observe that (z1,z2) # (0,0), since, otherwise, by letting n tend

to infinity along A; in (10.6), we would get that the real number « is rational.
Dividing (10.6) by gu,,+v,, , We obtain

Qup4v,—1 Pup4vp—1  Quy+v,—1
1 T2 :

Pup+v,
+ — 13 — pg—mtn — . (10.7)
Qup 4o, Qup+v,—1 Qup+vp Qup 4o,

T

By letting n tend to infinity along A7 in (10.7), we get that

Qu,+v,—1 _ T3+ Tac

B

= 1 .
Nidn—+oo  Qu, 4v, 1+ a0

Furthermore, observe that, for any sufficiently large integer n in N7, we have

‘6 _ Quntvn—1| _|T3 + 40 T3 + $4pun+vn/qw +v,
Qu,, v, T+ 2200 Ty A+ ToPuy v, -1/ Qup o, —1 (10.8)
1 .
L—mM,

Qup4v,—19u,4v,

by (5.4). Since the rational number ¢, 4., —1/Gu, +v, is under its reduced form
and u,, + v, tends to infinity when n tends to infinity along N7, we see that, for
every positive real number 7 and every positive integer IV, there exists a reduced
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rational number a/b such that b > N and |8 — a/b| < n/b. This implies that S is
irrational.
Consider now the three linearly independent linear forms

Lll(Y17}/27Y3):ﬁY1_§/27 LIQ(Y17Y27}/3):CVY1_1/37 Lé(Y17H7Y3):Y2'

Evaluating them on the triple (qu, 14, Gu, +v, —15Pu, +v,) With n € N, we infer
from (5.4) and (10.8) that

H ‘L;'(QUvanvQun+vn717pun+vn)| < q;nlﬂ;n'
1<5<3

It then follows from Theorem 6.7 that the points (qu, +v, s Gu, +v, -1, Pu, +v,, ) With
n € N lie in a finite union of proper linear subspaces of Q3. Thus, there exist a
non-zero integer triple (y1,¥2,y3) and an infinite set of distinct positive integers
N C N7 such that

Y19u,+v, T Y2Qu,+v,—1 T Y3DPu, +v, = 07 (109)

for any n in Ms. Dividing (10.9) by q., 1+, and letting n tend to infinity along Mo,
we get
y1 + Y28 + yza = 0. (10.10)

To obtain another equation relating « and 3, we consider the three linearly
independent linear forms

LY(Z1,Z5,2Z3) = BZ1 — Zo, L5(Z1,Z,2Z3) = alio — Z3, L§(Z1,Z2,7Z3) = Zs.

Evaluating them on the triple (qu, +u, s Qun+v,—1> Pun+v,—1) With 7 in Mq, we infer
from (5.4) and (10.8) that

" —1
H |Lj (Quntvns Qun v, —15 Py v, —1)] K Qup+vy, -
1<5<3

It then follows from Theorem 6.7 that the points (qu,, +v,, » Qun-+vn—1, Pun+v, —1) With
n € Ni lie in a finite union of proper linear subspaces of Q3. Thus, there exist
a non-zero integer triple (z1, 22, 2z3) and an infinite set of distinct positive integers
N3 C N5 such that

21Qup v, T 22Quy v, —1 + 23Puy v, —1 = 0, (10.11)
for any n in N3. Dividing (10.11) by gy, +v, —1 and letting n tend to infinity along

N3, we get

% + 2o+ 230 = 0. (10.12)

We infer from (10.10) and (10.12) that

(z3a + 22) (Y3 + y1) = y221.
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Since § is irrational, we get from (10.10) and (10.12) that yszs # 0. This shows
that « is an algebraic number of degree at most two, which is a contradiction with
our assumption that « is algebraic of degree at least three.

e Second case: extracting an infinite subset Ny of N7 if necessary, we assume
that (wn)nen, tends to infinity.

In particular (pw, /qw, )Jneny a0d (Puw, +u,+v, /Gw,+u,+v, Jnen; both tend to a
as n tends to infinity.

We make the following observation. Let a be a letter and U, V, W be three finite
words (V may be empty) such that a begins with WUV U and a is the last letter of
W and of UV. Then, writing W = W'a, V = V'a if V is non-empty, and U = U'a
if V' is empty, we see that a begins with W/ (aU)V’(aU) if V is non-empty and with
W'(aU")(aU") if V is empty. Consequently, by iterating this remark if necessary,
we can assume that for any n in Ay, the last letter of the word U, V,, differs from
the last letter of the word W,,. Said differently, we have a,,, # w, +u, +v, for any
n in Ny.

Divide (10.5) by qu,, qu,+u,+v,—1 and write

Qn = (Qun 19w, +un+v, )/ (Qup Quy +1un +v,—1)-

We then get

21(Qn — 1) + 2 <anwn+un+vn . pwn,-&-un-i-vn—l) + s (anwn—l _ pwn)

G, +tn +vn G, +ty v, —1 Gw,, —1 Qw,,

Pw,—1 Pwptunt+vn  Pwn Pwptunton—1
e Do)
G, —1 Gup,+un+v, Qw,, Qw,+u,+v,—1
(10.13)

for any n in Ny. To shorten the notation, for any £ > 1, we put Ry := a — pg/qe
and rewrite (10.13) as

21(Qn — 1) + 22 (Qn(a = Ru,tupto,) — (= an+un+vn71))
+ x3 (Qn(a —Ry,-1) — (= an))
+ T4 (Qn(a — Ry, —1)(a = Ruptupto,) — (@ = Ry, ) (a0 — anﬂ-un-i-vn—l)) = 0.
This yields
(Qn — 1) (21 + (z2 + 23) + w407)

= 12Qn R, tup+v, — T2 R, tuptv,—1 + 23Qn Ry, —1 — 3Ry,

(10.14)
- x4Qann71an+un+7jn + ‘7/'4an an+un+7jn71
+ Q(I4Q”R“’n—1 + ‘T4Qann+un+vn - I4an - I4an+un+vn—l)'
Observe that
Rl < g7 'qy, €21, (10.15)

by (5.4).
We use (10.14), (10.15) and the assumption that a.,, # Quw,+u, +v, fOr any n
in Ny to establish the following claim.
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Claim. We have
x1 + (22 + x3)a + 2407 = 0.

Proof of the Claim. If there are arbitrarily large integers n in Ny such that @Q,, > 2
or @ < 1/2, then the claim follows from (10.14) and (10.15).

Assume that 1/2 < Q,, < 2 holds for every large n in ;. We then derive from
(10.14) and (10.15) that

(Qn — 1)(z1 + (22 + 23)a + 240%)| K | R, —1| < q;i—ﬂl;i-
If 1 + (22 + x3)a + x40? # 0, then we get

Qn — 1| < ap) _1au) (10.16)
On the other hand, observe that, by Theorem 5.4, the rational number @, is
the quotient of the two continued fractions [aw,, +u,, +v,,; Cw, 41, +v, —15 - - -, @1] and
[@w, ; Qw, 15 - -y a1]. Since ay, 4u, +v, 7 Gw, , we have either ay, v, 10, —w, > 1

Or Gy, — Ay, +u,+v, > 1. In the former case, we see that

Aw,, +u,+v Oy, + 1 1
> n n n > n 1 + .
= ! T w2 LT (ay, + 1) (aw, -2 +2)
O, + — U e o+ 2
1+ ——
A, —2 +1
In the latter case, we have
L1
Oy, + ———
2> S ! S FUN
Q@n Qw,,fup+v, T 1 (aw,—1 + 1) (Gw,+up+v, +1) (aw, -1+ 1)aw,

Consequently, in any case, we have
|Qn — 1] > ag,, minfa,, 5 a,, 1} > ay, 4, 1
Combined with (10.16), this gives
O, > Qu, > Qw, G, —1,
which implies that n is bounded, a contradiction. This proves the Claim.

|

Since « is irrational and not quadratic, we deduce from the Claim that z; =
24 = 0 and x9 = —x3. Then, x5 is non-zero and, by (10.5), we have, for any n in

N4a
Quy, —1Pwn+up+vn — QunPwntun+vn—1 = Pwp—19wn+un+ve — Pwy Quptun+v,—1-
Thus, the polynomial P, (X) can simply be expressed as
Pr(X) :=(qw, — 1w, +un v, — anan-&-un+vn—l)X2
- 2(an71pwn+un+vn - anPWn+Un+Un71)X
F (Pwn —1Pwn +tin +vn — Puwn P+t v, —1)-
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Consider now the three linearly independent linear forms

LIIN(Tla T27 TS) = a2T1 —2ad5 + Tg,
L/QH(TlvT27T3) ZOCTl — T27
L/SH(T17T27T3) =1Ti.

Evaluating them on the triple

’
Xp = (an71an+un+vn — Qu,, Qw, +tn+vn—15 Qu, —1Pw, +un +v, — Qu, Pwp4+un+v,—15
Pw,, —1Pw,+un+v, — pw,,,pwn+un+vn—1),

for n in Ny, it follows from (10.2) and (10.4) that

H ‘L;‘N(X:z” K Gy, Gun+un+vn q;3+2un+1)n <L (Gwn, Qwntunton) S
1<5<3

with the same € as above, if n is sufficiently large.
We then deduce from Theorem 6.7 that the points x/, n € Ny, lie in a finite

n?
union of proper linear subspaces of Q3. Thus, there exist a non-zero integer triple

(t1,t2,t3) and an infinite set of distinct positive integers N5 included in A such
that

t1 (G, —1Gw +un+vn — G Guon i +vn—1)
+ 19 (an—lpwn+un+vn - an,pwn—'run—&-vn—l) (10~17)
+ t3(Pw,, —1Pwp 4+, — Py Pwy+uun+v,—1) = 0,

for any n in Ns.
We proceed exactly as above. Divide (10.17) by Guw,, qu,, +u,, +v, —1 and set

Qn = (qwn71qwn+un+vn)/(qwnqwn+“n+”"71)'

We then get

(Qn 1)+t Lttt Dottt

GQup+un+vn  Qwptuntv,—1 (10.18)

Tty <anwn—1 Puw,tuntv,  Puw, pwn+un+vn—1> -0,
Quw,—1 Qu,+un+v, Qw,, Qw,+un+v,—1

for any n in N5. We argue as after (10.13). Since pu, /Guw,, a0d Du,, 1, +0,/Qewn, +10, +0,,
tend to « as n tends to infinity along N, we derive from (10.18) that

t1 + toar + t30£2 =0,

a contradiction since « is irrational and not quadratic. Consequently, o must be
transcendental. This concludes the proof of the theorem.
O
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11. A transcendence criterion for quasi palindromic contin-
ued fractions

In this section, we present another combinatorial transcendence for continued frac-
tions which was established in [29], based on ideas from [5].

For a finite word W := w; ... wy, we write W := wy,...w; its mirror image.
The finite word W is called a palindrome if W = W.

Let a = (a¢)e>1 be a sequence of elements from A. We say that a satisfies
Condition (&) if a is not ultimately periodic and if there exist three sequences of
finite words (Uy)n>1, (Vi)n>1 and (W,),>1 such that:

e (i) For every n > 1, the word W,,U,V,,U,, is a prefix of the word a;

e (ii) The sequence (|V,|/|Un|)n>1 is bounded from above;

e (iii) The sequence (|W,,|/|Un|)rn>1 is bounded from above;

(
(
(
e (iv) The sequence (|Uy|)n>1 is increasing.

Theorem 11.1. Let a = (ag)e>1 be a sequence of positive integers. Let (ps/qe)e>1
denote the sequence of convergents to the real number

Q= [0;alaa2,--.,a/5,...].

Assume that the sequence (ql}/e)521 is bounded. If a satisfies Condition (&), then
o 1s transcendental.

A slight modification of the proof of Theorem 11.1 allows us to remove the as-
sumption on the growth of the sequence (g¢),>1, provided that a stronger condition
than Condition (&) is satisfied.

Theorem 11.2. Let a = (as)¢>1 be a sequence of positive integers and set
a:=[0;a1,a9,...,ap...].

Assume that a = (ag)e>1 is not eventually periodic. If there are arbitrarily large
integers £ such that the word ay . ..ap is a palindrome, then « is transcendental.

We leave to the reader the proof of Theorem 11.2, established in [5], and es-
tablish Theorem 11.1.

Proof. Throughout, the constants implied in < are absolute.

Assume that the sequences (Uy,)n>1, (Vi)n>1 and (Wy,),>1 are fixed. Set w,, =
[Whl, un = |Upn| and v, = |V,|, for n > 1. Assume that the real number o :=
[0; a1, az,...] is algebraic of degree at least three.

For n > 1, consider the rational number P,,/Q,, defined by

Pn Pp—

= [0: W Un Voo Uy Wi,
0. [ ]
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and denote by P! /Q! the last convergent to P, /Q,, which is different from P, /Q,,.
Since the first wy, + 2u,, + v, partial quotients of a and P, /Q,, coincide, we deduce
from Corollary 5.2 that

IQna - Pn| < QnQ;3+2un+una |Q;LO‘ - P7/z‘ < an;3+2un+vn7 (11'1)

Furthermore, it follows from Theorem 5.4 that the first w, + 2u,, + v, partial
quotients of a and of @,/Q,, coincide, thus

Qua— Q| < Qndy’i,s (11.2)
again by Corollary 5.2, and, by Theorem 5.6,
Qn S 2anan+2un+v" S 2Q1un+un%un+2un+v"- (113)

Since

a(Qna — P,) — (QL,a— Pl) = aQ, (a - SZ) - Q. (a g: )

/ _ P P P
—(aQn—Qn)(a Qn)w (Q, Qn),

it follows from (11.1), (11.2) and (11.3) that

|a2Qn - QQ;L - OéPn + P’r/L| < an;3+unq;3+2un+vn + erl

11.4
<o (11.4)

Consider the four linearly independent linear forms with algebraic coefficients

Li(X1, Xo, X3, X4) =0 X) — aXs — aX3 + Xy,
LQ(X13X27X3a 4)—04X2—X4,

L3(X1,Xs, X3, Xy) =aX; — Xo,
Ly(X1, X2, X3, Xy) = Xo.

We deduce from (11.1), (11.2), (11.3) and (11.4) that

2 -2 —2 2 —2
H |Lj(Qm Q/m Pm P’r/L)| < Qn qwn+2un+vn qw,,,+un < qwn qwn+un'
1<j<4

By combining Theorems 5.3 and 5.6 with (11.3), we have
qin q;3+un < 97U & Q;(Sun/@wn+2un+vn)’

if n is sufficiently large, where we have set

M:1+1imsupq1/€ and ¢ = .
tortoe log M
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Since a satisfies Condition (&), we have

Un,

> 0.

liminf ——M
n—+oo 2w, + 2u, + v,

Consequently, there exists € > 0 such that
H |LJ(QTH Q;w Py, P’I’/L)| < Q;Eﬂ
1<j<4

for every sufficiently large n.

It then follows from Theorem 6.7 that the points (Q,, Q),, Py, P),) lie in a finite
number of proper subspaces of Q*. Thus, there exist a non-zero integer quadruple
(z1,22,73,74) and an infinite set of distinct positive integers A such that

r1Qn + 2Q;, + x3P, + 24 P), = 0, (11.5)
for any n in Aj. Dividing by @Q,,, we obtain

!/ Pn Pl /
$14—wzg£J+x3——~+x4 o o _

Qn Qu QL Qu
By letting n tend to infinity along A7, we infer from (11.2) and (11.3) that

0.

x1 + (z2 + 23)a 4+ 2407 = 0.

Since (x1,x2,x3,x4) # (0,0,0,0) and since « is irrational and not quadratic, we
have ©1 = ¢4 = 0 and 9 = —x3. Then, (11.5) implies that

Q. =P,
for every n in Ni. Thus, for n in N}, we have
0?Q, — 2aQ), + Pi| < Q;*. (11.6)
Consider now the three linearly independent linear forms

Lh(X1, Xo, X3) =0’ X] — 20 X5 + X3,
Ly(Xy, X2, X3) =aXs — X3,
Ly(X1, Xo, X3) = X.

Evaluating them on the triple (Q,,Q.,, P.) for n in Nj, it follows from (11.1),
(11.3) and (11.6) that

I 125@n Q. Pl < Qnay’ you, 1,
1<5<3

< Quw,, q;iJrQunJrvn < Quw,, q;},,+un < Q;€/27

with the same ¢ as above, if n is sufficiently large.
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It then follows from Theorem 6.7 that the points (Q,,@.,, P.) lie in a finite
number of proper subspaces of Q3. Thus, there exist a non-zero integer triple
(y1,¥2,y3) and an infinite set of distinct positive integers Ny such that

Y1Qn + 12Q), +ys P, =0, (11.7)

for any n in Ns.
Dividing (11.7) by Q,, we get

L P P,
Yr T Y25 -
@n Q, Qn
By letting n tend to infinity along N3, it thus follows from (11.8) that

+ Y3 =0. (11.8)

Y1 + Yaox + y3a2 =0.

Since (y1,y2,y3) is a non-zero triple of integers, we have reached a contradiction.
Consequently, the real number « is transcendental. This completes the proof of
the theorem. O

Complements

We collect in this section several results which complement Theorems 3.1 and 3.2.
The common tool for their proofs (which we omit or just sketch) is the Quantitative
Subspace Theorem, that is, a theorem which provides an explicit upper bound for
the number T of exceptional subspaces in Theorem 6.7.

We have mentioned at the beginning of Section 3 that the sequence of par-
tial quotients of an algebraic irrational number 6 cannot grow too rapidly. More
precisely, it can be derived from Roth’s Theorem 6.5 that

lim 108108 _ (12.1)
n—-+oo n
where (pe/qe)e>1 denotes the sequence of convergents to §. This is left as an
exercise. The use of a quantitative form of Theorem 6.5 allowed Davenport and
Roth [38] to improve (12.1). Their result was subsequently strengthen [4, 25] as
follows.

Theorem 12.1. Let 6 be an irrational, real algebraic number and let (Prn/Gn)n>1
denote the sequence of its convergents. Then, for any e > 0, there exists a constant
¢, depending only on 6 and €, such that

loglog g, < cn?/3*e.

Proof. We briefly sketch the proof of a slightly weaker result. Let d be the degree
of §. By Theorem 6.4, there exists an integer ng such that

1
gntt’
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for n > ng. Combined with Theorem 5.1, this gives
Gni1 < ¢, for n > nyg. (12.2)

On the other hand, a quantitative form of Theorem 6.5 (see e.g. [40]) asserts that
there exists a positive number 7y < 1/5, depending only on 6, such that for every
n with 0 < n < 19, the inequality
D 1
o - ;’ < Z
4

rational solutions p/q with p and ¢ coprime and ¢ > 161/7,
—4 exceptions, we have

has at most n~
Consequently, for every n > 8/n with at most 7

Qi1 < g2 (12.3)

Let N > (8/1)? be a large integer and set h := [v/N]. We deduce from (12.2) and
(12.3) that
loggy  logan " log gy -1 v x log gp41

loggn loggn-1 loggn—2 = logqn
4

(1+nNdr,

AN

thus
loglog g — loglog g, < N +n~*(logd).

Observe that it follows from (12.1) that
loglog g, < N'/2,
when N is sufficiently large. Choosing n = N~/5, we obtain the upper bound
loglog gy < loglog qn + N*/5(log 3d) < 2N*/°(log 3d),
when N is large enough. A slight refinement yields the theorem. O
We first observe that, if we assume a slightly stronger condition than

lim inf pi(m w, A) <
n—-+oo n

+00

in Lemma 8.1, namely if we assume that

lim sup pn, w, A) <

n—+o00 n

00,

then the word w satisfies a much stronger condition than Condition (#). Indeed,
there then exists an integer C' > 2 such that

p(n,w,A) < Cn, forn>1,
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instead of the weaker assumption (8.1). In the case of the first proof of Theorem
4.1 given in Section 9, this means that, keeping its notation, one may assume that,
up to extracting subsequences, there exists an integer ¢ such that

Q(Un + vp + wn) S Upg1l + Ung1 + Wpg1 < C(un + vp + wn), n > 1.

This observation is crucial for the proofs of Theorems 12.2 to 12.4 below.

Now, we mention a few applications to the complexity of algebraic numbers, be-
ginning with a result from [31]. Recall that the complexity function n +— p(n,8,b)
has been defined in Section 2.

Theorem 12.2. Let b > 2 be an integer and 0 an algebraic irrational number.
Then, for any real number n such that n < 1/11, we have

0,b
lim sup 71?(”’ ,b) =400
n—+oo n(logn)n

The main tools for the proof of Theorem 12.2 are a suitable extension of the
Cugiani—-Mahler Theorem and a suitable version of the Quantitative Subspace The-
orem, which allows us to get an exponent of logn independent of the base b. Using
the recent results of [41] allows us to show that Theorem 12.2 holds for n in a
slightly larger interval than [0,1/11).

As briefly mentioned in Section 6, one of the main features of the theorems of
Roth and Schmidt is that they are ineffective, in the sense that we cannot produce
an explicit upper bound for the denominators of the solutions to (6.3) or for the
height of the subspaces containing the solutions to (6.4). Consequently, Theorems
3.1 and 3.2 are ineffective, as are the weaker results from [14, 43]. It is shown in
[24] that, by means of the Quantitative Subspace Theorem, it is possible to derive
an explicit form of a much weaker statement.

Theorem 12.3. Let b > 2 be an integer. Let 0 be a real algebraic irrational number
of degree d and height at most H, with H > e®. Set

M = exp{10"°(log(8d))?(log log(8d))?} + 232 108(240log(4H))

Then we have )
p(n,0,b) > <1 + M)n, forn > 1.

Unfortunately, the present methods do not seem to be powerful enough to get
an effective version of Theorem 3.1.

We have shown that, if the b-ary or the continued fraction expansion of a real
number is not ultimately periodic and has small complexity, then this number
cannot be algebraic, that is, the distance between this number and the set of
algebraic numbers is strictly positive. A natural question then arises: is it possible
to get transcendence measures for £, that is, to bound from below the distance
between & and any algebraic number? A positive answer was given in [6], where
the authors described a general method to obtain transcendence measures by means
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of the Quantitative Subspace Theorem. In the next statement, proved in [9], we
say that an infinite word w written on an alphabet A is of sublinear complexity if
there exists a constant C' such that the complexity function of w satisfies

p(n,w, A) < Cn, foralln>1.

Recall that a Liouville number is an irrational real number  such that for every
real number w, there exists a rational number p/q with |y — p/q| < 1/¢".

Theorem 12.4. Let £ be an irrational real number and b > 2 be an integer. If
the b-ary expansion of & is of sublinear complexity, then, either £ is a Liouville
number, or there exists a positive number C such that

6= 0] > H(e) 07

for every real algebraic number 0 of degree d.

In Theorem 12.4, the quantity H (6) is the height of § as introduced in Definition
6.3.

The analogue of Theorem 12.4 for continued fraction expansions has been es-
tablished in [7, 28]. The analogues of Theorems 12.2 and 12.3 have not been written
yet, but there is little doubt that they hold and can be proved by combining the
ideas of the proofs of Theorems 3.2, 12.2 and 12.3.

13. Further notions of complexity

For an integer b > 2, an irrational real number £ whose b-ary expansion is given
by (1.1), and a positive integer n, set

NZ(n,&b) :=#{f:1<4<n,a; # 0},

which counts the number of non-zero digits among the first n digits of the b-ary
expansion of &.

Alternatively, if 1 < nj; < ng < ... denote the increasing sequence of the indices
£ such that ay # 0, then for every positive integer n we have

NZ(n,&b) :=max{j : n; <n}.

Let € > 0 be a real number and 6 be an algebraic, irrational number. It follows
from Ridout’s theorem 6.6 that n;; < (14 ¢)n; holds for every sufficiently large
j. Consequently, we get that

. NZ(n,0,b)

lim ———— =+

n—+o00 logn

For the base b = 2, this was considerably improved by Bailey, Borwein, Crandall,
and Pomerance [17] (see also Rivoal [60]), using elementary considerations and
ideas from additive number theory. A minor modification of their method allows
us to get a similar result for expansions to an arbitrary integer base. The following
statement is extracted from [27] (see also [11]).
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Theorem 13.1. Let b > 2 be an integer. For any irrational real algebraic number
6 of degree d and height H and for any integer n exceeding (20b%d® H)?, we have

1 n 1/d
Z(n,0,b) >
NZ0.0,0) 2 5= <2(d+1)ad> ’
where aq denotes the leading coefficient of the minimal polynomial of 6 over the
integers.

The idea behind the proof of Theorem 13.1 is quite simple and was inspired by
a paper by Knight [48]. If an irrational real number ¢ has few non-zero digits, then
its integer powers £2,¢£3,..., and any finite linear combination of them, cannot
have too many non-zero digits. In particular, £ cannot be a root of an integer
polynomial of small degree. This is, in general, not at all so simple, since we have
to take much care of the carries. However, for some particular families of algebraic
numbers, including roots of positive integers, a quite simple proof of Theorem 13.1
can be given. Here, we follow [60] and (this allows some minor simplification) we
treat only the case b = 2.

For a non-negative integer x, let B(z) denote the number of 1’s in the (finite)
binary representation of x.

Theorem 13.2. Let 0 be a positive real algebraic number of degree d > 2. Let
ag X4+ -+ a1 X + ag denote its minimal polynomial and assume that a1, ..., aq
are all non-negative. Then, there exists a constant ¢, depending only on 0, such
that

NZ(n,0,2) > B(ag)~Vn'/4 —¢,

forn > 1.

Proof. Observe first that, for all positive integers = and y, we have
B(x +y) < B(x) + B(y)

and
B(zy) < B(z) B(y).

For simplicity, let us write N’ Z(n,-) instead of N'Z(n,-,2). Let £ and 7 be
positive irrational numbers (the assumption of positivity is crucial) and n be a
sufficiently large integer. We state without proof several elementary assertions. If
& + n is irrational, then we have

NZn,E4+n) < NZ(n, &) +NZ(n,n) + 1.
If &n is irrational, then we have
NZ(n,&n) < NZ(n, &) - NZ(n,n) +logy (€ + 1+ 1) + 1,
where log, denotes the logarithm in base 2. If m is an integer, then we have

NZ(n,m&) < B(m)(NZ(n,&) +1).
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Furthermore, for every positive integer A, we have

NE(n,€) - NZ(n, AJ€) > n — 1~ logy(€ + AJé + 1)), (13.1)
Let 0 be as in the statement of the theorem. The real number |ag|/0 is irrational,
as are the numbers a;67~! for j = 2,...,d provided that a; # 0. Since

lagl0~! = a1 + azf + - - - + agh*?
and N Z(n, 0) tends to infinity with n, the various inequalities listed above imply
that
NZ(n,lagl0™!) < d+ B(ay) + NZ(n,a90) + - + NZ(n,a,0""")
<d+ B(a1) + B(a2) (N2(n,0) + 1) +- -~
+ B(ag)(NZ(n, 0971 +1)
< Blaa)NZ(n,0)"" + ctN'Z(n, )2,

(13.2)

where cq, like cg, c3, ¢4 below, is a suitable positive real number depending only on
6. By (13.1), we get

n

-1
NZ(n, |a0|9 ) > W

— C2.

Combined with (13.2), we obtain
B(ag))NZ(n,0)* + csNZ(n, )41 > n
and we finally deduce that
NZ(n,0) > B(ag)~ Yt/ — ¢4,
as asserted. O

We may also ask for a finer measure of complexity than simply counting the
number of non-zero digits and consider the number of digit changes.

For an integer b > 2, an irrational real number £ whose b-ary expansion is given
by (1.1), and a positive integer n, we set

NBDC(n,&,b) :=#{0:1 <l <n,a; # a1},

which counts the number of digits followed by a different digit, among the first n
digits in the b-ary expansion of £. The functions n — NBDC(n,&,b) have been
introduced in [23]. Using this notion for measuring the complexity of a real number,
Theorem 13.3 below, proved in [23, 31], shows that algebraic irrational numbers
are ‘not too simple’.

Theorem 13.3. Let b > 2 be an integer. For every irrational, real algebraic
number 0, there exist an effectively computable constant ng(0,b), depending only
on 0 and b and an effectively computable constant c, depending only on the degree
of 8, such that

NBDC(n,0,b) > ¢ (logn)®? (loglogn) /2, (13.3)

for every integer n > ng(6,b).
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A weaker result than (13.3), namely that

lim NBDC(n,0,b) — +oo, (13.4)
n—-+o0 logn
follows quite easily from Ridout’s Theorem 6.6. The proof of Theorem 13.3 depends
on a quantitative version of Ridout’s Theorem. We point out that the lower bound
in (13.3) does not depend on b.
Further results on the number of non-zero digits and the number of digit changes
in the b-ary expansion of algebraic numbers have been obtained by Kaneko [45, 46].
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