On a mixed Littlewood conjecture in fields of power series

Yann BUGEAUD & Bernard de MATHAN

Abstract. In a recent paper, de Mathan and Teulié asked whether lim inf_{q→+∞} q · ‖qα‖ · |q|_p = 0 holds for every badly approximable real number α and every prime number p. After a survey of the known results on this open problem, we study the analogous question in fields of power series.

1. Introduction

A famous open problem in simultaneous Diophantine approximation is the Littlewood conjecture [17]. It claims that, for every given pair (α, β) of real numbers, we have

inf_{q≥1} q · ‖qα‖ · ‖qβ‖ = 0, (1.1)

where ‖ · ‖ denotes the distance to the nearest integer. The first significant contribution to this question goes back to Cassels and Swinnerton-Dyer [8] who showed that (1.1) holds when α and β belong to the same cubic field. Further explicit examples of pairs (α, β) of real numbers satisfying (1.1) have been given in [18, 1]. Despite some recent remarkable progress [21, 13] the Littlewood conjecture remains an open problem.

In analogy with (1.1), de Mathan and Teulié [20] proposed recently a ‘mixed Littlewood conjecture’. For any prime number p, we normalize the usual p-adic value | · |_p in such a way that |p|_p = p^{−1}.

De Mathan–Teulié conjecture. For every real number α and every prime number p, we have inf_{q≥1} q · ‖qα‖ · |q|_p = 0. (1.3)

Obviously, the above conjecture holds if α is rational or has unbounded partial quotients. Thus, we only consider the case when α is an element of the set Bad_R of badly approximable real numbers, where

Bad_R = {α ∈ R : inf_{q≥1} q · ‖qα‖ > 0}.

2000 Mathematics Subject Classification : 11J04, 11J61.

We briefly survey the main results from [20, 14, 6].

Next theorem, proved in [6], asserts that (1.3) holds for every pair (α, p) provided that the sequence of partial quotients of α is, in some sense, quasi-periodic.

Theorem BDM. Let α be in Bad_R with continued fraction expansion

α = [a_0; a_1, a_2, . . .].

Let T ≥ 1 be an integer and b_1, . . . , b_T be positive integers. If there exist two sequences (m_k)_{k≥1} and (h_k)_{k≥1} of positive integers with (h_k)_{k≥1} being unbounded and

a_{mk+j+nT} = b_j , for every j = 1, . . . , T and every n = 0, . . . , h_k − 1,

then inf_{q≥1} q · ‖qα‖ · |q|_p = 0

for every prime number p.

An immediate consequence of Theorem BDM is that (1.3) holds for every prime p and every quadratic number α, a result already proved in [20]. Further explicit examples of pairs (α, p) for which (1.3), and even the stronger inequality

lim inf

q→+∞

q^2 · ‖qα‖ · |q|_p ≤ 1 (1.6)

holds can be found in [6].

Einsiedler and Kleinbock [14] established that the set of possible exceptions to the de Mathan–Teulié conjecture is, from the metric point of view, very small.

Theorem EK1. Let p be a prime number. The set of real numbers α which do not satisfy (1.3) has Hausdorff dimension zero.

Furthermore, Einsiedler and Kleinbock [14] showed that a slight modification of the de Mathan–Teulié conjecture easily follows from a theorem of Furstenberg [15, 5].

Theorem EK2. Let p_1 and p_2 be distinct prime numbers. Then

inf_{q≥1} q · ‖qα‖ · |q|_{p1} · |q|_{p2} = 0

holds for every real number α.

The purpose of the present note is to investigate the analogue of the de Mathan–Teulié conjecture in fields of power series. Given an arbitrary field k and an indeterminate X, we define a norm | · | on the field k((X^{−1})) by setting |0| = 0 and, for any non-zero power series F = F (X) =

∑_{+∞}

h=−m fhX

−h with f_{−m} ≠ 0, by setting |F | = 2^m. We write ||F || to denote the norm of the fractional part of F , that is, of the part of the series which comprises only the negative powers of X. Let p be a monic, irreducible polynomial in k[X] \ k. Let q be an arbitrary polynomial in k[X]. If a denotes the largest non-negative integer such that p^a divides q, we define the norm | · |_p by |q|_p = |p|^{−a}. In analogy with (1.3), we ask whether inf q∈k[X]\{0}

|q| · ‖qΘ‖ · |q|_p = 0 (1.7)

holds for any given Θ in k((X^{−1})).

When the field k is infinite, a negative answer to this question has been obtained by de Mathan and Teulié [20] for the polynomial p = X. They also proved that, if k is finite, then (1.7) holds for every quadratic power series Θ and every monic, irreducible polynomial p.

To our knowledge, these are the only known results on (1.7). In the present note, we discuss the analogues of the above-mentioned statements in fields of power series. Our main results are stated in Section 2 and proved in Sections 3 to 6. Furthermore, Section 7 is devoted to open questions related to the (real form of the) de Mathan–Teulié conjecture.

2. Results

Since (1.7) clearly holds as soon as Θ has unbounded partial quotients, we restrict our attention in all what follows to power series Θ with bounded partial quotients, that is, belonging to the set

Bad = {Θ ∈ k((X^{−1})) : inf_{q∈k[X]\{0}} |q| · ‖qΘ‖ > 0}.

In particular, we always assume that inf q∈k[X]\{0}

|q|^2 · ‖qΘ‖ · |q|_p > 0. (2.1)

We stress that, in Sections 2 to 4, the letters p and q denote non-zero elements of k[X].

De Mathan and Teulié [20], Théorème 4.3, established that the analogue of their conjecture does not hold in fields of power series when the field k is infinite. We extend their result by showing that, in the same setting, the analogue of Theorem EK2 does not hold neither.

Theorem 1. Let p_1, . . . , p_r be distinct irreducible, monic, non-constant polynomials. If the field k is infinite, then there exist power series Θ such that

|q| · ‖qΘ‖ · |q|_{p1} · · · |q|_{pr} ≥ 1/|X|, for all q ∈ k[X] \ {0}.

Our next result, obtained by means of the Folding Lemma (like Theorem 5 from [6]), shows that there are power series Θ in Bad for which (2.1) cannot be replaced by a stronger inequality. In particular, for any given non-constant polynomial p, it provides us with explicit examples of power series satisfying the analogue of the de Mathan–Teulié conjecture.

Theorem 2. For any irreducible, monic polynomial p in k[X] \ k, there exist uncountably many power series Θ in Bad such that

lim inf

deg q→+∞

|q|^2 · ‖qΘ‖ · |q|_p = 1/|p|^h, (2.2)

where h = 2 if k = F_2, and h = 1 otherwise.

The proof of Theorem 2 is given in Section 4. If the characteristic of k is 2, then our construction yields that the power series ∑ j≥1 p^{−2j +1} is in Bad and satisfies (2.2). This power series is quadratic and it satisfies the equation Θ^2 + pΘ + 1 = 0.

Furthermore, for any finite field k, there exist quadratic power series with (2.2).

Theorem 3. If k is a finite field, then there are quadratic power series Θ such that

lim inf

deg q→+∞

|q|^2 · ‖qΘ‖ · |q|_X = 1/|X|.

Theorem 3, established in Section 5, shows that the analogue of Ridout’s Theorem [23] is far from being true in positive characteristic.

Davenport and Lewis [11] proved that the analogue of the Littlewood conjecture does not hold in fields of power series when the ground field is infinite. We refer to [3] for further results on the Littlewood conjecture in fields of power series. We only mention that, for k = R, Baker [4] showed that

|q| · ||qe^{1/X} || · ||qe^{2/X} || ≥ 2^{−5} for all q ∈ R[X] \ {0},

a result subsequently extended by several authors [7, 9, 10, 16].

As for the de Mathan–Teulié conjecture, we have a similar explicit statement.

Theorem 4. If the field k is the real field, then

|q| · ‖qe^{1/X} ‖ · |q|_X ≥ 1/|X|, for all q ∈ R[X] \ {0}.

3. Proof of Theorem 1

We begin with an auxiliary lemma.

Lemma 1. Let Θ =

∑_{+∞}

h=m a_hX^{−h} be in k((X^{−1})), where m ≥ 1. We have

|q| · ‖qΘ‖ ≥ 1/|X|, for all q ∈ k[X] \ {0}, (3.1)

if, and only if, for all n ≥ 1, the determinant

H_n(a_1, . . . , a_{2n−1}) = | | | | | | a_1 a_2 . . . a_n a_2 a_3 . . . a_{n+1} . . . . . . . . . . . . a_n a_{n+1} . . . a_{2n−1}

| | | | | | (3.2) is non-zero.

For sake of completeness, we give below a proof of Lemma 1, although we could refer to [20].

Proof. Condition (3.1) means that, for any positive integer n, the inequality ‖qΘ‖ ≤ |X|^{−n−1} (3.3) has no solution with q being a non-zero polynomial of degree less than n. Writing q as q = x_0 + . . . + x_{n−1}X^{n−1}, we see that (3.3) holds if, and only if, the system x_0a_ℓ + x_1a_{ℓ+1} + . . . + x_{n−1}a_{ℓ+n−1} = 0, 1 ≤ ℓ ≤ n, has a solution. Consequently, Condition (3.1) means that this system has no non-trivial solution, that is, that its determinant is non-zero. This proves the lemma. Lemma 2. Let P be a set of non-zero polynomials in k[X] such that, for any positive integer d, there exist only finitely many polynomials p ∈ P of degree d. Then, there exists Θ ∈ k((X^{−1})) such that, for any p ∈ P, the power series pΘ satisfies |q| · ‖qpΘ‖ ≥ 1/|X|, for all q ∈ k[X] \ {0}.

Proof. By successive applications of Lemma 1, we construct inductively a_1, . . . , a_n, . . . in k such that the power series Θ = +∞∑ n=1 a_nX^{−n} satisfies the conclusion of the lemma.

For a polynomial p = b_0 + . . . + b_dX^d of degree d, let c_1(p), . . . , c_n(p), . . . be the elements of k defined by

p · Θ − +∞∑ h=1 c_h(p)X^{−h} ∈ k[X]. (3.4)

Clearly, c_h(p) = d∑ k=0 a_{k+h}b_k, for h ≥ 1.

We proceed by induction. Let n be a positive integer and assume that there exist a_1, . . . , a_n such that, for every p ∈ P and every positive integer m with 2m − 1 + deg p ≤ n, we have H_m(c_1(p), . . . , c_{2m−1}(p)) ≠ 0, where H_m is given by (3.2). This is clearly the case for n = 1 as soon as we choose a_1 ≠ 0 (the condition is empty if P does not contain a constant polynomial). To prove that the assumption holds for the integer n + 1, we have to select a_{n+1} such that

H_m(c_1(p), . . . , c_{2m−1}(p)) ≠ 0

for every p ∈ P and every positive integer m such that

2m − 1 + deg p = n + 1,

the condition being already satisfied when 2m−1+deg p ≤ n since H_m(c_1(p), . . . , c_{2m−1}(p)) is then a polynomial in a_1, . . . , a_n. For each pair (m, p) composed of a positive integer m and a polynomial p ∈ P such that 2m − 1 + deg p = n + 1, we see, by expanding the determinant H_m(c_1(p), . . . , c_{2m−1}(p)) along the last column, that, for m ≥ 2, this polynomial in a_1, . . . , a_{n+1} is of the form

H_m(c_1(p), . . . , c_{2m−1}(p)) = c_{2m−1}(p)H_{m−1}(c_1(p), . . . , c_{2m−3}(p)) + R(a_1, . . . , a_n),

thus

H_m(c_1(p), . . . , c_{2m−1}(p)) = b_da_{n+1}H_{m−1}(c_1(p), . . . , c_{2m−3}(p)) + S(a_1, . . . , a_n),

where R and S are polynomials in a_1, . . . , a_n. If m = 1, then d = n, and we simply have

H_1(c_1(p)) = c_1(p) = d∑ k=0 a_{k+1}b_k = b_da_{n+1} + b_{d−1}a_n + . . . + b_0a_1.

By induction, we already have

H_{m−1}(c_1(p), . . . , c_{2m−3}(p)) ≠ 0.

Consequently, to get H_m(c_1(p), . . . , c_{2m−1}(p)) ≠ 0 it is sufficient to choose a_{n+1} ≠ λ_{m,p} where λ_{m,p} = −

S(a_1, . . . , a_n) b_dH_{m−1}(c_1(p), . . . , c_{2m−3}(p)) if m ≥ 2, and λ_{1,p} = − b_{d−1}a_n + . . . + b_0a_1 b_d ·

But there are only finitely many pairs (m, p) composed of a positive integer m and a polynomial p ∈ P such that 2m − 1 + deg P = n + 1. Since the field k is infinite, we can select a_{n+1} such that a_{n+1} ≠ λ_{m,p}, for each of these pairs. To summarize, we have constructed Θ such that

H_m(c_1(p), . . . , c_{2m−1}(p)) ≠ 0, for all m ≥ 1 and all p ∈ P.

By (3.4) and Lemma 1, this shows that, for every p ∈ P, the power series pΘ satisfies

|q| · ‖qpΘ‖ ≥ 1/|X|, for all q ∈ k[X] \ {0}.

This completes the proof of the lemma.

Proof of Theorem 1. We apply Lemma 2 with P being the set of polynomials of the form p^{m1}_1 . . . p^{mr}_r , where m_i ≥ 0 for i = 1, . . . , r. Consequently, for all non-negative integers m_1, . . . , m_r, we have

|q| · ‖qp^{m1}_1 . . . p^{mr}_r Θ‖ ≥ 1/|X|, for all q ∈ k[X] \ {0},

that is, |q| · ‖qΘ‖ · |q|_{p1} . . . |q|_{pr} ≥ 1/|X|, for all q ∈ k[X] \ {0}.

This completes the proof of Theorem 1.

4. Proof of Theorem 2

Our proof rests on the Folding Lemma for continued fraction expansions of formal power series (see Propositions 2 and 3 of [22]), recalled below.

Lemma F. If p_n/q_n = [0; a_1, a_2, . . . , a_n] with deg a_i ≥ 1 for i = 1, . . . , n, then, for every non constant polynomial t, we have

p_n q_n + (−1)^n tq^2_n

= [a_0; a_1, a_2, . . . , a_n, t, −a_n, −a_{n−1}, . . . , −a_2, −a_1].

Proof of Theorem 2. Let p be an irreducible, monic, non constant polynomial. Observe that the continued fraction of 1/p reads

θ_1 := 1 p = [0; p].

Let (a_j)_{j≥2} be a sequence of nonzero elements of k. By repeated applications of Lemma F with t = λp, for suitable λ ∈ k^×, we see that, for any j ≥ 2, the continued fraction of the rational function θ_j := 1 p + a_2 p^3 + a_3 p^{23−1}

+ . . . + a_j p^{2j −1} has all its partial quotients equal to p times an element of k^×. Set Θ = lim_{j→+∞} θ_j = 1 p + ∑ j≥2 a_j p^{2j −1} . By construction, the degree of every partial quotients of Θ is equal to the degree of p, hence Θ is in Bad. Furthermore, it is easily checked that, for any j ≥ 2, we have

|p^{2j} | · ||p^{2j −1}Θ|| = 1.

Since |p|_p = |p|^{−1}, this implies that

lim inf

q→+∞ |q|

2 · ‖qΘ‖ · |q|_p = 1/|p|, (4.1)

as asserted.

Clearly, this gives uncountably many power series Θ with (4.1), unless k is the field F_2. In the latter case, to get uncountably many power series satisfying

lim inf

q→+∞ |q|

2 · ‖qΘ‖ · |q|_p = 1/|p|^2,

we proceed as above, except that we use repeated applications of Lemma F with t = p or t = p^2 (in such a way that t = p^2 is taken infinitely often). Observe also that, if the characteristic of k is 2, then the power series Θ = ∑ j≥1 1 p^{2j −1}

satisfies (4.1) and the quadratic equation

Θ^2 + pΘ + 1 = 0.

If k is a finite field of characteristic different from 2, then it is possible to prove that any power series Θ as above is transcendental. The same conclusion follows from the analogue of the Schmidt Subspace Theorem if k has characteristic zero.

5. Further examples in positive characteristic

As noted after the statement of Theorem 2, Theorem 3 for finite fields of characteristic 2 has been established in the course of the proof of Theorem 2.

Throughout this section, p is an odd prime number and q = p^s is a power of p. We consider power series over the field k = F_q.

Lemma 3. Let a be in F^∗_q , and set Θ =

(_X X+a )_{1/2}

with |Θ − 1| ≤ 1/|X|. Then we have | | | | Θ − ( X + a X )_{(p}n_{−1)/2}| | | | = |X|^{−pn} .

Proof. Observe that | | | | ( X + a X )_{(p}n+1_{−1)/2} − ( X + a X )_{(p}n_{−1)/2}| | | | = | | | X + a X | | | (p^n−1)/2 · | | | | ( X + a X )_pn_{(p−1)/2} − 1 | | | | · (5.1)

We infer from

|_{X+a} X | = 1 and gcd(p, (p − 1)/2) = 1 that | | | | ( X + a X )_{(p−1)/2} − 1 | | | | = | | | X + a X − 1 | | | = 1 |X| ,

which, combined with (5.1), gives | | | | ( X + a X )_{(p}n+1_{−1)/2} − ( X + a X )_{(p}n_{−1)/2}| | | = 1 |X|^{pn} ·

Thus, the sequence ((X + a)/X)^{(pn−1)/2} converges to a limit Θ such that |Θ − 1| ≤ 1/|X| and Θ^2 = lim_{n→+∞}((X + a)/X)^{pn−1} = X/(X + a).

We point out a consequence of Lemma 3. We keep the assumption of that lemma. Let a and b be distinct elements of F^∗_q . The power series

Θ = ( X X + a

)_{1/2}

and Φ = ( X X + b

)_{1/2}

are algebraic of degree two, hence they are badly approximable by rational fractions. Furthermore, 1, Θ and Φ are linearly independent over F_q(X). Indeed, Φ does not belong to F_q(Θ), since^{X+a}_{X+b} is not a square in F_q(X). However, for every positive integer n, the

polynomial R_n(X) = X^{(pn−1)/2} satisfies

|R_n| · ||R_nΘ|| = |R_n| · ||R_nΦ|| = 1 |X| , thus

|R_n|^2 · ||R_nΘ|| · ||R_nΦ|| = 1 |X|^2 .

We further have |R_n|_X · |R_n|^2 · ||R_nΘ|| = 1 |X| , i.e., the power series Θ satisfies (2.2).

We refer the reader to [24] for further similar results.

6. Proof of Theorem 4

Since e^{1/X} = 1 + ∑ k≥1 1 k! X^{−k},

it is sufficient by Lemma 1 to prove that, for any positive integers k and n, the determinant

D_{n,k} = | | | | | | 1/k! 1/(k + 1)! . . . 1/(k + n)!

1/(k + 1)! 1/(k + 2)! . . . 1/(k + n + 1)!

. . . . . . . . . . . . 1/(k + n)! 1/(k + n + 1)! . . . 1/(k + 2n)!

| | | | | | is non-zero. We do this by induction on n. Observe first that D_{0,k} is nonzero for every positive integer k.

Let n and k be positive integers. Assume that D_{n−1,ℓ} is nonzero for every positive integer ℓ. Observe that

D_{n,k} = 1 (k + n)! . . . (k + 2n)!

δ_{n,k},

where

δ_{n,k} = | | | | | | (k + n) . . . (k + 1) (k + n) . . . (k + 2) . . . k + n 1 (k + n + 1) . . . (k + 2) (k + n + 1) . . . (k + 3) . . . k + n + 1 1 . . . . . . . . . . . .

(k + 2n) . . . (k + n + 1) (k + 2n) . . . (k + n + 2) . . . k + 2n 1

| | | | | | For j = n + 1, . . . , 2, we subtract the (j − 1)th line from the jth line to get that

δ_{n,k} = | | | | | | (k + n) . . . (k + 1) (k + n) . . . (k + 2) . . . k + n 1 n(k + n) . . . (k + 2) (n − 1)(k + n) . . . (k + 3) . . . 1 0 . . . . . . . . . . . .

n(k + 2n − 1) . . . (k + n + 1) (n − 1)(k + 2n − 1) . . . (k + n + 2) . . . 1 0

| | | | | | = (−1)^nn! × δ_{n−1,k+1} = (−1)^nn! × (k + n)! . . . (k + 2n − 1)! × D_{n−1,k+1}.

Since, by assumption, D_{n−1,k+1} is nonzero, we have established that D_{n,k} is also nonzero. This concludes the proof of the theorem.

7. Open questions

Throughout this section, p denotes a prime number. We begin with open problems motivated by the (usual) de Mathan–Teulié conjecture, and then we continue with questions suggested by its analogue in fields of power series.

Theorem EK2 motivates the following problems.

Problem 1. Let r ≥ 2 be an integer and let p_1, . . . , p_r be distinct prime numbers. Does there exist a non-decreasing function ε_r : q → ε_r(q) that tends to infinity with q and satisfies lim inf

q→+∞

q · ‖qα‖ · |q|_{p1} · · · |q|_{pr} · ε_r(q) = 0

for every real number α?

Dirichlet’s Theorem asserts that if α is a given real number, then, for any positive integer Q, there exists an integer q satisfying

1 ≤ q ≤ Q and Q · ||qα|| < c,

with c = 1. This result holds true for a real number α with a constant c strictly less than 1 if, and only if, α is badly approximable (see Davenport and Schmidt [12] for a precise statement). In view of this result, we propose the following open question.

Problem 2. Let p be a prime number. Do there exist a real number α and a positive real number ε such that, for any sufficiently large positive integer Q, there exists an integer q satisfying 1 ≤ q ≤ Q and Q · ||qα|| · |q|_p < Q^{−ε} ?

If the latter statement does not hold, then characterize the real numbers α such that, for any positive integer Q, there exist an integer q satisfying

1 ≤ q ≤ Q and Q · ||qα|| · |q|_p < c,

with some c < 1.

Now, we turn to the power series case.

Problem 3. Does the analogue of Theorem EK2 hold for power series over finite fields?

Problem 4. Does the analogue of Theorem BDM hold for power series over an arbitrary field?

As pointed out in [20], even particular cases of the analogue of the de Mathan–Teulié conjecture over a finite field remain mysterious. For instance, we do not know whether, for a prime power q ≥ 4, there exists a sequence (a_h)_{h≥1} of elements of F_q for which each determinant

Δ(m, n) := | | | | | | a_m a_{m+1} . . . a_{m+n} a_{m+1} a_{m+2} . . . a_{m+n+1} . . . . . . . . . . . . a_{m+n} a_{m+n+1} . . . a_{m+2n}

| | | | | | (3.2)

is non-zero.

References

[1] B. Adamczewski and Y. Bugeaud, On the Littlewood conjecture in simultaneous Diophantine approximation, J. London Math. Soc. 73 (2006), 355–366.

[2] B. Adamczewski and Y. Bugeaud, On the Maillet–Baker continued fractions, J. reine angew. Math. 606 (2007), 105–121.

[3] B. Adamczewski and Y. Bugeaud, On the Littlewood conjecture in fields of power series, Probability and Number Theory (Kanazawa, 2005), Adv. Stud. Pure Math. 49, Math. Soc. Japan, Tokyo, 2007.

[4] A. Baker, On an analogue of Littlewood’s diophantine approximation problem, Michigan Math. J. 11 (1964), 247–250.

[5] M. D. Boshernitzan, Elementary proof of Furstenberg’s Diophantine result, Proc.

Amer. Math. Soc. 122 (1994), 67–70.

[6] Y. Bugeaud, M. Drmota, and B. de Mathan, On a mixed Littlewood conjecture in Diophantine approximation, Acta Arith. 128 (2007), 107–124.

[7] R. T. Bumby, On the analog of Littlewood’s problem in power series fields, Proc.

Amer. Math. Soc. 18 (1967), 1125–1127.

[8] J. W. S. Cassels and H. P. F. Swinnerton-Dyer, On the product of three homogeneous linear forms and indefinite ternary quadratic forms, Philos. Trans. Roy. Soc. London, Ser. A, 248 (1955), 73–96.

[9] T. W. Cusick, Littlewood’s Diophantine approximation problem for series, Proc.

Amer. Math. Soc. 18 (1967), 920–924.

[10] T. W. Cusick, Lower bound for a Diophantine approximation function, Monatsh.

Math. 75 (1971), 398–401.

[11] H. Davenport and D. J. Lewis, An analogue of a problem of Littlewood, Michigan Math. J. 10 (1963) 157–160.

[12] H. Davenport and W. M. Schmidt, Dirichlet’s theorem on Diophantine approximation, Symposia Mathematica, Vol. IV (INDAM, Rome, 1968/69), pp. 113–132, Academic Press, London, 1970.

[13] M. Einsiedler, A. Katok and E. Lindenstrauss, Invariant measures and the set of exceptions to the Littlewood conjecture, Ann. of Math. 164 (2006), 513–560.

[14] M. Einsiedler and D. Kleinbock, Measure rigidity and p-adic Littlewood-type problems, Compositio Math. 143 (2007), 689–702.

[15] H. Furstenberg, Disjointness in ergodic theory, minimal sets, and a problem in Diophantine approximation, Math. Systems Theory 1 (1967), 1–49.

[16] T. Komatsu, Extension of Baker’s analogue of Littlewood’s Diophantine approximation problem, Kodai Math. J. 14 (1991), 335–340.

[17] J. E. Littlewood, Some problems in real and complex analysis. D. C. Heath and Co.

Raytheon Education Co., Lexington, Mass., 1968.

[18] B. de Mathan, Conjecture de Littlewood et récurrences linéaires, J. Théor. Nombres Bordeaux 13 (2003), 249–266.

[19] B. de Mathan, On a mixed Littlewood conjecture for quadratic numbers, J. Théor.

Nombres Bordeaux 17 (2005), 207–215.

[20] B. de Mathan et O. Teulié, Problèmes diophantiens simultanés, Monatsh. Math. 143 (2004), 229–245.

[21] A. D. Pollington and S. Velani, On a problem in simultaneous Diophantine approximation: Littlewood’s conjecture, Acta Math. 185 (2000), 287–306.

[22] A. J. van der Poorten and J. Shallit, Folded continued fractions, J. Number Theory 40 (1992), 237–250.

[23] D. Ridout, Rational approximations to algebraic numbers, Mathematika 4 (1957), 125–131.

[24] Y. Taussat, Approximation simultanée dans un corps de séries formelles, C. R. Acad.

Sci. Paris Sr. I Math. 299 (1984), 97–99.

Yann Bugeaud Bernard de Mathan Université Louis Pasteur Université Bordeaux I Mathématiques Institut de Mathématiques 7, rue René Descartes 351, cours de la Libération 67084 STRASBOURG Cedex (France) 33405 TALENCE Cedex (France)

bugeaud@math.u-strasbg.fr demathan@math.u-bordeaux1.fr