On the b-ary expansion of an algebraic number

Yann BUGEAUD (Strasbourg)

Abstract. Let b ≥ 2 be an integer and denote by ω(b) the number of its prime divisors. As a consequence of our main theorem, we establish that, for n large enough, there are at least (log n)^{1+1/(ω(b)+4)} · (log log n)^{−1/4} non-zero digits among the first n digits of the b-ary expansion of every algebraic, irrational, real number. Analogous results are given for the Hensel expansion of an algebraic, irrational p-adic number and for the β-expansion of 1, when β is either a Pisot, or a Salem number.

1. Introduction

Let b ≥ 2 be an integer. Despite some recent progress, the b-ary expansion of an irrational algebraic number is still very mysterious. It is commonly believed that √ 2, and every algebraic irrational number, should share most of the properties satisfied by almost all real numbers (here and below, ‘almost all’ always refers to the Lebesgue measure); in particular, every digit 0, 1, . . . , b − 1 should appear in its b-ary expansion with the same frequency 1/b. However, it is still unknown whether, for b ≥ 3, three different digits occur infinitely often in the b-ary expansion of √ 2. There are several ways to measure the complexity of a real number. A first one is the block complexity. For a real number θ and a positive integer n, let denote by p(n, θ, b) the total number of distinct blocks of n digits in the b-ary expansion of θ. It is shown in [2] with the help of a combinatorial transcendence criterion from [5] that the complexity function n → p(n, ξ, b) of an irrational algebraic number ξ grows faster than any linear function. Since the complexity function of a rational number is uniformly bounded, this shows that the algebraic, irrational numbers are ‘not too simple’ in this sense.

Another point of view is taken in [6, 18], where the authors obtained very nice lower bounds for the number of occurrences of the digit 1 among the first n digits of the binary expansion of an algebraic irrational number. Apparently, their approach does not extend to a base b with b ≥ 3.

In the present paper, we consider the question of the complexity of an irrational algebraic number from a third point of view. Our aim is to estimate the asymptotic behaviour

2000 Mathematics Subject Classification : 11A63, 11J68 of the number of digit changes in its b-ary expansion. For a non-zero real number θ, write

θ = ± ∑ k≥−k_0

a_k b^k

= a_{−k0} . . . a_0.a_1a_2 . . . ,

where k_0 ≥ 0, a_{−k0} ≠ 0 if k_0 > 0, the a_k’s are integers from {0, 1, . . . , b − 1} and a_k is non-zero for infinitely many indices k. The sequence (a_k)_{k≥−k0} is uniquely determined by θ: it is its b-ary expansion. We then define the function nbdc, ‘number of digit changes’, by nbdc(n, θ, b) = Card{1 ≤ k ≤ n : a_k ≠ a_{k+1}},

for any positive integer n. Apparently, this function has not been studied up to now. If one believes that every irrational algebraic number ξ behaves in this respect like almost all numbers, then n → nbdc(n, ξ, b) should grow linearly in terms of n. Not surprisingly, much less can be proved. Indeed, it easily follows from Ridout’s Theorem [16], recalled in Section 3, that we have nbdc(n, ξ, b) log n −→ n→+∞ +∞, (1.1)

a proof of this is given at the beginning of Section 4. The main object of this note is to improve (1.1) by using a quantitative version of Ridout’s Theorem. As a corollary, we get lower and upper bounds for the sum of the first n digits of an algebraic irrational number.

Our paper is organized as follows. The main results are stated in Section 2 and proved in Section 4, with the help of an auxiliary theorem given in Section 3. We display in Sections 5 and 6 the analogues of our main result for the Hensel expansion of irrational algebraic p-adic numbers and for β-expansions, respectively. Furthermore, we discuss in Section 7 various results on the transcendence of the series ∑ j≥1 b^{−nj} , for an integer b ≥ 2 and a rapidly growing sequence of positive integers (n_j )_{j≥1}. In the last section, we briefly consider an analogous problem for continued fraction expansions.

2. Results

For any integer x at least equal to 2, we denote by ω(x) the number of its prime divisors.

Theorem 1. Let b ≥ 2 be an integer. For every irrational, real algebraic number ξ, there exists an effectively computable constant c(ξ, b), depending only on ξ and b, such that

nbdc(n, ξ, b) ≥ 3 (log n)^{1+1/(ω(b)+4)} · (log log n)^{−1/4}, (2.1)

for every integer n ≥ c(ξ, b).

We stress that for every non-zero rational number p/q and for every integer b ≥ 2, there exist integers ℓ_0 and C such that nbdc(n, p/q, b^ℓ) ≤ C for ℓ ≥ ℓ_0. The growth of the functions n → nbdc(n, θ, b^ℓ) can be used to measure the complexity of the real number θ.

In this respect, the ‘simplest’ numbers are the rational numbers and Theorem 1 shows that algebraic irrational numbers are ‘not too simple’.

The proof of Theorem 1 given in Section 4 yields a (very) slightly better estimate than (2.1) and an explicit value for the constant c(ξ, b).

We display two immediate corollaries of Theorem 1. A first one concerns the number of non-zero digits in the expansion of a non-zero algebraic number in an integer base, a question already investigated in [6, 18].

Corollary 1. Let b ≥ 2 be an integer. Let ξ be a non-zero algebraic number. Then, for n large enough, there are at least

(log n)^{1+1/(ω(b)+4)} · (log log n)^{−1/4}

non-zero digits among the first n digits of the b-ary expansion of ξ.

For b = 2, Corollary 1 gives a much weaker result than the one obtained by Bailey, Borwein, Crandall, and Pomerance [6], who proved that, among the first n digits of the binary expansion of a real irrational algebraic number ξ of degree d, there are at least c(ξ)n^{1/d} occurrences of the digit 1, where c(ξ) is a suitable positive constant (see also Rivoal [18]).

Besides the number of non-zero digits, we may as well study the sum of digits. To this end, for an integer b ≥ 2 and a non-zero real number θ with b-ary expansion

θ = ± ∑ k≥−k_0

a_k b^k , set S(n, θ, b) = n∑ k=1 a_k,

for every positive integer n. We know that S(n, θ, b)/n tends to (b − 1)/2 with n for almost all real numbers θ. It is believed that the same holds when θ is an arbitrary irrational algebraic number. In that case, we are only able to prove a much weaker result, namely that n → S(n, ξ, b) cannot increase too slowly, nor too rapidly.

Corollary 2. Let b ≥ 2 be an integer. Let ξ be an irrational algebraic number. Then, for n large enough, we have

S(n, ξ, b) ≥ (log n)^{1+1/(ω(b)+4)} · (log log n)^{−1/4} (2.2) and S(n, ξ, b) ≤ n(b − 1) − (log n)^{1+1/(ω(b)+4)} · (log log n)^{−1/4}.

Inequality (2.2) should be compared with Theorem 4.1 from [3], which gives an upper bound for the product of the first n partial quotients of an irrational, algebraic number. Actually, the proofs of both results are very similar.

3. An auxiliary result

For a prime number ℓ and a non-zero rational number x, we set |x|_ℓ := ℓ^{−u}, where u is the exponent of ℓ in the prime decomposition of x. Furthermore, we set |0|_ℓ = 0. With this notation, the main result of [16] reads as follows.

Theorem (Ridout, 1957). Let S_1 and S_2 be disjoint finite sets of prime numbers. Let θ be a real algebraic number. Let ε be a positive real number. Then there are only finitely many rational numbers p/q with q ≥ 1 such that | | |θ − p q | | | · ∏ ℓ∈S_1

|p|_ℓ · ∏ ℓ∈S_2

|q|_ℓ < 1 q^{2+ε}

· (3.1)

For the proof of Theorem 1, we need an explicit upper bound for the number of solutions to (3.1). The best one for our purpose has been established by Locher [13].

We normalize absolute values and heights as follows. Let K be an algebraic number field of degree k. Let M(K) denote the set of places on K. For x in K and a place v in M(K), define the absolute value |x|_v by

(i) |x|_v = |σ(x)|^{1/k} if v corresponds to the embedding σ : K → R; (ii) |x|_v = |σ(x)|^{2/k} = |σ(x)|^{2/k} if v corresponds to the pair of conjugate complex embeddings σ, σ : K → C;

(iii) |x|_v = (Np)^{−ordp(x)/k} if v corresponds to the prime ideal p of O_K.

Here, Np is the norm of p and ord_p(x) is the exponent of p in the decomposition of the ideal (x) into prime ideals. These absolute values satisfy the product formula ∏ v∈M(K)

|x|_v = 1 for x in K^∗.

The height of x is then defined by

H(x) = ∏ v∈M(K)

max{1, |x|_v}.

It does not depend on the choice of the number field K containing x. The Mahler measure of x is given by M(x) = H(x)^{k′} ,

where k^′ ≤ k is the degree of x.

We denote by | · |_v an extension of | · |_v to the algebraic closure of K.

Theorem L. Let K be an algebraic number field. Let ε be real with 0 < ε < 1. Let F/K be an extension of number fields of degree f. Let S be a finite set of places on K of cardinality s. Suppose that for each v in S we are given a fixed element θ_v in F. Let H be a real number with H ≥ H(θ_v) for all v in S. Consider the inequality ∏ v∈S min{1, |θ_v − γ|_v} < H(γ)^{−2−ε} (3.2) to be solved in elements γ in K. Then there are at most

e^{7s+19}ε^{−s−4} log(6f) · log ( ε^{−1} log(6f) )

solutions γ in K to (3.2) with

H(γ) ≥ max{H, 4^{4/ε}}.

Proof. This is Theorem 2 from [13] in the case d = 1, with different notation.

4. Proof of Theorem 1

• Preliminaries.

Without any loss of generality, let us assume that

(b − 1)/b < ξ < 1. (4.1)

Write ξ = ∑ k≥1 a_k b^k

= 0.a_1a_2 . . . ,

and define the increasing sequence of positive integers (n_j )_{j≥1} by a_1 = . . . = a_{n1} , a_{n1} ≠ a_{n1+1} and a_{nj +1} = . . . = a_{nj+1} , a_{nj+1} ≠ a_{nj+1+1} for every j ≥ 1. Observe that

nbdc(n, ξ, b) = max{j : n_j ≤ n}

for n ≥ n_1, and that n_j ≥ j for j ≥ 1. To construct good rational approximations to ξ we simply truncate its b-ary expansion at rank a_{nj +1} and then complete with repeating the digit a_{nj +1}. Precisely, for j ≥ 1, we define the rational number

ξ_j :=

n_j∑

k=1 a_k b^k + +∞∑ k=n_j +1

a_{nj +1}

b^k = n_j∑

k=1 a_k b^k + a_{nj +1} b^{nj} (b − 1) ·

Set P_j (X) = a_{nj +1} − a_{nj} + (a_{nj} − a_{nj −1})X + . . . + (a_2−a_1)X^{nj −1} + a_1X^{nj} = a_{nj +1} − a_{nj} + (a_{nj−1+1} − a_{nj−1} )X^{nj −nj−1} + . . . + (a_{n1+1} − a_{n1} )X^{nj −n1} + a_1X^{nj} , and observe that ξ_j =

P_j (b) b^{nj} (b − 1)

· (4.2)

Let p_j and q_j be the coprime positive integers such that

ξ_j = p_j q_j

· (4.3)

Since 1 ≤ |a_{nj +1} − a_{nj} | ≤ b − 1, there exists a prime divisor ℓ of b such that ord_ℓ(a_{nj +1} − a_{nj} ) < ord_ℓ(b), thus

ord_ℓ ( a_{nj +1} − a_{nj} b^{nj} (b − 1) ) ≤ −(n_j − 1)ord_ℓ(b) − 1. (4.4)

We infer from (4.4) and

ord_ℓ ( (a_{nj−1+1} − a_{nj−1} )b^{nj −nj−1−1} + . . . + (a_2 − a_1)b^{nj −2} + a_1b^{nj −1} b^{nj −1}(b − 1) ) ≥ −(n_j − 1)ord_ℓ(b)

that q_j ≥ 2^{nj −1}. Consequently, we get

2^{nj −1} ≤ H(ξ_j) = q_j ≤ b^{nj} (b − 1). (4.5)

Observe that |ξ − ξ_j | < 1 b^{nj+1}

· (4.6)

• Proof of inequality (1.1).

We first establish the result claimed in the introduction, that is, that Ridout’s Theorem implies (1.1). Let ε be a real number with 0 < ε < 1. Let j be a positive integer. It follows from Ridout’s Theorem that there exists a positive constant C(ε) such that | | | |ξ −

P_j(b) b^{nj} (b − 1) | | | | ≥ C(ε) b^{−nj (1+ε)}.

We then deduce from (4.6) that there is a positive constant C^′(ε) such that n_{j+1} ≤ (1 + ε)n_j + C^′(ε) for j ≥ 1. This implies that n_j ≤ C^{′′}(ε) · (1 + ε)^j holds for j ≥ 1 and some positive constant C^{′′}(ε). Consequently, we get

nbdc(n, ξ, b) ≥ log n ε − 2 log C^{′′}(ε) log(1 + ε) ≥ log n 2ε , when n is sufficiently large. This proves (1.1).

The improvement upon (1.1) rests on the fact that, by Theorem L, we have an explicit estimate for the number of solutions to (3.1).

• Preparation for the proof of Theorem 1.

Let denote by d the degree of ξ.

The Liouville inequality as stated by Waldschmidt [20], p. 84, asserts that | | |ξ − p q | | | ≥ 1 M(ξ) · (2q)^d

, for any positive integers p, q.

Consequently, we obtain that

b^{nj+1} ≤ (2b)^d · M(ξ) · b^{dnj} ,

thus we have n_{j+1} ≤ 2dn_j , (4.7)

for every integer j with j ≥ 2 log(3M(ξ)).

Let ε be a positive real number with ε < 1/(log 6d). Let j_1 be the smallest integer with j_1 > max { 2d log ( 3M(ξ) ) , 10(2d + 1)ε^{−1} log b } , (4.8)

and let j ≥ j_1 be an integer. Let ℓ_1, . . . , ℓ_{ω(b)} denote the (distinct) prime divisors of b. We infer from (4.6), (4.7), (4.2), (4.3) and the assumption (4.1) that

min{1, |1/ξ − q_j /p_j |} ·

ω(b)∏

i=1 |q_j |_{ℓi} < 4 min{1, |ξ − p_j /q_j |} ·

ω(b)∏

i=1 |q_j |_{ℓi}

< 4b^{−nj+1} q^{−1}_j (b − 1)

≤ 4(b − 1)^{1+2d} ( (b − 1)b^{nj}

)_{−nj+1 /nj} q^{−1}_j

≤ 4(b − 1)^{1+2d} H(ξ_j)^{−1−nj+1/nj} .

(4.9)

It follows from (4.5) and (4.8) that H(ξ_j)^ε ≥ 2^{εj−1} > 4(b − 1)^{1+2d}. Consequently, we infer from (4.9) that, if n_{j+1} ≥ (1 + 2ε)n_j holds, then

min{1, |1/ξ − q_j /p_j |} ·

ω(b)∏

i=1 |q_j |_{ℓi} ≤ 4(b − 1)^{1+2d} H(ξ_j)^{−ε} H(ξ_j)^{−2−ε}

< H(ξ_j)^{−2−ε}.

(4.10)

Observe that all the rational numbers ξ_j are distinct. Furthermore, we have H(ξ_j) ≥ max{H(ξ), 4^{4/ε}} as soon as j ≥ j_1.

We now apply Theorem L with K = Q, S = {∞, ℓ_1, . . . , ℓ_{ω(b)}}, θ_∞ = 1/ξ, θ_{ℓi} = 0 for i = 1, . . . , ω(b). Let s = 1 + ω(b) be the cardinality of S and set

T (ε) := 2 e^{7s+19}ε^{−s−4}(log ε^{−1}) log(6d). (4.11)

It then follows from (4.10), our choice of ε, and Theorem L that for every integer j ≥ j_1 outside a set of cardinality at most T (ε) we have

n_{j+1} ≤ (1 + 2ε)n_j.

• Completion of the proof of Theorem 1.

Let J be an integer with

J > max {( 2d log ( 3M(ξ) ))_2 , (4db)^6 } . Let j_2 be the smallest integer with

j_2 > max { 2d log ( 3M(ξ) ) , 4db √ J } , and check that J ≥ j^{3/2}_2 .

Let k ≥ 3 be an integer. It is convenient to set σ = s + 4 = ω(b) + 5. For h = 1, . . . , k, define ε_h = J^{−(σk −σh−1)/(σk+1−1)} (log J)^{1/σ} (log 4d)^{(σk−h+1)/σk+1−h} , (4.12)

and check that J^{−1/4} < ε_1 < ε_2 < . . . < ε_k < 1/(log 6d).

Put S_0 = {j_2, j_2 + 1, . . . , J}. Observe that our choices of j_2 and ε_1, . . . , ε_k imply the analogue of (4.8), namely that

j_2 > max { 2d log ( 3M(ξ) ) , 10(2d + 1)ε^{−1}_h log b } , (1 ≤ h ≤ k).

For h = 1, . . . , k, let S_h denote the set of positive integers j such that j_2 ≤ j ≤ J and n_{j+1} ≥ (1 + 2ε_h)n_j . Observe that S_0 ⊃ S_1 ⊃ . . . ⊃ S_k. It follows from (4.10) that, for any j in S_h, the rational number p_j /q_j satisfies

min{1, |1/ξ − q_j /p_j |} ·

ω(b)∏

i=1 |q_j |_{ℓi} < H(ξ_j)^{−2−εh} .

Consequently, the cardinality of S_h is at most T (ε_h).

Write S_0 = (S_0 \ S_1) ∪ (S_1 \ S_2) ∪ . . . ∪ (S_{k−1} \ S_k) ∪ S_k.

Combining (4.7) with the above estimates, we obtain that

n_J n_{j2} = n_J n_{J−1} × n_{J−1} n_{J−2}

× . . . × n_{j2+1} n_{j2}

≤ (1 + 2ε_1)^J k∏ h=2 (1 + 2ε_h)^{T (εh−1)} (2d)^{T (εk)}.

Taking the logarithm and using the fact that log(1 + u) < u for any positive real number u, we get log n_J − log n_{j2} ≤ 2J ε_1 + 2 k∑ h=2 ε_h T (ε_{h−1}) + T (ε_k) · (log 2d). (4.13)

We easily infer from (4.11), (4.12), and (4.13) that

log n_J − log n_{j2} ≤ 3ke^{7ω(b)+26} J^{(σ−1)/σ} J^{(σ−1)/σk} (log J)^{1/σ} (log 4d)^{1/σ} + J^{(σ−1)/σ} J^{(σ−1)/σk} (log J)^{1/σ} (log 4d)^{(σk−1+1)/σk} .

(4.14)

Let log^+ be the function defined on the positive real numbers by log^+ x = max{log x, 1}. Choosing for k the smallest integer greater than (log log J) · (log^+ log log 4d), we get from (4.14) that

log n_J − log n_{j2} ≪ J^{(σ−1)/σ} (log J)^{1/σ} (log log J) (log 4d)^{1/σ} (log^+ log log 4d), where, as in the sequel of the proof, the constant implied by ≪ depend only on ω(b). Since n_{j2} ≤ j_2 ≤ J^{2/3} ≤ J^{(σ−1)/σ}, we get that log n_J ≪ J^{(σ−1)/σ} (log J)^{1/σ} (log log J) (log 4d)^{1/σ} (log^+ log log 4d), thus

J ≫ (log n_J )^{1+1/(σ−1)} (log log n_J )^{−1/(σ−1)} (log log log n_J )^{−1−1/(σ−1)} × (log 4d)^{−1/(σ−1)} (log^+ log log 4d)^{−1−1/(σ−1)}.

Since σ − 1 = ω(b) + 4 > 4, this completes the proof of Theorem 1.

5. On the Hensel expansion of irrational algebraic p-adic numbers

Let p be a prime number. As usual, we denote by Q_p the field of p-adic numbers, and we call algebraic (resp. transcendental) any element of Q_p which is algebraic (resp. transcendental) over Q. If ξ_p is a p-adic number, we denote by

ξ_p = +∞∑ k=−k_0

a_kp^k, (a_k ∈ {0, 1, . . . , p − 1}, k_0 ≥ 0, a_{−k0} ≠ 0 if k_0 > 0),

its Hensel expansion. It is proved in [2], Section 6, that the sequence (a_k)_{k≥−k0} cannot be ‘too simple’ when ξ_p is algebraic irrational. Using the methods developed in the present paper, we get the p-adic analogues of Theorem 1 and Corollaries 1 and 2. With the above notation, for a positive integer n, set nbdc(n, ξ_p, p) = Card{1 ≤ k ≤ n : a_k ≠ a_{k+1}}, and S(n, ξ_p, p) = n∑ k=1 a_k.

Theorem 2. Let p be a prime number. Let ξ_p be an algebraic irrational number in Q_p. For any positive real number δ with δ < 1/9 and any sufficiently large integer n, we have

nbdc(n, ξ_p, p) ≥ (log n)^{1+δ},

and there are at least (log n)^{1+δ} non-zero digits among the first n digits of the Hensel expansion of ξ_p, and, moreover,

(log n)^{1+δ} ≤ S(n, ξ_p, p) ≤ n(p − 1) − (log n)^{1+δ}.

The proof of Theorem 2 uses the same idea as that of Theorem 1. The good approximations to ξ_p are obtained by truncating its Hensel expansion and repeating the last digit. Theorem L, however, cannot be applied in the present context: we need a statement involving rational approximation to a p-adic algebraic number that gives an explicit upper bound for the number of solutions to an inequality first studied by Ridout [17]. A suitable statement is Theorem 3.1 from Evertse and Schlickewei [12], that we apply with n = s = 2 to get Theorem 2. We leave the details of the proof to the reader.

6. On β-expansions

Let β > 1 be a real number. The β-transformation T_β is defined on [0, 1] by T_β : x −→ βx mod 1. Rényi [15] introduced the β-expansion of a real x in [0, 1], denoted by d_β (x), and defined by d_β (x) = 0.x_1x_2 . . . x_n . . . ,

where x_i = [βT^{i−1}_β (x)]. For x < 1, this expansion coincides with the representation of x computed by the ‘greedy algorithm’. If β is an integer, the digits x_i of x lie in the set {0, 1, . . . , β − 1} and d_β (x) corresponds to the β-ary expansion of x defined in Section 1. When β is not an integer, the digits x_i lie in the set {0, 1, . . . , [β]}. We direct the reader to [4] and to the references quoted therein for more on β-expansions. We stress that the β-expansion of 1 has been extensively studied.

It turns out that the method of proof of Theorem 1 applies to β-expansions, when β is a Pisot or a Salem number. Recall that a Pisot (resp. Salem) number is a real algebraic integer > 1, whose complex conjugates lie inside the open unit disc (resp. inside the closed unit disc, with at least one of them on the unit circle). In particular, every integer b ≥ 2 is a Pisot number.

For a real algebraic number θ, let r(θ) denote the sum of the number of infinite places on the number field Q(θ) plus the number of distinct prime ideals in Q(θ) that divide the norm of θ. In particular, r(b) = ω(b) + 1 for every integer b ≥ 2.

Theorem 3. Let β > 1 be a Pisot or a Salem number. Let M be a positive integer and let (a_k)_{k≥1} be a non-ultimately periodic sequence of integers from {0, 1, . . . , M}, and set ξ = ∑ k≥1 a_k β^k ·

Let δ be a positive real number with δ < 1/(r(β) + 3). If there are arbitrarily large integers n for which Card{1 ≤ k ≤ n : a_k ≠ a_{k+1}} < (log n)^{1+δ},

then ξ is transcendental.

We omit the proof of Theorem 3 since it is very similar to that of Theorem 1. Note that Ridout’s Theorem has already been used in this context, see [1].

We display a consequence of Theorem 3 on the number on non-zero digits in the β-expansion of 1.

Corollary 3. Let β > 1 be a Pisot or a Salem number. Write

d_β(1) = 0.a_1a_2 . . .

For any positive real number δ with δ < 1/(r(β) + 3) and any sufficiently large integer n, we have a_1 + a_2 + . . . + a_n > (log n)^{1+δ},

and there are at least (log n)^{1+δ} indices j with 1 ≤ j ≤ n and a_j ≠ 0.

7. On the series ∑ j≥1 b^{−nj}

Let b be an integer with b ≥ 2. Let n = (n_j )_{j≥1} be a non-decreasing sequence of positive integers. It is well-known that if n grows sufficiently rapidly, then the number

ξ_{n,b} = ∑ j≥1 b^{−nj}

is transcendental. For example, it easily follows from Ridout’s Theorem that the assumption

lim sup

j→+∞

n_{j+1} n_j > 1 implies the transcendence of ξ_{n,b}, see e.g. Satz 7 from the monograph [19].

In particular, for any positive real number ε, the real number ξ_{n,b} is transcendental when n_j = 2^{[εj]}, where [ · ] denotes the integer part. A much sharper statement follows from Theorem 1.

Corollary 4. Let b ≥ 2 be an integer. Let η be a real number with

0 ≤ η < 1 ω(b) + 5 . Then, the sum of the series ∑ j≥1 b^{−nj} , where n_j = 2^{[j1−η ]} for j ≥ 1,

is transcendental.

Proof. Let ν be a real number with 0 ≤ ν < 1. Let N be a large integer. We check that the number of positive integers j such that 2^{[j1−ν ]} ≤ N is less than some absolute constant times (log N)^{1/(1−ν)}, and we apply Theorem 1 to conclude.

Actually, it is possible to derive from Theorem 1 the transcendence of the real number ξ_{n,b} for other fast growing sequences n. Like in Corollary 4, the precise statement would involve ω(b), the number of distinct prime factors of b. It turns out that it is possible to improve Corollary 4 and to get rid of the dependence on ω(b) by using the following version of the Cugiani–Mahler Theorem [10, 11, 14], that we extract from Bombieri and Gubler [7] (see also Bombieri and van der Poorten [8]).

Theorem BG. Let S_1 and S_2 be disjoint finite sets of prime numbers. Let θ be a real algebraic number of degree d. For any positive real number t set

f(t) = 7 (log 4d)^{1/2} ( log log(t + log 4) log(t + log 4)

)_{1/4} · Let (p_j /q_j )_{j≥1} be the sequence of rational solutions of | | | |θ − p q | | | | · ∏ ℓ∈S_1

|p|_ℓ · ∏ ℓ∈S_2

|q|_ℓ ≤ 1 q^{2+f(log q)} , ordered such that 1 ≤ q_1 < q_2 < . . . Then either the sequence (p_j /q_j )_{j≥1} is finite or

lim sup

j→+∞

log q_{j+1} log q_j

= +∞.

Proof. This follows from Theorem 6.5.10 of [7].

We can then proceed exactly as Mahler did ([14], Theorem 3, page 178). Theorem 4. Let b ≥ 2 be an integer. Let (a_j )_{j≥1} be a non-decreasing sequence of positive integers tending to infinity. Let n = (n_j)_{j≥1} be an increasing sequence of positive integers satisfying n_1 ≥ 3 and

n_{j+1} ≥ ( 1 + a_n ( log log n_j log n_j

)_{1/4} ) n_j , (j ≥ 1).

Then the real number ξ_{n,b} = ∑ j≥1 b^{−nj}

is transcendental.

We omit the proof since it is exactly the same as Mahler’s one. Note that Theorem 1 yields a similar statement as Theorem 4, with however 1/4 replaced by any real number smaller than 1/(ω(b) + 4).

It does not seem to us that Theorem 1 can be derived from Theorem BG. An easy computation allows us to deduce from Theorem 4 the following improvement of Corollary 4.

Corollary 5. Let b ≥ 2 be an integer. Let η be a real number with

0 ≤ η < 1 5 . Then, the sum of the series ∑ j≥1 b^{−nj} , where n_j = 2^{[j1−η ]} for j ≥ 1,

is transcendental.

More generally, one can consider the following question.

Problem. Let n = (n_j )_{j≥1} be a strictly increasing sequence of positive integers and set

f_n(z) = ∑ j≥1 z^{nj} . (7.1)

If the sequence n increases sufficiently rapidly, then the function f_n takes transcendental values at every non-zero algebraic point in the open unit disc.

By a clever use of the Schmidt Subspace Theorem, Corvaja and Zannier [9] proved that the conclusion of the Problem holds for f_n given by (7.1) when the strictly increasing sequence n satisfies lim inf

j→+∞

n_{j+1} n_j

> 1. (7.2)

It is perhaps possible to combine the method developed in [9] with the ideas of the present paper to relax the assumption (7.2).

8. Continued fraction expansions

Despite some recent progress, the continued fraction expansion of a real algebraic number of degree greater than or equal to three remains very mysterious. In particular, we still do not know whether its sequence of partial quotients is bounded or not. Even an analogue of Theorem 1 for continued fraction expansions would be new.

In the sequel, we restrict our attention to expansions with partial quotients equal to 1 or 2. More precisely, for a strictly increasing sequence n = (n_j)_{j≥1} of positive integers, we denote by ξ_n := [0; a_1, a_2, . . .] the real number whose continued fraction expansion is given, for k ≥ 1, by a_k = 1 if k /∈ n and a_k = 2 if k ∈ n.

It is expected that ξ_n is transcendental unless (a_k)_{k≥1} is ultimately periodic (in which case ξ_n is clearly a quadratic number). In particular, it is very likely that ξ_n is transcendental if n increases sufficiently rapidly. As a first result in this direction, we claim that, if ξ_n is algebraic, then log n_j = o(j). (8.1)

Indeed, if (8.1) does not hold, then there are infinitely many positive integers j and a real number c > 1 such that n_j > c^j . Consequently, we have

lim sup

j→+∞

n_{j+1} n_j

> 1,

and the transcendence of the associated real number ξ_n follows from Theorem 3.2 of [3].

With similar ideas as in the present paper, but with some additional technical difficulties due to the use of the Schmidt Subspace Theorem in place of the Ridout Theorem, we are able to improve the above result as follows:

There exists a positive real number δ such that, if ξ_n is algebraic, then

log n_j ≤ j^{1−δ}

holds for every sufficiently large integer j.

This and related results will be the subject of a forthcoming paper.

Acknowledgements. I am very pleased to thank the referee for having written quickly a detailed report that helped me to improve the presentation of the paper.

References

[1] B. Adamczewski, Transcendance^{⟨⟨} à la Liouville^{⟩⟩} de certains nombres réels, C. R.

Acad. Sci. Paris 338 (2004), 511–514.

[2] B. Adamczewski and Y. Bugeaud, On the complexity of algebraic numbers I. Expansions in integer bases, Ann. of Math. To appear.

[3] B. Adamczewski and Y. Bugeaud, On the Maillet–Baker continued fractions, J. reine angew. Math. To appear.

[4] B. Adamczewski and Y. Bugeaud, Dynamics for β-shifts and Diophantine approximation, Preprint 2006.

[5] B. Adamczewski, Y. Bugeaud et F. Luca, Sur la complexité des nombres algébriques, C. R. Acad. Sci. Paris 339 (2004), 11–14.

[6] D. H. Bailey, J. M. Borwein, R. E. Crandall and C. Pomerance, On the binary expansions of algebraic numbers, J. Théor. Nombres Bordeaux 16 (2004), 487–518.

[7] E. Bombieri and W. Gubler, Heights in Diophantine Geometry. New mathematical monographs 4, Cambridge University Press, 2006.

[8] E. Bombieri and A. J. van der Poorten, Some quantitative results related to Roth’s theorem, J. Austral. Math. Soc. Ser. A 45 (1988), 233–248.

[9] P. Corvaja and U. Zannier, Some new applications of the subspace theorem, Compositio Math. 131 (2002), 319–340.

[10] M. Cugiani, Sull’approssimabilità di un numero algebrico mediante numeri algebrici di un corpo assegnato, Boll. Un. Mat. Ital. 14 (1959), 151–162.

[11] M. Cugiani, Sulla approssimabilità dei numeri algebrici mediante numeri razionali, Ann. Mat. Pura Appl. 48 (1959), 135–145.

[12] J.-H. Evertse and H. P. Schlickewei, A quantitative version of the absolute subspace theorem, J. reine angew. Math. 548 (2002), 21–127.

[13] H. Locher, On the number of good approximations of algebraic numbers by algebraic numbers of bounded degree, Acta Arith. 89 (1999), 97–122.

[14] K. Mahler, Lectures on Diophantine approximation, Part 1: g-adic numbers and Roth’s theorem, University of Notre Dame, Ann Arbor, 1961.

[15] A. Rényi, Representations for real numbers and their ergodic properties, Acta Math.

Acad. Sci. Hung. 8 (1957), 477–493.

[16] D. Ridout, Rational approximations to algebraic numbers, Mathematika 4 (1957), 125–131.

[17] D. Ridout, The p-adic generalization of the Thue–Siegel–Roth theorem, Mathematika 5 (1958), 40–481.

[18] T. Rivoal, On the bits couting function of real numbers. Preprint available at:

http://www-fourier.ujf-grenoble.fr/ rivoal/articles.html

[19] T. Schneider, Einführung in die transzendenten Zahlen. Springer–Verlag, Berlin– Göttingen–Heidelberg, 1957.

[20] M. Waldschmidt, Diophantine Approximation on Linear Algebraic Groups. Transcendence properties of the exponential function in several variables. Grundlehren der Mathematischen Wissenschaften 326. Springer–Verlag, Berlin, 2000.

Yann Bugeaud Université Louis Pasteur

U. F. R. de mathématiques 7, rue René Descartes 67084 STRASBOURG Cedex (FRANCE)

bugeaud@math.u-strasbg.fr