Intersective sets and Diophantine approximation

Yann Buceaup  (Strasbourg)

Abstract. By means of the notion of sets with large intersection prop-
erties, as defined by Falconer, we obtain new results on the Hausdorff
dimension of sets of real numbers very close to infinitely many algebraic
numbers of bounded degree.

1. Introduction

In 1939, Koksma [16] introduced a classification of the real transcendental numbers
¢ in terms of the quality of their algebraic approximations. For any positive integer n,
denote by w (§) the supremum of the real numbers w for which there exist infinitely many
real algebraic numbers « of degree at most n satisfying

0<[¢~al <H(@)™,

where H(a) is the naive height of «, that is, the maximum of the absolute values of the
coefficients of its minimal defining polynomial over the integers. Following Koksma, set

w* (&) = lim sup wn ()

n—+4o0o n

and call £ an

S*-number, if w*(£) < +oo;
T*-number, if w*(§) = 400 and w}(£) < +oo for any n > 1;

U*-number, if w*(§) = +oo and w};(£) = +oo from some n onwards.

It turns out (see e.g. Schneider [20]) that this classification coincides with the Mahler
one, introduced in 1932 [17], which depends on the accuracy with which non-zero integer
polynomials evaluated at & approach 0. Sprindzuk [21] proved that almost all real numbers
(in the sense of Lebesgue measure) are S*-numbers and, even, satisfy w () = n for any

2000 Mathematics Subject Classification : 11J83.

1



positive integer n. Using this result and the theory of Hausdorff dimension, Baker &
Schmidt [1] established that, for any n > 1, the function w;, takes any value in the range
[n, +o00[ and even that, for any 7 > 1, we have

dm{ée€R:w,(§) >1(n+1) -1} =1/7, (1)
dm{éeR:w,(§) =7(n+1) -1} =1/7, (2)

and
dim (J{€¢€R:w}(§) > T(n+1) -1} =1/7, (3)

where dim denotes the Hausdorff dimension. We would like to point out that this is up to
now the only known method to ensure that, for any integer n > 2, the set of values taken
by w} includes the interval [n,2n|. Further results on the functions w} are given in [10].

An extension of Baker & Schmidt’s results, involving general dimension functions
rather than the family of power functions z — z°, has been recently worked out [7].
Basically, under some natural assumptions on the functions f and ¥ (observe that the
technical condition (1) in Théoréme 1 of [7] can be removed, see [9] and [6]) the Hausdorff
H/-measure of the set

Kr(®):={£€R: [ —a|l < VU(H(x)) for infinitely many real algebraic

numbers « of degree at most n}

is equal to 0 or +-00 according as the sum ) ., =" f(¥(x)) converges or diverges. However,
the approach followed in [7] does not seem to yield such a precise statement for countable
intersections of sets of this form.

The purpose of the present work is to consider these questions under another point of
view. Our main tool is the notion of intersective sets, introduced and systematically studied
by Falconer [12, 14]. These are classes of sets of Hausdorff dimension at least s with the
property that countable intersections of the sets also have dimension at least s. Examples
include the ‘regular sets’ introduced by Baker & Schmidt [1] (which allowed them to get
(3)) the M?_-sequences of Rynne [19], and constructions using the ‘ubiquitous systems’
of Dodson, Rynne, & Vickers [11]. Falconer [12, 13, 14| pointed out various applications
of the notion of intersective sets to Diophantine approximation. Thanks to an extension
of [14] to classes of sets defined in terms of general dimension functions (see Section 4, at
the end of which we correct a (slight) mistake in [14]), we refine an auxiliary result of [1],
which allows us to get sharp, new results in Diophantine approximation (stated in Section
3 and proved in Section 6). These complement our work [7].

2. Background on Hausdorff measure theory

The notion of intersective sets that we consider has been introduced by Falconer [14],
and we refer to that paper for some background and the notation. In [14], Falconer delt
with the scale of functions & — x°, however we need to work in a more general setting.
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Definition 1. A dimension function f is a strictly increasing continuous function defined
on R satisfying f(0) = 0.

Let E be some set in R™. Let f be a dimension function and, for any positive real
number §, set
H(B) =it S £(U5]),
JjeJ
where the infimum is taken over all countable coverings (U;);cs of E by cubes of diameter
at most 0. Clearly, the function ¢ — Hf; (E) is non-increasing. Consequently,

HT(E) == sup ’H(J;(E)
>0

is well-defined and lies in [0, +oo]: this is the H/-measure of E.
If f and g are two dimension functions, we say that ¢ corresponds to a ‘smaller’
generalized dimension than f and we write g < f if

g9(z)

x — =—= tends monotonically to infinity when z tends to O.

f(z)

Observe that if ¢ < f, then g increases faster than f in a neighbourood of the origin.

Usually, the monotonicity is omitted in the definition of the ordering <, but in our present

context this assumption cannot be dropped. Clearly, < does not define a total ordering.
Definition 2 generalizes the Definition of [14].

Definition 2. Let f be a dimension function. We define G/ (R™) to be the class of Gs-
subsets F' of R™ such that
HI (VY fi(F)) = 400

for any dimension function g with ¢ < f and any sequence of similarity transformation
{fi}, 2. If E is an open cube in R™, we define G/(E) to be the class of Gs-subsets F of
E such that the set Ujo;(F) is in G/(R™). Here, o; are translations such that U;jo;(E)
is a disjoint union of cubes and covers R™ up to a set of Lebesgue n-dimensional measure
zero.

Observe that a subset F' of R™ is in G/(R") if F N E is in G/ (E) for any bounded
open cube F.
Theorem 1 below extends Theorem A of [14] to the case of general dimension functions.

Theorem 1. The class G/ (R™) is closed under countable intersections and under bi-
Lipschitz transformations on R™. Furthermore, if f(x) = x*® for some real number s with
0 < s < n, then any set in G/ (R") has Hausdorff dimension at least equal to s.

We outline the proof of Theorem 1 in Section 4. Up to some minor changes, it follows
the same lines as the proofs of Theorems B and C of [14].

3. Diophantine approximation
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In order to study sets of real numbers close to infinitely many algebraic numbers of
bounded degree, Baker & Schmidt [1] introduced the notion of ‘regular system’. Roughly
speaking, an infinite sequence of points form a ‘regular system’ if they are well distributed
and they form an ‘optimal regular system’ (or, according to the terminology of [4], a ‘best
possible regular system’) if they are as well distributed as they could be, in the following
sense.

Definition 3. Let E be a bounded open real interval. Let S = (a;);>1 be a sequence
of real numbers. Then S is called an optimal regular system of points in E if there exist
positive constants ci, cy and cs3, depending only on S, and, for any interval I in FE, a
number Ky = K(S, I) such that, for any K > K, there exist integers

aK<ip<..<4u <K

with o;, inI for h =1,...,t,

and
es|I|K <t < |I|K.

We emphasize that we do not assume that every point in S belongs to E. In the
original work of Baker & Schmidt [1], the set S is not indexed. However, as in [9], we
choose to number its elements; an alternative presentation can be found in (2, 4, 7] and in
the impressive work [6]. Furthermore, we have supposed that E is bounded, although this
was not assumed in [1]. This does not involve any loss of generality since any unbounded
set can be covered by a countable collection of bounded, open sets to which the results
may be applied.

It is an easy exercise to show that the rational numbers, ordered by increasing height
and increasing numerical order, form an optimal regular system in any bounded interval.
The importance of this notion has been pointed out in a series of papers [2, 4, 6, 7, 8, 9].
In particular, Beresnevich [3] proved a Khintchine-type statement for sets of real numbers
close to infinitely many points in an optimal regular system.

Examples of optimal regular systems in any bounded interval include real algebraic
numbers of fixed degree ([2], see Proposition 2 below), real algebraic integers of fixed degree
> 2 ([8]) and real algebraic units of fixed degree > 3 ([8]).

Theorem 2 asserts that sets of real numbers close to infinitely many points in an
optimal regular system turn out to be intersective sets.

Theorem 2. Let E be a bounded open real interval. Let S = (a;);>1 be a sequence
of real numbers which is an optimal regular system in E. Let ¥ : R>; — Ryo be a
non-increasing function such that ), ¥(j) converges. Set

E(aj) ={6 € E:[§ — o5 <T(j)}
for any 57 > 1 and
E(¥) = limsup E(a;).

j—+oo
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Let f be a dimension function with f < Id such that x — zf(2%(z)) tends to 0 as x goes
to infinity. If the sum }_ ., f(2¥(j)) diverges, then the set E(¥) is in the class G/ (E).

Theorem 2 is neither a consequence of nor implies Theorem 3 of [9] which asserts
that H/(E(¥)) = +o0o if the sum >_;j>1 f(2¥(j)) diverges. Further, it may be seen as a
refinement of Lemma 1 of [1] where the assumption ‘z — xf(¥(x)/2) tends to infinity’ is
demanded instead of the divergence of the sum .., f(2¥(j)). Here, f can increase more
slowly.

Thanks to Theorem 1 and to the observations following Definition 3, Theorem 2 allows
us to prove the existence of real numbers with various approximation properties by real
algebraic numbers or/and by real algebraic integers or/and by real algebraic units.

We give first an application to Koksma’s classification of real numbers. A well-known
refinement of this classification consists in dividing the class of S*-numbers into uncount-
ably many subclasses according to the value of w*(§), called the type of . Actually,
Koksma [16] called ‘Index der S*-Zahl &’ the quantity sup,,~; w}(§)/n, but, in view of
the results of Baker & Schmidt [1] quoted in the Introduction, it is much more natural to

consider

* 1 * 1
limsup & T g Yal@) L (@)
n——+oo n+1 n>1 n+1

In the author’s opinion, the limsup is much more relevant than the supremum, hence we
define the type t*(£) of an S*-number £ by

. wi(é)+1
t*(€) = limsup >>4—
(f) n—>+o<I::) n+1

(= w*(£))-
Theorem 3. For any real number 7 > 1 we have

SR

dim{¢ € R : € is an S*-number of type 7} =

Notice that Theorem 3 does not follow from (1), (2), and (3). Although the tools
developed in [1] are sufficient to get Theorem 3 (see [10], Chapter V), this statement did
not appear in print previously.

For 7 = 1, Theorem 3 follows from the result of Sprindzuk quoted in the Introduction.
For 7 > 1, Theorem 3 is an easy consequence of Theorem 4, which deals with more general
sets introduced in [7]. In the sequel of the paper we denote by log, r the i-fold iterated
logarithm

logo...ologr.
—_———
1 times
For positive integers n, ¢ and real numbers vo > 1, vq,...,v4_1, set U := (vo,...,_1),
and for any real number 7, consider the set

K (i, 1) = KL (Voy -y 41, 7) = K (2 5 2~ D7 (log )= .. (log, ) ")
of real numbers ¢ for which the inequality
€ —af < (H(a)~ "1 (log(H()) ™™ ... (loge—1 (H(a))) " (log, H(a)) ™
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is satisfied by infinitely many algebraic numbers o of degree at most n. The D-exact
logarithmic order (a terminology introduced by Beresnevich, Dickinson, & Velani [5]) of £
is, by definition,

n,5(€) = sup{7 : £ € K, (7, 7)}.

We adopt the convention 7 = (0) for ¢ = 0. Then, we have

) wi () +1
K ((0),7) = K ) and =— :
2017 =Kslw o 27) and 7€) = U
For any v = (vo,...,Vt—1, V), set U = (vp,...,4—1) and consider the set

En(v) ={ e R: 1, 5(§) =T},

of real numbers whose 7-exact logarithmic order is equal to 7. In particular, £,((0),7) =
En(7) is the set of real S*-numbers £ such that (w}(£)+1)/(n+1) = 7. For v = (vp, . .., 14),
define the dimension function f, by

1 t 1 —1—|—U,‘/V0
O (T

=1

where an empty product is taken to be 1. With the above notation, Theorem 4 is an
easy consequence of Theorem 1 and provides an extension of some results of Beresnevich,
Dickinson, & Velani [5].

Theorem 4. Let v = (vy,...,v) with vg > 1. For any integer n > 1, the set K} (v) :=
K* (vo, - - -, 1) is in the class G'2(R) and we have

HI (nn21 Sn(Z)) = +00

for any dimension function g with g < f,.

The tools developed in [1] are not precise enough to get Theorem 4 for two reasons:
we heavily use the fact that real algebraic numbers of bounded degree form an optimal
regular system (a weaker result is sufficient to get (1), (2), and (3)) and we also need a
refinement of Lemma 1 of [1].

Using the properties of intersective sets, we get the following statement, which seems
to be out of reach by the methods of [9] or [7].

Theorem 5. Let (¢r)r>1 be a sequence of real numbers. For any real number 7 > 1 we
have

1
dim{¢ € R : For all k > 1, £* + ¢y, is an S*-number of type 7} = ~.
T

Observe that there exist real numbers £ for which w (€) # w} (£2) (see e.g. Giiting
[15]) for some integers n, although it is still unknown whether real numbers £ with ¢t*(§) #
t*(£?%) do exist.



Theorem 5 is one among many examples of results in Diophantine approximation
that we can get thanks to the properties of intersective sets. We may apply it e.g. with
a sequence (¢x)r>1 composed by Liouville numbers (that is, real numbers £ with wi(§) =
+00) or by other real numbers with various Diophantine approximation properties.

Notice that Theorem 5 (hence, Theorem 3 as well) holds whatever the definition of
the type of an S*-number we choose in (4).

4. Proof of Theorem 1

As pointed out by Falconer [12, 14], to prove Theorem 1, it is much more convenient
to handle with the net-premeasures M7 . According to [12] (but not to [14]), a dyadic
cube in R" is a set of the form

[27%my, 27 (my 4+ 1)[x ... x 27 Fm,, 27 % (m, + 1)],

where k is a non-negative integer and m;, ..., m, are integers.

Definition 4. Let f be a dimension function. Let ¢(f) be the supremum of the real
numbers z in [0, 1] such that f is increasing and concave on [0, z]. Then for any subset F
of R™, we set

MEL(F) =inf Y f(IL)),

i>1

where the infimum is taken over all countable coverings (I;);>1 of F' by dyadic cubes of
diameter |I;| less than or equal to (f).

Note that M (I) = f(|I|) for any dyadic cube I of diameter at most (). Further-
more, £(f) is positive if f satisfies f < Id, which is assumed in Theorem 2.

Since the proof of Theorem 1 requires only slights modifications of the proofs in [14],
we direct the reader to [14] for the notation and we content ourselves to state the main
lines. However, for sake of simplicity, we assume up to Lemma 5 that the dimension
functions f, g and h occurring below satisfy e(f) = e(g9) = e(h) = 1.

Next statement is a generalization of Theorem B of [14], which however contains a
(slight) mistake, see the end of this Section for a correction.

Theorem 6. Let f be a dimension function and let F' be a subset of R™. The following
implications between the statements below are valid:

(@) = (b) = (c) & (d) = () & (f)-

If F is a Gs-set then (a) to (f) are equivalent.

(a) For every non-empty open subset V. of R™ and every sequence of bi-Lipschitz
transformations f; : V. — R™, we have

HI (N FH(F)) = 400

for any dimension function g with g < f.



(b) For every sequence of similarity transformations f; : R™ — R", we have
HI(NEX fi(F)) = +o0

for any dimension function g with g < f.
(¢) For all dyadic cubes I we have

MI(FNI)=MI(I)

for any dimension function g with g < f.
(d) For all open sets U we have

ME(FNU) = ME(U)

for any dimension function g with g < f.
(e) There exists ¢ with 0 < ¢ < 1 such that for all dyadic cubes I we have

ML (FNI) > M (I)

for any dimension function g with g < f.
(f) There exists ¢ with 0 < ¢ < 1 such that for all open sets U we have

ML (FNU) > eME(U)

for any dimension function g with g < f.

The proof of Theorem B of [14] depends on four lemmas. Instead of giving complete
proofs of their extensions to the case of general dimension fucntions, we merely point out
which changes have to be made.

Lemma 1. Let f be a dimension function, let 0 < ¢ < 1 and let FF C R™. If U is an open
subset of R™ such that
MI(FNI)>eMI (D)

for all dyadic cubes I contained in U, then
MI(FAU) > eMI (U).
Proof : This is a straightforward adaptation of Lemma 1 of [14]. O
Lemma 2. Let f be a dimension function, and let FF C R™ and ¢ > 0 be such that
MEI(FNI) > eMI (D)
for all dyadic cubes I of diameter at most 1. Then
M, (F A1) = M, (1)
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for all dimension functions g with g < f and for all dyadic cubes I of diameter at most 1.

Proof : We follow the same lines as [14] and set h = g/ f. There are however some minor
changes. Let I be a dyadic cube of side 2™ for some integer m < 0. Let m’ be an integer
with m/ < m and h(2™) > h(2™)c~ . We replace inequality (7) of [14] by

Y 9(Ll) = g(50) = R(I1) £(151)

i€Q(4)
and the next two displayed inequalities of [14] by
g(|Ll) = h(|I]) e F(|L])

and

D g(IL)) > r(I)) £(1J5).
i€Q(4)

Summing over all j we then get

0 k
Zglf\ > h(|I]) Zf(\JI ) > h(|I)) ML () = g(|11),

as expected. O

Lemma 3. Let V be a non-empty subset of R™ and let f : V. — R"™ be a bi-Lipschitz
mapping satisfying

ale—y[<[f(@) - f@)| S clz-yl  (z,yeV),

where 0 < ¢1 < ¢3 < 0. Let h be a dimension function and assume that

ML (FNU) > eMP (D)
for some 0 < ¢ < 1, for FF C R" and for all open sets U. Then for all open U C V we have

ML (FTHF) NU) 2 coME(U)
for some positive real number ¢y and also
ML (FTHF)NT) = ME(U)
for any dimension function g with g < h.
Proof : This is a straightforward adaptation of Lemma 3 of [14]. O
We write C/ (V) for the class of sets I such that
MI(FNU)=ML(U)

for all open U C V.



Lemma 4. Let f be a dimension function. Let {Fy}?2, be a sequence of Gs-sets in C¥ (V).
There exists a positive constant ¢ such that

Mg;< ﬁ F, N U) > e ML (U)

k=1

for all open U C V.

Proof : This goes exactly along the same lines as in [14]. Notice that we need a version
of the Increasing Sets Lemma in this general context. A suitable one can be found e.g. in
the book of Rogers [18], Theorem 52. O

We have now all the tools for proving Theorems 1 and 6.

Proof of Theorem 6 : As noticed in [14], the implications (a) = (b) and (¢) & (d) =
(e) < (f) are immediate. To prove that (b) = (c) we argue by contradiction. We assume
that there exists a dimension function g with g < f and MY (FNI) < aMZ (I) = ag(|I])
for some dyadic cube I and some « < 1. Then there is a sequence of dyadic cubes {I; };-F
such that S g(|I;|) < ag(|I]). We get the analogue of (16) of [14] with M?_ replaced by
M, and we end up with a doubly infinite sequence of similarity transformations {A,,0g;}

such that o
ML () N es)®) ) =0,

7=1 m=1

which is the desired contradiction to (b).

Assume now that F is a Gs-set satisfying (f). Let g be a dimension function with
g < f. There exists a dimension function A with ¢ < h < f. Let f; : V — R" be bi-
Lipschitz transformations (i = 1,2,...). Lemma 3 yields that M (f;7'(F)NU) = M (U)
holds for all open subsets U of V. Since the sets f; !(F) are G5, we infer from Lemma 4
that

M&(ﬁ ffl(F)ﬁV> >0,
1=1

thus we get

as expected. O

Proof of Theorem 1 : It follows the same lines as the proof of assertions (a) and (e) of
Theorem C of Falconer [14]. Indeed, let Iy, Fy,... be in Gf(R™). Let g be a dimension
function with g < f. There exists a dimension function h with ¢ < A < f. By condition
(d) of Theorem 6, we have

M (fi(Fi) NU) = M5 (U)
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for all open sets U and all integers k and similarity transformations f; : R* — R™.
Applying Lemma 4, we then get

Mgo(ﬁ ﬁ fz'(Fk)ﬂU> >0
i=1 k=1

for all open sets U. Consequently, we have

(e(fim)-

We conclude that N> Fy is in G/ (R™) by (b) of Theorem 6. O

As pointed out in [14], the following lemma provides a useful test for G/-sets. Since
the condition e(f) = 1 is not always satisfied in the applications we have in mind, this
restriction does not appear in Lemma 5 below.

Lemma 5. Let (Fi)r>1 be a sequence of open subsets of R and assume that there exist
a dimension function f with £(f) > 0 and positive real numbers ¢ and c such that ¢ < £(f)
and
kli)n;o MI (FxeNI)>eMI (1)
for every dyadic cube I of diameter less than € and any dimension funtion g with g < f.
Then we have
limsup F € G/ (R™).
k—oo

Proof : This is a straightforward adaptation of Lemma 7 of [14]. If £(f) is strictly less
than 1, we adapt Theorem 6 with obvious modifications. |

In the applications, we are not always able to work directly in R™, and we merely deal
with bounded sets. Hence, Lemma 6 below turns out to be very useful.

Lemma 6. Let E be an open cube in R". Let (Fi)r>1 be a sequence of open subsets
of E and assume that there exist a dimension function f with €(f) > 0 and positive real
numbers € and ¢ such that ¢ < (f) and

lim MY (F,NI) > M (I)

k—o0

for every dyadic cube I in E of diameter less than ¢ and any dimension funtion g with
g < f. Then we have
limsup Fy, € G7(E).

k—o0

Proof : This follows immediately from the definition of G (E) and from Lemma 5. O

We end this Section by pointing out a (slight) mistake in [14].
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In the proof of the implication (b) = (c) of Theorem B, page 273 of [14], it is asserted
that ‘we may choose t < s such that >, |[;|* < «|I|*.” This statement does not auto-
matically follow from the assumption ) oo, [;|* < «|I|*, unless the sum is finite (which
will not happen in the cases of interest). This slight mistake can easily be corrected by
changing the statement (c) (and statements (d), (e) and (f) accordingly) of Theorem B in
the following manner:

(¢’) For all dyadic cubes I we have

MiG(F O T) = ME(D)

for any positive real number t < s.
Another consequence is that assertion (a) in Theorem D of [14] does not hold true.
Furthermore, Example 3 of [14] seems to be incorrect since there is no reason for which
infinitely many rational approximants of the x; should have same denominators.

5. Proof of Theorem 2

Proposition 1 is the key tool towards the proof of Theorem 2.

Proposition 1. Let S = (a;);>1 be an optimal regular system in a bounded open real
interval E. Let I be an interval in E. Let F' be a positive, non-increasing function such
that the sum ), F(j) diverges and x — xF(z) is non-increasing and tends to 0 as x goes
to infinity. For any real number m, there exist a positive constant ¢(S) < 1, depending
only on S, and integers m < i1 < ... < iy such that the intervals

(i, + F(in), iy, — F(in)]

are included in I and pairwise disjoint, and

t

> F(in) > c(S)|I).

h=1
Proof : This is Proposition 1 of [9] in the case s = 1. O

We now show how Proposition 1 implies Theorem 2.

Proof of Theorem 2 : In order to simplify the exposition, we assume that the length of
FE is 1. We construct inductively open real subsets Ey, F1,... such that

E(%) D limsup Ej

k——+o0

and we aim to conclude by Lemma 5. We first apply Proposition 1 to the interval E, the
function F' = f o ¥ and a real number Hy > 2, such that

fo¥(z)> TU(x) for any « > H,. (5)
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This is possible since f < I'd and since the function ¥ tends to 0 at infinity. We then get
a set of distinct integers A(0) := {2(0) . ztl)} with

> F() =k,

7€ A(0)

where kK = ¢(S) - |E| = ¢(S). We define the set Ey to be the intersection of E with the
union of the intervals

]aj - \Il(j)’aj + \I](])[’ JE A(O)’

which are pairwise disjoint by (5). Let k be a non-negative integer and assume that the
sets of integers A(0),...,.A(k) have been constructed, and that the sets Ey, ..., Fy are
finite unions of open intervals centered at real numbers «o; with j in A(0) U...U A(k).
Denote by Hj an upper bound for the integers contained in 4(0) U...U A(k), and apply
Proposition 1 to each dyadic close interval I in E of length 27%~1, to the real number Hj,

and to the function F'. We get a set of distinct integers A(k + 1,1) := {ing), ce §’j+1)}
such that
Y F()zs2F
JEA(k+1,I)

and we define the set E%1 as the intersection of E with the union of the pairwise disjoint
intervals
laj —¥(j),0; +¥(4), je€Alk+1,1),
I dyadic close interval of length 27*~1 in E.

Thanks to this inductive process, we have constructed the sets Fj, which, by (5), clearly

satisfy
o0 o0
>V UE
i=1 k=i

Let ko be such that 2750 < g(f). Observe that if I C F is a dyadic interval of length
|I| = 27 %0 then for any k > ko we have

ZF(j) > k|1, (6)

where the summation is taken over all indices j for which o; belongs to I.

Let I be a dyadic interval contained in E of length less than e(f). Since f < Id,
we may further assume that f(z) > x for any « < |I|. Let k > ko be an integer. We
want to prove that MZ (I N Ey) > kf(|I]) for any integer k sufficiently large. Consider a
finite covering Uy U ... U U, of I N Ey, where the U; are pairwise disjoint dyadic intervals
such that their endpoints coincide with those of intervals composing E;. Without any
restriction we can take only finite coverings, as noticed by Falconer [12, Proof of Lemma
6.1]. By definition, we have

ML (INE) > Z (1T;]). (7)
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For any integer j with 1 < j < m, either U; is one of the intervals composing Ej, say
U; =lap, —¥(h), an +¥(h)[, or there exist hq,...,h, with v > 2 and ap, < ... < ap, such
that

v—1

[y, any + F(h1)[U | Jon, — F(Re), an, + F(he)[Ulon, — F(hy), an,] C Uj
=2

and
Uj C ]ahl — \I’(hl), Qap, + \I’(hv)[

In the former case, we have f(|U;|) = f(2(¥(h)) > F(h) and, in the latter one, we get
FU) = f(F(ha) + .-+ F(h)) = F(h1) + - + F(ho),

since f < Id. Consequently, we get from (6) and (7) that

MEINE) > Y F(§) =&l > sf(1)).
jeA(k)

Thus, the assumptions of Lemma 6 are satisfied, and the desired result follows. O

6. Proofs of Theorems 3 to 5

Proof of Theorem 4 : Before applying Theorem 2, we recall a deep result of Beresnevich
[2] on the distribution of real algebraic numbers of bounded degree.

Proposition 2. Let n > 1 and M > 2 be integers and let I be an interval contained
in (—M + 1,M — 1). There exist positive constants c4, c5, depending only on n, and
Koy = Ko(n,I) and, for any K > K, there are ay,...,04 in Ay, NI such that

caM"K <H(ap) < M"K, (1<h<t),
lap —ap| > K1 (1<h<t<1t),
t > cs|I| K™,

Proof : This is Theorem 3 of Beresnevich [2]. Actually, the existence of ¢4 is not proved
in [2], however, it is not difficult to deduce it by following the proof of Beresnevich (see
e.g. [7], Théoreme G). O

To prove that the set A, of real algebraic numbers of bounded degree n forms an
optimal regular system in any bounded, open real interval F, it remains for us, in view of
Proposition 2, to order A,, in a suitable manner.
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Lemma 7. Let n > 1 be an integer. We number the elements of A, := (o;)j>1 by
increasing order of their height and, when the heights are equal, by increasing numerical
order. Then, there exist two positive constants c; and cy, depending only on n, such that,
for any j > 1, we have

c1(n) j/0 Y < H(ay) < ea(n) 51/ (8)

Proof : The left-hand side inequality in (8) is clear, since an easy counting argument
shows that, for any positive integer H, there are at most n(2H + 1)"*! algebraic numbers
of height at most H and degree at most n. As for the right-hand side, let h > 5 be an odd
integer. Consider an integer polynomial

P(X):=hX" —ap 1 X" ' —... —a1X — ag,

where ag is congruent to 2 modulo 4 and, for 0 < j < n — 1, the integer a; is even and
belongs to {0, 2, ...,2[h/2]}. By Eisenstein’s Criterion, the polynomial P(X) is irreducible.
Furthermore, it has clearly (at least) one real root. Consequently, there are at least c3(n)h"
real algebraic numbers of height h and degree n. Hence, for any positive integer H, there
are at least c4(n)H™"! real algebraic numbers of height at most H and degree at most n.
This proves the right-hand side inequality of (8). O

Let E be a bounded real closed interval. By Proposition 2 and Lemma 7, the set
A, is an optimal regular system in E. To apply Theorem 2 with the function ¥ defined
by ¥(j) := ¥(H(ey)) for j > 1, we only have to check that the sums )., ¥(j) and
>_i>1J"¥(j) have the same behaviour, which holds true. Indeed, since both functions

U and j +— j"¥(j) are non-increasing, we may e.g. use comparisons between sums and
integrals to derive from (8) that the sum >, ¥(j) converges if, and only if, the sum

> i>1J" ¥(j) converges.
“Let n > 1 be an integer. For any real number = > 1, set

U, (x) = 2=+ (log )™ .. (log, ) ™.

Since the sum )., £,(2%, ,(4)) diverges, Theorem 2 implies that the set Kz(v) N E
K (¥, ,) N E is in the class G/« (E).

This holds for any bounded open interval E, thus the set K* (v) is in the class G/=(R™)
and, by Theorem 1, the intersection N,>1/C;; () also belongs to that class. Setting g(u) =

fu(u) xlog,, 1 (1/u), we get

H([) Kn()) = +oo. (9)

n>1

For positive integers n and k, define the function ¥, ,; on R>; by ¥, , x(z) =
¥, ,(z) x (log, z)~'/*, and set

£ = ﬂ Env) = ﬂ K (Tn,) \ U U ( ﬂ ic;(wn,z)mc;o(mno,z,k))

n>1 n>1 ng>1 k>1 “n#ng
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For any integers k > 1 and ng > 1, we have H9 (K% (¥p,,,,k)) = 0, hence it follows from
(9) that H9(E) = 400, as claimed.

Theorem 3 for 7 > 1 follows by simply taking ¢ = 0 and 7 = (7): we get that the
Hausdorff dimension of the set of real numbers of type 7 is greater than or equal to 1/7.
Actually, we have equality by (3). O

Proof of Theorem 5 : It is sufficient to observe that, by Theorem 1, the image of an
intersective set by a translation is an intersective set. Then, we argue as at the end of the
proof of Theorem 4, noticing that, for any positive integer k, the dimension of the set of
real numbers ¢ such that &* + ¢ is an S*-number of type 7 is equal to 1/7. O
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