
 

Particle systems in thelowdensityregime

Parts Lawof bergenumbers

Perfectgases

Themicroscopic dynamics is
acombinationoftransport
andelasticcollisions
Hamiltonian dynamics
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Thedynamics is deterministic but we willaverage over
initial configurations in DE kiq i ti jlxi.gl
In the canonicalsetting thenumber Nofparticles isfixed
andtheprobability densitysatisfiestheLiouvilleequation
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In thegrand canonical setting thenumberof particles is
distributed according aPoissonprocess
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TheBoltzmann 6radscaling is therégimewhereeachparticle
undergoes one collision per unitof time in average

Asimple computation due to Maxwell showsthat µ
Edtu 1

i andj collide on 0TJ
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This regime describesperfectgases no excludedvolume



Questions

MOI what is the almostsure dynamics
assez x lowof largenumbers

IQI how does the systemfluctuate around
this dynamics central limit theorem

what is the probability of observing
anotherdynamics largedeviations

TheBoltzmannequation

Theunknown is the probability density f f It x v of
finding a particlewithpositionx andvelocity v at time t

It evolves under the combinedeffetoftransportandcollision
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Collisions are assumed to bepointwise and elastic r v
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Ivy trkl lvftfv.li v

They are parameterized by the deflectionangle w whichisrandom

Using the exchangeability vivo v v and
the micro reversibility va w tri n'a w

we can prove the identity

say.pqmw fdfjiffff.fiffw.fihiaw

Choosing q
to be a collision invariant 1 va va Ivf

we obtain the conservationlaws mass momentumandenergy

otffdv I.sfvdvootjfvdvfe.ffvxovdv.co
otjflvtidr k.gg vfvdv o

Applying thesame identity with q logf
shows that J Qlf f log f do E o

fromwhich we deduce the H theorem secondprinciple

otsflogfdv I.jflogfvdr.IO



The a priori bounds coming fromthese physicalestimates
are notstrongenough to make sense of the collision
operator which is essentially a multiplicationofffunctionsofItx

To solvetheCauchyproblem there are 3 settings
localsolutions in someweighted L space

globalsolutions in the vinunity of equilibrium

globalrenormatiredsolutions

Lanford's theorem a partial answer to Q1

Theorem In theBoltzmann Grad limit µ x the
empirical measure TE definedby

AfLh LmII k til tt
concentrates on thesolution to theBoltzmann equation
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on a timeinterval QT dependingonlyon f



Thisstatement raises many issues

IPI the limiting equation is irreversible A theorem
What do we Loose in the limiting process
Is it possible to retrieve some reversibility

IPI the convergenceholdsonlyforshorttimes
Wheredoesthis limitation come from
What would we need to iterate theresult

Theproofrelies on thestudyofcorrelationfunctions Fn
defined as progédionsoftheprobability measure
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FEn encodesthe joint probabilityof finding n partides
in thestate Ca an at time t

Wewillprove that En En where Fn solves a

hierarchy of equations whichhas a factoredsolution
Fn fon mm f solving theBoltzmannequationD chaos is notproveddirectly nor the concentrationof TE



sketch ofproof

The BBGKY hierarchy Bogolivbov Born Green Kirkwood Yvon

By integratingthe Liouvilleequation wegetthat
OfFn Ê vi En Ë Cim F

IteratingDuhamel's formule leadsto
FELT Qin mm IA f lo
Qi n.imLt dtmsnltt.cn f4 ta msn.intm

Geometricrepresentation

The combinatoricsofcollisions isencoded inTreeswithinroots m branchings

ta Foralladmissibleparameters ti vi wi en1 ce
weconstructpseudotragédies mstartingfromz
backwardtransport on ti té
additionofpartideiat ti a xait eue
scatteringiftoi va èspostcollisional
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Shorttimeestimate
Thenumberoftrees isgivenby IAmm mln t mm 1

Eachelementaryintegral involves a simplexintime tkt Ctm
Forgetting forthesakeofsimplicity thatcollisioncrosssections
diverge at largeenergies we Et
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The series expansion thereforemakessenseforshort
times it converges uniformly and it is enough
to study the convergence as µ a termbg term

Removing recollisions

When the size ofparticles ce 0 we expectthepseudo
trajectoriesKnin will convergetosome4mm
backwardfree transport on ti tiD
additionofparticle i at ti x xae.noshift scattering

pa

This convergence canbeproved
provided that 4h m has no recollision 1

A careful geometricanalysisshows a

that it happensfr asmallsetof 3 R

parameters negligible in theLimit O


