
Partide systems in thelowdensityregime

Part 2 Fluctuations

Structure of correlations apartial answer to P1

We can extract more information especially on necollisions

by looking at exponentialmoments possiblywithdifferenttimes
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Thisquantity is expanded in cumulant
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Each cumulant encodes finer and finer correlations
which is the reason why we introduce thescaling factor µ

Contrary to correlationfunctions Fen they donot duplicate
the informationwhich is alreadyencoded at lowerorders

Theyencode all the correlations since wehavethe
followinginversionformula
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Theorem in the Boltzmann 6rad limitµ
x the

cumulants associatedto thehard sphere dynamics
satisfy theuniformestimates
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so that the cumulant generating function is absolutely
convergent on a timeinterval O T

Furthermore one can characterize the limitingcumulants
andpierrethat the limiting cumulantgenerating function
is thesolutionofsomeHamilton Jacobiequation



Geometric representation ofcumulants

Westartfrom thegeometric representationofFn with
pseudotrajectories and introduce a partitionof f1 n

in forestsconnectedby recollisions
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D Forests arenotindependent as theirparameters are constrained

by thefactthat no recellisionshould occur

Wetton expand 511 j ÊÉTÉ9k
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and group forests in jungles
connectedbyoverlaps

The lastsourceofcorrelation comes fromthe initialdata
Weandup with a clusterstructureforthetreesoftheform
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shorttimeestimate

Bydefinition the scaled cumulant fin corresponds to
connectedgraphsof size n

n t
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We can then identify En 1 independent clusteringconstraints

Idi in eachforest 1pjl 1 in eachjungle r I at time o
on the roots of the trees Xi
Integratingwithrespectto Cai ti vi wi ien weget
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Removing nonclusteringrecollisions

When thesize ofparlâtesce 0 we expectpseudotrajectories

4h m will converge to some 4mm
additionofparticle i at ti lithoutshift scattering

overlapIncollision at Or n pointwise
backward freetransport in themeantime

Thisconvergencecanbeproved 1 2

provided that Um nhas no r

additionalrecellision whichholds 0
onondusteringucellision

foralmost all integrationparameters



Fluctuations a partial answer to Q2

Theorem1 in theBoltzmann Grad limitµ x the
fluctuationfield 4f definedby
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converges in law forshorttimes to thesolution
of the fluctuatingBoltzmannequation ofSpahn
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Lt is the lineaired collision operator aroundUne
solution f ofthe Boltzmannequation
In general it is mon autonomous nonself adjointand
the corresponding semigroup is not a contraction

It is the noise resultingfromtheinitial randomness
atverysmallscales combinedwiththeinstabilityofthe
microscopicdynamics

Atequilibrium the dissipationfromthelinéarizedoperator
L µ is exactly compensatedby thenoise



Theproofrelies on the study of the characteristicfunction
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Extending thisformulawhen HGtob hpHOM
showsthat the limiting process is a Gaussian process

Closetoequilibrium takingadvantageoftheinvariant measure
nehavedesigned an alternativemethod based on duality

extendingTheorem 1 to longlines andenndiffusivelimes

Largedeviations a partial answer to Q3

Theorem 2 in theBoltzmann 6radlimite x theempirical
measure TE satisfies the followinglargedeviationestimates
in theSkorohod space D tqt M forshorttimes
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The largedeviationfunctional coincides on arestrictedset
withthe one obtainedforstochadirdynamics ofRezakhantonBouchetT
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The Hamiltonian is a verysingularfunctional
similar to the Boltzmann collision operator
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Ne have therefore to consider very smooth and decaying
test functions which explainswhy we donotget a
complete large deviationprinciple nora dear identificationofJ

Theproof relies on thestudyof the limiting tt
generating function At extended to H zut with
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It satisfies the HamiltonJacobiequation
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which is a reversibleequation no informationis lost

up to exponentiallysmallremainders characterizing F
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