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Abstract

In this paper, we consider a ferromagnetic material of ellipsoidal shape. The associated magnetic
moment then has two asymptotically stable opposite equilibria, of the form +7m. In order to use
these materials for memory storage purposes, it is necessary to know how to control the magnetic
moment. We use as a control variable a spatially uniform external magnetic field and consider the
question of flipping the magnetic moment, i.e., changing it from the 4+ configuration to the —m
one, in minimal time. Of course, it is necessary to impose restrictions on the external magnetic
field used. We therefore include a constraint on the L° norm of the controls, assumed to be less
than a threshold value U. We show that, generically with respect to the dimensions of the ellipsoid,
there is a minimal value of U for this problem to have a solution. We then characterize it precisely.
Finally, we investigate some particular configurations associated to geometries enjoying symmetries
properties and show that in this case the magnetic moment can be controlled in minimal time
without imposing a threshold condition on U.
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1 Introduction

1.1 The Landau-Lifshitz equation for ellipsoidal ferromagnetic samples

Ferromagnetic materials have come into common use in the last few decades, especially since they are
found in devices used to store digital information such as magnetic tapes or hard disks, but also in
magnetic chips called Magnetic Random Access Memory (MRAM). These chips have many advantages
over their silicon counterparts, in particular that of requiring energy only to change the value bits and
not to maintain the storage itself. This is probably one of the most challenging applications since it
opens the door towards new spintronic applications and storage technologies while allowing a very fast
access to information (see, e.g., [17]).

The magnetic moment of a ferromagnetic material represented by a domain Q C R3 is usually
modelled as a time-varying vector field

m:RxQ—S?

where S? is the unit sphere of R3, the evolution of which is driven by the so-called Landau-Lifshitz
equation (see [13])
eTT = —m A h(m) — am A (m A h(m)), (1)

where the effective field h(m) is defined by
h(m) = 2AAM + hg(m) + hext

with a > 0, a constant (in time and space) damping coefficient which is characterized by the material.
We refer for instance to [12, 6] for additional explanations. The constant A > 0 is the exchange



constant, and can be assumed to be equal to A = 1/2 without loss of generality, with a normalization
argument. The demagnetizing field hq(m) is the solution of the equations

{dwwu@n)+nw._o in D/ (B
curl(hg(m)) =0
where m is extended to R3 by 0 outside Q and D’(R?) denotes the space of distributions on R3. The
field hext is an external one, for instance it can be an external magnetic field.

Note that it is possible to complete and specify this physical model by adding other relevant terms,
for example by taking into account the anisotropic behavior of the crystal that composes the ferromag-
netic material.

Finally, it is standard to assume homogeneous Neumann boundary conditions on the magnetization
on the boundary of €.

In this article, we will consider a ferromagnetic sample of ellipsoidal shape, and the magnetization
m and external field hext both spatially uniform. Indeed, ellipsoidal domains have been much studied
in the literature dedicated to ferromagnetism |14, 8, 19]: on the one hand, they cover a large variety
of geometrical shapes, and on the other hand, they are the only known bodies that can be uniformly
magnetized in the presence of a spatially uniform inducing field. From the mathematical point of view,
it is nice to consider such samples because the demagnetizing field hg appearing in the Landau-Lifschitz
equation can be determined in an explicit way.

Let us be more precise and clarify the model obtained in this case. In all the following of this article,
we will denote Q the ellipsoid of R3 of semiaxes a; > 0, ag > 0 and az > 0, and a basis (O; e, €2, e3)
chosen so that the Cartesian equation of €2 reads

2 2 2
x z
LT ) 2)
aj a3 a3
An illustration of the ellipsoid €2 is shown in Figure 1. According to [11, 8|, for uniform (in space)
magnetizations m on €, the demagnetizing field hy(m) can be explicitly computed and reads

v 0 O
hq(m) = —Dm, with D=0 7 0],
0 0 Y3

where ~; (i = 1,2, 3) denotes a positive constant depending only on the semiaxes a, b and ¢ (we provide
the precise dependence in Appendix A).

One can easily infer from this result that, provided that the external field heyxt and the initial
magnetization m® are constant in space, so is the magnetic moment m solving the Landau-Lifshitz
equation (1) completed with homogeneous Neumann boundary conditions.

As a consequence, the Landau-Lifschitz equation with a time-dependent external magnetic field hext
reads as the ordinary differential system

m = a(ho(m) — (ho(m) - m)m) —m A ho(m) in (0,7T)
{ 0 (3)
m(0) =m
where the dotted notation 7 stands for the time derivative of m, ho(m) = —Dm + hex, T > 0,
m(t) € S* ¢ R3, D = diag([y1,72,73]) denotes a diagonal matrix with positive coefficients. Up to a
change of basis, we will also assume without loss of generality that

0<y <7<y <L (4)

In what follows, we will assume that the ferromagnetic particle is subjected to a spatially uniform
external magnetic field heyt, and we are interested in two asymptotically stable stationary states of the
resulting system, denoted m. We seek to answer the following question:



Given a mazimum value U of the norm of the field hexy at all times, can we determine
whether there exists such a field flipping the magnetic spin from m to —m in minimal time?
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Figure 1: The ellipsoid shaped ferromagnetic sample

1.2 State of the art and structure of the article

The development of the use of ferromagnetic materials has led to the emergence of new storage pos-
sibilities, and consequently to a renewed interest of the scientific community around the control of
EDO/EDP on this topic.

The use of an external magnetic field to control a ferromagnetic system is a very present issue in
the literature of the field (see for instance [7, 18, 20, 21]).

Many works have focused on both the derivation of relevant models, i.e. sufficiently close to the
physics, but also simple enough to be exploited mathematically, and on the related optimization issues.
Many studies are devoted to these modeling questions, to the obtaining of exploitable optimality con-
ditions leading to numerical simulations. Thus, in the same spirit as the present study, the authors of
[5] seek to flip the magnetic spin using electric current injections. Let us mention in the same vein the
works [10, 11] also addressing similar issues: minimization of the distance to a target state with a fixed
time horizon, addition of stochastic term in the model, search for a feedback and numerical analysis of
the considered problems.

Recent progress has been made in the understanding of the control (exact and approximate) of
ellipsoidal samples/networks : [9, 4, 1]. Our study has been particularly motivated by [3], in which
it is notably proved that, when the size of an open bounded by €2 tends to 0, then we find a uniform
magnification in the domain, which lends itself to the study of ellipsoids.

Structure of the article. In this paper, we are interested in a single ferromagnetic particle of
ellipsoidal shape in R3. We seek to perform a magnetic moment reversal in minimal time, using an
external magnetic field as a control of the resulting physical system.

We model this issue in section 2.1, imposing a maximum L° norm on the control translated using
the parameter U > 0, reflecting the difficulty and cost of using very high magnetic fields. In the
absence of additional symmetries on the geometry of the system, we show the existence of a minimal
threshold on U for the minimum time problem to have a solution. We refine this result when additional
symmetries are assumed on the material geometry. The main results of this paper are gathered in the
section 2.2. The section 3 contains the foundation of the proofs of the main results: indeed, we state



necessary and sufficient conditions guaranteeing the well-posedness of the time-optimal problem and
write the necessary conditions of optimality to the first order using the Pontryagin maximum principle.

The proofs of the main results are contained in the sections 4, 5 and 6. Finally, some numerical
simulations are listed in the section 7 to illustrate the qualitative behavior of the solutions obtained
in theoretical theorems. The appendices contain additional information and/or secondary calculations.
Appendix A contains the calculation of the demagnetizing field in the case of a ferromagnetic ellipsoid
sample. Appendix B contains the proof that —e; is indeed the only asymptotically stable state for
equation (3). Finally, Appendix C contains the calculations of the explicit constants in the case y; < 2.

Notations. In the whole article, |-| denotes the standard euclidean norm on R? (or R), and its inner
product in R? is denoted with a dot.

We are essentially interested in a control problem where the control function is the external field:
we abide by the usual convention, and denote

hext = U.

2 Existence of a minimal switching time

Let us recall that, as mentioned in the introduction, we will consider a ferromagnetic sample whose
shape  is the ellipsoid with Cartesian equation (2). The dynamics of the magnetic moment m(-),
equal to mg at the initial time, is hence driven by the simplified Landau-Lifshitz equation (3).

2.1 Towards an optimal control problem

The main issue we want to tackle reads

Given a steady-state m of (3) in S?, can we achieve a reversal by solving an optimal control
problem, i.e. steering the system from m(0) =m to m(T) = —m while minimizing T ?

In what follows, we will consider particular stationary states: m = 4e;. It is proved in appendix B
that these equilibria are asymptotically stable when v; < 2. Therefore, they can be used as magnetic
spin orientation for memory storage purposes. We will denote by u(-) the external (spatially uniform)
magnetic field imposed on the system. This is the control variable in this problem. The question is
then to ask if it is possible to steer the solution m,, of the system (3) associated to the control u(-) and
to the initial data m,(0) = e; until m,(T) = —e;, in minimal time.

Of course, it is necessary to add physical constraints to this problem: if one imposes no restrictions
on the choice of admissible controls, it is likely that the minimal time problem will have a solution,
reached by unrealistic controls. For this reason, we will assume in what follows the constraint

lu(t)| < U a.e. in (0,7), (eru)

in order to limit the choice of controls to realistic possibilities.
All in all, the problem we aim at investigating reads as follows.

Minimal time problem: let U > 0 and assume that mg = e;. The problem reads

= inf T P
7-U (TﬂilleOU ) ( 0)

where
Oy ={(T,u) | T e Ry, uwe L>®(0,T) satisfies (¢117) and my(T) = —e1},

with my,, the solution to (3) associated to the control function u(-) and the initial datum e;.



We will investigate the following issues:
e Does Problem () have an optimal solution for any value of U > 0 ?

e How to characterize all the solutions to this problem and understand their geometric dependence
to the parameters v;, ¢ = 1,2, 37

2.2 Main results

First, the minimization problem is indeed well-posed, meaning that the existence of an optimal solution
is equivalent to the existence of a minimal trajectory.

Theorem 1. Let U > 0. The following properties are equivalent:
(i) There exists an optimal pair (Ty,w) € Oy for Problem ().
(it) Tu is finite.

(i1i) Oy is nonempty.

The behavior of the control system differs greatly depending on the values of the parameters ~; and
more specifically on the values of v and 5.

Theorem 2. Assume 1 < 2. Then there exists Ugyt > 0 such that
o for allU € (0,Uqit), (Z0) has no solution.
o for allU > Ugit, (P9) has a solution.

Remark 3. It is notable that the proof of this theorem provides an explicit lower-bound estimate of
Uit The precise bound is derwved in Remark 18

We are now interested in the case where v; = =9, which is not covered by the above result. It is
interesting to note that in this case, the behavior of the optimized physical system is very different from
the one described in the Theorem 2. Indeed, this situation of symmetry leads to the fact that there is
no longer a threshold from which the system is controllable.

To complete this analysis, we also investigate in the following result the existence of optimal planar
trajectories. In view of the system symmetry, it is natural to conjecture that the optimal trajectory
are planar, since all the points in span(ej, e2) NS? are stable, and this set is even asymptotically stable.
Somewhat surprisingly, We show here that this is actually not the case.

Theorem 4. If v1 = v < 73, then the optimal control problem () has a solution whatever the value
of U > 0, meaning that Uy = 0, with the notations of Theorem 2. Furthermore, if v1 < 73, the
optimal trajectory in S? is not contained in the plane span(ey,es).

It is interesting to notice that Theorem 2 can be refined in the particular case where 1 < v3 = 73.
To this aim, we will deeply exploit the necessary first order optimality conditions provided by the so-
called Pontryagin Maximum Principle (PMP). We refer to Section 3.3 for a precise statement of such
conditions.

Theorem 5. If y1 < o = 73, then Uiy = Nﬁ(ﬁ — ). Furthermore, for all U > Ui,

™

V1+a2,/U? - U2,

Tu =




Remark 6. In particular, we infer from the result above the following asymptotics:

T 1
Ty ~ as U\, Uit
v \/ZUCrit(l + a2) \/U - Ucrit \‘ !
and -
To~——— asU — +oo.

UV1+ a?

Remark 7 (Case of where the shape of the sample is a sphere). In the case where ) is a sphere, then
one has y1 = v2 = v3. Then, both conclusions of Theorem /4 and 5 apply, meaning that Uqryy = 0 and
the optimal time is given by Ty = 7/(UV1+ «?). Furthermore, it may be shown that, in that case,
there exists optimal planar trajectories in each of the hyperplanes span(e;, e;) with i # j. We refer for
instance to [9, Proof of Prop. 2], whose main argument can be reproduced in our case.

We end this section by a result on the asymptotic behavior of optimal magnetization trajectories
as U diverges to +00. We prove that optimal trajectories tend to be supported on a geodesic on the
sphere whenever U is large.

Theorem 8. Let v1 < y9 <3 and U > Ugyy and m be an optimal trajectory. Let p be its adjoint state.
Then, if U is large enough, m stays close to the plane V = span(e1, p(Ty)) in the following sense: there
exists Uy > 0 and C > 0 such that for every U > Uy and t € [0, Ty],

[m(t) = Pvm(t)]| <

SIQ

)

where Py denotes the orthogonal projection onto V.

3 Minimization and optimality

3.1 Proof of Theorem 1: existence of an optimal trajectory

Let us assume that Op is nonempty. This allows us to consider a minimizing sequence (7}, up )nen € (’)Ig,
and m,, € ¢(]0,7,] the solution to (3) with field w,. By definition, T, — Ty as n — oo. In what
follows, we will denote similarly a sequence and any subsequence with a slight abuse of notation, for
the sake of simplicity.

Let us introduce the functions w,,, m,,, defined on [0, 1] by

Un(s) = up(Tys) and my(s) = my(Tys).

Hence, System (3) rewrites

{ iitn = T (@ (o) = (o) - )i ) = it A Bo(ifn) ) i (0,1) )
ﬁ”Ln (0) = €1
where ﬁo(ﬁln) = —Dm,, + Up.

Similarly, since the sequence (uy,)nen is bounded in L*°(0, 1), it converges weakly-star in L>°(0, 1)
up to a subsequence to some element u* such that |u*(-)] < U a.e. in [0, 1] according to the Banach-
Alaoglu-Bourbaki theorem. Since both (my,)nen and (Un)nen are bounded in L°([0, 1]), we infer that
so is mmy, according to (3). Therefore, the sequence (fit,)ney is bounded in W1H(0,1) and hence
converges (up to a subsequence) towards an element m* € W1*°(0,1) in C°([0,1]) according to the
Ascoli theorem. In particular, one has necessarily |m*(-)| = 1. Now, let us rewrite (5) as the fixed-point
equation

Vs €[0,1], mp(s) =e1+ Ty, /Ds (a (Eo(ﬁln) — (ho () - ﬁln)ﬁln) — My A ﬁg(ﬁbn)) do

7



Observe that the right-hand side is linear with respect to %o(mn) and that, according to the properties
above, (ho(my,))nen converges weakly-star to ho(m™*) in L>°(0, 1), where ho(m*) = —Dm*+u*. Letting
n tend to +oo in the equation above, we obtain:

Vse[0,1], m*(s)= e+ Ty /0 <a (Eo(m*) — (ho(i*) m)m) — Aﬁo(m*)) do.

Moreover, since M, (1) = —ej by construction, the convergence in C°([0,1]) leads to m*(1) = —e;.
Taking the previous formula with s = 1, we get

—2e1 =Ty /01 (a (ﬁo(m*) — (ho(*) - m*)m*) — WA Eo(m*)) do.

This proves that 7y > 0. Now, let us introduce u* as u*(t) = u*(t/Ty). By undoing the change of
variable above, we get that m*(¢t/Ty) = my=(t) for a.e. ¢ € [0, Ty]. Furthermore, my«(0) = e; and
my+(T) = —ep since my(0) = e; and m, (1) = —ej. The converse sense is straightforward and the
expected conclusion follows.

Finally, observe that the same reasoning can be reproduced whenever 7y is finite.

3.2 Sufficient and necessary condition for the existence of an admissible trajectory

Let (m,u) be a solution to (3) on [0,7], and for ¢ € [0,T], consider the mobile frame B(t) =
(m(t),é(t), m(t) A é(t)) where é = 1 /|mm|'. According to [3], by observing that

mLm, mLlmAm and m LmA(mADm),

one shows easily, by decomposing u(t) into B(t) and writing the equation for u— (u-m)m, the projection
of u on m*, that there exists A € L>(0,T) such that

u:m(am—km/\m)—i—Dm—(Dm-m)m—i—)\m. (6)
In fact, A = u-m. Reciprocally, given any function m € W1°([0,T],S?), and any function \ €
L*>(]0,T],R), if we define u by (6), then (m,u) is solution to (3). These considerations can be seen as
a consequence of a flatness property of the main system.

Again assuming that (m,w) is admissible trajectory, i.e a solution to (3), We infer from (6) that
u(t) expands as

«
1+ a?

u:Am+( hm+élMOé+<Dm(mA@+ |m0mAé (7)

1+ a?

As, a consequence, using that Dm - (m A é) = é- (Dm Am) due the triple product property, we get

2 . 2
WPt (— s e-Dm) + (Dm-(mae) + L
2

1+« 1+ a?

. 2 . 2

24 (e Dm+ N (e (Dmy amy+ )
1+ a2 1+ a2

Clearly, this computation and the previous remarks show that, without loss of generality, we can
furthermore assume that an optimal trajectory satisfies A = 0, or equivalently, u - m = 0: we will do
this in the following.

'Here, ¢ is merely a notation, and not the time derivative of a previously defined vector e.



Let us introduce, for a given T > 0,
Y ={m € HY([0,T];S?) | m(0) = e; and m(T) = —ey}.

To investigate the existence of an admissible trajectory, it is then convenient to introduce

. 2 . 9
AT):= _ inf - inf sup (/\2+<é-(DmAm)+ il ) +<é-Dm+ a!ﬂ;l ) )

AeL*([0,T]) mEVT ¢efo,T) 1+ a2

. : i >2 < alr| >2
= inf -(Dm Am)+ +(é-Dm+ . 8
n;gmggg%;]((e ) e A e ®)

We summarize the above discussion in the form of a lemma.

Lemma 9. The existence of an admissible trajectory for Problem () comes to the existence of
m € Y7 such that the function u given by (7) with A = 0 satisfies ||ul|poo(jo,r;r3) < U, which is also
equivalent to A(T) < U?. Also, u satisfies u-m = 0.

3.3 Necessary optimality conditions for Problem (%)

This problem can be solved by using the Pontryagin maximum principle. The main results of this
section are gathered in Proposition 11, at the end of this section.
The Hamiltonian associated to Problem (%) is

H: S2xR¥x{-1,0} xR® — R
(m,p,p% u) = p-(—amA (mAhg(m)) —mAho(m)).

It can be noted that the dependence of H on the control function u is affine and one has
H(m,p,p’su) =p- (—am A (mAu)—mAu)—p-(—am A (m A Dm) —m A Dm)

As a first remark, the magnetization stays in S? = OB, where B is the closed unit ball of R3.
Therefore, our problem is obviously equivalent to the problem with restricted conditions

To= inf T.
(T7u)€OU
|m|?—1=0

Thus, we use the version of the Pontryagin maximum principle with restricted phase coordinates, as
stated in |17, Theorem 22|. This theorem is stated for a minimization of an integral with fixed T, but it
can be easily adapted to the case of a minimal time with classical changes (see for instance the passage
from Theorem 1 to Theorem 2 in the same reference). With such a statement, we point out that, for
all m € R3

V(Im[* = 1) = 2m,

and that
2m - (—am A (m A ho(m)) —m A ho(m)) = 0.

Therefore, in our case, this statement gives the exact same necessary conditions, with an additional
orthogonality condition for the adjoint state, stated hereafter.

The first order optimality conditions read as follows: let us denote by (T, u), an optimal pair for
this problem; there exists an absolutely continuous mapping p : [0, 7] — R? called adjoint state and a
real number p® € {0, —1} such that the pair (p,p°) is non-trivial and for almost every ¢ € [0, 7], the
following conditions hold.



e Adjoint equations. Setting

Fi(m,p) = a(p/\(m/\Dm)+DmA(mAp) —D(m/\(m/\p))) —DmAp—D(pAm),
Ey(m,p,u) = —a(pA(mAu)+uA(mAp))+uAp,
one gets
'——@—F(m )+ Fa(m,p,u) 9)
b= om — 11 » P 2 y P, .
Remark that, since |m| = 1, one equivalently has
Fi(m,p) = oa(Dp— (Dm-m)p—2(m-p)Dm —2(Dm-p)m) — Dm Ap— D(p Am),
Fy(m,p,u) = alp-m)u+au-m)p—2a(p-u)ym+uip

o Mazimality conditions. For a.e. t € [0,T], u(t) solves the optimization problem

H(m(t), p(t), p°, 10
ma (m(t),p(t), p",v) (10)

and one has at the final time T
max H(m(T),p(T),p", vr) = —p’. (11)

lop|<U

e A useful identity. Since the dynamics only depends on the magnetization m(-) and the control
u(+), the Hamiltonian functional is constant in time:

H(m(t),p(t),p",u(t)) = —p", t€[0,T], (12)
according to (11), by evaluating the expression for ¢t = T.

e An orthogonality condition for the adjoint state. At the final time ¢t = T', the adjoint state p(T')
is tangent to the boundary |m|* —1 = 0 at m(T) = —e;. This condition is thus equivalent to

p(T)-e1=0. (13)
e Orthogonality between u and m. As seen in Lemma 9, u-m =0 on [0,T.

Remark 10. Since the initial and final state are fized, there is no need to impose any transversality
condition on the adjoint state.

Let us analyze the conditions (10) and (11).
The adjoint state p cannot vanish on [0,7]. Indeed, in the converse case, if there exists tg €

[0,T] such that p(tp) = 0, it follows from the Cauchy-Lipschitz theorem that p(-) = 0 and by using
Condition (11), one gets p® = 0, a contradiction with the non-triviality of the pair (p, p").

On condition (10). Observe that v — H(m(t),p(t),p’,v) is affine with respect to v. According to
the Karush-Kuhn-Tucker theorem, there exists p > 0 such that V,H(m(t), p(t), p°, u(t)) — pu(t) = 0
and the slackness condition pu(|u(t)|> — U?) = 0 is satisfied.

If the set Z := {|u| < U} is of positive Lebesgue measure, then one has
a(p(t) = (p(t) - m(t))m(t)) = p(t) Am(t) ae. t el

10



Taking the scalar product of this identity with p(¢) leads to |p(t)|* = (p(t) - m(t))? on Z. Since p does
not vanish, it follows from the equality case in the Cauchy-Schwarz inequality that p(t) is proportional
to m(t). We will show that such a case cannot occur.

Let us introduce the function ¢ := p — (p - m)m. One can compute that ¢ satisfies the differential
(linear) relation

¢ =aDp—aDm-m)p—DmAp—D(@eAm)+uhp+(m-(DmAep)m—a(u-e)m (14)
a.e. in [0, 7). This follows from an easy but lengthy computation, and from the fact that the function
A given by A = p - m satisfies

A = =2a(Dm - m)A — (Dm A p) - m — a(u - p) + 2a(Dm - p),
a.e. in [0,7]. We leave the details to the reader.
Now, let us assume that the set Z := {|u(-)| < U} is of positive Lebesgue measure. According to the

discussion above, there exists a bounded function A such that p = Am on Z, and therefore, ¢ vanishes
on Z. Due to (14) being linear in ¢, we obtain that ¢(-) = 0 on [0, 7], which means that

p(T) = (p(T) - m(T))m(T) = (p(T) - ex)er = 0,
from the orthogonality condition (13). But recall that p cannot vanish on [0,T]: we reached a contra-

diction.
We conclude that |u| = U a.e. on [0,T]. It follows that

a(p—(p-m)m)=pAm+pu on 0,17,
and using furthermore that
la(p = (p-m)m) —p Am|* = &*(|pl]* = (p-m)*) + p Am|”
= (@ + 1)(]p” = (p-m)*),
one gets an expression of u in terms of p or ¢:
U alp—(p-m)m)—pAm U ap—pAm
@+ 172 pE—p-m? @+ D7 ]

In particular, we get

U amAp—

mAu= ’
(@ + 112 gl
U —a?p —am A
am A (mAu) = Sk AR &
@07 Tl
Substituting those terms in (3) and (14), we get at last
m:m/\Dm+m/\(m/\Dm)—|—U(a2+1)1/2‘£’, (16)
¥

¢ = aDy — a(Dm-m)p — Dm A — D(p Am) + (m- (Dm A ))m —U(a® + 1)V |plm.  (17)
On condition (11). By setting p(T") = (0, p2,7, p3,1) (since p(T') - e; = 0) and vy = (v, 7, v27,V3.7),

since m(T') = —ey, this condition also rewrites

0

V o +
" = max p(T)- | avsr —vsr | = | max < 2,T> ‘ ( P2,7 p3,T> '
<U ’ ’ —y2 \v a —
[or|< avs + var vZ p+o3 p=U 3,1 P3,T — P2,T

The Cauchy-Schwarz inequality then implies that —p° = Uv/1 + o2 P+ pg o~ It follows that p0 =
—1 (else, the pair (p%, p) would be trivial) and condition (11) finally rewrites:

UV1+a?|p(T) = —p° =1

11



Analysis of the optimality conditions. From the previous discussion, u(t) is given by (15) for a.e.
t € [0,T7], leading to
lo| (o (u— (u-m)m) —mAu)=A (¢ —apAm—amAe+mA (pAm))
= A(a® + 1)y

where A = so that

U
(a2+1)1/2 ’

H(m(t), p(t),p°, u(t)) = U(a® + 1)2|p| — p- (a (Dm — (Dm - m)m) — m A Dm)
U(a® + 1)'2|¢| = Dm - (e (p — (p- m)m) — p Am)
U(a® +1)

o? +1)Y2|p| — Dm - (cwp — @ A'm)

1/2
_ (a? +[1]) || (Uz—Dm-u)
and we infer that
U )

On condition (12) From the previous discussion, we have for any ¢ € [0, T

ﬁg)&%(m(t),p(t),po,v) = _pO =1, (19)

which leads at ¢t = 0 to

UvV1+a2|p0)=—p° =1. (20)

More generally, with the above expression (15) of u(t) which is the argmax of H, we get
I:U\/1+a2]<p|—go-[aDm—m/\Dm] (21)

For the sake of clarity, we sum-up all these informations in the following result.

Proposition 11 (Necessary first order optimality conditions). Let (T',u) denote an optimal pair for
Problem (). Then, the adjoint state p defined by (9) does not vanish on [0,T] and one has
U ap—eAm

— 22
@D o (22)

where ¢ is given by ¢ =p — (p-m)m. In particular, one has |u(t)| = U a.e. on [0,T].
Moreover, ¢ satisfies the differential relation (17) completed by the conditions (18) and

UV1+a?|p(0)| =UV1+ a?lp(T)| =1. (23)

Finally, m satisfies (16).

4 Proof of Theorem 2

4.1 Preliminary results

We first state preliminary results, in the form of a series of lemmas.

12



Lemma 12. For all T < oo, the map
L®(0,T) — Whe(0,T)
u +— m solution to (3) with m(0) = e;
is continuous and locally Lipschitz.

Proof. Let uy,us € L*°(0,T) and myq, mo the corresponding solution to (3). Define dm := mj —mg and
ou = uy — us. Simple, though tedious, calculations provide that dm satisfies

dZ—T =a|—Ddm+ ou— ((—D om + du) - mi)my
— ((=Dmg + uz) - dm)my — ((—Dmga + ug) - ma2)dm
—mq A (—Dém + du) — dm A (—Dma + ua).
in (0,7). Since |m1| = |m2| = 1, we obtain

dém .

g | S (a+2)|IDll; + (2a+ Duz|) [dm] + (2 + 1)[dul, i (0,T), (24)
where ||-||, denotes the operator norm associated to the euclidean norm |-|. Since 6m(0) = 0, we have
for all t € (0,7

dém

(o) < | t

and thus by Gronwall’s lemma,

dt

(5)ds < (20 + DTSl + [ ((a+ 2Dl + 20+ 1)l ) o (5) s,

[0m(t)] < (2a + 1)T')|oul| oo exp ((4a + 2) [ Dl + (2 + 1)[[uzl[ 0 )t), ¢ €[0,T].
Using this estimate, and plugging it aslo in (24), we get
[0mlpr.ce < C(T, [Juzl|Lee)||0ul e,
and the conclusion follows. O

Lemma 13. If y1 < o, there exists 6 > 0 such that for all U > 0, if {m(0) + e1| < 0, then —ey can be
reached in finite time with a control u such that |u| < U.

Proof. Let us introduce m as the solution to (3) with the feedback control term

u(t) = - czet (e m)mlt)) + e Amt)
Vita? V1= (m(0) - er)? |

so that the equation on m becomes autonomous, and is well defined as long as m(t) # +e;. Observing

that
(m e1 —(m-ep)m mA e >
7\/17(m-61)2’ \/1*(771'61)2

is an orthonormal basis, one immediately gets that |u(t)| = U for a.e. ¢t € [0,T].
Denote m = (m1, ma, m3) the coordinates of m. From (3), the ODEs satisfied by mo and mg are

rhg = —a[(v2 — v1)m2 — (72 — 71)m3 + (y3 — y1)m3)ma] + (v1 — v3)mams + va,
ms = *a[(% - ’Yl)m:s - ((72 - ’Vl)mg + (73 - w)m%)ms] - (71 - 72)m1m2 + vs.

13



Therefore, by setting m = (mg, m3), it follows that m solves the controlled system

W= A+ e+, (25)
where
_ a(a—m)  (y—m)
A- = [ —(2—-m) —aly-—m)
£ = [a((w - 71)m2 + (3 —y)m3)ma — (v3 — 1) (1 +ma)mg
N a((y2 = y)ms + (3 — y)m3z)ms + (v2 — 1) (1 + ma)mg

and 0 = (v2,v3) where v = (v1,v2,v3) = a(u — (u - m)m) — m A u, which means here

b UV e et m®m®) s e s m(m(b)

WOM%W@P e

We infer that & = Uv/1 + a2mym/|m|. Observing that (1 — mq)(1 +my) = |im|? yields, as soon as
myp < 07
E-(6)] < (1 + |a]) 67+ [m(t)]®

where dv4 == y3 — 1 > 0, and also that
n(t
0+ UV1+ aQT‘n~(|) < UV1+ a2m(t))?
m
With these estimates and by taking the inner product of (25) with m, we get

1d
5 mO)* < UV +a2i(t)] + (UV1+ a2 + A m(t)]* + (1+ |a]) 67+ ()],

and
d
MO < -Uvi+ a? + (UV1+ a2 + [ A_|) ()] + (1 + |a]) 07 [m(t)[.

Let us introduce éy € (0,1/2) small enough (depending on U > 0) so that

UvV1+a?
(UVTF 0 + A= )b + (1 +Jaf) o7 6 < TEEE (26)

Then, if |m(0) + e1| < 7, which gives |m(0)| < dy, one has

d UV1+ a?

Sl < - <o,
as long as |m(t)| < dy. This yields that, for such time intervals, the mapping ¢ — |m(t)| is decreasing.

Therefore, this shows that if oy satisfies (26) and m(0) is such that [m(0)+e1| < dy, then |m(t)| < oy
for all £ > 0 and that m(t) reaches 0 in finite time. In other words, —e; can be reached in finite time
with a control u such that |u| < U if m is such that [m + e;| < dp.

To conclude, it remains to drop the dependency of § in U. Let us use that —e; is asymptotically
stable according to Proposition 24. Therefore, there exists § > 0 such that, starting from a point
m(0) chosen so that [m(0) + e1]| < J, we can first let the system evolve without control until we obtain
|m(Ty) + e1] < 6y for some finite time Tyy. From this moment, we know we can reach —e;p in finite
time, whence the expected conclusion. O

Recall for the sake of readability that the notation 7Ty has been introduced in Section 2.1.
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Lemma 14. Let y1 < 2 and U > 0 such that Ty < oco. Then there exists € > 0 such that Ty_. < oo.

Proof. Since Ty < oo and according to Theorem 1, there exists u, € L*(0, 7y7) such that m.(0) = e;

and m.(Ty) = —e1. Now, let us consider m the solution to (3) associated to the control choice
u= U(fu* for some € € (0,U) to be defined later. From Lemma 12, we obtain
U-—c¢ [l oo 0,77
L = e IEOT)
L>(0,Tv)

for some C > 0.

Since m«(Ty) = —e1 by definition, we can take £ > 0 small enough so that |m(7y) + e1]| < 0, where
0 > 0 is given by Lemma 13. From this lemma, we know we can reach —e; in finite time, and since
|lu| < U — ¢, this leads to Ty_. < oco. O

Lemma 15. Ty is non-increasing with respect to U > 0. In particular, if Ty, < oo for some Uy > 0,
then Ty < oo for all U > Uy.

Proof. This property is an immediate consequence of the definition of Ty and the fact that the sets Oy
are increasing for the inclusion. O
4.2 Emergence of a threshold

The following result is the most crucial for concluding. It quantifies the asymptotic stability of e; for
the evolution of the magnetization m, with respect to u viewed as a perturbation. It is notable that its
proof not only highlights the emergence of a threshold but also provides an explicit expression.

Lemma 16. Let us assume that v1 < 2. There exists Ugap > 0 depending only on vz — v1, v2 — 71
and « such that, for any U < Ugap, the following holds. Let (m,u) be a solution of (3) on [0,+00),
such that uw € L*>([0,00)) and ||u||;c < U. Then for allt >0, my(t) > 0.

In other words, m remains in the hemisphere with pole ey, and in particular, m can not reach —e;.
One has the same statement if (m, ) are defined on a bounded interval [0, T'].

Proof. Let v = a(u— (u-m)m) —mAwu. Then, using that v reads as the sum of two orthogonal terms,
one has |v|? < (1 + a2)U2. Moreover, since |m|* = 1, there holds

Dm-m =y + (y2 —11)m3 + (y3 — 71)m3.

As in the proof of Lemma 13, m solves the controlled system

m=Am+ &+ 0. (27)
where
A |mez=m) —(—m) ] €= [a((’m —y1)m3 + (y3 — y1)m3)ma + (33 —71)(1 — m1)ms
Ye—-m  —ay3—71)]’ a((y2 = y1)m3 + (y3 —y1)m3)ms — (v2 — ) (1 — ma)my

(28)
Pay attention to the sign change between A and £ used here and A_ and £_ introduced in the proof of
Lemma 13. Let v € (0, 1] to be fixed later and define
T, =inf{t >0 | |m(t)| > v}.

Our goal is to derive suitable bounds on m, so that for a well chosen v, T}, = +cc.
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Since m(0) = e; and m is continuous, we know that 7, > 0. Note that one has necessarily
mi(-) > 0 on (0,7,). Then, for all ¢t € [0,7,), using that m is normalized, there holds like previously
0<1—mi(t) <1—my(t)? = |m(t)]*, and therefore

€] < (1 [al) oy [ < (1 + [al) 6y 17,

where 674 == 7v3 — 71 > 72 — 71 = 07— > 0. On the other hand, thanks to the Duhamel formula on
(27) using the fact that m(0) = 0, there holds

i(t) = /O exp ((t — ) A)(€(s) + 5(s)) ds

for all ¢ > 0. This, together with the previous estimates, drives to
t
(0] < [ llexp (¢ = 9, (1 +]ahsrsr? +Vi+a2t) ds
0
t
< (1 lal) (070 +0) [ llexp (= 5) )], ds

< (14 lal) (370 +0) [ flexp (s s, (29)

for all ¢ € [0,T,), where |||, still denotes the operator norm associated to the euclidean norm |-|.
We will now provide an estimate of the norm of the exponential matrix. Recall that the characteristic
polynomial of A is P4(X) = X2 — Tr(A)X + det(A) with

det(A) = (14 a?)éy_ dyy > 0, Tr(A) = —a(dy- + dv4) < 0.

Its discriminant A reads A = Tr(A)? — 4det(A) = o?(6y4 — 67-)? — 46y_0v+. To compute the
eigenvalues of A, we have to distinguish between several cases.

1st case: A > 0. Then its eigenvalues are Ay = 3(Tr(A) &= v/A). Remark that both eigenvalues of
A are negative (according to the signs of the trace and the determinant above) and different from each
other, which means that A is diagonalizable. Therefore, we infer? that

a, SA—sA_1 . SA—sA; 1 1 s \
)\+F‘S)‘—2 et SA_ — ;;\j - VA (e MA=A_Tp) — e (A - )y Ig))
1
= = (e = e )A (e ay - et A L)

va

exp (sA) =e

es)\+
- ((1 VR A4 (VBN — M) 12)
1-— 675‘/Z 1-— .e’s\/Z
— "M A—AI>+ A1, .
o ( sVA sVA )T

—x

Thus, using the facts that A- < A4 < 0, [|A]l, > |A-| and also that the function f given by f(z) = 1=
analytically extended to R is uniformly bounded by 1 on [0, c0), we get

lexp (sA) [l < e+ (s(|Ally + [A=]) +1) < e+ (2s]|All, +1).

2Here, the Lagrange interpolation formula is used to compute the exponential of A: for every matrix M € M4(C)
whose spectrum {)\i}lgigd consists of distinct eigenvalues, one has

M — X 14

d
_ z Aj
eXp(M) = e’ ﬁ

J=1  i#j
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Hence,

t
/ lexp (sA) |y ds < A+ 7 (L = M) + 2] Al As 721 = (A ]t + 1M
0

< (1= ™) (0l + 2 Al5A4 %)
< 3(1— M)Al A7,
and according to (29), one has for all t € [0,7})
()] < 3| Al A+ 721 = M) (L + a]) (5740 + U)

To conclude, we will choose U adequately so that the function z — 3||A|ly| A+ > (1 + |a|) (07423 4 U)
admits a fixed point z¢ in (0, 1]. This is possible thanks to the next lemma, whose proof is postponed
to the end of this section for the sake of clarity.

Lemma 17. Let a,b,c > 0. The function x — a~'(ba® + ¢) has a fived point o in (0,1] if, and only
if ¢ < axy — bx} where 1 = min{1, \/3@,)}

Remark that if x1 is as in this lemma, one has azx; — bac:l)’ > %awl > 0. Hence, setting a =
A2/ 3|l Allo(1 + |al), b= 67+ and ¢ = U drives us to assume that

A 3 : A+
UL ———F———x1 —dyy 27y, with z; :=min<1, ,
3| Allo (1 + |af) ' 3VI1All, (1 + [af)ors

we can take v = x¢ provided by Lemma 17, and the previous estimate leads to
m(t)] < (1 - M,

for all t € [0,7,). A continuity argument then implies that 7, = co. In other words, for all ¢ > 0,
Im1(t)] = /1= [m(t)2 > /1 — (1 — e*+t)2u2 > 0. Now, m; is continuous, so that it keeps a constant
sign. As m1(0) =1, my(¢) > 0 for all ¢ > 0, which is the desired conclusion.

2nd case: A < 0. In this case, the eigenvalues are

Tr(A) £ivV/-A
5 :

Ay =

One more time, the two eigenvalues are distinct, complex conjugate with negative real part. Yet, the
same decompositions as previously can still be applied and there holds

A SA—sA Dy e sA—sAi I

exp (sA4) = ¢ SAy — SA_ S SA+

= i\/l_j <esk+ (A= A_L) — e (A— At 12))

_ z'\/l—T (€ = e ) At (@ Ay — A )D,)

= ef\;;(z) ((e“éj C e EEN A (A e T AT 12)

_ ef/Ti:) s (sx/?)AJr (mcos (5\/?> — Te(A) sin (5*/?» I|

6% Tr(A) [214 — TI‘(A) 12:| sinc (8 Q_A) + e% Tr(A) CcOS (S ;A> IQ .
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Thus, we get
lexp (s4), < 5 ™ (2 All, ~ Tr(4)) + 5 ™) < 3T (2] ] + 1),

since Tr(A) = Ay + A_ and |A4| < ||A[|,. Hence, following the same way as in the first case, we get

/otnexp (s4) [y ds < (1= €3 ) (2fTr(A)] 7! + 8]} Al Tr(4)|?)
< 12(1 — e AN | A, Te(4)[ 2,
and according to (29), one has for all t € [0,7))
()] < 12]|Ally|Tr(A) 721 — 2 TN (1 + |a]) (97, 0% + U)

Now, by mimicking the reasoning done in the first case, by assuming

2
U< Tr(4) T — 6yy xS, with 1 :=min< 1, T(4) ;
12[[Afl5(1 + [a]) 6\/[1 A1l (1 + [a)dy+

and taking v = x( given by Lemma 17, the previous estimate leads to

| (t)] < (1 — ez DA,

for all t € [0,7,). Arguing as in the first case, we infer that 7, = oo in this case as well, and then,
mi(t) > 0 for all ¢t > 0.

3rd case: A = 0. In this case, both eigenvalues are equal, one has A = Tr(A)/2 < 0. Note that, in

that case, A— 4 Tr(A) Iy is therefore a non-zero nilpotent matrix, and more precisely (A—1 Tr(A) I,)? =
(sA— 5 Tr(A)I)? = 0. Thus, there holds

exp (sA) = exp (g Tr(A) Ig) exp (sA — ;Tr(A) I)
:e%“@”ag+5A-§TuA)b)
which yields
s 1 s Ty
lexp (sA)ll; < e2 (1 + 5(| All, — 5 Tr(4))) < 2 DA+ 25 A],).

The computations are then exactly the same ones as in the second case, and the conclusion follows in
the same fashion. O

Proof of Lemma 17. We are looking for a root z¢ € (0, 1] of the polynomial function f given by f(X) =
bX3 — aX + ¢, whose derivative 3bX? — a is negative for X < \/% =: 29 and positive for X > zs.
The minimum in [0, 1] is therefore reached at z; and, since f(0) = ¢ > 0, there is a root if and only if
f(x1) <0, which corresponds to the assumption in the statement. O

Remark 18. From the proof of Lemma 16, we obtained the following expression for Ustepy. Consider
the matriz A defined there in (28), denote A = Tr(A)? — 4 det(A) the discriminant of its characteristic
polynomial, Ay its eigenvalues chosen so that Ay > A_ whenever A > 0, and 6y ==y3 — v > 0.

Let

ind1 D+ | A S0
I i W et R
min { 1, Tr(4) else.

6+/11 Al (L[] oy
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Then

2
A+

At — 3 ;
Uy = D(A) i= { TR T = v (4] 7 80
iy 3
WI’l(A) - (S")/J,_ xl(A) else.
Note also that, to complement this result, explicit computations of the quantities involved (like ||Al|2)
are provided in Appendiz C.
We now have all the elements to conclude the:
Proof of Theorem 2. Define
Uerit = mf{U ‘ Tu < OO}

From Lemma 16, we know that U. > 0. Lemma 15 proves the second point. To investigate the case
where U = Uy, observe that, by definition, () has no solution for all U € (0, Ucit). Moreover, if
(Z) had a solution for U = Ugsjt, then Lemma 14 would provide a contradiction with respect to the
definition of Ugit. ]

5 Cases with symmetry

In this section, we deal with the two cases when the material satisfies additional symmetry without
being a sphere (in which case the analysis becomes trivial). They correspond to the cases v1 = 72 < 73

and y1 < 2 = 3.

5.1 Proof of Theorem 4 (case 7, = 73)

From Theorem 1, we have to investigate the existence of an admissible trajectory for this problem,

in other words, the existence of a control v € Oy and a time T' > 0 such that m,(7T) = —e;. This
property is known to be true as soon as U is large enough according to [3]. But it has to be proved for
smaller U.

Let us assume that 1 = v2. We will prove that, in that case, infp-o A(T) = 0, (with A(T') defined
by Equation (8)) which will prove that Problem (%)) has a solution whatever the value of U > 0.
For € > 0, let us consider a particular trajectory m. of the form m. = (cos(et),sin(et),0). Then, by

defining
, Iine] \? /. alrine] \ 2
F. = ea.(DmaAm£)+1+a2 + (é.-Dm. +

with é. = 1. /|m.|, a straightforward computation yields

62 2
Fe= <e”.

We infer that infr-q A(T) < F. < €2 whence the conclusion, since ¢ is arbitrary.

Let us now prove the last point of this result, assuming that from now on 7; < 3. Assume that
ms(t) = 0 for all ¢ > 0. Then, Dm = ~ym. By contradiction, if such an m is an optimal trajectory,
Proposition 11 is satisfied, and (16) gives

m=U(a?+1)/22
[

By taking the third coordinate, we get ¢3(t) = 0 for all ¢ > 0. Thus, we also get Dy = v and (17)
gives
p = —mmAp—D(pAm)—U(a® +1)2|p|m.
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By taking again the third coordinate, we get

0=-—y(mAg)-e3—D(@Am)-e3=(y3—71)(mAp) e3=(y3—71)(es Am) - .

Since 3 > 71, this proves that (e3 Am) - ¢ = 0. However, at t = 0, this means that

0= (e3 A e1)p(0) = ©2(0).

Now ¢1(0) = (0) - m(0) = 0, and we obtained ¢(0) = 0: this is a contradiction with (23).

5.2 Proof of Theorem 5 (case 7, = 73)

For this case, we first show that the (PMP) conditions are also sufficient conditions for optimal trajec-
tories :

Lemma 19. Let U > Uqye. Then any trajectory m satisfying the (PMP) ((9)-(12) with p® = —1) is
an optimal trajectory.

Proof. Let m, be an optimal trajectory, and p, the associated adjoint state. By definition, they satisfy
the (PMP) conditions. Now, let (m,p) be a trajectory and its adjoint state satisfying the (PMP)
conditions. Let also ¢ = p — (p- m)m and s = px — (P« - myx)ms. In particular, we know that ¢(0)
satisfies (23) and ¢(0) L m(0) = e1, and similarly for ¢, with respect to m,. Thus, there exists
6 € [0,27] such that Rgp(0) = ¢.(0) where Ry is the rotation along e; of angle 6:

1 0 0
Ry=10 cosf —sinb
0 sinf cosd

On the other hand, since v2 = 3, we have DRy = RyD for all 0, but also Rgf N Rgg = Ro(f A g)
for any f,g € R3. Last, Rgm«(0) = Rpe; = e1. Thus, (Rym, Rpy) satisfies the same system of
ODEs as (mu, ¢«) (ie. (3)-(9) with u(-) or u.(-) satisfying (22)) with the same initial data. By the
Cauchy-Lipschtiz theorem and using the fact that both ¢ and ¢, never vanish thanks to (18), we obtain
(Rom, Rop) = (mu, ), 1.e. (m, @) = (R_gmy, R_pps), and thus the conclusion. O

The following two results exploit in a precise way the (necessary and sufficient) optimality conditions.

Lemma 20. Let U > 0 and (m,p) satisfy the (PMP) conditions ((9)-(12) with p® = —1) and ¢ =
p— (p-m)m. Then, for everyt >0, p(t) - (e1 Am(t)) =0.

Proof. We know that ¢ satisfies (17) and m satisfies (16) with u given by (22). Moreover,
Clo(erhm) =@ (er Am) + ¢ (e Arh).
Using the facts that « L m and m L (e; A m), there holds
¢-(e1Am)=aDy- (et Am)—a(Dm-m)p- (et Am)— (DmAp)-(e1 Am)—D(p Am)-(ex Am)
(oA Am) (e Am),

AT
w-(egAmh) = —ap-(es ADm)+a(Dm-m)p-(es Am)+¢- (et AN(mADm))+U 1+O[2<p'(61/\£).

|l

First, we point out that ¢ L m so that ¢ A (¢ Am) = —|¢[*m, and thus (¢ A (¢ Am)) - (e; Am) = 0.
Similarly, Uv1+ a?¢ - (e1 A |—$|) = 0. Then, using the triple product formula, we get

w-(eg ADm)=—Dm - (e1 A @)
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(DmAp)-(es Am)=(pA(et Am))-Dm=—(p-e1)(m-Dm),
(mADm)- (et Ap) = ((es Ap) Am)-Dm = (m-e1)(p- Dm).

Moreover, since v, = 73, we know that, for any vector f € R3 such that f-e; =0, Df = yof = 73f.
With the fact that D is symmetric, this leads to

Dy -(e1 Am)=¢-D(eg Am) =yp-(e1 Am),
Dm-(egs ANp)=m-D(e1 ANp) =vyam-(e1 ANp) = —2p-(e1 Am),
D(@Am)-(e1 Am)=(pAm)-D(e; Am)=ya(p Am)- (e A m).

Last, using again the double product, we have
o+ (ex A (m A Dm)) = (- m)(ex - Dm) — (- Dm)(e1 - m) = —( - Dm)(e1 - m).
But one has then
(¢-e1)(m-Dm)—(p-Dm)(er-m) =er- [(Dm -m)p — (Dm - @)m| = —e1 - (Dm A (m A p))

=—Dm-((mAp)ANe)=—m-D((mAp)Aep)
= —ym - ((mAp) Aer) = (e Am)-(ex Am).

This means

v-(es AN(mADm))— (DmAg)-(egt Am)—D(p Am)-(eg Am) =0,

Hence,

S lernm)) =0,

The conclusion comes by integration, noticing furthermore that m(0) = e; and thus ey Am(0) =0. O

Lemma 21. Let U > 0 and (m,p) satisfy the (PMP) conditions ((9)-(12) with p° = —1). Denote
m = (my, ma, m3) the coordinates of m, and define to := inf{t > 0|m(t) = £e1} > 0 (possibly +o0)
and 0 € [0, 7] such that m; = cos@ on [0,ty). Then my and 6 satisfy on [0, o)

1 = a(ye — 7)1 —m3)my — U1+ a2y /1 —m?,
0 = —a(yo —71)sinf cosd + Ur/1+ a2 (30)
Last, tg = 00 if U < Uit and to = Ty if U > Ui

Proof. Let p its adjoint state and ¢ = p— (p-m)m. Then ¢-(e; Am) = 0 from Lemma 20, which means
that ¢ is orthogonal to both m and e; A m for all times in [0, 7i7]. Moreover, as soon as m(t) # +e;
(i.e. assoon as t € (0,7y)), (m(t), e Am(t), m(t) A (e Am(t))) is an orthogonal basis of R3. Therefore,
©(t) is colinear to m(t) A (e A m(t)), i.e. there is A € €((0, ), R) such that

QDZ/\m/\(61/\m):)\[el—m1m},

Moreover, from (21), we know that ¢ does not vanish, thus neither does A, which has a constant sign.
Then, we also have

e1-p(t) = A1 —mf) and |p(t)| = [AB)]/1 —mi,

which leads to



with sign(\) = £1 constant in time. We also have
(Dm - m) = yim +72(m3 +m3) =72 — (y2 — M)mi,

er1-(mADm)=Dm-(et Am)=m-D(eg Am)=m-vy(ex Am)=0.

Therefore, the evolution equation on m; is

1 = a(ye — 1) (1 —m3)my +sign(\)UV1 + a2y/1 — m3. (31)

On the other hand, we know that m = (ma, mg3) satisfies at t = 0:

o 5 8(0)
m(0) = UVL+ e g

with ¢(0) # 0 since ¢(0) - e; = 0 and |¢(0)] = U\/11+7 > 0. Since m(0) = (0,0), this means that |m/| is

not vanishing on (0, €] for some ¢ > 0 small enough. Since |m|*> = 1, this necessarily means that m? < 1
on (0,e]. Now, we can introduce 6(t) the first angle of the spherical coordinate such that m; = cos,
and we can assume that #(0) = 0 and 6(¢) > 0 on (0,e]. The angle 0(t) is then well defined on [0, ¢o)
where tg = min{t > 0|m(t) = +e;} and 0(t) € [0,7]. Moreover, since m; is ¢! (due to (31), for
example), 0 is € on (0,tg) as well. Then, on this interval, we can replace m; in (31) by its expression
in terms of 6, which leads to

—fsinf = ayy — 1) sin? 0 cos O + sign(\)U~/1 + a2sin,

hence
0 = —a(v2 — 1) sin 6 cos 0 — sign(A\)U /1 + a2.
From this, we also see that 0 is €' at t = 0 with 6(0) = —sign(\)Uv1+a2. As 6 > 0 on [0,g], we
can easily see that sign(\) = —1 (otherwise we would have 6(0) < 0). This gives the expected ODEs
on m; and 6, but on [0, ) only.
To conclude, we shall prove that tg = oo if U < Uy or tg = Ty if U > Ugit, which is equivalent
to prove that m does not reach e; again (up to reaching —e; before), or equivalently that 6 does not

come back to 0 before reaching 7. This follows from the fact that 6 satisfies an autonomous first-order
ODE of the form 6 = f(6) with f(0) > 0. O

We are now in position to prove Theorem 5.

Proof of Theorem 5. Let U > 0 and (m, ¢) satisfying the (PMP) conditions ((9)-(12) with p® = —1).
From Lemma 19 and Theorem 2, we have 2 cases:

e cither U < Ui, and then no trajectory reaches —e; (and so in particular m).
e either U > U, and then m reaches —ej.

Therefore, we shall analyze only the case when U > Ut and m is able to reach —e; and. From Lemma
21, we can define 6(t) € [0, 7] such that m; = cos 6, and it satisfies (30). Since it is an autonomous ODE
of the form § = f(#) with f(0) > 0, it is easy to prove that 6 is able to reach w (which means m; reaches
—1 or also m reaches —ey) if and only if f > 0 on [0, 7], where f(z) = —a(y2—71) sinz cosz+UV1 + a?.
From this,

UV1+a?

=y €0

f(x) >0 Vzel0,n] — %sin(Q:n)<

— U>

o
a2 )
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This gives the desired expression of Ucyit.
Let us now compute the minimal time in that case. From the ODE (30) satisfied by 6 for the
optimal trajectory, we know that

- _/“ do
v 0 —a(y2—71)sinf cosf + UvV1+ a?

g dé
B /0 —%a('yg — ) sin20 + UvV1 + o?

_/27r dz
0 —alyy—m)sinz +2UV1 + o?

B 1 / dz
2vV1+a2 )_; —Ugitsine + U’

2
= we get

With the change of variable y = tan 5, so that dz = dyg, sinx =

1+y 14y
v 2v' 1+ o —00 _2Ucrity + U(l + 92)

dy
B m /;OO U( _ %)2 + U2 UUchlt

UV1+a2/oo y +i2nt

/ UCQI'lt oo dz
U V 1 + OZ2 U U2 U U(:ert ’

crlt 2 +
U2z-U?
with the change of variable y = \/ — 2. Therefore,

+o0 T
7 y / . 0
v le+a2 U2 crlt 22 +1 1—|—a

Crlt

6 Proof of Theorem 8: on almost planar trajectories

Let us first state a result based on tedious computations, whose detail is left to the reader.

Lemma 22. Let U > Ugit, m be an optimal trajectory and p its adjoint state.
Then ¢ == p Am = @ Am satisfies

é:a(D(m/\g)Am— (m/\g)ADm) +DmAC—DCAmM
Similarly, denote Z := (/|C|. At every point where ¢ does not vanish, one has
Z':IP’ZL[a(D(m/\Z)/\m—(m/\Z)/\Dm)—I—Dm/\Z—DZ/\m, (32)

where P,1 :x— x — (Z - x)Z is the projection onto the orthogonal space to Z.

The proof of the Theorem 8 relies on the following result, establishing the existence of a planar
trajectory joining e; to —e;, without any norm condition on the chosen control.
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Lemma 23 (Existence of planar trajectory). For any € > 0, there exists a trajectory of the form
m(t) = (mi(t),ma(t),0) defined on [0,TZ] for some T > 0, joining the state e; to —ey1 and such that

s il \? (. afrin| \*
j’-".:<e'(Dm/\m)—i—14_@2 + e'Dm—i_l—i—oﬂ <

for all t € [0,T.]. Furthermore, T, <

~

1/e.

Proof of Lemma 25. Define my(t) = cosf(t) and ma(t) = sinf(t), our goal is to define a suitable
function 6, such that 6(0) = 0 and 0(T;) = .
Observe that é, Dm, m are coplanar so that é - (Dm Am) = 0. Also

| = |0], ¢ Dm = (72 — ) sin() cos(d) = 22 ;'Yl sin(26).

Hence

N
- 1 512 Y27 . a0
F = 7(14_0[2)2\9] + (2 sin(20) + T+ a?

- 1
C14a2

_ . —_ 2
102 + O[(Yi_ azl) sin(26)(6| + G2 =) 471) sin?(26).
This is a quadratic expression in |]. Let us solve F = %(72 —71)?(1+¢): this is a polynomial equation
of degree 2, whose discriminant reads

A = 042(’}/2 - 71)2
(14 a?)?

_ m (14 &+ (a® —1)sin®(26)) .

Observe that A > 0 for all 8, so that we can choose

4 (72 _71)2(

. 2 .
sin”(26) 1+ a2 1

sin?(20) — 1 —¢)

)= ; n <—a sin(26) + \/1 +e+(a?-1) sin2(29)> =: f<(0)

f=(0) > 2-n ( £ + a?sin?(20) — asin(29)) > 0,

€
Z —— e
2 Ve+a?+a
we infer that this ODE on 6 admits a unique solution 6., strictly increasing such that 0. 2 ¢, and so,
there exists a unique T, < 1/e such that 6.(7.) = 7. This provides the desired trajectory. O

~

Denote Uplan = 72;71. Lemma 23 shows in particular that Ueit < Uplan. We are now in position to

complete the:

Proof of Theorem 8. Let ¢ and Z as in Lemma 22: Z satisfies (32). Observe moreover that the equations
on ¢ and Z remain unchanged if one replaces D into D — AI3 for some A € R. We can therefore assume
that the spectral norm of D is || D|| = 352 by taking A = 23 Then, since |Z| = [m| = 1 and
|IPzo|| =1, we get

2| <201+ a)|ID] = (1 + a)(rs = 1),

On the other hand, according to Lemmas 9 and 23, we know that for all U > Uplan, there holds
To < ﬁ for some constant C' > 0. Thus, one has
plan

C

1Z(t) — Z(To)| < A+ a)(y3 =) Tu < (14 a)(73 _’Yl)U—iUpm'

(33)
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for all ¢ € [0, T7].We also know that |¢| = |¢|. Thus, by introducing ¥ = ¢/|p|, one gets Z = A'm
and m A Z = 1) since ¢ - m = 0. A straightforward computation yields that the pair (m, 1)) satisfies

Y = a(Dp — (DY - p)Y) — U1+ a2m — Dm A + D(m A1)
— (- DmAP)) Y = ((mAY) - Dm)m,
m=—a(Dm— (Dm-m)m)+mADm+ U1+ a?. (34)

From estimate (33), we infer that, for U large enough,

Ve [0,Tu], |w(t) —m A Z(Ty)| <

STIS

Putting this in Equation (34) for m, we get some constant C' > 0 such that for all U large enough and
t € [0, Tul,

‘m —UV1+a?mA Z(TU)‘ <C,

which leads to

|- Z(To)| < C.
Since m(Ty) - Z(Ty) = 0 by definition and using once again that 7y < ﬁplan, we get for all U large
enough and ¢ € [0, 7y/]
<<
- U
However, p(Ti) = »(Tv) (since p(Ty)-m(Ty) = 0 from the orthogonality condition) and m(7) = —eq,
and thus the orthogonal space of V' is exactly span(Z(7y)), which means that m(t) — Pym(t) =
(m-Z(Tu))Z(Ty). The conclusion easily follows. O

im - Z(Tu)|

7 Conclusion and perspectives

7.1 Extension of our results

It would be natural to extend our study in several directions. On the one hand, we would like to
complete our study of a single ferromagnetic particle of ellipsoidal shape by studying other criteria,
and typically a combination of time and cost L? of control. This problem could read:

Second version of the optimal control problem: case of L? constraints. Let A > 0
and let us assume that mg = e;. The problem reads

A T
&= inf T / t)| dt, P
0= i, t3 ; |u(t)] (2)

where m,, denotes the solution to (3) associated to the control function u(-),
or alternatively, if one aims at dropping the effect of the L°° constraint on the control,

Modified second version of the optimal control problem: case of L? constraints.
Let A > 0 and let us assume that mg = e;. The problem reads

A T
&) = inf T+/ u(t)|? dt, P
U (mwelyso0u 2 Jo u(t)] (&)

where m,, denotes the solution to (3) associated to the control function u(-).

Finally, we also plan to study similar issues for more realistic physical systems, for example a
network of ellipsoidal particles, possibly rectilinear, as in the model introduced in [I].
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7.2 Numerical illustrations of our results

We provide hereafter several numerical illustrations of our results. More precisely, we want to determine
numerically the existence or not of an admissible trajectory connecting e; to —eq, in accordance with
what we have found theoretically. Let us first notice that a trajectory m can easily be computed
numerically by solving the ODE (3) with the expression (22) for the control u where the variable ¢ is
given by (14).

To initialize both ODE (3) and (14), m(0) = e; is given, but ¢(0) is unknown. On the one
hand, we overcome this difficulty by noticing that ¢(0).e; = 0, which allows us to have only two
unknowns: ¢2(0) and ¢3(0) to be determined. On the other hand, working with the normalized
variable ¢ = ¢/|¢| enables us to reduce the unknowns to only one angle variable ¥ € [0, 27] such that
(12(0),13(0)) = (cos(?),sin())). ODE (3) and (14) are thus replaced by the system (34).

Numerically, implement a shooting method to determine ¥ € [0, 27]: namely, for each ¥, we solve
the system (34) on a very large time horizon by a fourth-order Runge-Kutta method and determine if
the trajectory m reaches —e; on a certain time 7.

We list below the numerical results, all obtained with o = 0.6. The initial position e; is represented
with a red circle on the sphere and the goal —e; with a green star. Parameters ~;, ¢ and control U
are specified in the caption of each figure. For each one, we have represented the trajectory m on the
sphere as well as the coordinates of m and of the control u as functions of time.

First of all, in the non-symmetric case, a threshold on the control appears. If the control is suffi-
ciently large, there is (at least) an initialization of ¢ (i.e at least one angle 1) which allows to have an
admissible trajectory represented in Subfigures 2(a)-2(b). On the contrary, if the control is not large
enough, no initialization of ¢ will give an admissible trajectory. We have represented for instance one
of them in Subfigure 2(e)-2(f) with a particular ¥ but be aware that they all have the same behavior
whatever the initialization of v: the trajectory remains in the northern half-sphere without enough
control. Figure 2 is thus a perfect illustration of Theorem 2. Note that it also helps to illustrate
Theorem 8 since the larger U is, the closer the trajectory is to a planar trajectory, as we can see by
comparing Subfigures 2(c)-2(d) with a medium control and Subfigures 2(a)-2(b) with a larger control.

Figure 3 illustrates once again the case of control too weak to reach —eq, for other +; parameters.

The symmetric case y; = 72 is shown in Figure 4. Even for small controls (U = 0.7 numerically),
there is (at least) one initialization of v leading to an admissible trajectory reaching —e; in finite
time. This illustrates well Theorem 4: Ugyy = 0 in this symmetric case. When o < 73 (Subfigures
4(a)-4(b)), the admissible trajectories are non planar whereas it is, in the case of a spherical symmetry
(Subfigures 4(c)-4(d)) without changing anything other than the symmetry of the test case. This is
again in accordance with the second statement of Theorem 4.

For the symmetric case 9 = <3, we see numerically in Figure 5 that for small values of U, an
admissible trajectory exists. With the parameters of Figure 5, Theorem 5 gives the following value
for Ugit = ﬁ(’m — 1) ~ 0.026, which effectively allows to have admissible trajectories for very
small values of U. Note also in Subfigure 5(b) that all admissible trajectories reach the target —e; in

. . . - p N
a time greater than 14. With the values chosen for Figure 5, NN e 13.58 corresponds to

crit

the minimum time determined in Theorem 5. Here again, we notice the non-planar character of the
trajectory.

7.3 Conclusion and perspectives

The obtained results provide a complete characterization of the question of the magnetic moment
reversal in minimal time in a simple configuration. Indeed, we have considered here only one ellipsoidal
particle. In order to approach more realistic configurations, we wish to analyze a model in which several
ferromagnetic particles of ellipsoidal shape are combined to form a network. We refer for example to
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(a) Admissible trajectory for ¥ = 0.8976, (b) The components of m and u for ¥ = 0.8976, large control U = 10
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(¢) Admissible trajectory for ¥ = 2.2440, (d) The components of m and u for ¥ = 2.2440, medium control U = 3
medium control U = 3
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(e) Generic trajectory for ¢ = 0.8976, (f) The components of m and u for ¥ = 0.8976, small control U = 0.1
small control U = 0.1

Figure 2: Non-symmetric test case with (y1;72;7v3) = (0.2;0.5;1), top: with a large control U = 10,
middle: with a medium control U = 3 and bottom: with a small control U = 0.1
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Figure 3: Non-symmetric test case with (71;72;7v3) = (0.0;0.8;1), ¥ = 2.5646 and a small control
U=02
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(¢) Admissible trajectory with v3 = 0.2 (d) The components of m and u with 3 = 0.2 (spherical case)

(spherical case)

Figure 4: Symmetric test case 71 = 72 with (y1;72) = (0.2;0.2), ¥ = 0.3206 and a small control
U = 0.7, top: 3 = 1.0 and bottom: 3 = 0.2 (spherical case)

28



5 0.50 0.25 0.00 —0.25-0.50-0.75-1.00

0 5 10 0 5 10 o 5 10
time time time

1.00 0.7

(a) Admissible trajectory (b) The components of m and u

Figure 5: Symmetric 2 = 73 test case with (y1;72;7v3) = (0.1;0.2;0.2), ¥ = 2.7925 and a small control
U=0.2

[2] for a possible model. After having characterized the set of stationary configurations, we will then
ask ourselves the question of controllability in minimal time, in order to go from one stationary state
to another.
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A Computation of the demagnetizing field in a ferromagnetic ellipsoid

sample
It is shown in [14, 8| that the demagnetizing tensor D reads D = diag([y1,72,73]), where the +;’s are
given by
ajagaz [T dt
Yi = .
2l Ve + )6+ ) (e + P)(a} + 1)

Such an expression can be rewritten in terms of the elliptic integral of the second kind F, defined by
xr
E(x,p) = / (1 — psin? 0)1/2 dg, xeR, pe(0,1).
0
If a1 > as > as, then, one has 0 < v < 9 <73 <1 and these coefficients read

n=1—7-—93

2 2

, as <a wmaz o (az af —aj
2= 7o 2\ M T o oN1/2 ) 2
a3 —as (a? —a3)!/ ar ay —az

2 2

s = as (a amas o (as ai —a

3= 73 2\ Y27 5 2\1/2 ) 2 ‘
aj —as (‘12—‘13)/ ap ay —asg
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In the case where a1 > as = ag (prolate spheroid), these formula simplify into

_ a3 2 2\1/2 th ap _1=m
71__( 5 :23)3/2 (a7 — a3)"’* + aj argco 7( 5 3)1/2 , Y2 =173 = 5

In the case where a1 = as > as (oblate spheroid), these formula simplify into

2
_ aj 2 9\1/2 a3 T = 1T
")/3 = —W ((al — a3) + a3 arctan ((a%_a%)m) - 2@3) bl 71 - ,.)/2 - 2 .

B Stability of steady-states for Eq. (3)

Let us first notice that, if m is a steady-state of Equation (3) and if no control is applied on this system
(hext = 0), then by orthogonality of the terms in the right-hand side, it satisfies

ho(m) = (ho(m) - m)m and m A ho(m) = 0.
Therefore, m is an eigenfunction of Dm and we infer that m = +e;, j = 1,2,3 whenever 11 < 72 < 73.

Proposition 24 (Asymptotic stability). Let v1,72,7v3 be sorted in ascending order vi < v < 3.
Then, in the absence of any control hext, the steady-state +eq1 is an asymptotically stable equilibrium
state for Equation (3). Nevertheless, the steady-states £es and +es are linearly unstable steady-states
for Equation (3).

Proof. Let h = (h1,h2,h3)T € R® be a small perturbation such that e; + h is still an admissible
magnetization, i.e. on the unit sphere S? C R®. We obtain:

1
ler +hP=1 (1 +h)?+h3+hi=1ch = -5 (ki + h3 + h3) = O(||h||?).

The unknown h; is therefore of second order and does not occur in a linearized system of the first order.
By linearizing Equation (3) around the equilibrium state e, one has, without any control wu:

{h@ = a(y1 — 2)he + (v — v3)hs + O(||1[]?)

: (35)
hs = a(y1 —3)hs + (v2 — y1)h2 + O(||1]1?)

The Jacobian matrix of the linearized system around e is therefore :

J = <04(71—72) 13 ) .
Y2—M a(y1 —73)

Since 1 < v2 < 73, one has

det(J) = (&> + 1)(v1 —2)(n1 —3) >0 and  Tr(J) = (v — 12) + (11 —13)] < 0.

We infer that the two eigenvalues of the Jacobian matrix are of negative real parts. The steady state
e1 is therefore linearly stable and is an hyperbolic point (no eigenvalue with zero real part).

Hartman Grobman’s theorem [16] allows to conclude about the asymptotic stability of e; for the
non-linear Equation (3) without any control u. As for —ej, similar computations give the conclusion.
Regarding now the stability of tex, k = 2,3, notice that a similar computation drives to the following
expression of the Jacobian determinant: det.J = (a?+1)(v2—71)(72—73) < 0. The expected conclusion
follows. O

Remark 25. If v1 < v < 3, an eigenvalue of the Jacobian matriz may have a zero real part. In which
case one can conclude that ey is linearly (non-asymptotically) stable, but Hartman Grobman’s theorem
no longer applies to return to the non-linear Equation (3).
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C Complement in the case y; < ¥5: explicit computations of the con-
stants in the case

Let us use the notations introduced in Remark 18. We compute

(14 a?)dv2  —2advy_ §v,
—2a6y- vy (14 a?)6y2 ]’

A*A =
Tr(A*A) = (1+ ) (672 +572) >0,  det(A*A) = (1 — a?)?6y26~2 > 0,
and the discriminant of its characteristic polynomial is
Tr(A*A)? — 4det(A*A) = (1 4+ a?)2(07% + 092)? — 4(1 — a?)25+2572
= (1+a?)?(072 — 693)% + 1602572577
= (14 a®)?(67= — 674)% (67— + 07v4)* + 1607592677 > 0.

and its largest eigenvalue is therefore

(1+a?)(672 +0v2) + \/(1 + a2)2(8y- — 674)2(0v— + 6v4)? + 16026926+

Al? =
Al 5

On the other hand, when A = o?(5yy — 67_)? — dy_6v4 > 0, we have

—a(0y4 +07-) + /@2 (074 — 67-)? — 07074

AL =
+ 2

and therefore, with I' = 67;1(57_,

ne (a(t4+1)~ Va2 -T2 -T)
[Allo(1 + le))dv+  V2(1 + |a) (

[N

(1+02)(1+T2) + /I +a2)([T — 121+ )2+ 16a2F2>
Similarly, when A < 0, we obtain

ITr A 1 a(l1+T)

Al (1 + al)dve — v2(1 + |al) (

(NI

(1+a2)(1+T2) + /I +a2)(T - 121+ D)2+ 16a2I‘2>

Remark also that A = §v% (a2(1 -T)2 - F). Therefore, if we define

S 1 ¥ .
Fo = { [AllaU+apoy if A >0,
e if A <0,

4[Ally (I+[al)ov+

and then T; := min (1, @), we obtain that both of them only depend on I' and a and thus so is

po = Fr1 — z3. Last, the conditions on U becomes U < §v; po, which is in agreement with the

invariances on D (invariance by shifting of the ;s, invariance by multiplication of the ;s with respect
to a change of time variable and a multiplication of the external field-control).
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