ASYMPTOTIC STABILITY OF HIGH-DIMENSIONAL
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ABSTRACT. We prove that solitons (or solitary waves) of the Zakharov-Kuz-
netsov (ZK) equation, a physically relevant high dimensional generalization
of the Korteweg-de Vries (KdV) equation appearing in Plasma Physics, and
having mixed KdV and nonlinear Schrédinger (NLS) dynamics, are strongly
asymptotically stable in the energy space. We also prove that the sum of
well-arranged solitons is stable in the same space. Orbital stability of ZK
solitons is well-known since the work of de Bouard [10]. Our proofs follow the
ideas by Martel [30] and Martel and Merle [35], applied for generalized KdV
equations in one dimension. In particular, we extend to the high dimensional
case several monotonicity properties for suitable half-portions of mass and
energy; we also prove a new Liouville type property that characterizes ZK
solitons, and a key Virial identity for the linear and nonlinear part of the ZK
dynamics, obtained independently of the mixed KdV-NLS dynamics. This last
Virial identity relies on a simple sign condition, which is numerically tested for
the two and three dimensional cases, with no additional spectral assumptions
required. Possible extensions to higher dimensions and different nonlinearities
could be obtained after a suitable local well-posedness theory in the energy
space, and the verification of a corresponding sign condition.

CONTENTS

1. Introductionl
[1.1. The elliptic problem|

2 Statement of the results
2. Linear Liouville property|

[2.1. Monotonicity|

[2.2. Proof of TheoremIl.3l

[2.3. Coercivity of the bilinear form f 4|

[ Nonlinear Liouville Property |

[3-T. Modulation of a solution close to the soliton ()|
13.2. Monotonicity|

13.3. Proof of TheoremI1.2]

3.4.  Coercivity of the bilinear form H 4 (v, v)|

4. Proof of the asymptotic stability result|

5. Stability of the sum of /V-soliton

5.1. eduction to a well-prepared case

5.2. Proof in the well-prepared case)

|Appendix A. Numerical Estimates for the Spectral Property|

Date: July 2nd, 2014.
*Partially supported by the project ERC 291214 BLOWDISOL.

TPartially supported by CNPq/Brazil, grants 302632/2013-1 and 481715/2012-6.

1



2 R. COTE, C. MUNOZ, D. PILOD, AND G. SIMPSON

IA.1. Computational Methods| 54
(A2, Numerical Results| 55
Appendix B.  Proof of (5.19))| 56
Appendix C. Linear waves versus Asymptotic stability in the energy space|l 58
|Appendix D. Proof of Theorem [1.5| 58
59

1. INTRODUCTION

We are interested in the the Zakharov-Kuznetsov (ZK) equation
(11) 8tu+(911 (Au+u2) = O,

where u = u(x,t) is a real-valued function, z = (x1,79) € R x R ¢t € R,
A= Z;l:l 8%], denotes the laplacian. The ZK equation is a particular case of the
generalized Zakharov-Kuznetsov (gZK) equation

(1.2) Ou + 9y, (Au+uP) =0,

where p € Z issuchthat2§p<ooifd:1,2and2§p<1+ﬁifd23. We
observe that when the spatial dimension d is equal to 1, equation (|1.2]) becomes the

well-known generalized Korteweg- de Vries (gKdV) equation.

The ZK equation was introduced by Zakharov and Kuznetsov in [22] to describe
the propagation of ionic-acoustic waves in uniformly magnetized plasma in the two
dimensional and three dimensional cases. The derivation of ZK from the Euler-
Poisson system with magnetic field in the long wave limit was carried out by Lannes,
Linares and Saut in [25]. The ZK equation was also derived by Han-Kwan [19] from
the Vlasov-Poisson system in a combined cold ions and long wave limit. Moreover,
the following quantities are conserved by the flow of ZK,

(1.3) M(u) = /u(m,t)Qda:,
and

1 1
(1.4) H(u) = / (§|Vu(x,t)|2 o

The well-posedness theory for ZK and gZK has been extensively studied in the re-
cent years. In the two dimensional case, Faminskii proved that the Cauchy problem
associated to the ZK equation is globally well-posed in the energy space H!(R?)
[13]. The local well-posedness result was pushed down to H*(R?) for s > 3 by
Linares and Pastor [27] and to s > % by Griinrock and Herr [I8] and Molinet and
the third author [41]. The best result for the ZK equation in the three dimensional
case was obtained last year by Ribaud and Vento [44]. They proved local well-
posedness in H*(R3) for s > 1. Those solutions were extended globally in time
in [41]. Note however that it is still an open problem to obtain well-posedness in
L?(R?) and H'(R3) for the ZK equation. Finally, we also refer to [27, 28, 14} 45} [17]
for more well-posedness results for the gZK equation with p > 3 and to [42] [6] [7]
for unique continuation results concerning ZK.

Note that if u solves (T.2)) with initial data ug, then uy (x,t) = X2/ ®P=Dy(Az, A3t)
is also a solution to (T.2)) with initial data ug x(x) = A2/ P~Dyg(\x) for any A > 0.

u(z, t)P)da.
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Hence, ||lug x| o = A2/ P=D+574/2||yq]| .., so that the scale-invariant Sobolev space
for the gZK equation is H**(P)(R%), where s.(p) = % — p%l' In particular, the gZK
equation is L2-critical (or simply critical) if p = 1 + %. In the sequel, we will say

that the problem is subcritical if p < 1+ % and supercritical if p > 1+ %.

1.1. The elliptic problem. For ¢ > 0, equation (1.2]) admits special solutions of
the form

(1.5) u(x,t) = Qo(xy — ¢ty o, -+ ,x4) with Q.(z) — 0,

|| —+o00
where Q. (z) = ¢'/P=1Q(c!/22) and Q satisfies
(1.6) - AQ4+ Q-9 =0.

Observe that Q = Q.
We recall the following theorem on the elliptic PDE (1.6)), which follows, for
example, from the results of Berestycki and Lions [3] and Kwong [23].

Theorem. Assume that2 <p<ooifd=1,2 and2<p< 1—1—& ifd > 3. Then

there exists a unique positive radially symmetric solution Q to (1.6) in H'(R?),
which is called a ground state. In addition, Q € C*(R%), 8,Q(r) < 0 for all r >0
and there ezists 6 > 0 such that

(1.7) 10°Q(z)| <o e V2 eR? Vae zs .

The solutions of of the form with Q = @Q are called solitary waves or
solitons. They were proved by de Bouard in [10] to be orbitally stable in H!(R) if
p<1l+4 % and unstable for p > 1+ %. In other words, the solitary waves associated
to are orbitally stable in the subcritical case and unstable in the supercritical
case.

In the following, for any ¢ > 0, we will denote by L. the operator which linearizes

(1.6) around Q., i.e.,
(1.8) Lo=—-A+c—pQP~t.

In the case ¢ = 1, we also denote £ = L.
Next, we gather some well-known facts about the operator £ (see Weinstein
[48]).

Theorem. Assume that 2 < p < o0 ifd =1,2 and 2 < p < 1+d4?2 if d > 3.
Then, the following assertions are true.

(i) £ is a self-adjoint operator and

(19) o-ess(L) = [)\6587 +OO), fOT some )\ess > 0.
(i)
(1.10) ker £ = span{0,,Q : j=1,---,d}.

(iii) L has a unique single negative eigenvalue —Xg (with A\g > 0) associated to a
positive radially symmetric eigenfunction xo. Without loss of generality, we choose

Xo such that ||xoll2 = 1. Moreover, there exists & > 0 such that |xo(z)| < edlal,
for all z € RY.
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(iv) Let us define

d 1 1

1.11 AQ:=(7Qc),, = —Q+57-VQ.
( ) Q (dCQ )c:1 p_1Q+21' VQ
Then,
(1.12) LAQ=-Q,
and

) 1 d
(1.13) QAQ = cpa|Qlz:  where cpa= 1 1

1.2. Statement of the results. As already mentioned, de Bouard proved in [10]
that the solitary waves of the gZK equation are stable in the subcritical case in the
following sense.

Theorem (Stability). Assume that 2 < p < 1+ % and that the Cauchy problem
associated to ([1.2) is well-posed in H'(R?). Let co > 0. Then, there exists €y > 0
and Ko > 0 such that if ug € H(RY) satisfies ||ug — Qe || a1 < € < €o, the solution
w of (L.2) with u(-,0) = ug satisfies

sup inf [Ju(-,t) — Q¢ (- — 7|l a2 < Koe.

tcR TERY

The main result of this paper is the asymptotic stability of the family of solitons

of (1.1)) in the case d = 2. Then, we consider the stability of the multi-soliton case
(see Theorem [1.7| below).

Theorem 1.1 (Asymptotic stability). Assume d =2. Let ¢g > 0. For any § > 0,
there exists €9 > 0 such that if 0 < € < g and u € C(R : HY(R?)) is a solution of
(L.1) satisfying
(1.14) inﬂg2 lu(-st) = Qoo (- — T <€, VteR,

TE
then the following holds true.

There exist ¢y > 0 with |cq — co| < Koe, for some positive constant Ky indepen-
dent of e, and p = (p1,p2) € CH(R : R?) such that

(1.16) P4 (t) ST O and  ph(t) N 0.

Remark 1.1. It will be clear from the proof that the convergence in can also
be obtained in regions of the form

(1.17) AS8(t,0) := {(xl,xg) €R? : x;—Bt+(tan )z > 0}, where 0 € (—%, g)
Note that the maximal angle of improvement 6 > 0 must be strictly less than Z on
each side of the vertical line z1 = S8t (see Figure . We also refer to Lemma for
more details and a relation with the nonlinear dynamics of the equation. Moreover,
we expect the range of 6 for which asymptotic stability occurs in AS8(¢,8) to be
sharp. Indeed, it will be shown in Appendix [C] that linear plane waves of ZK exist
if and only if the velocity group vector has a negative x1-component and forms an
angle 6 with x5 (as in Figure|l)) satisfying |0| € [, §].
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/. AS(t,0)
T
x1 + (tan @) xo = Bt
1 = Bt

FIGURE 1. AS8(t,6) := {(xl,xg) €R? : x1 — Bt + (tanb) o > O}.

Remark 1.2. The angle § = % is also related to the linear part of ZK. In [§],

Carbery, Kenig and Ziesler proved that
P
K D)%) 0 liplse,

where |K(D)|% is the Fourier multiplier associated to the symbol |K (ki,ko)|s =
13k2 — k§|% This Strichartz estimate was used in [4I] to improve the well-posed
results for ZK at low regularity. Note that the multiplier |K (ki1, k2)|® cancels out
along the cone |k = tan(%)|ki|. We also refer to Apendix [C| for an interesting
relation between the angle § = % and the linear plane waves of ZK.

Remark 1.3. Our proof does not rely on the structure of the nonlinearity of (1.1))
(i.e. Oy, (u?)) neither on the dimension d. Actually, our main theorem could be
extended to (|1.1) in dimension d = 3 or to the following generalization of gZK

(1.18) Oy + Oy (Au+ |ulP~'u) =0,

where p is a real number 1 < p <1+ % under the following conditions:

e The Cauchy problem associated to with d = 3 or to is well-posed
in H'(RY).

e The spectral condition fL_lAQAQ < 0 holds true. (Note that £L71AQ
makes sense since AQ is radial and orthogonal to V@, and we choose
L71AQ orthogonal to VQ.)

This spectral condition was shown in the appendix to be true in dimension d = 2
for 2 < p < pa, where py is a real number satisfying 2 < ps < 3.

On the other hand, in dimension d = 3, it is shown in the appendix that
JL7'AQ,AQ > 0. Note however that in this case, one could try to verify the

more general property: the operator £ restricted to the space {kerL,AQ}L is
positive definite.
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Remark 1.4. The case p = 3 in dimension d = 2 is L? critical, so that solitons
should be unstable (see [32] for example), and the validity of Theorem is not
clear at that level.

The proof of Theorem [I.1]is based on the following rigidity result for the solutions
of (1.1} in spatial dimension d = 2 around the soliton @., which are uniformly
localized in the direction xj.

Theorem 1.2 (Nonlinear Liouville property around Q.,). Assume d = 2. Let
co > 0. There exists g > 0 such that if 0 < € < ¢ and u € C(R : H'(R?))

is a solution of (L) satisfying for some function p(t) = (p1(t),p2(t)) and some
positive constant o

(1.19) [u(- +p(t) = Qepllmr <€, VEER,

and

(1.20) / P (xy 4 pr(t), oo + po(t), t)dey S eIl (2,t) € R,
T2

then, there exist ¢; > 0 (close to cg) and p° = (p9, p9) € R? such that
(1.21) u(zy, 2,t) = Qc, (11 — c1t — pY, 29 — pY).

Remark 1.5. Due to the stability result of de Bouard [10], Theorems and
still hold true if we assume that

(1.22) luo — Qe llr < €,

instead of (1.14]) and (1.19)).
Remark 1.6. Theorem still holds true if we replace assumption ([1.20)) by the

weaker assumption that the solution u is L?-compact in the x; direction, i.e.:

Ve >0, 3A > 0 such that sup/ u?(z + p(t), t)dr < e.
teR J]zy|> A

We also prove a rigidity theorem for the solutions of the linearized gZK (or (1.18))
equation in spatial dimension d = 2 around ). which are uniformly localized in the
direction x.

Theorem 1.3. (Linear Liouville property around Q., ) Assume d = 2. There ezists
2 < py < 3 such that for all 2 < p < pa, the following holds true. Let cg > 0 and
n € C(R: HY(R?)) be a solution to

(1.23) O =0y, Leen onR? xR,

where L., is defined in (1.8). Moreover, assume that there exists a constant o > 0
such that

(1.24) / 0 (z1, 2, t)dae S e 1V (2, t) € R2.

T2

Then, there exists (a1,az) € R? such that

(1.25) n(x,t) = a10., Qey () + 4205, Qo (), V¥ (2,1) €R?.
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Remark 1.7. Tt will be clear from the proof (c.f. Remark that Theorem [1.3
still holds true if we replace assumption (|1.24) by the weaker assumption that the
solution 7 is L?-compact in the z; direction, i.e.: n € Cp(R : HY(R?)) and

Ve >0, 3A > 0 such that sup/ n*(z,t)dx < e.
teR J]z,|>A

Remark 1.8. By using the scaling invariance of (1.1)), it is enough to prove Theorems
and in the case where ¢y = 1.

Recall that the first result of asymptotic stability of solitons for generalized KdV
equations was proved by Pego and Weinstein [43] in weighted spaces (see also [39]
for some refinements on the weights). In [31], Martel and Merle have given the first
asymptotic result for the solitons of gKdV in the energy space H'. They improved
their result in [34] and generalized it to a larger class of nonlinearities than the pure
power case in [35].

Their proof relies on a Liouville type theorem for L2-compact solutions around a
soliton (similar to Theoremin one dimension). Then, it is proved that a solution
near a soliton converges (up to subsequence) to a limit object, whose emanating
solution satisfies a good decay property. Due to the rigidity result, this limit object
has to be a soliton.

It is worth noting that this technique of proof was also adapted to prove asymp-
totic stability in the energy space for other one dimensional models such as the
BBM equation [12] and the BO equation [20].

We also refer to [38, [1} 40] for stability results for KAV and mKdV in L? and to
[4, [16] for asymptotic results for the Gross-Pitaevskii equation in one dimension. For
other results on asymptotic stability for nonlinear Schrédinger and wave equations,
see [47, [ 24] 21] and references therein.

About the proofs. Comparison with previous results. When proving
Theorems and we generalize the ideas of Martel and Merle [31] 134,
35] and Martel [30] to a multidimensional model. However, compared with these
previous results, the higher dimensional case describing the ZK dynamics presents
new challenges, that we explain in the following lines.

First of all, as far as we know, our results represent the first two dimensional
model where asymptotic stability is proved, in the energy space, and with no non-
standard spectral assumptions on the linearized dynamical operator. As we ex-
pressed before, we only need to check the numerical condition

(1.26) /L—lAQAQ <0.

Obtaining a direct proof of this result seems far from any reasonable approach
because the soliton @, and therefore, the function £~'AQ, have no closed and
explicit forms. This is the first difference with respect to the one dimensional case:
we work with a solitary wave that is not explicit at all.

We will see through the proofs that ZK behaves as a KdV equation in the x;
direction, and as a nonlinear Schrédinger (NLS) equation in the xo variable. In
particular, we are able to prove monotonicity properties (see Lemma along the
21 direction and along a slighted perturbed cone around the x; direction (Lemma
. This last result is, to our knowledge, new in the literature and makes use of
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T2

To > Co

—

1

1 <1 <cC

FIGURE 2. A schematic example of why no asymptotic stability
is expected to hold on the x5 direction. The band in the x5 vari-
able defined by fixed ¢; < z1 < ¢ has increasing and decreasing
variation of mass along time. Faster solitons are darker and more
concentrated; speed is commensurate with arrow length.

the geometrical properties of the nonlinear ZK dynamics around a solitary wave.
Remark and the asymptotic stability result inside the set (see (1.17))
T
AS(t,0) := {(xl,@) eR? : 2y — Bt + (tand) zo > o}, where 6 € (— %, ),
are deep consequences of these geometrical properties. Recall that such rich folia-
tions are not present in the one dimensional case. We also complement our results

by a simple linear analysis leading to the same formal conclusions, carried out in
Appendix [C]

Another barrier that appears in the higher dimensional case is the lack of L™
control on the solution if we only assume H' bounds. We need such a control to
ensure pointwise exponential decay around solitons at infinity for a compact part
of the solution. In the one dimensional case, the proof of this fact is direct from
the Sobolev embedding. However, since H' is not contained in L> in R?, we must
prove new monotonicity properties at the H? level (cf. Lemma , which are
obtained by proving new energy estimates.

No monotonicity property seems to hold for the x5 direction, mainly because of
the conjectured existence of trains of small solitons moving to the right in x; but
without restrictions on the x5 coordinate. From the point of view associated to
the x5 variable, such solutions represent movement of mass along the x5 direction
without a privileged dynamics. In particular, no asymptotic stability result is
expected for a half-plane involving the x5 variable only (see Fig. [2). This is the
standard situation in many 2d models like KP-I and NLS equations. However,
here we are able to prove the asymptotic stability of ZK solitons because the KdV
dynamics is exactly enough to control the movement of mass along the x5 direction.

The second ingredient in the proofs of Theorems [I.1] [[.2] and [[.3]is a new virial
identity in higher dimensions (cf. (2.36))), which holds only for the half space
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{z1 > cot} and for p = 2 and slightly larger. Compared with the previous works
by Martel and Merle, the additional dimensions make things harder because they
induce transversal variations that seem to destroy any virial-type inequality. In
order to overcome this difficulty, we use a different orthogonality condition for the
function v employed in the virial (see Lemma [2.3):

(1.27) /UAQ =0.

We emphasize that this condition is somehow natural and necessary if we want to
get full control of the x5 perturbations appearing from the variations of the virial
terms. Without using this modified condition, any form of two-dimensional virial
identity is no longer true.

Here is when the nonstandard spectral condition appears: under the or-
thogonality condition 7 the wirial identity holds provided s satisfied.
We prove that holds for the case p = 2 and d = 2, as expressed by some
numerical computations obtained in Appendix[A] This condition in fact generalizes
the Martel one in [30] and seems to be the natural one for the 2d case, as described
when proving the nonlinear stability result (see — for instance). It is
worth noting that this condition has already been used by Kenig and Martel in the
Benjamin-Ono context [20], for different reasons. For powers of the nonlinearity
which are definitely larger than 2, or just the three dimensional case for p = 2, we
have a strong instability effect at the level of the previous spectral theory, probably
associated to the dynamics around the soliton in the zo variable, and the virial
identity seems no longer to holdE| Once again, a good understanding of the dy-
namics for powers close the the critical case p = 3 or supercritical as in [30] needs
a deep extension of by incorporating now the dynamics in the x5 variable,
which could be very complicated, in view of some results by del Pino et al. [II].
The extension of the ideas introduced by Martel [30] to any power of p seems a
very interesting problem.

Finally, we mention that another crucial application of the monotonicity formula
on perturbed cones, needed in the higher dimensional case, is given in Lemma [4.4]
Here, a new compact region R of the plane is introduced, outside of which we prove
exponential decay. This set is constructed in order to prove the strong convergence
of sequences of bounded solutions, thanks to the use of the Sobolev embedding
theorem.

One can also ask for the nonlinear dynamics in the remaining part of the plane,
namely the region AS(t, 6)¢, see (1.17). We believe that in addition to radiation,
one can find small solitons Q. moving to the right in a very slow fashion. No finite
energy solitary waves with speed along the xo direction are present, as shows the
following (general) definition and result. As usual, we define the symbol 9,10, by
using its corresponding Fourier representation £ 1@3" ().

Definition 1.4. We say that v € H'(R?), 9;'0,,v, - ,05,'0,,v € L*(RY) is the
profile of a solitary wave of speeds (c1,ca,- -+ ,cq) € RY if

U;(J?l,l'g,' o axdvt) = ’U(l‘l - Cltva - C2t7' L, Td — Cdt), v ?_é 07

is solution of (|1.2)).

n the one dimensional case, this instability condition does not appear, see Martel [30].
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Note that such a v must satisfy the equation in R?

d
(1.28) Av — v+ 0P — cha 10,,0=0.
j=2

Theorem 1.5. Assume that ¢; # 0 for some j € {2,3,...,d}. Then (1.28) has no
finite energy solutions.

We prove this result in Appendix using adapted Pohozahev identities.

Finally, as a consequence of the monotonicity properties associated to the linear
part of the dynamics, in particular, using Lemma we are able to prove the
stability of the sum of IV essentially non-colliding solitons.

Definition 1.6. Let N > 2 be an integer and L > 0. Consider N solitons with

scalings c?,...,¢% > 0 and centers p!0, ... pN:0 € R?, where p/¥ = (p{’o, pg’o). We
say that these N solitons are L-decoupled if
(1.29) inf {|((cf — ct,0)+ p"0 — 0| | j £k, t >0} > L,

that is, the solitons centers remains separated by a distance of at least L for positive
times. (See Fig. |3| below.)

L-decoupled solitons can be characterized by a condition on the initial data only,
at least up to a constant in L: indeed, one can check that if, for all j # k, we have
either:

j,0 k,0
® [py" —py| 2 L, or
o &) > and Pl — 0>,
then the N solitons are L-decoupled.

Theorem 1.7 (Stability of the sum of N decoupled solitons). Assume d = 2.
Consider a set of N solitons of the form

Qc (x_plo) ch(x_ 20)7"';@51\,( N)O)a

where each c? is a fized positive scaling, cj # & for all j # k, and p'° =

(p{’o,pg’o) € R2. Assume that the N solitons are L-decoupled, in the sense of
Definition [I.6. Then there are g > 0, Co > 0 and Lo > 0 depending on the pre-
vious parameters such that, for all € € (0,&¢0), and for every L > Ly, the following
holds. Suppose that ug € H'(R?) satisfies

N
(1.30) luo = 3" Quo(w = Pl < e
j=1

Then there are 1 > 0 fized and p’(t) € R? defined for all t > 0 such that u(t),
solution of (1.1) with initial data u(0) = ug satisfies

(1.31) 21;18\\u ZQ(‘ z—p ()| < Cole +e™mF).

The proof of this result is obtained by adapting the ideas by Martel, Merle
and Tsai [36] for the generalized, one dimensional KdV case. Note that we do
not need strictly well-prepared initial data as in [36]. Instead, from we just
need sufficient well-separated solitons in the zo variable (no particular order at the
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T

FIGURE 3. A schematic example of admissible initial data. Soli-
tons are represented by the disk where their mass is concentrated.

beginning), and in the case where solitons have the same x5 coordinate, we ask for
well-ordered solitons to avoid multi-collisions.

The rest of the paper is organized as follows. The linear and nonlinear Liouville
properties (Theorems and are proved respectively in Section [2| and |3} The
nonlinear Liouville property is used to show Theorem in Section [d Section
is devoted to the proof of Theorem Finally, in Appendix [A] we present some
numerical computations which establish the negativity of a scalar product in the
case p = d = 2. Recall that this condition is a crucial element in the proofs of the
rigidity results (Theorems and . We also make an interesting observation
about the plane wave solutions of the linear part of ZK in Appendix [C] and give
the proof of Theorem in Appendix [D]

2. LINEAR LIOUVILLE PROPERTY

This section is devoted to the proof of Theorem According to Remark
we will assume in this section that ¢y = 1.

2.1. Monotonicity. In this subsection, we prove a monotonicity formula for the

solutions of (|1.23)) satisfying (|1.24).
Let L denote a positive number such that L > 4. We define ¢, € C*>°(R : R) by

(2.1) U (y) = %arctan(ey/L)7

so that limy_, 97 (y) = 1 and lim,—,_ o ¥ (y) = 0. Note also that

22) W) and [ (9)] < 73U ) < 1)

1
~ wLcosh(y/L) — 16

Lemma 2.1. Let tyg € R, yo > 0 and 21 = x1 — %(to —t) —yo fort < to. Let

n € C(R : HY(R?)) be a solution of (1.23) satisfying condition (1.24). Define
Lo = max{4, ——}, where § is the positive number in (1.7). Then

53 » (p—1)6
(2.3) .
/(3a77)2(33,to)¢L(x1—yo)daz+/ /(|V3a77|2+(80‘77)2)(x,t)w’L(a?l)da:dt <y e vo/L
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for all multi-index o € N? and all positive number L > Ly.

Remark 2.1. The implicit constant appearing in (2.3) depends only on L. In par-
ticular it does not depend on yo and tg.

Remark 2.2. Tt will be clear from the proof below that Lemma[2.1]and thus Theorem
still hold true if we replace (|1.24]) by the weaker assumption that the solution
n is L?-compact in the z; direction, i.e.: n € Cy(R : HY(R?)) and

Ve >0, 3A > 0 such that sup/ n*(z,t)dx < e.
teR J|z,[>A

Proof. First, we prove (2.3) for « = (0,0). Fix L > Ly. Observe from condition

that
(2.4) sup/n(x,t)zdx <C.

teR

By using the equation ([1.23)), integrations by parts and the inequality in (2.2]), we
compute that

& [ontie =2 [nmpnienin+ . [

(2.5) <- / (3(0ym)? + Dy )?) 0 (E1)d — © / P () de

b [ 1 (= 00 (Q N n@) + @ My 1)) do
To deal with the last term appearing on the right-hand side of (2.5)), let us define

(2.6) To(n) = p/nQ( — 00, (QP)r(Z1) + QP (81))dx .
We claim that
(2.7) [To()] < Cemrtotrmmity o n%z(fl)dx.

To prove , we argue as in Lemma 5 in [30]. Recall from and (2.1)) that
|02, (QP 1)7/’L (#1)| + Q"1 (31)] S e P VIly(3)) Se 6(1’ Vil (24),

where § is the positive constant appearing in (1.7)). Let Ry > 0 to be fixed later.
We consider the three following cases.
Case: 1 < Ry. Then 1 < Ry — %(to —t) — yo, so that

6—5(P—1)|$1|wL(i-1) < '(/JL(Q?I) < et /L < e(Rl—%(to—t)—yo)/L.
Case: R1 < z1 < (to —t) + yo. Then, we get that
e 2P Imlypy (1) S e 0P DTy (7)) < e PP DRy (d),

since ¥, (%1) S Y7 (21) for 1 < 0.
Case: %(to —t) 4+ yo < x1. In this case

_5@_1)@1%(9}1) < =01 (3 to=)Fv0) < o= (3 (to=t)+v0)/L

since L >
(p—1)8 1)5
We deduce then that

}70(77)’ gCe(Rl—%(to—t)—yo)/L/n2dm+ce (p—1DR / 2wL( 1)dx
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which yields estimate (2.7) by using (2.4) and fixing R; large enough so that
Ce9(p=DR1 < 1

Thus, we conclude gathering (2.5)—(2.7)) and integrating between ¢ and ¢y that
AL .
[ tppnten = e+ g [ [ (902 4 ) 9001 (@1 dds
t
1
Se/t s [P tno - 3t~ ) - w)da,

for all yo > 0 and ¢ < ¢g. To handle the second term of the right-hand side of (2.8]),
we use the fact that 7 satisfies condition (|1.24). Given e¢ > 0, there exists A > 0
such that

(2.9) / 0 (z,t)dr < / e lmldr, <e.
|z1|>A

|z1|>A

(2.8)

On the other hand, it follows from ([2.4) that

(2.10) /lmllqn?(m,t)w(fl)dx < (A= 3t =0~ ) [rPet)ds — 0.

— 00

Therefore, we conclude the proof of in the case a = (0,0) by using 7
and sending ¢ to —oo in .

Next, we prove in the general case by induction on k& = |«|. Let k € N be
such that 1 < k < ko. Assume that estimate (2.3) is true for all & € N? such that
la| <k — 1. Let a € N? be such that |a| = k. Arguing as in (2.5)), we get that

eu) G @ nPvu@ds < - [ (900 + 500 @0ds + Tutn),
where
(212) Taln) = =2 [ 00,07(@" )0 (1)

By using the Leibniz rule and integrations by parts, we get that
Ta) = Y Co [ 0.,(0°(@ 0 Pn)or s (1) da

0<p<a

(2.13) = Y G [ 0n (0@ )0t i)
0<B<a
—p/5x1(Qp_1)(aa77)21/)L(51)dx+p/Qp_l(aamzwi(fﬁdﬂ
On the other hand, observe from that
(2.14)  |07(QP Mo (@1)| S e P Ily (31) Sy (1), forall [B] <k +1.

Indeed, it is clear in the case 1 < 0, since ¥ (Z1) Sp 5 (Z1). In the case where
Z1 >0, then 0 < Z; < 27 and

e DIl (1) S e70@PTDT < T TDT <y (),

since L > ﬁ. Therefore, we deduce gathering (2.13))—(2.14]) and using Young’s

inequality that

(2.15) T S Y [@ 0.

0<B<a
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We integrate (2.11]) between ¢ and ¢y and use (2.15) to obtain that
(2.16)

/ (0°0)* (. to) s (21 — yo)dlz + / ” / Vo (e, 0yl (1) derdt

DY / 0 / ()2 (1) da + / (0°n)2(, (a1 — = (to — £) — yo)da.

0<f<c 2

Then, we deduce after letting ¢ — —oco in (2.16]) and using the induction hypothesis
that
(2.17)

/(30‘77)2(x,to)1/)L($1—yo)dm—k/_o /|V8”‘77|2(x,t)1//L(i1)dxdt

1
Se/t timint [ (@) 0o~ 50— ) - yo)da.

To handle the second term on the right-hand side of (2.17]), we use again (2.3|) with
|&| = k —1 to get

to
/ /(aan)Q(x,t)@/J’L(fl)dxdt < e~ vo/L ,
so that

to
(2.18) / / (0°n)2(z, t)e@1 30—/ Lagas < 1,
—oo Ja1<(to—t)/24y0

since ¥ (71) 2 €®*/L for #; < 0. Note that the implicit constant is independent
of yo > 0. We deduce by passing to the limit as yg — +oo in (2.18)) and then
multiplying by e~%/% that

to
(2.19) /_ / (@%n)* (z, t)yr (a1 — %(to — 1) — yo)dzdt S e /F

since 1 (x1) < e®*/L for z; € R. Therefore,

1
(2.20) timinf [ (0% (. 01 — 5000 — ) ~ s}z = 0.
which combined with (2.17)) implies (2.3) in the case |a| = k.
This concludes the proof of Lemma [2.1] O

In particular, we deduce from the monotonicity formula that the exponential
decay in the x; direction of the solutions of (|1.23) imply the exponential decay of
all their derivatives in the direction z;.

Corollary 2.2. Letn € C(R : HY(R?)) be a solution of (1.23)) satisfying condition
(1.24). Then, there exists ¢ > 0 such that

(2.21) Sup/(@an)Q(x,t)eﬁlmlld:ﬂ <1, YaeN2.
teR

Lo

Proof. Define 6 = & where Lg is given by Lemma Since vy (71) 2> €%t for
%1 < 0, we deduce by using the inequality on the first term in (2.3]) that

(2.22) / (0°n)2(z,t)e’dx <1, Vyo >0, teR.
x1<Yo
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Thus, it follows sending yo to 400 in (2.22)) that

(2.23) sup/(@an)2(x,t)6&“dx S1.
teR

To obtain the exponential decay in the direction x; < 0, we observe that 7j(x, t) =

n(—x, —t) is also a solution to (1.23)) satisfying (1.24)). Therefore, we deduce arguing
as above that

(2.24) sup/(ao‘n)2(x,t)e_&m1dx = sup/(aaﬁ)Q(x,t)e&“dx <1
teR teR

We conclude the proof of (2.21) follows gathering (2.23)—(2.24)). O

2.2. Proof of Theorem Following Martel in [30] for the gKdV equation, we
will work with a dual problem. Let us define

[ QAQdz
Note that formula (1.13)) implies that [ QAQdz > 0, since we are in the subcritical

case, so that ag in (2.25) is well-defined. Then, we deduce from (|1.10]), (1.23]) and
the definition of v in (2.25)) that v is a solution to

(2.25) v=4~Ln—ayQ, whereay=

(2.26) 0w = L0z, v + L0, Q = L0z, v,

and v satisfies the orthogonality conditions

(2.27) /v@ledm = /v@wszx =0,
and
(2.28) /vAQdJc =0.

To verify (2.28]), we first observe gathering and that
d
T vAQdzx = /LamlvAde = —/v@mlLAQdac = /v@ledx =0,

so that ([2.28)) follows from the choice of ag in (2.25)).

Now, we infer from the monotonicity property that v € C(R : H'(R?)) satisfies
(2.29) / V2 (21, 20, t)dag < e 71 Yz t) e R?.
x2

for some & > 0. Indeed, we get from the definitions of v in (2.25)), the decay
properties of @ in ((1.7) and formula (2.21)) with || < 3 that

(2.30) sup/ (v* + (3$1v)2)($,t)e&|m1|dm <1,
teR



16 R. COTE, C. MUNOZ, D. PILOD, AND G. SIMPSON

for some positive constant . We compute then by using the Sobolev embedding
HY(R) < L*°(R) and the Cauchy-Schwarz inequality in xo that

1
H(/ (2, )e1 " )
LOC
T
5 3
< H(/ vz(w,t)e”‘wl‘dxg)
xro Hl

Tl

2
. 3 VU, dx B i
< (/UQ(x,t)eUI‘”lldx>2 n (/ weo|z1|dx1)2
o fxz v2dxs

5 2
< </ (v + (8zlv)2)(ac,t)e"|:“|dx>
which together with estimate (2.30]) implies estimate ([2.29)).
(1.23). Let ¢ € C?(R) be an

(2.31)

Next, we derive a virial identity for the solutions of (1.23
even positive function such that ¢’ <0 on R4,

(2.32) ¢, =1 é(x1)=e " on[2,+o0), e <P(x1) <3e” ™ onRy.

(2.33) ¢ (21)] < C(z1) and  |¢"(z1)] < Co(1) .

for some positive constant C. Let ¢ be be defined by ¢(x1) = Ozl #(y)dy. Then ¢
is an odd function such that ¢(z1) = x1 on [—1, 1] and |p(z1)| < 3. For a parameter
A (which will be fixed below), we set

(2.34) pa(r1) = Ap(x1/A) sothat  @y(21) = d(x1/A) =: dpa(z1),

and
(2.35)
wa(x1) =21 on[—A4, A, |pa(x1)| < 3A and e lzl/A < palx) < 3e~12l/A on R

Then, we have that

1 1
JLd @AUQdﬂC:/¢A(3zlv)2d$+f/¢A(\Vv|2+v2—pr_1v2)dx

2.dt
/qb” v2dr — f/wAaxl(Qp_l)vzdx.

The following coercivity property will be proved in the next subsection.

(2.36)

Lemma 2.3. Consider the bilinear form
(2.37) Hjp(v,w) = /¢A(Vv-Vw+vw—pr_lvw)dx.

Then, there exists 2 < pa < 3 such that the following holds true for all 2 < p < ps.
There exists A > 0 and Ag > 0 such that

(2.38) Ha(v,v) > /\/¢A(\Vv|2 +v%)dz

for all v € Hl(R2) satisfying (v,AQ) = (v,0,,Q) = (v,0:,Q) = 0 and A > A.
(Recall that (f,g) := [ fgdz.)
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Observe from the choice of p4 (negative for 21 < 0 and positive for x; > 0) that
the last on term on the right-hand side of (2.36)) is nonnegative. Moreover, it follows

from and (2.34) that |¢A z)| < C’/A2¢A(ac1). We fix A > InaX{Ao,Q\/?}.
Therefore it follows from (2.36]) and ([2.38) that

1d A A
(2.39) —~— [ pa(z)v®de > [ ¢a(21)((0s,v)* + S| V[* + Z0v?)dz .
2dt 2 4
Integrating (2.39)), we deduce that
oo 12
(2.40) / /¢A(m1)v2(x,t)dxdt < TA sup |[v(-, t)[|72 < +oo,
oo ¢

which is finite from (2.29). Thus, there exists a sequence {t,} satisfying ¢, — +00
such that

(2.41) /gbA(zl)vQ(x, t,)dx W 0.

By using, the exponential decay of v in the x; direction, we infer then that
2

(2.42) /v (x,t,)dx e 0.

Indeed, for all R > 0, there exists Cr > 0 such that ¢pa(x1) > Cg if |z1] < R.
Then, we deduced from (2.29) that

/02(x,tn)dx:/ 1)2(x,tn)dx+/ v (x, t,)da
lz1|<R lz1|>R

2 N
< C’LR /(bA(xl)vz(x,tn)dm + geng,

for all R > 0 which yields (2.42)) in view of (2.41). We show similarly that there
exists a sequence {s,} satisfying s, — —oo and

n—-+4oo

(2.43) /vQ(x,sn)dx — 0.

Therefore, we deduce after integrating (2.39) between s,, and ¢,, and using (2.42))
and - ) to let n — 400 that
(2.44)

+oo
/ /¢>A 21)v° (z, t)dzdt < Angriloo (/02($,8n)2dl‘+/’UQ(JZ,tn)2d$) =0

Since ¢ 4 is positive function, ([2.44) implies that
(2.45) v(z,t) =0 forall (x,t) € R?.
Thus (1.10), (1.12), the definition of v in (2.25) and ([2.45) implies that there

exist By € R and two bounded C! functions oy, oy such that

By using the equation (1.23]), we obtain that

By =10
Oéll(t) = BO o =a
(2.47) { bty =0 7 a;Eii oy

for two real numbers a1, as. This finishes the proof of Theorem
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2.3. Coercivity of the bilinear form H 4. The aim of this subsection is to prove
Lemma We first prove a similar result for the non-localized quadratic form.

Proposition 2.4. Consider the bilinear form
(2.48) H(v,w) = (Lv,w) = / (Vo Vu +vw — 2Quw)dx .

Then, there exists X > 0 such that
(2.49) H(v,v) > Mlol3
for all v € HY(R?) satisfying (v, AQ) = (v,0,,Q) = (v,0,,Q) = 0.

The proof of Proposition relies on the following spectral property.
Proposition 2.5. Assume that d = 2. There exists 2 < py < 3 such that
(2.50) (L7'AQ,AQ) <0,
for all2 < p < ps.

The proof of Proposition [2.5]is given in the appendix by using numerical methods.

Proof of Proposition[2.]} From (1.12)), we have
1 1
(AQ, x0) = —)\—(AQ,LXO) = )\—/QXOdac >0 and AQ € (kerL)L.
0 0

Therefore, we conclude the proof of Proposition by invoking Lemma E.1 (and
the proof of Proposition 2.9) in [48], since (L‘lAQ,AQ) < 0 in our case due to
Proposition |2.5 O

To deduce Lemma[2.3|from Proposition [2.4] we follow the ideas in the appendices
of [33, [9] and first prove a technical lemma.

Lemma 2.6. There exists k > 0 (depending on A given by Proposition such
that

M| >t

(2.51) H(v,v) = / (1Vol? + 0 — pQP 1) da > 2[oll2p |

for all v € HY(R?) satisfying

AQ 02, Q 02,Q
2.52 v, ———— )| + [(v, ) | + | (v, —2—)| < &||v]| g -
@52) e g ) 1 10 g ) < vl
Proof. Let v in H'(R?) satisfying (2.52]). We use the decomposition
AQ 02,Q 02, Q
2.53 v=uv;+b +b ! +b 2 =y + vy,
(2:53) VRGP el T el T

with (v1, AQ) = (v1, 04, Q) = (v1,04,Q) = 0, so that (2.52) yields
(2.54) lbo| + b1 + [ba| < &lv]|ar .
Moreover, if 0 < k < 3, (2.53)) and (2.54) imply that

V3
(2.55) Ll < oalan < ol

Now, we compute

(2.56) H(v,v) = H(vi,v1) + H(ve,v2) + 2H (v1,v2) ,
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On the one hand, it follows by (2.49) and (2.55) that

< 3\
(2.57) H(vy,v1) 2 Mol = - [[vllF -
On the other hand, the continuity of H and (2.54) give that
A
(2.58) H(vz,v2) S [bol® + [b1]? + [b2|* S #2[|v]| 7 < §||v||§,1
and

A
(2.59) H(vi,v2) S forlla Joallin S Mlollan (1ol +101+182]) S sllollz < Sl
as soon as x is chosen small enough (as a function of ).
The proof of Lemma [2.6] is concluded gathering (2.56)—(2-59). O

Proof of Lemma[2.3 Letv € H'(R?) be such that (v, AQ) = (v,0,,Q) = (v,0,Q) =
0. Recall from (2.32) that ¢4 is a positive function. Then, a direct computation
gives

(2.60) Hy(v,v) = H(\/¢av,\/Pav) — /8x1\/¢72 de—/qSAv@xlvdx

Thanks to the orthogonality properties on v, the definition of ¢4 in and
and the decay property of @ and its derivatives (|1.7)

(2.61) ‘/\/av Ialelle )—]/ O @ dac‘</@|| davl|ze

0., QI

if A is chosen large enough. Argumg smnlarly, we have that

(2.62) ’ / \/QTAU |

~da| < kl|v/Gav]|1

%QII
and
AQ
2.63 ’/ quvidx‘ < k||l oav|rz,
for A chosen large enough. Then, it follows from Lemma [2.6] that
(2.64) < $av,V/9av) > |V davll -

We deduce gatherlng and ([2.64 - ) that

A
(2.65) Ha(v,v) /QSA V2 +|Vo|?) - /(6m1,/¢A)2U2dx+(§—l)/¢f4v6mlvdx.
We use and - ) to control the last two terms on the right-hand side of

([2:65). 1t follows that
(266) /(aﬂﬂl\/a 2v2dx < — /¢A’U2d1' < — /¢AU

(2.67) /qb'Av@ vdx§2A2/¢A 0>+ (9p,0)%)de < = /¢A v* + (9,0)°)dz

if A is chosen large enough.
Therefore, we conclude the proof of (2.38)) gathering (2.65] - Observe that

we can choose A = 2, where s given by Proposition
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3. NONLINEAR LIOUVILLE PROPERTY

In this section, we give the proof of Theorem According to Remark we
will assume in this section that c¢q = 1.

3.1. Modulation of a solution close to the soliton Q.

Lemma 3.1. There exist g > 0, dg > 0 and Kg > 0 such that for any 0 < € < ¢
the following is true. For any solution u € C(R : H*(R?)) of (1.1) satisfying

(3.1) inﬂ£ lu(-,t) —Q(—T)|lm: <e VteR,
TER?

there ezist p = (p1,p2) € C*(R: R?) and c € C*(R : R) such that

(3.2) n(x,t) = u(x + p(t), t) = Qe(r) (7)

satisfies for all t € R

(3-3) le(t) =1+ lIn(, D)l ar < Koe,

(3.4) /n(m,t)@lec(t)(x)dx = /n(x,t)@szc(t)(x)dx = /n(m,t)Qc(t)(x)dx =0

and
35) O 10 - )] + 0500)] < Ko [ nlatpe ).

Moreover the functions p and c satisfying (3.2)—(3.5) are unique.

Proof. The proof of Lemma [3.1] is a classical application of the implicit function
theorem (see for example Proposition 1 in [32] or page 225 in [31]). Note that the
non-degeneracy conditions to satisfy the orthogonality conditions (3.4) are given
by

(3.6) /(811Q)2dx >0, /(amQ)?dx >0 and /QAQdm >0.

The last condition in (3.6]) is satisfied since we are in the subcritical case (see

formula (L.13])).
For the sake of completeness, we explain how to deduce (3.5)) from (3.2)—(3.4).
In particular, the fact that |¢/(¢)| is bounded by a quadratic function of |5z

is a consequence of the orthogonality of 77 and Q. in (3.4)) and will be of crucial
importance in the proof of Theorem [1.2

First, we derive the equation on 7. Since w is a solution to (1.1]), we compute
that

O = =0y, (Au+u?) + p' - Vu — /AQ,

= Oz, (Lcn - 772) + (Pll =)0y, (Qc + 1) + p/Qarz (Qc+n) — dAQ.
where £. was defined in (1.8)). Thus, we obtain by deriving the last orthogonality
condition in (3.4) with respect to the time that

/azlﬁchcdx - /51;1(772)ch$ +(p1 — C)/arl(Qc +1)Qcdx

(3.7)

(3.8)
+ ph / 02y (Qe +1)Qedr — ¢ / QAQ.dx + ¢ / NAQ.dxr =0.
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Now, observe that

(3.9) [ o £nQuds =~ [ n.0s, Gudz =0,

since 0y, Q. belongs to the kernel of £.. Moreover, the orthogonality conditions in
yield

(3.10) [ 00@e+ m@uis = [ 0.,(Qe+ )Quz =0,

Thus, we deduce from @ andf that

1) = o L[ POQede] [Pl

| f QAQ dx — f?]Ach{E| f Q:AQcdx — Koeg )

Recall from formula (1.13) that [ Q.AQ.dx > 0 since we are in the subcritical
case. Therefore, (3.11)) yields the first inequality in (3.5) if ¢ and Ky are chosen
correctly. (I

Lemma 3.2. Under the assumptions of Lemma[3.1 Assume moreover that there
ezist ¢ > 0 and some function p € C(R : R?)

(3.12) / (x4 p(t), t)dey S e 1ol Y (2, 1) € R2.
T2

Then,

(3.13) / W2z + plt), )dzs S eV (21,4) € R,
2

where p is the function obtained from the modulation theory in Lemma|3. 1]
Proof. First, we infer that there exists A > 0 such that
(3.14) lp1(t) — pr(t)] < A, VteR.
Indeed, on the one hand we get from the triangle inequality that

[u(- + o), )llL2(21<1) = 1QNlz2(121<1) = 1@ = Qewy 122 — lIn(, )] 22 -
Then, since the function : t € R — Q. € H 1(R?) is continuous, we conclude from
(B3) that

1

(3.15) lu(-+ p(t), )l L2 (j2)<1) > §||Q||L2(|m|§1)7 VteR,

if €9 is chosen small enough. On the other hand, we deduce from (3.12) that there
exists A > 0 such that

(316) ( /| L ON nas)’ 5 ( /| |>Ae-ffﬂ61'czacl)é H o] Py

Let us define A = A + 1. Assume by contradiction that |5(t) — p(t)| > A for some
t € R. Then, (3.16)) implies that

Ju+ (6Ol r<n < ([

Je1-+p1(8)—p1 (1) <1

This contradicts (3.15]) and thus proves (3.14]).

[NIE

1
w?(z + p(t), )d$> 1||Q||L2(\m|<1)
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Finally, we get from (3.12)) that

[ pto) 0z = [ ot 50)+ (0(0) = ple) D S 001,

z2
which together with (3.14) concludes the proof of estimate (3.13]).
O

3.2. Monotonicity. In this subsection, we prove monotonicity properties first for
the L?-norm of u, then for an energy in H' associated to u and finally for the
L2-norm of 9%u, for any o € N2, by induction on |a| = k.

Let u be a solution to ([1.1)) satisfying . Then, by using the decomposition
in Lemma there exists p = (p1,p2) € C(R : R?) and ¢ € C*(R : R) satisfying
ED-63).

Let us define ¥p; be defined as in 7. For yg > 0, tg € R and t < tg, we
also define

- 1
(317) Tr1 = X1 —p1(t0)+§(t0 —t) — Yo .

We first derive the L2-monotonicity property.

Lemma 3.3. Assume that u € C(R : HY(R?)) is a solution of (L.1)) satisfying
(3.2)-(3.5). Foryo >0, to € R and t < tg, let us define

(318) Tao(®) = [ (e o (@),
where Yy is defined as in (2.1)—(2.2) and Ty is defined as in (3.17). Then
(319) Iyo,to (to) - Iymto (t) 5 e_yO/M s

if €0 in (1.19) is chosen small enough and M > 4.
If moreover, u satisfies the decay assumption (1.20)), then

/ (2, to) s (21 — pa(to) — yo)da
(3.20)

to
+/ / (IVul® + u?) (2, )Y (21)dzdt < e~ Yo/M

Remark 3.1. It will be clear from the proof that (3.19) still holds true if, for any
0 < B < 1, we redefine I, 4, (t) by

Tyo 10 () = /Uz(l’,t)ﬂ)M(xl — pa(to) + B(to —t) — yo)dz,
and choose M = M(8) > 0 big enough.
Proof. Fix M > 4. We compute by using (1.1) and the inequality in (2.2)) that

(3.21)
%Iyo,to (t) = Q/u&guz/}M(il)dx — %/ugwﬁw(il)dx

1 . 2 -
<= [ (300 + @ + JuP)uie(a)do+ 5 [ vy (@,
We decompose the nonlinear term on the right-hand side of (3.21)) as follows

(3.22) /u?’dfﬁw(fl)dx = /Qc(—p)quﬁw(fl)dﬂH/(U—Qc(-—ﬂ))U%M(fl)d%
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To deal with the second term on the right-hand side of (3.22)), we use the Sobolev
embedding H'(R?) — L3(R?). Then

| [ (= Qe = o)t @] £ u = Q= o)yl
(3.23)

§K0€0/(|VU|2+’UJ2)’L/)§VICZSC,

in view of (3.3)) and (2.2)).
Now, we treat the first term on the right-hand side of (3.22)). Let Ry be a positive
number to be chosen later. In the case where |x — p(t)| > Ry, we have that

say |/ Qul- = Pty (en)da| < €0 [ uPtydo,
|z—p(t)|>R1

where ¢ is the positive number given in (1.7)).
In the case where |x — p(t)| < Ry, we observe by using (3.3), (3.5]) and the mean
value theorem that

- 1
[Z1] 2 |p1(to) = p1(t) +yol = 5 (to — 1) = fa1 = pu(B)] 2

if €g is chosen small enough. Thus

(3.25) ’/ Qc(‘*p)u%/)}w(:il)dx’ < eRl/Mef(%(toft)ero)/M/ugdx’
lz—p(t)|[<Fa

(to_t)+yO_R17

>~ =

since ¥}, (%1) < e~ 1#1l/M and the L2-norm of u is conserved.
We deduce gathering (3.22)—(3.25)), fixing the value of Ry and choosing €y small
enough that

(326) g‘ /u?’w;\/f(il)dx‘ < %/(‘VUP —|—u2)1l)§w(fﬁ1)dx+ Ce*(%(tO*t)*FyO)/M )

Therefore, it follows integrating (3.21]) between ¢ and ¢y and using (3.26) that

1 [t
(3:27) Iy, (o) *Iyo,to(t)+§/ /(IVU\2+U2)(% $) Wiy (F1)dxds S e /M
t

which in particular implies estimate (3.19)).
Now, we assume that u satisfies the decay assumption ((1.20). Then, arguing as

in (2.9)—(2.10), we get that
tliljloo/uz(zat)¢M(jl)dl' =0.

Therefore, we prove estimate (3.20) by passing to the limit as t — —oo in (3.27]).
This concludes the proof of Lemma [3.3] O

Next, we derive a monotonicity property for the energy.

Lemma 3.4. Assume that u € C(R : HY(R?)) is a solution of (L.1)) satisfying
(3.2)-(3.5). Foryo >0, to € R and t < tg, let us define

2 . B
(3.25) Tupaolt) = [ (Vul? = 30%) (ot (@)
where Y is defined as in (2.1)—(2.2) and Ty is defined as in (3.17). Then
(3'29) Jy07t0 (tO) - Jyo,to (t) 5 eiyO/M ’

if €0 in (1.19) is chosen small enough and M > 4.
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If moreover u satisfies the decay assumption (1.20)), then

/|VU|2(ZE,t0)1/)M(:z:1 — p1(to) — yo)dx
(3.30) to
+/ / (|V2u|2 + |Vu|2 + u4) ($7t)’l/13\/[({1~31)d:17dt 5 e—yo/M ]

Remark 3.2. It will be clear from the proof that (3.29)) still holds true if, for any
0 < B < 1, we redefine Jy, +,(t) by

2
']yoﬂfo (t) = / (IVU"Q - guS) (l‘, t)¢M(m1 — P (tO) + ﬁ(tO - t) - y0>d$,
and choose M = M () > 0 big enough.
Proof. Straightforward computations using (1.1)) and (2.2)) show that

%/|Vu|2wM(£1)dx
1
(3.31) < — / (IV2ul® + Z|vu|2)1//M(5:1)d:z: + 2/u|vu\2w§w(:51)dx

_9 / (B, 0)* + o, (B )?) s (31)d

and

(3.32)

2d .
3% u31/1M(x1)dm

= —/u4¢§w(:}1)dfc + / (6u(0,u)? + 2u(Dy,u)?) Py (21)d

+ % /u3(1p§\4(:%1) — 2y (&1))dz + 2/ ((02,1)? + Opy w(0yu)®)thas (1) da .

Observe that the last terms on the right-hand side of (3.31]) and (3.32]) cancel out.
Therefore, it follows by adding (3.31]) and (3.32)) and using again that

d 1

Gnen® < = [ (VP + 419 )l @a)do + C [ vy (@)
(3.33)
+ 4/ (2u(0,u)? + w(pyu)®) Yy (21)da .

We deduce arguing exactly as in (3.22)—(3.26)) that the last two terms on the right-
hand side of (3.33) are bounded by

1 1

8 / (IVPul® + [Vul* + u®) ¢y (F1)dw + Ce (3o DFvo) /M
if €o is chosen small enough. Thus after integrating (3.33|) between t and tg, we get
from (3.27) that
(3.34)

1 [t
Tyo.to (t0) — Jyo.t0 (t) + g/ / (|V2u|2 + |Vul? + u4) (x, 8)(T1)dxds < e Yo/M
¢

which in particular implies estimate (3.29)).
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Now, we assume moreover that u satisfies the decay assumption (1.20). On the
one hand, by using the Sobolev embedding H!(R?) — L3(R?) and the fact that u
is bounded in H' we get that

(3.35) Tyoae(t) < / (2 + |[Val?) (2, E)oas (1) de

On the other hand, we deduce by using the second inequality in (3.20) and arguing
exactly as in (2.18)—(2.20) that

fmint [ (2 + [9u) o e (1) = 0.
It follows then by letting ¢ — —oo in that
(3.36)  Jyo,t0(t0) + ;/t:o/ (IV2u)? + [Vul? + u?) (z, s)¢), (31)deds < e /M
Next, observe that
/|VU|2(9UJ0)Z/JM($1 — p1(to) — yo)dx

< Tyoaslto) + 5 [0 sta)bar(en = prto) — o)

Thus, we use the decomposition in ([3.22)), the Sobolev embedding H'(R?) —
L3(R?), (3.3) and the first inequality in (3.20] to get that

/|VU|2(x,to)1/1M(x1 —p1(to) — Yo)dx S Jyq 1 (to) + e v0/M

which yields estimate (3.30) in view of (3.36)). O

Corollary 3.5. Letu € C(R: H'(R?)) be a solution of (1.1)) satisfying (3.2)-(3.5)
and the decay assumption in x1 (1.20). Assume that eq in Lemma is chosen
small enough, then, there exists ¢ > 0 such that

(3.37) sup/ \Vul?(z + p(t),t)e’l ™ ldae < 1.
teR

Moreover, there exists Moy > 4 such that
to ~
(3.38) / / <|V2u|2 +|Vul? + u2)(x,t)ex1/M < emwo/M

for all M > My, to € R, yo > 0 and where T1 is defined in (3.17)).

Proof. Estimate follows from the first inequality in arguing exactly as
in the proof of Corollary

Now, we prove estimate . Since ¥}, (%1) 2 ef1/M for 7, < 0, it follows
from and that

t
/0 / <|V2u|2+|Vu|2+u2)(:c,t)e(”“_”l(tOH%(t“_t))/Mdﬂcdt5 L,
—oo Jxy1<p1(to)—5 (to—t)+%o

for all o > 0. This yields (3.38]|) by passing to the limit as §jo — 400 and multiplying
the result by e 90/M [
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Due to the failure of the Sobolev embedding H' < L in two dimensions, we
are not able at this point to derive monotonicity properties for (9%u)? at any order
of |a] by induction as it was done for the KdV equation in [26]. We need first to
derive a monotonicity property in H?, which in turn will implies that the solutions
of close to a soliton are bounded in H?.

Lemma 3.6. Assume that u € C(R : HY(R?)) is a solution of (L.1) satisfying

(3-2)-(3.5) and the decay property (1.20). If ¢y in Lemma is chosen small
enough, then there exists My > 12 such that

/|V2U|2(337t0)1/)M(331 — p1(to) — yo)dx

(3.39)
/ / (|V2ul* + Z (8%u)?) (x, ) (21 )dadt S e vo/M

la|=3
for M > My, yo > 0, to € R and t < ty where ¥ is defined as in (2.1)—(2.2) and
Z71 is defined as in (3.17)).

Proof. Arguing as previously, we get that

B40) 5 [@uPva(ds < — [ (VU + 1@%0P) bl (0)ds + Na(w),
for all multi-index a € N2, where

(3.41) No(u) = 2 / 090, (u2) 0 unr (1)

Here, we explain how to handle N, when |a] = 2. We will only look at the
nonlinearity N, o)(u) since the other nonlinearities Ny (u) with |a| = 2 could be
treated similarly. Integrations by parts and the Leibniz rule give that

Ne2,0)(u) = =20 / udy, udz upnr (1)dx — 24 / w(2 ) (#1)de
=t ~20N} gy (1) — 24N (1)

(3.42)

To deal with N%Z,O)(u)’ we use the decomposition

(3.43) N(12,0)(U) = N(lé}o) (u) + N(lé?o) (u).
where
(2 0 /Qc p) 02 udz uhn(Z1)da
and
Nl () = / (1= Qul- — )8, 2, g (1)
Integrating by parts and arguing as in , we get that

(3.41) Nigoy(w) = 5 [(0,0701, (@l = p)ons(an))de 5 [(02, 00 (31)do

On the other hand, it follows from Young’s inequality that

Nty () < g5 [ (08,0 0h(@)ds

(3.45) i
+c/ u—Q —p))z(aglufw

W) ™
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Applying Young’s inequality again, we bound the second term on the right-hand

side of ([3.45) by

! [~ w (~ )4
C'/ (u —Qc(-— p))4(3§1u)2¢M(xl)dm + C/(ailu)z%dz'
Now, since
L4 .
% S (Z1), for 71 <0 and % <SHM for 71 >0,

we deduce from the Sobolev embedding H*(R?) — L°(R?) and (3.3) that
1 -
N () < g5 [ (@0 + (02,0) bl 0)ds

+ C/(ailuﬁ(w’M(gzl) + 3T/M g

assuming €g is chosen small enough. Now, arguing as in (3.22))—(3.23)), we obtain
that

(3.47) N2 (u) < % / (03, u)2 + (92, u)*) Yy (#1)da + C / (02, 1) (&) da

Therefore, we deduce gathering (3.40)—(3.41) for || = 2 and arguing as in
B-42)-(3-44), (3.46) and (3.47) that

G [175P @ v @de+ 5 Y [0 02w 0w @0de

|a]=3

(3.46)

S [ 192 (W) + 5 o,
which implies ((3.39)) by integrating between ¢ and o, letting ¢ — —oco and using
(3.30) and (3.38) with M = M/3. O

Corollary 3.7. Assume that u € C(R : H'(R?)) is a solution of (L.1) satisfying

(3-2)-(3.5) and the decay property (1.20). If ¢y in Lemma is chosen small
enough, then u is bounded in H3.

Proof. We follow the strategy of [26]. Arguing as in the proof of Corollary we
deduce from ([3.39) that

to i
- |a]=3
for any M > 12. Moreover, it follows from (3.3)), (3.5 and the mean value theorem
+ 2(to—t) > —2(tg—t) > =3 if t € [to — 1,t]. Thus we deduce

that p1(t) — p1(to)
from (3.38) and (3.48)), (after applying the same argument to v(z,t) = u(—z, —t)),
that

to
(3.49) / / (“2 +[Vul? + V22 + > (6%)2)@: +p(t), el Mdpdt S 1.
to—1 _
|a]=3
In particular, we deduce from (3.49)) that there exists § > 0 such that
to
(3.50) / / (w2 + 9P + [V + 3 @°w)?) (2. )dwdt < 0,
to—1

|a|=3
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for all ¢ty € R. Thus, u(-,t) € H3>(R?) at least for some ¢ € R and the persistence
property of the well-posedness result implies that u € C(R : H3(R?)).
On the other hand, direct energy estimates using the equation (1.1 give

d
Zlulls S IVullgllulFs -
Then, we deduce from Gronwall’s inequality that
ot
-, to) [ < e Jer IV C ez (1)

for all t; < tg. Therefore, it follows from (3.50) and the Sobolev embedding
H?(R?) — L>(R?) that

1
(3.51) lu(- o)1 s < €O lul, 1) 3

for all t1 < tg.

Now, fix some tp € R. From (3.50)), there exists t; € (to — 1,%9) such that
lu(-,t1)]|%s < 6. Thus, we infer from (3.51)) that

-, to)lI7s < 70,
which finishes the proof of Corollary since 6 does not depend on tg. O

The H? bound obtained in Corollary allows us to derive a monotonicity
properties for (0%u)? at any order of |a.

Lemma 3.8. Assume that u € C(R : H(R?)) is a solution of (L.1)) satisfying
(13.2)-(3.5) and the decay property (1.20). Let k € N be given. If ¢y in Lemma

is chosen small enough, then, u is bounded in H**t! and

/(8O‘u)2(1‘,t0)wM(1‘1 — pl(tO) — yo)dﬂ?
(3.52) .
+/ / (IVaau|2 + (aau)2)(m7t)w§w((z'l)dxdt < e~ Yo/M

for any multi-index o € N? with || =k, M > 12, yo > 0, tg € R and t < tq where

Yy is defined as in (2.1)—(2.2) and %1 is defined as in (3.17)).

Proof. We know from Lemmas and[3.6]that holds true for k = 0, 1, 2.
To prove for the general case, we argue by induction on k . Let k£ € N be
given such that k£ > 3. Assume that is true for any & € N? with |a] <k — 1.
Let o € N? with |a| = k.
Recalling estimate (3.40), we need to control Ny (u) defined in ([3.41). By using
the Leibniz rule, we have that
(3.53)

No(u)= Y Cp / 0y (0%u0*~Pu) 0%uthns (1) dw+4 / Oy (U0 ) 0™ utpps (1)da .
0<f<a

We only treat the last term appearing on the right-hand side of (3.53|) which is the
most difficult. After integrating by parts, we get that

/3351 (ud*u) 0% urhpy (Z1)de = %/amu(aau)%M(@)dx— %/u(ao‘u)2z/)§v[(i1)dm.
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Thus, the Sobolev embedding H?(R?) — L°>°(R?) and the H3-bound obtained in
Corollary imply that

(3.54) /3x1 (w0*u) 0% urpp (Z1)dx < C’/(ao‘u)Q(wM(i”l) + Py (Z1))d .

Estimate (3.52)) follows then by integrating (3.40)) between ¢ and t¢, using (3.53))—
(3.54)) and the induction hypothesis to control the term corresponding to N, (u) and

letting ¢ — —oo as previously. Finally, the H**1-bound can be deduced from (3.52))
arguing as we did in the proof of Corollary [3.7] O

Arguing as in the proof of Corollary we finally deduce from Lemma [3.8 the
exponential decay in the xi-direction at any order.

Corollary 3.9. Let u € C(R : HY(R?)) be a solution of (L.1)) satisfying (3.2)-(3.5)
and the decay assumption in x1 (1.20). Assume that €y in Lemma is chosen
small enough, then there exists & > 0 such that

(3.55) sup / (0°w)>(z + p(t), )™ d < 1,
teR

for any o € N2,

3.3. Proof of Theorem We first decompose u by using the modulation the-
ory in Lemma Then, we can assume that there exist p = (pl, pg) € CY(R : R?)
and ¢ € C*(R : R) such that

(3.56) n(x;t) = u(x + p(t), 1) — Qe(r) (v)

satisfies (3.3)—(3.5). Moreover, due to Lemma u still satisfies the exponential
decay assumption (|1.20) in the z; direction.

Introduction of a dual problem. Following Martel and Merle [35], we will work on a
dual problem. Let us define

(3.57) v="Ln—n"=—An+cn—2Qn—1n".
By using the equation satisfied by 7 in , we get that
0w = L0 — 200 + ¢'n — 2¢ AQ.n
= L0204 (p) — ) Le02,n + p3Le02,n + Qe
— 2005,0 = 2(py — )NDsy (Qe + 1) — 2950 0u, (Qe + 1) + 1.
Now, direct computations give that
L0z = O0p, Len) + 2002, Qc = 03, v + 2005, 1 + 2002, Qc

and similarly

L£:05,m = 02,0 + 2105,M + 2002, Qe -
Thus, the equation satisfied by v writes
(358) 8,51} = Lcaamv - 2778:E1U + (p/l - C)aamv + pl26932v + CI(QC + 77) .
Almost orthogonality conditions. We have from the definition of v in (3.57) and

(1.10]) that
/v@zchdx = /nﬁcaxchdx - /7728“chx = —/77289“chx,
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for ¢ = 1,2, so that
(3.59) | [ 002, Quda] <110, Q= il i =1.2.

In a similar way, it follows from formula (1.12)) and the third orthogonality condition

in

o) [orQudr= [necAQuis — [iPAQuis =~ [tz ~ [rPaq..
so that

(3.61) | / 0AQedz| < AQu] L= [1nl:

It was proved in [48] that the bilinear form H(v,v) = (L.v,v) is coercive under
the orthogonality conditions ([3.4]). Thus, there exists A; > 0 such that

(v,m) = (Len,m) = (n?,0) = Mllnll 7 — /nsdw.
The Sobolev embedding H'(R?) < L3(R?) and (3.3)) implies then that

A
(v,m) > A\ = Cllnlla) [nllF = (A = Koeo)llnll 7 > 7||77||i11 ;

provided ¢ is chosen small enough. Therefore, we deduce from the Cauchy-Schwarz
inequality that

2
(3.62) [l < " [ollze -
1

Ezxponential decay in the x1 direction. It is a consequence of the monotonicity prop-
erty that there exists & > 0 such that

(3.63) / 02 (21, 9, t)dae S e 01l Y (2, t) € R2.
x2

Indeed, we get from the definition of v in (3.57)), the decay properties of @ in (|1.7))
and formula (3.55)) with |a| < 3 that

(3.64) sup/ (v* + (9y,0))e?1ldz < 1.
teR

Estimate (3.63)) is then deduced from estimate (3.64)) just as in the linear case (see
229)).

Virial type estimate. Let A be a positive number to be chosen later. We define

oA = pa(z1) and ¢4 = da(z1) as in (2.32)—(2.34). Then ¢4 and @4 satisfy the

properties in ([2.35)).
By using ([3.58)), a direct computation gives that

1d

“3q pavide = f/goALCazlvvdx + 2/@An5‘mlvvdm —(p} — c)/cpAamlvvdx

— p;/go,qamvvdac —c / 0a(Q¢ + n)vdx
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Then, arguing as in (2.36)), we deduce that

1d 1
“yii [ oavtde = [ 0a@u 02t 5 [oa(ToP + 07 - 2Qu0)da
(3.65) 1
) /¢va2dx - /@AamQU?dm + fRA(TIaU)’
where
Ra(n,v) = —/qﬁAnUQd:z:—/(pA@xlnvz
(3.66)

/ —
+ p12 ¢ /¢Av2dx — c’/goA(QC +n)vdx .
The following lemmas will be proved in the next subsection.

Lemma 3.10. Consider the bilinear form

(3.67) Ha(v,w) = /¢A(Vv-Vw+vw—2chw)da:.
Then, there exists Ao > 0 and Ay > 0 such that

(3.68) Ha(v,v) > A2/¢A(|Vv|2 +v?)dz,

for all functions v defined in (3.56)—(3.57)) provided A > Ay and ey > 0 is chosen

small enough.

Lemma 3.11. There exist K3 > 0 and A3 > 0 such that
(3.69) Ratn.0)] < Kol [ 6490 + 1) do,

for all (n,v) defined as in (3.56)—(3.57) provided A > As.

By fixing A = max{As, A3,2,/C/A2} (where C' is the positive constant appear-
ing in (2.33))), we deduce using (3.3)), (3.65]), (3.68)), (3.69) and arguing as in (2.39)

that

1d A
(3.70) 3% oa(z)vide > §2 /¢A(x1)(|Vv|2 +v?)dz,
provided ¢y is small enough. Then, we conclude by using (3.63|) and arguing as in
2.40)—(2.45) that v(z,t) = 0 for all (z,¢) € R3. This implies in view of ([3.56]) and
3.62) that

(3.71) n(z,t) =0 = ux+p(t),t) =Qunlz) V(z,t)eR>.
Moreover, yields
c(t) = c(0),  p1(t) = p1(0) +c(0)t and  pa(t) = p2(0),

which concludes the proof of Theorem
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3.4. Coercivity of the bilinear form H(v,v). The aim of this subsection is to
prove Lemmas and We begin first with a technical lemma.

Lemma 3.12. There exists Ky > 0 and Ay such that

(3.72) IV éanlu < Kallv/ davl|r2,
if A> Ay and €y small enough.

Proof. A direct computation shows that

/¢Av77dx= H4(n,m) +/¢ﬁén2dfc—/¢An3dfc-

Since 7 satisfies the orthogonality conditions (3.4]), we deduce from Lemma 2.3}
(2-33) and the Sobolev embedding H'(R?) < L*(R?) that

C
IVaaolalVaanloe = A [ oa(Val+?)da—g; [ oardo—llm|Voanl:

which implies (3.72]) in view of (3.3) if we choose A > A5 = 1/% and €g is chosen
small enough. O

Proof of Lemma[3.10, The proof of Lemma follows the lines of the one of
Lemma In order to use Lemma we need to verify that /¢av satisfies
2.52).

By using the definition of v in (3.57)), we compute for i = 1,2,

613 | [ Vorwonus| <| [ Vontmon Quts] +| [ Voo, Quisl

On the one hand, by using the Cauchy-Schwarz inequality, (3.3) and (3.72]), we
have that

B1) | [ Vouro.Qus| <10, Qs |V oxnls < 5IVavlue.
if € is chosen small enough. On the other hand, it follows from that

| [ VoataonGuis| <| [ (Vo2) n0rQude| + 2| [ (V/6a)n0%, Quda]
Thus, and yield
613) | [ VoatmonQuis| £ g1Vl < 5IVoxol
if A is chosen large enough. Hence, we deduce gathering 7 that

(3.76) | [ Vox0Quia] < sl Vol

if €g is small enough and A is large enough, where « is the small positive number
given by Lemma |2.6
Arguing as above, we get that

e | [ Voraus| < | [VomneaQus|+ 5IVoxl



ASYMPTOTIC STABILITY OF SOLITONS FOR THE ZK EQUATION 33

To deal with the first term on the right-hand side of (3.77)), observe from (|1.12)
and (3.4)) that

1 -/

(3.78) / VOanLeAQedz = / —— Qe band .
Voa
Moreover, we infer from the decay property of Q. (c.f. (1.7)) and the definition of
¢4 that
1—+oa sleil _ %5 o3
Qe Se2 A e Wy sa Sem 2l sy,
’ NN [z1]> |z|>

if A is chosen large enough. Hence, we deduce from the Cauchy-Schwarz inequality,
(B.72) and (B75) that

7cl—z K
619 | [ VoantdQus| S e s allelVoanl < 51Voxvl

provided A is large enough. Thus (3.77) and (3.79) imply that

(3.80) }/\/QSAUAQCdx‘ < k|l pavLe .
With (3.76]) and (3.80]) in hand, we conclude the proof of Lemma following
the arguments in the proof of Lemma 2.3 O

Proof of Lemma[3.11. The Sobolev embedding H!(R?) — L3(R?) yields

@81 | [ oancdal Sl Voselin Sl [ oa(Vof? +0%)de.

Moreover, we deduce from and that there exists A3 > 0 such that
)2 + 105 () = )] S IVbanlze S [V éav]Le

if A > As. Now we fix A > As. Thus,

(382 19y | [ oavtdo+1¢|| [ 0@+ noda] S Il [ 0a(9ef +0?)da,

Finally, in addition to (2.32)—(2.33]), we can assume that |pa(z1)] < CA|dpa(z1)]

for some positive constant C'. Then, it follows from Hdlder’s inequality and the
Sobolev embedding H'(R?) < L*(R?) that

(3.83) )/@Aawlnv2dx’ < CA/|¢A8w1nv2|dac S Al |V davl3 -
We conclude the proof of (3.69) gathering (3.66)) and (3.81)—(3.83). O

4. PROOF OF THE ASYMPTOTIC STABILITY RESULT

This section is devoted to the proof of Theorem [I.I} According to Remark [T.8]
we will assume in this section that ¢y = 1. We follow the arguments of Martel and
Merle in [31] 84} [35] for the gKdV equations. The heart of the proof is the following
proposition which states that a solution in a neighborhood of a soliton converges
(up to a subsequence) to a limit object, whose emanating solution satisfies a good
decay property in the x; direction. Then, due to the rigidity theorem proved in
Section [3] this limit object has to be a soliton.



34 R. COTE, C. MUNOZ, D. PILOD, AND G. SIMPSON

Proposition 4.1. Assume d = 2. There exists €9 > 0 such that if 0 < € < ¢y and
u € C(R: HY(R?)) is a solution of (1.1 satisfying

(4.1) inﬂg lu(-t) = Q(—7)|lg: <€, VteR,
TER?

then the following holds true.

For any sequence t, — +00, there exists a subsequence {t,,} and iy € H'(R)
such that
(4.2) u(-+ p(tn,),tn,) — G in H'Y(x > —A),

k—4oc0

for any A > 0 and where c(t) and p(t) are the functions associated to the decompo-
sition of u given by the modulation theory in Lemma[3.1]

Moreover, the solution @ of (1.1 corresponding to u(-,0) = g satisfies

(4.3) la(+ () - Qi Se, VteR
and
(4.4) [ e 0. 0dm S e (o) B2,

for some positive constant &, where é(t) and p(t) are the functions associated to the
decomposition of U given by the modulation theory in Lemma [3.d Note also that

7(0) = 0.
First we give the proof of Theorem assuming Proposition

Proof of Theorem[I.1. Let u be a solution of (L.I) satisfying the hypotheses of
Theorem Assume moreover that €y is chosen small enough so that Theorem

and Proposition [£.1] hold true.
From Proposition for any sequence {t, } with t,, — 400, there exist a sub-

sequence {t,, }, ¢o > 0 and g € H'(R) such that

(4.5)  c(tn,) — ¢ and u(-+ p(tn,),tn,) — @ in H'(z3 > —A),
k—+oco k—-+4oco

for any A > 0. Moreover, the solution @ of (1.1)) satisfying @(-,0) = g satisfies
(4.3)—(4.4) and it holds that ¢(0) = & and 5(0) = 0.

Thus, we deduce applying Theorem [I.2] to @ that there exist ¢; close to 1 and
pt = (p}, pi) € R? such that
(4.6) a(x17m27t):ch(xl_clt_pi7x2_p%)'

The uniqueness of the decomposition in Lemma implies that p! = p(0) = 0 and
¢1 = &o. Then, we deduce from (4.5 and (4.6)) that u(-+p(tn, ), tn,) — Qc(tnk) tends

to 0 as k tends to +oo in H'(z; > —A). Since this is true for any sequence {¢,}
such that ¢, — 400, we conclude that

(4.7) u(-+p(t),t) = Qery , 2 in H'(z; > —-A),

—+00

for any A > 0. Then, if we define 7j(z,t) = u(x,t) — Qe (2 — p(t)), (4.7) implies
that

(43) i [ (9l + ) 00as o = p1(0) + o) = 0,

for all yo > 0.
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To prove the convergence of the scaling parameter ¢(t) as t tends to +00, we use
Lemma [£.9] Thus, for any a > 0 and M > 4, there exists y; > 0 such that

(4.9) / W (2, s (21 — pa (£) + o)d < / W2z, )b (21 — pr(#) + yo)da + o,

for all t > t' and yo > y1. On the other hand, it follows from (L.7)) and (4.7) that
there exist y2 = y2(a) > 0 and Ty = Tp(a) > 0 such that

@) | [ vn o - gl + e~ [ @ (@)da] <a.
if t > Ty and yo > yo. Hence, we deduce combining (4.9)) and (4.10) that

/ Qe (2)da < / Q2 (z)dz + 30,

whenever t > t' > Ty. Since a > 0 is an arbitrarily small number, this im-
plies that [ Q2 (z)dx has a limit as ¢ tends to +oco. Then, since [ Q% (v)dz =
c(t)%fg [ Q*(z)dx and we are in the case p = d = 2, which is subcritical, we
conclude that there exists c; > 0 such that

(4.11) ey — 1] < Kge and ¢(t) — ¢y

t——+oo
Now, we improve the convergence result following the arguments in the proof of
Proposition 3 in [34]. Fix 0 < 8 < 1. Observe that u(—z, —t) is still a solution of

(1.1) satisfying (1.14). Then, we deduce applying (3.19), (3.29), Remarks

to u(—x, —t), using the property ¥p;(—x) = 1 —1pps(x) and the conservation of the
L?-norm that

/ (|VU|2 + uz)($,t2)¢M($1 — pl(tl) — g(tg — tl) + yo)da:
(4.12)

< / (|Vu|2 + u2)(x,t1)¢M (331 —p1(t1) + yo)dsc + Kje vo/M

for all t; < t5 and yo > 0 if M = M () is chosen big enough. Moreover, we observe
from the third orthogonality condition in (3.4]) that

‘ /77(”” + (1), ) Qe(ry () har (1 + yo)dx‘
(4.13)

- ‘ /77(3: + p(t), 1) Qery () (1 — s (w1 + yo))dm‘ < emwo/2M

if M is chosen large enough such that M > 2—15, where § is the positive constant
appearing in (1.7), and €y > is chosen small enough. Therefore by using (4.12),
and the decomposition 7?(z,t) = u?(z,t) — 2i(z, t) Qe (x — p(t)) — Qi(t) (x—
p(t)), we deduce that

[ etz (o = prfe) = 512 = 10) + o)
(4.14)

< /ﬁQ(x,hWM(wl = p1(t) + yo)da + [|QII72|elt2) — e(tr)| + Kem v/

For ¢t > 0 large enough, we define 0 < ¢’ < ¢ such that p; (') + g(t — 1) —yo = Bt.
Then, observe that ¢ — +o0o0 as t — +o00. Moreover, we deduce applying (4.14)
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with to =t and t; =t/ that
[ty (or = pt)do < [P tyon (- pr0) + ) do
+[|Q72 |e(t) — e(t')] + Kemvo/M
Thus, it follows from and that

1imsup/ﬁ2(m,t)¢M (1131 - Bt)dx < Ke %/M

t——+o0

for any yo > 0, which yields

(4.15) /ﬁQ(x,t)wM(xl —Bt)dz — 0.

t——+oo

Arguing similarly, we get that

(4.16) / Vil (@, t)ns (w1 — Bt)dz ,— 0.

Therefore, we conclude the proof of (1.15) gathering (4.11)), (4.15) and (4.16).
Finally, we prove (L.16) gathering (L.7), (3-5), (1.7) and (-11). 0

Finally, it remains to prove Proposition [4.1

Proof of Proposition . By applying Lemma there exist ¢ € C1(R : R) and
p = (p1,p2) € C(R : R?) such that

[u(-+p(), 1) = Qllur < [lul- + p(1),1) = Qe + 1@ = Qe 1 < 2Koe,

if € is small enough.

Let {t,} be a sequence such that ¢, — +oo. Since {u(- + p(t,),t,)} is bounded
in H!, there exist a subsequence extracted from {¢,} (still denoted by {t,}) and
g € H'(R?) such that

(4.17) u(- + p(tn), tn) — dp in HY(R?).

n—-+o0o

Moreover,
o — Qlli < lim nf [u(- + plta), ta) — Qll s < 2Koe.

Let @ be the solution of (1.1]) corresponding to @(-,0) = @g. Note from the global
well-posedness result for ZK in H! in [13] that @ € C(R : H'(R?)). Thus, de
Bouard’ stability result in [10] implies that
(4.18) sup [[a(- + (), £) = Qll < Koe,

te

where p is the corresponding modulation function defined in Lemma We split
the proof of Proposition {4.1] into several lemmas.

Step 1: monotonicity properties for uw on the right. Recall the definition of 1y, in
(2.1)—(2.2) and fix M > 4. First, we deduce from Lemmas and a mono-
tonicity property in the x; direction.
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Lemma 4.2. Let M > 4. Then, we have that

(4.19) limsup/ (uQ + |Vu\2)(x + p(t), ) Yar(xr — yo)dz < e~vo/M

t—+

for every yo > 0.
Proof. Given ¢ > 0, there exists Ry > 0 such that fw1>R1 uddr < e. Thus, with the
notations of Lemma, we have that

(4.20) I,00(0) < &+ dar(Ry — pr(t) + %t — 40) / 2da

Now, observe from (3.5) that limy—, o0 ¥ar (R1—p1(t)+3t—yo) = 0, which together
with (4.20]) yields
(4.21) limsup I, ;(0) =0.
t——+o00
Arguing similarly we get that
(4.22) limsup Jy, +(0) =0,
t—+oo
where J,, ; is defined in Lemma
Therefore, we conclude the proof of estimate (4.19) gathering (3.18]), (3.28]),
(4.21]), (4.22) and using the same arguments as in (3.22)—(3.24) with ¢, instead of
iy O
We will also need to derive a monotonicity property along the lines in a cone
around 2 in order to recover the strong convergence on the right in L2.

Recall the definition of 1 in (2.1)—(2.2) and fix M > 4. For yo > 0, tg € R,
and 0y € (=%, %) and t < to, we define

(4.23) Iy, 10,00 (1) = /uz(x7t)¢M (z1+ (tanby) z2 — p1(to) + %(to —t) —yo)dz.

Lemma 4.3. Let 0y € (—%,%). Assume that ¢o is chosen small enough. Then, it
holds that

(4'24) Iy07to,90 (to) - Iyoﬂfoﬂo (t) S e_yO/Ma
for every yo > 0, tg € R and t < g, and

(4.25) lim sup/u2(x + p(t), ) har (1 + (tan ) xo — yo)da < e ¥o/M

t——+oo

for every yo > 0.

Remark 4.1. Note that the angle % in the previous result determines the validity
of Theorem [T.1] as expanded in Remark We believe that this result is sharp for
the strong energy norm. For a formal proof of this fact, see Appendix [C}] We also

expect that this a general result in any dimensions.

Proof. We briefly sketch the proof of (4.24)), since it is very similar to the one of
Lemma Define & = 1 + tan(f)xa — p(to) + 5 (to — t) — yo. Then, we compute
by using (1.1)) that, for all ¢ < ¢g,

d
Gimionn(®) = =2 [ w0 wirs(3)do ~2 [0, wbns ()

(4.26) ) X
+ §/u31/1§w(a~c)dx— §/u21/)§\/[(:f)dx.
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We observe integrating by parts that

5 / wdd wpns (#)de = —3 / (00yu) 2y (&) + / W2 (F)dx
and

_2/u321$2x2u1/1M(£)da:: —/ (8x2u)21/)§\4(§:)d1:—2tan90/axluamuwﬁv[(i")dx

+ tan? HO/UQwK/}(i)dz.
Now, we get applying Cauchy-Schwarz and Young’s inequalities that

2}tan00/811u8z2u1/1;\/1(:%)dx’ < / (1§ tan? 6y (8z1u)2+%(8z2u)2)(x,t)z/;ﬁ/l(i)d:c,

0

for some ko > 0 satisfying 1 < k% <
Therefore, we deduce from ([2.2)) that

(4.27)

d
a‘[yowtoﬁo (t) < _/ (éuz + (3 - ’ig tan2 00)(8117-")2 + (1 - :g)(amu)Q)(x,t)’L/JM({E)dl’

which is possible since [0y < Z.

_3
tan2 60’ 3

2
+ g/u?’w?w(:ﬁ)dm

for all t < tg.
To handle the second term on the right-hand side of (4.27)), we argue exactly as

in (3.22)—(3.26) and deduce that
(4.28)

%’ / Wi (#)da| < Koeo / (W2 + [Vl (2, 1)}, (7)dw + Ce e~ (o= Fm0)/A

where C, is a positive constant depending on .

Hence, we conclude the proof of (4.24]) gathering (4.27)) and (4.28)), integrating

between t and ¢y and choosing ¢y small enough.
The proof of (4.25) follows exactly as the one of (4.19). O

Step 2: Strong L?-convergence of u(- + p(tn),tn) to iig on the right.
Lemma 4.4. We have that

(4.29) u(- + p(tn), tn) — o in L*(z; > —A),
n——+00
for all A > 0.
Proof. Let A >0 and € > 0. From (4.25)), there exists Rz > 0 such that
(430) ||17’0|‘L2(1’1+12>R%) + HaOHLZ(mlfﬂ?2>R%) <e
and
(4.31)

lim sup (Hu( + p(tn)atn)‘|L2(x1+zz>R%) + [Ju(- + p(tn)atn)||L2(z1fzz>R%)) <e.

n——+00
Let us denote by R the compact region of R? (see Fig. [4)) defined by
R = {(1’1,1’2) € R2 x> 7A, 1+ a9 < R%, xr1 — o < R%}
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€2

Mo

FIGURE 4. R is a compact set of R?.

Since the embedding H!(R) < L?(R) is compact, we deduce from ([4.17)) that
(4.32) nllffoo lu(- + p(tn),tn) — GollL2(z) = 0.

Therefore, we conclude the proof of (4.29) gathering (4.30)—(4.32) and using the
O

triangle inequality.
Step 3: Ezponential decay of u on the right on finite time intervals.

Lemma 4.5. Let M > 4 be given. Then,
(4.33) / (@g + |Viio)?) (2)vas (21 — yo)da S e ¥0/M

for all yo > 0.
Moreover, for all tg > 0, there exists K (tg) > 0 such that

(4.34) sup / (@ + |Vﬁ|2)(x,t)e”1/de < K(tg) .
te[0,to]

Proof. Observe from ([&.17) that u(- 4 p(tn), tn) /U (-1 — Y0) — Go\/Var (-1 — Yo)
in H'(R?). Thus,

1o v/ (1 = yo) g < lminf {Ju(- + p(tn), tn) vViors (1 = yo)ll e
which combined with (4.19) yields (4.33).
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Now, we turn to the proof of (4.34). Fix tg > 0 and yo > 0. Since @ is a solution
to (1.1]), we obtain after some integration by parts that

P @ (z, t)n (21 — yo)da

(4.3) < = [ (30 07 + (0107 (0,0 (01— o)

+ [ @ Opulor —go)do + 3 [ @001~ go)de

To deal with the last term on the right-hand side of the above expression, we use
the decomposition @* = Q(- — p(t))a? + (@ — Q(- — p(t)))a?, the Sobolev embedding
H'(R?) — L3(R?) and estimate (4.18). Thus,

2 ~3 /
9 u ('rvt)w (Il —Y )dﬁC
(4.36) 3 / " i

< Koeolliiy/ Wy (1 — vo) e + / @y (@1 — yo)d.

which implies that

@ (2, ) (1 — yo)da < / @ (e, Oyr (@1 — yo)de,

dt
by choosing ey small enough. Hence, Gronwall’s inequality and (4.33) yields
(4.37) sup /112(33, thar(z1 — yo)dax < K (tg)e vo/M |
te[0,to]

for some positive constant K (tg) depending only on ¢.

Now, by using (1.1)) and integrating by parts as in (3.31)-(3.32)), we get that

d . 2 .
T (|Vu|2 — gug)wM(xl — yo)dx

== / (3(85111)2 +4(03,,,0)" + (92,0)° + a4) (a0, )¢y (21 — yo)da
+ [ (93 = S8 o — o)

44 [ 020000+ 0020)) . 01— o)

Thus, it follows using (2.2]) and arguing as in (4.36) that
d

. 2.
p (|Vu|2 — §u3)¢M(x1 — yo)dx

< / VP (1 — yo)dz + / @ns (@1 — yo)da

if €g is choosen small enough. Hence, we infer from (4.35]) that
d 2
(4.38) / (IVal* = 3@ + Kya®) s (w1 = yo)do 5 /ﬂ2¢M(m1 —yo)da ,

for some positive constant K;. Therefore, we conclude integrating (4.38]) between
0 and ¢ and using (4.36)—(4.37) that

sup / (112 + |Vﬂ|2)(x,t)wM(a:1 —yo)dz < f((to)e_y‘)/M,
te[0,to]
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which yields ([£.34) since as(x1 — o) > e®1=¥0)/M for 1 — yo < 0. O

Step 4: Strong L?-convergence of u(- + p(tn),tn +t) to (-,t) on the right.
Lemma 4.6. We have that

(4.39) u(-+ p(tn),tn +1) — a(-,t) in L*(z; > —A),

n——+00

forall A>0,teR and

(4.40) u(-+ pltn),tn +1) — a(t) in HYR?),

n—4oo

for allt € R. Moreover,
(4.41) ptn +1t) — p(tn) — p(t) and p(0) =0,

for all t € R, where p is the C'-function associated to the decomposition of U in
Lemmal31l

Proof. Let us define v, (x,t) = u(xz + p(t,), t, +t) — u(x,t). Then, it follows from
[T29) that

(4.42) /vn(x, 0)%¢ns (1)dx 0

Moreover an easy computation using (|1.1)) shows that

(4.43) Oyvp + Oy, Avy, + 0y, (200, +v7) = 0.

Next, we infer that for all ¢ > 0 and M > 8, there exists K1(tp) > 0 such that

(4.44) sup /vn(x,t)QwM(xl)da: < Kl(to)/vn(aﬁ,O)QwM(xl)dm,

t€[0,t0]

which together with yields for any ¢ > 0. The weak convergence in
for any t > 0 follows then by uniqueness of the weak limit in H*.

Now, we prove (4.44). Fix tg > 0 and M > 8. By using (4.43) and arguing as
previously, we get that

(4.45)
G [ evstande = = [ (302,007 + @uuv )iy (o + [ o2ufi(en)da

+ 2/ (wan + vi)@wl (van(ml))dx,

for all ¢t € [0,]. Observe that the last term on the right-hand side of the above
formula can be rewritten as

/ (Qﬁvn + vi)@zl (vn¢M(x1))dx
(4.46)

=/(%vn+a)v§w§w(:c1)dx—/amlau,%w(xl)dx.
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1 1
By using the Gagliardo-Nirenberg inequality || f|[z+ S ||f|| 72 f]l7: in two dimen-
sions, we get that

(4.47)
2
| [ Gon-+ @i ends] £ loall + @l o/ o) a2l 2 o)l

< [ottstende + g5 [ 190l ede,
where K is a positive constant depending on ||ug||r2 and ||tg||r2. To estimate the

second term on the right-hand side of (4.46)), we observe arguing as above that

~¢M $1

/@cluv Y (21 dff’ < 10w, @ e HL2|| Vn A\ V(@) 2o/ Py (@) | a2 -

Now, since
Ym (17 1)

2 2
Pr@)” g p <0 and S M for 2y 20,

Py (1) Py (1)?
we deduce from (4.34) that

(148) | / Or, ins (1) < K (10) / 2 (1) dx+— / Vo 240 (21 )d

where K(to) is a positive constant depending on |||/ and K(tg). Hence, it

follows from and - - that

(4.49)
o vi(m,t)z/)M(xl)dx—l—/\an|2(x,t)w§w(x1)dx < f((to)/vi(as,t)wM(xl)dx,

for all 0 < ¢t < 1, Wthh together with Gronwall’s inequality implies (4

To prove that (| and also hold for ¢ < 0, we fix some t1 < O Since
{u(- + p(tn), tn + tl)} is bounded in H!(R?), there exists a subsequence extracted
from {t,,} (still denoted {t,}) and @1 9 € H'(R?) such that

(4.50) u(- + p(tn), tn +11) % i1 in H'.
n——+0o0o

Let 4; € C(R : HY(R?)) be the solution of (1.1) satisfying @;(-,0) = @19. By
reproducing the above analysis on 41, we obtain that

u('+p(tn)ﬂtn+il +t) l) ﬁl('at) in Hl(R2)7
(4.51) N e
u(- 4+ p(tn), tn +t1 + 1) j a1(-,t) in L%z > —A),

for all A > 0 and ¢t > 0. In particular, we deduce from with ¢t = —¢; and
(@.17) that @y (-, —%;) = 1ip. Thus the uniqueness of the Cauchy problem associated
to (L1.1) in H'(R?) implies that @ (-, ¢ — ;) = @(-,t), for all t € R. We conclude
from (4.51) that (4.39)—(£.40) still hold true for ¢ > ¢; and then for ¢ € R, since
t1 < 0 was chosen arbitrarily.

Finally, we prove (4.41)). By extracting another subsequence if necessary, we can
assume from and (3.5) that for all ¢t € R, there exist d(t) € R and B(t) € R?
such that
(4.52) c(tn,+t) — d(t) and p(t, +1t) —p(tn) — B(1).

n—-+o0o n—-+oo
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Observe that (0) = 0. Let us define
(- t) = u(-+ p(tp +1),tn +1) = Qer+ey and (-, t) = a(- + B(t),t) — Qae)
It follows then from (3.4)) that
/nn(xat)Qc(tﬂ,+t) (x)dm = /nn(xat)awch(thrt)(a?)dx =0,i=1,2.
Therefore, we deduce letting n — +oc and using and ([4.52)) that
(453) [ .0y @)z = [ (.00, Quo@)dr = 0. i = 1.2.

This implies by the uniqueness of the decomposition of @ in Lemma [3.1| that d(t) =
é(t) and 5(t) = p(t), for all ¢ € R, which concludes the proof of (4.41)) O

Step 5: Exponential decay of 4 on the right.
Lemma 4.7. Let M > 4. Then,

(454) [ @ +193P) o+ 5(0). Ons(r — go)da S e/
forallyo >0 and t € R.

Moreover,
% / W+ pl0) s S €M W (an,0) € R,

Proof. Observe from (4.40) and ( - ) that
u(-+p(tn + 1), tn + )V 1ar (-1 — vo) n_>—+>oo a(-+p(t), t)v/a (1 —yo) in H'(R?),
for all t € R. Thus,

la(-+ p(t), )/ Yar (-1 — yo) |l e <hm1nf\|u( +p(tn + ), tn + )/ Ur (-1 — yo)l| me
which combined with (4.19| - yields (4 .

Since ¥y (x1 — yo) > €®217Y0 for 21 — yo < 0, it follows from (4.54)) that
/ (@ + |Val*) (z + p(t), t)e” Mdx < 1,
which yields (4.55) arguing as in (2.31)). O

Step 6: Strong H'-convergence of u(- + p(t,),tn +1t) to a(-,t) on the right.
Lemma 4.8. We have that
(4.56) u(-+ p(tn),tn +t) — a(,t) in H'(x; > —A),

n——+00

for all A>0,teR.

Proof. Arguing as in the proof of Lemmal[d.6] it is enough to prove that (4.56)) holds
for t > 0.

Recall that vy, (z,t) = w(x + p(t,), tn +1) — U(z, t) satisfies the equation in
Let M > 12. We claim that

(4.57) / Vo, par(a)de — 0.
for all ¢ > 0, which implies (4.56) together with (4.39).
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To prove (4.57), we fix tg > 0. First, we integrate (4.48) between ¢ty — 1 and ¢
(.39

and use (4.39) to get that
to
(4.58) / /|vun|2(x,t)¢§w(x1)dxdt — 0.
to—1 n—-+4oo
Thus, we infer that
to
(4.59) / / IVv,|? (2, t)Yar (21)dedt — 0.
to—1 n—-4o0o

Indeed, for all yo > 0, there exists Cy, > 0 such that ¥}, (x1) > % if o9
Yo
Yo + p1(to), so that

IN

to
/ /|an|2($> ) (x1)dedt
t

o—1

to
(4.60) <Cy / / (Vo (2, )y (a1 )dadt
to—1 Jx1<yo+p1(t)

to
+/ / Vo, (@, )tha (x1 — yo — p1(t))dadt .
to—1 Ja1>yo+p1(t)

By using (4.19), (4.54) and (4.41), we can make the second term on the right-
hand side of (4.60)arbitrarily small as soon as yo is chosen large enough. This fact
together with (4.58]) implies (4.59).

Now, we claim that

/ |an|2(:lc7 to)ar(x1)dx
to

(4.61) St / V0 2@, ns (1) da + / IV ou (@, t'Yoas (21 dadt!

to—1

+ sup / 02 ()t (1)

t'€lto—1,t0]

for all t € [tg — 1,t], which implies (4.57) after integrating between tg — 1 and g
and using (4.42), (4.44)) and (4.59)).
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It remains to prove (.61)). Let us define J,,(t) = [ (|Vv,|?—20v3) (@, t)¢as (21)da.
It follows from (4.43)) and after using some integrations by parts that

Gy = = [ (302,007 + 4002, 00 + (B, 00)? 402l (o)
+/(|V1}n|272v3) N(xy)dx
+4/ (2(89611)“)2 + (812vn)2)1/)M(x1)dx

(4.62) —&—4/(8951&11"8 Vp + O3y W0 02 0n )y (1) d

+ 4/ (01 W0y Oy Vg + Oy W0, Oy 0 ) Wy (1 )d

—2/8$1a|an\21/)M(x1)dx+2/ﬂ|an|2w§\4(x1)dm

8 ~ 3 4 (- 3
+§ axluvnibM(xl)dx—g avp iy (x1)de

Therefore, we deduce arguing as in the proofs of Lemmas and (4.6) and using
(4.34), (4.42)) and (4.44) that there exists Ks(tg) > 0 such that

(4.63)
d
dt
For example, we explain how to deal with the fourth term appearing on the right-
hand side of (4.62)), which is the most difficult. By using Young and Hélder’s
inequalities, we get that

/ Dy 0002, viprs (1)

(IVo,|* — %v ) (@, ) (1) dz < Kg(to)/ (IVon |2+ v2) (z, t)ar (z1)d .

2

Sé/(ailvn) ¢M($1 dx—f—K/ il 2 dew
1

7/11\/1(171)
2
(8 Un) 1/1§V[(x1)dx+KHUn ’l/}EWHL‘XJ /(awlﬂ)zm

Observe that wM E 3 (1 + e221/M ) Therefore, the Gagliardo-Nirenberg inequal-
ity

*64 dr .

lvny/$hs @)l S llvny/@hs (@)l llon /1 (1) |2

Young’s inequality and (4.34]) give that
/3z1ﬁvn8§1van(x1)dx

< %/|V2vn|2¢ﬁw($1)dx+ff(to)/ (IV0n]? + 02 )y (a1 )dac

Finally, we conclude the proof of (4.61)) integrating (4.63) between ¢ and ¢y, and
using the estimate

/ > (z, ) (x)de < K/ (z,t)p(x1)de + — /|an| (z,t)pr(x1)dx
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which follows arguing as in (4.47). O

Step 7: Ezponential decay of u on the left. Before proving the exponential decay
of @ on the left, we need to derive another monotonicity property for u in the
x1-direction for times moving forward.

Lemma 4.9. Assume that u € C(R : H'(R?)) is a solution of (L.1)) satisfying

13.2)—(3.3) for eq small enough. For M > 4, let 1ps be defined as in (2.1). For
Yo >0, tg € R and t > ty, we define

z ~ 1
(4.64) Iy +,(t) = /uQ(x,t)d)M(xl)dac where 1 =1 — p1(t) + i(t —to) + o -
Then,
(4'65) jy07t0 (t) - jymto (tO) ,S eiyO/M ’
for all t > ty.

Proof. Let t > ty. Since u is a solution of (1.1f), we deduce from (2.2)) and (3.5)
that

(4.66)

d - ~ 1 -
o) =2 [udhusns (Er)do — (10 - 3) [0y (n)do

<= [ BOa0? + @ + 1) oG+ 5 [wuiy (e,

provided €y is chosen small enough. We decompose the nonlinear term on the

right-hand side of as

(4.67) /ugwﬁw(él)dw = /Qc(-—p)u2¢§w(5fl)d$+/ (u=Qc(-—p))u*tiy (21)de .
By using and the Sobolev embedding H!(R?) — L3(R?), we get that
@69) | [ (w=Qut = p)uti (G| £ Koeo [ wuiy(Eryde.

Let R; be a positive number to be fixed later. To deal with the first term on the
right-hand side of (4.67)), we fix first consider the case where |x — p(t)| > R;. It
follows then from (1.7 that

(4.69) | [t = prvt(uda] £ 0 [uty Gy
In the case where |z — p(t)| < Ry, we have
|Z1] > |yo + %(t —to)| = lz1 = ()] > yo + %(t —t) — R1,
so that
@i0) | [ Q= oo (s g e lmrieow) o [,

since ¥, (71) < e~1#11/M Therefore, we deduce gathering (4.67)(4.70), fixing the
value of R; and choosing ¢y small enough that

(4.71) %‘/u3w§\4(§1)dﬂc’ < é/(\Vu|2+u2)¢;w(;%1)dx+ce—(yo+%<t—to>)/M,

where C' is a positive constant depending of [Jug||%..
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Therefore, we conclude the proof of (4.65) by integrating (4.66)) between ¢, and
t and using (4.71)). O

We are now in position to prove that @ decays exponentially on the left in the
x1-direction.

Lemma 4.10. Let M > 4. Then,

(4.72) / @2(z + p(t), 1) (1 — Yar(z1 +90))dz S e /M |
for all yo >0 and t € R.
Moreover,
(4.73) / @ (@ + (1), 1)dws S e/M, Va0, t€R.
x2

Proof. Fix ty € R and yo > 0. First, we observe from (4.39) and (4.41)) that
[ tur oyttt rao)ds —> [ @ (o) (o~ o) o)

Thus, if we denote mo = [ @3(z)dz, there exists ng = no(yo) € N such that
/UZ(%tn + to)nr (1 — pr(to + tn) + yo)da
(4.74) < /ﬂQ(J?, to)n (z1 — pi1(Fo) + yo)da + e ¥0/M

=mgy — /ﬁ2(x,t~0)(1 — ¢M($1 — ﬁl(fo) + yo))dx + eiyO/M ,

for all n > ngy. Note also that we used the fact that the L?-norm of @ is conserved
in time, since u is a solution of .

Now, we use the monotonicity property on u for times moving forward. Let
n' > n be such that ¢, > t,, + to. It follows from that

/UQ(%tn'WM(fl —pite) + %(tn/ — (tn +1t0)) + yo)dz

S /u2(x, tn +to)Uar (z1 — pi(tn +t0) + yo)da + e ¥/ M.
This implies together with (4.74)) that
1 -
/UQ(x+p(tn’)7tn')wM ($1 + §(tn’ - (tn + tO)) + yO)dx

(4.75)
< 777,0 - /112(33,{0)(1 - wM(-Tfl - 51(50) + yo))dx + KeiyO/M s

as soon as n’ > n > ng satisfies t,,; > t,, + fo.
On the other hand, it follows from (4.29)) that

1 N
/ u2(x+p(tn/),tn/)1/)M (:clJri(tn/f(thrto))ero)dx — ﬁ%(m)d:c,
x1>—A

n’—+oo T1>—A

for any A > 0. We fix A > 0 such that f11>7A @3(z)dx > 1o — Le7¥0/M . Then,
there exists n} = nf(yo,n) € N such that

1 -
(476) /U2($+P(tn/)7tn')¢M (xl + i(tn/ - (tn + to)) + yo)d.’E 2 mo — e_yO/M s
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for all n’ > nf.
We conclude the proof of (4.72)) gathering and (4.76)).
We turn now to the proof of (4.73)). Fix some yo > 0. Since (1—1/)M (z1 —|—y0)) >
if 1 < —yp, it follows from (4.72]

(4.77) sup / @2z + pt), t)de S e W/M |
teR Jx1 <—yo

where the implicit constant does not depend on yo > 0.
Let us recall the following Sobolev inequality for functions w = w(x1) of one
variable. It holds that

(4.78) 1wl e 2y <—go) < 20122 (01 <—yo) 1020 Wl 221 <o) »
for any w = w(x1) € HY(R) and yo > 0.

We apply (4.78) to the function w(zy) = ( . a2 (x1 + pr(t), x2 + pa(t), t)d@)
Thus, we can bound ||w||%w(x1§_y0) by

([ stemnmy( [ Uepressonel, )

[, @z + p(t), t)das

W=

z1<—Yo z1<—Yo

It follows then from (4.77)), the Cauchy-Schwarz inequality and the global H* bound
in @ that

(4.79) sup / @2 (x1 + pr(t), mo + pa(t), t)dey < e /M
x2

teR, 21<—yo
This implies (4.73) since the implicit constant in (4.79)) does not depend on yo. O
Finally we give the proof of Proposition

Proof of Proposition[/.1 The H' convergence on the right is given by Lemma
while the exponential decay in the x; direction is obtained gathering (4.54]) and

(4.73). Note that we also have that p(0) = 0 from (4.41) O

5. STABILITY OF THE SUM OF N-SOLITONS

In this section we prove Theorem

5.1. Reduction to a well-prepared case. First of all, after relabeling the set of
scalings (c?) and the corresponding initial positions (p?:?), we can assume that
(5.1) 0<cd <y <<y

In what follows we will prove that there is a time 7% > 0, a constant A4 > 0 and
another constant 79 > 0, depending only on the parameters (p’°) and (c?), such
that for some p/# = pj(T#) € R? one has

(5.2) [[u(T) Zch z = p ) < Agle +e70),

and now

(5.3) <t <<,
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and is also satisfied, in the sense that
(5.4) min{|p# — pF#| . j £k} > L.
Let us define T as follows. Fix Lo > 0 large and L > L in . We fix Ty >0
such that and are satisfied, where
ot = 0+ 3T,
In other words,
p%’o + c(l)T# < pf’o + ch# << pf[’o + C?VT#.

Consider the multi-soliton
N

0 0
Ro(z,t) := ZQC?(I‘l —cJt—p}° xa — pb").

Jj=1
Then we have

S[Ro] = (Ro)¢+ (ARo + R})a,
N
= (R =@~ =l - )
2 e

j
j,0 j,0 j,0 j,0
= (@ —t—pl" = QR — Dt — 0, — ")
i#]
Under the assumption (|1.29), we have for all ¢ > 0,
[S[Ro](t)[| 2 < e,
for some fixed constant v9 > 0 only depending on the scalings (cg?). The error
function

x1

1

20(t) == u(t) — Ro(t) € H*
satisfies (cf. ([1.30]))

[20(0)[[ 2 <,
and the equation

(55) (Z())t + (AZO + 2Rpzo + Zg)ml + S[Ro] =0.

Now we establish some energy estimates. We have

%(%/ngﬂf) +/(R0)z1Z8dx+/S[R0]z0dx =0,

lz0(t)[172 < % + ek + /t 1z0(s) 1 ds.
We have for ¢t € [0, Ty], ’
(5.6) lz0(t)[122 < €™ (e +e7F).
In order to obtain an estimate for the derivative of zy, we have from
(21)t + (Az1 + 2Roz1 + 2(Ro)a, 20 + 22021) 2, + (S[Ro])z, =0,

where z1 := (20)4,. This time we will have

%(% /zfdx) + /(Ro)mlzfdx + /(zo)zlz%dx—k /(S[Ro])zlzldm =0.

so that
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Using the Gronwall’s inequality, we obtain once again, for all ¢ € [0, Tk],

(5.7) lz1()122 S €™ (e +e7F).

A similar estimate holds for (zg),,. From (5.6) and (5.7) we conclude (choose
A# ~ eT#).

5.2. Proof in the well-prepared case. Assume , , and .

We follow the Martel-Merle-Tsai paper [36], with some minor modlﬁcatlons For
technical reasons we need the following quantities

(5.8) o = Ay(e+e5), 41 €(0,7).

The parameter ~; is small but fixed, independent of . Finally we define, for Ag > 1
large to be fixed later and a > 0 small (& < ), the tubular neighborhood

Vi(a,Ag) = {v € H' : there are (pj)jzl,__,7N e R*M  such that

|’U—ZQ —p HH1<A0(CY+€ n )}

Since is invariant by time translatlon& we can assume Ty = 0 in (5.2). Then
we have u(0) € Vi (a, 1) C Vi (a, Ag). Moreover, by continuity of the H'-flow map,
we have that u(t) € Vi(a, Ag) for all t € [0,T], for some T = T(Ap) > 0. The
idea is to prove that for all Ay large enough we can take T' = +o0. (Recall that
Ag(a+ e L) < Ag(e + e E), which leads to estimate (T.31)).)

Let us assume that T(Ap) < +oo. Then, by taking ag smaller and Ly larger if
necessary, we have that there are parameters (c;(t), p’(t)) € Ry xR? j=1,..., N,
defined on [0, 7], and such that if

N
) = Zéj(x7t)v Qj($7t> = ch(t)(CU - p](t))7
j=1

and
z(x,t) .= u(x,t) — R(x,t),
then for all ¢t € [0,7]) and all j =1,..., N,
(5.9) /szdx: /z@lejdx = /zagm@jdx =0.

The proof of this result is obtained by an standard application of the Implicit
Function Theorem. An additional byproduct of this result is the estimate

(5.10) ch —¢;O) + 2|1 S Ao(a + e ML),

with a constant 1ndependent of time. Now we compute some energy estimates.
Consider the energy H(u) defined in ((1.4). It is not difficult to check that for some
constant v; > 0 depending on L,

(5.11) H(R+ z)(t) — H(R)(t) — %/\v2|2(t)dx+/322(t)dx‘

SO + =)l e
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Moreover, if Hy := [(3|VQ|* — £Q?)dx, we have

N
(5.12) ‘H(R)(t) — 1Y c?(t)’ < em2mt,
j=1
On the other hand, consider the parameters
1 .
oj = i(c? +c?_1), ji=2,...,N,
and the perturbed mass
1
(5.13) M;(t) := §/u2(a:,t)<pj(:c,t)dx

where @;(z,t) :=1a(x1—0;t) and 14 is defined in (2.1]) for A large but independent
of L and a. Note that thanks to (5.9) the modified mass M satisfies the identity

(514)  M;(t) = Mod;(t) + %/ﬂ%(t)dx +O0(e7), My = %/QQ’

where
N

(5.15) dit) = cx(t).
k=3

On the other hand, following the proof of Lemma we have for A > 0 large and
L > Ly large (depending on A) the monotonicity estimate

(5.16) M;(t) = M;(0) S e,

with constants independent of o and L. Let us define, for any t € [0,T], the
quantity

(5.17) Ac;(t) := ¢(t) = ¢;(0),
and more generally, for any time-dependent function f(t),

Af(t) = f(t) = f(0).
Then, using (5.14)) and (5.16)) we have

Ady (1) < [12(0) [3: + e,
or
(5.18) |Ad; ()] + Ad; () S [|2(0) |7 + e
Now we estimate the difference ch (t). First of all, note that for each j,
|A[](8) = 2¢;(0)Ac;(t)] = |Ac; (1) .

Therefore, using (5.12) and the previous identity,

AH(R)(t) H, Z AlF](t) + O(e )

N N
2H, Z Cj (O)AC]- (t) + O( Z |ch (t)|2 + 6_271t) .
j=1 =1
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Next, we have

N N—-1
> ei(0Ac(t) = ¢ (0)A(d;(t) = djs1(t)) + en (0) Adn (1)
Jj=1 j=1
N—-1 R N R R
= Y OAGE) =Y e 1(0)Ad; () + en (0)Adn (1)
J]; Jj=
= D (05(0) — ¢j-1(0)Ad; (1) + 1 (0) Ad (1),

Therefore, we use the identity
(5.19) — ==

(see Appendix [B| for a proof) to obtain

N
AHR)(t) = —My ch )Acy(t) + O(Z |Acj (1) + 6_2%1&)
N
(5.20) = —My Z(cj(o) —¢;_1(0))Ad; (1) — Mye1 (0)Ad, (t)
Jj=2

vo( a0+,

Now we replace (5.18)) and use the fact that ¢;(0) — ¢;—1(0) > c¢o > 0 for all j. We
get

N

Ady (0] - C (1003 + 3 [Aey () + 1)

Jj=1

AH(R)(t) > e

-

Il
—

which, after using (5.11), implies that |Adj(t)| and |Ac;(t)| have quadratic varia-
tion, for all j = 1,..., N. More precisely,

N N
Z OIS HzOlF + Y [Ack (@) + e,
k=1 k=1

which implies that

(5.21) [Ac; (O] S 12013 + e

Finally, using (5.20)), (5.21), (5.14) and (5.16)),

o 1. ~
—AM;(t) + 5A / Zpj(t)de + O(e™ 1) = —MoAd;(t),
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A - 1. [, )
AHERE = Y (60 - 610058 [ 20— A0

j=2
+¢1(0) [%A / 2201 (t)dz — AMl(t)]

+O(l=@)lfs + 727 E).

N
- ;CI(O)/ZQ%(t)d“;;(Cﬂ‘(o)—Cj—l(O))/zQw(t)dx
—C(Ilz(O)Hip 2N + e—zm)
N-1
>

260 [ 20 = o) + 5ex(0) [ Pontids

j=1

~C (12O + 2@l + ),

<
Il

which implies that

%/|Vz(t)\2dmf/Rz2(t)dx

; Z 360 [ 205 = pp)de + 5en(0) [Pt

SO + 2Ol + e

A standard decomposition argument for A > 0 large enough and (5.9) allows to
use the coercivity property associated to each soliton in the region ot < o S 011t
(see e.g. [36, Lemma 4]), and therefore we obtain

1
||Z<t)||H1 < 5140(05 + 6_711’).

Finally, we use the decomposition

N
[[u(?) ZQC Dl < @)l +C )Y |Aci(t)
j=1
3 —mL
< ZAO(a—i_e m )7

improving the original estimate, so that we have u(t) € Vi(a,24,). Therefore
T = +o0.
APPENDIX A. NUMERICAL ESTIMATES FOR THE SPECTRAL PROPERTY

Subject to Proposition on the sign of an inner product, the gZK solitons are
asymptotically stable. Recall that the relevant quantity and its sign, (2.50) are:

(£7'AQ, AQ) < 0.

Having this condition yields coercivity of the bilinear form induced by £, on a
subspace, which makes way for the proof of the linear Liouville property.
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Conditions like have appeared in a variety of works on soliton and blowup
stability for gKdV, NLS, and other equations. While in dimension one, such con-
ditions can sometimes be proved analytically, due to our intimate knowledge of the
sech function, in dimensions two and higher, we resort to computation. This re-
quires the computation of four quantities, @, AQ, W, and the inner product, where
W € H'(R?) is the solution of

(A1) LW = AQ

Numerical computation of these quantities has been successfully performed in sev-
eral works on NLS, including [2], [15] 37, [46]. Using the methods of [2], 37, [46], we will
estimate (A]), proving the desired property for certain values of p and d, including
the quadratic case in dimension two.

A.1. Computational Methods. To solve (1.6, (A.1), and compute (2.50), we
first remark that since @ is radially symmetric, so is AQ. Thus, W is also radially

symmetric, and we are reduced to solving singular boundary value problems

a2 -l =0 Q=0 1mQw) =0
(A.3)
" d—1 / —1 1 1 / / .
-w —TW + W —pQ? W:EQ+§TQ7 w’'(0) =0, lim W(r)=0,

r—00

(A4) (£70Q.AQ) = Cu [ (AQW ()

Cy is the surface area of the d — 1 dimensional sphere. To make these problems
computationally tractable, we truncate the domain to (0, rpmax ), where ryay is taken
sufficiently large. The asymptotic of @ is well known, with

(A.5) Q oc r~ @ 1/2er,

Therefore, for the truncated domain, we introduce the Robin boundary condition,

(A6) Q/(rmax) + MQ(rmaX) =0.

2 T'max
For large values of r, a dominant balance of is
(A7) -W'+W=rQ,
from which we infer that

(A.8) W o r(O=d/2r,
This motivate the Robin boundary condition
d—54+ 2Tmax

2 rmax

We thus solve the equations (A.2)) and (A.3), with approximate boundary con-
ditions (A.5) and (A.8). To compute the inner product, we introduce the function
v(r), solving the ODE

(A.10) vV = (AQ)(r)W (r)ri=t,  v(0).
Then

(A.11) V() = /0 T AQ) W (r)rdr ~ CTL(£71AQ, AQ).

(AQ) W/(rmax) + W(rmax) =0.
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0 2 4 6 8 10 10 15 20 25 30 35 40 45 50
r r

(b) @ and W Profiles (log Scale)

10 20 30 40 50

r

(¢) v Profile

FiGURE 5. Computed @ and W profiles for p = 2 in d = 2, along
with the v(r) function defined by (A.10). @ and W are exponen-
tially small and v has plateaued at a fixed, negative, value.

(A.10), though trivial, is introduce so that we can solve this system, in concert, as
a coupled first order system using MATLAB’s bvp4c, a two point boundary value
problem solver. Since Cy > 0, we omit it in our calculations.

A.2. Numerical Results.

A.2.1. Case of p=2 in Dimension d = 2. We apply the algorithm with ry., = 50
and absolute and relative error tolerances of 10~® and 107! to the p = 2 case in
d = 2. We find that is indeed negative. In Figure [5], we plot @, W and
their asymptotics in (a) and (b), along with the computed v in (¢). @ and W
are both vanishing exponentially, and v has stabilized to a fixed, negative, value,
V(Tmax) &~ —0.476741.

A.2.2. Other Cases. We can repeat this computation for other values of p and in
other dimensions. In Figure[6] we plot the v/(rmax), the estimate of for a range
of p in dimensions two and three. For a range of computed p, p € [1.8,2.1491) in
d =2 and p € [1.8,1.8333) in d = 3, the sign is negative, as needed for stability.
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FIGURE 6. Estimated values of @ in dimensions one, two, and

three for a range of nonlinearities, p. The zero crossings are located
at 2.8899 (d = 1), 2.1491 (d = 2), and 1.8333 (d = 3).

For higher, more supercritical, of p, is positive, and the result is inconclusive.
That the calculation is inconclusive is affirmed by the corresponding computation
made in dimension d = 1, also shown in the figure. For this case, the zero crossing
is at p = 2.8899, excluding the cubic nonlinearity. But it is known p =3 ind =1
is asymptotically stable in the sense discussed here, [31], 34].

APPENDIX B. PROOF OF ([5.19)

In this short appendix we prove (5.19). Recall that @ is the unique radial solution
of (1.6) in H'(R?). We multiply (1.6) by @ and integrate to get

(B.1) - [var- [@r+ et =0

Now we prove two different identities dealing with the gradient term. First of all,

multiply (1.6) by 0., @, we obtain

1 1 1
00,500, Q) — 5@+ 5Q°] +0,,Q0%,Q =
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which implies that the term 8x1Q8£2Q has finite integral on each subinterval of
R,,. With a slight abuse of notation, we have

1 1 1 1
E(8le)2 — 5Q2 + §Q3 +/ 9:,Q02,Q = 0.

Note that the first three terms above are integrable. Therefore ff;o 335162332@ is
integrable on R? and we obtain

1 1 1 1
/ 5(81162)2 - 5@2 + gQS +/ / 8301@622@ =0.

Now we use the Fubini’s Theorem to compute the last term above. We have

[ [ e = [ [ [ a0

_/ / / 811,162@8562@
1 1

_5/ / 83?1 [(8x2Q)2:|
1

-5/ 00

We finally obtain
2
007 - @07 - @+ 30° ~0.

Now we interchange the roles of x; and x5 to get a second estimate:

[0 - 0,07 - @+ 30° =0,

Y

@02 = 0.0

as expected since @ is radially symmetric. Replacing in (B.1)), we get

Jewar=3[5 [e*- [@] =1 [ e

Finally, we compute Hy. Using the previous identities we have

mo= g [Iver-; [@
el fer Lifestfestu

which implies that

and

as desired.
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APPENDIX C. LINEAR WAVES VERSUS ASYMPTOTIC STABILITY IN THE ENERGY
SPACE

In this small section we prove that Remarks and are formally sharp, by
using linear waves at infinity. Indeed, consider the linear dynamics

Up + 8"51Au = 07

and take u = exp(i(k121 + kawe — wt)), the standard front wave. Then we compute
w in terms of k1 and ko. The result is

w(ky, ko) = — (k3 + kyk2).
Now we compute the velocity group, which is the vector Vw. The result is
Vw = —(3k} + k2, 2k, k)T,

which is a vector with negative xi-coordinate, but the zs-coordinate depends on
the sign of k1 and ko. Without loss of generality, we can assume ki > 0, ko < 0.
Now we compute the minimal angle 6 for which

—2k1ko = Rcosf, and 3k? 4 k2 = Rsiné.
It turns out that the angle is given by

3k2 + k3
= tand,
" 2k [Tk |
but ) ) ol
3ki+ks 1 1 k1
——=-3r+-), r=-—>0.
kil 22T Ty
Note that we always have
1
3r+— = 2V/3,

SO

3k2+k:2 ™
> \/§ = tan —.
2|k1|\]'f2| N 3

as expected. A similar result holds for the three dimensional case. We thank Didier
Smets for this interesting remark.

APPENDIX D. PROOF OF THEOREM

Assume that v € H'(R?) is a nontrivial solitary wave satisfying (1.28) satisfying
0, 0,,v € L2(RY) for all j € Z; N[2,d] and ¢; # 0 for some j € Z4 N [2,d]. Since

(1.28) is invariant by rotation in the d — 1 variables (z2, -+ ,z4-1), we can always
assume that co #0 and ¢c3 =--- =¢4 = 0.

Multiplying (|1.28) by z20,, v and integrating by parts (this process can be made
rigorous by using a suitable cut-off approximation), we find

1
/(99511)31211: 7502/1)2.

On the other hand, we multiply (|1.2§ - ) by 210,,v to obtain

/amuamv_ 02/(8 10,,v)%,

which is a contradiction, unless c; = 0 or v = 0.
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