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DERIVATIVES OF POLYNOMIALS: REMINDER
Theorem. Every polynomial

f(x) =ap + a1X + apx? + -+ apx"
is differentiable everywhere, and

f'(x) = a1 + 2apx + 3asx*> + - - - 4 napx""L.

Proof. It is enough to prove that the derivative of f(x) = x" is
f'(x) = nx"~1, since then we can use rules for scalar factors and addition.
We note that similar to the fact that a®> — b?> = (a — b)(a + b), we have

a® — b* = (a— b)(a° + ab + b?),

n

a"—b"=(a—b)(a" L+ a" b+ -4 ab" 24+ b,

S0
x" = xg 1 2 2 1 1
lim = lim (X" +x" x4+ xxg THxg ) =nxg .
X—Xg X — X0 X—rX0

DRr. VLADIMIR DOTSENKO (TCD) 1S11: CALCULUS FOR STUDENTS IN SCIENCE: LECTURE 17 2 / 1



DERIVATIVES OF POLYNOMIALS: ANOTHER APPROACH

There is another way to prove the same theorem; it relies on the binomial
formula

(a+b)"=a"+ <"> a" b+ <"> a" 2?4 < " )ab”_l + b".

1 2 n—1

Here (Z) = W—'k)l where in turn n! is the “factorial” number,

nl=1.2-3...n. Ir.1 pa_rticular, ('11):#11)!:”_- o
To compute the derivative of x"”, we need to examine the limit
. (x+h)"—xXx"
im XA
h—0 h

Expanding (x + h)" by the binomial formula, we get
(x+h)"=x"+nx""th+ (5)x""2h? +--- + (") xh""1 + h", which
allows us to conclude that

M — x"
(x + /)7 X :nxn_1+<'27>xn—2h+m+<

N———
X
>

7

N
_|_
3=

7
-

which manifestly has the limit nx"! as h — 0.
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COMPUTING DERIVATIVES: REMINDER

Theorem. Suppose that two functions f and g are both differentiable at
X = xg. Then f 4+ g and f — g are differentiable at x = xp, and

(f+8)(x0) = f'(x0) +&'(x),  (f—8)(x)=F'(x)— &'(x).

Since the derivative function of x2 is 2x, and the derivative function of x
is 1, the derivative of the product x - x is not equal to the product of
derivatives. Instead, the following more complex product rule for
derivatives holds.
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PRODUCT RULE

Theorem. Suppose that two functions f and g are both differentiable at
x = Xxp. Then fg is differentiable at x = xp, and

(fg) (x0) = f'(x0)g(x0) + f(x0)&’(x0)-

Informally, if f and g describe how two sides of a rectangle change with
time, fg describes the change of the area, and the change of area can be
read from the following figure:
g(x)
g(xo)

f(x0)f(x)
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PROOF OF THE PRODUCT RULE

Proof. We have

() (x0) = lim (fg)(x) — (fg)(x0) _ | F(x)g(x) — f(x0)g(x0) _

X—+XQ X — Xp X—X0 X — X0
i FO08(x) — F(x0)g(x) + Fxo)e(x) — Flxo)g(x0) _
X—X0 X — Xo
= Jim <%§§>®)g(><) + f(XO)%iO(XO» -
= im, PO i)+ ) Jm £ =) =

= f'(x0)g(x0) + f(x0)g’ (%),

where we used the fact that a function that is differentiable at xp is also
continuous at xp.
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PRODUCT RULE: EXAMPLES

Example 1. Let f(x) = g(x) = x, so that f(x)g(x) = x2. We have
f'(x) =¢g'(x) =1, so

(f8) (x) = f'(x)g(x) + f(x)g'(x) =1-x +x-1=2x,

as expected. Moreover, one can use product rule to prove (x")" = nx"~1
in a yet another way.

Example 2. Let f(x) = (1 + x)y/x. Then

d d d
a[f(x)] = a[l +x]vx + (1 +X)$[\/>_<] =

1 1+3
—\/_+(1+x) X

NN
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DERIVATIVE OF THE QUOTIENT

Theorem. Suppose that the function g is differentiable at x = xg, and
that g(x0) # 0. Then é is differentiable at x = xp, and

B

g(xo)

Proof. We have

' A1 g(x0)=g(x)
1) () = fim 8809 _ i, sCelatI _
g x—=x0 X — Xg X% X — Xo
_ 1 . 1 . g(X) — g(XO) _ g,(Xo)
= - lim lim _ _ .,
g(XO) X—rX0 g(X) X—rX0 X — XO g(Xo)
as required.
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DERIVATIVE OF THE QUOTIENT

Theorem. Suppose that two functions f and g are both differentiable at
x = xp, and that g(xp) # 0. Then é is differentiable at x = xg, and

A\’ B f'(x0)g(x0) — f(x0)g’ (x0)
() 0o -

g(x0)?

Proof. Let us apply the previous result and the product rule to the

1 f.
product f z=g

f o 1\ | fx)  f(x)g'(x)
<g> (o) = o)t )+f(X°) <g> C0) = 200) T " gt0)?

which is equal to f/(xo)g(xgg);ggxo)g/(xo), as required.
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DERIVATIVES OF TRIGONOMETRIC FUNCTIONS
Theorem. We have (sinx)" = cos x and (cos x)’ = —sin x.
Proof. We shall use the addition formulas for sines and cosines:

sin(a+ b) =sinacos b +sinbcosa, cos(a+ b) = cosacosb — sinasin b.

Using these formulas, we can evaluate the respective limits:

: B i
msm(x+ ) —sinx

sin x cos h + sin hcos x — sin x

= IIm =
h—0 h h—0 h
. _sinh  1—cosh
= cosx lim — —sinx lim —— = cos x,
h—0 h h—0 h

im cos(x + h) — cos x

cos x cos h — sin xsin h — cos x

h—0 h h—0 h
. cosh—1 . ) .
=cosx lim ——— —sinx lim —— = —sinx.
h—0 h

h—0
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DERIVATIVES OF TRIGONOMETRIC FUNCTIONS

Theorem. We have
(tanx)’ =sec’x, (cotx) = —csc?x,

(secx)’ = secxtanx, (cscx)’ = —cscxcotx.

Proof. This follows from the rule for computing derivatives of quotients.
For example,

(tanx)' = <Sinx>/ _ (sin x)’ cos x —2 sin x(cos x)’
cos x oS x
cos x cos X — sin x(—sinx)" cos? x 4 sin? x 1 )

= = = = sec” x.
cos? x cos? x cos? x

Exercise. Prove the three remaining formulas yourself; this would be an
excellent way to start getting used to computing derivatives!
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