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Abstract. A functional definition of rooted k-trees is given, enabling %-trees with 7 labeled points
to be enumerated without any calculation,

§ 1. Introduction

Let 0< k < n and I" be an undirected graph with # labeled vertices.
A k-chain of T" is a rearrangement G, %y, ., x,) of the n vertices of
I" having the following property:

Foreachi=k+1,k+2,... » 1, the vertex x; is adjacent to exactly
k vertices of the set {x;, x,, ..., X;_ 1} and, moreover, these k vertices
are themselves mutually adjacent.

We say that I is a k-tree with n labeled points, if it contains a k-chain.
The notion of k-tree was introduced by Harary and Palmer [3]. Beineke
and Pippert [1] derived a formula for the number By (n) of k-trees with
n labeled points and showed that

(1.1)  Bp(m)=() (k(n—k) + 1)"~k-2

This formula was also proved by Palmer [6] himself in the case k = 2
and Moon [4] in the general case. Finally, the late Alfréd and Catherine
Rényi [8] proposed a proof by using the now traditional method of
Priifer [7].

As in many counting problems in graph theory, the undirected struc-
tures (here k-trees) are first transformed into directed structures (rooted
k-trees). This is what all the above-mentioned authors have done; they.
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have then derived a formula for the number of these directed struc-
tures, either by an induction reasoning or by exhibiting a one-to-one
correspondence. Finally, formula (1.1) was obtained in an obvious
manner.

The purpose of this paper is to show that with an adequate func-
tional definition of rooted k-trees, no calculation is necessary to ob-
tain their enumeration. We appeal only to the known counting methods
used in the study of acyclic functions. Let X be a finite set of cardinality
n (n > 0); then an acyclic function maps X into itself and is such that
fm"=f"-1 What is needed here is the notion of an acyclic function g
that maps X into another set Y. The mth iterate g™ can no longer be
defined. But what is suggested by the geometric properties of k-trees
is to introduce a surjection y: Y- X and to say that g: X-Y is (X, Y)-
acyclic iff the composite function yo g (that maps X into X) is acyclic
in the ordinary sense. In § 2 we easily enumerate the (X, Y)-acyclic
functions and show in § 3 that rooted k-trees are very peculiar (X, Y)-
acyclic functions and, by means of this observation, are readily enu-
merated.

8§ 2. (X, Y)-acyclic functions

Let X be a finite set of cardinality n (z > 0) and f a function of X
into itself. For each integer m > 0 and x€ X , we define inductively:
fOx)=xand f" (x) = f(fm-1(x)). If Cisa non-empty subset of X,
we let A = X—C, and denote by F(4, C) the collection of all acyclic
functions whose set of fixed points is C, i.e. the set of all functions
f:X>X such that " = f*~! and f(x) = x iff x€C. Note that F(4, C)
is reduced to the identity map if 4 is empty.

Besides the disjoint subsets A and C of X we suppose given another
finite set B, whose intersection with X is empty and also a fixed sur-
Jection 7y of the set Y = B U C onto the set X = 4 U C such that yx)=
x for each xeC and y(B) = A. For any function g: X— Y we can form
the composite function yo g:

x3vlyx
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We then say that g is an (X, Y)~acyclic function whose set of fixed
points is C iff the composite function vy. g is acyclic and belongs to the
class F'(4, C). The collection of all these functions g:X— Y such that
Y0 8EF (4, C) will be denoted by F(4, B, C). Furthermore, we let
card(4) = p, card(B) = g, card(C) = r and designate by (@, a,,..., ap)
the increasing sequence of the elements of A with respect to some given
total order.

Let H(A, C) be the set of all maps #:4—~X (= A U C) such that
h(a;)<€C. Obviously

(2.1.) card (H(A,C))=r(p+r)P~1 |

which is the cardinality of F(4, C) (see e.g. [2] theorem 5.9 or [5] ap-
plication 1 of theorem 8). In the appendix we recall the construction of
a bijection ®:F (4, C) -~ H(A, C). But what suffices to know at this stage
is the fact (see [2] theorem 5.9) that we can construct a bijection
®:F(4,C)~> H(A,C) having the following property.

Let fe F(A, C) and h = ®(f); then, the sequence (), h(a,), ...,
h(ap )) is a rearrangement of the sequence (f@@ay), flay), ..., f (ap ).

In other words, it is possible to associa.e to any feF A, C) a permu
tation o of the set 4 such that

(2.2) Dfy=fs0p .

Now, let g€ F(4, B, C); then since f = yog belongs to F(4, C), we can
define

(23) V@) =goo,, .

Actually, the “f” and “g” occurring in the right-hand side of (2.2.)
and (2.3.) represent the restrictions of the original functions f and g to
the set A. There should be no confusion in using the same notation for
a function and its restriction.

Theorem 1. The function ¥ is a bijection of F(A, B, C) onto the set
H(A,B,C) of all maps h:A->BUC such that h(a)eC.

Proof. LetgeF(4, B, C) and f = vy.g. Since fo0; belongs to H(4, C), we
have yo go o, g(al )€C, hence go a,, g(a1 )EC by definition of 4. Thus
W maps F(A,B,C) into H(A4, B, C). Let us now consider the diagram
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for all i, j and y{c) = c; we also extend g to a function g: X— Y by letting
gle)=c.

By definition, any c-rooted k-tree g with n labeled points has the
following characteristic property: There exists a rearrangement (x;,;,
Xp4+2s - - - » X, ) Of the n—k elements of 4 such that for each i = k+1,
k+2, ..., n we have either g(x;) = c or g(x,-)E'y*l(xi) with i’ < i; that
is to say, either y(g(x;)) = ¢ or y(g(x;)) = x; with i’ < i. But thisis equiv-
alent to saying that yog is acyclic and only has the fixed point c. Thus, the
c-rooted k-trees with n labeled points are nothing else but (X, Y)-acyclic
functions whose set of fixed pointsis C = {c}. Accordingly, as card (4) =
n—k, card(B) = k(n—k) (since each vertex is the image under vy of ex-
actly k faces) and card(C) = 1, it follows from formula (2.4) that the
number of c-rooted k-trees with n labeled points is equal to Ry (n,¢) =
(k(n—k)+1)"~%-1  The number R (1) of all rooted k-trees with n
labeled points is therefore equal to Ry (n) = () (k(n—k)+ o
Finally, formula (1.1) is obtained by noting that any k-tree with n
labeled points can be “rooted” at any one of its k(n—k)+1 faces, i.e.
there always exists a k-chain whose root is a given face.

§ 4. Appendix

We recall the construction of the bijection ®: F(4, C)~> H(4, C) that
appears in a previous paper [2]. Let fe F(4, C);if 4 is empty, both sets
F(A,C) and H(A, C) are reduced to one element. Let us assume that
card(4 ) > 0; then the set A—f(A4) is not empty. Let (z{, 25, . . ., Z,)
denote the increasing sequence of its elements with respect to some
given total order of A. By induction we now construct s+1 sequences
89, 981,..., 8, of elements belonging to AU C. First, §, is the increas-
ing sequence of the r elements of C with respect to some given total
order. Then assume that the sequences 6,, 8;, ..., 8,_; have been con-
structed for some # such that 1 < ¢ < 5. We define m;, as being the smal-
lest integer m > 0O such that f™ (z,) is equal to some term of the juxtapo-
sition product 836, ... d,_;. It can be shown that this integer exists.
We then put

8, = ™) Sz, o o s fE) A< 5)
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Now let (uq, Uy, ..., up) be the juxtaposition product of the s se-
quences 8;, 8,, ..., 8 (it can be shown that this product is of length
p (= card(4)). Then h = &(f)€H (A, C) is defined by

h()=u;foralli=1,2,...,p.
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