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Rearrangements of the Symmetric Group
and Enumerative Properties of the Tangent
and Secant Numbers

Dominique Foata and Volker Strehl

In a recent note [6] the first author has announced the discovery of a
family of transformation groups (G,),. o which have the following prop-
erty: G, acts on the n! elements of the symmetric group &, and the
number of its orbits is equal to the n-th tangent or secant number,
according as n is odd or even. The purpose of this paper is to give a
complete description of these groups. Applications to enumeration
problems will appear in a subsequent paper.

The tangent (or Euler) number are defined by the series expansion
of tanu

tan u=(u/11) 1+ @3/31) 2+ /51 16+ @"/T1) 272+ -
and the secant numbers by that of sec u=1/cosu
secu=1+w?/2!) 1+ u*/4!) 5+ u/6!) 61 +---.
Let D(u)=tanu+secu=1+ Y (u"/n!)D,, so that D, is equal to the

n>0
tangent or secant number of order n, according as n is odd or even. It is

readily verified (see e.g. Frobenius [9], Netto [10], § 63, Nielsen [11])
that the coefficients D, satisfy the identities

2D'w=1+D*w), D(0)=1
D'w=DW)D'(w), D©O)=D'(0)=1,

where D'(u) and D" (u) are the first and second derivatives of D(u),

namely
D'w=Y W/n)D,., and D"@)=) W'/n)D,,,.

n>0 n>0

The above identities can also be written, the first

(1) oI, = ¥ (n) D,-D,,_,: (nz0), Dy=1

o<izn \l
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and the second one

@ D= T

0<izn

) DD 120, Do=D,=1.
Thus, the coefficients D, are positive integers determined by any one of
the preceding two recurrence formulas.

The purpose of this paper is to give a new characterization of these
coefficients. The only combinatorial interpretations of these numbers
(see [1,2,8]) known so far were obtained by introducing remarkable
classes of permutations whose cardinalities were equal to the tangent or
secant numbers. Here we construct a family of transformation groups
(Gy)us o- the group G, acting on the symmetric group &, for n>0 and we
show that the number of orbits of G, is equal to the tangent or secant
number D, . The groups are introduced at the end of Section 1. They are
generated by a family of involutions ¢, whose definition is based upon
a remarkable factorization, called the x-factorization, of the elements of
S, (see Lemma 1). When n>1, the group G,, as an abstract group, is
simply the direct product of (n—1) groups of two elements. It is then
abelian and of order 2"~ '. It is the purpose of Section 2 to establish this
result. In Section 3 we give the main result of this paper, i.e. we show that
the number of orbits of G, is equal to D,. Let I <i<nand w: i > x; be a
permutation. We say that x; is a peak (local maximum) of w if the following
two conditions hold

(3) (i) eitheri=1or 1<i and x;_; <x;:
(ii) either i=nori<nand x;>x;,,.
Let p(w) be the number of peaks of w. To establish the main result we

proceed in two steps. First, we show that the number of orbits of G,
is equal to

4) g =5 {2*"+"(‘”):-we G}

It is then easy to see that 0, verifies the recurrence formula (1) that defines
uniquely the sequence of numbers (D,),. ,. As a matter of fact, (4) is a
new formula for the tangent or secant number D,. We conclude the paper
by giving the table of the D, =5 orbits of G,. In a subsequent paper we
shall show how the present results provide with a new refinement of the
tangent or secant numbers and make the connection with the previous
works on Eulerian numbers ([4, 7, 8]).

1. The x-Factorization

A permutation w of the set [n]={1, 2, ..., n} (n>0) is a bijection of [1]
onto itself. The set of the n! permutations of [n] will be denoted by the
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usual symbol S,. A permutation w: i — x; of [n] will be identified with
the word w=x, x, ... x,. The empty word is denoted by e. The reverse
image of w=x, x, ... x, (n>0) is the word x, ... x, X,, denoted by Rw.
Also Re=e. The word u obtained by juxtaposing two words v and w in
this order is written u=vw. The word v (resp. w) is the left (resp. right)
factor of u. More generally, a factorization of length q (¢>0) of a word w
is any sequence (w;, w,, ..., w,) of words (some of them possibly empty)
such that the juxtaposition product w; w, ... w, is equal to w.

1. Lemma. Let w=X, X, ... x,, (1>0) be a permutation and x be one of
the letters x; (1 <i=<n). Then w has a unique factorization (w;, W, , X, W, Ws)
of length 5, called its x-factorization, which is characterized by the three
properties

(1) wy is empty or its last letter is less than x;
(i) w, (resp. wy) is empty or all its letters are greater than x;
(iii) ws is empty or its first letter is less than x.

Proof. As x is a letter of w, we have w=w"xw" for some words w’
and w”. Let w, (resp. w,) be the longest right (resp. left) factor of w’'
(resp. w"') all letters of which are greater than x. If the last (resp. first)
letter of w' (resp. w”) is smaller than x or if w’ (resp. w”) is empty, then w,
(resp. w,) is the empty word. We can then write w'=w, w, and w" =w, ws
for some words w;,ws. Clearly, the factorization (w,,w,, X, w,, ws)
satisfies the three properties of the lemma.

Conversely, let (w;,w,, X, w,, ws) be a factorization verifying (i), (ii)
and (iii). Then (i) and (ii) (resp. (iii)) imply that w, (resp. w,) is the longest
right (resp. left) factor of w, w, (resp. w, w5) whose letters are all greater
than x. So there can exist only one factorization of w with properties (i),
(i), (ii). Q.E.D.

For instance, for x=4 the x-factorization of w=78314562 is
given by (7831, ¢,4,56,2).

The keyrole in the construction of our groups G, is played by the
involutions ¢, we are now defining. Let (w;,w,, x, w,, ws) be the x-
factorization of a permutation w containing the letter x. We let

é) PW=W WX Wy Ws.
Clearly (w,, w,, X, w,, ws) is the x-factorization of ¢, w. Accordingly
(6) P Pw=w.

Thus ¢, is an involution that maps &, onto itself. We denote by G, the
subgroup of the permutation group acting on &,, which is generated
by the set {¢.: 1<x=n}.
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2. The Rearrangement Group G,

Our first task is to show that any two involutions ¢, and ¢, commute.
To do so it will be convenient to deal with the natural linear ordering
w(.,.) of [n] associated to any word w of &, (n=2) rather than w itself.
Let z, z’ belong to [n] with z+z'; then

(7) w(z, 2') iff w admits a factorization of the form (w,, z, ws, 2, ws).

If z42 and w(z, '), we denote by I,_ w the factor of w whose first and
last letters are z, z. With the notations of (7) for instance we have I, w=
zwyz'. The minimum letter — with respect to the natural order of the
integers — of I, . wis denoted by u,,(z, z'). Iff w (2, z), then w(z, z’) does not
hold and we let p,,(z, ') =p,, (2, z). Thus u,, is defined for all couples (z, )
of integers of [n] with z+z". It is called the minimum function of w.

Let us go back to the definition of ¢, given in (5). The involution ¢,
permutes the words w, and w, only. Thus ¢, reverses the ordering w(.,.)
for exactly those pairs (z, z') such that z=2/, z is a letter of w, x and 2’ of
x wy. On the other hand, z is a letter of w, x and z' of x w, with z 42" iff
w(z, ') and p,,(z, z') = x. Hence the linear ordering ¢, w(.,.) can also be
defined by / ' /
(8) if w(z z), then {"’x wiz,z) i g,z 2)=x

@.w(z z) otherwise.

Clearly, w and w'= ¢, w have the same minimum function, i.e.
(9) iuw B l’l'w’ WIth W/ = qu w.

Let x+y, w'=¢,w and assume w(z, z') with z+z". If u (2, z') = x, we
have w'(z, 2) (from (8)) and p,, (z, z)=x (from (9)). From (8) again with
w’ instead of w and y in place of x, ve obtain o,w'(Z,2), ie. 0,0, w(Z, 2).
If u,(z,2)%x, then @ w(z,z'), ie. w'(z, z'). Another application of (8)
with w’ and y in place of w and x yields

o,W(2,2) if py(z2)=y

o,w(z,2) if p,.(z2)+y.
Altogether, we obtain

* l) .f 2 ! : >
(10) if w(z, 2, then {% P w(z {) if (2 2)elx, v}
®,0,w(z,z) otherwise.

In (10) the role played by x and y is symmetric. As @, @, w(.,.)is a linear
ordering of [n], we then have
(11) PxPy=Py P,

In fact, relation (11) holds for any couple (x, y) of integers of [1], since it is
trivial for x=y.




~

Rearrangements of the Symmetric Group 261

As all the ¢,’s commute, it makes sense, when the subset X of [n] is
non-empty, to define

(12) ox=10x

xeX
When X is empty, we let @ be the identity map of S,. On the other hand,
as n can never be the minimum letter of any factor of a word w of &, we
can restrict X to be a subset of [n—1]. From (6) and (12) it follows that

(13) PxPy=®Pxay>

where X and Y are'subsets of [n—1] and XAY denotes the symmetric
difference between X and Y (ie. (X~ Y)u(Y\X)). By induction on
Card X we deduce from (8) and (10) the following proposition.

2. Proposition. Let X c[n—1] and we S,. Then @y w(.,.) is the linear
ordering defined by

oxw(@,2) i (s 2)eX
Qxw(z,2')  otherwise.

(14) if w(z, 2, then {

3. Corollary. For n>1 the group G, is isomorphic to the direct product
of (n—1) groups of 2 elements. It consists of the 2"~* distinct involutions
ox (X c[n—1]).

Proof. The power set 2"~ of [n—1] together with the operation 4
is isomorphic to the direct product of (n—1) groups of 2 elements. It
follows from (13) that G, is a homomorphic image of 2"~ under the
mapping X — ¢y. It suffices to show that X — ¢y is an isomorphism.
Let X =[n—1] be non-empty and w a word of the form n z w" with ze X.
As w(n, z) and p, (1, z)=ze X, we have ¢, w(z, n) and so ¢, w=w. Hence,
the kernel of X — ¢ is reduced to the single element §f of 2"~ Q.E.D.

Let w=x, x, ... X, be a permutation. We recall that Rw is the reverse
image of w, namely x, ... x, x; . Moreover, let {1} denote the range of x,,
and |u,| the cardinality of that range.

4. Corollary. Let X c[n—1] and weS,. Then

oxw=Rw iff X>{u,}.

Proof. We have oyw=Rw iff ¢, w(z, z) holds for all couples (z, z)
such that w(z, z'). From (14) the latter condition is equivalent to the in-
clusion X >{u,}. Q.E.D.

3. Orbits of G,

We know from (9) and (12) that p is an orbit-invariant. In fact, u is an
orbit-characteristic as shown in the next proposition.
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5. Proposition. If u,=pu,,., then w' =@y w for some X c[n—1], i.e. w
and w' belong to the same orbit of G,,. In fact, let

(15) X={u,(z2): wz 2)&W (2, 2)}.

Thenw' =@y w.
Proof. Only the second part of the proposition is to be proved. First,
we show that if

(16) u,(z",z")=xeX (2"%z") and w(z", z"),
then w'(z"”, z""). By definition of X there exists a couple (z, z') such that
(17) w(z,z'), w'(z,z) and p,(z z)=x.

Let (wy, wy, X, Wy, Ws) (resp. (Wi, wh, x, wy, ws)) be the x-factorization of
w (resp. w') and assume w'(z", z'""). The latter condition together with (16)
and (17) imply that z” and z (resp. z and z'”, z' and z'”, z' and z") are letters
of wyx and xw) (resp. w,x and xw,, w,x and xw), w,x and xw,).
Consequently, each pair

{Z’ Z!/}’ {Z, ZIN}’ {Z/, Z!H}’ {Z/’ Zl/}

contains an integer equal to x. If z=x, then z'#x since z+z; it follows
that z"=x=z"', which is a contradiction, since z"=+z". If z'=x, then
7" % x since z"'+z"; it follows that z=x=2z" and, since z=+z/, we again
obtain a contradiction. Hence, assumption (16) implies w'(z'", z"). It is
equivalent to saying that p,(z, z"")e X iff either w(z", z’") and w'(z"", z"')

111

or w(z'",z") and w'(z", z”’). Hence

1"

(18) 'uw (Z”, Z///)GX’ W(Z”, ZNI) imply W/ (Z”/, Z/r)
Mw (Z”, Z///)¢X, W(Z”, ZH/) Imply W’(Z”, Z/N).

Comparing (18) with (14) we conclude that w'=¢,w. Q.E.D.
It follows from (14) that the orbit of G, containing w consists of the
2luw1 distinet elements

@oxyw  where X< {u,}.
Hence
1=Y {27 Is~l: weorbit of w}.

Let 6, be the number of orbits of G,. By summing over all the orbits of G,
the preceding formula we get

6,=) {27Iml: wes }.
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It remains to make the connection with formula (4). Let (w;, w,, X, w,, ws)
be the x-factorization of w. Then x is a peak of w iff both w, and w, are
empty words, i.e. iff we can never have p,,(z, z’)=x for any couple (z, )
with z=z". Thus x is a peak of w iff x¢ {u,,}. Consequently

| =n—p(w).

6. Proposition. The number of orbits of G, is equal to the secant or tangent
number D, (n>0).

Proof. By convention let ,=1. Also 0, =1. For 0<i<n and nx1
let ©,,, ; be the set of permutations w=x, x, ... x,,,; whose (i+1)-st
letter x;_ , is equal to 1. Clearly

Y27 M we, L, J=(1/2) Y {27PM: weB,} =(1/2)0,

when i=0 or n. If 0<i<n, let us map any permutation w=x; x, ... X,
in S, ;onto the couple (W', w”) withw'=x, ... x;and w'=x;_, ... X, ;.
The map w— (w',w") is a bijection of &, ; onto the set of couples
(w,w") such that w' is a permutation of a subset I of {2,3,...,n+1} of
cardinality i, and w” a permutation of {2,3,...,n+1}~ 1. Moreover
pw)=pWw’)+p(w") because of our convention on peaks and the fact that
1 is never a peak in a permutation we &, , ; with n=1. On the other hand,
the summation ) 27'*?™") where w' runs over all the permutations of I, is
equal to Y {27+P™): we@;}=0;, since the definition of peak only
depends on the mutual order of the elements. In the same manner, when
w" runs over all the permutations of {2, 3, ..., n+ 1}~ I, the summation
Y. 27 =0+P™) g equal to 0,_;. Consequently,

T2 wed, =172 (7) 0,0,

and
n n
20,,,=0,+ Y () 0,0, ;+6,= Y (,)eie,,_i.

O<i<n \}

As 0, satisfies the recurrence formula (4), we have 6,=D,. Q.E.D.

7. Remark. To establish that the number of orbits of G, is equal to D,,
we could have made use of Burnside’s lemma ([3], 191, or [5], 90). But
the above method provides with a new expression for D,, namely formula
(4).

In the following table the D, =5 orbits of G, are presented in the form
ofa graph. This graph has 4! vertices whose labels are the 4! prmutations.
The vertices w and w' are connected by a line labeled x iff ¢ (w)=w".
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Under each orbit appear the values of p written in the form
2 3 4

A WP

L

10.
11.

1234 1324 2314

4132 1
3124

4321
111 3412 2143
22
3
1 111
11
4312 3 4213 1
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