DOMINIQUE FOATA and VOLKER STREHL

EULER NUMBERS AND VARIATIONS
OF PERMUTATIONS

RI1ASSUNTO. — Usando le proprietd di una famiglia di gruppi di trasformazioni si
ottiene la distribuzione congiunta dei massimi locali, dei minimi locali, degli aumenti,
delle discese nei gruppi simmetrici.

Si trova una nuova espressione per 1 numeri di Eulero e la connessione con classi
di permutazioni aventi notevoli proprietd geometriche, come le permutazioni alternanti e
quelle di André.

In two recent papers ([9], [13]) we have introduced a family of transfor-
mation groups (G,),~o which have the following property: G, acts on the 7!
elements of the symmetric group &, and the number of its orbits is equal to
the #-th tangent or secant number, according as # is odd or even. The
purpose of this paper is to make use of the properties of these groups to study
the joint distribution of various characteristics attached to sequences of num-
bers, such as peaks (local maxima), troughs (local minima), rises, descents.
For instance, the permutation zz = 315642 has two peaks 3 and 6, one trough 1,
one rise 5 and two descents 4 and 2. Such a study is not new. It certainly
goes back to Kermack and McKendrick ([15], [16]), and more recently to
David and Barton [3]. What we shall get here will be a refinement of their
results using an entirely different set-up.

In section 1 we recall the basic properties of the groups G,. Let X;, X7, X, X,, Xy be
five commutative variables and 2 a permutation. We denote by # (@), f (w),s(w),» (w),d (w)
the number of peaks, troughs of the first kind (for a further classification of the troughs will
be introduced), troughs of the second kind, rises and descents (respectively) in the permu-
tation @. The so-called wariation of w is then the monomial

V () = Xﬁ(W) X}’(w) X;‘(w) X:(WJ Xz:(w) !

In section 2 we compute the polynomial XV () over any orbit of G, all elements of which
have % peaks and obtain the formula

XV (‘w) = Xﬁ (‘Xf = Xs)kﬁl (Xr i Xd)n—zk—{-l :

(see theorem 7). This formula implies in particular that the numbe1 of rises (resp. descents)
has a binomial distribution over such an orbit. More remarkably, it provides with a new
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expression for the tangent or secant number D,, namely
D,=2X {Xf(w) (1 — X)x(w) v @) (1 — Y)d(w) twe©n}

where X and Y are two commutative variables (corollary 9). Let P,=2{V(w):we&,}
(7 > o). We then establish in section 3 an identity for the exponential generating function
of the P, ’s. We conclude the paper by a survey of some related coefficients and show that
the André permutations introduced in previous paper ([12], [9]) form natural cross-sections
of the orbits of G, . For a study of the tangent or secant numbers D,, see [14], [17] (§ 63)

or [18].
1. THE REARRANGEMENT GROUP G,

As made in [13] the construction of G, is based upon a remarkable facto-
rization of the elements of &,. Let w:7 —x; (1 < ¢ <) be a permutation

of the interval [#]={1,2,---,2}, that we identify with the word
Xy %y ro0 %, in the a0 distinct letters Xy, &g o+, 2, taken out of [#]. "A
Sfactorization of lemgth g (g > 0) of w is any sequence (w;,w,, -, w,) of
words (some of then possibly empty) such that the juxtaposition product
wyw, - -+ w, is equal to . The next lemma was proved in [13].

1. LEMMA. Zetw =%y -+ %, (# >0) be a permutation and x be one

of the letters x;(1 < i < m). Then w has a unique factorization (w;,w,,x,
w, ,wy) of length 5, called its x-factorization which is characterized by the two
properties

(i) wy (resp. wy) is empty or its last (resp. first) letter is less than x.

(ii) wy (resp. wy) is empty or all its letters are greater than x.

For instance, for x = 4 the x-factorizations of 78314562 and 71654823
are (7831, e, 4, 56, 2) and (71, 65, 4, 8, 23), respectively, the empty word
being denoted by e.

Now let (w, ,w,,x ,w,,ws) be the x-factorization of a permutation w
containing the letter x. We define

(1) Py (W) = W, wy Xy ws .
As (w;,w,,x,w,,w;) is trivially the x-factorization of ¢, (w); we have
(2) P @ (W) = .

Thus ¢, is an involution acting on &,. The rearrangement group G,, is then
the subgroup of the permutation group acting on &,, which is generated by
the set {o,:1 <x < n}. The group G, has the properties listed in the next
proposition (see [13]).

2. PROPOSITION. (i) The group G, (n>0) is abelian, of order 2"-1.
1t consists of the 27— distinct involutions

ox = 1;IX<Px (X CTr—11)5
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with the operation
Px Py = Pxav (X, ¥YC[r—1]),

the symbol ¢ being the identity.

(ii) The number of orbits of G, is equal to the secant or tangent number
of rank n, namely the coefficient D, of w'[n! in the series expansion of
tan # +secu = I + Z (u"[n)) D, .

To state the oth;; Clpro]:)erties of the group G, it will be convenient to
describe the action of @, on the Zinecar ordering w (-, -) of [%] associated to
the word w. Let 2,2  belong to = with z==2'. Then

(3) w(z,5) iff w admits a factorization of the form (w;,z,ws, 2", w;).

We next define W, (5,2) = 4 (2, 2) as the minimum letter of the unique
factor of w whose endpoints are 2, 2’ or 2’ , z. For instance, withw = 71654823,
and z = 6, 5" = 8, the factor in question is 6548 whose minimum letter is 4.
Then @, (6, 8) = 4, (8,6)=4. Let(w,,w,,x,w,,ws) be the x-factorization
of w. As @, permutes only the words @, and w,, we see that ¢, reverses the
ordering w (-, ) for exactly those pairs (z,2') such that z==2",5 a letter
of w,x, and 2" of xw,. Clearly

(4) s is a letter of wyx and 2’ of xw, with z==2' iff w (2, 2) and @, (z, 2")=x.

Hence ¢, can also be defined by

0. (w) (2,5 if p,(z,2)=x

(s) if w(z,z"), then o, (w) (z,2) otherwise.

Let us also recall the following property (see [13]).

3. PROPOSITION. 7he function p.is an orbit-characteristic, i.e. w'= @x (w)
for some X C[n— 1] iff toy = tur. Moreover, if {,} denotes the range of
Wy and |, | the cardinality of that range, the orbit containing w consists of the
2lbwl distinct elements

9y (@) with X C{ Py} -

2. THE VARIATION OF A PERMUTATION

Let us now introduce the notions of peak, trough, rise and descent of a
permutation.

4. DEFINITION. Let w = x, 25 -++ %, (#> 0) be a permutation and
1 <7< Then x;is a peak of w if (i) either =1 or 1 <7 and x,1 < #;;
(i) either /= or i< and x; > x;y1. Moreover x; is a trough of w
if 1 <éi<mn x,_1>z; and x; < x;4;. Finally x; is a rise (resp. descent)
of w if (i) either #=1 (resp. i=#) or 1 <7 and x,_; < x; (resp. < 7 and
By ), () ¢ <m and #; < (resp. T < and 2y > ).
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Thus, a permutation can only start with a peak (x; > ) or a rise
(x, < %) and end with a peak (x,1 < x,) or a descent (%,_1> x,). These
four notions are closely related to that of x-factorization, as we show in
the next proposition.

c. PROPOSITION. Let (wy,w,,x,w,,ws) be the x-factorization of a
permutation w. Then, the following holds
(i) x 4s a peak if and only if wy and wy are empty;
(i) % 2s a trough if and only if w, and w, are non-empty;
(iii) x is a 7ise if and only if wy is empty and w, non-empry;
(iv) x is a descent if and only if wy is non-empty and w, empty.

Proof. Let x =z, for some 7 (1 <7 < #). The proposition follows
from the property of the x-factorization given in lemma 1. We have indeed
w, (resp. w,) = ¢ (the empty word) iff the letter preceding (resp. following)
x in w (if any) is smaller than x.

Q.ED,

Thus, two different kinds of trough can be defined by comparing the
non-empty words @, and @, in a suitable manner. Of course, any total order
on the set of all words, e.g. the lexicographic order, will permit such a compa-
rison. But in order to preserve the symmetry between the two kinds of trough,
we introduce the notion of factor-ordering relation. Let # bethe set of all
finite subsets of positive integers. Let also &' be the set of all pairs (I, ])
of finite subsets of positive integers such that IN] = @. Then, a factor-
ordering relation is any binary relation on # X #, whose restriction to & s
antisymmetric and total. In other words, R is factor-ordering if for any I, J
in Z such that INJ =@, there is exactly one pair (I,]) or (J,I) that
belongs to R. For example, the relation R defined by

: (i) ORI if I is any finite subset;
©) (iiy) IRJ if maxI<max]J, whenI and ] are non-empty,
is factor-ordering.

If v is a word whose letters are all distinct, say © = z,8y *** 2,,
its content is the set Co={3;,25, ", 2, }.

6. DErINITION. Let R be a factor-ordering relation. Moreover, let
(w; , w0y, x , 20, ,ws) be the x-factorization of a permutation w and x a trough
of w. Then, the trough x is of the firs¢ (resp. second) kind if Cw, R Cw,
(resp. Cewy R Cawy).

For instance, the permutation w =7 8 3 1 4 5 6 2 has one trough,
namely 1. With respect to the factor-ordering relation (6), this trough is of
the second kind.

Let us now introduce five commutative variables X, (“ 2" for “peak ™),
Rorfeef s AHop dufirst V) X (s 2 lor second oAt i for (iise )
and X%, (“d™ for "descent”); Foriany win -Gyand x in [x], we let
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V. (@) = X,, X, X, X, or X;, according as x is a peak, trough of the
first kind, trough of the second kind, rise or descent in w. The variation
V (w) is then defined by

7 V)= TI V.(@).

1<z<nu

For instance, if we keep the relation (6), and take w = 7831456 2,
we have

V(w) = XrXdeX;XerX,ng: X,?Xu, XfXE

7. THEOREM. Let w belong to ©,(n > 0) and have k peaks. Then, the
generating polynomial of the peaks, troughs of either kind, rises, and descents
in the orbit @ of G, containing w is given by

BV we 01 = XX, ) L x

Theorem 7 is based upon the following lemma.

8. LEMMA. Let 1 <x<un and weS,. Then
() o, (w)=w if and only if x is a peak of w;
(i) x is a trough of the first kind of w if and only if x is a trough
of the second kind of ¢, (w);
(iii) x 25 a rise of w if and only if x is a descent of 9, (w);
(iv) V, (w) =V, ¢, (w) for any ye[n]\{x}.

Proof. First (1), (ii) and (iii) are immediate consequences of proposi-
tion 5 and the definition of ¢, given in (1). Let (e, w,,y 2w, ,ws5) (resp.
(wi,ws,y,ws,ws) be the y-factorization of w (resp. w' = @, (w)). Then,
part (iv) of the lemma is established if we show that Czwy = Cev and Cayy = Caoy .
But it follows from (4) that the two cartesian products CrwyxCry and
CawyxCw, are given by

CwoXCwy={(2,2"):y,2,2 distinct, w(z,2") & B, (2,2) =y}
and

Cwy X Cxy = {(z,2):y,2,2 distinct, ¢, (w) (2,8) & p (2,8) = y}.
As y 4=« and also W@, = W,, we deduce from (5) the implication
w(z,8) & b, (2,2)=y=2>0, ) (2,2) & pu(5,8) =y, ie.
Cw, X Cwwy CCorg X Cowy.  As w= 9,9, (w),

the inverse inclusion also holds. Hence Cw, = Cw;y and Ca, = Cu .

Q.ED.
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A trough being necessarily between two peaks, the number of peaks
in a permutation is equal to the number of troughs plus one. It follows from
the previous lemma that all the permutations in the same orbit have the same
peaks, say x;,---, %z, the same troughs, say %z, -, #32—1 and the same
integers occurring either as rises or descents (call them rise-descents), say
Xop, o, x,(0 <2k <m). Let wy be a permutation in the orbit ®. Clearly x
is a peak of w, iff we can never have u,, (¢, s) = x for any pair of distinct
integers (z,2). Hence x is a peak iff x€{p, }. Thus {py,} = {xes1, -, 2.}
Proposition 3 asserts that ® consists of the 2"—* (here |y, | =7 — £) permu-
tations @y g with X C{xz11, -+, x,}. Let us consider the group algebras
of &, and G, over the rationals. For instance, the formal sum Z{w:w € ©}
belongs to the group algebra of &, and the product (1 + foHl) G (iio ol R
to the group algebra of G,. Morcover

{0 =(1 49, ) - (1 +9,) ().

Let us extend the definition of V to the group algebra of &, in a natural
manner, i.e. if Z bz is a formal sum with @ in &, and 4 rational, we let
V (Z bw) = X bV (w). Consequently, for any formal sum X &) in the group
algebra of G, we have V (L &) = X 46V (Y). Now

S{V(@w): we@}=VEZ{w:we0}
=V +9,,,) 0 +9,) @)
=V Vi, (T4 0,0+ (1 +0,) (@)
= V., () -+ Vo (wg) (Vi (1 + ) (20)) -+ (Vi (1 + 1,,) (200))
= XXk X)) M

This proves theorem 7.

For any permutation w let p(w),f(w),s(w),»(w),d(w) denote
respectively the number of peaks, troughs of the first kind, troughs of the
second kind, rises and descents. We have then the following evaluation for
the secant (or tangent) number.

9. CoOROLLARY. ZLet X and Y be two variables. Then the polvnomial
(8) T{X™ (1 —X)" VP01 —vY? . wee,}

is a constant equal to the tangent or secant number 1,

Progf. The variation V () of a permutation o is equal to V (w) =
= X5 X[ X7 X4®)  Hence, the corollary follows from theorem 7
by making the substitutions 1+ X, , X« X, , 1 — X« X, , Y« X,,
I —Y « X,, summing over all the orbits of G, and taking proposition 2
(ii) into account.

Q.E.D.
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Note that when X=Y=1/2, formula (8) reduces to D, =X {2-"+®):w e},
already established in our previous paper [13]. We note that Burnside’s
lemma ([3] p. 191 or [8] p. 90) could be used to get the latter formula but a
further extension would be needed to obtain (8) in that way.

3. THE VARIATION POLYNOMIALS

In this section we establish an identity for the so-called wariation

polynomials
P,=2{V(w):we&,}(n>o0).

From theorem 7 there exist positive integers o, (0 < £ =< [n/2]) (the
symbol [#/2] standing for the smallest integer greater than or equal to 7/2)
such that
() BL= N e W (AR X

0<k=[n2]
The coefficient &, , is equal to the number of orbits of G, having £ peaks.
These numbers will be studied in the next section. Now we only give
the formulas involving the polynomials P,. Tirst, note that P;=X,,
Po=X, (¥, 4+ X,). Then, we establish two recurrence formulas, that extend
the two recurrence formulas for the secant and tangent numbers,

10. THEOREM. The variation polynomials P, satisfy the following two
equivalent recurrvence relations

(1) P=X,; Pou=XAX) Pt 3 ("7 XA XIPui (2>0)

1<i<n-—1

(1) “Pi=Wie P = 2R P Y (?)Pi(XfJ:—XS)P,,_,- (7> 0).

1<i<n—1

Proof. Let X,+X,;=s5,X,=¢,X,4+X,=u_ We have
(.;Z) PouP 2 (n—— 1) PiaP, il Z (T: i) P,- Tk

1<i=n—1 1<i<n—1 z 1<i<n—1

By making the change of variables j = # — ¢ in the last summation we obtain
the identity
2 (”) Pz’ %P,,_,- =2 E (”_I) Pz'uPﬂ#i (ﬂ > O) *
1<isa—1 ‘! 1<i<n—1

7

Hence, relations (10) and (11) are equivalent. Let us establish relation (11).
We denote by &,.1,; the set of all w =225 %41 in &,y such that
ripp=1(0<i<n;n>1) We have
V {@r:+1,i} + V {@n+1,n-—£} == E {V (‘Zﬂ) + V (<le) ‘wWE @’l'i-l,fl}
=Z{V (1 + o) @) :weC,}
=Z{V,(1 + o) (@) V' () : w € G415},
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where V' (@)= T[] V.(w) when we®&,,;. But if =0 or » and
1<5<n+1
w €&, ,1,;, we have

Vi toepw)=X,+X,=5

for 1 in the beginning (resp. at the end) of a permutation can only be a rise
(resp. descent). If o < ¢ < %, we have

VI(I +CP1)<Z@)= Xf+X5: %,
for 1 is always a trough in such a permutation. Hence

QV{@M+1}_ Z V{@,;+1;}+V{6:1+1n z}_

0<:i<n

= V' {Cupin} + V' {8,453 + 2 ) V' {€upiis}
0<i<n
Cleatly V' {6,101 =V {6, 1.}=P,. Wheno<i<n and w =2,y **
Xy 1 €6y i, wewritew =o' 1" so that w'=2- -2, , w''= ;40 2,11

and %4 = 1. Then V{w)= T] V. (@) T1 V (). If we restrict

1<5<i i+2<s7<n+1
the letters of w’ to belong to a given subset I of {2,---, % + 1} of cardi-
nality z, we have XV’ (w) = P, P,_;, for the notions of peak, trough, rise
and descent depend only on the mutual order of the integers and not on
the integers themselves. To obtain V' {&,,;,} we let I run over all the

subsets of {2,---,2# 4 1} of cardinality 7. Thus V' {&,,;:} = (?) B Po s

Altogether 2V {&,,;} = 2sP, + 2, (’:) P, uP,_;, which is identity (11).
0<i<n
Q.ED.

Another equivalent form for identities (10) and (11) is given in the next
theorem.

11. THEOREM. [ the formal power series algebra in one vaviable v with
coefficients in the algebra of polynomials in the variables X, , X, X, X, , X ,
the following identity holds

(12) ’g{:' (v n!) Py = X, exp ((X, + Xov +n;2 (@ fn!) (X4 X)) P,,_l).

Proof. As before, let X, +X,=5,X,=1¢,X,+ X,=u. By induction
on 7 it follows from (10) that all the polynomials P, (2 > 1) are divisible
by X,. We then define Q, by X,Q, =P, (#=1). Relation (10) can be
rewritten with the change of varlables i=n—1—1

Pn+1 = sP,; —l— i .) Pnflfj MPj+l + Puul ‘%Pls

1<j=n—2 ( ot
i.e.

Qup1=13Q, + 2 (ﬂ_-_I ) Qiy12uPy_ i j+ Puqu.
1<j<n—2 7
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Hence

(13) Qu+1 =P, u+ 15;—2 (T171 ) QJ'-E-I Puflfj %+ (Z:: ) Q,; 5,

i.e.

(14) a,=b,+ Z (n—-I ) @;by_; (n > 0)
1<7<n—1 J

by letting @, = Q,qu1 (#>0),b =5 and b, = P,_yu(n>1). Asitis well-
known (see e.g. [10] chap. 1), a binomial recurrence relation such as (14)
is equivalent to the exponential identity

1+ 2 (@"|nl) @, = exp (’§) (v"[nl) b,,).

23>0

Consequently, (13) is equivalent to

1+ Z (v*n]) Q.11 = exp (w + 7 (@*n)) uPn_l).

>0 n>49

Taking into account the relation X,Q, = P, (z > 0), the latter identity is
equivalent to (12). Q.E.D.

4. RELATED COEFFICIENTS

The coefficients 4,z (see formula (9)) count the orbits of G, with £ peaks. The first
values are given in the following table

TABLE 1.
B e Vel e Dy P

\

I I 1
2 I 1
3 i 1 2
41 I 4 5
5 Ei! 11 4 16
61 1 20 34 61
S 57 @8c ¢ 34 272
8 1 120

768 490 1385

Note that the summation by row gives the Euler numbers D,. The most extensive table of
the coefficients D,, themselves appears in Buckholtz—Knuth [4].

From Theorem 7 it follows that in any orbit of G, with £ peaks, there is one and only
one permutation = with variation V (w) = Xﬁ Xj‘?_l X:‘_z‘”l, i.e. a permutation having
no descents and whose troughs are all of the first kind. Such permutations were called André



— 128 —

permutations in Foata-Schiizenberger [12]. For instance, the first André permutations, with
respect to the factor-ordering relation (6), are given in Table 2.

TABLE 2.
n=1 1
=2 12
=3 123 213
n =4 1234 1324 2314 2134 3124
=135 12345 12435 13425 23415 13245 14235 34125

24135 23145 21345 41235 31245 21435 32415
41325 31425

So dy,+ also counts the number of André permutations in & with £ peaks.

The André permutations can be defined with respect ot any factor-ordering relation.
In any case, their number in @" will be equal to the tangent or secant number D,. Let us call
André permutations of the second kind those permutations having no descents and whose troughs
are all of the second kind with respect to the following factor-ordering relation, R, defined by

(15) @), BRI
@) IRJ if minl<min].

Again from theorem 7 it follows that

(16) any orbit of G, contains exactly one André permutation of the second kind.

Let 1 <x <% and w €&, (# > 0). The permutation deduced from w
by inserting 7 + 1 in w just before (resp. after) x is denoted by I,y . (resp.
Je,np1w). For example, if w = 31452 and x = 4, we have I w = 316452
and J;¢w = 314652. The next proposition is an immediate consequence of
the definition of the factor-ordering relation R in (15) and given without
proof.

12. PROPOSITION. (i) Let w be an André permutation of the second kind
in ©,. If x is a peak (vesp. rise) of w, then 1., 1w (resp. Jui1,.w) is an
André permutation of the second kind in ©,y,.

(ii) Comversely, if v =w' (n + 1) w'" is an André permutation of the
second kind in ©,, | then w=w'w'" is an Andvé permutation of the second kind
in S, and there exists exactly one x € [n) such that v =J, 1w or v = L, 0.

!

Let A, : be the set of all André permutation of the second kind with 4
peaks. It follows from the previous proposition that A, q 4 is the union of the
two sets {I, .y w:w€eA,,;,x a peak of w} and {J,1,.w:w€A,; 1,% arise
of w}. But a permutationw in A, ;_; hasn—(k—1)— (b—2)=n+3—24
rises. Hence

C[7) dnJrl,.d: = éﬂin,l’ + (% + T2 k) dn,k—ls

with o < £<[(n + 1)/2] ,#>=1 and the limit conditions &;;= 1 and
dyy=o0 for £ <o and = + 1 < 24 The above recurrence formula was
already established in [12] by using analytic methods.
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The first André permutations of the second kind are given in Table 3.

TABLE 3.
n=1 I
=2 12
7= 123 312
=4 1234 1423 3412 4123 3124

12345 12534 14523 34512 15234 14235
34125 45123 35124 51234 41235 31245
51423 53412 41523 31524

Again from (9) we see that the coefficient
a2, (0 < & < [#/2])

counts the number of permutations w in & with k peaks and n — 2 k+1 rises (resp. descents).
When # — 2 £+ 1 = 0, the coefficient Cop_1,k is the number of permutations = in &, having
% peaks and % —1 troughs. These permutations are called alfernating and according to
André’s famous discovery ([1], [2]) we have

Cop_1 b= Doy for any %2> 1.

There are orbits of G,,_, that arc only made of alternating permutations. As ¢y, , =

= 2;"“1;{2&#1 4> we have 281 DY O is in no case the best result since it can be proved
analytically (see Nielsen [18] p. 258). that the 2-valuation of £D,, , is 2£—2. When £ is
odd, a grouping of the orbits of G,, ; should be found in order to establish the latter result

directly.
Let 1<x<#nand we®, . We define
Uz () = @ (w) if x is either a rise or descent of w
= w otherwise.

Let H, denote the subgroup of the permutation group acting on &, generated by
{by:1 <x<m}. Using the same techniques as above it is easy to show that H, is an
abelian group of order 2”~'. Furthermore, any orbit of II, is a subset of some orbit of G,.
Finally, ¢,,4 is the number of orbits of H, all elements of which have £ peaks.

From recurrence formula (17) we obtain

Eri=1
and fn+1,k::k€n,k +2mn+3—24) g (o< k< [(n+ 1)/2])
with Cryh—i0 if 2<o or n-4+1<2Ek
TABLE 4.
k
% 1 2 3 4

1 1

3 1

3 1 2

4 1 8

5 1 22 16

6 1 52 136

7 1 114 720 272

8 I 240 3072 3968
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The coefficients ¢,,; already appeared in Foata-Schiitzenberger ([11], chap. 5). They also
occurred in Carlitz-Scoville [7], who used them in several enumeration studies on permu-
tations.

Now put Xy = X, = X, = Xy =1 in formula (9). We then see that the coefficient

i
sk = i oy

counts the number of permutations in &, with k peaks. The recurrence formula is #,; =1
and, using the same conventions as above,

zx-l-l,.é =2 éin,é e (” i e k) tn,k—-l (0 <&=< r(” R ])JIZD .

E

As for the first values, we have

TABLE 5.

}k i 2 3 4

I 1
2 2

3 4 2

4 8 16

5 16 88 16

6 32 416 272

7| 64 1824 2880 272
8| 128 7680 24576 7936

The distribution of the number of peaks and so the above recurrence formula for the #,,; was
obtained by Kermack and McKendrick ([15], [16]). See also Barton and David ([3], p. 163).

Let us now mention the relation of these coefficients with the Eulerian polynomials,
Let (A, (#)),5o De the sequence of the Eulerian polynomials defined by their exponential
generating function

1+ 2;‘0 (wenfm)) Ay (£) = (1 — D)1 —texp (1 — &) w)).

The first values are Ay (&) =¢, A () =+ ¢, A, O =24+ 42+, A, ="+ 117 +
+ 11£24 £ It is known (Foata-Schiitzenberger [11], see also Riordan [19], pp. 213-216, Car-
litz [6]) that A, (#) is the generating polynomial of the number of peaks or descents over & .
From formula (9) we have A, () = P, when we make the substitutions Xy« 7, Xz <+ ¢ and
let Xy= X, = X, = 1. In other words

A () =Bt g s 4 o7 M

= B (1L

a result that can be proved analytically (Foata-Schiitzenberger [11], Carlitz-Scoville [7]).

oy
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