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A Noncommutative Version of the Matrix Inversion Formula
DomiNiQue FoATA*

Département de Mathématique, Université de Strasbourg, 7 rue René-Descartes,
67084 Strasbourg, France

The cofactor expression (—1)*+/ det({ — B)j;/det(I — B) for the (4, j)-entry
in the inverse of a matrix (I — B) is proved to be equal to the corresponding
entry of the series Y., B™, by using purely combinatorial methods: circuit
monoid techniques and monomial rearrangements. Moreover, the identity is
shown to hold in a non-commutative formal power series algebra.

1. INTRODUCTION

Let B = (b(z,§)) be a square matrix of order #n 2> 1 with complex entries and
denote by I the identity matrix. Let also (I — B);, be the matrix obtained from
(I — B) by deleting the j~th row and i-th column. If det(I — B) + 0, let

(I — B);™ = (—1)"¥

t)

1
m det(I — B)j, . (1.1)
Of course, (1.1) is the traditional cofactor formula for the inverse of (I — B). On
the other hand, for each m > 0 let (B™),; be the (7, j)-entry of the matrix B™
and define

(I —B);™ = Y (B"y- (1.2)
mz0
Because of the identity
(I—B)yt= ) Bm (1.3)
mz0
formula (1.2) provides another expression for the inverse of (I — B). In other
words,

(I — Bj7™ = I — Bj;"" (1.4)

The purpose of this paper is to establish a non-commutative version of (1.4)
by using combinatorial methods. What is meant by “non-commutative” is the
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following. The n? entries b(z, §) (1 < 7,7 < n) of the matrix B are indeterminates
subject to the following commutation rule: b(z, j) and b(i’, ;') commute whenever
i and ¢’ are distinct (i.e. whenever the indeterminates are not in the same row in
B). Two monomials in the b(7, j)’s are regarded to be equal if either one can be
obtained from the other by a finite sequence of transformations consisting of
permuting two successive variables b(7, ) in agreement with the above commuta-
tion rule. There is no difficulty in defining the Z-algebra of formal power series
in the variables (7, j)’s (still subject to the above commutation rule). Denote it
by Z[[B]]. By using the classical expansion of the determinant of a matrix
A = (a(i,)), namely
det 4 = Z €(o) H a(t, of),
cES, Iign

both determinants det(/ — B) and det(I — B);, are well-defined elements of
Z[[B]]. Accordingly, (I — B);;** defined by (1.1) is also a series in that algebra,
as well as (I — B);;™” defined by (1.2). The purpose of this paper is to show that
{1.4) holds in Z[[B]].

Now by “combinatorial” it is meant that the two series (/ — B);**! and
(I — B);;}™ must appear as generating functions for sequences of finite structures
and the two structure sequences be mapped to one another by an appropriate
one-to-one correspondence. Let us illustrate the first point with the series
(I — B);}™ after introducing a few basic notations.

In the whole paper 7 is a fixed positive integer (the order of the matrix B) and
the interval [n] = {1, 2,..., n}, referred to as the color set, is denoted by X. A
color word is a finite sequence = x,x, *** x,, of elements of X. The integer m
is the length of w. For each m > 0 the set of all color words of length m is denoted
by X™. Let 7 and j be two elements of X. Then X™(7) (resp. X™(3)) stands for
the set of all color words w = %%, -** x,, of length m starting with x, = ¢ (resp.
starting with », = ¢ and ending with x,, = j). Those words are called i-linked
(resp. ij-linked). Finally, for each non-empty color word w = xyx, - x,, let

IB(w) = b(x] ’ xZ) b(xz ) x3) " b(xm—l ’ xm) b(xm ) xl)' (15)

If the last letter of w is regarded as being adjacent with the first one, it is said
that B(w) records the colors of w by adjacency. If with every element s of a finite
set S is associated a monomial «(s), the following notation will be used throughout

oS} =3 {ofs) : se S} (1.6)
Now for each m == 1 the (7, j)-entry in the matrix B™ reads
(B™); = Z b(i, x5) b(xy , x3) *++ b{xy, , 1) (1.7)
1€%5,0000 Z,,<n )

when the b(k, I)’s belong to a ring. When the b(k, I)’s are subject to the above
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commutation rule take (1.7) as a definition. Thus (B™),; is an element of Z[[B]]
that, in view of (1.5) and (1.6), may be rewritten as

(B =X}  (m=1) (1.8)
and for 7 #j
(B™); b(j, 1) = BEX™ ()} (m=1). (1.9)

(Note the discrepancy between the case { =j and 7 5 j.) Therefore (1.2) has
the alternate form

I—BE™ =1+ zl BX™(5)} (1.10)
and for 7 #j
(I — B)7™ b(j, i) = 22 B{X™(). (1.11)

Thus (I — B);{™ (resp. (I — B);}™ b(j,i)) is the gemerating function for the
sequence (X™(i))s1 (resp. (X7())uss) by B

Of course, this is the straightforward part of the proof. To do the same for
(I — B);* requires a more elaborate construction. The series is the product
of 1/det(J — B) with a polynomial (the order of the factors matters). As
1/det(I — B) is the generating function for the so-called circuits by some function
Beir (as was proved in [1]), it is natural to try to find a combinatorial interpreta-
tion also in terms of circuits. Without going into the details at this stage let us
simply say that for each m 2> 1 and 4,j in X a subclass I,(z) (resp. I,()) of
so-called i-linked (resp. ij-linked) circuits can be found with the property that

=By =14 ¥ Beur{Twli)} (1.12)
m>1
and for 7 # J.
(I — B)™ b(j, i) = Zl Beur{ L)} (1.13)

What remains to be done is to construct for each m > 1 a bijection w —y
of X™(i) into I',(7) (resp. X™(3) onto I',,(4)) with the property that

B(w) = Beir(y)- (1.14)

This will be done with the help of two operators, the disentangling operator 8
that breaks each color word into basic circuits called cycles, and the entangling
operator e that amalgamates several cycles together to make up a color word.
The paper depends heavily on the theory of circuit monoids developed in [1].
However, with the exceptions of the proof of the unicity of the V-factorization
and the determination of the Mébius function of the commutation-rule monoid
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it is self-contained. The properties on the commutation-rule monoids are
recalled in the next section, and those on the circuit monoids in section 5.
Identities (1.12) and (1.13) will be derived in section 5 from a basic formula on
so-called z-tight words, the latter one presented in section 3. As several formulas
involving determinants will be obtained, it will be convenient to isolate them.
This is done in section 4. The one-to-one correspondence between color words
and linked circuits could have been derived from the main theorem on rearrange-
ments ([1] p. 49). The construction of the correspondence given here has the
advantage of being self-contained.

The author wishes to thank Professors Bender and Williamson for helpful
conversations, and also for the part they played in securing adequate support.

2. CommuTaTIiON RULE MoNoips

Let Z be a non-empty set. The free monoid Z* generated by Z is the set of all
finite words w = 2,2, *** 2, With 2, 2, ,..., 2, in Z. The operation in the free
monoid is the juxtaposition product, the empty word e being the identity element.
Let C be a subset of Z X Z with the property that whenever (2, 2') is in C, then
z # &' and (2, 2) € C. The elements z and 2" will be said to commute. Two
words w and @’ are said to be C-adjacent if there exist two words %, v and a pair
(2, 2') in C with w = uzz'v and @' = u2'zv. Furthermore, two words w and @’
are C-equivalent if w = w' or if there exists a sequence of words %, , w, ,..., w,
with w, =w, w, =o', and w; ; and w; C-equivalent for 1 <7 <{p. The
quotient monoid of Z* derived by the C-equivalence is called the C-commutation
rule monoid. It will be denoted by L(Z; C). The C-equivalence class of a one-
letter word z will also be denoted by 2 and that of the empty word by 1. Finally
there exists an involution ¢ of L(Z; C) that is characterized by the formulas

W) =1, &)=2  (u0)=do)s) 2.1)

for every letter 2z in Z and u, v in L(Z; C).

The V-factorization introduced next provides a system of unique representa-
tives for each C-equivalence class. A subset F of Z is a commutative part if it
is finite, non-empty and if any two of its elements always commute (i.e. for
every 2 and 2’ in F with 2 5% &/, then (2, 2') € C). There will be no confusion in
using the same letter F for the product

F=1]]=z

zeF

in the monoid L{Z; C). A letter z is said to be tied with a subset F of Z if, either
zeF, or F contains a letter that does not commute with 2. If F and F' are two
subsets of Z, then F is contiguous to F' if every element of F’ is tied with F.
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Finally, a sequence (¥, , F, ,..., F;) of commutative parts of Z is a V-factorization
of an element # of L(Z; C) if the following two conditions hold
(1) for 1 <i<r— 1 the partF, is contiguous to F,, ;
(i) w=FF,F,.
For instance, let Z == {1, 2, 3, 4, 5} and C be the subset of the star signs in
Figure 1.
1 2 3 4 5

1 £ | *

2| * * *

3] % *

4 *

5 * *
Ficure 1

The subsets F; = {1, 2, 3} and F, = {2, 5} are commutative parts, and F, is
contiguous to F, for 2 € F; and 5 does not commute with 3. Furthermore, the
element # = 12235413 in L{Z; C) admits the V-factorization

(123,25,4,13).
Another example of commutation-rule monoid is the monoid B generated
by the variables b(z, 7} (1 < 1,7 < ») with
C={G)), b{i’, j)): ¢ £}
For the proofs of the next theorem and its two corollaries the reader is referred
to ([1] pp- 11-15).
TueoreM 1.2. Every element u of L(Z; C) admits a unique V-factorization.

COROLLARY 2.2. The multiplication in L(Z; C) is simplifiable.

CoROLLARY 2.3. Let u be an element of L(Z:C) different from 1. Let
(Fy,F, ..., F,) be its V-facorization and F be a commutative part of Z. Then, there
exists v in L(Z; C) with

u=Fv

if and only f FCF, .



MATRIX INVERSION FORMULA 335

Next consider the large algebra over Z of the monoid L(Z; C). The elements
of this algebra are formal sums

Y. a(uyu

%

where u runs over all of L(Z; C) and a(x) is an integer. The product of two
formal sums is defined by

Y a(uyu Y b =Y ((w)w

w

with

cw)y = ) a(u) b(v).

U V=1

There are indeed finitely many pairs (4, v) of L(Z; C) X L(Z; C) whose product
is equal to w. The monoid L(Z; C) has a Mdbius function i, that is to say, there
exists a function p with the property that

(z ,L(u)u)’1 - Z v 2.2)

Note that the right-hand side is the formal sum extended over L(Z; C) whose

coefficients are 3ll equal to 1. It is called the generating function for L(Z; C).
With | F | denoting the cardinality of the finite set F it was proved in ([1] p. 21,

théoréme 2.4) that the Mébius function i of L(Z; C) could be defined by

p(#) == 0 if u is neither 1, nor a commutative part;
= (—1)IF1if u is a commutative part F.
=1ifu=1

Accordingly, identity (2.2) may be rewritten as

<1+ Y (—l)lﬂF)_l= Y (2.4)

Fcomm. uel(Z;C)

3. Ticur WORDS

For each z in Z an element u of L(Z; C) is said to be z-tight if its V-factoriza-
tion is of the form

(&}, Fy youry F).

This means that each word in the C-equivalence class of u starts with 2. In
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particular, each element in F, is either equal to 2, or does not commute with 2.
Next denote by u, the function on L(Z; C) defined by

p(0) = p(w) = (— )7V if u is a commutative part F and z e F;
= 0 otherwise. (3.1)

TueoreM 3.1. The generating function for the z-tight elements of L(Z; C) is
given by

5 o= (X o) (—1) (T o) (¢2)

v z-tight

also written

Y, 7):( Y (—-1)|Fl+1F)(1—|— Y (—1)IF|F)”1.

v z-tight Fcomm. Feomm.
Faz

Note that the order of the factors in the right-hand side of the above identity
is essential, as L(Z; C) is not necessarily commutative.

Proof. As

(Suom)” =3

v

only the following identity

Y ou= Y (—)FHF-Yo
u z-tight ch;r;m, v

is to be verified.

Let (F; , F, ,...,F,) be the V-factorization of an element % in L(Z; C). The
coefficient of u in the product of the two series in the right-hand side member is
equal to

Z (— 1)|F|+1,
the summation being over all pairs (F, v) with the following properties
(i) Fis a commutative part;
(i) wisinL(Z; CY
(i) F-ov=u
(iv) F contains 2.
But corollary 1.3 says that conditions (i), (ii), (iii) hold if and only if FCF, .

Hence the above coefficient is equal to

Z (—1)F1+,

(2)CFCF,
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In particular, the coefficient is zero if z is not in F; . If F; = {2}, the only term is
the summation is {3}, so that the coefficient is 1. If F} = {2} U G, with G,
non-empty and not containing 2, the coefficient is equal to

T (-1ye.

GCG,

With |G| —k > 1
Y (o= ¥ (1) =a—1r=0,

GCG, ogick

QE.D.

Remember the involution « of L(Z; C) defined in (2.1). An element u of
L(Z; C) is said to be z-end tight if (u) is z-linked, i.e. if all the words in the
C-equivalence class of u end with z.

CorROLLARY 3.2. The generating function for the z-end tight elements of
L(Z; C) is equal to

v = (L o] (DT e (33)

v z-end tight

Proof. Extend : to an antihomorphism of the large algebra of L(Z; C) into
itself and apply : to both members of (3.2),
QE.D.

4. SOME DETERMINANTAL CALCULATIONS

Before applying the commutation-rule monoid techniques to circuit monoids
we isolate in this preliminary section some basic formulas involving determinants.

If A = (a(?, j)) i, i<n) 18 @ square matrix, and ¥ and Y~ two subsets of X =
[7], the submatrix (@) ey jer’) is denoted by Ay .

The next formula is well-known when B is a matrix with entries in a commu-
tative ring. When B is the matrix (b(7, f))q<i.5<n) Whose entries are the basis
elements of the monoid B (see §2), the formula also holds (this time in Z[[B]])

det(I — B) = Y (—1)/"I det Byy. (4.1)
YCX

(By convention, the determinant of the empty matrix is 1.) For each subset ¥
of X let Sy denote the permutation group of Y. Then

det Byy = Y (o) [T b(k, ok). 4.2)

o€Sy keY
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Furthermore, if 7(o) denotes the number of disjoint cycles of the permutation o,
let

uo) = (—1y . (43)

As it will become apparent, there is no ambiguity in using the same letter p in
(2.3) and (4.3). A simple calculation shows that

o) = (=" (o). (44)
Finally, if Y is non-empty, let
eir(0) = b(k, ok
Ben(e) = T ot o4 “5)
and By (o) = 1 if Y is empty. By (4.2), (4.4) and (4.5) we have
(=1 det Byy = Y, (o) Beir(o), (4.6)
o€Sy
SO that
det(l — B) =) 3 p(o) Peir(o). 4.7
YCX oeSy

In the same manner, formula (4.1) with (I — B),, (the matrix obtained from
(I — B) by deleting the i-th row and i-th column) instead of (I — B) reads

det(I — B)y = Y (—1)"! det Byy.
YCX\(%}
Hence, by (4.6)
det(I — B) — det(I — B}y = Y (—1)¥) det Byy

@cYcx

= % 2 #o)Beulo).

{iyCYCX oeSy

Next the cofactor formula (1.1) yields

1—(I— By = L ) (det(I — B) — det(I — B)y),

det(] —
that is

1—(— B);-cd — _dgt_(jl___:_é_)_ mz Z (o) Beir(o). 4.8)

CYCX oeSy
There is an analogous formula for (I — B);;°*! when 7 5= j. The expansion of
det(I — B) by its j-th row is

det(l — B) = (1 — b(j, /) det(I — By + Y (—1)**(—b(j, k) det(I — By -
ki (4.9)



MATRIX INVERSION FORMULA 339

In formula (4.5) for Bei(0) to be divisible by b(j, 7) it is necessary that je ¥V
i€ Y and o(j) =i Hence, the sum of the terms in the (4.7)-expansion of
det(I — B) that are divisible by &(j, ¢) is equal to

Y 2 o) Barlo) x(o(j) = 1)

(i,))CYCX o8y

(making use of the y-notation dear to Professor Garsia: for each statement E the
expression y(E) is 1 or 0 depending on whether E is true or false). Comparing the
latest expression with (4.9) yields

(=10, i) det — By = Y, 3 #{0) Bewx(0) x(o(j) = 2)-

{6,i)CYCX o€Sy
Note that 5(j, 7) commutes with det(f — B);;. Thus, for i #j

—U = BN = =gy L. % o) Benle) x(oli) = )

{i,J)CYCX oSy 4.10)

5. Tue Cmrcurr MONOID

Again the reader is referred to chapter 4 of [1] for the contents of this section.
However all the basic material needed in the rest of the paper is here recorded.
The circuit monoid is a commutation-rule monoid L(Z; C) with Z and C defined
as follows. For every non-empty subset Y of X(={n]) let Z; denote the set of all
cyclic permutations of Y. Then Z is the disjoint union

Z: U Zy.

d+YCX

The elements of Z are called cycles. A cycle z is of lengthm if z € Zy for some Y
with | Y] = m. A color word w = x,x, *** x,, is multilinear if no letter is repeated
inw. Letw = x;x, *** x,, be 2 non-empty multilinear color word (so 1 << m < n).
Then, the cycle 2 that maps x, to 2(x;) = %,, &, to 2(%;) = % ,..., ¥,,_; tO
2(%p_1) = %, and x,, to 2(x,) = =, is denoted by

2z = {(w). (5.1)

Thus, two multilinear words that differ by a cyclic rearrangement of their letters
give rise to the same cycle. Now two color words w and =" are disjoint if they
have no letter in common. If they are both multilinear, the cycles {{w) and {(w")
are also said to be disjoint. Finally, the commutation set C consists of all pairs of
disjoint cycles. The commutation-rule monoid L(Z; C) so constructed is called the
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circutt monoid and denoted by I'(X). Its elements are the circuits. A circuit is then
a product

y = {(wy) Lwy) - L(wy) (5:2)

of cycles not necessarily disjoint. By definition the length of y is the sum of the
lengths of the cycles {(w,), {(w,),..., {(w,) (i.e. the length of the color word
w,w, - w, . By construction the number 7(y) =7 of cycles in the product
depends only on y. Whenever {(w,), {(@s),..., {(w,} commute, the product (5.2)
may be identified with a permutation o of a subset ¥ of X. Actually, Y is the set
of all the (distinct) letters of the juxtaposition product @w,w, *** w, , and ¢ is the
product of the disjoint cycles {(w,) {(w,) - {(w,). The commutative parts of Z
are then the permutations of non-empty subsets of X.
It follows from (2.3) that the Mébius function p of I'(X) is defined by

u(y) = 0 if y is not a permutation of a subset of X, and (5.3)
ply) = (=1y* (5.4)

if y is 2 permutation of a subset of X (including the empty set).

Thus, definitions of u(y) given in (4.3) and (5.4) coincide whenever y is a
permutation.

Identity (2.2) written for the circuit monoid I'(X) reads

Eu) ) =2 (5.3)

the two series extended over all circuits and p given by (5.3) and (5.4). Using the
notations of the previous section (5.4) is rewritten

(2,2 o) = 3 v

In (1.5) the monomial B(w) was defined for every color word w. Next, if
2 = {(w) is a cycle with w = x;x, *** w,, , let

Beir(z) = B(w) = b(; , xp) b(xa , x3) *+ b(Xp—1 s ¥m) b(xm s x])' (57)

In other words, if Y is the set of all distinct letters {x, , &, ,..., #,,} of @, then

Beir(2) = [] b(k, 2(k)). (5.8)

keY

Note again that all the variables 4(z, §) commute in the above product, so that the
unordered product writing makes sense.
If the two cycles = and 2’ commute (i.e. if they are disjoint), then

Beir(2) Beir(2') = Beir(2') Beix(2)-
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Consequently, Beir can be extended to a homomorphism of I'(X) into the monoid
B by letting
Beir(y) = 1 if y is the empty circuit

= Beir(2y) Beir(2y) ** Betr(2,)

if y is the product of the cycles 2,2, ** 2, .
Let o be a permutation of a non-empty set ¥ of X. Then ¢ is the product of
some disjoint cycles 22, " 2, . Hence

Beir(o) = H Beir(2:)

1igr

= [I TI bk =:(k)

1gigr keY,;

for some partition {Y, , V; ..., Y,} of Y. Therefore

Beir(e) = H 1_[ b(k, ok) = H b(k, ak).

1igr keY, keY

Thus, the definitions of ﬁcir given in (4.5) and (5.9) coincide when restricted
to permutations.

PROPOSITION 5.1. In the algebra Z[[BY) the following identity holds
(det(I — B)y 1= Y Berly) = Y, Besrilm}- (5.10)

vel(X) m30

Proof. Extend Beir to a homomorphism of the large algebra of I'(X) into
Z[[B]] by
Bt 3, alyly = . aly) Beu(y)-

As the degree of the monomial Beir(y) is equal to the length of y, this homo-
morphism is continuous. When applied to identity (5.5), it yields

(Z Y, #o) ﬁmr(o))_1 = Y Beuly)s

YCX oc8y yel'(X)
which is the identity to be proved by taking (4.7) into account,
Q.E.D.
6. LiNkED CIRCUITS
The results of section 3 on tight elements are now applied to the circuit
monoid. Let 7, j be two distinct elements of X. A circuit y is i-linked (resp.

ij-linked) if y is z-end tight with 2 a cycle containing ¢ (resp. a cycle containing

607/31/3-6
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7 and j and 2(j) =7). In an equivalent manner, a circuit y is i-linked (resp.
ij-linked) if all the factorizations 2,3, *** 2, of y as products of cycles have the
following properties

(i) iis aletter of 2, (resp. 7 and j are letters of 2, and 2,(j) =1);

(if) =, and 2, are not disjoint.
In the following example the circuit
y = §(28) 4(39) L(1352) = L(39) £(28) L(1352)

is 2-linked for each ¢ = 1, 3, 5, 2 and ¢-linked for the pairs (3, 1), (5, 3), (2, 5),
1,2).

For each m > 1 let I',(¢) (resp. I',,(7)) be the set of all i-linked (resp. 7-linked)
circuits of length m. Also let I'(z) (resp. I'(if)) be the union of the I',,()’s (resp.
I,.()’s) for m > 1. Note that I',(5f) is empty for m = 1(z #j).

ProposiTiON 6.1.  The following identity holds in Z[[B]]
=B —1=Y Beuly) = ¥ Barflml@)}-
vel(i) m31

Proof. Clearly

2722 Z Vs

yel'(1) 23i v z-end tight

the first summation on the right-hand side being over all cycles z containing i.
But from corollary 3.2

y = (Zuth) DT wow.

v z-end tight

It follows from (3.1) and (5.3) that p,(y) = (—1)" if y is a product of r disjoint
cycles including = (write y 3 2). Otherwise p,(y) = 0. Therefore

Y r= (Z #(V)Y)-l (=1) X ulr)r-

v z-end tight y32

But a permutation y contains the cycle z and 2z contains 7 if and only if y is 2
permutation of a subset ¥ of X with i€ Y. Thus

Yr=x X ¥

verl'(s) 25t v z-end tight

-—(x l‘()’)?’)—l Y Y woe

23% vaz

=—(= #(Y)y)_l Y ) woe

{{)CYCX oeSy



MATRIX INVERSION FORMULA 343

Now applying the homomorphism Beir to both members yields

Y Boly) = — (T ) o) T T o) eelo)

vel'(i) {{}CYCX oSy
that is,
1
Beirly) = — w75 o) Beir(o)
wzzr(i) . det(I — B) {i)CZYCX UGZ.:S'Y '

by (5.3), (5.10) and (4.7). The right-hand side member is equal to (I — B);*°" —
by (4.8),

Q.E.D.
The analogous result for the 7j-linked circuits in stated next.
ProrositioN 6.2.  The following identity holds
I =B b)) = ¥ Beuly) = ¥ BurlTli)}- (62)
ver(ij) mp2
Proof. In the same manner
X r= X Y
vel(¢j) 233,2(j)=i v z-end tight
-1
=—(Zuow) T Y sow
23j,2(j)=i vy3z
-1
=—(Zrt) T T o) oxiel) =i
(6,)CYCX oeSy
The image under Beir reads
l
Ber(v) = — 7 —7v #(0) Beir(0) x(o(s) = ¢
ysg(:m - det( — B) {i,;‘);ycx UZ‘SY o )
= (I — B)i* b(j, 9)
by (4.10),
Q.ED.

7. THE CORRESPONDENCE

The identities (1.10), (1.11), (1.12) and (1.13) being now established, there
remains to construct for each m > 1 a bijection @ — y of X™(7) (resp. X™(3)) to
I,(2) (resp. I,(4)) with the property that B(w) = Beir(y). Roughly speaking,
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the bijection w — y described in theorem 7.2 below consists of removing multi-
linear factors from w, making up cycles out of them and taking the product of
those cycles in I'(X). More precisely, the construction goes as follows.

Let w = x,x, - x,, be a non-empty color word. A non-empty factor d =
Xy - % (1 <k <1 < m) is said to be prime if the following properties hold

(i) d multilinear;
(ii) either 1 = k <</ = m and w itself is multilinear, or I + 1 < m and
X == X415
(iii) the words w, = xx, == &3,y and d = a0, - %, are disjoint.

For instance, the two squared factors in the following example are prime
factors of .

w=1[34]346[952|96381575282.

Lemma 7.1. Any two prime factors of a word w do not overlap.

Proof. Let d = %, %, and d' = xa,, - %y be two prime factors
of & with & < &' and (%, I) = (¥, I'). If d and d’ overlapped, one of the following
conditions would hold

D e=k<l <l @) h=FK<<I<l; (i) R <k <l' <[; (iv) k<
F<l=LWk<k <l<l.

Cases (i), (iii) and (iv) (resp. case (ii)) cannot hold because d (resp. d’) is

multilinear. In case (v) the letter x, occurs in %%, %, ; and x,,, in d' =

XXy 0 %y . As % = ¥y, , axiom (iii) of the prime factor definition would be
violated for d’, Q.E.D.

Axiom (iii) above together with the lemma imply that any two prime factors
of a word w are disjoint. Let P(w) be the set of all prime factors of w. The product

Ow) = [] &) 7.1

deP(w)

in the circuit monoid I'(X), is a commutative part. Each element {(d) in this
product will be referred to as a prime cycle of w.
It also follows from lemma 7.1 that, if P(w) has p elements, w factorizes as

W = 0,d\0ydy " V0,4 (7.2)
where
(i) d,,d,,.., d,are the p elements of P(w);
(ii) v, is multilinear;
(ifi) oy, Uy .., Dpyy are mon-empty words with the possible exception of
gyand v, .
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- With these notations let R(z) be the juxtaposition product
R(w) = 010,05 =+ 00541, (7.3)

that is, the word obtained from w by deleting all its prime factors, Of course,
R(w) is empty if and only if @ is multilinear, and in this case II(w) = {(w). The
map R can be iterated and for each color word = it makes sense to define 2 = h(w)
as the smallest non-negative integer with the property that R%(w) is empty. The
product

8*(w) = II(w) - IIR(w) * *-- - IIR*Yw) (7.4)

in I'(X ) will then be a circuit of the same length as w.

TuroreM 7.2. Let 1,j be two distinct elements of X and m > 1. Then 8*
defined by (7.4) is a bijection of X™(i) (resp. X™(if)) onto I',7) (resp. I'y(if)) with
the property that
- B(w) = Beurd*(w)- (7.5

With the same example as above

w=1[34]346[952]96381575282;
Mw) = [(34) {952); R@w)—134[69]6381[57] 5282
TIR(w) = 1(69) £(57); Rw)=1[346|3815282
IR w) = {(346); R¥w)=[138|15282;
IRYw) = [(138); R¥w)=15[28]2
ITRYw) = (28); Ro(w) =[152];
IIRY(w) = {(152); RS(w) = .
Thus

5(w) = 1(34) £(952) | £(69) L(57) | £(346) | {(138) | £(28) | (152).

The vertical bars indicate the V-factorization of 8*(w). Note that w e X2(1, 2)
and 8*(w) is a 1, 2-linked circuit of length 20. It can be verified that

B(w) = b(1, 3) b(3,4) - b(8,2) b(2,1)  and
Besrd*(0) = b(3, 4) b(4, 3) B9, 5) -+ (5, 2) B(2, 1)

are two identical elements of B.
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The proof of theorem 7.2 requires several lemmas. The construction of the
inverse bijection ¢* of §* will also be given.

LemMma 7.3. Let w be a non-empty non-multilinear color word. Then, every
prime Sactor of R(w) has a letter in common with some prime factor of w.

Proof. Keep the above notations (7.2) and (7.3). Let d be a prime factor of
R(w). As the first letters of d; and v, are equal for i = 1, 2,..., p (axiom (ii)),
d cannot be a right factor of v, , that is, a factorization such as v; = w,d cannot
hold. If v; = w,dw; with w; nonempty, then i >> 2 because v, is multilinear. In the
case ¢ > 2 the factor d is disjoint with each of the words v, ,..., 7;_; , w; (axiom
(iii)). If it were also disjoint with all the words d, ,..., d;_; , then d would belong
to P(w). Finally, if d overlaps with the end of a factor »; and the beginning of
v;4(1 <7 < p), then d has a letter in common with d;_, , Q.E.D.

With the notion of contiguity introduced in section 5 another way of stating
lemma 7.3 is to say that either R(w) is empty, or the commutative part I7(w)
is contiguous to the commutative part ITR(w).

Let E(X™(1)) (resp. E(X™(57))) be the set of all pairs (F, w) with the following
properties

(i) Fisa commutative part of I'(X);
(ii) w is a color word;
(iif) either w is empty and F consists of a single -(resp. ij-) linked cycle,
or w is an i-(resp. #j-) linked color word and F is contiguous to IT(=);
(iv) the sum of the lengths of F and w is m.

The disentangling operator § is defined by
8(w) = (I(w), R(w)) (7.6)

with II(w) and R(w) shown in (7.1) and (7.3).

From the remark stated just after lemma 7.3, it follows that § maps X™(z)
(resp. X™(3)) into E(X™(3)) (resp. E(X™(%))). The inverse operator is defined
next.

Let 2 = {(y1¥2 -** ¥,) be a cycle and w = %%, -** x,,» be a non-empty color
word. Assume that z and @ are non-disjoint. Denote by s the least integer with
the property that x, = y, for some ¢ = 1, 2,..., ¢. Then ¢(w) is defined to be the
color word

(W) = Xy Ko 1 YeVerr VoY1 T YeorKs T X (7.7)
For instance, if 2 = {(295)and w = 1346963 8157282, then

W) =1346[952|9638157282.

(The inserted factor has been squared.)
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Now let F be a commutative part F = 2,2, -** 2, and assume that none of theé
cycles z,(1 < k < 7) is disjoint with . Define the entangling operator « to be

o(F, %) = e,6s, €, (10). (7.8)

As the cycles 2, , 2, ,..., &, are disjoint, the 7 factors that are successively inserted
into @ do not overlap. On the other hand, ¢(F, w) does not depend on the order
in which the operators €2 s €2y seeny €5 ATE applied to w, so that notation (7.8)
makes sense. Finally, the 7 factors inserted are prime factors of «(F, w). They are
also the only ones, because if {(d) was a prime cycle of ¢(F, @) not in F, a fortiori
{(d) would be a prime cycle of w. Hence, a prime cycle of @ and F would be
disjoint, i.e. F would not be contiguous to II(w). Thus

IIe(F, w) =F. (19)

For instance, take F = {(34) {(295) and

w=134[69]6381[57]5282

Then

(F,wy—1[34]346[952|96381575282.

The squared factors are indeed the only prime factors of (F, w).

If (F, w) belongs to E(X™(1)) (resp. E(X™4))) and if @ is non-empty, the color
word (F, w) is well-defined. If w is empty, let e(F, @) be the unique color word
v in X™(7) (resp. X™(3f)) with

{(v) =F.

For instance, with = 1, j = 2, ¢({(521), ¢) = 152.

Lemma 74. The entangling operator € is a bijection of E(X™()) (resp.
E(X™(3))) onto X™(z) (resp. X™(%)). The disentangling operator 8 is the inverse of €.

Proof. Let (F, w) be in E(X™(:)) (resp. E(X™(#))). If w is empty, we already
know that e(F, ) is in X™(z) (resp. X"(3)). If w is nonempty, let w = x;x, =+ %,
with %, = ¢ (resp. x; =1, x, =j). With the notations of (7.7), either x; =
y:#iands > 2, orx, =y, == 7and s = 1. In both cases the word ¢ (@) written
in (7.7) starts with 7 (resp. starts with 7 and ends with j). Thus, by induction on
the number of cycles in F, the word (F, w) is in X™(7) (resp. X™(5)).

Next from (7.6) and (7.9)

S¢(F, w) = (ITe(F, w), R «(F, w)) = (F, w).
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The other identity
ed(w) = e(II(w), R(w)) =

is obvious by (7.2), (7.3) and (7.7),
. Q.E.D.

Let w be an i-(resp. j-) linked color word of length m. The definition of
8*(w) given in (7.4) may be restated as follows. Let

(w) = (Fy, wy), 8(wy) = (Fy, wg),.., d(wny) = (Fi , wa) (7.10)

with 2, = e. Then

S¥(w) = F,F, - F, . (7.11)

As each pair (F;,, w;) belongs to E(X™ (7)) (resp. E(X™'(if))) for some m’, each
F is contiguous to Fy,, for k=1, 2,..., h — 1. Hence, (Fy,F,,...,F}) is the
V-factorization of the circuit d*(w). On the other hand, as w); is empty, the
commutative part Fj, consists of a single i-(resp. ij-) linked cycle. Therefore
8*(w) is an i-(resp. 7j-) linked circuit.

Conversely, let (F, , F, ,..., F;) be the V-factorization of an i-(resp. #f-) linked
circuit y. It follows from lemma 7.4 that it makes sense to define a sequence of
color words (w;,_; , @j_y ,..., Wy , @) by

Wy—y = €(Fy, ), Why = €(Fry» Wa1)yeees (7.12)
w, = e(Fy , w,), w == e(Fy , wy).
Then, let
w = e*(y). (7.13)

As F;, consists of a single 7-(resp. #-) linked cycle, the color word w is i-(resp. #-)
finked.

Lemma 7.4 also implies that 8%e* and e*8* are identity maps.

There remains to prove (7.5). Take again the notations of lemma 7.1. If
d = x;%;,, ~- %; is a prime factor of w = x,x, -** x,, , then

Blev) = b(%y , %) ** By 5 %) b(y , Xpyr) By, 211q)

X b(%y1q 5 X140) ** " DXy 5 Xm) B » %7)-

As x;, = %y, , and x; *** ¥;,_, and 4 are disjoint, this can be rewritten

B(w) = B(d) By ** %p_1%14q *** Xn)-
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By induction on the number of prime factors

Bw) = [] B@)-ER(w)

deP(w)
= BerlI(w) « BR(w).
Next by induction on A
B(w) = BeirlI(w) * BeirlIR(w) - *** * BerelIR*(w)
= Beird*(w).

This completes the proof of the theorem 7.2.
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