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Congruences for the g-secant Numbers

GeORGE E. ANDREWS AND DOMINIQUE FoATA

The g-secant number E,, (q) is shown to be congruent to q2"(""1) (its term of highest degree)
mod(q + 1) by using the combinatorial set-up of alternating permutations.

1. INTRODUCTION

Following Jackson [5] the g-secant numbers E,,{(q) are polynomials that may be defined
by

§0 Ep(@u*/(q5q)2n=1 L =1)"u*"/(q; q)2n (L.1)

where (a; @), =(1—a)(1—aq)--- (1 —aq"_l) forn=1and (a; g)o=1. When g equals 1,
the g-secant numbers become the ordinary secant (or Euler) numbers E,, that occur in the
Taylor expansion of 1/cos x. The recurrence

E;,=1mod4 (1.2)

goes back to Sylvester (see e.g. [6, p. 260]). As the polynomial E;, (q) is monic of degree
2n(n —1) (see Proposition 4.2 below), a good candidate for a g-analog of (1.2) is

E2.(9)=¢""""" mod (g +1)°. (1.3)

It is the purpose of this paper to derive (1.3) first by analytical methods, then combinatori-
ally, that is, by making use of the classical interpretations of Euler and tangent numbers in
terms of alternating permutations [1]. The latter numbers are the coeflicients of the Taylor
expansion of tan u. They also have g-analogs (further used in the paper) defined by

L Tones@u™ /@ @i =( £ 0% /@ 020e) [ £ 0205 @)

n=0 nz=0 n=0
(1.4)

2. RECURRENCE FORMULAE

Let E(u) (resp. T(u)) be the generating function for the g-secant (resp. g-tangent)
numbers as written in (1.1) (resp. (1.4)). Recurrence relations for the g-secant and
g-tangent numbers can be derived by transforming the infinite series (1.1) and (1.4) into
rational functions of (iu;q)» and (—iu;q)w (of course, i=(—1)1/2 and (a;q)=
lim, (a; q),). The calculations were made by Andrews and Gessel [3, Equation (2.7) and
the next one] who obtained

E(u)=2(=iu; q)w(it; q)eo/ (—itt; q)oo+ (itt5 9)oo)
T(u) = (=)((=iu; @)oo —(iu; g)w)/(—iu; @)oo+ (iu; §)eo).
From these expressions it is straightforward to get
E(u)—E(qu)=uE(qu)T ()
Tw)—Tqu)=u+uT(qu)T(u).
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2n—1

Equating coeflicients of u (resp. u*") in the expansions of both numbers of the first

(resp. the second) one yields

Ew@=_ 3 [ e Ea@Tamn @ =) )
2n 2k+1
Tons1(q)= 0<k§ _1 [Zk N 1]61 Tok1(q) Ton—2e-1(q) (n=1), (2.2)

where, of course, [37] denotes the Gaussian polynomial

[AA,;] =(q; )n/((q; Dm(q; q)n-1) fOrOSM<N

=0 otherwise.
Note that (2.1) and (2.2) provide the first values:
Eo@)=Ex@)=1; Es@)=qlq+1)’+q";
Eo(q)=q"(q+1)*(1+q°+q" YA +q+4°+2q°) +q'%
Tiq)=1; Ts@)=q(l+q); Ts@=q"(1+9)*(1+q")".

3. AN INDUCTIVE PROOF
Formula (1.3) is trivial for n =0, 1. Proceed by induction on n =2, assuming that

4 Exi(q)=¢"* mod(q +1)

holds for every k =n—1. As (1+¢)" divides T»,.1(q), as it was shown in [3], it follows
from (2.1) that mod(q +1)* we have

2n—-1

-1 -
s | @@

-2

2n—1 22 2n—1 n—1)2
_=._[ 3 ]qZ( 2) q(1+q)+[ . ]qZ( 1)

2n—-1 2(n—2)2 1- q2n-—2 2(n—1)2 2n(n—1)
=(1+q) q g+———=9q *q :
3 1—¢q

Eun@=[2" ] Bu @ T+

As g tends to —1, the polynomial expression inside the curly parenthesis tends to zero.
Therefore, the first term in the right-hand side member of the last equation vanishes
mod{(g + 1), This proves (1.3) for every n =0.

The combinatorial proof is derived in the following paragraphs.

4. ALTERNATING PERMUTATIONS

A permutation x =x1x2- - - x, of 1,2,..., n(n=1) is said to be alternating if x; < x,,
X2>> X3, x3<X4, - and so on, alternatively. The letters x»;_; (resp. x,;) are the troughs
(resp. peaks) of x. The notion was introduced by Désiré André [1] that showed that the
Euler number E,, (resp. the tangent number T,.;) was equal to the number of
alternating permutations of length 2n(resp. 2n +1).

By convention, there is one alternating permutation of length 0 and one of length 1. As
usual, the number of inversions of a permutation x = x1x5 * * * x,, is the number of pairs (i, )
with 1</ <j=n and x; > x;. It will be denoted by INV x.
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PROPOSITION 4.1. For every n=0 the polynomial Ez,,(q).(resp. Ts,+1(q)) is the
generating function for alternating permutations of length 2n (resp. 2n +1) by number of
inversions.

As the proposition has been proved in various contexts [4, 7, 8, 9], we only sketch a
proof based on recurrence relations (2.1) and (2.2). As the Gaussian polynomial [*3z '] is
the generating function for the permutations of 1*22*72*~! by number of inversions (see
e.g.[2, p. 41)), itis easy to derive by induction on » that the running term on the right-hand
side of (2.1) is the generating function for the alternating permutations of length 2rn with
(2k +1)th letter equal to 1 by number of inversions. Hence, E,,(q) is the sum of all those
generating polynomials. The result for T>,.+1(q) is proved in an analogous manner by using
(2.2).

5. BALANCED PERMUTATIONS

We next show that E,,(q) is monic by proving that there is a unique alternating
permutation with maximal number of inversions.

Let 1=<i=2n—1. An alternating permutation x = x;x, * * * X2, is said to be i-balanced,
if either i and (i + 1) are adjacent letters in x, in this order, or { and (i + 1) are not adjacent
but (i +1) occurs to the left of i.

For instance x =263 415 is i-balanced only for i =1, 3, 5.

When x is i-balanced for every i =1,2,...,2n—1, we simply say that x is balanced.

LeMMA 5.1. The permutation 2n—1).2n.2rn-3).2n-2).....3.4.1.2 is the
only balanced alternating permutation of length 2n.

Proor. The lemma holds for n =1, since 1. 2 is the only alternating permutation of
length 2. Assume n =2 and let x = x1x5 * * * X2, be a balanced alternating permutation. As
2n is necessarily a peak of x, it must be the leftmost one, i.e. x, = 2n. Now if the first letter
x1 was equal to i with i <2n —2, then (i + 1) would occur to the right of ; and x would not
be balanced. Thus

=Q2n—-1).2n.%x3.X4..... X2p.

Therefore x is balanced if and only if the factor xsx4...x2, is i-balanced for every
i=1,2,...,2n—3. As, by induction, 2n-3).(2n—2).....3.4.1.2 is the only
balanced alternating permutation of length (2n —2), we obtain the unique balanced
alternating permutation of length 2x by placing (2n. 1) . 2n at the beginning of it.

Let x =x3x5 - - - x, by a non-balanced alternating permutation and denote by i the
greatest integer for which x is not i-balanced. If ( + 1) and / were adjacent letters in x in
this order, all the letters greater than (i + 1) would be to the left of (i +1). On the other
hand, as x is alternating of even length, i would be a trough, thatis, x; =i +1>i = x;,; and
i = x;41 < Xxj4+2 wWith j +2 < n. But this would contradict the fact that all letters greater than i
are to the left of x; =i + 1. Therefore x is of the form

x=wiw'(i +1)w"
with w' a non-empty factor. Define
Px)=w(@+Dw'in".
Clearly, @(x) is also alternating and

INV ¢(x)=INV x+1. (5.1)
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PROPOSITION 5.2. The polynomial E,,(q) is monic of degree 2n(n —1).

Proor. From (5.1} it follows that an alternating permutation with a maximal number
of inversions is necessarily balanced. As there is only one such a permutation, the
polynomial E,,(q) is monic. Finally, the balanced alternating permutation (2Zn—
1).2n.2n—-3).(2n—2).....3.4.1.2 has an inversion number equal to 2rn(n —1).

6. THE CONGRUENCE

We are then left to prove:

THEOREM 6.1. Let n=0; then
E.(@)="""""mod(q +1)’.

PrOOF. The theorem holds for n =0 and 1. Let n =2 and denote by A,, (resp. B»,)
the set of all alternating permutations of length 2n having (2n — 1) among their troughs
(resp. having 2 among their peaks). If x belongs to Ay, (resp. B»,) its graph has the
(a)-form (resp. (b)-form).

2n 2
2n-1 4

Therefore
g™ x e Ar} =Y {g™ " x e Bon}=¢*" TV Ezua(q)
and
z {qINVx X €A2" ﬁan} q4("_2)+4(n_1)E2n—4(q)-
By induction
S (™ x € Agy U Bay} =240 Vg2 DD _ g#n=2+80mD 2000 11 (g 1112
=" mod(g +1)"

Let C,, be the complement of A,, U Bz, that is, the set of alternating permutations of
length 2n having (2n —1) and 2n among their peaks and 1 and 2 among their troughs.
There remains to prove

Y {g"™V*: x € Con}=0mod(q + 1%

Let o and 7 be the transpositions (2n — 1, 2n) and (1, 2), respectively, and G be the group
of order 4 generated by {c, 7}. Clearly G acts on C,,, and the generating polynom1a1 for the
four elements of each orbit by number of inversions is divisible by (g + 1) Therefore the
generating polynomial for all elements of Cs, is also divisible by (q + 1)%
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