
CHAPTER 10

Rearrangements of Words

10.1. Preliminaries

When enumerating permutations of finite sequences according to certain
patterns (such as with a given number of descents, with a fixed up-down
sequence, or with given positions for the maxima) one is frequently led to
transfer the counting problem to another class of permutations for which
the problem is straightforward or at least easier. Of course there is no
general rule to make up those transfers, but we have at our disposal several
natural algorithms. The purpose of this chapter is to describe those algo-
rithms and mention several applications.

The typical set-up for describing those algorithms is the following. Let A
be a totally ordered alphabet and A* be the free monoid generated by A. A
rearrangement of a nonempty word w~ axa2- - - am is a word w' — a^a^
• • • at , where ixi2- • • im is a permutation of 12 • • • m. The set of all the
rearrangements of a word w is called a rearrangement class (or abelian class).
Given a subset X of A* and two integral-valued functions D and E defined
on X, the problem is to construct a bijection of X onto itself that maps each
word w in X onto a rearrangement w' of w with the subsidiary property that

D(w') = E(w). (10.1.1)

In most cases the set X is a union of rearrangement classes. It then suffices
to give the construction on each such a class. From (10.1.1) it follows that
for each integer k and each rearrangement class Y contained in X we have

Card{wE7|Z)(w) = ^} = C a r d { w e y | £ ( w ) = ^ } . (10.1.2)

In probabilistic language this simply means that the statistics D and E are
identically distributed on Y.

One of the reasons for constructing such bijections is to discover further
refinement properties of the distributions of the statistics involved (see, for
example, Section 10.7 and Problem 10.6.3). As will be seen, the construc-
tions of those bijections, also called rearrangements, make use of the
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classical techniques described in this book (factorizations, cyclic shifts, and
so on).

The first example of such a rearrangement is the "first fundamental
transformation" (see Section 10.2). It is a bijection of the permutation group
of the set of n elements onto itself. Its construction is based upon the fact
that each permutation of 1 2 - / 7 can be expressed either as a word
a\ a2 ''' an-> o r a s a product of disjoint cycles. It is worth noting that such a
simple construction already gives nontrivial results about the distributions
of several statistics defined on the permutation group.

The first fundamental transformation is further extended to each arbi-
trary set of words (having repetitions). There is some algebraic work to do
in order to achieve that extension. In particular a substitute for the notion
of cycle, which the first fundamental transformation was based upon, has to
be found. The algebraic structures to be introduced are first the flow monoid
(that is, a quotient monoid of (^4X^4)* derived by a set of commutation
rules), then a submonoid called the circuit monoid. This will be discussed in
Sections 10.3 and 10.4. The first fundamental transformation is then de-
scribed in Section 10.5. Finally Sections 10.6 and 10.7 give a description of
the second fundamental transformation, on the one hand, and of the
Sparre-Andersen equivalence principle, on the other hand.

10.2. The First Fundamental Transformation

Let n be a (strictly) positive integer and w be a permutation of the set
[n] — (1,2, . . . ,«}. For each / = 1,2,...,« let at be the image of i under w. The
word ax a2 • • an will be referred to as the standard word associated to w and
also denoted by w. Assuming that the alphabet A contains the set Î J of the
natural numbers, the permutation group @ n may be regarded as a subset of
A*. Before constructing the first fundamental transformation for each set
<3n we mention a few notations valid for arbitrary words, not necessarily
standard.

Let w = axa2- - - ambe a. nonempty word. Its first letter ax is denoted by
Fw. Rewriting its m letters in nondecreasing order, we obtain its nondecreas-
ing rearrangement denoted by w = axd2- • • am {ax < a2 < • • • < am). If w is
an element of the permutation group @m, its nondecreasing rearrangement
is 1 2 • • • m. If the letters of w are not distinct, containing (say) m, letters
1, m2 letters 2,...,mw letters «, then

w = r«2'r2---/2m". (10.2.1)

Let (a, b) be an ordered pair of integers. Denote by va h(w) (resp. iab(^))
the number of integers / such that \^i<m — 1 and a^a.a^ — b (resp.

— 1 and at — b, ai+l — a). Clearly va b(w) and £a h(w) can only be
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equal to 0 or 1 if w is standard. The numbers

a<b a<b

are frequently referred to as being the number of exceedances and number
of descents of w, respectively. Each word w is said to be initially dominated if
al>ai holds for all / with 2<i<n. Finally, an increasing factorization of w
is a sequence (w,, w2,...,wp) of initially dominated words with the property
that

and

Fwx < Fw2 < • • • < Fwp.

For instance, the words w = 563182947 and w' = 311264622665175 admit
the increasing factorizations (5,631,82,947) and (3112,64,622,6,651,75),
respectively.

As shown in the following lemma, increasing factorizations are in fact
factorizations of the free monoid in the sense of Chapter 5 (see Problem
5.4.2).

LEMMA 10.2.1. Every word w — axa2''-an admits one and only one increas-
ing factorization.

Proof Say that the letter a( is outstanding in w if i = 1 or 2 < / < n and
aj < at for ally < / — 1. When cutting the word w just before each outstand-
ing letter we clearly obtain an increasing factorization. It remains to be
shown that it is the only one.

Suppose that there are two such factorizations, say (vx,v2,...,vr) and
(Wj, w2,..., ws). Lety be the smallest index such that vj ^ Wj. We can assume
that Vj is shorter that wJy so that Wj — VjU for some nonempty word u and
Fu = FvJ+l. As Wj is initially dominated, we have Fwy > Fu — FvJ+v On the
other hand, as (t?,, v2,...,vp) is an increasing factorization, we get Fwj — Fvj
< FvJ+l, leading to a contradiction. Thus the factorization is unique. •

The construction of the first fundamental transformation (in the permuta-
tion case) goes as follows: First, let r be a cyclic permutation of a finite set
B — {&!, b2,... ,bm) of m integers. Then, define q(r) as the following word of
length m:

q(r) = Tm(max JB)rm~1(max B) • • -
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As T is cyclic, we have Tm(max2?) = max2?. Furthermore, q(r) is a re-
arrangement of the m elements of B in some order. Clearly, q is a bijection
of the set of cyclic permutations of B onto the set of initially dominated
rearrangements of the word bxb2 • - bm.

Now let w — ax a2- • • an be the standard word associated to a permutation
of the set [n]. If the permutation has r orbits Bl9 B2,...,Bn we can assume
that those orbits are numbered in such a way that

max Bx < max B2 < • • • < max Br. (10.2.3)

Let Tl5 T2,...,Tr be the restrictions of w to Bx, B2,...,Z?r, respectively. As they
are all cyclic permutations, we can form the words q(rx), q(r2),...,q{rr). We
then let w be equal to the juxtaposition product,

The sequence (q(rx%q(r2),...,q(rr)) is precisely the increasing factorization
of w. The mapping that associates w to w is a bijection, since there
corresponds to w one and only one sequence of cyclic permutations of sets
Bl9B2,...9Br, with union {l,2,. . . ,n} such that (10.2.3) holds. To such a
sequence (T,,T2,...,Tr) there corresponds next one and only one sequence
(w,, w2,..., wr) of initially dominated words such that Fwx < Fw2 < • • • < Fwr

and Wj vv2- • • wr be a rearrangement of 12 • • • n. From Lemma 10.2.1 there
finally corresponds to (wl9w29...,wr) one and only one permutation w
admitting (>v1,>v2,...,vvr) as its increasing factorization.

Example 10.2.2. Consider the permutation

/ I 2 3 4 5 6 7 8 9 \
\ 3 8 6 9 5 1 4 2 7/*

The orbits written in increasing order according to their maxima are

Bx = {5), B2 = {1,3,6}, £3 = R 8 } , £4 = {4,7,9}.

Let Ty be the restriction of w to Bj (\^ j<4). Then

T2) = T2
3(6)T2

2(6)T2(6) = 6 3 1 ;

T3) = T32(8)T3(8) = 8 2 ;

T4) = T4
3(9)T4

2(9)T4(9) = 9 4 7 .
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Hence

w = 563182947.

Going back to the general case the construction of the inverse bijection is
made as follows: Start with a permutation v and consider the increasing
factorization, say (wl9w2,...,wr) of v. The product (in the group-theoretic
sense) of the disjoint cycles q~\w\)q~\w2)''' q~\wr) *s a permutation of
the set {1,2,...,w}. There corresponds to it a unique standard word w. Then
w — v.

Working again with the foregoing example, with v — w, note that the
increasing factorization of v reads (5,631,82,947). We can then form the
product of the disjoint cycles:

9(5\/3 1 6\/2 8\/4 7 9
V 5/V 6 3 1/18 2/\9 4 7

Erasing the parenthesis and rearranging the columns in such a way that the
top row is in increasing order we obtain the permutation

/ 1 2 3 4 5 6 7 8 9\
\ 3 8 6 9 5 1 4 2 7 / '

The standard word w such that w — v is simply the bottom row of the latter
matrix.

The first fundamental transformation is now used to prove the following
combinatorial theorem, which essentially says that the number of ex-
ceedances E and the number of descents D (see Eqs. (10.2.2)) are identically
distributed on each permutations group ©„.

THEOREM 10.2.3. For each pair of integers (a,b) with a<b and each
standard word w we have

In particular

E(w) = D(w).

Proof. Let w = axa2— • an. If vab{w) — 1, then a — i<al — b for some /.
But / and ai belong to the same orbit, say Ij. Let ry be the restriction of w to
Ij. Then, the dominated word #(ry) contains the factor a,/ — that is, b a —and
so £a b(w) = \. Conversely, let w-bxb2- -bn. If £ab{w) = \, there is one
and only one factor bibi+l of w that is equal to ba. Let (wl9\v2,...,wp) be
the increasing sequence of w. As bt>bi+x, the letter bt cannot be the last
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letter of a word Wj and bJ+ x be the first letter of wJ+x. Hence btbi+1 = b a is a
proper factor of some word Wj. With frJ — q'x{wJ) we then have b — T^a).
Thus b is the image of a under w; that is, *>a ^(w) = 1. The second part of the
theorem is an immediate consequence of the first part and definition
(10.2.2.). •

It follows from Theorem 10.2.3 that for each integer k we have

Their common value is the Eulerian number denoted by An k. (See Problems
10.2.1-10.2.3.)

10.3. The Flow Monoid

Denote by M(A) the free monoid generated by the cartesian product
AX A. It will be convenient to consider the elements of M(A) as two-row
matrices W— \ ,\ with w and w' two words of A* of the same length. Two
elements Wx and W2 of M(A) are said to be adjacent if there exist U and V
in M(A) and two one-column matrices r J , with a,a\b,b' in A,

V a i \ b I
having the property that

a'^V (10.3.1)

and

( • ) ( » > H £)(>. (10.3.2,

Notice condition (10.3.1). The commutation rule refers only to the top rows
of the matrices. Moreover, two adjacent matrices differ by two adjacent
columns whose top elements are distinct. Next two elements Wx and W2 are
said to be equivalent if they are equal or if there exist an integer p ^ 1 and a
sequence of elements Fo, Vx,..., Vp of M(A) such that Wx — VQ,W2 — VP and
Vt_ j and Vl are adjacent for K / < p. The equivalence relation just defined
is compatible with the juxtaposition product in M{A). The quotient monoid
of M(A) derived by this equivalence relation is called the flow monoid and
denoted by ^(^4). Its elements are called flows. The equivalence class of an
e l e m e n t ^ = ( ^ ) w i l l b e d e n o t e d b y [ W ] = | ^ ' j . T h e m a p ( ) [ ]

an injection of AX A into F(A), and F(A) is generated by the set of all ,
with a, b in A. If t; is a word of length m (where m^\) and a an element of
A, the flow a has a single representative, namely I a ' I.
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In the next lemma is determined an invariant of a flow. Let W— I ™ \ be
the two-row matrix with w = ax a2• • • am and wf = a\ a2• • • a'm. For each a in
A let (il,i2,...,ip) be the increasing sequence of integers / such that
K / < m and a] — a. Then Wa will denote the subword af a,r • • • a, of w.

For instance, for

l3 1 1 2 4 1 5 )
12 3 1 2 2 4 1 / 'w

we obtain

^ = 314.

Of course Wa is the empty word if a does not occur in w'.

1. Let W = \ l and W = \ 2

ofM(A). Then

LEMMA 10.3.1. Let Wx = \ l and W2 = \ 2 \ be two equivalent elements

(i) Wx
a = W2

a holds for every a in A;
(ii) The word w2 (resp. w2) is a rearrangement of wx (resp. w[).

Proof Properties (i) and (ii) trivially hold when Wx and W2 are adjacent.
Hence, they are also true for any two equivalent elements of M(A). •

THEOREM 10.3.2. (i) Each nonempty flow f has a unique factorization of the
form

(10.3.3)

with ax,a2,...,an in A satisfying ax<a2<-'-<an and mx>\,m2>
l , . . . , « n l

(ii) / / W— ( w j is any representative off, then the word a™xa2
2- • • a™n is

the nondecreasing rearrangement of w'.
(iii) Finally

Wa> = vf foreach / = l ,2, . . . , / i . (10.3.4)

Proof Clearly (ii) and (iii) are consequences of (i) and the previous
lemma. Let us establish (i).

As each flow of the form a with a in A and v in A* has a single

representative I a ), it suffices to prove that each nonempty element of
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M(A) is equivalent to exactly one product of the form

that is, to a matrix I v I with t/ nondecreasing.

Existence. Let W = ( ^ ) be an element of M(A) and assume that the
nondecreasing rearrangement of w' is af^a™2' • • 0™". There is nothing to
prove when Whas length 1. Assume now that the length of Wis at least 2.
Denote by vv2 the longest right factor of w' having no letter equal to an.
Then w'= w{anw2 for some word w{. Also

for some words w1,w2, and some letter b. But

is equivalent to

*n ^2

By induction the matrix

is equivalent to an element I u I with u' nondecreasing. As w' is a re-
arrangement of w{ w2 the word u'an is nondecreasing. Thus the element

n has the desired property. Moreover, it is equivalent to
u b !

vv9

and, a fortiori, to I w I for the equivalence relation is compatible with the
product.
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Unicity. Let Wa' = vt for i = 1,2,... ,n. Further, let

<**"

We show that each element T=l equivalent to I w j , with t' nonde-

creasing, is necessarily equal to ( v J. It follows from Lemma 10.3.1 (ii) that

t' is equal to a™1 a™2' • • a™n. Hence is equal to the product

h
for some words tx,t2,...,tn. But T°i = tt (where 1 < /: ̂  n). As Tis equivalent
to W, Lemma 10.3.1 (i) implies that Wai-Tai\ that is, vl = tl for each
/ = 1,2,. . . ,«. Hence / = txt2- • • rw = Q\V2' * * t;w. •

COROLLARY 10.3.3. TTze cancellation law holds in the flow monoid F(A). In
other words, for any flows / , / ' , f" the equality f f" — f f" (resp. f'f — f" / ' )
implies f—f.

Proof. L e t / b e a flow and a, b two letters. Consider the equation in g

/ = * [ ; ] • (10-3.5)

Using the factorization of/given in Theorem 10.3.2 we have

But this equation has a solution only if a is equal to some ai
a — at (say), then vt — wb for some word w. Let

If

h =
m , - l
i

W Vn

Then

so that h is a solution of (10.3.5). Any other solution is of the form
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As

we conclude from Theorem 10.3.2 that necessarily ux — vx,...,ulb-
wb,...,un = vn. Therefore (10.3.5) has at most one solution.

Consider now three f lows/ , / ' , / " . As

\i\-~f\i\
implies / = / ' , we have by induction on the length of / " that / / " = / ' / "
implies / = / ' . The "resp." part is proved in the same manner. •

10.4. The Circuit Monoid

Note that in each element I w I of M(A) the word wf is not necessarily a
rearrangement of w (although it is of the same length). When it is a
rearrangement, the equivalence class \w is called a circuit. Clearly, the set
C(A) of all circuits form a submonoid of F(A), called the circuit monoid. It
follows from Theorem 10.3.2 that each circuit c has one and only one
representative in the form v with t; a word and v the nondecreasing
rearrangement of v. Let

c=v (10.4.1)
U(c) = v. (10.4.2)

Conversely, to each word v of A* there corresponds one and only one
two-row matrix of the form v with v the nondecreasing rearrangement of
v. Define the circuit T(v) by

(10.4.3)

We then have m ( c ) = c and Iir(t;) = v for each c in C(A) and v in A*.
Thus the two maps

U:C(A)^A* and T:A*^C(A) (10.4.4)

are bijective and inverses of each other. Moreover

Il(c)=c and T(v)=v, (10.4.5)

denoting again by t; the nondecreasing rearrangement of v.
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The definition of F (given in (10.4.3)) is straightforward. As for obtaining
H(c) (whose definition is shown in (10.4.2)) we can proceed as follows:
Take any representative W— I w I of c and let ax < a2 < • • • <an be the
distinct elements of A that occur in w' (or w). Then H(c) is the word
vxv2- - • % with

(10.4.6)

The final step is to define another bijection &:A*^>C(A), and the
fundamental transformation wt-»vv will be the functional product A - 1 o r .
For each word w — axa2 • • am denote by 8w the cyclic shift

8w = a2a3'-amax.

Remember that a word is said to be (initially) dominated if its first letter is
(strictly) greater than all its other letters. In the same manner, a circuit c will
be said to be dominated if

c = \dw\ (10.4.7)
L w J v '

with w dominated. Clearly, for each circuit c there is at most one dominated
word w such that (10.4.7) holds. When w is dominated, we will denote by
y(w) the circuit

(10.4.8)

Thus y is a bijection of the set of all dominated words onto the set of
dominated circuits. In (10.4.7) the first letter of the dominated word w,
previously denoted by Fw, will also be written Fc.

By definition a dominated circuit factorization of a circuit c is a sequence
(dl9 d2,...ydr) of dominated circuits with the property that

and

Fdl<Fd2^-" <Fdr. (10.4.9)

THEOREM 10.4.1. Each nonempty circuit admits exactly one dominated
circuit factorization.

The proof of Theorem 10.4.1 actually gives the construction of the
factorization. The dominated circuits are to be sorted one by one out of the
initial circuit. Let us first prove the following lemma:
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LEMMA 10.4.2. Let v be a nonempty word and v be its nondecreasing
rearrangement. If there exists an integer i>\, a sequence (aQ,a\',...,a") of

letters and an element I ' I of M(A) with the properties that

(i) afQ is different from each of the letters a",...,a";
(ii) (°\ is equivalent to

' ' ,"_, aU ••• a'{ a'l\

then a letter a'/+ x and a matrix l+1 \ of M(A) can be found so that condition
\vi+\ I

(ii) holds when i is replaced by i + 1 .

Proof Define a"+x as the bottom element of the rightmost one-column

submatrix of I * I whose top element is equal to a". This definition makes

sense, for conditions (i) and (ii) imply that v- contains a letter equal to a".
Hence, the following factorization holds:

with no letter equal to a" in ur
2. Then put

7+1 _ \ u \
Vi+l j \ M, U

The following two elements of M(A):

A
and

are equivalent. Thus condition (i) also holds when / is replaced by i• + 1. •

We are now ready to complete the proof of Theorem 10.4.1. Let v —
b\bi ' 'bm be a word with a nondecreasing rearrangement given by v =
<*\<*2' " < = apap- • • O (where ax<a2< • •• < a n \ mx >l9 w 2 > l , . . . ,
mn > 1). Consider the circuit

\v] \a\ a'2
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If v is of length one, then

and the theorem is proved. Assume m > 2. If bm — a'm ( = an\ let

c -
n-\ and d —

Then

c — cf d.

By induction on m, the circuit c' admits the unique dominated circuit
factorization

c' = dxd2--dr.

As d is trivially dominated and an is the maximum letter of v, we also have

Fdx < Fd2 < • • • < i ^ r < Fd.

Therefore c has the following dominated circuit factorization

c = d}d1" - drd.

If bm*a' let a\' = v\ = and vy —
bxb2- - •6m_1.Then conditions (i) and (ii) of Lemma 10.4.2 both hold for
/ = 1. By applying Lemma 10.4.2 inductively we can form a sequence
(a'0\ a", . . . ) of letters. Let / + 1 be the first integer for which Lemma 10.4.2
does not apply. Such an integer exists since the sequence is necessarily
finite. We then have a"+, = a'§, but still a^ different from each of the letters
< , . . . , < . If z' + K m - l , let

c' = and d =

Then d is dominated (by the maximum letter a^ — an). If dxd2 • • J r is the
dominated circuit factorization of c\ then we conclude, as before, that

dxd2- - • drd

is a dominated circuit factorization of c.
It remains for us to prove the unicity of the factorization. Let cxc2- • • cq

and dxd2- • • dr be two dominated circuit factorizations of a circuit c — T(v).
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Let vq ~ b\ bf
2 - ' bf

s and wr — b'{ b'{ • • • b" be two dominated words defined
y(v) = c and y(wr) = dr (see (10.4.8)). Thus

*;

and

d =

b\

But b\ and b'[ are both equal to the maximum letter of v. Therefore b's — b".
Assume s < / . By induction b's_x — b't'_x,...,b\ — b'/_s+x. But b\ — b'{. As wr is
dominated, the equation bf{ — b'/_s+x can hold only if t = s. Hence vq — wr
and cq = dr. As the cancellation law holds in F(A) (see Corollary 10.3.3), we
obtain c,c2- • • cq_, = dxd2- • • dr_x. The unicity follows by induction on the
length. •

10.5. The First Fundamental Transformation for Arbitrary
Words

We are now ready to define the second bijection A: A* -> C(A). Let
(w,,w2,...,wr) be the increasing factorization of a word w (see Lemma
10.2.1). Remember that each factor wt is dominated so that we can form the
dominated circuit

8wf

W:

Taking their product in C{A) we obtain the circuit

By construction

(10.5.2)

(see definition (10.4.1)). On the other hand, y is a bijection of the set of
dominated words onto the set of dominated circuits with the property that
y(w)=vv (see (10.4.8)). The map that associates (w,, vv2,.. .,wr) to
(Y(W\\ y(w2)»•••>y(w

r)) transforms the increasing factorization of w into the
dominated circuit factorization of A(w). It then follows from Lemma 10.2.1
and Theorem 10.4.1 that A is bijective.
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The essential property of A is that the adjacent letters ba of w with a < b
are transformed into vertical pairs , in A(w). We make this definition
more precise by introducing a function i)a b on circuits as follows: Let

c —

be a circuit. Then r]ah(c) is defined as the number of vertical occurrences of
, in c, that is, the number of integers / with Ki<m and a\ — a, b\ — b.

Remember that i;ab(w) is the number of two-letter factors of the word w
that are equal to ba.

THEOREM 10.5.1. For each nonempty word w of A* and each ordered pair
(a, b) of letters satisfying a<b, we have

L,b(™) = 'na,b(Hw))' (10.5.3)

Proof Let (w1? w2,...,wr) be the increasing factorization of a word w and
a<b. First, b cannot be the last letter of H>, while a is the first letter

J I o \

of the successive factor wJ+}. Second, each word of M(A) cannot end

with the letter I , I. Hence the horizontal pairs ba and vertical pairs I , I
can occur only as shown schematically in the next equation

Thus Eq. (10.5.3) holds. •

Denote by A"1 the inverse of A that maps C(A) onto A*. If w is a word,
let

(10.5.4)

THEOREM 10.5.2. The mapping w\^w is a bijection of A* onto itself having
the following properties'.

(i) w is a rearrangement of w\
(ii) for each pair (a,b) with a<b then

'«.»("0 = €«,*(*)•
Moreover

(10.5.5)

(10.5.6)
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Proof. As both V and A"1 are bijective, their composition product is also
bijective. Property (i) follows from (10.4.5) and (10.5.2). Now let w = a]a2
• • • am be a word and w = a[a2- - • a'mbc its nondecreasing rearrangement.
Remember that va b(w) is the number of integers i with a\ — a and at = b.
The relation va b(w) = ya b(T(w)) for a<b is a trivial consequence of the
definitions of vah and T)a b. From (10.5.3) we deduce that

As for (10.5.6) it follows from (10.5.5) and definition (10.2.2). •

Example 10.5.3. Let us illustrate with an example the construction of the
bijection w\-*w and its inverse. Consider the word

w = 31514226672615 .

Its nondecreasing rearrangement reads

vv = l 1122234556667.

Then T(w) (see (10.4.3)) is the circuit

•»=[:]=[;:w]_\\ 1 1 2 2 2 3 4 5 5 6 6 6 7]
5 1 4 2 2 6 6 7 2 6 1 51'

To compute A ^ I ^ w ) ) we have to determine the dominated circuit factori-
zation of F(w) as indicated in Theorem 10.4.1. This is achieved by sorting
out the successive dominated circuits from right to left:

w x [ l 1 1 2 2 2 3 4 5 6 6 6 1 T 5 7 ]
T{w)-[3 1 5 1 4 2 2 6 6 2 6 l J b 5 J

1 1 2 2 2 3 4 6 6 ] F 5 1 6 ] [ 5 7
3 1 1 4 2 2 6 2 6JL6 5 l j |_7 5
1 1 2 2 2 3 4 6 ] f 6 ] [ 5 1 6 l [ 5 7
3 1 1 4 2 2 6 2 J L 6 U 6 5 1J L T 5
1 1 2 3 l [ 4 2 2 6 ] [ 6 ] [ 5 1 6 ] f 5 7 ]
3 1 1 2 JL6 4 2 2 j U j l . 6 5 1J L T 5 ] "

The word w = A " ] ( r ( w ) ) is then the juxtaposition product of the words
occurring in the bot tom row in the last product, namely

w = 31126422665175.

Conversely, to obtain w from w—that is, w = F"1(A(w))—we first form
the increasing factorization of w

(3112,6422,6,651,75),
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then define A(w) (see (10.4.1)), namely

1 1 2 3 4 2 2 6 6 5 1 6 5 7
3 1 1 2 6 4 2 2 6 6 5 1 7 5

Then we reshuffle all the columns of A(w) so that the top row is in
increasing order (see (10.4.2)). We find again F(w), and finally w occurs in
the bottom row.

In the example boldface type in T(w) marks the letters of w that are
greater than the corresponding letters of w above them. We have the vertical
pairs

. 3 / '

In w we have the horizontal pairs

31,64,42,65,51 and 75.

Thus E(w) = 6 = D(w).

10.6. The Second Fundamental Transformation

Let w — axa2'''am be a word of length m^\. Its inversion number,
denoted by INV w>, is defined as the number of ordered pairs (/, j) with
1 ^ / <j<m and at>aj. The down set of w, denoted by DOWN H>, is
defined by

D O W N w = { / | K / < w - l , a,-><*,•+,}, (10.6.1)

and the major index of w, denoted by MAJ w, as the sum (possibly zero) of
the elements in DOWN w.

For instance, with

1 2 3 4 5 6 7 8 9
w= 4 4 2 3 4 1 3 2 3,

we have INV w = 20, DOWN w = {2,5,7}, so that MAJ w = 2 + 5 + 7 = 14.
MacMahon (1913, 1915) introduced the function MAJ in the study of

ordered partitions. Let X be a rearrangement class of A* (see Section 10.1)
and let

be the generating functions for X by number of inversions and major index,
respectively. MacMahon obtained (1916) the surprising result that I(q) and
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M(q) have the same expression (see Problem 10.10). Schutzenberger (private
communication 1966) raised the problem of finding a bijection 0 of A* onto
itself with the property that for every word w

(i) $(w) is a rearrangement of w;
(ii) INV$(w) = MAJ w.

The bijection $ described below was found in Foata (1968) and later
referred to as the "second fundamental transformation." When $ is re-
stricted to the permutation group, it has further interesting properties (see
Problem 10.6.3).

The construction of $ goes as follows: Let a be an element of A and w a
nonempty word. If the last letter of w is smaller than or equal to (resp. is
greater than) a, the word w clearly admits the unique factorization

called its a-factorization having the following properties:

(i) Each bl(1 ^ / < p ) is a letter satisfying b{<a (resp. bt>a);
(ii) Each D, ( K / < /?) is a word that is either empty or has all its letters

greater than (resp. smaller than or equal to) a.

Then let

(Note that w = vlblv2b2' — vpbp.) The bijection will be defined by induc-
tion on the length of the words as follows:

If w has length 1, let

$(>v) = w; (10.6.3)

If | w | > 2, write w = va with a the last letter of w. By induction determine
the word v' = ya($(v)) and let $(H>) be the juxtaposition product

O(w) = v'a( = ya($(v))a). (10.6.4)

Let us describe the effective algorithm for O.

ALGORITHM 10.6.1. Let w = ax a2 • • am be a word;

1. Let / = l,w[ = a1;
2. / / / = m, let 5>( w) = w[ and stop; else continue;
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3. / / the last letter of w[ is smaller than or equal to (resp. greater than)
at+\> sPti* w! after eacn letter smaller than or equal to (resp. greater
than)ai+x\

4. In each compartment of w[ determined by the splits move the last letter to
the beginning', let v' be the word obtained after making those moves; let
w'i+ j = v'ai+,; replace i by / + 1; go to 2.

For instance, the image under 0 of the word w = 442341323is obtained
as follows.

w[ = 4\

s' = 2 |4 |4 |3 |4 |

6' = 2 |443 |41 |
j = 23 |4 |4 |14 |3 |

8' = 3 |2 |4441|3 |2 |

The algorithm can be reversed (see Problem 10.6.1).

THEOREM 10.6.2. The map 0 is bijective. Furthermore, the image ^>(w) of
each word w is a rearrangement of w. Finally, the following identity holds

INV$(w) = MAJ w. (10.6.5)

Proof The first two statements are easy to prove. As for the last one, let
w = ax a2- - - am and for each a in A let la(w) (resp. ra(w)) be the number of
subscripts / with K / ̂  m and ai < a (resp. ai > a). Of course, la(w)+ ra(w)
— | w |. Furthermore,

Now if the last letter of w is less than or equal to a, we have

MAJ wa — MAJ w.

When the last letter of w is greater than a, we have this time

INVya( w) = INV w + la(w)
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Property (10.6.5) is then a consequence of these five relations together with
(10.6.4). First

since ya($(w)) is only a rearrangement of w. Then, if the last letter of w is
less than or equal to a, we get (by induction):

INV<S>( wa) = INVya($( w)) + ra(w)

= MAJH>
— MAJwa.

Finally, if the last letter of w is greater than a, we have (by induction)

= MA J w + | w |

Working with the foregoing example w = 4 4 2 3 4 1 3 2 3 and
3 2 1 4 4 4 3 2 3, we obtain

10.7. The Sparre-Andersen Equivalence Principle

The Sparre-Andersen equivalence principle was presented in Proposition
5.2.9. Let us recall that if w = ax a2 • • • am is a word of A* with A the field of
the real numbers, we let

o(w) = ax + a2+ ••• +am (10.7.1)

be the total sum and ( ^ ( w ^ O , a 1 ( w ) = a(a1) = a,,a2(vv) = o{axa2) — ax -h
fl2'---»am(H;) = a ( f l i a 2 ' ' ' am)~a\ + ai + *' * + flm ^>e ^ e partial sums of
w. For each /c = 0, l , . . . ,m let Iim k{w) be the number of subscripts / for
which

• Either 0 < / < k — 1 and ot{w) > a^(w), / | Q y 2)
• Or A: + 1 < i < m and aT( w) > a^( w).
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Thus Hm k(w) is the number of partial sums greater than or equal to ok(w)
(with the convention that whenever two partial sums are equal the left-hand
one is counted before the right-hand one with ak(w) itself not being
counted.)

For instance, with m = 8, k — 5, and w = 1, —2,0,3, — 1,1, — 2,1, the se-
quence of partial sums is (0 ,1 , -1 , -1 ,2 ,1 ,2 ,0 ,1) , as graphically repre-
sented in Figure 10.1. As ok(w) — o5(w) — 1, we obtain II8 5(w) = 3.

Clearly Um0(w) is the number of (strictly) positive partial sums that was
denoted by L(w) in Chapter 5. Now the index of the first maximum in
(ao(w),a,(w),...,am(w)) is equal to k—a quantity denoted by II(w) in
Chapter 5—if and only if Hm k{w) = 0. The Sparre-Andersen equivalence
principle expresses the fact that in each rearrangement class X there are for
each integer k as many words with L(w) ( = Um 0(w)) = k as words w' with
U(w') = k; that is, Ilmk(w') = 0.

Later Sparre-Andersen (1962) obtained a further extension of his princi-
ple as follows:

THEOREM 10.7.1. Let j,k be two integers with O^j.k^m. Then in each
rearrangement class X of words of length m there are as many words w with
Ilm k(w) = j as words wf with Hmj(wf) = k.

Theorem 10.7.1 will be proved by constructing a bijection pk of X onto
itself with the property that

nm,*(w) = j~nmJ(Pk(w)) = k. (10.7.3)

The following bijection p was defined in Chapter 5. If w is the empty
word 1, let p(w) = w, while if a is a letter of A, define by induction on the
length m of w

p(wa) = p(w)a if om+l(wa

— ap{w) otherwise. (10.7.4)

Figure 10.1. Graph associated with a sequence of partial sums.
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It was shown in Proposition 5.2.9 that p was a bijection of each rearrange-
ment class onto itself and also

that is,

nw,0(») = j~nm,M»)) = o. (10.7.5)

Clearly (10.7.5) is a particular case of (10.7.3) obtained for k — 0. But how is
pk to be defined for the other values of A:? This is the purpose of this
section.

In Example 5.2.8 it was noted that the two sets

R = {rG A*\r = uv => o(v) > 0}
S = {sE A*\s = uv=*o(u)<0}

were submonoids of A* and each word w' has a unique factorization

w'=rs9 rER, sES. (10.7.6)

Moreover, it was shown that the length of r is equal to the index of the first
maximum in the sequence of the partial sums of w\ a result that can also be
expressed, if | w\ — m, by

It follows from (10.7.5) that if

p(w) = rs, r<ER, sES, (10.7.7)

then

n m , 0 (w) = | r | . (10.7.8)

CONSTRUCTION OF THE BIJECTION pk. Let H e a fixed integer with
0<k^m and w = axa2• • • am be a word. To obtain pk(w) calculate succes-
sively

1. Wj and w2 by

w = w,w2, \wx\=km
9

2. rx,r29sx,s2by

= rxsl9 p(w2) = r2s2, with rx,r2ER and sx,s2ES and p defined in
(10.7.4);
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3. Wj and u2 b y

THEOREM 10.7.3. The mapping pk defined previously maps each rearrange-
ment class onto itself and satisfies property (10.7.3).

Proof Clearly pk is a rearrangement. As p is bijective and the factoriza-
tion given in (10.7.6) is unique, the map pk is also bijective. On the other
hand, Hm k(w) is also the number of subscripts / for which

• Either O^i^k — 1 and o(ai+lai+2- • • a
• Or k + Ki^m and o(ak+]ak+2' • • at)>0.

Thus

nm,,(w) = n,J,(w1)+nm_^0(w2).

As the reverse image iv, of wx has the same total sum as w,, we deduce that

nktk(wl) = k-nkf0(wl).
Therefore

n m , , ( w ) = ^ - n , 0 ( J v 1 ) + n m _ , , 0 ( w 2 ) . (10.7.9)

Let I M, I = I M, I = j . In the same manner

n m , > > ) ) = y-ny,0(M|)+nm_70(«2).

On the other hand, (10.7.7) and (10.7.8) applied to wltw2, M,, and u2 yield

Hence

and

= | 5 j | + | /-j | = | w , | = A:.

Thus property (10.7.3) is verified.
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Example 10.7.4. The construction of pk can be illustrated with the
example shown in Figure 10.1. There m — 8, h — 5, w — 1,
— 2,0,3, — 1,1, —2,1 and II8 5(w) = j — 3. Again consider the four steps of
the construction of pk

2.
= l , - 2 , 0 , 3 , - 1 ;
iv,) = l, 0 ,3 , -1 , - 2 ;

As the indices of the first maxima of the partial sums of
equal to 3 and 1, respectively, we have

and p(w2) are

= 1,0,3; = - 1 , - 2 ; J 2 = - 2 , 1 ;

3. ux = p-\r2sx) = l9-l,-2;
u2 = p-l(r{s2)= -2,1,3,0,1.

4. pk(w) = ulu2— —2,-1,1,-2,1,3,0,1, which corresponds to the par-
tial sum graph drawn in Figure 10.2.

The number of partial sums of pk(w) that are greater than or equal to
<Jj(pk(w)) = a3(p5(w)) = —2 is equal to k = 5.

Notes

The first fundamental transformation for permutations is already implicit
in Riordan (1958, Chapter 8). It is an essential tool in the study of Eulerian
polynomials, as shown in Foata and Schiitzenberger (1970). The extension
of the first fundamental transformation to arbitrary words was obtained by
Foata (1965). Then Cartier and Foata (1969) derived a convenient set-up to
describe it first by introducing the monoids subject to commutation rules,
second by developing the study of the flow and circuit monoids. Lallement
(1977) took up again this study in one chapter of his book. The circuit
monoid was also used by Foata (1979,1980), in particular to derive a

Figure 10.2. Graph associated with a sequence of partial sums.
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noncommutative version of the matrix inversion formula. Mobius inversion
identities can be obtained for commutation rule monoids (see Cartier and
Foata 1969). Content, Lemay, and Leroux (1980) proposed a general setting
for Mobius inversion that includes locally finite partially ordered sets and
commutation rule monoids. The second fundamental transformation was
derived by Foata (1968) and further used in Foata (1977) and Foata and
Schutzenberger (1978). See MacMahon (1913, 1915, 1916) for the first
studies of the major index. Several multivariate distributions on <&n involv-
ing the major index and inversion number have been calculated, particularly
by Stanley (1976), Gessel (1977), Garsia and Gessel (1979), Rawlings (1981).
The extension of the equivalence principle is due to Sparre-Andersen (1962).
Other combinatorial constructions have been found that basically involve
rearrangements of sequences. See for example Dumont and Viennot (1980),
Dumont (1981) and Strehl (1981).

Problems

Section 10.2

10.2.1. For O^k^n let Ank denote the number of permutations in <Bn
having k descents. Take a permutation w = ax a2 • • * an_ x(n>2) and
insert n before w, after w or between two letters. The number of
descents remains alike or increases by one. This provides the recur-
rence relation for the Eulerian numbers An k, that reads

^1,0 = 1» A\,k = ° f o r k ^ 1

and for n > 2 and 0 < k < n — 1

(See Foata and Schutzenberger 1970).
10.2.2. For each permutation w — axa2- • • an the number of rises of w,

denoted by R(w\ is defined to be the number of integers j with
0 < j ^ n — 1 and aj < aJ+ x (by convention a0 — 0), while the number
of 0-exceedances of w, denoted by E0(w), is the number of integers j
with Kj^n and aj^ j. Note that E0¥^E-\-l.

Consider the following sequence

= alala2

w2 = vv, ("first fundamental transformation")

vv3 = w2 (reverse image).
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The mappings w\->w3 and w2*^w3 are bijections of @w onto itself
with the property that

(See Foata and Schiitzenberger 1970.)
10.2.3. For each positive integer n let

4,(0 = 24,,*'* (o<*<»-i)
be the «th Eulerian polynomial. From Problem 10.2.1 it follows that

and from Problem 10.2.2

'4,(0 = 2>*<w) ("£©„)•

By classifying the permutations according to the position of the
letter n we have

- 2 ; n>\)
and

The former identity is equivalent to

whereas the latter one is equivalent to

The last two identities form a system of two equations with two
unknowns. Solving this system yields
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Section 10.4

10.4.1. Let II be the bijection of the circuit monoid C(A) onto A* and T be
the inverse bijection, as they were defined in Section 10.4. For each
pair of words w, w' in A* the formula WTW' — YL(T(w)T(wf)) defines
a new product in A*, called the intercalation product. The ordered
pair C'(A) = (A*,T) is called the intercalation monoid. It is isomor-
phic to C(A). Let w, w' be two words and denote by ax,a2,...,an the
increasing sequence of the letters occurring in either w or w'. Let
mi =\w\a (resp. m\ — |w'|fl ) be the number of occurrences of at in
w (resp. in w') and (wx,w2,...,wn) (resp. (w{,w2',...,ww')) be the
factorization of w defined by | vvf | = ATZ7 (resp. of w' defined by
\wl\=m\). Then

W T W ' = Wj w[w2w2 • • - ww u / .

For instance, with w = 311454 and w/== 52243 we have H>TW>' =
31521245443. (See Cartier and Foata 1969.)

10.4.2. A cycle is defined to be a nonempty circuit

t Sw
c —'

w
a2a3"-an with w — axa2- • • an

standard. Two cycles c = \°w \ and c' —\ w. \ are said to be disjoint
J L w J L w r J J

if w and wf have no letter in common. The circuit monoid C(A) is
generated by the set of all cycles submitted to the following commu-
tation rule that cc' — c'c whenever c and cr are disjoint. (See Cartier
and Foata 1969.)

10.4.3. Let n be a positive integer and A be the finite alphabet {1,2,.. . ,«}.
Construct the circuit monoid C(A). If a circuit c is a product of
exactly p(c) disjoint cycles, let

In the other cases, let /x(c) = 0. The characteristic series of C(A) is
given by

2c=(2rtc)cyl (cec(A)).
(See Cartier and Foata 1969.)

10.4.4. Let B = (b(i,j)) ( l^ / ,y '<«)be an n X n matrix. We assume that
the n2 entries b(i, j) are indeterminates subject to the following
commutation rule that b(i9 j) and b(i\ j') commute whenever / and
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/' are distinct. Let Z[[l?]] denote the Z-algebra of formal power
series in the variables b(i, y)s (still subject to the foregoing commu-
tation rule). The polynomial det(/ — B) (with / the identity matrix
of order n) belongs to Z[[2?]]. For each nonempty circuit

c =

let

and /?(c) = 1 if c is the empty circuit. The following identity holds:

By extending /? to a homomorphism of the large algebra of C(A)
into Z[[B]] we deduce from Problem 10.4.3 that

(See Cartier and Foata 1969.)
10.4.5. Let Xx,X2,...,Xn be n commuting variables, and let Bf-(bf

tj)
(1 < /, j< n) be a matrix with real entries. Let a(b(i, j)) — b'^Xj and
extend the definition of a to all of Z[[2?]] by linearity. The image
under a of the latter identity is

»

where a(mu m2,...,mn) is the coefficient of the monomial

• • • X™" in the expansion of

I^JXJ) (2b2Jx) •••(2KjxJ) .

This identity constitutes the essence of the MacMahon Master
Theorem. (See Cartier and Foata 1969.)
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Section 10.6

10.6.1. The algorithm for the inverse $~l of the second fundamental
transformation can be described as follows:

Let w = axa2 * • am be a word.
1. Let / = m9 V)'— axa2' • • am\
2. Let bt be the last letter of i/; if i = 1, let ®~\w)-bxb2- • • Z?m,

else let vt_x be defined by t>' = vi_xbi;
3. If the first letter of t^-.j is greater than (resp. smaller than or

equal to) bi9 split vt_x before each letter greater than (resp.
smaller than or equal to) bt\

4. In each compartment of t ^ determined by the splits move the
first letter to the end; let v' be the word obtained after making
those moves; replace i by / — 1 and go to 2.
(See Foata 1968; Foata and Schutzenberger 1978.)

10.6.2. Let # be a real or complex variable and for each positive integer m
let [m] = \ + q + q2 + ••• + qm~x and [m] = l if m = 0. Also let
[m]\ = [m][m — \]' • - [2][1]. Let X be the rearrangement class of the
word lmi2m2---rtm". Then

(See Andrews 1976, Chapter 3).
10.6.3. For each w = axa2- • • an in the permutation group <Bn let IDOWN w

be the down set of the inverse w~l (in the group @w). Clearly, the
integer / belongs to IDOWNw if and only if in the word axa2- • • an
the letter i + 1 occurs to the left of the letter i. Let IMAJ w be the
sum of the elements in IDOWN w. The second fundamental trans-
formation, restricted to the permutation group @n, preserves IDOWN;
that is:

I D O W N $ ( H > ) = IDOWN w.

Denote by i(w) the inverse w~l of the permutation w and consider
the transformation

Then ^ is a bijection of (Bn onto itself with the property that

and INV*(w) = MAJw.

In particular, the six ordered pairs (MAJ,INV), (IMAJ,INV),
(IMAJ,MAJ), (MAJ,IMAJ), (INV, IMAJ), and (INV,MAJ) have
the same bivariate distribution on @n. (See Foata and Schutzen-
berger 1978.)
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et réarrangements, Lecture Notes in Math., vol. 85, Springer-Verlag,
Berlin.

Content, M., F. Lemay, and P. Leroux, 1980, Catégories de Möbius et
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natoire et du calcul des probabilités, Publ. Inst. Statist. Unio. Paris, 14,
81-241.

Foata, D., 1968, On the Netto inversion number of a sequence, Proc. Amer.
Math. Soc.,19, 226-240.

Foata, D., 1977, Distributions Eulériennes et Mahoniennes sur le groupe
des permutations, in M. Aigner (ed.), Higher Combinatorics, 27-49, D.
Reidel, Boston, Berlin Combinatorics Symposium, 1976.

Foata, D., 1979, A non-commutative version of the matrix inversion
formula, Advances in Math., 31, 330-349.

Foata, D., 1980, A combinatorial proof of Jacobi’s identity, Ann. Discrete
Math., 6, 125-135.

Foata, D., and M. P. Schützenberger, 1970, Théorie géométrique des
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