Eulerian Calculus, IT : An Extension of

Han’s Fundamental Transformation

ROBERT J. CLARKE anD DOMINIQUE FOATA §

In our first Eulerian Calculus paper, we introduced the k-descent and
k-excedance statistics on words, considered various bijections associated
with them and calculated their distributions. In this paper we consider
the k-major and k-den statistics and show that the joint des-maj and exc-
den distributions of that k-extension are identical. We also consider the
generating functions for these statistics.

Dans notre premier article sur le Calcul Eulérien, nous avons intro-
duit les statistiques k-descentes et k-excédances sur les mots, construit
les différentes bijections associées et calculé leurs distributions. Dans le
présent article nous considérons l’indice k-majeur et la statistique k-den
et montrons que les distributions jointes des-maj et exc-den de cette k-
extension sont identiques. Nous considérons aussi les fonctions génératrices
de ces statistiques.

1. INTRODUCTION

This paper is the second one of a series of three articles (see [6]
and [7] for the other two), in which we investigate further extensions
of the classical Eulerian Calculus that involves, first, the constructions
of transformations on the symmetric group and related structures, then,
explicit calculations of distributions of order statistics on those structures.

We use the same notations as in the previous paper, but for convenience
sake we recall them here. First, X is a fixed non-empty set, referred to
as an alphabet, on which a total ordering D is defined. If x,y € X and
(x,y) € D we will write x <p y or simply x < y if no confusion can arise.
We will normally take X to be the subset [r] = {1,2,...,7} (r > 1),
but D need not be the standard ordering on [r]. We also have a fixed
integer, k, such that 0 < k <r and j =r — k. The letters 1,...,5 will be
called small and the letters 7+ 1,...,r large. We say that D is compatible
with k if, for all x large and y small, we have x > y. We also introduce a
small letter » which is greater than any small letter of X.

The free monoid generated by X will be denoted by X*. The elements
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of X* are finite words w = x1x3 . ..x,, with letters x; taken from X. When
we wish to stress the fact that a word has both small and large letters,
we will speak of weighted word. A word w’ is said to be a rearrangement
of the word w if it can be obtained from w by permuting the letters z1,
T9, ... , T,y in some order.

Let ¢ = (¢1,...,¢;) and d = (dy,...,dx) be two vectors with positive
integer components. Also let ¢ = ¢y +---+¢;, d = dy +--- + d}, and
c+d = m. The class of all m!/(ci! ... ¢;!dy! ... di!) rearrangements of

the word 1¢1...5% (j 4+ 1)% ...r% will be denoted by R(c,d) or by C(v),
where v is a given word in R(c,d).

Let w = z122... 2, and let W = Y1942 ...y, be its non-decreasing
rearrangement (with respect to a given ordering D). As in the previous
paper, we say that the word w has a k-excedance at i (1 <1i < m), if either
x; > 1y;, or x; = y; and x; large. We also say that w has a k-descent at i
(1 <i<m),ifeither x; > x;11, or x; = ;11 and z; large. (By convention,
Tm+1 = *.) The numbers of k-excedances and k-descents of a word w are
denoted by excy w and des; w. We will sometimes use the notations excy, p
and desy p if we need to draw attention to the ordering D.

In our first paper [6] we showed that for each ordering D compatible
with £ > 0 the statistics “des,” and “exci” were equidistributed on each
rearrangement class R(c,d) and proved certain invariance properties on
the distributions of those statistics. Actually, we constructed a bijection
®;. of each rearrangement class R(c,d) onto itself that satisfied desy w =
excy Px(w), identically. Hence for each rearrangement class R(c,d) the
generating polynomials Y ¢4+ % and > %" (w € R(c,d)) are equal.
Let Ac(t) be their common value. It was also shown that the generating
function for those polynomials could be expressed as

ucvd (IT+wv)*...(1+wvg)°
1.1 —_ t°
( ) Z (1 _ t)c—i—d—l—l Z 1 _ ul s—|—1 (1 — U )s+1 ’
c,d s>0
where u® = uf uj” and v4 = vfl ...ng. The object of this paper is

b2 b

to extend those results to joint statistics involving “des;” and “exc” and
thereby propose a natural g-extension of all of those results.

As usual, let (a;q),, denote the g-ascending factorial

1, ifn=20
(CL;CDTL = { (1 —a)(l —aq),,_(l — aqn_l), ifn>1.

Then, a natural g-analogue of (1.1) can read

d

uv —qu1;q)s - - - (—quis @)s
12 X ea(ta) - Zts 0. {00k D)
c,d

t; Q)c+d+1 u1 q s+1 - --(uj§Q)s+1
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One of the purposes of this paper to show that the coefficient A 4(t, ¢) on
the left-hand side of (1.2) is actually a polynomial with integral coefficients;
more essentially, to show that Ac q(t,q) is the generating polynomial for a
bivariate statistic (desy, maj,) over the rearrangement class R(c,d). The
statistic “maj,” will be defined shortly.

The main motivation of the paper is, however, to extend Han’s construc-
tion [14] to weighted words. This consists, first, of finding an appropriate
extension “deng” of the Denert statistic “den,” defined by Han, then, of
constructing an explicit bijection p of each rearrangement class R(c,d)
onto itself such that (desy, maj,)(w) = (excy, deng)p(w) holds identically.

In his treatise on Combinatory Analysis, MacMahon [16] defined the
magor indexr, majw, of a word w = x1x3...xT,, as the sum of the i’s such
that 1 <¢ < m —1 and z; > ;1. As this statistic has been the ideal
companion to “des” for deriving g-analogues of the Eulerian numbers (see
2, 3, 4, 9, 13, 17, 19, 20]), it is natural to look for a statistic related
to “maj” to obtain a g-extension of the distribution of “desy.” Here we
define the k-major indexr, maj, w, of w = x122...2, to be the sum of
all i’s (1 <i < m) such that i is a k-descent in w.

The crucial problem is to define the appropriate statistic “deny,” the
companion of “exck.” The Mahonian statistic “den” was introduced by
Denert [8] on permutations and it was shown by Foata and Zeilberger
[10] that the joint distribution of “exc” and “den” was Euler-Mahonian.
To be more exact, it was shown that over any rearrangement class
C(v) the two polynomials ), t*¢%gdenw and Y tdeswgmalw were equal.
The definition of “den” was extended in [14] to the case of words with
possible repetition of letters. Han constructed an explicit bijection that
transformed the pair (exc,den) to (des,maj). Our definition of the new
statistic “deni” (or “deng p” when we wish to stress the role of the
ordering D) rests upon an extension of the notion of “cyclic intervals”
already introduced by Han [14] in his definition of “den.” That extension,
called k-cyclic interval, is defined as follows.

Let S = {1,...,j} be the set of small elements of X and let L =
{j+1,...,7} be the set of large elements of X. Let syax be the largest
small letter of X (under the ordering D). Besides the small letter x that
satisfies spmax <p * <p b for any letter b greater than s;,.x, we also adjoin
to X a large letter co that is greater than every letter of X. Define X to
be X U {x,00}. Similarly, LT = LU {oc} and ST = S U {*}.

If Y is any totally ordered set and a,b € Y, the cyclic interval ﬂa, bﬂ
has been defined in [14] as

[ (a,b], if a < 0b;
(1.3) Ja 0] = {Y \ (b,a], otherwise.

Thus ]a,a] = 0.
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In our context it is necessary to modify the definition. Let a and b be
elements of X . Then we define Ja, b] by equation (1.3), where ¥ = X .
Further, we define ﬂa, bﬂ L by

(Ja, 0], if a,be St;
ﬂa,b]]u{a}, ifae LT, be St;
(1.4) Ja. b, = 4 Ja,0] \ {b}, ifaeSt, belLt;
Ja, o] U{a}\{b}, ifa,be L™, a+b;
(X, ifa=beL™.

The elements of X' can be visualized as points on a circle (or a
square!) as shown on Fig. 1. The k-cyclic intervals ]]a, bﬂ ,, must be read
counterclockwise. The path —]—> on the ST-part shows that whenever a is
small, the interval ]]a, bﬂ ., is of the form “(a,...” (or “|a,...” in the French
notation) so that a ¢ ]]a,b]]k; also whenever b is small, ]]a, b]]k =,
and then b € ﬂa, bﬂk. On the contrary, the path {—> on the L*-part
shows that ﬂa,bﬂk = la,... and so a € ﬂa,bﬂk whenever a is large; but
]]a,bﬂk = ---,b) (or ...,b[) whenever b is large and then b & ﬂa,bﬂk.
When D is compatible with k, the small letters lie between oo and x, and

the large ones between x and oo, still reading the square counterclockwise ;
also ﬂ*, ooﬂk = L.

0
A
A 1t b
S-i- v L+
A
b [ —_ a
Y
*
Fig. 1

Let w = z122...2,, be a word on the letters in X. Put x,,4+1 = *,
Tmto = 00. For ¢ = 1,...,m + 2 let Fact; w be the left factor x1...2;_1
of w and for each subset B of X let Fact; w N B be the subword of Fact; w
consisting only of those letters of Fact; w that are in B. Furthermore, let
|Fact; w N B| denote the length of that subword.

Now let W = 419> ...y, the non-decreasing rearrangement of a word
W = X1T3...T,. The deng-coding of w is defined to be the sequence
(Si)1§i§m+1, where

o ‘Factiwﬂﬂxi,yiﬂ |, if1<i<m;
(1.5) Sl_{|wﬂL|, * ifi=m+1;
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and the statistic deng w to be

m—+1

(1.6) deny w = Z 5.
i=1

Consider the the set X = {1,2,3,4,5} with the ordering 1 < 2 <
4 < 3 < 5 and assume that 1, 2 and 3 are small, while 4 and 5
are large (ie., 7 = 3, k = 2, r = 5). Then denyw for k = 2

w 112443355 . . . .

and (w> = (3 5131424 5> is easily calculated using Fig. 1. For
instance, !Fact4wﬂ]]3,4]]2| = 13,5,1n{5,1,2}| = 2. Hence (s;) =
(0,0,0,2,0,2,3,3,8,4) and deny w = 22.

Our first result is the invariance principle for “maj”, a simple extension

of the corresponding result for the case k = 0 proved in [9, Proposition
2.1]. This result includes of course Theorem 3.1 of [6].

THEOREM 1.1. Let v be a fized word in X™* and let D and E be total
orderings on X = [r]. Assume that both D and E are compatible with k.
Then there is a bijection p on C(v) = R(c,d) such that for all w € C(v),

(desg,p, majy p) w = (desg, g, maj, g) p(w).

The proof of this Theorem occupies section 2. As explained earlier, our
main result is the following theorem, proved in section 4.

THEOREM 1.2. Let v be a fized word in X* and let D be an ordering
on X compatible with k. Then there is a bijection p of C(v) onto itself
such that for all w € C(v),

(1.5) (desg, maj;) (w) = (excy,deng) p(w).

To complete this circle of results, we must prove the invariance principle
for “den” which may be stated in the following form.

THEOREM 1.3. Let v be a fixred word in X* and let D and E be total
orderings on X = [r]. Then there is a bijection § on C(v) = R(c,d) such
that for all w € C(v),

(exck’D, denk,D) w = (GXCk7E, denk’E) 6(w)

This result is proved in section 5 of the current paper. It includes
Theorem 3.3 of [6]

There are essentially two parts in the paper. The first sections 2,
3, 4 and 5 are of algorithmic nature and rest upon non-commutative

5
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algebraic techniques developed by Schiitzenberger [18] and discussed in
the book by Lothaire [15]. For the constructions of the bijection p in
section 4 and of £p and &g in section 5 we need two tools : an appropriate
word factorization and a commutation rule. It is noteworthy that the
k-factorisation introduced in section 4 suggests that further classical
word factorizations should be reconsidered in the context of bi-alphabets
with two classes of letters, large and small. The second tool is the Han
transposition discussed in the next section, that is mainly an adaptation
of what Han [14] has developed in his seminal paper.

The last sections 6, 7 and 8 deal with classical techniques in the context
of g-series. We first calculate the distribution of (desy, maj,) (and then
that of (excy,deny) by Theorem 1.2). More precisely, let

Acalt,q) = S 9 vgmeie (€ R(c,d))

w

be the generating function for the pair (desy, maj,) over the class R(c,d).
In section 6 we first calculate the recurrence relations for Ac a(t,q). Then,
in section 7, we successfully integrate a system of partial g-difference
equations to prove the following theorem.

THEOREM 1.4. The factorial generating function for the polynomials
Ac.al(t,q) satisfies identity (1.2).

In section 8 we specialize the calculation of A¢ q(t,¢) to the symmet-
ric group and develop an algebra of ¢-polynomials that interpolate the
classical g- Eulerian polynomials in a very natural manner.

An alternate set-up for sections 2—-5 would have been to keep the natural
ordering on X, construct the bijection p on each rearrangement class
R(c,d) and study the invariance of the distributions of the statistics under
the action of the permutations of the multiplicities (c1,...,c;,dq1, ..., dy)
of the letters 1, 2,... , r. We have preferred to state and prove our
results in the context of total orderings on X, i.e., under the action of
the permutations of the letters of X.

2. THE INVARIANCE PRINCIPLE FOR THE k-MAJOR INDEX

Let w = z1@g ... 2y be a word in X*. Then the k-major index maj, p w
is defined by

majy, pw = Z{z : 1 <i < m,w has a k-descent at i}.

Proor orF THEOREM 1.1. We simplify the notation by suppressing
the subscript k£ from “des” and “maj”, and we refer to D-descents and

6
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E-descents of a word w in the obvious way. Without loss of generality, we
may assume that D is the standard ordering on X = [r] and that E is
obtained from D by interchanging the order of two adjacent letters ¢ and
1+ 1. Since E is compatible with k, either ¢ +1 < j, i.e., both ¢ and 7 + 1
are small, or ¢ > j, i.e., both 7 and ¢+ + 1 are large.

Case (a) : suppose that i +1 < j. Let w be a word in C'(v). Write w in
the form w = ujviusvs ... u,v,, where each u; is a word in the letters 7,
i+ 1 and each v; is a word in X \ {7,7 + 1}. (Note that either or both of
u1, v, may be empty.)

Consider any one of the subwords wu;. Write in bold-face all the factors
of u; of form (i + 1)i. Replace each maximal factor of u; of form P (i + 1)?
that does not involve any bold-face letters by the factor (i 4 1)%:P. Finally,
replace each bold-face factor (i + 1)i by the factor i(i + 1), to obtain a
word wu;. Then the factor (¢ + 1)7 occurs in v, in exactly those places in
which the factor (i + 1) occurs in w;. Thus u; has a D-descent in exactly
those places at which u; has an E-descent.

Now put p(w) = vjviubvs ... ul v,. Clearly u(w) € C(v) and

(desp, majp) w = (desg, majg) u(w).

Since p is obviously a bijection, the result follows.

Case (b) : suppose on the other hand that i > j. Let w =
UV ULV . . . Up Uy, as before. For each factor w;, form wu; in exactly the
same way as in Case (a), except that the places of i and i + 1 in the algo-
rithm should be interchanged. Thus the factor i(i 4+ 1) will occur in u; in
exactly those places in which the factor (i + 1)i occurs in uj. Thus u; will
fail to have a D-descent in exactly those places at which w; fails to have
an E-descent. Now, putting u(w) = ujviubvs ... u) v,, the proof proceeds
as before. []

Remark. Define the D-ligne of route of w to be the set, lignep, w, of all
1 such that 1 <7 < m and w has a k-descent at i. The above proof shows
that under the same assumptions we also have

ligne, w = lignep p(w).

3. THE DEN STATISTIC

In this section we derive an alternate definition of maj,, involving the
k-cyclic intervals as in the definition of deny (given in (1.3) and (1.4)).
Then we define the statistic “den” on biwords and describe the “Han
transposition”, a way of manipulating biwords that preserves the statistics
“den” and “exc”.
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3.1. The k-major index. Let w = x1x2...x,, be a word on the letters in
X. As in section 1, put 41 = %, Typpe =00 and fore =1,...,m+ 2 let
Fact; w be the left factor x1...x;—1 of w and let |Fact; w N B| denote the
length of the subword of Fact; w the letters of which belong to a subset B
of X.

Our purpose is to give the following extension of a result of Han [14,
Theorem 2.1(i)] that was derived for the case k = 0.

THEOREM 3.1. If D is compatible with k, then for each word w =
T1T2...Tm,

m—+1

(3.1) maj, w = Z |Factiw N ﬂxi,xiﬂﬂk‘ )
i=1

Theorem 3.1 rests upon the next two lemmas 3.2 and 3.3. In the first
one the notation A W B denotes the union of the multisets A and B. For
example, {1,1,2} W{2,3} ={1,1,2,2,3}.

LEMMA 3.2. Leta,b€ X*. Then
(i) ]]a,b]]k:XJ’\]]b,aﬂk, whenever a # b
+ — + .
(i) ﬂa,bﬂkbﬂﬂb,ooﬂk:{]]a’ooﬂkw)( , ifa>bora=beLT;

]]a, ooﬂ & otherwise.

Proof. Both parts of this Lemma are easily verified by considering the
various possible cases. For part (ii), recall that ﬂa, aﬂ , equals X T if a is
large and is empty otherwise. []

Now let w = z1x2 ... 2, be a word on X U {x} and define

maj’ w:Z{izl <i<n-—1, whas a k-descent at i };

Y

(i.e., in “maj” we do not count any descent at the end of w.)

LEMMA 3.3. Let w=x125...2, be a word on X U {x}. Then
n—1

(3.2) maj w= Z ‘Factiw ﬂﬂxi,mi+1]]k| + | Fact, w ﬁﬂxn,oo]]kL

=1

Proof. We use induction on n. The result is clearly true for n =1, so
suppose it is true for n — 1. Then

n — 1, if w has a k-descent at n — 1;

«/ </
maj w—maj z1... -1 = .
J . " { 0, otherwise.
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Let S,, denote the right-hand side of equation (3.2). Then

Sp—Sp_1= |Factn,1 w N ﬂxnfl,xnﬂk| + ‘Factnw N ]]a:n,ooﬂk}

— |Factn_1w ﬂﬂxn_l,ooﬂk‘

= |Factn_1 w N ﬂxn_l,xnﬂk| + ‘Factn_l w N ]]xn, ooﬂ
— |Factn_1 w ﬂﬂxn_l, ooﬂk‘ + }:cn_l N ]]:cn, ooﬂ

= |Factn_1 w N (ﬂmn_l, mnﬂk W ﬂxn, oo]]k)‘

— |Factn,1 w ﬂﬂxn,l, ooﬂk’ + }xn,l N ]]a:n, ooﬂ

¢l

¢l

¢l

|Fact,—1 NXT|

= +‘33n_1 ﬂ]]xn,ooﬂk|, if w has a k-descent at n — 1;
‘xn_l N ﬂ:z:n, oo]] k! , otherwise;

_ Jn—1, if whasa k-descent at n —1;

10, otherwise,

by Lemma 3.2. Hence the result follows. []

The proof of Theorem 3.1 is now completed as follows. Assume without
loss of generality that D is the usual ordering on X. Let w’' = x125 ... 2, *.
Then

maj, w = maj w’

m
= Z |Facti w' N, xi+1ﬂk| + | Fact1 w N [ @p41, 0] |
—1
-

= Z |Factiw ﬂﬂxi,xi—l—l]]k} )
i=1

since by convention we put T, 11 = %, Tyy2 = 0. |[]
The above result is not true without the assumption of compatibility.

3.2. Biwords and words. A biword is a two rowed matrix a = <u>,
w
where u and w are words in X* of the same length. The biword « is called

. ., . . . 1 Y2 ... .
a circuit if u is a rearrangement of w. A circuit o = (y Y Ym ) is a

1 T2 ... Ty,
cycle, if y,, = x1 and y; = x4 for e = 1,...,m — 1. We will write this
cycle as o = [x123 . .. ] = [w], where w = 2129 ... Typy,.

u
Consider the biword ( , where u = Y192 ... Ym and w = x1T3 ... Tp,.

w
An ordering D of X being given, we define

(3.3) exck(u>:|{i:1§i§mandx7;>yiorxi:yiEL+}|;
w
(3.4) denyg (Z)) = Z ‘Factiwﬂ]]xi,yiﬂky
i=1

9
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If w is the non-decreasing rearrangement of w, then clearly

(3.5) exc (w) = exck w;
w
and by (1.5) and (1.6)

(3.6) deny w = deny, <Z) + JwN L.
Note that if D is compatible with k,
(3.7) deny w = deny (Z O:) :

3.3. The Han Transposition. Let x,y,a,b € X U {x}. Then a and b are
neighbours with respect to (x,y) if both a and b are in ﬂy7 xﬂ ., Or neither

in ]]y, x]] .- Otherwise, a and b are strangers with respect to (z,y).

LEMMA 3.4. The following conditions are equivalent.
(i) a and b are neighbours with respect to (z,y) ;

(i) len]y.a],| = o0 ]y.2],|;

(iii) @ and b are neighbours with respect to (y,x) ;
(iv) |an]b, ], | =|an]o, asﬂ E

v) Ja, xﬂkuﬂb yﬂk Ja, yﬂku]]b,a:]]k.

LEMMA 3.5.  The following conditions are equivalent.
(i) a and b are strangers with respect to (x,y) ;

)
(ii) !aﬂ]]y,xﬂ ‘ =1- |bﬂ]]y,:1:ﬂ ‘
( 11) a and b are strangers with respect to (y,x) ;
(iv) Jan b,y | =[bn]a],|
Proof. These two lemmas follow from the similar results [14, Lemma
3.2 and Lemma 3.3]. The only special cases that arise are when two of
a,b,x,y are equal and large.
1. If a = b € L then a and b are neighbours and the results are trivial.

2. If z =y € L then ﬂy,xﬂk = X7 and a and b are neighbours. The
results now follow.

3. Suppose that a = x € L and b,y # a. Then a ¢ ﬂy,aﬂk. So a and
b are neighbours if and only if b ¢ ﬂy,aﬂk. But b ¢ ﬂy,aﬂk if and only
if a ¢ ]]b, yﬂ ,» @ b # a. Hence a and b are neighbours if and only if
‘aﬂﬂb,y]]k‘ =0= ‘aﬂﬂb,mﬂk ,as a ¢ Hb,xﬂk :ﬂb,aﬂk. Now let a and
b be neighbours and suppose that b < y < a. Then

ﬂaxﬂkuﬂbyﬂk (X U{*}) Uﬂby]]k,

la.y], wlb.2], =Ja.y], ©]ba], = XU{hHw]by],.
The other cases may be treated similarly. []

and

10
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ry
ab

Han transposition T by

Now let ) be a biword of length two. Following [14] we define the

I
R

Qe

) , if a and b are neighbours;

LK oRR

>

) , if @ and b are strangers

with respect to (z,y). If a = (u) = <y1 Y2 e Um
w T1 2 ... Tm

length m and 1 < ¢ < m, we define T;a to be the biword obtained when

the biword ( = (yi Yit1 ) consisting of the i-th and ¢ + 1-st columns of
Ti Ti41
« is replaced by T'5.
For instance, using the ordering 1 <2 <3 <* <4 <5 <oowith1,2,3

34 43
small and 4,5 large we have T( ) = ( ), since 1,4 ¢ ﬂ3,4ﬂ2 = {x},

is a biword of

41 41
. 25 52
while T(l 3) = (3 1), for ]]2,5]]2 = {3,x,4}.

LEMMA 3.6. Leta = (u) be a biword of length m and let 1 < i < m.
w
Then (excy,deny) Ty = (exck,deny) a.

Proof. This follows from Lemmas 3.4 and 3.5, exactly as in [14, Lemma

5.2 []

3.4. The transformation T ,,. Let z1, zo be two distinct letters of X U{x}
and v be a word of length (m —1) (m > 1) in the alphabet X U{x}\ {z2}.

Denote by C(v, 21, 22) the set of all biwords o = (u >, where u is the non-
w

decreasing rearrangement of vzo and w is any rearrangement of vz;. Thus
u has one occurrence of zo, while w has none. However the occurrences of
the other letters are the same, except for z; that occurs one more time
in w than in wu.

If 25 is the i-th letter in the word wu, the product T},_1---T;417T; will

/

11,/22 ) Then, either o’
wy1
and has no occurrence of y;, in which case y; = 27 and w’ must be a

rearrangement of u/, or y; does occur in u'. In the former case, define
u'z

T.,(a) = ( , 2 ) In the latter case, the rightmost occurrence of y; in
w'z1

u' is, say, its i’-th letter. Then the product T, o ---T; 41T} transforms
u//yl Z2
w"yay1

transform « into a biword of the form o' = (

o' into a biword of the form o/ = < > Again, either v’ and

11
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has no occurrence of ys, in which case yo = 2z; and w” must be a
rearrangement of u”, or yo does occur in u”. In the former case, define

uy1 2
T, (o) = Y1%2) In the latter case, we continue the same procedure
2 wllzly]_

as before by moving the rightmost occurrence of yo in u” to the right of u”.

U(l)yl—1 < Y1z2 )
wh y oyayn /)
where u(®) has no occurrence of y;. Then necessarily y; = z; and w® is a
rearrangement of u(Y). (Note that u(Y) may be empty.) Define u; = u®,
wr =wW, v; =y_1...y2y1 and

(l) z U112
3.9 T, a:am:(“ yl—l---@/m):( 112>.
(3.9) 2 (@) w® y . yeun .

After finitely many steps we reach a biword a(V) = (

Thus for each « in C(v, 21, 22) there is a well-defined product of Han
U1V122
, where
W121V1
uy is the non-decreasing rearrangement of w1 with no occurrence of z1.
U1v122 )
w2101/

transpositions that maps a onto a biword of the form (

Denote by D(v, 21, 22) the set of biwords of the previous form <

LEmMMA 3.7. The mapping T,, : C(v,z1,22) — D(v,z1,22) is a
bijection.
Proof. Let C(vz1) the set of all rearrangements of vz;. Then the
mapping w +— ( ) is evidently a bijection of C(vz1) onto C(v,z1, 22).
w

On the other hand, each word w in C(vz1) has a unique factorization of

the form (w1, z1v1) where wy has no occurrence of z;. Hence the mapping
U1v122
<w1z21}1
also a bijection of C(vz1) onto D(v, 21, 22). Thus, those two sets, as well
as C(v, z1, z2), have the same cardinalities.
Keeping the same notations we see that T,, is the product of Han
transpositions of the form

w ), where u; is the non-decreasing rearrangement of wq, is

(Tt Tyy 1 Tywy) - (T2 - Ty 1 Tyt ) (L1 - - - T T).

To reverse T, it suffices to determine [ and the indices 10 S

directly from the biword <u1v122> in D(v, 21, 22). But [ is the length
w121U1

of v125. Next, when the first letter of v; is moved just before the i
th letter of uy, the resulting word (=" is non-decreasing. In the same
manner, the other indices, in particular, +/, 4, indicate where to move the
other letters of v; and finally 25 to the left to obtain a non-decreasing
word on the top row. []

12
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Remark 3.8. The inverse mapping applied to the biword (ulvl =2 > in

w121V
D(uqvy, 21, 22) is derived by moving to the left, to the first positilori vslfhere
the resulting word is not-decreasing, successively the first, the second,

., the last letter zo of the word vy 2o, the moves being made by means
of the Han transpositions as defined in (3.8). The inverse mapping is then
independent of z» and will be denoted by T~1.

4. THE DEN-MAJ BIJECTION

In this section we prove Theorem 1.2. We assume that the ordering D is
compatible with k, and in fact that D is the standard ordering on X = [r].
It will be convenient to use the terminology of words (see, e.g., [15]) : for
instance, if w is the juxtaposition product w = wjywsows, then each w;
(i = 1,2,3) is a factor of w; wy (resp. ws) is a left factor (resp. right
factor) of w. If y is a letter and w a non-decreasing word, we will write
y < w (resp. y < w), if y is less than (resp. less than or equal to) all the
letters in w.

As for the first fundamental transformation described in [5 or 15,
chap. 10] and Han’s fundamental bijection [14] we need an appropriate
word factorization besides the Han transposition described in the previous
section. That factorization can be built as follows.

Let z € X U {x} and let v be a word in that alphabet; then the word
zv is said to be k-dominant, if z is large and all letters in v are greater
than or equal to z, or if z is small and all small letters in v are less than
or equal to z.

Every word in the alphabet X U {x} has a unique factorization
(2101, 2202, . . ., 2V, ) (the z;’s are letters and the v;’s words), called its
k-factorization, having the following properties :

(i) w = z1v12202 ... ZpUn ;

(ii) each factor z;v; is k-dominant (1 <i <mn);

(iii) there exists an integer [ (1 <1 < n) such that z; > 20 > --- > 2z >
*and 2j41 < Zj4o < 00 < 2y <k

The k-factorization of a word w may be obtained as follows : a letter z
of w is called a k-record, if either z is large and all letters to the left of z
are larger than z, or z is small and all small letters to the left of z are
smaller than z. The k-factorization of w is then obtained by cutting w
before each k-record.

The notions of k-factorization and k-records are illustrated in Fig. 2.
The alphabet consists of five small letters 1, 2, 3, 4, x and k = 5 large letters
5, 6,7, 8,9 with the ordering 1 <2 <3 <4<*<H<6<T7T<8<H.
The k-factorization of the word w consists of seven factors materialized by

13
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continuous polygonal lines, the rightmost one being a single point. Each
k-record is the beginning of a continuous polygonal line and is represented
by a “bullet” e.

— N W ke X OO N 00 ©
—

w=7 8 9796 86 21257232695 2124¢6 5 %
Fig. 2

The k-factorization appears to be the product (in a sense that can be
precised) of two factorizations, the decreasing factorization (the first two
factors in the previous example) by the increasing factorization (the next
five factors), the large letters playing no role in the definitions of those
rightmost five factors.

The main property of the k-factorization on which our transformation
is based is the following : let (zjv1, 2202, ..., 2,0, ) be the k-factorization
of a word w. Then,

(4.1) for eachi = 1,...,n—1 no letter in the left factor zyvy . .. z;v; is equal
to ziy1 or is strictly between z; and z;11. Let wy be any rearrangement of
that factor; then the k-factorization of wi2;11Viy1 ... 2n0, has the same

rightmost (n —1i) factors zi 4 1Vix1, - ., 2nUp as w and the same rightmost
(n—1i+1) k-records z;, ziy1, --. , Zn S W.
Up U200

Consider a biword o = ), where : (1) uy, ug, wy are words in

w1 Z2U9
the alphabet X U {x}; (2) uy is the non-decreasing rearrangement of w; ;
(3) z is a k-record of the word w1y zus. Such a biword is called a supercycle.
A supercycle is said to be initial, if u; and w; are empty. The notion of
final supercycle will be defined shortly.

LEmMA 4.1.  If a is a supercycle, the factorization
U2 O
zug )’

(4.2) o= (“1

w1

14
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where uy is the non-decreasing rearrangement of some left factor of the
bottom word of a and where z is a k-record of the bottom word, is unique.

The factorization (4.2) is called the canonical form of «.
Proof. 1f there were two factorizations

!/ !/
U | ug00 u) | uhoo
and 1o, s
wy | 2z usg wh | 2 uf
we could suppose |u1| < |uf|. Then uy = vz'ul, and zuy = zvz'u), for some
uy | vz’ | uhoo
77, ). As
wy | zv | 2 ub
z # 2’ by (4.1), the left factor v} = ujvz’ would not be a rearrangement
of w} = wyzv.

k-dominant factor zv and « could be written as o = (

Let a = (3}1 2250) be a supercycle written in its canonical form and
1 2
let (z1v1, 2209, . .., 20y, ) be the k-factorization of zus. Then the following

factorization of «, indicated by vertical bars,

(4.3) a= (“1

w1

V122
21U1

V223
22V2

Uy, 00
ZnUn,
is well defined. Call it the k-factorization of the supercycle a. The
(positive) integer n, which is the number of factors in the k-factorization

of zug, is called the indezr of a and denoted by index(«). A supercycle «
is said to be final, if its index is equal to 1.

We first describe a transformation 7 on supercycles that decreases their
indices whenever they are not final. Let « be a supercycle as shown in (4.3),
supposed to be not final, so that n > 2. With the notations of (3.9) the

ULV 2
left factor ( e 2) of the supercycle « is an element of D(ujvy, 21, 22).

wW12101

Apply the inverse transformation T~!, as described in Remark 3.8, to
"

that left factor. We get a biword (u1> € C(uyv, 21, 22), i.e., a biword
w

/
1

such that u/ is the non-decreasing rearrangement of ujv;29 and wj is a
rearrangement of ujv121. Then form the supercycle

(1.4 o= (4 900

w
Replacing the only occurrence of zo in uf by z; transforms u/ into a
true rearrangement u} of wj. Furthermore, u} is non-decreasing because
of property (4.1). We then obtain a supercycle

/
(4.5) o = ( 41 Un 0 > .
ZnUn,

!
wy

V223
22V2

V223
220U2

15
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Moreover, the above expression derived from the k-factorization of « is
precisely the k-factorization of o’ and the rightmost k-record of wj is equal
to z1 (by (4.1)). Finally, index(a’) = n — 1. Thus the mapping 7 : a — o’
is well defined and satisfies

(4.6) index (7(c)) < index(c),
if «v is not final.

To derive the reverse transformation o’ — «, the k-record z; to the left
of zo in w' = wizovy...2,v, is to be found first, then the replacement
21 < 29 that maps u} onto v/ (and therefore o’ onto /) can be defined
without ambiguity. But that k-record is necessarily equal to the left-most
occurrence of the smallest letter y in w}, if all the letters in w) are large,
and equal to the left-most occurrence of the greatest small letter y in w},
if some letters of w) are small.

In the former case we have v} = yw} with zo < y < wj§; in the latter
case, uj = whyws, with y < z9 and wy < y < ws. Then uf can be recovered
by

(4.7) o — ZoWh, (in the former case);
' 1 whzewj, (in the latter case).

Thus the mapping o’ — o’ is perfectly reversible and defined by (4.7).

Now to go from o to a we simply have to apply the transformation T,
11

u
to the leftmost factor ( 1, ) of o’. The index z3 of the transformation T,
w

is well-defined, as z5 is the first letter of the second factor of the k-
factorization of o””. We then recover «, as written in (4.3). We also have
the following property.

PROPERTY 4.2.  Let v be a non-decreasing word in the alphabet X U{x}
Ur U200
w1 22U
word wy zug s a rearrangement of v. If a is not initial, there is a unique

B € S(v) such that 7() = o and index(a) < index(f).

and let S(v) be the set of the supercycles o = < , whose bottom

The statistics “excy”

and (3.4).

and “deny” on biwords have been defined in (3.3)

PROPERTY 4.3. For each supercycle o which is not final, we have
(excy, deny) 7(a) = (excy, deny) a.

Proof. Use the same notations as in (4.3), (4.4) and (4.5). Lemma 3.6
implies that (excy,deny) o’ = (excy,deny) a, since o’ is obtained from «

by a sequence of Han transpositions.

16
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1
Let (%) be the (unique) biletter of (:21,1) whose top letter y is equal to

zo and suppose that (%) is the [-th biletter of the word. That biletter is
<1

transformed into (le) when going from o/ to a. If © # 2, then (%}) is a
k-excedance, if and only if (’2.2) is one because of property (4.1). If z = 24,
consider the two cases : (i) z; > 22 and necessarily z; is large; (ii) 21 < 29
and necessarily z; is small. In case (i) (resp. (ii)) (2) and (gf) are both
k-excedances (resp. both non-k-excedances). Hence excy o = excy /.

Finally, Fact; w} N ﬂ:z;, Zl]]k = Fact; w) N ]]a:, zgﬂk, as Fact;w] N (21, 22]
is empty if 27 is small and Fact; w N[22, 21) is empty if z; is large. Hence
deny o’ = deny /. |[]

. . Uk 00
Now consider an initial supercycle of the form a = S where

w is a word in the alphabet X. Then w = zu for some z € X and * is
the right-most factor in the k-factorization of wx. For such a supercycle
define

(4.8) (desk, maj,) a = (desg, maj,)w (= (desg, maj,)(wx)).

PROPERTY 4.4. If w is a word in the alphabet X and o = (z: io>
15 an nitial supercycle, then

(excy, deny ) a = (desg, maj; ) a = (desy, maj,) w.

Proof. Let w = x125...2,, and put T,,4+1 = *, Tmyo = 00. Then

ro X3 ... X * OO
excy, 2 43 m
1 X2 ... Tm—1 Ty, *

=Hi:1<i<m,z; >wiy or ; =x;41 € L} =desg z125 ... Ty

m—+1
= Z ‘Facti(:lrlxg e T*) 0 :I:|£Ei,$i+1:|:|k:‘ = maj, T1T2 ... Tp. ||
i=1

The bijection of Theorem 1.2 is constructed as follows :

(a) Let w = 2129 ...2, = x1u be a word in the alphabet X = [r];
form the (initial) supercycle a = <ZJ: io >

(b) Apply the mapping 7 to « iteratively until a final supercycle is
reached. This makes sense because of (4.6). Furthermore, when applying

17
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T iteratively, the letter x remains the rightmost letter in all the super-
cycles within the iteration. Denote by a = (g O:) the final supercycle
obtained. [Then w is the non-decreasing rearrangement of w and w.]

(c) Define p by p(w) = w.

The proof of Theorem 1.2 is now completed as follows. First, to each
word w € C(v) there corresponds one and only one initial supercycle
defined by (a). Next the mapping a +— « is bijective by Property 4.2,
as we go from «a to a by applying 7 iteratively until a final supercycle
is reached. Finally, the mapping a — w is obviously bijective. On the
other hand, the property (exc,deny) p(w) = (desy, maj,) w follows from
Properties 4.4 and 4.3 and from (3.5) and (3.7). []

Example. Again consider the order 1 < 2 < 3 < x <4 <5 < 0
(k =2 and 4, 5 large) and start with the word w =4,4,5,1,3,1,2,3,5, so

451/3/1235%]|o00 (indicat
445(1]31235]| « ) \RACatng

that the initial supercycle is a = (‘

its k-factorization by vertical bars).

First, T—! (jié) = ThT» (jié) = (igi), so that o =

14531235*0@
454131235
we have to replace 29 = 1 by 21 = 4, so that ap = o =

( (in the notations of (4.4)). To obtain o =
(

445)3]1235+| 00 (4453 4453\
(454 ‘ *)'N“jT (4541>‘Jnﬂﬂ5(4541)‘

31235
3445 g (3445]1235%|00
4514> and o = <4514'31235 *). To get the next su-
percycle we have to replace zo = 3 by 2z; = 1, so that as =

144511235+«

4514131235
14451235« .

t (45 1 43 1 2 3 5) 1S (T5T6T7Tg)(T4T5T6)(T3T4T5)(T2T3T4>, aS we

have to move the second “1”, the “2”, the “3” and the “x” to the

14451235+ 1123%4455
-1 —
left. We then get T (451431235)“(451413235)

Of) Next the transformation T~' to be applied

1123%x4455 |0 .
" __ Wy”
that o = (451413235 ‘ *). Finally, the “x” on the top row
is to be replaced by the penultimate k-record, i.e., “3.” We get a =
112334455 |0 .

<4 1413235 ‘ N ) Thus p(w) =4,5,1,4,1,3,2,3,5. We can verify
that (desg, maj,)w = (desg, maj,) o = (excy,deng) a = (excy,deng) a =
(excy, deny) p(w) = (4, 18).

18
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5. THE INVARIANCE PRINCIPLE FOR DEN

We now turn to the proof of Theorem 1.3. As before, we use the
notations excp, excg, etc., instead of excy p, excy g, etc.

Definition. Let D and FE be total orderings on X. We say that E is
obtained from D by a wital transposition if there exist letters a and b in
X such that

(i) b <p a and a covers b (i.e., there is no letter = such that b <p

r<p a);
(ii) @ <g b and b covers a;
(iii) for all z,y € X, if {z,y} # {a,b} then x <p y if and only if x <g y;
(iv) one of a and b is large and the other is small.

In other words, F is obtained from D by simply interchanging the order
of two successive letters, one large and one small.

Now let D be any total ordering on X. It is easy to see that there is
a total ordering D’ on X, compatible with k, that can be obtained from
D by a sequence of vital transpositions. By using the bijection p of the
previous section, and Theorem 1.1, we can verify that it suffices to prove
Theorem 1.3 on the assumption that E can be obtained from D by a vital
transposition.

Thus for the remainder of this section we assume that E can be obtained
from D by a vital transposition that interchanges the order of b and a. We
will assume that b <p a and a <g b, and that b is small and a is large.
In general, z, y, z will designate elements of X, while u, v, w will denote
words in the alphabet X. We also denote cyclic intervals by ﬂx, yﬂ p or

]]a:,yﬂ 5 according as the ordering D or E is used, i.e., we suppress the

usual subscript k. If @ and 3 are biwords, we write « 2 B (resp. « L B) to
mean that a can be transformed into (3 by a sequence of D-transpositions
(resp. E-transpositions), i.e., Han transpositions defined by means of the
ordering D (resp. E).

5.1. A study of cycles. The following relations on cyclic intervals based
upon orderings D and E are easily checked by looking at Fig. 3, where
cyclic intervals are materialized by oriented rectangles.

(5.1) Ib,a] , =0; Ja,b], =X; Jz, 0], =]=,a], (ze€X);
(5.2) ]]b,aﬂE:X\{a,b}; ﬂa,bﬂE:{a,b};
]]x,b]]E:ﬂx,a]]EtrJ{a,b} (x # a,b);
(5.3) ]]x,a]]D:ﬂx,aﬂEU{b}; ﬂx,bﬂE:]]m,b]]DU{a};
[z.v]p=1=v]s (2y#ab)

We will use the notions of a-cycle, a\ b-cycle, (a,b)-free biword, defined
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u a
au
does not occur in the word u. The a-cycle v = [au] is called an a \ b-cycle
if furthermore b does not occur in u. The notions of b-cycle and b\ a-cycle
are defined in a similar way. A biword is said to be (a,b)-free, if it does
not involve the letters a or b.

as follows : an a-cycle on X is a biword v = = [au], such that a

4 D Y D
1 1 [ 1 [ [
1 1 L 1 L L
T b a b a T
y E Y E
1 [ 1 [ 1 [
1 L 1 L 1 L
T a b a b T
Fig. 3

LEMMA 5.1.  If a is an (a,b)-free biword, or an a\ b-cycle, or a b\ a-
cycle, then

(5.4) (excp,denp) a = (excp,deng) a.

Proof. Let a = (:j) = (gl o 'zm ) be any one of the forementioned
1.--Tm

three biwords. If m = 1, relation (5.4) is trivial. When m > 2, the
definition of excy, (given in (3.3)) requires the comparison of the elements
in each pair (z;,y;) (1 < i < m). But such pairs involve at most one of
the letters a or b. Accordingly, z; >p y; if and only if z; > g y; and then
eXCp 0@ = eXCf Q.

For the same reason, z € ﬂxi, yi]]D if and only if z € ﬂxi,yiﬂE. From
the definition of deny, (given in (3.4)) it follows that denp o = deng av.

LEMMA 5.2.  Let a be a biword of the form (;Zl >% where v is a cycle.
Then 2

(5.5) excp o = eXCD(w1> + excp ;
w2
(5.6) denDa:denD(Zl) + denp v + l(ws) excp v;
2
where l(wy) stands for the length of ws.
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Proof. This result is essentially [14, lemma 5.5]. Again we just have to

verify that if v = (gli’”> is a cycle, thenﬂxl,ylﬂDLﬂ---L{rJﬂxn,ynﬂD
1...2p

is the multiset containing each letter of X+ with multiplicity excpy. []

Definition. An (a,b)-sequence is defined to be a sequence of biwords
0-:(1367717"'77}1) (hZO),

where wy is an (a, b)-free biword (possibly empty) of the form (Zo) (wo
0

being the non-decreasing rearrangement of the word wy), and where each
~; is either an a \ b-cycle or a b\ a-cycle.

If o = (wo, 71, - --,7k) is an (a, b)-sequence, the jurtaposition product of
the biwords wpy; .. .y, will be denoted by {o}.

LEMMA 5.3. Ifo is an (a,b)-sequence, then
(5.7) (excp,denp){o} = (excg,excg){o}.

Proof. 1f o = (wg,v1,.--,7n), then

excp{o} = excp wy +excpy + -+ excp Yh [by Lemma 5.2]
— eXCg Wy + eXCp Y1 + -+ + exXCE Vh [by Lemma 5.1]
= excp{o}. [by Lemma 5.2]

In the same manner
denp{o} = denp wy + denp 1 + I(wo) excp 71
+ -+ denpyn + l(woy2 . .. Yh—1) €XCD Vh [by (5.6)]
= deng wo + deng v1 + [(wp) excg 71
+ - +dengy, + l(woyz ... Yh—1) €XCE Vh [by (5.4)]
=deng{c}. []

Denote by ¥(c,d; a, b) the set of all (a, b)-sequences 0 = (Wg, Y1, - - -, Vh),
such that wg = (1120), v1 = [wi], ... , Y» = [wp], and the juxtaposition
0

product of the words wow; ... wy, belongs to R(c,d). The (a, b)-sequences
in X(c,d;a,b) may be regarded as cycle decompositions of biwords based
on the two letters a, b. To see that X(c,d;a,b) is equinumerous with
R(c,d), we can start with a word w € R(c,d) and set up a factorization
(up, c1uq, CoUs, . . ., cruy,) of w, where the ¢;’s are letters either equal to a
or b, and the u;’s are words with no a’s and no b’s. We simply get the
previous factorization by cutting w just before each occurrence of a or b.
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Clearly, 0 = (<Zg ), [cruq], [caus], ..., [chun]) belongs to X(c,d;a,b) and

the mapping w — o is bijective.
More elaborate bijections will be needed to prove our theorem 1.3.

Denote by R(c,d) the set of all biwords @ = (z), where w € R(c,d).
The first bijection
(5.8) §p s w — Ep(w) = (Wo, V155 n)

of lN%(c,d) onto X(c,d;a;b), constructed in the next subsection 5.2, will
have the property that the juxtaposition product {{p(w)} = wWoy1 ... h

can be derived from the biword w = (Zj) by a well-defined sequence of

Han D-transpositions (i.e., Han transpositions defined by means of the
ordering D). Therefore, by Lemma 3.6

(5.9) (excp,denp) w = (excp,denp) {p(w)}.

In the last subsection 5.3 another bijection
(5.10) {ptw— Ep(w)

of }N%(c, d) onto X(c, d; a; b) will be constructed. This time the juxtaposition
product {{g(w)} will be obtainable from w by a sequence of Han E-
transpositions. Therefore

(5.11) (excg,deng) w = (excg,deng) {{p(w)}.

The bijection § of Theorem 3.1 will then be defined by

(5.12) §(w) = €' Ep ().

It satisfies our requirements, as

(excp,deng)d(w) = (excg,deng) d(w) + |0(w) N L] [by (3.6
= (excp,deng {§E5f(\1;)}+|5(w)ﬂL| [by (5.11
A2

22



Eulerian Calculus, 1T

5.2. Transforming biwords under D. Throughout this subsection, we
use the total ordering D on X and give the construction of £p announced
in (5.8).

Let w be a word in R(c,d), and let  be any letter occurring in w.

Next, form the biword w = (:ﬁ) Using the least possible number of Han

D-transpositions, move the right-most = in the top row of w to the right-
hand end of that row, forming the biword «. Suppose that the biletter

(?;) occurs at the right-hand end of «. If y = x then put v = [z]. If not,

use Han transpositions to move the right-most y in the top row of « to the
penultimate position in that row, forming a new biword 3 with the biword

(’z f;) occupying its right-most two columns. Continue in this way until

a cycle v is obtained. That cycle is necessarily an z-cycle; denote it by ;.
Thus w has been transformed into a product dv; for some biword §. Since
the letters in the top row of ¢ will still be non-decreasing, it follows that
d = w’ for some word w’. (Actually, the present algorithm is described in
detail in [14, Algorithme 4.2] in the context of (k = 0)-cyclic intervals.) If
w’ has no occurrence of x, put np ,(w) = (1,077 7). Otherwise, apply the
above algorithm to w'. After finitely many steps w is transformed into a
sequence of the form (@, y,...,72,71), where u has no occurrence of x
and the ;’s are all x-cycles. Again, put

(5.13) ND,z(W) = (W, Yn, - - 572,71)-

Finally, let np ,(w) = w if w has no occurrence of x. Clearly, np , has a
well-defined inverse mapping 775’13: that maps each forementioned sequence
onto a biword w.

Now if v is a a-cycle, written as v = [auibugb...u,_1bu,|, where all
the wu;’s have no occurrences of b (and of course of a!), define (p(7) to be
the sequence

(5.14) Cp(y) = ([auq], [bus), . .., [bun—_1], [bus]).

If v has no occurences of b, i.e., 7y is an a'\ b-cycle, then we define (p(v) = .
Again the inverse mapping Cgl is obviously defined.

LEMMA 5.4. Let u be a word and y, z be letters. Then

(5.15) <bua)£(aub>.

Yy zu Yy zu

. bay D (ab
Proof. If u is empty, then <y z) ~ <y p
that (5.15) is true when the length of u is [ > 0. Assume first that y and

) since |b,a] , = 0. Suppose
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bxua)g(azbua)p

z are neighbours with respect to (b,x). Then <y T yzzul) ™

(a:aub

Yz u)’ by the inductive hypothesis. As y and z are neighbours with

respect to (a,z), since ﬂb,xﬂD = ﬂa,xﬂD, we have <:; Z) 9 <Z:§

). The case in which y and z are strangers with

and
O(bxua)D(axub )

yzzu/) \yzzu
respect to (b, ) is treated similarly. []

Let v be an a-cycle and (p(vy) = (dp,d1,...,0m,) as in (5.14). Denote
by {{p(7)} the juztaposition product §pd1 ... dp,.

PROPOSITION 5.5. If~ is an a-cycle, then

D
(5.16) v~ {¢{p(M)}-
Proof. Let v = [auibug] with no occurrences of b in wuy. Write
_ _(up buxay  (upbuz a D
aup = vy for y € X. Then v = (a ui b U2> = (Uly b u2>

<u1 auz b ) = [auq][buz], by using (5.15). We then conclude by induc-
vy b oug

tion on the number of b’s in [auq]. []

The construction of ¢p.

(1) Start with w € R(c,d) and form w as before.

(2) Form np o(w) = (W, Yn,...,72,71), as in (5.13) with x = a. Note
that the sequence reduces to u = w, if there is no occurrence of a in w.

Otherwise, the sequence involves the a-cycles (n, ..., v2,71)-
(3) If necessary, apply (p to each of the a-cycles ~,, ..., 72, 71, to
obtain

Cop(Vi) = (000001550 mi—1,0im; ) (t=mn,...,2,1).

As each 7, is an a-sequence, each 9; o will be an a \ b-cycle and the other

51'71, ey 5i,mi717 (;i,mi will be b \ a—cycles.
(4) Apply np.p to the biword u that contains no a, to obtain np ,(u) =
(@, 78 ,v)), as in (5.13) with x = b. Note that the sequence

reduces to u’ = w, if there is no occurrence of b in w.
(5) Then &p(w) is the juxtaposition product of the sequences :

Ep(w) = (npp(w), Co(Yn); - -, Cn(1))
= (6/7’77/1/”7 cee 775/7 71/7 571,07 671,17 s 75n,mn717 5n,mn7

s 761,0761,17 e 751,m1—1751,m1)-
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Property (5.9) holds since np (w) can be obtained from w by a sequence
of D-transpositions, as well as the {p(~;)’s by Proposition 5.5.

To recover the biword w from an (a, b)-sequence o = (Wg, Y1, - --,Vh),

(5") cut the sequence (v1,...,7n) before each a \ b-cycle to obtain
(wo|wi| ... |w), where each wq is empty or is a (juxtaposition) product
of b\ a-cycles and the other w; (i > 1) are juxtaposition products of one
a \ b-cycle followed by b\ a-cycles.

(4") Determine nl_)lb(fﬁo, wo)-

(3

")

(2’) The biword w is the image by nn D of the sequence
(nD b wo,wo) CD (wl) .. 7CD (wl))
)

(1) The bottom row of the latter biword is the word w.

Determine CD (w;) for i =1,. l.

Ezample. Let X = [5] and let D be the natural ordering on X.
Let 1, 2 and 3 be small and 4 and 5 be large. Thus a = 4, b = 3. Let
w=3,224351,53,1. Then

o /1122333455

(1) w=1,1,2,2,3,3,3,4,5,5 and & = (3 25135154 1)

2235
2) Sort out the 4-cycle : np 4(w) = <<2 39 5),[4,1,5,3,3,1]).
3) Then break that 4-cycle : (p([4,1,5,3,3,1] = [4,1,5][3][3, 1]
)

(

(

(4) Sort out the 3-cycles : np 3(u) = 77D,3<§ 3 2 g) = (g)[3,2,5].
(

5) Thus ¢p(w) = (2,[3,2,5],[4,1,5],[3],[3,1]).

5.3. Transforming biwords under E. Throughout this section, we use
the total ordering F on X. Our aim is to show that the algorithm described
above for the construction of £p also applies to g, once the subscript D is
replaced by E. Accordingly, the mappings ng , and (g are to be defined,
as well as their inverses.

The definition of ng , is the same as the definition of np , shown
n (5.13), the Han E-transpositions replacing the Han D-transpositions.
The reverse mapping 775,133 is also derived in the same way.

The definition of (g requires a more detailed analysis of the ordering E.
For x,y ¢ {a,b} define x < y if and only if a and x are neighbours with
respect to (a,y). Then z < x if x is small, while x £ x if = is large. Next,
we have x < y and = # y if and only if one of the three conditions holds :
(i)x<Ey<Ea<Eb; (ii) a<pb<gpzr<guy; (iii)y<Ea<Eb<E:B.
Note that by (5.2), z < y if and only if @ and = are strangers with respect
to (b,y).

Let w = z125... 2, be a non-empty word in the alphabet X \ {a,b}.
We define a bijection h — [ of the interval {0, 1,...,m} onto {0,1,...,m}
as follows [by convention : g = X411 = 0] :
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(i)if h=0,0rif 1 <h <m-—1and z; < z41, define [ to be the
smallest integer such that h +1 <[ and z; < x;41.

(i) if 1 <h <m—1and z, £ Tp41, or if h = m, define [ to be the
greatest integer such that [ +1 < h and x; £ x;41.

On Fig. 4 part of the word w is represented as a polygonal line in the
Euclidean plane joining the points (h, zp) to (h+1,z,41), etc. In case (i)
the integer [ is the abscissa of the nearest rise x; < x;11 to the right of the
rise & < Tp41, while in case (ii) [ is the abscissa of the nearest descent
x; A w141 to the left of the descent xj, £ xp41. This suffices to show that
h — [ is bijective, and the inverse [ — h is defined in the same way, using
the forementioned geometric representation, i.e.,

Th
Lh+1
Lh+1
z
Th
x
i Li+1
I
hh+1 li+1 li+1 hh+1
case (i) case (ii)
Fig. 4

(i)ifl =m,orif1 <l < m—1and x; < x;41, define h to be the
greatest integer such that h+1 <[ and =), < zp41;

(i) if 1 <h <m—1and x; £ x;41, or if [ = 0, define h to be the
smallest integer such that [ +1 < h and zp £ xpy1-

Let ¢ be the bijection that maps the ordered pair of words determined
by h onto the pair of words determined by [, i.e.,

(5.17) O(T1 . Thy Thg1 -+ T) = (T1 ... T1, Tpg1 .« - Tiyy)

and denote by ¢~! its inverse. The bijection ¢ is used in the definition
of the following transformation ®. Let n > 0 and U = (ug,u1,...,uy)
be a sequence of words in the alphabet X \ {a, b} (some possibly empty).
If n = 0, define ®(U) = (ug). Suppose n > 1; then ®(U) is defined
recursively by :

P(tn—1,un) = (Up_1,Vn);
(5.18) D(ug, Uty .-y Up_2,U, 1) = (Vo, V1, Vp_1);

D(U) = P(ug, Uty -y Up—2,Up—1,Up) = (V0, V1, ..., Upn_1,VUn)-

As ¢ is bijective, ® is also bijective with ®~! given by :
if (I)_l(vo,vl, ey Un—9, Un—l) = (uo,ul, ceey Un_g,u;lfl),
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and <p_1(un 150n) = (Up—1,uy),
then @ (vg, v1, ..., Vp—1,0n) = (U0, U1, .. Up—2, Un—_1, Up).

Example. Consider the ordering 1 <p 2 <gp 4 <gp 3 <g 5, where 1,2, 3
are small, while 4,5 are large. Let a = 4 and b = 3, so that 5 < 1 < 2. Next
consider the sequence of words U = (1,2,2,5; 5,5,2; 1,2,5; e; 2,1,5,1)
separated by semi-colons, with e denoting the empty word. We have
successively :

ple; 241 A5 <1) =

as b <2, ¢(1,2,5; 2 X

as 2 A 1, (b £ 5 <
vy =5,2,1,2,5,2,1,5;

ash A5, 0(1 <2<2£5;5)=(1,2,2; 5,5)and vy =5,5,v9 = 1,2, 2.
Thus V = (1,2,2; 5,5; 5,2,1,2,5,2,1,5; e; 1).

(27 75,1) SOthatug:2,175andU4:1;
5) (1?275727175;6) and’l)gze;
1

14
2; 1,2,5,2,1,5) = (5; 5,2,1,2,5,2,1,5) and

We are now ready to define the bijection (g. Let v = [bugauia . .. au,]
be a b-cycle, the words w;’s having no occurrences of a and b. Let
O (ug, ug, ..., u,) = (vo,v1,...,0,). Then put

(5'19) CE(’)/) = ([b'UO]v [avlL R [avn])'

Following the recursive definition of ® we can also write when n > 1 :
if p(un—1,un) = (ul,_1,v,) and 4" = [bugauy ... au,_saul, ], then

(5.20) Ce(v) = (Ce(v), [avn)).

From what has been said about ¢ and ® the mapping (g is clearly bijective
and its inverse Clgl well-defined. The crucial point is to prove the analogue
of Proposition 5.5, i.e., Proposition 5.7 that we will state after the following
lemma.

LEMMA 5.6. Let u be a word with no occurrences of a and b and
Y,z # a,b. Then

(5.21) <aub)£(bua).

Y Zu Yy zZu

Proof. 'The proof is very similar to the proof of Lemma 5.4 with the
sole difference that ﬂa,b]]E = {a, b}, while ]]a,bﬂD = (), but the same
steps hold, because u has no occurrences of a and b and y, z # a,b. []

PROPOSITION 5.7. If 7 is a b-cycle, then

(5.22) v R A}
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Proof. Let v = [bupauja...au,| with no occurrences of a and b
in the w;’s. If n = 0, there is nothing to prove since (g(y) = (7).
Suppose n > 1 and take up again the notations of (5.19). Also, let
Up—1 = T1...Th, Up = Thil.--Tpmy U = T1...Tl, Up = Ti41 ... Ty
Finally, let w,_os = ugauia...au,_o, if n > 2 and w,_o = e, if n = 1.
Consider the two cases (i) and (ii) introduced in the definition of ¢ :

Case (i) reads either h = 0, i.e., u,_1 empty, or 1 < h < m —1
and xp, < xpy1; furthermore [ satisfies the relations : h + 1 < [
Thi1 A Thao A - A a1 LAz, but 7 < 2141. f h =0 and z = a

ax E (T a a x E (T ay .
or b, we have <z ]Zrl) N( htl a);also( h“) N( htl >1f

z Ih a Iy a
ax E (X a a E ([ x a
1§h.Moreover,as< h+2)~( h2 >,...,< ! )w( ! ),
a Thit Thi1 @ a1 Ty a
ax E (T a . . o
but (a ;+1> ~ ( ZC‘LH . ), moving a (using Han FE-transpositions) to
! !
the right, just after x;4, transforms ~ into the biword :
4 = (wn_g X1 ... Th Thel Thy2 --- T] Xi41 G Tj42 ... b >
b wWp_9...Th—1 Th Thel -.-Tj—1 G X} Ti4]l --. Tpy
Finally,
E (Wpn_2 L1 ... T T b x ce.a
AR < n-2 ol b 142 ) [by Lemma 5.6]
b wWp_9...T1—1 Q@ Ty Xi4] ... Tm
E (Wp_o T1 ... Ty bxji1x e a
E ( r;) 2 T1 l I+1 T1+2 ) [as 21 < Z141]
Wp—2 ... Tj—1 T G Ti41 --- Tm

!/

E
= [bwn—2v;,_1]lavy] = +'[av,] ~ {Ce(v)]ava]} = {C ()},
by induction on n (see (5.20) and (5.22)).
Case (ii) reads either h = m, i.e., u, empty, or 1 < h < m — 1 and
xp A Tpe1; this time [ satisfies the relations : I < h — 1, 2141 < 2142 <

a b\ E (b a
oo < Tpo1 < T, but 2 A 23401 I h = m, then (xha>w(axh>’but
(CL $h+1>}g<$h+1 a

Th a a Ip
Han transpositions on v and make use of Lemma 5.6 to get the biword

) if h < m — 1. First we apply either one of those

fy,,:(wn_g 1 ... Th Tpy1 b Thao ... Ty a)
b wp_9...Tp—1 G Th Thyl - Tm—1 Tm

b .
Now, as zp £ Tpi1, we have (m];“ ) z <b Thl ) Also the relations

Th a Ip
) zn, b\ E /b xp

Th—1 < Thy --- , Ti41 < Ty+o imply : ~ e

Tiv2 D\ E (b 2149 Th-1 @ & Th-1
( + > ~ ( + ) Thus ~” is transformed into the biword

Ti+1 G a Tj4+1

"o_ (wn_g 1 ... Ty Typ1 bxige ... Ty a >
b Wp—2...T1-1 T| A Xj4] ... Tyl T
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E(U)n_g 1 ... T b a1 4o ... Ty a>
b Wp_9...X-1% @ Tjp1 ... Tm_1 T

=/ [ava) © {Cu(y)aval} = {Ca ()},

using the fact that z; £ z;41 in the second step. []

The construction of {g.

(1) Start with w € R(c,d) and form w.

(2) Form ng,(w) = (@, Vn,.--,Y2,71), as in (5.13) with = b using
Han E-transpositions instead of Han D-transpositions.

(3) If necessary, apply (g to each of the b-cycles vy, ..., 2, V1.

(4) Apply ng.q to the biword u.

(5) Then {g(w) is the juxtaposition product of the sequences :

§p(w) = (Nz.a(), Ce(m), - Cp(n))-

Property (5.11) holds since ng (@) can be obtained from w by a
sequence of E-transpositions, as well as the (g(7;)’s by Proposition 5.7.

We recover the biword w from each (a, b)-sequence o by reversing the
previous steps, as was explained after the definition of £p given in the
previous subsection.

Ezample. Let X = [5] and let D be the natural ordering on X. Let
1, 2 and 3 be small and 4 and 5 be large. Thus a = 4, b = 3. It was shown
in the previous subsection that the word w = 3,2,2,4,3,5,1,5,3,1 was
mapped onto the (a, b)-sequence : £p(w) = (é, 13,2,5],[4,1,5],[3],[3, 1])

Reverse the orders of 3 and 4 to obtain the F-ordering as in the previous
example. The construction of £,'¢p(w) is made as follows :

(5") Cut the sequence of a- or b-cycles just before each b\ a-cycle :
| [3,2,5],[4,1,5] | [3] | [3,1].

(4’) The sequence of cycles does not start with an a-cycle : 77]5’14@) =2.

(3") Apply (' to each sequence determined by the factorization in (5') :
as 5 < 1, 71(2,5; 1,5) = (e; 2,5,1,5), so that CEI([ZS, 2,5],[4,1,5]) =
3,4,2,5,1,5]; also (5" ([3]) = [3] and ¢5'([3,1]) = [3,1].

(2’) Determine 775713 (é, 3,4,2,5,1,5],[3], [3, 1]), i.e., form the juxtapo-
2425153313
2342515331
non-decreasing row using as few Han E-transpositions as possible (move
the second leftmost 2 to the second position, then the leftmost 1 to the

o . . 1122433355
first position, ... ) to obtain the biword (3 99453153 1).

(1”) Then, as defined in (5.12), §(w) = 3,2,2,4,5,3,1,5,3, 1.
We can verify that (excp,denp)(w) = (excg,deng)(6(w)) = (5,24).

sition product ( ) and transform the top row into a
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6. RECURRENCE RELATIONS

In this section we give recurrence relations for the generating function

Ac.a(t,q). Write

(61) Ac,d(t7 Q) = Z Ac,d,s(Q)tsa

s>0

so that Ac q,s(¢q) is the generating polynomial for the words w € R(c,d)
such that des; w = s by the k-major index. We will use the notation [s],
for 1 +q+¢®>+---+q¢ L

PrOPOSITION 6.1.  With m = ¢+ d the following relations hold

(6.2) (1 —q“"H)Acs,altq)

= (1—tq""™) Aca(t,q) — ¢“ (1 = t)Ac.alty, 9);
(6.3) (1 —q¢ " HAcat1,(tq)

= —(1—tg""™) Aca(t, q) + =" (1 — ) Ac,a(tq, 9);
(6.4) [cj+1]gAct1;,a,5(q)

= [ej+ 1+ s]gAcas(@) + ¢ [T +m—s—cjlgAcas—1(a);
(6.5) [di + 1]gAc.a+1,,5(q)

=" s —d]gAcas(@) + °2+m — s+ di]gAc,a,s—1(q);

Proof. The latter two identities are equivalent to the former two ones.

Consider relation (6.4) first. By the invariance principle for maj, this
relation is equivalent to the relation formed when j is replaced by any

1 such that 1 <4 < j. It is convenient to prove the relation for i = 1, and
we rewrite the relation in the form

(6.6) (1+q+-+q")Act1,,d.5(0)
=(Q+q+-+¢" ) Acas(a) + (¢ + -+ ¢ Acas—1(0)-
Consider the set R*(c+14,d, s) of I-marked words, i.e., rearrangements
w* of 1911 | r% with s k-descents such that exactly one letter equal to 1

has been marked. Each word w € R(c + 11,d) that has s k-descents gives
rise to ¢; + 1 marked words w(®, ..., w(¢). Define

where ny is the number of letters equal to 1 to the right of the marked 1.
Then clearly

C1
S majt w® = (14 q+--- + ) maj, w.
i=0

Hence
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(ta+ - +a ) Aeas@= > ™
weR*(c+11,d,s)

Let the word w = z122...2, € R(c,d) have s k-descents. We say
that w has m + 1 slots x;x;11, i = 0,...,m (where we put o = () and
Tm+1 = ). Call the slot z;x;1 green if either z;x;11 is a k-descent, z; = 1
or ¢ = 0. Call the other slots red. Then there are 1 4+ s + ¢ green slots
and m — s — ¢y red slots. Label the green slots 0,1,...,c; + s from right
to left, and label the red slots ¢; + s+ 1,...,m from left to right.

For example, with X = [3], 7 = 2 and &k = 1, the word w =
221321233 has 5 l-descents and 10 slots. As ¢; = 2, there are
8 green slots and 2 red slots, labelled as follows

slot 2121 ]3|2]1]|2]3]|3]«
label 7

[213[3]
2 9 1 0

LD —

|2 1]3]
8 6 5 4

Denote by w® the word obtained from w by inserting a marked 1 into
the i-th slot. Then it may be verified that

(i) _ J despw, ifi<e+s;
(6'7) des w { desp w + 1, otherwise.
(6.8) maj* w® = maj, w + i.

Ezxample. Consider the above word w. The following table shows the
values of des, and maj* on w®. We show k-descents thus : 27 1. The
marked 1 is shown in italics.

i w(® des; w® maj* w(®
0 2 271 37271 2 37371 5} 28
1 2 271 37271 2 371 37 5} 29
2 2 271 37271 1 2 3737 ) 30
3 2 271 37201 1 2 373 ) 31
4 2 271 371 271 2 3737 ) 32
5} 2 271 1 37271 2 3737 5} 33
6 2 271 1 37271 2 373 ) 34
7 1 2 271 37271 2 373 ) 35
8 271 271 37271 2 3737 6 36
9 2 271 37271 271 3737 6 37

So each word w € R(c,d) with s k-descents and maj, w = n gives
rise to ¢1 + s + 1 marked words in R*(c + 1;,d,s) with maj* equal to
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n,n+1,...,n+c;+s; and to m—s—c; marked words in R*(c+11,d,s+1)

with maj* equal to n+c1+s+1,...,n+m. Hence a word w in R(c,d) with
s—1 k-descents gives rise to m —s+1—c; marked words in R*(c+14,d, s)
with maj* equal to maj, w+ci+s, ..., maj, w+c. This now proves relation
(6.6).

We now consider relation (6.5), which we will rewrite in the form
(6.9) (L+q+ - +¢")Acasi,.s(a)
=@+ + %) Acas(@) + (4 T A g -1().

Consider the set R*(c,d + 1k, s) of r-marked words, i.e., rearrangements
w* of 19 ... r%+1 with s k-descents such that exactly one letter equal to r
has been marked. Each word w € R(c,d + 1;) that has s k-descents gives
rise to dj + 1 marked words w(©, ... w(@) Define

maj* w® = maj, w + n,,

where n, is the number of letters equal to r to the left of the marked r.
Then clearly

dg
Zmaj* w® = (14+q+ -+ ¢™)maj, w.
i=0
Hence
g+ + 0" Aearnsld = Y @™

weR*(c,d+1g,s)

Let the word w = z122...2, € R(c,d) have s k-descents. Then, as
before, w has m + 1 slots z;x;y1, 1 = 0,...,m (where we put xg = () and
Tm+1 = %). Call the slot x;x,41 green if z;x;11 is a k-descent and x; < r.
Call the other slots red. Then there are s —dj, geen slots and m—+1—s+dx
red slots. Label the green slots 0,1,...,s — dr — 1 from right to left, and
label the red slots dx — s, ..., m from left to right.

For example, with X = [3], j = 2 and &k = 1, the word w =
221321233 has 5 1-descents and 10 slots. As di = 3, there are
2 green slots and 8 red slots, labelled as follows

slot 2121 |3]21]2]3]3]+«
label 2 3 1 4 5 0 6 7 8 9

Denote by w(® the word obtained from w by inserting a marked r into
the i-th slot. Then it may be verified that

(i) _ J despw, ifi<s—dy—1;
(6.10) desy w { o ethorwise

(6.11) maj* w® = maj, w+i+dy + 1.
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Each word w € R(c,d) with s k-descents and maj, w = n gives rise to
s —dj, marked words in R*(c,d+ 1k, s) with maj* equal to n,n+1,...,n+
s—dr —1;and to m + 1 — s + d marked words in R*(c,d + 1x,s + 1)
with maj* equal to n + s+ 1,...,n +m + dr + 1. Hence a word w in
R(c,d) with s — 1 k-descents gives rise to m + 2 — s — dj, marked words in
R*(c,d + 1, s) with maj* equal to maj, w+s,...,maj, w+ m + dj + 1.
This now proves relation (6.7).

Example. The following table shows as before the values of des; and
maj* when r = 3 is inserted in w.

i w® des; w® maj* w®
0 2 271 372 371 2 3737 ) 32
1 2 2 5871 37271 2 373 ) 33
2 372 271 37271 2 3737 6 34
3 2 37271 37271 2 3737 6 35
4 2 271 38737271 2 3737 6 36
5) 2 271 3787271 2 3737 6 37
6 2 271 37271 872 3737 6 38
7 2 271 37271 2 837373 6 39
8 2 271 37271 2 37873 6 40
9 2 271 37271 2 373787 6 41

A short table for the polynomials Ac.a(t,q) :
At = 1, Agy )t a) = 1, Aw).0)(tq) = g,
A(Q),(())(t,CJ) =1, A(1,1),(0)(t,q) = 1+ qt, A(1),(1)(t,q) =tq+ tqQ,
Ay (tq) = 1% +12¢%, Ay (t,q) = 125,
A.0t9) = 1 Aot a) = 1+tg+ g,
A0t a) = 142t +2tq* +12¢%, Ay 1)(t,q) = tq+tq” + ¢,
A(1,1),(1) = tq + 2tq® + tg® + t?¢® + t?¢*,
Ay, (t9) = tg* + tg* + 265 + 262" + 27,
Ayt q) = BPHEAH2E, Ay (b q) = L@ +22¢ 4225 +13¢5,
Ay 1) (t,q) = 2q* + 127 + 13¢%, Ay 3)(t,q) = 3¢,

7. GENERATING FUNCTIONS

In this section we use the recurrence relations (6.2) and (6.3) to prove
Theorem 1.4. Thus let

(71) Aguy) =3 2V A ()
. ,q; 4, = 77 N ‘e, d\Y .
c.d (t;Q>1+m
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We will consider the partial g-difference
Dy, = A(t,q;u1, ..., uy;v) — A(t, s ug, ..o, Uj—1, UG5 V).

Directly from equation (7.1) we obtain

uC+1j Vd
Dy, = 1— ¢t ————Aci1,.alt,q
i C’Zd( )(t;q)QJ,-m c+ i ( )
C+1j d
= Z(l - tqm+1)uAc,d(t7 Q)
3 (t; @)24m
. uc+1j Vd
_ Z qu+1(1 — t)WAc,d(tq, q)
c.d y4)24+m
using relation (6.2). Now
uC+1j Vd uc+1j Vd
S I T I
c.d aQ)Q—Fm c.d ( 7Q)1—|—m
= ujA(tv q;u, V)
and
uC+1jvd uC-I—].j qu—|—1Vd
(1 —t) ———Acaltq,q) = ) ———~——Acaltq, q)
; (t: @)2rm CZ(; (t: @)1gm
- uqu(tQ7 q;u1, ..., U5—1,U59, V)'
Hence

(72) Alt,qsu,v) — At g5 un, .. uj—1, U5, V)
= uJA(tﬂ q; u,v) - uqu(tqv q;ut, .-, Uj—1,Uj59, V)'

The (partial) g-difference equation with respect to each w; (i = 1,...,7)
has the form

(7.3) Alt,gu,v) — Alt, g ur, ..o, uig, - .- uy, V)
- uzA(t7 q;u, V) - uqu(tQ7 q; Uty ..., Uiq, . .. ,Uj,V).

In the same way, (6.3) leads to the g-difference equation

(7.4) A(t,q;u,v1,...,u4q,...,v5) — A(t,q;u, V)
= —uqA(t,g;u,v1,...,uq, ..., v) +UgA(tg, ¢;u,v),
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forl =1,...,k. Now let

A(t,q;u,v) = Zts (u,v,q).
s>0

From (7.3) we get
s s s—|—1
Zt (1 —u;)Gs(u,v,q) Zt — )Gs(ut, ..., uiq, ..., uj,V,q).

s>0 s>0

Taking the coefficient of ¢* in both members yields the relation

1 —u;q* !
(75) GS(U,V,Q) = 1_—uGs(u17"'7uiQ7"'auj7V7Q)7
fori=1,...,7. Similarly, from equation (7.4) we get the relation
14+ vq
(7.6) Gs(u,v,q):Hv—lqsﬂGs(u,vl,...,vlq,...,vk,q)
forl=1,... k.
Now put
(7.7 F(1,v,0) = Gu(u,v,q) Lo Dot

(_Vq; Q>s ’

where we have used the notation (u;¢)s+1 = (u1;¢)s+1 .- (u;;9)s+1 and
a similar notation for (—vg;q)s. Then from equations (7.5) and (7.6) we
deduce that fori=1,...,7and [l =1,...,k,

FS(U,V,(_I) = Fs(ula S 21 PR ,’LLj,V,C])

7.8
(78) Fs(u,v,q) = Fs(u,v,...,04,...,0,q)

But Fs(u,v,q) can be expressed as Fi(u,v,q) = > uviF; . a(q), where
c,d

Fsca(q) is a power series in non-negative powers of ¢. Fix a non-zero
pair (c,d) and let a be a non-zero component of (c,d). Then relation
(7.8) implies that Fsc a(q) = ¢“Fs.c.a(q). Therefore, Fs c a(q) = 0. Hence
Fs(u,v,q) = Fs,0(q). It remains to evaluate Fs(q).

From (7.7)

Fs0,0(q) = Fs(u,v,q) ’u =0,v=0

— GS(U,V,Q) (u;Q>s—|—l

= G4(0,0,9) =1,
(—vq;q)s lu=0,v=0 (0,0.9)
as Y t°G4(0,0,q) = A(t,¢;0,0) = 1/(t;q)1 = > t°. Thus Gs(u,v,q) =
s>0 s>0
(=vaia), by (7.7). This proves theorem 1.4.
(05 q)s11
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8. INTERPOLATING ¢g-EULERIAN POLYNOMIALS

Let AF(t,q) = Ayqn(t,q) (j + k = r), which is the generating
polynomial for the symmetric group S, by the two-variable statistic
(desk, maj;). We wish to derive the following equation.

1
8.1 —Aktq t%[s + 1] Jk
S (& @) 1gr ;
First, let
(8.2) Ak (t,q) = ZA t*  (0<k<r).

Then relations (6.4) and (6.5) are rewritten, the first one with ¢ = 1771,
cj:(),m:r—landd:lk,

(8.3) Alﬁ,s(Q) = [1+s]gAF_, s T — S]qu—1,5—1(Q);
the second one with c =1/, d;, =0, m =r — 1 and d = 1%,
(8.4) A7 () = qs]g A2 (@) + ¢°[1 + 7 = s]gAFZ 1 ()

As the polynomial A¥(¢, q) is also the generating polynomial for S, by any
pair (desy, p, majy p), where D is an arbitrary total order on [7] (see [6]),
it makes sense to consider the polynomial

(8.5) Aq(z,y;t,q) ZA” (z,y;q)t° = Z (;) 2y kARt q)
k
r _
=3 (k) 2bym RN AR (g)t

Using (8.3) and (8.4) it is easy to derive the following recurrence relation
for the polynomials A, ¢(x,y;q). We find

(8:6) Ay s(z,y59) = (qlslgr + [s + 1gy) Ar—1,5(7,¥;9)
+ qs([,r -5+ 1]qm + [T - S]qy)Ar—l,s—l(x7y; q)

Following Garsia’s method [11] introduce the Eulerian differential operator
¢ (see also [1]) defined by

P(qt) — P(t)
tlg—1)
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In particular, §;t5 = [s],°~! and 6:(1/(t;q)r) = [s]/(t;q)r+1. Also note
the rule for §;-differentiating a product :

5 (P()Q(t)) = 6, P(t).Q(qt) + P(t).6,Q(t).

Using this operator (8.6) may be rewritten as

(8.7) A(z,y;t,q) = Ar_1(z,y5 tq, q)(y + ytg[r — 1]4 + ztq[r]y)
+ 0 Ar_1(z,y5t, @)t(1 — tq") (qr + y).

Next introduce
(8.8)

G=Gx,yt,gu)=> Y u—:tsGr,s(x,y;q) = AT it g)

7! rl (¢
r>0s>0 r>0 ( ! Q)r+1

The forementioned relation (8.7) may be expressed as

t(gr +y)(1 — tg" )6 A (7, y5 L, q)
= Ari1(z,y3t,q) — Ar(z,y5 tq, @) (y + ytq[r]q + ztq[r + 1]4).

Nw §;-differentiate (8.8) and make use of the previous relation. An easy
calculation leads to

(8.9) tlgr+v)6:G(x,y;t,q;u) + yG(x,y5tq, s u) = DGz, y3t, g5 u),

where “D,” is the usual derivative with respect to u. Consider the
coefficients of u"t*/r! in both members of (8.9). We get

(qz + v)[8]¢Gr.s(z,y:9) + y¢°Gr s(x,y; q) = Grii(z,y; q).

On the other hand, G(z,y;t,q;u = 0) = Ao(z,y;t,q)/(t;9)1 = 1/(1 —1).
Therefore, Gos(z,y;q) = 1 for all s > 0. Hence G,y15(x,y;q) =

(qz[slq + ylslq + y4°)Gr s(z,y; q) = (xzqlslq + yls + 1]4)Grs(z,y;q) and
Grs(z,y;q) = (zq[s]q + y[s + 1]4)" (r = 0). Thus

s10) L Ar(@,yit,q) ZZ—_tS q(sly +yls +1]g)"

|
>0 (t q)r+1 r>0 >0

(8.11) = Zts exp(u(zq[s]q + yls + 1]4))-

Note that (8.1) is equivalent to (8.10).

37



Robert J. Clarke and Dominique Foata

Remark. For k = 0 the polynomial A¥(¢,q) is the usual g-Eulerian
polynomial (see, e.g. [2], [3], [4], [11], [12], [13])

Ag(t,q _ theswqmajw (w e Sr)7

which is the generating polynomial for S, by the usual number of descents
“des” and the major index “maj.” The generating function for those
polynomials is given by (see op. cit.)

(8.12) Z“ Aptq) = 5" 1> exp(uls + 1],).

r! (t;
>0 $ )1 $>0

Also the polynomials tA%(¢, ¢) have the generating function

u” tAY(t q
8.13 t° exp(uls
( ) ;O t q r+1 Z p [
Comparing (8.12) and (8.13) with (8.11) we see that the polynomi-
als A, (z,y;t,q) interpolate the usual g-Eulerian polynomials A%(t,q) =
A (x =0,y =1;t,q) and ¢"tA%t,q) = A.(x = 1,y = 0;t,q).

There is also a method of deriving the generating function for the
polynomials A, (z,y;t,q), i.e., (8.10)-(8.11), directly from (8.12). From
the combinatorial interpretation of A (¢, q) as a generating polynomial for
S, by (desg, maj, ), it is easy to obtain the identity

Af(t,q) = AF7 Mt ) + (t¢" — VAN {(t,q)  (1<k<r)
By iteration we get
k
k ‘s T— T—S
At = 3 () = D 1) = DAL (o)
s=0 5
Hence

7! _
Az yitg) = Y —afyh

and
Z ur Ar(x,y,t,q) B Z us—l—n—i—mxs—i—nym (_1)5 AO
rl (t;q) B sln!m! (t;q) (5 4)
>0 1q)r+1 smm>0 sn-ms. 1 d)n+m+1
(wz+y)* 1 o
= exp(—ux) A(t,q)
( ;) s! (tq)s41 °

— Zts exp(u(zq[s]q + y[s + 1]4)),

r>0
using (8.12) in the last step.
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