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The purpose of this paper is to calculate the distributions of several joint
statistics on the symmetric group and related structures that have been
studied in the previous two Eulerian Calculus papers. It is shown how the
Cauchy formula on symmetric functions, an old MacMahon bijection and
a combinatorial lemma on skew-tableaux provide the necessary ingredients
for calculating those distributions.

L’objet de cet article est de calculer les distributions de plusieurs statis-
tiques a plusieurs variables définies sur le groupe symétrique et des struc-
tures parentes, qui ont été introduites dans les deux articles précédents sur
le calcul eulérien. On montre que la formule de Cauchy sur les fonctions
symétriques, une bijection ancienne de MacMahon et un lemme sur les
tableaux gauches fournissent les ingrédients nécessaires pour le calcul de
ces distributions.

1. INTRODUCTION

As was explained in our first paper [3], the motivation of this Eulerian
Calculus series of three papers was to study the behaviour of several
classical statistics on words, such as the number of descents, the number
of excedances, the major index, when the strict inequalities required in
their definitions were relaxed to include some equalities. Although this
study takes all its cogency when those new statistics are defined on classes
of words with repetitions, there is also a special analysis to be made for
permutations, since statistical distributions can be calculated jointly for
permutations and their inverses.

In the present paper we shall be mainly interested in the calculations
of those distributions. Let (ui,...,u;), (vi,...,vx) be two sequences of
commuting variables and ¢ = (cy,...,¢;) and d = (dy,...,dx) be two
vectors with non-negative integer components. It will be convenient to
write u® for wuf' .. ujf and vd for v ...vg’“. If (a;q), denotes the g-
ascending factorial

' 1, ifn=20;
(@) = { (1-a)(1—aq)...(1—ag"™Y), ifn>1;
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author revised the paper in Strasbourg.
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then (u;q)sy1 and (—qv;q)s will stand for the two products

(U1 @)sq1--- (u5359)s41 and  (—qu1iq)s ... (—qUk; q)s,

respectively.
From the analytic point of view the present paper is the study of the
series

qv q)s
1.1 G(u,v;t: ts
(1.1) ( 7)=> Dors”

s>0

that will be shown to have an expansion in the algebra of g¢-series
normalized by denominators of the form (¢;q),. More precisely, we shall
derive the identity

c,,d

u'v
1.2 Gu,v;t:q) = ———Ac,al(t, q),
I X

where the series is over all vectors (c,d) = (c1,...,¢j,dq,...,dy), where
c=ci+---+c¢j,d=d +---+d; and where each coefficient A¢ (¢, q) is
a polynomial with integer coefficients.

As indicated by Andrews [2] in a private communication, the function
G(u,v;t: q)introduced in (1.1) can be viewed as a multivariable extension
of the basic hypergeometric series

(1.3) F(a,b;t: q) Zts (ag; q
5>0

thoroughly studied by Fine in the first chapter of his memoir [7]. (See, in
particular, the scholarly comment made by Andrews in Fine’s book itself
[7, p. 32-36].)

From the combinatorial point of view the purpose of this paper is to
show that the polynomial A¢ 4q(t,q) occurring in (1.2) is the generating
function for a finite class of words by a bivariable statistic. To define the
relevant statistic we use the same notations as in our previous two papers,
but for convenience sake we recall them here. First, X is a fixed non-empty
set, referred to as an alphabet, that, in most cases, will be taken as the
subset [r] = {1,2,...,7} (r > 1) of the positive integers with its standard
ordering. Unless explicitly stated, j and k will be two fixed non-negative
integers of sum r. The letters 1,..., 7 will be called small and the letters
j+1,...,r large. It is also convenient to adjoin to the set X one element
* that is small but greater than any other small letter.

The free monoid generated by X will be denoted by X*. The elements
of X* are finite words w = x1xs...x%,, with letters x; taken from X. A
word w’ is said to be a rearrangement of the word w if it can be obtained
from w by permuting the letters x1, x2, ... , z,, in some order.
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Let ¢ = (¢1,...,¢;) and d = (di,...,d) be two vectors with non-
negative integer components. The class of all m!/(ci! ... ¢;!dy! ... dj!) re-
arrangements of the non-decreasing word v = y1ya ... Ym = 10 ... j% (j +
1)% ... r? will be denoted by R(c,d).

Let w = z129... 2, and let W = v = y1y2 ... Y, be its non-decreasing
rearrangement. As in the previous two papers, we say that the word w has
a k-excedance at i (1 < i < m), if either z; > y;, or x; = y; and z; large.
We also say that w has a k-descent at i (1 < i < m), if either z > z;41,
or x; = x;41 and z; large. (By convention, z,,11 = x.) The numbers
of k-excedances and k-descents of a word w are denoted by excp w and
des, w.

The k-major index of a word w is also defined to be the sum, maj, w,
of all ¢ such that i is a k-descent in w. In our second paper [4] we have
also introduced another statistic, “deng,” to be paired with “exci” and
constructed a bijection p of R(c,d) onto itself such that (desy, maj;)(w) =
(exck, deny) (p(w)) holds. The first result of the paper is the following
theorem.

THEOREM 1.1. The generating polynomial for the rearrangement
class R(c,d) by the bivariable statistic (desy, maj,) is the polynomial
Ac.a(t,q) occuring in (1.2).

That is, let
(1.4) Acalt,q) =Y 9+ g™v (v € R(c,d)).
Then the following identity holds :
usvd qv q)s
1.5 ———Acd(t,q) ts
(15) Zd (£ Q) 14c+a 4l ; Qs+1

Rawlings [17] studied the series

Zts —au1; q)st1 - - - (—QUr; @) s11
>0 bul q s5+1 - (bu'F; Q)s—i-l
(same subscripts (s+ 1) and same variables uq, ..., u, on both numerator
and denominator) a series that can also pretend to be a multivariable
extension of Fine’s series, and showed that it was equal to

C

uit . .ulr
Z : ACl,u-,Cr (t7Q7aab)7

c1>0,...,c.>0 (t; Q)c1+...+cr+1

where A, . .. (t q,a,b) is the generating polynomial over the class of
bicoloured rearrangements. A bicoloured rearrangement is a pair (w, f),
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where w = z1x3, ... x,, is a rearrangement of 1 ... r° (¢c1+---+¢. =m)
and f is a sequence of m letters equal to, say, “small” or “large.” His way
of colouring the “places” of the letters in each word, instead of the letters
themselves in the alphabet X = {1,...,r} lead him to derive different
formulas. His technique is based upon an algebra of bicoloured matrices.

In our second paper [4] identity (1.5) was derived by first obtaining a
recurrence relation for the polynomials Ac 4(%,q) defined by (1.4), then by
solving a system of g-partial difference equations. In the present paper we
use an entirely different approach : identity (1.5) is derived directly, using
classical techniques on symmetric functions and especially the Cauchy

identity that expresses the infinite product [](1 — z;y;)~ L either as a
i,
series of products of monomial and homogeneous symmetric functions,

or as a series of products of Schur polynomials. We shall use the two forms
together with their dual identities. Our main tools will also be, first, an
old MacMahon bijection that is here updated to take more parameters
into account (see §3), secondly, a combinatorial lemma on skew-tableaux
(see §5).

The advantage of the present approach is to provide both a common
set-up and a combinatorial interpretation to Ac q4(t,q) and also to several

other generating polynomials for order statistics on words, such as the
polynomials Agvd(t,q), Agd( q), AHI(t q) defined by

ucvd
(1.6) _uv: i
C’Zd (t:9)14c+d e ; Q)s+1(qv; qQ)s’
> -y
(1.7) ———— At q) t°(—w;9)s41(—qv; q)s,
od (t;q)14ctd =
uCVd 7q s+1
(18) Z — III Z ts
c,d (t’ q)1+c+d s>0

In particular, the following identity

(1.9) (t;q;—i-C—&-d c,d(t; q)
oD 3C I P R Tl Y R M

n
where stands for the g-binomial coefficient

l
m __ (@9
U (@G On-i(Gal’
can be derived combinatorially as well as three other identities dealing
with the polynomials Aid(t,q), Aé{d(t,q), Agdf(t,q) by using the same
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MacMahon pattern (see section 4, where (1.9) is shown to be equivalent
to (1.5) by means of the Cauchy identity).

Before deriving the above identities in sections 3 and 4 we find it
convenient to recall the classical notations on ¢-series, together with the
various forms of the Cauchy identity. This is the object of section 2.

Section 5 contains our second main tool, i.e., a combinatorial lemma
on skew-tableaux. Let A and p be two fixed partitions; the problem is
to express the infinite series ) t*Sx(q,...,¢%)Su(1,q,...,¢°), where Sy
and S, are the Schur functions associated with A and p, as a generating
function for skew-tableauz (see Lemma 5.3). Notice that the alphabets
involved in the two Schur functions are not the same.

That lemma is used in Section 6 to derive another combinatorial
interpretation of the polynomials A¢ q(t, ¢), first, in terms of pairs of skew-
tableaur, second in terms of words by a new pair of statistics (desy, majj)
(see Proposition 6.2). In the present paper two sorts of descents will be
considered, the k-descents already introduced, and the k*-descents that
lead to the pair (desy, majy). The object of section 7 is to construct a
bijection ¢ of R(c,d) onto itself with the property that (desy, maj;)(w) =
(desg, maj;) (¥ (w)) holds identically.

Now let . .
{ 1, if 51 or s9 is zero;

(a5q1,G2)s,,5, = IT 1T (1- uq“_lq;2 1), if both s1,59 > 1;
1§i1S81 1§i2§82

be the bivariate extension of the g-ascending factorial. Section 8 is devoted
to the combinatorial study of the following identities :

(1.10) S t?tg( ULG1G2; 1, G2) 1,50
512>0,52>0 (Uyaﬁh q2>51+1 so41

_Z tla
(1.11) > s L

$120,5220 (UZquqz; qi1, Q2)sl,sz (uy; q1, QQ)31_|_1782+1

_Z tla A7I7,?

T n+1(t2,Q2)n+1

Ay
q1)n+1 t2,Q2)n+1

(1.12) Z tiltgz(—wﬂ(hqmQ1;Q2)s1,sg(—uiy;fh Q2)31+1 s2+1

512>0,522>0
_ E AII_
n
¢ (t15q1)nt1 t27Q2)n+1

(1.13) > g (Cuyi g1, @2)si 11,0041
5120,522>0 (uxqwm% qQ)51,52

_ Z tl, A{LI[.

q1)n+1 t27q2)n—|—1
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By means of the combinatorial Lemma 5.3 it is proved that A,, AL, ALl
and Al are polynomials in t1, ta, q1, g2 with integral coefficients, and
in fact, generating polynomials for pairs of skew-tableaux by a bivariate
statistic.

The next problem is to show that those polynomials are also generating
polynomials for linear structures. This is achieved by considering the
coloured permutations, another way of introducing the classical signed
permutations underlying the group B,,. The coloured permutations are
counted acccording various k*-descents.

Identity (1.11) has been obtained by Reiner [18] (see also [19], [20]) in
the B, -signed permutation version, using a different approach.

2. NOTATIONS, ¢-SERIES AND SYMMETRIC FUNCTIONS

Besides the finite ¢- and (¢, ¢2)-factorials introduced in the previous
section we shall need the infinite extensions :

(CL; Q)oo - hmn(a; Q)n — H(l — aq");

n>0
(0341, 2) 00,00 = Mg, 00 (G501, 42) 5100 = [ [T (1 —uai 'g2 ™)
i1>1ip>1
and also the g-multimonial coefficient :
{cl +-oteitdy o+ dk:| _ (4 QDert+ey+dittds
ClynesCiydy,y. ..y dy (G Der (6D, (G Dy - (G0)a,

Recall the g-binomial theorem (see [1, p. 15] or [9, § 1.3]) that states :

(2.1) 3 (@ Dn 7 _ (28 )o

=5 (@D (4 @)oo’

together with the two g-exponential identities
n

(2.2) equ(u) _ Z u _ 1

= (@ Q)n (5 ¢)oo

q
(2.3) Exp, (u Z (—; @)oo
n>0 q q

The g-binomial theorem provides the two expansions (see [1, p. 15])

. 2 H”} "

(2.5) Z: [ } () = (—qus ).
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Next a few notations about symmetric functions. First, h,(x) and e, (x)
will designate the homogeneous symmetric functions and the elementary
symmetric functions in the set of variables x = (z1,x2,...). Recall that
h,(x) is the sum of all the monomials of degree n in the variables taken
from x. If A = (A1, Ao, ...) is a partition of a positive integer, my = my(x)
will designate the monomial symmetric function, i.e., the sum of the

distinct rearrangements of the monomial :1;1\1:1;;2 ... We will also adopt
the usual notations : hy = hy,hy, ... and ey = ey,ex, ... The Schur

function associated with the partition A will be denoted by Sy = Sx(x)
and )\ will designate the conjugate partition to .

The first two identities following are straightforward ; the next four are
classical (see, e.g., [13]) :

(2.6) Z hpu™ = H(l —zu)”h

>0 i>1
(2.7) g)enu” = 131(1 + zu);
(2.8) ;mx(;)hx(y) = 1_:[(1 —aiy;) "
(2.9) ; m(x)ex(y) = ﬁ(l + Tiy;);
(2.10) ;SA(X)SA(Y) = ﬁ(l —aiy;) Y
(2.11) ;S)\(X)S,\/(y) = ﬁ(1+xiyj).

Formulas (2.8) and (2.10) are the Cauchy identities; (2.9) and (2.11) are
their duals. The material on Schur functions needed in this paper will be
presented in section 5.

When we specialize the variables in x or in y to be powers of a single
variable ¢, the previous six identities are expressed in terms of ¢-series.
For example, let x consist of (s + 1) variables x1,xs,...,2s11 and make
the substitutions x; < ¢~ (i =1,2,...,s+1). Then (2.6) is transformed
into

(2.12) Zhn(l,q,...,qs)u” = (;

n>0 U; Q)s—l—l

Now take x = (x1,22,...,7,) and make the substitutions x; « ¢’
(t=1,2,...,s). Then (2.7) is transformed into

(213) Z en(Q? cee ’qs)un = (_qu; Q)s-

n>0
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By comparing (2.4) and (2.12), and then (2.5) and (2.13) we conclude that

(2.14) ha(l,q,. ... q°) = {5;”}
(2.15) en(qs- .. q°) =q("2") m

Now take x = (u1,...,u;) and y = (1,¢,...,¢°). Then (2.8)-(2.11)
yield the following identities

1
(2.16) ma(ug, ..., uj)ha(l,q,...,q°%) = ;
; J (Ul; Q>s—|—1 cee (uj; Q)s—|—1

(2.17) Zmu ULy Ok)eu(s -5 q7) = (=quis @)s - (= quis @) s;

1
(2.18) Su(ur, .., ui)Su(l,q,. .., q°) = '
Z (w1, u5)Su(ly g, q°) (w13 @)s+1 - (Uj5@)s41”

(2.19) ZSA’ (v, k) SN(Gs -, 4%) = (—quis @)s - (—qUk; @)s;

In the latter four identities A (resp. p) ranges over partitions whose number
of parts [(A) (resp. I(p)) is at most j (resp. k). If we multiply (2.16) by
(2.17) and (2.18) by (2.19) we get :

(2.20) thlq,..., Nep(q, .., ¢°)ma(u, ..., uj)my(ve, ..., vg)
_ (Cqu1i@)s - (—ques )s
(13 @)st1 -+ - (W53 @) s41

(2.21) ZSA Su(1,q,-..,¢%)Su(ur, ... ui) Sy (vi, ..., vk)

_ (v @)s - - (—quis 9)s
(U13@)sg1 - (Uj; q)s+1

Now consider the sets of variables x = (1,¢q1,...,¢}") and y =
(1,q2,...,¢5%). Identities (2.10) and (2.11) become by replacing A by u
and introducing two variables of homogeneity u,y :

(222) Z(uy)n Z S/L(lv qi, . .- 7QT1)S/A(]-7 q2, ... 7q§2)

n>0 |p|l=n 1

(Uy;Q17QQ)sl+1,52+1’
(2:23) > (uwy)" > Su(lqr, .-, ¢5)Sw (L g2, -, 65)

n>0 =N .
- i - (_uy7q17q2)51+1,82+1'
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Let us also record identities (2.10) and (2.11) when the sets of variables are
x=(q1,.-.,4;") and y = (g2, ...,¢5%). This time we take z,u as variables
of homogeneity and keep A in the summation.

(224) ) (ua)" Y Salqr---. 58Nz - - 05)

n>0 |Al=n 1

(UCUQ1Q2;CI1,(]2)51,32’
(2.25) > (ux)” > Salqr,.--,qi)Sx (g2, .-, 45?)

n>0 Al=n .
- A = (—urq1G2;q1,92) s, ,55-

3. UPDATING A MACMAHON BIJECTION

In this section we shall update a construction used by MacMahon
[14] (see also [16]) to derive (1.9). Keep the same notations as in the
introduction and consider the polynomial A¢q(t,¢q) in its (des,maj;)
interpretation, i.e., Ac.a(t,q) = >tk Wgmalk W (1 € R(c,d)). Next let s’

w

be a non-negative integer, let w = z1x2 ...z, be a word in R(c,d) and let
b = (b1, b, ...,by) be a non-increasing sequence of non-negative integers
satisfying s’ > b;.

The number des; w of k-descents and the k-major index, maj, w, of w
can be evaluated as follows : for each ¢ = 1,2,...,m denote by z;
the number of k-descents in the right factor x;x;11...2,, of w. Then
z1 = desp w and maj, w =21 + -+ + 2.

Now consider the non-increasing word v = y1ys ...y, defined by
yi = b; + z; (1 <i<m) and form the biword

VY _ (Y Y2 - Ym
(w) o <a:1 To ... :cm)'
If we rearrange the columns of the previous matrix in such a way that the
mutual orders of the columns with the same bottom entries are preserved,
and the entire bottow row itself becomes non-decreasing, we get a matrix
of the form :

a1,1---Ql,cq ---Qr1--.0rd,
(3.1) <1 AU T T >

We can also record the entries of this matrix by splitting the top row into
r rows to form the following tableau

a1.1 ai 2 e al,cl

a; a; e a .

(3.2) T — j71 .772 2703
a/.7+171 a]+1a2 tee aj+17d1

Gr,1 GQr.2 R Q. dy,

9
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Because of the method of rearranging the columns in (3.1), each row in T’
is a subword of the non-increasing word v = y1y2 ...y, and, as such, is
also non-increasing. Suppose x; = x; > j + 1, where i < i’. Then there
is necessarily a descent within z;x;11...2x;y_12y. Hence z; > z; and so
y; > y;. Consequently, each of the last k rows in T is strictly decreasing.
Finally, if x,, is large, there is a k-descent at the end of w, so z,, =1 and
Ym = bm + 2m > 1. Therefore, the rows of T" have the following form :

(3.3) e

with ¢ = 1,...,7 and i/ = 1,...,k. Now define : s = s’ + des; w, so
that each entry a;; is at most equal to y; = b1 + 21 = by +despw <
s'+des, w = s. The mapping (s, b, w) — (s,T) is clearly a bijection. The
reverse bijection is easy to set up. Moreover, if we let X(7') = > a;,; and
Y(b) = by + by + -+ + by, then gL

(3.4) X(T)=3%(b)+maj,w and  s=s" + des,w.

Now by using identity (2.4)

1 A i
—(t‘ e }1(:7(1(157 q):z {m; S :|ts +desy, w gmajy, w (8/ > 0,w € R(c,d)).

s’ w

Next use the fact that [m:f/} is the generating polynomial for all non-
increasing sequences b = (by,ba, ..., b,,) satisfying s’ > by > by > -+ >
by, > 0 (see, e.g., [1, p. 33)), i.e.,

m 4+ s’
=T
m
b
Then

Ac7d(t7Q) — Z tsl+desk qu(b)+majkw _ Z tqu(T),

t )
(% @)1t (57 o) (s.T)

summed over the pairs (s,T') using the above bijection.

Again use the fact that [C’is} is the generating polynomial for all non-
increasing sequences (a; 1, ...,a;,) satisfying s > a;1 > -+ > a;., > 0,
which is the case for each of the first j rows of 7. Each of the last k
rows (8 > ajig1 > -+ > @jyirg, > 1) in T can be mapped onto a

non-increasing row

(s—dir > ajpoa—dy > > ajppg—(di —1+1) > > ajyira, —12>0)

10
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in a bijective manner. Furthermore, the sum of the entries in the (j+')-th
row can be written as
dyr
- dir(dy + 1
Z(aj+¢/’l — (dl’ — 1+ 1)) -+ %

1=0
Thus, the (j + ¢')-th row has the generating function q(dil;l) [di’+£ls_l_di’)].
We then get formula (1.9) with m = ¢+ d. l
Formula (1.9) is the “k-extension” of the formula found by MacMahon
[15, vol. 2, p. 211] for the case k = 0 (see also [10, p. 98] and [8]).
When instead of the bijection (s',b,w) — (s,T"), we only consider the

bijection (b,w) — T, and we follow the original pattern of MacMahon
(see also [1, p. 42-45]), we get

Aca(l,q) _ S(T) _ 1 (") ()
. (G Dm ;q (G Der - (G De; (G Dy - (G0)a,

that can also be put into the form
(36) Apa(lq) = {01 +-tci+di+ -+ dg q(d1;1)+...+(dk2+1)‘
’ Cl,...,Cj,dl,...,dk
We can as well multiply (3.5) by u® and v and sum it using (2.2) and
(2.3) to obtain

(@ Qeta (U390 (U3 9) s

AC 17 - 5 co -\ T ; [e%e)
(3.7) Z 4(1,9) ueyd (—qv1;q) (—qui; q)
c,d
= exp,(u1) . ..exp,(u;) Exp,(qu1) . .. Exp,(quy).
4. THE GENERATING FUNCTIONS

By using (2.14) and (2.15), formula (1.9) may be rewritten

41) ———Acalt,q

(4.1) (t @) 1+m alt:q)
:Ztshcl(l,q,...,qs)...hcj(l,q,...,qs)edl(q,...,qs)...edk(q,...,qs).
s>0

But the polynomial A¢ q4(t,q) remains the same, if any permutation is
performed on the components of ¢ or on the components of d. This is also
a consequence of the invariance principle for the k-major index discussed

ucvd
Ac,d(tv q)

in our second paper [4]. Therefore, the summation Z ”
c.d ( 7q)1+m

can be written as

1
4.2 —— Ayt gma(ug, . u)my (v, ..., vg),
( ) )\Z’l; (t; q)1+|>\|+|u| u( ) ( 1 J) u( 1 )

11
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where [(\) < j, [(1) < k and where |A| and || stand for the sums of the
parts in A and pu, respectively. But with (c,d) = (A, ) and the notations
for hy and e, recalled just before (2.6), identity (4.1) becomes

(4.3) ! t,q) :ZtshA(l,q,...,qs)eﬂ(q,...,qs).

4
(5 @142+l =

Combining (4.2) and (4.3) leads to
cy,d

(44) > o Acalt,q)

cd (t:9)14c+d

- ZZtshA(l,q, o qMen(qs - g )ma(ur, - ug)my (v, ., Ug)

A,u s>0
= Ztsz hx(1,q,...,q¢")ymx(uq,... ,uj)z en(q, ., q°)my(vi, ..., vE)
s>0 n

_ Zts —qu1;q)s - - - (—qvk; Q)s

5>0 (15 @)sr - - (U3 Qs

by using (2.20). This provides a new proof of identity (1.5).

Our next task is to show that (1.6), (1.7) and (1.8) define generating
polynomials for rearrangement classes R(c,d) by pairs of statistics that
are already implicitly defined in the construction of section 3. In that
section a bijection was constructed that maps each triple (s, b, w) with s’
an integer, b a non-increasing sequence of non-negative integers and w a
word of length m, onto the pair (s,7") with s an integer and T" a tableau
of numbers (see (3.2)). The tableau T consisted of non-increasing rows,

as shown in (3.3). Suppose instead of (3.3) one of the following conditions
(I), (IT), (IIT) holds :

(I) e
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(III) ettt

As was shown in section 3, there are strict inequalities in row (j + ')
in (3.3), if and only if equalities of the form z; = z;4; are counted as
k-descents in the word w = x125...x,,, whenever 1 <[ < m — 1 and
x; large. Also condition aj;i 4, > 1 holds, if and only if a k-descent is
counted at the end of w, whenever the last letter z,, is large.
Accordingly, the bijection (s',b,w) +— (s,T) of section 3 satisfies
condition (I) (resp. (II), resp. (III)) above, if and only if (3.4) holds
with desj, and maj, replaced by desi and majl (resp. desi’ and majl!,

resp. des,g I and majl?), those latter statistics being defined as follows :

(4.5) the word w = z1x2 ...z, has a k-descent of type I at i (1 <1i <m),
if either 1 <i <m —1 and z; > x;41, or ¢ = m and x,, is large. Thus in
case (I) only strict descents are counted within the word together with a
descent at the end if the last letter is large. The number of k-descents of
type I in w and the sum of all ¢ such that i is a k-descent of type I are
respectively denoted by desi w and majé w.

(4.5)77 the word w = x125 ... 2y, has a k-descent of type IT at i (1 <i <
m), if either 1 < i < m —1 and x; > x;41, or i = m and x,, is large.
Thus in case (1) only usual descents and equalities z; = x;11 are counted
within the word and one descent at the end if the last letter is large. In
the same manner, we define desil w and majll.

(4.5)777 the word w = xyxo...x,, has a k-descent of type III at i
(1 <i < m), if one of the two conditions (1), (2) holds: (1) 1 <i<m—1,
x; > ;41 and z; large, or x; > ;41 and z; small; (2) i = m and z,, is
large. Thus in case (I1I) strict descents are taken into account together
with equalities x; = x;4+1 when zx; is small, with a descent at the end if

the last letter is large. In the same manner, we define desil T and majli’l.

Now let

AL g(t,q) =Y _tdskwgmaiie (y € R(c,d)),

with analogous definitions for Agd(t, q) and Ag({ (t,q). The generating
functions for the rows in tableaux (1), (I1) and (I1I) can be calculated
using the method of section 3 and lead to the following formulas analogous

13
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to (1.9) :
1 I
(4.6)1 mAc,d(ta q)
slc1+s cjt+s| g4 (d1+s—1 a4, |de +5—1
= Zt e q d ...q d ;
5>0 1 Cj 1 k
1
4. 11
( 6)II (t, q>1+m c,d(t7Q)
) { N 1} pe) [ N 1}q<d1;1> H g [ds ];
5>0 C1 Cj dl k
1 IIT
(4 6)][1 (t, Q)l—i—m Ac,d (ta q)
=g g [ g [ ]
5>0 C1 Cj 1 k

Now, using the methods of the beginning of this section, it is easy to
prove that identities (1.6), (1.7) and (1.8) hold with the above interpreta-
tions for the polynomials Aé’d(t, q), Agd(t, q), Agdl (t,q), respectively. []

Remark 1. As was shown in (3.7) for A¢ q(1, ¢), we can also verify that
the polynomials Ai,d(L q), Agd(l, q), Agj(l, q), in the single variable ¢,

m

are products of the g-multinomial number by a

certain power of q.

Remark 2. When g = 1, identities (1.6), (1.7) and (1.8) reduce to
identities that can also be derived from the MacMahon Master Theorem
by using the equidistribution property for “des” and “exc” (see our fourth
paper [5]). For an arbitrary ¢ the MacMahon Master Theorem was no
longer available, and there was a need for another combinatorial set-up,
that was provided by the very construction developed in this section.

Cl,...,Cj,dl,...,dk

Remark 3. Notice that when the word w is a permutation (i.e.,
a word without repetitions of letters), there are equivalences between
the four definitions of k-descent : only the strict descents are counted
within the permutation, plus a descent at the end, if the last letter is
large. Accordingly the four polynomials A¢q(%,q), A(I:’d(t,q)7 A({fd(t,q),
ALt q) must be equal when (c,d) = (17,1%). It is true indeed and the
four formulas (1.9), (4.6);, (4.6);; and (4.6);; all reduce to

1 .
Aqian(t,q) = Zts[s + 1]?}]}% [S]I;a

(4.7) S
(t:9) 1454k s

where [s], stands for the polynomial 1+ ¢+ -- -+ ¢*~!. Identity (4.7) has
also been derived in our second paper [5, § 8] by another method.

14
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5. A COMBINATORIAL LEMMA ON SKEW TABLEAUX

The purpose of this section is to prove that if A and p are two partitions,

the sum > t°Sx(q,...,¢%)S.(1,q,...,¢°) can be expressed as a rational
s>0

fraction (1/(t; @) x|+ |u+1) P (A, 1), where P(, p1) is a polynomial in t, g that
is also the generating function for some specific tableaux. Before stating
this result in its full extent, a few basic notions on partitions and tableaux
are to be recalled.

First, the Ferrers diagram associated with a partition A = (A1,...,\p)
(Ap > 1) of an integer n is the set of all pairs (7, j) in the Euclidean plane
satisfying 1 <4 < \;, 1 < j < p. It is convenient to identify each partition
with its Ferrers diagram.

Let v and 0 be two Ferrers diagrams. If v D 6, the set-difference v \ 6,
commonly denoted by /0, is called a skew-diagram. We will be mainly
concerned with skew-diagrams of the following form : let A = (Aq,..., )
and = (p1, ..., 4r) be any two Ferrers diagrams; then A\ ® u will denote
the skew diagram made of all pairs (A; +14,7) (1 <i<p;; 1 <j<r)and
(t,r+7) (1 <i < Aj; 1 <35 < p). In other words, A ® i is obtained
by placing the Ferrers diagram A above and to the left of the Ferrers
diagram pu. For instance, with A = (3,2) and p = (3, 1), the skew-diagram
A ® p has the following shape :

X X
X X X
X
X X X

Let the skew-diagram v/6 have n points. Then a standard tableau T of
shape v/0 is defined to be a display of the n integers 1,2,...,n on the
n points of v/6, in such a way that the entries are increasing in each row
from left to right and in each column from bottom to top.

For instance,

6 8

459

N 3
127

is a standard tableau of shape A ® p = (3,2) ® (3,1).

The inverse ligne of route, iligne T, of a standard tableau 7' is defined
as the the set of all integers ¢ such that 1 <i <n—1and (i+1) is located
higher than ¢ on T'. Next, let

(5.1) T

idesT = #iligneT;  imajT =>» i (i€ iligneT).

15
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With the previous example, we get iligne T' = {2, 3,5, 7}, so that ides T = 4
and imajT' =2+34+5+7=17.

Next recall the notion of semi-standard tableau (or column-strict
tableau). Start with a skew-diagram v/6 with n points and place n pos-
itive integers, not necessarily distinct, on those n points, in such a way
that the entries are non-increasing in each row (from left to right), but
strictly decreasing in each column (from bottom to top). In the usual defi-
nition (see, e.g., [13, p. 42-43]) “non-increasing” and “strictly decreasing”
are replaced by “non-decreasing” and “strictly increasing.” The ordering
convention introduced here will be used only in this section. The display
thereby obtained is called a semi-standard tableau of shape v /6.

For instance,

21
__331
5
862

(5.2)

is such a tableau of shape A ® u = (3,2) ® (3,1).

With each semi-standard tableau 7 of shape v/6 is associated a total
order on the points of the diagram /6, if we make the convention that
the point (i,7) occurs before (i',j'), if the integer 7(i,7) written on the
point (i, 7) is greater than 7(i’, j’), or when 7(i, j) = 7(i’, 7'), if (¢, ) is to
the left of (i, j"), i.e., if i < ’. Now write k on the point (¢,7) in v/0, if
(,7) is the k-th greatest element with respect to this total order. What
we obtain is a standard tableau T, of shape v/6. Reading the entries of
the semi-standard tableau 7 in increasing order (according to that order)
yields a mon-increasing sequence

(5.3) c(t) = (e1(7),ca(T), ..., en(T)).
On the other hand, we have the property :
(5.4) k € iligneT = ¢k (1) > cgy1(7).

Next define d(7) = (d1(7),d2(7),...,dn(T)) by

ck(T) — cpy1(7), if k & iligneT and k <n — 1;
(5.5) di (1) = K (7)) — cpy1(7) — 1, if k € iligneT';

en (1) — 1, if k=mn;
and let
(5.6) o(r)=T.

16
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Working again with the previous example (5.2) we see that the standard
tableau ¢(7) associated with 7 is the tableau T' displayed in (5.1). Fur-
thermore, ¢(7) = (8,6,5,3,3,2,2,1,1) and d(7) = (2,0,1,0,0,0,0,0,0).

The following result is proved in [13, p. 49]. Actually, it was stated for
Ferrers diagrams only, but it holds for skew-diagrams as well.

PROPOSITION 5.1.  Let v/ be a skew-diagram with n points. Then the
mapping
7= (o(7),d(7))
is a bijection of the the set of all semi-standard tableauz of shape v /0 onto

the set of all pairs (T,d), where T is a standard tableau of shape v/0 and
d is a sequence of n non-negative integers.

It also follows from (5.5) that
(5.7) D di(r) = ci(r) = 1 —idesp(7);
k=1
(5.8) > kdi(t) =) cr(r) — n — imajp(r).
k=1 k=1

Finally, recall the combinatorial interpretation of skew Schur func-
tions. Let 7 be a semi-standard tableau of shape v/6 and let c¢(r) =
(c1(7),...,¢cn(7)) be the non-increasing sequence of its entries, as defined
in (5.3). Then put

(5.9) e = ] 2o

1<k<n

For instance, with the semi-standard tableau shown in (2.2) we get
2(7) = xgrewsTITIXT.
Then we have (see [13, p. 42])

(5.10) Syre(x1, 72,5 .) 221’(7),

T

where the summation is over all semi-standard tableaux 7 of shape v/6
[in abridged form : |7| = v/6.]
It will also be convenient to have a notation for the substitution

r; — ¢t (i = 1,2,...). If a = a(xy,79,...) is a polynomial in the
variables x1, x2, ... , then let
(5.11) ) PR

17
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be the polynomial in g, where each variable z; has been replaced by ¢*~!
(¢ = 1,2,...). The next corollary already appeared in [6, theorem 4.1],
(see also [21]). Here we give a detailed proof, as a further property on the
maximum entry in each skew-tableau is needed in the sequel.

COROLLARY 5.2.  Let v/ be a skew-diagram with n points and let T
be a standard tableau of shape v /0. Then the following identity holds :

(512) Z 1 Z I(’T) ’xz o q’i—l — tides Tqimaj T

= 4 (& Dns1’

where the second summation s over all semi-standard tableauzr T such that
o(1) = T (according to (5.6)), and the maximum entry c1(7) in 7 is at
most (s + 1).

Proof. First

B(7) |y, o g1 = g by (5.9)]
= gl (M) +(1Ldi(T)dndn (7)) [hy (5.8)]

By (5.7) the restriction ¢1(7) < s+ 1 can be rewritten as dy(7) + -+ +
d,(7) < s —idesT. Hence, by using the bijection of Proposition 5.1, we
have

Zts ZI(T) ’xl 1= gl T Zts Zq1.d1+...+ndn7
$ d

s>0 T

where the last summation is over all sequences d = (dy,...,d,) of non-
negative integers such that dy +--- +d,, < s —idesT. Thus

S . __ _imaj T jidesT s—ides T 1.di4+ndy
E t g x(T) |% g1 =4 t E t E q
s>0 T s>idesT d
— qlmaJ TtldesT § :tj 2 : q1~d1+'“+’ﬂdn

JZO d:(d177dn)

— qimaj TtidesT E :tj Z q0~d0+1-d1+--~+ndn

.720 (d07d17"'7dn)
do+di+-+dn=7j

— qimaj TtidesT E tdo—|—~--—|—dnqO.d0+1.d1—|—--~—|—ndn
(do,y..-ydn)
1

_ qimaj TtidesT - -
(t @nt1

18
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In the sequel, a standard tableau of shape A ® p will be denoted by
T®U, where T and U are the subtableaux of shape A and u, respectively.
In general, T" and U are not standard, but contain distinct entries. If
|A|+|p| = n, the set of all the entries in 7" and U are the integers 1,2, ..., n.
In particular, the entry 1 occurs either in tableau 7', or in U. Write 1 € T
or 1 € U to express this occurrence. With each standard tableau T'® U of
shape A ® p is associated a monomial F(T'® U) defined by :

g iHides TRU (imaj TOU — if | ¢ .

(5.13) F(TQU) = A
gmAuTEU if 1 e U

q|/\| tides TRU

We are now ready to state our combinatorial lemma.

LEMMA 5.3.  The following identity holds

(5.14) Y t°Sa(q,..-.¢")Su(l,q, ..., q")
) - Y raeuv),

t.
( aQ)IA\—f—IuI—H ITOU =A@

where the last summation is over all standard tableauzr T ® U of shape
A® W
Proof. It follows from (5.9), (5.10) and (5.11) that

SA(Q) s 7qS>S,u(17Q7 H .’qs) = q|>\|S)\(1aQa s 7q3_1)s,u(1aq’ s 7qs)
— 4l ‘
= a0} |y,

where |7| = A, ¢1(7) < s, |[v| = p and ¢1(v) < s+ 1, because the Schur
functions Sy and S, involve s and (s + 1) variables, respectively.

Now examine the pairs of tableaux (7, v) occurring in the last summa-
tion. Place 7 above and to the left of v to obtain a skew tableau 7 ® v of
shape A ® p. The last summation is then made over all tableaux 7 ® v of
shape A ® p, having their entries at most equal to (s+ 1), with the further
restriction that the maximum entry in 7 is at most s, i.e.,

S)\(Q7' .. 7qS)S,u(17Q7' . .’qs> = q|>\| Zx(T®U) ‘xz - qiflv
TRU

with [T @ v| =A@ u, c1(T®@v) < s+1, ¢1(7) < s. Now examine the effect
of the last two restrictions on the bijection derived in Proposition 5.1, a
bijection that will be rewritten as

ToU— (ot ®v),d(T ®v)).
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The standard tableau T ® U = ¢(7 ® v) has one of the following two
forms :

L v L v

MT\ Iz

(case II)

(case I) Fig, 1
Remember that to obtain the standard tableau T ® U = ¢(7 ® v), we
have to label the greatest elements of 7 ® v first and, if there are several
of those, the highest point gets the least label. Therefore, in case I the
restriction ¢1(7 ® v) < s+ 1 implies the restriction ¢;(7) < s. In case II
we must impose ¢1 (7 ® v) < s. Therefore

ZtSSA(q, e q)Su(l, g, .., q%)

S
DI DG NN Ll Sl S ICE=T) N

s (case I) s (case II)
Now >t° ¥ = > Yt z(rev) | . i1, where the first
s (case I) TRU s Ti q

summation on the right-hand side is over all standard tableaux 7' ® U
of shape A ® p such that 1 € U, and the third one over all semi-standard
tableaux 7 ® v such that p(r ® v) = T ® U and ¢;1(r ® v) < s+ 1. By
(5.12) we then have

. o 1
5.15 ts — tldes TRU imaj TQU )
( ) Z Z Z ! (t; @nt1
s (case I) I TQU |=AQu
1eU
Next Y t* > = > St x(TRv) ‘:1: . ,i—1, where the
s (case II) ITRQU|=AQu, 1€T s ¢ q
last summation is over semi-standard tableaux 7 ® v satisfying (T ®v) =

T ®U and ¢ (7 ® v) < s. Therefore,

S Y XYY Y ateul, e

s (case II) TRU s c1(T@u)<(s—1)+1
(5 16) —t Z tides T®qurnaj T®U;
: - ’
Tet G (6 Dnta
1eT

by Corollary 5.2. The sum of (5.15) and (5.16) yields identity (5.14). []
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6. TABLEAUX AND LIGNES OF ROUTE

In this section we use Lemma 5.3 and the algebra of tableaux to derive
another combinatorial interpretation of the polynomials Ac 4(t,q). Start
with the series

A= Zts —qU1;q)s - -(—qvk;Q)s
ul q s+1 - (uj;Q)s—H

which was shown in (4.4) to be the generating function for those poly-
nomials and express it in terms of Schur functions. This can be done by
multiplying (2.21) by ¢* and summing over s, as we get :

A= "Su(ur,. .. uy)Sw (v, v ZtSAq,..., NS,(1,¢,...,q°).
Hence, by Lemma 5.3

—Z S (w1, u)Sx (v, ) Y F(TeU).

(& @)A1+l +1 ITQU|=A®u

Now use the combinatorial definition of Schur functions (see (5.10)) :

Su(ur, ... ,uy) = Z uit ..y Z 1,
(e1-00¢5) VI=p
c1tetej=|pl Cont V=1°1...5%
where the last summation is over all semi-standard tableaux V' of shape p,
whose content, Cont V', consists of ¢; 1’s, ... , ¢; j’s. (This time, it is
convenient to use the traditional convention for the ordering of the entries
in the semi-standard tableaux.) Actually, the last summation is the Kostka
number K,, ¢, which is symmetric in c. In the same manner,

Sxy(v, ... vE) = Z vfl...vg’“ Z 1.

(dv,..,di) |W =)\
dy+++dp=|X'| Cont W=(j4+1)% ...rek
Altogether

L el SRD DISCIET D DI N

ettt (e1me) (di o)

[Al= c\u\ d c1+-+cj=c di+-+dir=d
x Y. F(TeU),

(V.W, T®U)

where (V, W, T ®U) ranges over all triplets having the following property :

(6.1) V (resp. W) is a semi-standard tableau of shape p (resp. ') with
content Cont V = 1 ... j% (resp. Cont W = (j + 1)% ...7%) and where
T ® U is a standard tableau of shape A ® p. (See Fig. 2.)
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R

u r |

1
Vv W
Thus F1g2 U
P S D S D SRR Sl
e d 1Q)etd+1 cd W (V,W,T&U)
lc|=c, |[d|=d [A=lcl, |ul=I|d]
X:t uv > Y FTeU).
cd 1 @)lel+d]+1 W (V,W,T®U)
[Al=lel, [n]=]d]

If we compare the latter expression with the left-hand side of (4.4) we
obtain the following interpretation for the polynomials A¢ 4(%, q)-

PROPOSITION 6.1.  For each pair (c,d) the following identity holds

(6.2) Acalt,q) = > > F(TeU).
W (V,W,T®U)
[M=lel, [pl=Id]  (6.1)

The next step is to carry the information contained in (6.2) from
tableaux to words and express A 4(%, q) as a generating polynomial for the
rearrangement class R(c,d). Again use the notations ¢ = |c| = ¢;+- - -+¢;,
d=|d|=d;+--+dx and c+d =m. Let w = x125...2,, be a word in
that class written as a biword

we (12 o G+l o om
ryr T2 ... Ty Tj41 A '
Let (i1,...,%.) (resp. (j1,-.-.,Ja)) be the increasing sequence of all i such
that z; is small (resp. large). Next form the following two subwords of w :

a_(il “.¢c> b_(ll ”.zd>
Ty xij Xy e Iy,

and rearrange the columns of a in such a way that the bottom row is non-
decreasing and if two consecutive letters in the bottom row are equal, their
corresponding top letters are in increasing order. Then a is transformed
into a biword denoted by a’.

Next permute the columns of b in such a way that the bottom row is
non-increasing, and if two consecutive letters in the bottom row are equal,
their corresponding top letters are in decreasing order. Call b’ the resulting
biword.
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Finally, form the juxtaposition product of the top row of b’ followed by
the top row of a’, to get a word denoted by z(w) = 2122 ... 2, (which is a
certain permutation of 1,2,...,m). The word z(w) has a certain inverse
ligne of route, iligne z(w), defined as the set of all 7 such that 1 <i <m—1
and (i + 1) is to the left of i in 2125 ... zp,.

As for tableaux, define

ides z(w) = #iligne z(w); imajz(w) = Zz (1 € iligne z(w)).

7

For each word w = z125 ... 2., € R(c,d) define

d y1+ides z(w) ,imaj z(w) ; ; .
q*t q , if xq is large;
(6.3) flw) = {

q¢ tides 2(w) gimaj z(w) if 27 is small.
PROPOSITION 6.2.  For each pair (c,d) the following identity holds

(6.4) Acalt,q) => f(w)  (w€ R(c,d)).

The proof of Proposition 6.2 consists of constructing a bijection
(6.5) wi— (A p, VW T®U)

of R(c,d) onto the set of all quintuplets (A, u, V, W, T @ U), where \ and
W are two partitions satisfying |\ = ¢, || = d and where the triplet
(V,W,T ® U) satisfies (6.1) such that f(w) = F(T ® U) holds.

Such a bijection is constructed by means of the Robinson-Schensted
correspondence for words with repetitions (see [11] for an exposé on the
subject, see also [8] for an analogous construction). We proceed as follows :
under the Robinson-Schensted correspondence, the two biwords a and b
are mapped onto two pairs of tableaux (V,U), (W, T"), respectively, where

(i) T" and U are two tableaux with content Cont 77 = {l;,...,l4} and
ContU = {iy,...,i.}, respectively; let A" and p denote their shapes;

(ii) V (resp. W) is a semi-standard tableau of shape u (resp. \') with
content Cont V = 11 ... 5% (resp. Cont W = (j + 1) ... rdr).

Let topa’ and topd’ denote the top rows of the biwords a’ and b'. It
also follows from the classical properties of that correspondence (see, e.g.,
[6]) that iligne top b’ = iligne T and iligne top a’ = iligneU. Let T be the
transpose of 7" (then of shape \).

If we form the skew-tableau T'® U, the set of all ¢ such that ¢ occurs
in U and (i 4+ 1) occurs in T is identical with the set of the i occurring in
topa’ while (i 4 1) is a letter of top ’. In other words,

(6.6) iligne T ® U = iligne(top(b’) top(a)) = iligne z(w).
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Also, 1 € T (ie.,, 1 € ContT) iff [; = 1 and so x; is large. Hence,
the two values F(T' ® U) (given in (5.13)) and f(w) (given in (6.3))
coincide. Finally, the quintuple associated with w is (A, u, V,W,T @ U).
This bijection has the desired properties. []

The statistic “f” can also be given a definition in terms of so-called k*-
descents introduced as follows. Let w = z1x3 ... 2, be a word in R(c,d);
an integer ¢ is said to be a k*-descent of w, if 1 <i <m — 1 and if one of
the following conditions holds :

(i) x;, xiy1 small and x; > ;41 ;

(ii) zy, xi41 large and x; < 441

(iii) x; small and z;; large.

Let des;, w be the number of k*-descents of w, if 1 is small, and one
plus that number, if z; is large. Also let maj; w be the sum of all i’s such
that ¢ is a k*-descent, plus d (the number of large letters in w). Then

(67) f(w) _ tdesz wqmaj;;w‘

The proof of (6.7) is immediate.
Ezample. Consider the biword

_(12345678910111213
-\ 315522154 6 3 6 4

and suppose that 1, 2, 3 are small, while 4, 5 and 6 are large, so that d = 7.
The k*-descents of w are printed in bold-face. Accordingly, des; w = 7 and
maj;w=1+4+2+34+6+74+9+ 11+ d = 46. The biwords a, b, a’, b’ read

_ (1256711, _ (3489101213)
“=\31221 3)° “\5554 6 6 4/
g (2756111 _ (1210843139
“\11223 3)° “\ 6 6555 44)°

and the word z(w)
2(w) = 12,10,8,4,3,13,9:2,7,5,6,1,11.

The letters belonging to iligne z(w) are printed in bold-face and correspond
to the k*-descents of w.
Under the Robinson-Schensted correspondence
3 7
2 2 55 913
a— (V;U)=1123,15611; b'—>(W,T'):44566,34 81012 ;
and the skew-tableau T'® U 1is
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12
10
8
T®U=4 L3
9
7
2
15611

Both z(w) and T'® U have the same inverse ligne of route. Moreover,
1 € U and “3” the first letter of w is small. Therefore, F(T'®@ U) and f(w)
coincide, equal to q77glH2H3+6+TH9+11 _ 47,46

7. THE TWO BIVARIATE STATISTICS

Proposition 6.2 with the definition of “f” given in (6.7) says that the
pairs (des;, maj;) and (desy, maj,) are equidistributed on each rearrange-
ment class R(c,d). The next problem arises : can we prove the result
directly, i.e., construct a bijection 1 of R(c,d) onto itself with the prop-
erty that

(7.1) (desy, maj;) w = (desk, maj;) ¥ (w)

holds identically. The purpose of this section to derive such a bijection.
Each word w € R(c,d) factorizes into a product

(7.2) W = ULV ULV . . . UR VR Up+1

(u; and up4q1 possibly empty), where each u; (resp. v;) has small (resp.
large) letters only. In each factor v; replace each (large) letter z; by its
complement within the interval [j + 1,7|, i.e., ; < r+ j + 1 — ;. Then
each word v; is transformed into a word denoted by v; still having large
letters. Next define :

* C C C
(7.3) w* = UgviULVS . . URV) Upt1 -

Also denote by d the mirror-image d= (dg,...,dy) of d.

PROPOSITION 7.1. The mapping w — w* is a bijection of R(c,d)
onto R(c,d) satisfying

(7.4) (desy, maj;) w = (desk, maj,) w*.

Proof. The transformation w +— w* is clearly bijective. Now examine
how the three cases (i), (ii), (iii) considered just before (6.7) are modified
by the transformation :

25



Robert J. Clarke and Dominique Foata

(i) is untouched;

(i) j+1 < x; < 441 is transformed into the k-descent (r+j+1)—xz; >
(r+Jj+1) — 241 in w*;

(iii) the integers 7 in this case are the lengths of the factors uq, ujvius,
ULV UV2US, - . . , UTV2U2Vs . . . Up. There are then h of those integers, except
if up is empty. In the latter case however the first letter x; of w is large
and according to (6.7) an extra descent is counted in des, w.

On the other hand, the k-descents in w* that have not been taken into
account in (i) and (ii) are the lengths of the factors ujv{, ujv§usv§, ... ,
uvfus ... v;. Note that the fact that uj,41 may be empty is irrelevant for
the counting of the k-descents. There are then exactly h of those k-descents
in w*.

This proves the result about descents. Now

maj; w = Z i+ |ur| + Jugvrus| + -+ |urvaugvg . up| + d
cases (i),(ii)
and
maj, w* = Z i+ |ugof| + |urvfugvs| + - -+ lugofus .. vp |
cases (i),(ii)
The difference maj; w — maj, w* is equal to d — (Jvf| + |v§] + - + [v§]),
which is zero. []

Now from the invariance principle discussed in our second paper on
(desk, maj,) there is a bijection p of R(c,d) onto R(c,d) such that
(desg, maj;,)(w) = (desk, maj,)(u(w)). Hence, the bijection w +— p(w*)
is a bijection of R(c,d) onto itself that satisfies (7.1).

Ezample. As in section 6 let w = 3,1,5,5,2,2,1,5,4,6,3,6,4 with
1,2,3 small and 4,5, 6 large, so that d = (2,3,2) and d = (2, 3,2). In the
following display the k*-descents of w are shown on the first row and the
k-descents of w* on the fourth row.

k*-descents : 1213 .].67|.9 . |11

w= 31|55(221|546]| 3|6 4 ER(c,ﬁ)
w*= 31|55(221|56 4|3 |46 € R(cd)
k-descents: 1 .134/.6.]1.910( . |. 13

Thus
despw=despw* =7; majjw=14+24+34+6+7+9+11+7=146;

maj, w" =1+3+4+6+94 10+ 13 = 46.

Remark. We can also define k*-descents of type I, I and III corre-
sponding to the k-descents introduced in (4.5);, (4.5);; and (4.5)77; and
construct three bijections satisfying properties analogous to (7.4). We do
not reproduce those constructions.
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8. SIX-VARIABLE STATISTICS

The combinatorial lemma 5.3 has been used in section 6 to derive a
result on the distribution on words. We can as well use the same combinato-
rial lemma to obtain an analogous result for permutations. This time a joint
study of order statistics on the permutation and its inverse is possible.

First, let us verify that the coefficients A,,, AL ALl and AL occurring
in identities (1.10)—(1.13) are polynomials in ¢1, t2, q1, g2 with integral
coefficients. We only give the proof for (1.10), the other proofs being
completely analogous. By multiplying (2.22) by (2.25) we get :

Soun 3 PySaar, ) Su(Lan )

>
n=0 \)x|—|f\|7/lj\:n X S/\’(q27 cee 7QS2)SN(17 q2, . .. ’q§2)

(—uzq192;q1,92)s, .82
(uy; q1, Q2)sl+1,sz+1

Next multiply the above identity by ¢7'¢5? and sum over s; > 0 and s3 > 0,
writing the right-hand side first :

Z tsl tSQ (_uquch; q1, q2>51,32
1 %2

510,520 (uy; Q1aQ2)sl—|—1,32+1
= Z un Z :E|/\|y|“| Ztilsk(qlv o 7QT1)SLL(17 qi, .- - 7QT1)
n>0 A, S1
A+ |u|=n X ZtSQSA'(Q% cee 7QS2)SM(]-7 q2,. .. 7q;2)
S2

Next, make use of Lemma 5.3 : with the exception of A and u replace each
letter occurring in identity (5.14) by the same letter with the subscript ¢
(i =1,2). We obtain

t81ts2 (_uquq2; qu QQ)51,52
E , 1 l2 .
812078220 (uy? Q17q2)31+1752+1

2 : Uu
E |>\| |/’L| ®U Fjg ! ®U
n>0 ( 1;Q1)n—|—1(t2§qZ)n+1 )\u y Z 1( 1 1) ( 2 2)

IAl+|pl=n

Ap =) aPMyH R (T @ U Fo(Ty  Uy),

where the sum is over all sequences (A, u, 71 ® Uy, T5 ® Us), where A and p
are two partitions such that |A|+|u| = n and 71 ® Uy and T> ® Us are two
standard tableaux of shape A® u and T} is the transpose of Ty. Thus A, is
a generating polynomial in six variables and (1.10) provides an expression
for the generating function of those polynomials in the algebra of basic
hypergeometric series with two bases g1, q2. []
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In the same manner, AL, AXf and Al!! are generating polynomials over
the same sequences (A, u, Ty ® Uy, T> ® Us), but the argument in the F;’s
varies, some tableaux being replaced by their transposes, namely

(8.3) AT ="Myl Py (T @ Uh) Fo(T3 @ U3);
(8.4) AT =3 "2yl py (1) @ U)) Fo(Ty @ U3).

The next step is to interpret the different polynomials A,, as generating
polynomials for linear structures and no longer tableauz. As was shown in
6], pairs of standard skew-tableaux of the same shape are in a one-to-one
correspondence with coloured permutations. What is meant by coloured
permutation is an ordinary permutation w of order n together with a
subset K C [n]. There are then 2"n! coloured permutations of order n.

Let (w, K) be a coloured permutation of order n. Put K¢ = [n]\ K.
The restriction of w to K (resp. to K°¢) is a bijection o of K into w(K)
(resp. o' of K¢ onto w(K*)). If iy < iz < -+ < i (resp. j1 < j2 <
-+» < j|ke| ) is the increasing sequence of the elements of K (resp. K¢),
we also denote by o (resp. ¢’) the word o = w(iy)w(iz) ... w(ijx|) (resp.
o' = w(j1)w(j2) ... w(jjke))- In the same manner, o' and o'~! will
denote the words o' = w ™l (k)w ' (k2)...w  (kk)) (vesp. o'~ =
wt(I)w (lg) .. w (ko)) where ky < ky < --- < kg and I} <
lo < -+ < ljge| are the increasing sequences of the elements of w(K)
and w(K°), respectively.

To avoid cumbersome notations denote by rw the mirror-image of
a word w (previously denoted by w). With each coloured permutation
(w, K) associate four pairs of associate words defined as follows. The first
associates are the juxtaposition products

a; =al =al’f =l =00/,
while their second associates are the juxtaposition products
ay=ro o't =070t Wl =roT'ro’™t; Al =o07lro’ L

Recall that the inverse ligne of route, iligne w, of a permutation w written
as a word w = w(1)w(2)...w(n) is the set of all i such that 1 <i<n—1
and (i + 1) is to the left of the letter i in the word w. Also as in section 6
define

idesw = #iligne w and imajw = Zz (1 € ilignew).

Note that all the previous associates are permutations of order n. We can
then speak of their inverse lignes of route. The following theorem was
proved in [6, théoreme 3.1], although stated in a slightly different way.
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THEOREM 8.1.  To each coloured permutation (w, K) of order n there
corresponds, in a one-to-one manner, a skew-diagram A ® u and a pair of
standard tableaux (Ty @ Uy, Ty ® Us) both of shape A @ u such that

(K| = Al [K = |pl,

Cont Ty = w(K), ContTy, =K, ContU; =w(K), ContU; = K¢,
iligne a; = ilignea! = iligne a!’ = iligne a!’! = iligne T} ® U},
iligne ay = iligne Ty @ Us, iligne al = iligne Tr @ Uy,
iligne al! = iligne Ty @ Uj, iligne ad’! = iligne Tp, ® Us.

The bijection (w,K) — (A ® u, Ty ® Uy,T> ® Us) in the previous
theorem is derived, as the bijection constructed in section 6, by means of
the Robinson-Schensted correspondence. We will illustrate the bijection

involved in the preceding theorem with an example.
Let

(123456789
~ 1623417985

) and K ={1,2,6,9]}.

Then
K¢ ={3,4,5,7,8}, w(K)=1{2,5,6,7}, w(K) =1{1,3,4,8,9},

(1269 s _ (34578
~\6275)" ~\34198)°

ol (123456789 (2567 1 (13489
“\523491687) 7 T \2916) 7 T \s53487)

so that the associates are :
ap = a{ = a{l = a{” =00’ =6,2,7,5;3,4,1,9,8;
as=ro to71=6,1,9,2;5,3,4,8,7T;
b =0"10""1=291,6;5,3,4,8,7;
atl =ro'ro’™1 =6,1,9,2;7,8,4,3,5;
al! =07 re’"1=2,91,6;7,8,4,3,5.

The Robinson-Schensted correspondence (see, e.g., [12, p. 48-72]) maps
the bijections o and ¢’ onto the pairs of tableaux :

67 29 39 58
GLE)_(25,16>’ (Uh%)_<148,347)’
respectively. We then form the skew-tableaux
67 29
25 16
148 347
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Observe that ilignea; = ilignea! = iligneal! = iligneal!! = iligne T} ®
U; = {1,4,5,8}; also iligne ay = iligne Tjy @ Us = {4,5,7,8}; iligneal =
iligneTh ® Uy = {1,4,5,7,8}; iligneal! = iligneTh ® Ué = {3,5,8};
iligne !l = iligne T @ U} = {1, 3,5, 8}.

Now rewrite the definition of F; (i = 1,2), as it was stated in (5.13),
qZ\AI 751+1desT ®U1q;maJT QU : if1e T

F(T; oU;) = {

| |t1_dest®Uzq;maJ T1®Uz, if 1 € U;.

It follows from Theorem 8.1 that 1 € T} iff 1 € w(K) and 1 € Tr iff 1 € K.

Definition. For each coloured permutation (w,K) let ff(w,K) =
H(w, K) = fi(w, K) = fi(w, K) and define

q|1K\ t%—l—ides alqilmaj al, if1e w(K) ;

q|1K\ tildes alqilmaj al, if 1 ¢ w(K) ;

fl(w,K) = {

K . . . .
| \té—l—ldesagq;maj az, if 1 e K;

w, K) = 2 o
fQ( ) { |K\tidesa2q12maj az’ if 1 QK,
also let fi(w,K), fi(w,K), fH1(w, K) have the same definitions as
fa(w, K), the correspondlng superscript I, II, III being added to as,
respectively.

If (w, K) is mapped onto (A ® u,Th ® Uy, Ty ® Us) by the bijection of
Theorem 8.1, then

fi(w, K) fo(w, K) = FiI(Th @ Ur) F> (T ® Us);
f1 (w, K) f3 (w, K) = Fi(Ty @ Uy) F5(Ty @ Us);
T (w, K) f3'(w,K) = FI (T ® Up) Fa(Ty @ U);
1”1(va) 31 (w, K) = Fi(Ty © Uy) F3(Ty © Uy).

It follows from Theorem 8.1 that the polynomials expressed in (8.1)—(8.4)
have also the combinatorial interpretations stated in the next theorem.

THEOREM 8.2. The polynomials occurring in the expansions (1.10)—
(1.13) are also the generating polynomials

= Z$|K|yn_|K|fl(w,K)fz(w,K);

L= al®lyr K (w, K) £ (w, K);
17 _ quﬂ I (0 ) 1T (0, K.
AIT quﬂ n=IK| FIIT (4 RO) P (0, )

where all the summations are over the coloured permutations (w, K) of
order n.
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The previous theorem can rephrased in terms of k*-descents. First,
define the inverse of the coloured permutation (w, K) to be (w, K)™! =
(w™!,w(K)). Then, consider the following conditions :

(i) 4,(i+1) € K¢ and w(i) > w(i+1);

(i") 4, (i+1) € K¢ and w(i) < w(i+1);

(ii) 4,(i+1) € K and w(i) < w(i +1);

(ii") 4,(i4+1) € K and w(i) > w(i+ 1);

(iii) i€ K¢and (i +1) € K.

Now say that an integer i is a k*-descent (resp. k*-descent of type I,
resp. k*-descent of type 11, resp. k*-descent of type III) in a coloured
permutation (w, K) of order n, if |K| =k, 1 < i < n — 1 and if one of
the conditions (i), (ii), (iii) holds (resp. (i), (ii’), (iii) holds, resp. (i),
(ii), (iii) holds, resp. (i’), (ii’), (iii) holds). Also let desj(w, K) (resp.
desi!(w, K), resp. desi!!(w, K), resp. desi' (w, K)) be the number of
k*-descents (resp. k*-descents of type I, resp. k*-descents of type I, resp.
k*-descents of type III) in (w, K), if 1 € K¢, and one plus that number,
if 1 € K. Finally, let maj;(w, K) (resp. maj;’(w, K), resp. maj;'! (w, K),
resp. maj; ! (w, K)) be the sum of all i’s such that i is a k*-descent (resp.
a k*-descent of type I, resp. a k*-descent of type I1, resp. a k*-descent of
type I11) plus k.
With this terminology it is readily seen that

£y —1 e 1
filw,K) == f”(w,K):t‘liesk (w, K) g (w,K) ™

o, ) = #4500 i 00,

* skl
fQI(w,K) _ t;iesk (w,K)q;naJk (w,K)

I

Y

II . des*”(w,K) maj’f”(w,K).
2 (w7K)_t2 g qs g

111 des; " (w,K) maj;"" (w,K)
3 (w, K) =ty " 7 " )

so that Theorem 8.2 can be restated as follows.

THEOREM 8.2.  We also have :

I

- K| n—|K|,desi! (w,K)~™" maj;!(w,K)"! des}(w,K) maj;(w,K)
Ap = § :x| ly | |751 4 ty 4

I K _1K|desi! (w,K)7Y majif(w,K)! desi (w,K) maji! (w,K)
An:§a7| |yn||t1k a " ty " q " ;

Y

* I —1 sxl —1 w«IT sxI T
I _ |K|, n—| K| des;” (w,K) maj;” (w,K) des; " (w,K) maj; " (w,K)
Ay = E Ty ty q1 2 42

Y

Ir _ K| n—|K|desi’(w,K)™" maj;’(w,K)" " desi’ T (w,K) maj; ! (w,K),
A0 = E ::,;I |y | |751 a, 12} ds

where all the summations are over the coloured permutations (w, K) of
order n.
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