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Steinberg symbol.

R — ring, A — Abelian group, a, b,c € R*.
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. {ab,c} = {a, c}{b, c},

. {a,b}{b,a} =1,
.{a,b}=1lifa+b=1ora+b=0.
A{a,a)? =1,
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Main example (Beilinson).
R= C®(R/Z — C), A=Cx.

1 x+1
{f,g} = (expzm_/ In fdlng) g(x)_degf

f, g — functions on Riemann surface ¥ with isolated singularities,
«v — closed path on ¥, p € ¥, 7, small path around p:

{fvg}’y = {f|'Y7g"Y}v {fag}P = {fvg}’Yp
Claim: f, g meromorphic then
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{f.ghp = (c1yens Fne C2
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{f,g}7: H {fvg}P
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Example — complex analysis

1+ {l—f,sinz}7 =
z

={1- z,sinz}o{l - z,sinz}a H{l - Z,sinz}wk =
k0
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Heisenberg group

~ - unit circle,

B = R*: functions v — C*,

B (resp. B™): restrictions of functions holomorphic inside
(resp. holomorphic outside v with zKf — 1 for z — o).

By, C B: By = {f|degf = 0}.

Any function f can be represented as a product f = fTf~ with
fte€B'and f_in B™.

Heisenberg group B = C* x B = {xf|x € C*,f € B},

foe={g e

():B—=C,  (xf) = x0ueg s, (FYAF7) = (A)0deg



Fermionic algebra

F: 1/2-differentials on a unit circle,

F*: 1/2-differentials extensible inside/outside of the unit circle.
F: External algebra of F 4+ F* = {(e,e")}.

F: Clifford algebra of F + F*.

(:F—=C, (1)=1, (v AvT) =0 forany v € F£ + (F%)L.
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Action of B on F by orthogonal transformations:
fi(e, ) (fe, fle%).

Induced map By — F (Spinor representation):

f|—>exp/|nf6/\£*,
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e
by = lim 22

at,a——aZ —a
Dathp + Dpths = 0
Yy + s =0

Dby + Piha = 2mid,_p
7?1237?_1 = Way

Fbsf=1t = F1(a)ys.
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Tau function
L e Fsuchthat L+ Ft =F.

O : F—C, (1) =1, (v AvT), =0forany v € F™ + (F+)L,
v e L+ (L),

where f~ € B™.
B, = {glgL = L},

Proposition
For any g € By

(f)={g". f (g ).
Proof.
(F) = (@f )L = (1) 988~ gy (Fg) = {g*. F g ).

O



Corollary (automorphic property of the tau function)

Y : closed Riemann surface,

P1,---,Ps €L,

B: collection of functions on punctured vicinities of p;'s,
L: holomorphic 1/2-differentials on X\{p1,...,ps}

By : holomorphic nonzero function on X\{p1,...,ps}.
s(f,..., fs)={(A,....f)L
Forany g € B

)

Tz(gl_fl_ e 7g57f57) = H{faiag(j}PaTZ(fl_a sy fﬁ)

Where g, is the restriction of g to the vicinity of p,.



Further questions

1. Generalization for nonabelian loop groups B ~~ functions
S! — G, B/B* ~ affine Grassmanian.

2. Number theory generalization B ~» Q, (or Witt vectors),
B/B™ ~ characters of Qp/Zp, ¥ ~> number field F,
pi,-..,Ps ~ places of F.

3. Possible analogy: 7 is constructed out of three subrgoups BT,

B~ and B, like a quadratic form is constructed out of three
Lagrangian subspaces of a symplectic space.



