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Infinite matrices

Semi-Markov kernel and convolution
Markov renewal equation

Applications in reliability/survival analysis

Nonparametric estimation



This talk :

» semi-Markov processes in discrete time

» SM processes - important generalization with respect to
Markov processes

» the state space - infinitely countable
» need of considering infinite matrices
» some domains of application: reliability, survival analysis



Infinite matrices



Infinite matrices:

» rather few references and works on the topic

» Cooke (1955), Kemeny, Snell, and Knapp (1976)
Consider : a random system with countable state space,
E={l,...,s},s <oo,0or E=N—{0}

Let us denote by :
» Mg - set of real matrices on E x E
> Mb = {A = (Aij)iJEE € Mg | dM,0 < M < oo, such that |
Ay |[<M,i,j € E}

mb {Zt IAA |
Al, ..., A, substochastic matrices, A\, ..., \, € R,n € N}.



Infinite matrices:
» rather few references and works on the topic
» Cooke (1955), Kemeny, Snell, and Knapp (1976)

Consider : a random system with countable state space,
E={l,...,s},s <oo,0or E=N—{0}

Let us denote by :
» Mg - set of real matrices on E x E
> Mb = {A = (Aij)iJEE € Mg | dM,0 < M < oo, such that |
Ay |[<M,i,j € E}

vub {Zt IAA |

Al, ..., A, substochastic matrices, A\, ..., \, € R,n € N}.

Operations with infinite matrices :

1. addition - well defined ; denote by 0z € Mg the zero matrix;

2. multiplication of a matrix by a real number - well defined;

3. for A and B € Mg, the product matrix AB is defined as
usual if >, . ABy, is well defined and finite for all i,j € E.



Remarks

>

Obviously, if A,B € Mg have arbitrary real entries, their
product is not always well defined.

The product of two bounded matrices is not always well
defined.

For A and B € M$*> the product AB is in M3, so it is well
defined, with finite entries.

If A € M5*» and B € M%, then the product AB is well
defined, with finite entries.

The problem : the associativity of matrix multiplication
does not always hold for infinite matrices.

Note also that the uniqueness of the inverse rests upon
associativity.



Remarks

» Obviously, if A,B € Mg have arbitrary real entries, their
product is not always well defined.

» The product of two bounded matrices is not always well
defined.

» For A and B € M$** the product AB is in M3, so it is well
defined, with finite entries.

» If A € M3 and B € M%, then the product AB is well
defined, with finite entries.

» The problem : the associativity of matrix multiplication
does not always hold for infinite matrices.

» Note also that the uniqueness of the inverse rests upon
associativity.

1. Nonnegative matrices associate under multiplication.

2. Matrices associate if the product of their absolute values
has only finite entries.




Semi-Markov kernel and convolution
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(Zy)ren, chain with state space E = {1,2,...,

(Sn)nen, jump times
(Jn)nen, Visited states
= (Xu)nen, Sojourn times of Z
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A (X, ) : sojourn times
(J, ) : states of the system
X, (S,) @ jump times
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Figure: A sample path of a semi-Markov chain
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If (J,S) verifies:

IP>(Jn+l =JySn+1 — Sn = k|JO"" A PERE 7Sﬂ)
= P(ur1 =/, Snt1 —Sp =k|Jy),j €E,k €N

» (J,S) Markov renewal chain (MRC)

» Z = (Zi)ren— semi-Markov chain (SMC) associated to the
MRC (/, )



If (J,S) verifies:

P(Jn+1 =JySn+1 — Sn = k|JO"" A PERE 7Sﬂ)
= P(ur1 =/, Snt1 —Sp =k|Jy),j €E,k €N

» (J,S) Markov renewal chain (MRC)

» Z = (Zi)ren— semi-Markov chain (SMC) associated to the
MRC (/, )

Zy = JN(k) & J, =2,
with N(k) := max{n e N | S, <k}, k,n € N

Remark : J = (J,)qen is @ Markov chain, called the embedded
Markov chain (EMC).



the initial distribution (i) := P(Jo = i)
the homogeneous SM kernel q = (q,-j(-))l.JEE

P(Jpry = j, Xps1 = k | Jp = ),
C]ij(k) ::{ O( +1 =J +1 | )



the initial distribution (i) := P(Jo = i)

the homogeneous SM kernel q = (q,-j(-))l.JEE

PJyo1 =), Xp1=k|Jy=1i), keN*
qU(k) :{O( n+1 Js An+1 | n ) =0

the conditional sojourn time distributions £ = (f,-j(-))l.JGE
fij(k) =P X1 =k | Jn = i, Jus1 =), f;(0) :=0
the transition matrix of the MC (J,)nen, P = (Pij)ijeE
pij :=P(py1 =Jj [ Jn=1), pi:=0

Note that g;;(k) = p;; f3i(k)



> ME(N) = {f N — ME}

» ML(N) := {f : N — ML}

» MPP(N) = {f : N - M}
Operations with A,B € Mg(N):

» A x B = the discrete-time matrix convolution product,

k
AB(k):=Y A(k—DB(l), k€N,
=0

provided that all the matrix products A(k —[) B(/), k € N,

1=0,...,k, are well defined and all their entries are finite.
» 41 = the identity element, defined by §1(0) := I and

I(k):=0ifk#0
» A = the n-fold convolution of A, provided that A is

self-associative
» AC-D = the left convolution inverse of A (if it exists)



Markov renewal equation



Problem : solve equations of the type

L(k) = G(k) + q*L(k), k € N, (1)
with
» G € Mg(N) known
» L € Mg(N) unknown.

Suppose that L and G € M, (N), where M, = {A = (A;)ijee €
Me | (Ay)ice € P forallj € E, (Ay)jer € P forall i € E},

P = {(x)nen | 2 € R,Y",50 X2 < oo}. Then, the Markov renewal
equation (1) has the unique solution

k
L(k) = (6 — )"V x G(k) = <Z q(”)> « G(k).
n=0

= (=3 = = DA



LetL and G € My(N) suchthaty ;> x| Gij(n) |< o0.
Then:

Lij(k) = (¢ * G);i(k

)= 2% Gy

i€E neN Hhii
where p;; is the mean recurrence time of state i for the
semi-Markov chain



LetL and G € My(N) suchthaty . >, cn | Gij(n) |< oo,
Then:

L i - Y
) = (0% Oy = 3 -Gy,
i€E neN
where p;; is the mean recurrence time of state i for the
semi-Markov chain
LetP

= (Pij('))i,jeE

be the semi-Markov transition function
Pij(k) :=P(Zy =j | Zy = i)

JEE keN



The semi-Markov transition function P verifies

P=I-H+qxP,
the unique solution is given by

P(k) = (61 — @)V « (I — H)(k), k € N,
and 1
Jim Py(k) = T
where

Hi(n) :=P(X1 <n|Jo=1i) =3, EjeE qii(1)
H(n) := diag(H;(n); i € E),i € E;n € N

m; is the mean sojourn time in state i.



Applications in reliability/survival analysis
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Discrete-time semi-Markov system with state space E
Partition E = U U U*
Suppose that the initial state of the chain belongs to U.

Problems: compute/estimate the mean time needed to hit
U¢ = D, the mean up/down times, the reliability/survival
function, the availability function, the failure rate, etc.



» Discrete-time semi-Markov system with state space E
» Partition E = U U U*
» Suppose that the initial state of the chain belongs to U.

» Problems: compute/estimate the mean time needed to hit
U¢ = D, the mean up/down times, the reliability/survival
function, the availability function, the failure rate, etc.

» Reorder E such that all the elements of U precede the
elements of U°.

» Partition every matrix or matrix-valued function according
to the partition {U, U¢}.

U Ue

_ qi1 (k) qi2(k) U
alk) = (‘hl(k) (hz(k)) U



Consider the equation

Vi = { gli + (pV)l

ifieU,
if i € U°, (2)
where V = (V;; i € E) € RE is an unknown column vector. In
matrix form, this equation can be written

Vi=m +p; V.

If the matrix (I — p11) Is invertible, then Nmy is the minimal

nonnegative solution of Equation (2), where N = 3, -, pf,-




Let Tp denote the lifetime of the system. We want to compute
MTTF = E[Tp).

For any state i € U, we introduce:
» MTTF; := E;[Tp] - the MTTF of the system, given that it
starts in state i € U;
» MTTF := (MTTF;;i € U)"
We can show that MTTF satisfies equation

MTTF = m; + p;MTTF.

If the matrix (I — py1) is invertible, then the MTTF of the system

is given by
MTTF = Oél(I — pu)_lml.

RN Ge



inf{n e N| Z, € D}
P(Tp > k) =P(Z, € U,n € {0,...,k})



Reliability/Survival function

Tp = inf{neN| Z, € D}
R(k) = P(Tp >k)=P(Z, € Une{0,...,k})

The reliability of a discrete-time SM system is given by

R(k) = ] Pll(k) lU = ’(/111 * (I - Hll)(k) 1U~

Reliability estimator

Rk, M) = @

u]

]
I
ul

RN Ge



» Y = (Yi)reny @ new semi-Markov chain, of state space
Ey = UU{A}, with A an absorbing state:

n:{Zkﬁk<%,k€N

A ifk > Tp,
» The SM chain Y : kernel qy, transition matrix Py

| qu(k) qi2(k) 1p
qY(k)i |: 01731 0 ’ k € N.



The reliability of the semi-Markov system :

R(k) = Pz UV €{0,... .k}

= ]P(Yk S U)

= Y > P(Wi=j|Y=i)P(Yo=1)
jeu icuU

= S (P P(Ye = i)
JEU icU

Fori,je U
(Py)ijlk) =P(Zx=j,Z1 € U,l=1,....k—1]|Zy=1i) = (P11);(k)

O



Define:
> Ri(k) ::P(TD>k|Z0:i), ieU
» R(k) := (R (k),..., R, (k)T = R(k) = aR(k)



Define:

» Ri(k) :=P(Tp > k| Zy=1i),ieU

» R(k) := (Ri(k),...,Ry, (k)T = R(k) = a;R(k)
Forallie U

R,(k) = Pi(TD >k, S > k) +IP),'(TD >k, 8 < k)

. k
= 1=Hik)+) > qimBR;(k —m)

jeU m=1

R(k) = (I—Hy1) (k) + qu1 (k) *R(k); R(k) = (61— qu1) " * (1—Hyy) (k)
O



Nonparametric estimation



1. adapted to reliability analysis

consider one SM sample path of length M
estimate the quantities of interest
look for the asymptotic properties as M — oo

2. adapted to survival analysis

consider K SM sample paths
estimate the quantities of interest
look for the asymptotic properties as K — o



Consider

H(M) = (]O,Xl, ce 7JN(M)—17XN(M)>JN(M)7 MM),
where uy := M — Sy, M € N.
The associated likelihood function is

N(M)

LM) = (o) [T poinfn s Xe)Hiy g, (urr), (3)
k=1

with Hyy,,, (usr) = Py 1 > e | o).



Consider

H(M) = (]O,Xl, ce 7JN(M)—17XN(M)>JN(M)7 MM),
where uy := M — Sy, M € N.
The associated likelihood function is

N(M)

LM) = (o) [T poinfn s Xe)Hiy g, (urr), (3)
k=1

with Hyy,,, (usr) = Py 1 > e | o).

We neglect Hj,,,, (un) in (3) = maximize :

N(M)

Li(M) = a(Jo) H P n 0 (Xie)-
k=1



Let (Z,).en be an irreducible and aperiodic SMC, with finite
mean sojourn times, m; :== E;(X;) < co. Let H(M) be a
censored sample path of the chain. Then, the approached
maximum likelihood estimators of p;, f;i(k) and g;;(k) are:

> l:?z'j(M) = Ny(M)/N;(M)
> fij(k, M) = N(k, M) /Ny(M)
> gij(k, M) = Nij(k,M)/N;(M)

where:

Ni(M) =S 1
Ny(M) == SN 1, =ig=
Ny(k, M) = S0 10 i

= obtain plug-in estimators for the quantities of interest

] = =

it
€



For fixedi,j € E and k € N, the estimator of g;(k) is
asymptotically normal:

VM{G(k. M) — g5 ()] 2 N (0

2

0g (k) = pagi(k)[1 — g;(k)].



» Use the central limit theorem for Markov renewal chains
(Pyke and Schaufele, 1964 ; Moore and Pyke, 1968)

» There exists a measurable functionf : E x E x R — R such
that

VM(Gii(k, M) — q;;(k)] =

f(ma L u) = l{m:i,l:j,u:k} - qij(k)l{m:i}
» For a MRC:



v

v

v

Use the Lindeberg-Lévy CLT for martingales (Billingsley,
1961 ; 1995)

VM(Gyi(k, M) — (k)]

M 1 N(M)

R 1/ . v v — g 1 .
N,(M) \/M ;[ {J,,—j,X,l—k} ql](k)] {Jn—l—l}

Foi=0(,X;;1<n) Y, = l{Jn,lzi,J,,:j,xn:k} - Clij(k)l{Jn,lzi}
(Yn)nen is a F,—difference martingale



> Ll B0y sg) —— 0
» By the Lindeberg-Lévy theorem, we have

N(M)

ZY1—>N(OU Z [—>N00)

\f n—o00 M— o0

» o2 is given by

n

1
= lim — E(Y2’f1 1)



> Ll B0y sg) —— 0
» By the Lindeberg-Lévy theorem, we have
N(M)

ZY1—>N(OU Z [—>N00)

\f n—o00 M— o0

» o2 is given by

n

1
= lim — E(Y2’f1 1)

= asymptotic normality of zﬂij(k, M) and 13,-j(k, M)



For a discrete-time SM system, for fixed k € N :

> R(k,M) 1= @ |11 (-, M) + (1= B M) ) | (R)10 s strongly
consistent, as M — oo

> VMIR(k, M) — R()] —2— N (0,0} (k))

ohK) = Zun{z[ DY ~ 1seuy (3 a)W)] gk

Jj=1 teU
K

- [Z (DU *qij — l{ieU}(Z a(t)hy) * Qu)} 2(k)}

e’

DY = 33 alm vy (1 diag(0- 1))

nelU reU "

it
kN
(O}
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Let (J,S) beaMRC andf : E x E x R — R measurable.

s Ny(M) N(M)
Z Zf i,J, X lJ” Zf(JnflenaXn),MEN.
ij=1 n=1 n=1

Put:

0o

Ajj = Zf(iaja x)qij(x)v A= ZAU’
x=1
00 s

Bt] = Zfz(i,j,X)Qij(X), B; := ZBU’
x=1 J=1



s
n; =

A Hii

2
n; o
. my:=—,Bf =+
= JM;’ T
2. ,u”
o} = —n + E BJ +2
j=1 JJ

AAit *I’Lll+/j’tk ”Zkk,
2;; Ak Ik

o
where p.; is the mean return time in state i for the chain J

For an irreducible Markov renewal chain, with finite mean
sojourn times, such that all the above sums are finite,we have

[Wr(M) —

D
return

sl-



F = (Fn)nen and let Y, := X, — X,—1,n € N*, be the difference
martingale (with Y, := X,). If.
1. >0
n

1Zk:1E[Y13|Fk ] ——o

LetX,,n € N*, be a martingale with respect to the filtration
= n

i Skt EYE Ly 5] —— 0, foralle > 0
then

nn \/—ZYkn—M)oNOJ)
return
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