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2 CONVERGENCES IN PROBABILITY

1. INTRODUCTION TO THE BASIC CONCEPTS OF CONVERGENCE IN PROBABILITY THEORY

During this class, we consider a probability space (2, F,P), that is:
e (2 is a non-empty set, the set of outcomes,

e F (the event space) is a o-algebra: ) € F; if A € F, then Q\ A € F and F is stable
by countable unions: if 4,, € F, n € N, then |J,_ . An € F,

e P is a probability measure, that is, P (#) = 0, P(©2) = 1 and if (A,), oy is a sequence
of pairwise disjoint elements of F, then P (U, ey An) = > ,en P (4n).

neN

Definition 1.1. A random wvariable is a function X: Q — R such that for each Borel set B
of the real line, X 1 (B) = {w € Q, X (w) € B} belongs to F (equivalently, we require that
X1 ((—o0,2]) € F for each x € R).

General goal, that will be made more precise later: given a sequence of random
variables (Xp), cy and functions f,,: R — R, we would like to understand as best as possible
the asymptotic behavior of the sequence (f, (X1,...,X,)). E.g., fn (X1,...,. X)) = >y X,

1.1. Almost sure convergence.

Definition 1.2. We say that a sequence of random variables (Xn)n>1 converges almost surely
to a random wvariable X if there exists Q' € F such that P () = 1 and for each w €
X, (w) = X (w) as n — co.

Ezample 1.3. Let X,, be such that X, (w) =1ifw € 4,, A, € F and X,, (w) = 0 otherwise.
IfP (Uk>n Ak) — 0, then X,, — 0 almost surely.

Theorem 1.4 (Egoroff). Let (X,),, be a sequence of random variables which converges
almost surely to X. For each positive §, there exists a set As € F such that and P (Q\ As) <9
and sup,,¢ 4, | Xn (w) — X (w)| = 0.

In other words, 2 can be splitted into two sets: on the first one, uniform convergence takes
place, while the second one can have a measure as small as we wish.

Ezample 1.5. Let = (0, 1) endowed with Lebesgue measure and let X,, (w) = w™. One can
take As = (0,1 — 9).

1.2. Convergence in probability.

Definition 1.6. We say that the sequence of random variables (Xn)n>1 converges in probability
to X if for each positive €,
lim P(|X, — X|>¢)=0. (1.2.1)
n—oo

Ezample 1.7. Let X,, be such that X, (w) =1ifw € A4,, A, € F and X,, (w) = 0 otherwise.
X, — 0 in probability if and only if P (4,,) — 0.

1.3. Link between the almost sure convergence and convergence in probability.

Theorem 1.8 (First Borel-Cantelli lemma). Let (Ay),, be a sequence of events such that
> ns1 P(An) < oco. Then the event limsup,,_,. An = (\ns1 Upsn An has probability zero.
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Proof. For each Ny, P (ﬂj\@l Un>N An) <P (Un2N0 An) < Zn>N0 P(A,). |

A natural question is whether the converse is true, that is, whether P (limsup,, ., A,) =0
implies -, P(A,) < oo. This is in general not the case. For example, let (Q2,F,P) =
([0,1],B([0,1]),A), where A denotes the Lebesgue measure and let A, = (0,1/n). Then
limsup,, o A, =0 but P(A,) =1/nand 3 -, P(4,) = occ.

Nevertheless, a partial converse can be made under the assumption of independence.

Definition 1.9. We say that a sequence of events (An)n>1 is independent if for each finite
subset I of N, P (M Ai) = [Lic; P (A)).

Theorem 1.10 (Second Borel-Cantelli lemma). Let (A;),~, be an independent sequence of
events. Suppose that ), - P(An) = oco. Then P (limsup,,_,o 4n) = 1.

Suppose that X,, — X in probability. We know that lim, ,. P (|X,, — X| >¢) = 0 For a
fixed k, let e = 27", We can find an integer ny such that P (|X,, — X|>27%) <27k,

It is possible to construct inductively an increasing sequence of integers (ny) k>1 such that
for each k, P (| X,,, — X|>27%) <27k

By the first Borel-Cantelli lemma, limsup,_, . {|Xnk - X| > 2*’“} has probability zero
hence there is € € F having probability one such that for each w € €/, there exists an
integer k (w) for which k > k (w) implies | X,,, (w) — X (w)| < 27F.

We showed the following: if X,, — X in probability, there is a subsequence (X, ) k>1 which
converges almost surely to X.

Moreover, we can show (we will do during the seminar) that X,, — X almost surely if and
only if supy,, | X — X[ — 0 in probability. Hence almost sure convergence implies convergence
in probability.

The converse is not true: let X,, be an independent sequence of random variables where
X, takes the value 1 with probability 1/n and 0 with probablity 1 — 1/n. Then X, — 0 in
probability but not almost surely, by the second Borel-Cantelli lemma.

1.4. Convergence in LP. A random variable S is said simple if its range is finite. Such a
random variable can be expressed as S = Zi\il a;1(A;) for some N > 1, a; € Rand A; € F
are pairwise disjoint and 1 (4;) denotes the indicator function of the set A.

For such randon variables, E [S] is defined as Zfil a;P (A;).

For a non-negative random variable X, the expectation of X is defined as

E[X] =sup{E[S],S is simple and 0 < S < X}. (1.4.1)

For a not necessarily non-negative random variable, we decompose it as X = XT — X,
where X+ = max {X,0} and X~ = min {X, 0}.
Note that a consequence of this is that
lim sup E[X|1(4)]=0. (AC)
020 AcF P(A)KS
Theorem 1.11 (Dominated convergence theorem under convergence in probability). Let

(Xn)n>1 be a sequence of random wvariables which converges in probability to X. Suppose
that E [sup,,>, | X,|] < co. Then E[|X,, — X[] — 0.
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Proof. Suppose not. Then there is a positive €y and an increasing sequence of integers (ny) k>1

such that E [| X,,, — X|] > 9. We extract from (|X,, — X|),~, a subsequence (‘an - X’)z
= >1
which converges almost surely to 0. By Egoroff’s theorem, we can pick A5 such that sup,,c 4, | Xn,, (W) — X (w)| =

0 and P(Q\ As) < §. Therefore,

co <E HXT”W — XH < sug) Xy, (w)y—X (w)’ +E HXT”W — X‘ 1(02\ A(;)}
weAs
< sup | X, (w)—X (o.))‘ +2 sup E [Sup | Xn|1 (A)}
weAs ¢ ACFP(A)KS  Ln>1
and (AC) gives a contradiction. O

The space P, 1 < p < oo, consists of the equivalence class of random variables X such that
E[|X|'] < .

Definition 1.12. We say that the sequence of random variables (Xn)n>1 converges in ILP to
X, 1<p< o if
lim E[|X, — X|’] =0. (1.4.2)

n—oo

Ezample 1.13. If X,, =1 (A,), then X,, = X in L? if and only if P(4,,) — 0.
Proposition 1.14. If (Xn)”>1 converges in LP to X and in probability to Y, then X =Y

a.s..

1.5. Comparison of convergence in LP with almost sure convergence and conver-
gence in probability. Let us first compare convergence in probability with convergence in
LP.

Suppose that (Xn)n>1 converges in P to X for some 1 < p < oo. Integrating the pointwise
inequality

eP1{|X, - X| > ¢} < |X,, — X|",
we derive that X,, — X in probability.

Therefore, convergence in LP implies convergence in probability.

The converse is not true, not even if X,,, X € ILP. Indeed, take Q = (0, 1) endowed with the
Borel g-algebra and Lebesgue measure. Let X,, = n!/?1 ((O7 %)) Then X,, — 0 in probability
but not in LLP.

Then let us compare almost sure and convergence in LP. Since convergence in probabil-
ity does not imply convergence in ILP, it is clear that almost sure convergence cannot imply
convergence in ILP.

Moreover, convergence in LP does not imply almost sure convergence: let X,, be an inde-
pendent sequence of random variables where X, takes the value 1 with probability 1/n and 0
with probablity 1 — 1/n. Then X,, — 0 in probability but not almost surely, by the second
Borel-Cantelli lemma.

How to go from convergence in probability to convergence in LP?

Suppose that (Xn)n>1 converges in probability to X. We would like to show the convergence
in IL? for some 1 < p < co.
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e First we have to assume that X,,, X € ILP, otherwise it is hopeless.
e Note that we should in particular have sup,,», E[|X,|"] < oc.

Recall that for a non-negative random variable Y,

e}
E[Y] = / P(Y > t)dt. (1.5.1)
0
Therefore,
E[|X, - X"] = / P (X, - X| > 17 at. (1.5.2)
0
Note that for each fixed R, fORIP (|X, — X| > t/?) dt < e + RP (|X,, — X| > £/P) hence
limsupE [| X,, — X|'] = limsup/ P (|Xn - X|> tl/p) dt (1.5.3)
n—»00 n—oo JR
1.6. Uniform integrability. For a random variable X,
/ P(IX|> t)dt < RP(X > R) +/ P(X|>6)dt <E[IX|1{|X|> R}, (16.1)
R R

where 1 (A) (w) is a random variable taking the value 1 if w € A and 0 otherwise.
Therefore, if a sequence (Xn)n>1 converges in probability to X, we need that

im limsupE[|X,, — X|"1{|X,, — X| > R}] =0. (1.6.2)

1
R—oo posoco
Definition 1.15 (Uniform integrability). A sequence of random variables (Xy),, is uni-
formly integrable (UI) if
im supE[|X,|1{|X,.| > R}] =0. (UI)

1
R—o0 n>1

Let us mention the following properties of uniform integrability

(1) If X,, = X € L', then (Xn) >y is UL
(2) More generally, if X,, — X in L', then (Xn),>, is UL Indeed,

E[[Xa|1{|Xa| > R} S E[| Xy — X[] + E[|[X|1{|Xy| > R}] (1.6.3)

(3) If sup,,> [Xn| is integrable, then (X5,),, is UL
(4) More generally, if there exists p > 1 such that sup,,5; E[|X,|"] < co, then (Xn)psq 18
UL

Let us give an equivalent characterization of uniform integrability, which may be more
tractable in some cases.

Proposition 1.16. A sequence (Xn)n>1 is Ul if and only if the following two conditions are
satisfied:
(1) sup,>; E[|X,|] < oo and
(2) for each positive e, there exists 6 > 0 such that if A € F satisfies P(A) < 0, then
sup,>1 E[|X,|1(4)] <e.

Note that the second condition does not imply the first one (in the case where P is a Dirac
mass for example).
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Proof of Proposition 1.16. =: taking R such that sup,~; E[|X,|1{[X,| > R}] < 1, we get
E[|X,|] <1+ R. Moreover, for any A € F,

E[|Xn|1(A)] = E[|Xn| 1{[Xa| > R}1(A)] + E[[Xo] 1{[Xn] < R} 1(4)]
<E[|X,|1{|X,| > R}|+ RP(A).

For a fixed € > 0, choose R such that sup,,~; E[|X,|1{|X,| > R}] <¢/2and take § = ¢/ (2R).
<: Let € > 0 and let 0 be such that if A € F satisfies P (A) < 4, then sup,,»; E[|X,| 1 (A4)] <

We first show that there exists an R such that sup,,~; P (|X,,| > R) < 0. Indeed, by Markov’s
inequality,

1
supP (| X,| > R) < = supE[|X,,|]
n>1 R n>1
and we can take R > sup,,»; E[[X,[] /0.

We then get that for each fixed n (with A = {|X,| > R}) that E[|X,|1{|X.| > R}] <e.

O

Theorem 1.17 (Dominated convergence theorem under convergence in probability and UI).
Let (Xn)n>1 be a UI sequence of random variables which converges in probability to X. Then
E[|X, — X]|] — 0.

Proof. Suppose not. Then there is a positive €y and an increasing sequence of integers (ny) k>1

such that E [| X, — X|] > e9. We extract from (|X,,, — X|),~, asubsequence (‘X”ke - X’)
z £>1
which converges almost surely to 0. By Egoroff’s theorem, we can pick As such that sup,,c 4, | Xn,, (W) — X (w)| —

0 and P (Q\ As) < J. Therefore,

o <E HX”W — XH < suE
wWEAs

X, @) = X (@) +E[|X0,, - X| 1@\ 45)]

< sup
wEA;

Xng, (w)—X (w)‘ + 251;131[43 [ Xn1(Q\ A4s5)] (1.6.4)

and the previous Proposition applied with € = £¢/2 gives a contradiction. O
1.7. A necessary and sufficient condition for uniform integrability.

Theorem 1.18 (De la Vallée-Poussin). A sequence of random variables (X,),,~, is uniformly
integrable if and only if there exists a convex non-decreasing function ®: [0,00) — [0,00) such
that lim, o ® () /2 = 00 and sup,,5; E[® (] X,])] < oco.

Ezample 1.19. (1) ®(z) =P for p > 1.
(2) ®(x) =2 (In(l+2z))" a>0.

Proof. < For each positive R and n > 1,
| X7 | x
Xo|1{|X,| >R} = ————P (| X,|) 1 {|X,| > R} < sup ——®
X[ LX) > R = Gt s@ (X)) > ) < sup oo
= Define a sequence of real numbers (Rj,), -, such that for each n, k > 1, E[|X,,[ 1 {|X,| > Ry }] <
27% and Rj41 > Ry + 1. This is possible by definition of uniform integrability: let R; be such

[ Xnl)
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that E[|X,,|1{|Xn,| > R1}] < 1/2. Suppose that Ry,..., Ry have been constructed in such a
way that R;1q1 > R; + 1 for each 1 < i < k. Since sup,,»; E[|X,|1{|X,| > R}] = 0 as R
going to infinity, there exists some tq such that sup,,5; E[|X,|1{|X,| > R}] <27%~! for each
R > tg. Choose Riy1 = max{Ry + 1,t0}.
We then define
D (z) = Zmax{O,m—Rk}. (1.7.1)
k21

Note that this function is well-defined: if > 0, then x € [Ry,, Ri,+1) for some ko hence the
terms for k > ko 4+ 1 vanishes. Moreover, ® is a series of convex functions hence convex, and

non-decreasing.

For each K,

K
o
lim inf 25 > liminf 3" max {0,1 - R’C} - K
T—00 T —00 — T

hence lim, o, ® (z) /2 = oo.
Moreover,

E fmax {0, [ X, | — Bi}] < B[ Xl 1{ %] > Ry} < 27
hence E [ (| Xn|)] < D255y 27k =1. O

1.8. Uniform integrability and convergence in general. Given a uniformly integrable
sequence (Xn)n>1, nothing can be asserted about its convergence: for example, if X5, = X
and Xopy1 =Y # X, with X and Y integrable, the sequence (Xn)n>1 does not converge in
any sense, but there are convergent subsequences.

If (X,),,5, is bounded in L? for some p > 1, that is, sup,>; E[|Xn|"] < oo, it is possible
to extract a subsequence which converges weakly in ILP that is, there exists an increasing
sequence of integers (ny),-, and a random variable X € L such that for each YV € L9,
E[X, Y] - E[XY] as k — oo, where 1/p+1/¢q = 1.

Question: what happens if we only have uniform integrability?

Theorem 1.20 (Dunford-Pettis). Let (Xn)n>1 be a sequence of random variables on a prob-
ability space (2, F,P) which is bounded in L. The following are equivalent:

(1) the sequence (Xn),,, s uniformly integrable;

(2) for each subsequence of (Xy),s, there exists a further subsequence (Xn,),s, and a
random variable X € L' such that for each A € F, E[X,,1(A)] = E[X1(A)] as
k — oo.

An illustrative example: let X,, = n1 ((0,1/n)), where Q = (0, 1), F is the Borel o-algebra
and [P the Lebesgue measure. The sequence (X,),-, is bounded in L! but is not uniformly
integrable. If for a subsequence (X, ), E[Xn,1(A)] - E[X1(A)] as k — oo, A € F, then
X =0 (take A = (a,b) for 0 < a < b < 1) but with A =(0,1), E[X,,,1(4)] =1.

Proof of Theorem 1.20. =: assume without loss of generality that X,, > 0; if not, write X,, =
X! — X/ with X/, = max {0, X,,}, X/ > 0, find a weakly convergent subsequence for X/, and
extract a further subsequence for X/'.
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For each integer ¢ > 1, define the random variable X, ¢ := X,,1{X,, < ¢}. Sincesup, >, E [X2
00, there exists an increasing sequence of integers (n,1) k1 and a random variable Y; € L2
such that for each A € F, E [X,, ,11(4)] = E[Y11(A)].

Since sup,,»; E [szm] < 00, there exists an increasing sequence of integers (n;g,g)k)1 and
a random variable Y, € L% such that for each A € F, E[X,, ,21(A4)] — E[Y21(A)] and
{nk,g,k > 1} C {nk,l,k > ].}

Continuing this process, we get increasing sequences of integers (ny ¢) such that

k>1
Ip = {npe, k2 1} C{npe—1, k> 13,022,
and random variables Y7, £ > 1 such that for each £ and A € F, E [X,,, , 1 (A)] — E[Y;1 (4)].
Let ny be the ¢-th element of I,. Then nyy1 > ny and for each £ > 1 and A € F,
lim E[X,,, 1 (4)] = E[¥1 (4)].

We found an increasing sequence of integers (nk),~C2 , and random variables Y, such that for
each £ > 1
klirn E[X,,1{X, <} 1(A)]=E[Y,1(4)].
— 00

Lemma 1.21. The sequence (n)e>1 converges in L' to some random variable X .
Proof. First notice that for each A € F,

E[(Y;—Yei—1)1(A)] = len;OE[an{Kf 1<X,<0}1(A)] =0
hence Yy > Yy_; a.s. and Y; — X a.s. for some random variable X. By Fatou’s lemma,

E[X] < ligninfE [Y?] < supE [X,].
—00

n>=1

O

To conclude the proof of the direction =, let € > 0 be fixed and ¢ such that E[X —Y;] <e
and sup,, >, E[X,1{X, > (}] <e (by UI). For A € F,

|E [Xn, 1 (A)] = E[XT(A)]] < [E[Xp,1(A)] - E[Xp, (1 (A)]|
+ B [Xoy 01 (A)] = E[Y L (A)]] + [E[Ye1(A)] - E[X1(A)]]. (1.8.1)

From the estimates:
o [E[X,1(A)] - E[Xn, 1 (A)]| SE[Xp, 1{Xy, > }] <sup,; E[X,1{X; > £}];
o E[Y1(A)]-E[X1(A)]] <e,
we derive that for each fixed ¢,
limsup [E[X,,1(4)] —E[X1(A)]| <supE[X,1{X, > {}]+¢ < 2¢, (1.8.2)
k—o0 n>1
hence E[X,,, 1(A)] = E[X1(A)] for each A € F.
< We actually have to prove that if (Xn)n% is a sequence which is bounded in L' and such
that there exists an integrable random variable X satistying E [X,,1 (A)] — E [X1 (A)] for each
A € F, then (Xn)n21 is uniformly integrable. We can assume without loss of generality that
X =0.

n,l

| <
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Define the pseudo-metric on F by p(A, B) = P(AAB) = E|[|1(A) — 1(B)|], where AAB =
(AUB)\ (AN B).

It is sufficient to show that for each ¢ > 0, there is § > 0 such that if P(A) < ¢ then
|E[X,1(A)]| < e. Indeed, decomposing a set A as AT U A~, where A~ := AN {X,, <0} and
AT = An{X, > 0}, we can see that E[|X,,|1 (A4)] < 2¢ whenever P(A) < 4.

For a fixed € > 0, we define

Fy:= () {AeF, [E[X,1(4)] <e}.
n=N
Each Fly is closed (since for a fixed n, the map A — |E[X,,1 (A)]| is continuous) and | Fy =
F, hence by Baire’s theorem, there is Ny, ro and Ay € F such that B,(Ao, o) :={A € F,p(Ag, A) < 1o} C
Fy,. Let B such that P(B) < rg. Since P(AgA(Ag U B)) < 1o, P(AgA(Ag N B°)) < rg and

E[X,1(B)]=E[X,1(4yUB)]—E[X,1 (40N B,
we have |E[X,1(B)]| < 2¢ whenever n > Ny and P(B) < rq.

For 1 < n < Ny — 1, there exists §,, > 0 such that if P(B) < 4, then |E[X,1(B)]| < 2¢
hence we can take 6 = min {rg,d1,...,0n,—1}- |

1.9. Convergence in distribution.

Definition 1.22. We say that the sequence of real-valued random variables (Xn)n21 converges
in distribution to X if for each continuous and bounded function f: R — R, the convergence
lim, oo E[f (X,)] = E[f (X)] takes place.

Proposition 1.23. A sequence (Xn)n>1 converges in distribution to X if and only if for
each continuity point x of the cumulative distribution function of X, lim, . P(X, <z) =
P(X < x).

Let us recall some properties of the convergence in distribution.

Proposition 1.24. If a sequence (Xn)n>1 converges in probability to X, then it converges in
distribution to X.
If X,, — ¢ in distribution, where ¢ is a constant, then X,, — c in probability.

Proposition 1.25 (Continuous mapping theorem). If (X,),, converges in distribution to X
and g: R — R is continuous, then (9(X»)),s, converges in distribution to g (X).

1.10. Convergence in distribution and uniform integrability. Suppose that E[|X,,|] <
oo for each n and X,, — X in distribution. What can be said about the convergence of
(E[Xn]),17 Certainly we have to assume that sup,,>; E[|X,[] < oo.

Proposition 1.26. Let (Xn)n>1 be a uniformly integrable sequence which converges in distri-
bution to some random variable X. Then E[X,] — E[X].

FExample 1.27. Let (Ei)i>1 be an i.i.d. sequence, where &; is centered and has unit variance.
Define

1 n
X, = — &.

Then (X7) _, is uniformly integrable (see seminar) hence for each 1 < p < 2, E[|X, '] —
E[|N|’], where N is standard normal.
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Proof of the Proposition 1.26.

Lemma 1.28. A sequence (Xn)n>1 is uniformly integrable if and only if

Jim sup/ P (|X,| > t) dt = 0. (un)

R—o0 n>1JR

Proof. Observe that for a non-negative random variable X,

E[X1{X > R}] :/OOIP’({X>t}ﬂ{X>R})dt
0

=RP(X > R)+/OOIP>(X >t)dt. (1.10.1)
R

Suppose that (X,),,, is uniformly integrable. Then

supE [| X, 1{|X,| > R}] > sup/ P (| X,| > ) dt
n>1 n>1JR

and (UI) holds. O

Suppose that (UI) holds. Then observe that sup,,~; RP (| X,| > R) — 0, because

2R
/ P(|X,|>t)dt > RP(|X,| > 2R).
R

Now we can conclude the proof of the Proposition: first assume that X,, > 0. We have

E [Xn] - E[X]| =

/OOO (P(X,>t)—P(X >t))dt’.

We apply the dominated convergence theorem on (0, R) endowed with the Borel o-algebra
and Lebesgue measure and the function f,,: t — P(X,, > t) —P(X > t). Note that f, (¢) — 0,
except on a set which is at most countable (hence of measure 0). Therefore,

o0 o0
limsup [E [X,] —E[X]] < sup/ P (X >1t) dt+/ P(X >t)dt
n—oo k>1JR R

and uniform integrability allows to conclude.

We have shown that if (Xn)n>1 is a non-negative uniformly integrable sequence which
converges in distribution to X, then E [X,,] — E[X].

If X, is not necessary non-negative, write X,, = max {X,,,0} —max {0, — X, }; apply the con-
tinuous mapping theorem to see that (max {X,,0}),,-, converges in distribution to max {X, 0}
and (max {—X,,0}),, converges in distribution to max {—X,0}.

Moreover, the sequence (max {X,,0}),, and (max {—X,,0}),, are uniformly integrable
hence by the result for non-negative random variables

E[X,] = E [max {X,,0}] — E [max {—X,,0}]
— E[max {X,0}] — E [max {—X,0}]
—E[X].
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Alternative proof of Proposition 1.26. Consider XF := max{—R,min{X,, R}} and XF :=
max {—R, min {X, R}}. By definition of the convergence in distribution, E [X,If] — E [XR}
for each R.

Then

E[X,] -EX]| < |E[X}] -E[XF]|+ |E[X. - XF]| + |E[X]-E[X7]].

The term |IE [Xf] —E [X R} | can be controlled by the uniform integrability assumption and
|E [X] — E [X%]| — 0 by dominated convergence.
a

Uniform integrability seems to be convient to establish convergence of moments and is
easier to establish in general than the latter. One can wonder whether one can deal with such
a problem without uniform integrability. The next proposition breaks some hopes.

Proposition 1.29. Let (Xn)n>1 be a sequence of non-negative integrable random variables
which converges in distribution to some random variable X. Suppose that E[X,] — E[X].
Then (Xn)n>1 is uniformly integrable.

Proof. Consider XE := min {X,,, R} and X := min {X, R}. By definition of the convergence
in distribution, E [X] — E [X %] for each R.

Since
|E [Xn — XF]| < E[X,] —E[X]|+ |E[X] - E [X®]| + [E [XF] -E [X"]],
we get that
thnm ligl_}solip E[X, - X}]| =0,
which guarantees uniform integrability. ]

What can be said without uniform integrability?

Proposition 1.30. Let (Xn)n>1 be a sequence of random variables which converges in distri-
bution to X. Then
E[|X|] <liminfE[|X,]]. (1.10.2)
n—oo

We do not assume that X, is integrable for each n. Even if each X, is integrable, X may
not be integrable (see seminar).

Proof. Write
E[X]] :/ P(|X|>t)dt :/ liminf P (| X,,| > t) dt, (1.10.3)
0 0 n— 00
since P (| X,,| > t) — P (|X| > t) for Leb-almost every ¢. Then use Fatou’s lemma. O

1.11. Tightness and convergence in distribution.

Definition 1.31. We say that the sequence of random variables (Xn)n>1 is tight if
lim supP (] X,| > R) =0. (1.11.1)

R—o0 n>1

Proposition 1.32. Let (Xn)n21 be a sequence of random variables. Suppose that X,, — X in
distribution. Then (Xy),, is tight.
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Proof. Let € > 0 and let Ry be such that —Ry and Ry are continuity points of the cumula-
tive distribution function of X such that P(—Ry < X < Rp) > 1 — ¢/2. Since X,, — X in
distribution, there exists ng such that for each n > ng,

|P(—R0 <X, < Ro) —P(—Ro <X < Ro)‘ < 6/2.

Therefore, sup,,>,,, P (| Xn| > Ro) <e.
For each 1 < n < ng — 1, there exists R,, such that P (|X,| > R,) < e. Therefore, for
R > max{Ro, R1,...,Rny-1}, sup,>1 P (| Xn| > R) <e. O

1.12. Convergence of probability measures.

Definition 1.33. We say that a sequence of probability measures (Mn)n>1 on the real line
converges in distribution to a probability measure u if for each continuous and bounded function
fTR—=R,

[ @dun (@) [ i) duta).
Definition 1.34. We say that a sequence of probability measures (un)7121 is tight if
lim sup pp, (R\ [-R, R]) = 0.

R—o0 n>1
Tightness implies convergence in distribution of a subsequence.

Theorem 1.35 (Prokhorov). Let (un), s, be a tight sequence of probability measures. Then
there exists a subsequence (fin, )y, and a probability measure p such that (fin, ), converges

in distribution to .

In order words, tightness plays the same role for the convergence in distribution as bound-
edness plays for convergence of sequences of real numbers. We will see a proof in the context
of probability measures on metric spaces.

Representation of a limiting probability measure as a random variable.

Theorem 1.36. Let (Xn)n21 be a sequence of random variables on a probability space (2, F,P)
and let pn: B — P(X,, € B). Suppose that (,un)n21 converges in distribution to a probability
measure 1 defined on R. Then there exists a random variable X : Q — R such that p(B) =
P (X € B) for each Borel set B.

This is a non-trivial result and beyond the scope of this course. If you are interested, here
is a link.

2. CONVERGENCE IN DISTRIBUTION IN METRIC SPACES

2.1. Motivation. Given an independent identically distributed sequence of random variables
(Xi);>; and t € [0, 1], we define
[nt]

W, (t) = %Zx (2.1.1)

where for z € R, [z] denotes the only integer such that [z] < z < [z] + 1.
If X, is centered and E [Xf] = 1, then for each t € [0,1], W, (t) — VtN, where N has a
standard normal distribution.


https://mathoverflow.net/questions/145190/limit-of-pushforward-measures-of-random-variables-is-represented-by-a-random-v
https://mathoverflow.net/questions/145190/limit-of-pushforward-measures-of-random-variables-is-represented-by-a-random-v
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However, we would like to have information on the maximum of partial sums, that is,
N—1/2 MaXi<ng N ‘Zi\;l Xi| = supyejo) Wy (t)| and use ||[Wn|,, — |[W],, where W is

some process.

[elex)

We view W, as an element of a function space endowed with a norm or a metric.
Question: how to define and establish the convergence in distribution in metric spaces?

2.2. Recall of some properties of metric spaces. Recall that a metric space (S, d) consists
of non-empty set S and a map d: S x S — [0,00) such that d (z,y) =0 iff x =y, d(z,y) =
d(y,z) < d(x,a)+d(y,a) for each a,z,y € S.

Definition 2.1. We say that the metric space (S,d) is separable if there exists a sequence
(ar:n)n>1 of elements of S which dense in S, that is, for each x € S and each positive €, there
exists n = 1 such that d (x,x,) < €.

Ezample 2.2. The space C0, 1] of the continuous functions on the unit interval endowed with
the metric d(f,g) = supsejoq1|f (t) — g ()| is separable, since the set of polynomials with
rational coefficients is dense.

Recall that a sequence (2y,),,5, is Cauchy if imupin fm n} 00 d (¥n, Tm) = 0 and that a metric
space (5, d) is complete if each Cauchy sequence (ar;n)n>1 is convergent.

2.3. Probability measure on metric spaces, definition. We consider a separable complete
metric space (5, d). Denote by B (S) the Borel-o-algebra, that is, the smallest (for the inclusion)
o-algebra containing the open sets for the topology induced by the metric d.

We will consider probability measures on S, that is, maps P: B € B(S) — P(B) € [0,1]
satisfying P (S) = 1 and o-additivity.

Definition 2.3. Let (]P’n)n21 be a sequence of probability measures on a separable complete
metric space (S,d). We say that (Py),~, converges weakly to the probability measure P if for
each continuous and bounded function f: S = R, [ f(x)dP, (z) = [ f (x)dP (z). We write
P, = P.

In general, this is not easy to check directly because we do not have a "nice" characterization
of the continuous bounded functions.

2.4. Convergence of probability measures: characteristic functionals (1). Recall
that P, = P if for each continuous and bounded function f: S — R, [qf(z)dP, (z) —
Js f(x)dP (z).

In general, we do not have at our disposal an equivalent of cumulative distribution functions.
One could try to use an analogue of charateristic functions.

If (X, ||]]) is a Banach space, we define the charateristic functional of a probability measure
P on X by

B (0) :z/Xexp(iE(ac))dIF’(x),EeX’, (2.4.1)

where X’ is the set of all linear continuous maps from X to R.
Notice that if P,, = P, then for each £ € X', P,, (¢) — P (£), because the map = — exp (i/ (z))
is continuous and bounded.
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However, if X = ¢2 (space of real-valued square summable sequences), e,, is the n-th vector
of the canonical basis and P,, is the Dirac mass at e,,, we have IP’An (¢) — 1 for each £ € X’ but
no weak convergence.

Recall that

P(¢) := /Xexp (il (z))dP (z), ¢ € X'. (2.4.2)

Characteristic functional do not play the same role as in the R%valued case as convergence
of P (¢) for each ¢ does not guarantee weak convergence.

2.5. Portmanteau theorem.

Theorem 2.4. Let (Pn)n21 be a sequence of probability measures on a metric space (S,d) and
let P be a probability measure on S. The following statements are equivalent:

(1) P, = P.

(2) For each umformly continuous and bounded function f: S — R, [qf(x)dP, (z) —

Js I (

(3) For all closed set F'C S, limsup,, , . Pn (F) <P(F).

(4) For all open set O C S, liminf, ., P, (O) =P (O).

(5) For each subset A of S such that P (A \ A) =0, P, (A) - P(A4).

Note that implication 1. = 2. holds by definition; 3. = 4. follows by taking complement.

Proof that 2. = 3. in Theorem 2./. We assume that for each uniformly continuous and bounded
function f: S = R, [q f (x)dPy, (z) — [ f () dP (x). We have to prove that for all closed set
F c S, limsup,,_, . P, (F) < P(F).

Let F be a closed set and consider for each integer k,

fri (z) =max{0,1 — kd (z, F)}, (2.5.1)
where d(z, A) = inf {d(z,a),a € A}.
Then frj is a uniformly continuous and bounded function. Moreover, if x € F, then
d(z,F) =0 hence 1(F) < fri.
Integrating with respect to P, gives P, (F) < [ fr (2) dP, (z) and taking the lim sup gives
lim sup P,y (F) < / frn (@) dP () < P (Gy),

n—roo
where G = {x € X,d(z,F) <1/k}. We conclude by noticing that P(Gy) — P(F), as
N1 G ={r € X,d(z,F) =0} = F. O

As mentioned before, 3. and 4. are equivalent, by taking complements.
Proof that 4. = 5. in Theorem 2.j. Observe that
liminf P, (A) < liminf P, (4) < limsup P, (A) < limsup P, (Z) .

n—roo n—roo n—oo n—oo

Therefore,
P(A) <liminfP, (4) < limsupP, (4) <P (4).

n—0o0 n—00

Since P (Z\ A) =0, it follows that P (A) =P (A) =P(A) hence P, (A) — P (A).
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Proof that 5. = 1. in Theorem 2./. Let f be a continuous and bounded function. Assume
first that for some M > 0, 0 < f (z) < M for each € S. Then

M
/f(x)dIP’n (:c):/ P, ({z | f (z) > t})dt.
S 0

For each t, the set A; := {x | f (x) > t} is open (since f is continuous) and 4; C {z | f (z) > t}.
Therefore, the set of the ¢t such that P (E\At) > 0 is contained in the set of the ¢ such

that P({x € S| f (z) =t}) > 0, which is at most countable. Therefore, by the dominated
convergence theorem applied on (0, M) endowed with the Lebesgue measure,

[r@a. @ [ 1@,
For the general case, write f = max {f,0} — max{—f,0}. O
2.6. Tightness.

Definition 2.5. Let (S,d) be a metric space. The sequence of Borel probability measures (on
S) (IP’n)n% is tight if for each positive € > 0, there exists a compact set K = K (¢) such that
sup,,>1 P (S\ K) <e.

When S = R and d(z,y) = |z — y|, this is equivalent to the definition of the previous
lecture, as a compact set is contained in a bounded interval.

If P,, = P for each n, is (Pn)n>1 tight?

How is tightness related to weak convergence?

Theorem 2.6 (Tightness of a single probability measure). Let (S,d) be a separable complete

metric space and let P be a Borel probability measure on S. For each positive €, there exists a
compact set K such that P (S\ K) < ¢.

Proof. By separability, there exists a sequence (mi)i>1 of elements of S such that for each
k>1,5=U B(zi,1/k), where B (z,r) = {y € S| d(z,y) <r}. Let € > 0 be fixed. For
each k > 1, there exists Ny such that P (vazkl B (x4, 1/k)> >1-e27F as Ufil B (z;,1/k) 1 S.
Let
Ny
K= JB @, 1/k).

k>1i=1
Then K is compact, as it is a relatively compact closed set in a complete metric space. More-
over,

P(S\K)=P Uﬁ(S\B(xi,l/k))

k>1i=1

<Zp<ﬁ (5\3(%1/k)>>

k>1 i=1
—k
< E €2
k>1
=c

hence P(K) > 1 —e. O
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2.7. Prokhorov theorem.

Theorem 2.7. Let (S,d) be a metric space.

(1) Assume that (S,d) is separable and complete. If (Py),~, is a sequence of probabil-
ity measures such that every subsequence has a weakly convergent subsequence, then
(Pr), > is tight.

(2) If a sequence of probability measures (Pn)n>1 is tight, then it admits a weakly convergent
subsequence.

Proof of 1.

Lemma 2.8. Let (0;);5, be a sequence of open sets of S such that S = J;5, Oi. Then for
each positive €, there exists k > 1 such that for each n > 1, P, (Ule Oi> >1—e.

Proof Suppose not. Then there exists an €y such that for each k, there exists ny > 1 such that

P,, <Ui=1 Oi) < 1 —¢gp. Extract from (Py,) k>1 @ weakly convergent subsequence (in>£>1

to some P. Then apply item 4. of portmanteau theorem with O = Ufil O; for a fixed K, we

get that
K
(U 0O, ) lim inf P,,,, (U Oi> :
=1

As K is fixed, K < kg for £ large enough hence Ulel 0; C Ufil O; and we get that

K
P<U01> < 1—&‘0.
i=1

As K is arbitrary, we would get that P (S) < 1 — €9, a contradiction. O

Let € > 0 be fixed. Take a dense countable set {z;,7 > 1}. For each m, apply the lemma
to O; = B(z;,1/m) and & = £27™. We get an integer k,, such that for each n > 1,
(U ™ B (s, 1/m)) >1—¢e27™. Let

= N UBG17m.

m>=1i=1
Then K is compact (as S is complete)
n (S\ K) Z e2™m
m21

O

Proof of 2 of Theorem 2.7 . We will first give a proof in the particular case where (S,d) is
compact. Let (Py), -, be a tight collection of probability measures on S.

It is known that C (S), the space of continuous functions from S to R, endowed with the
metric p (f, g) := sup;eo,1) | (t) — g (¢)], is separable.

Let ( fj)j>1 be a dense sequence of C (S). Using a diagonal extraction process, it possible
to find a subsequence (]P’nk),@l such that for each j > (fs fi(x)dPy, (x ))k>1 converges. By
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density, we derive that for each f € C (S ( Jof o f(x)dPy, (x )) k1 is Cauchy hence convergent
to some £ (f).

The map ¢: f € C(S) — £(f) is linear, continuous and bounded. By Riesz theorem, it can
be represented as the integral with respect to a probability measure P, which is the weak limit

of (Pnk)k>1~

Proposition 2.9. Let (S,d) be a separable metric space. There exists a compact metric space
(Y,p) and a map T: S =Y such that T: S — T (S) is an homeomorphism.

Proof. Let Y = [0,1]N = {(yi)i>1 ,0<y; < 1} and
P ((yz) (Y z>1> 22 "yi —
i>1

It is easy to check that p is well-defined and is a metric. With this metric, Y is compact as for
each k, Y can be covered by finitely many balls of radius < 2% (take as center points of the
form (i12*k,...,ik2*k,0,0,...), 0< ity .. i <2F).

Since S is separable, there exists a sequence (a;) i>1 which is dense in S. Define for i > 1
the map f;: S — [0,1] by

fi (LL') = min{lad(xaai)} .

Since for each ¢ > 1, the map = — d (z, a;) is continuous, so is a;.
For x € S, we define the map T: S — Y by

T (x) = (fi (sc))i>1 .
The map T is continuous, since for each k,

k
p(T(z),T () <27%+ > 27%d(x,2').

i=1

We will then show that T is injective and then a homeomorphism.

Lemma 2.10. Let C C S be a closed set and x € S\ C. Then there exist a positive €y and
i > 1 such that f; (x) < e9/3 and for each y € C, f; (y) = 2e0/3.

Proof. Let € := min{1,d (x,C)}, where d (x,C) = inf {d (z,y) ,y € C}. Since C'is closed and
x ¢ C, g9 > 0. Moreover, by definition, g < 1. Let ¢ > 1 be such that d (z,a;) < £9/3. Then

fi(x) =min{1,d (z,a;)} < min {1,e0/3} = &¢/3.
Let y € C. First observe that by the reversed triangular inequality,
fi(y) =min{l,d (y,a;)} > min{1,d(y,2) — d(z,a;)}
Since y € C, d(y,z) > d(x,C) and we derive that
fi (y) Z2min{l,d(z,C) —d(x,a;)} > min{l,d(z,C) —eo/3}

Since d (z,C) > min{1,d (z,C)} = o, we get f; (y) > 2¢0/3. O
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The map T is injective: let = # y and apply the Lemma with C' = {y}: we get g9 > 0 and
i > 1 such that f; () <eo/3 and f; (y) = 2e0/3. Therefore, f; (x) # fi (y) hence T (z) # T (y).

As a consequence, T: S — T (S) is a bijection.

We have already seen that T is continuous. In order to see that the inverse map is continuous,
it suffices to prove that if (z,),~, is a sequence of elements of S such that T'(z,,) — T (z),
then d (z,,,x) — 0. We will prove the contrapositive: if d (z,,x) does not converge to 0, there
exists a positive § and a subsequence (2, );, such that d(z,z,,) > ¢ for each k. Apply the
lemma to C = {z,,,k > 1}, we get that there exist £9 > 0 and ¢ such that for each k > 1,
fi(z) < eo/3 and 2¢0/3 < f; (zy,,). In particular, f; (x,,) does not converge to f; () hence
T (xy, ) does not converge to T ().

This ends the proof of the Proposition. O

Let (Y, p) be the compact metric space obtained in the previous proposition and T: S — Y
be a map such that 7': S — T'(S) is a homeomorphism. Let (Py), -, be a tight sequence of
probability measures on S. Define

pn (B) =P, (T7'B),BeB(Y).

[note that T~!B is a Borel subset of S, hence this definition makes sense].

Then (pn)n>1 is a sequence of probability measures on the compact set Y. By Prokhorov
theorem (in compact case), we can extract a subsequence (i, );»; which converges weakly to
some probability measure p on Y.

Let Yo :=T(95).

Lemma 2.11. There exists a set Y1 € B(Y) such that Y1 C Yy and p (Y1) = 1.

Proof. Since (}P’n)n>1 is tight, for each j > 1, there exists a compact set K; C S such that
P, (S\ K;) >1—1/j. Since T is continuous, T (K;) is a compact subset of ¥ hence closed in
Y. By portmanteau theorem,

p (T (K;)) = limsup i, (T (K;))

k—oo
and by definition of ji,,, fin, (T (K;)) =Py, (K;) > 1—1/j hence p (T (K;)) >1—1/j. Let
Yi=U;s, T (K;) C Yo; then Yy € B(Y) and p (Y1) = 1. O

Define g (A) :== p(ANYy) for A € B(Yy) and P(A) = po (T'(A)) for A € B(S). Then P
is a probability measure. Let us show that P, = P. To do so, let I be a closed subset of S.
Then T (F) is closed in T (X) = Y, which means that there exists a closed subset C' of Y such
that T (F) = C NYy. Observe that F'=T~1C, as T (F) contains no point of the complement
of Yy. Therefore,

limsup P, (F) = limsupP,, (T7'C).
k— 00 k— o0
By definition of p,, , this becomes
limsup P, (F) = limsup py,, (C)

k—o0 k—o0
and since p,, — p weakly,
limsupP,, (F) < p(C).

k— o0
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Now, with Y7 like in the previous lemma (that is, Y7 C Yy and u (Y1) = 1),
p(C)=p(CNY)+p(CN(Y\Y)).

Since p is concentrated on Y7, p(C N (Y \Yy)) = 0. Moreover, u(CNY;) = p(CNYp) =
u (T (F)) = P(F).
We showed that limsup;,_, . Py, (F)) < P(F) for each closed set F hence P, = P. O

How to prove weak convergence in metric spaces? Let (S, d) be a separable complete metric
space. Suppose that we want to prove that a sequence of probability measure (IP’n)n>1 converges
weakly.

We have seen that tightness is a necessary condition, like in the real valued case. We also
have to prove that the potential limits of subsequences are the same.

Therefore, we have to look for a sufficient condition which guarantees that two probability
measures coincide, that is, reducing the checking of P (B) = P’ (B) for each Borel set B to a
small class of sets.

Regularity of Borel measures on metric spaces

Theorem 2.12. Let P be a probability measure on the Borel subsets of a metric space (S,d).
For each Borel set A and each positive €, there exists a closed set F' and an open set O such
that FC ACO and P(O\ F) < e.

Proof. Let A:={A C S |Ve>0,3F closed and O open s.t.F CAC O and P(O\ F) < ¢e}.

We will show that A is a o-algebra containing the open sets.

() € A because we can choose F = O = {).

Let A € A. For a fixed positive ¢, let F closed and O open such that P(O\ F) < ¢ and
FCACO. Let F/:=8\0O and O’ =S\ F. Then P(O'\F') <eand FF Cc S\ A C O
Therefore, S\ A € A.

Let Ay, k > 1 be elements of A. We first show that |J;_, Ay € A for each n. Indeed, for
each k > 1, let F} closed and Oy, open such that Fj, C Ay C O and P (O} \ Fy) < 27Fe.
Let F:= J;_, Fr and O := (;_; O. Then F is closed, O is open and F C |J;_, Ax C O.
Moreover,

P(F\O)< iPFk\o ZPFk\Ok giﬂ
k=1

k=1

In order to show that |J,-, Ax € A, we take n such that P (Uk>1 A\ (Ui, Ak)) < ¢g/2. Let
Fy and F be closed and such that P (U}_, Ax \ F1) < &/2 and P ((S\ Uj_; 4x) \ F2) < £/2.
Take FF=F; and O = S\ F>.

This shows that A is a o-algebra.

It remains to check that A contains the open sets, or equivalently, the closed sets.

If A is closed, we can choose FF' = A. Let Oy :={x € S| d(z,F) < 1/k}, where d (¢, F) =
inf {d(z,y),y € F}. Then O is open, Ory1 C O and ()5, O = {z € S|d(z,F) =0}
which is equal to F, as F' is closed.

Therefore, P (O, \ F') — 0. O

Why "regularity'? Because P (A4) = sup {P(F), F closed , F C A} and P(A) = inf {P(0), O open , A C O}.
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Corollary 2.13. Let P and P’ be two probability measures on a metric space (S,d). Suppose
that for each open set O, P(O) =P’ (0). Then P(B) =P (B) for each Borel set B.

2.8. Case of the space C[0,1]. In general, it is hard to check that P(O) = P’ (O) for each
open set O.

Let us see how to treat the particular case O = B (fo, ), that is, where O is an open ball.
Saying that f € O is equivalent to say that there exists ko such that for each t € [0,1] N Q,
[f (t) = fo(t)] < —1/ko.

Therefore, knowing the probability of sets of the form

{z€C0,1]|(z(t1),...,2(ts)) € B,BEB(RY),d>1,0<t,...,ta< 1} (2.8.1)

is enough to determine the probability of a ball.

Let (Xn)n>1 be a sequence of random elements of C[0, 1] on a probability space (2, F,P),
that is, for each w € Q, the map ¢t € [0, 1] — X, (w, t) is continuous and for each B € B (C]0, 1]),
{w,t = X, (w,t)} € F.

Definition 2.14 (Finite dimensional distributions). The law of X,,, denoted by P,,, is defined
as P, (B) = P{w | (t =» X,, (w,t)) € B}. We say that X,, = X weakly in C[0,1] if P,, = P,
where P(B) =P{w | (t = X (w,t)) € B}.

The collection of the finite dimensional distributions of X, is the collection of the distribu-
tions of the vectors (X, (ti))fl:1 where d > 1 and ty,...,tq €[0,1].

Ezample 2.15. Suppose that X, (w,t) = z, (t), where z,: [0,1] — R is a continuous (deter-
ministic) function.
Then the law of (X, (ti))?:1 is the Dirac mass at the point (z,, (ti))le of RY.

Theorem 2.16 (Finite dimensional distributions characterize distributions). Let X and Y
be two random elements of C[0,1] having the same finite dimensional distributions, that is,
if d > 1 and t1,...,tq € [0,1], then the vectors (X (ti))?zl and (Y (ti))f:1 have the same
distribution. Then X and Y have the same distribution, that is, for each B € B(C[0,1]),

P{X € B} =P{Y € B}.

Proof. By the regularity of measures, it suffices to prove that P{X € O} = P{Y € O} for each
open set O. Since C]0,1] is separable, each open set can be written as a countable union of
open balls. Using P (O,,) — P (O) if O,, 1 O, it suffices to prove P{X € O} =P{Y € O} when
O is a finite union of open balls.

Let O = Uivzl B (fi,r;), where f; € C[0,1] and r; > 0. Let (qk)k21 be an enumeration of
the rationals of [0,1]. Since

B(fir)=J () {zeCOo,fi(a) -z (@) <ri—j"},

j21k>1

O can be expressed as [k, Fx, where
>

N K
Fre = J U N {z € COL i () — (@) <ri— 571}

i=15>1k=1
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Define the Borel subset Bx of R¥ by
By = { ()i, € RF, 31 <0 <N | [fiaw) — vel <13}

Then {X € Fx} = {(X (@), € BK} and P{X € Fx} = P{Y € Fx} follows from equality
of the finite dimensional distributions. O

We thus have the following strategy to prove the weak convergence in C]0, 1].

Theorem 2.17. Let (X,),, be a sequence of random elements of C[0,1]. Suppose that
(X0) sy is tight and that there exists a random element X of C[0,1] such that for each d > 1

and t1,...,tq € [0,1], the sequence of vectors ((X,,L (ti))fﬂ) _, converges in distribution to
n=1
(X (ti))?:l- Then X,, = X weakly in C[0,1].

Proof. Suppose not. Then there exists a continuous and bounded function f: C[0,1] — R, an
increasing sequence of integers (ny) k>1 and gy > 0 such that for each k,

[E[f (Xn)] = E[f (X)]] > €0

By Prokhorov theorem, extract from (X, ) r>1 & weakly convergent subsequence to some Y.
We thus get [E[f (V)] —E[f (X)]| > €. But the finite dimensional distributions of (Xn, ),
converge to those of X, then by the previous theorem, X and Y have the same distribution
and we get a contradiction. O

How to prove tightness in C[0,1]?

Proving weak convergence in C[0, 1] reduces to show the convergence of finite dimensional
distributions (which is easier, as we only deal with vectors) and tightness.

Recall (Arzela-Ascoli) that a set K C C0, 1] is compact if and only if it is closed, sup ¢ |z (0)| <
oo and

lim sup w (z,d) = 0,
§—0 rzeK

where w (x,0) :=sup {|z (t) — z (s)|,s,t € [0,1], |t — s|] < &}.

Question: is there a simple characterization of tightness of a sequence of random elements
of C[0,1]?

Here we present a tightness criterion.

Theorem 2.18. A sequence of random elements of C[0,1] is tight if and only if the following
two conditions are satisfied:
(1) the sequence (Xn (0)),,5, is tight in R and
(2) for each positive e,
}ir% limsup P {sup {| X, (t) — X, (s)|,s,t € [0,1],]t —s] <} >} =0. (2.8.2)
—

n— oo
Proof of Theorem 2.15. = We assume that (X,),, -, is tight in C[0,1]. For each positive e,
there exists a compact set K (¢) C C[0,1] such that sup,,», P{X,, ¢ K (¢)} < e. By Arzela-
Ascoli theorem, sup,¢ (. |7 (0)| < C (¢) and for some 6 (¢),

sup w (z,0 (€)) < g, (2.8.3)
zeK
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Since P {|X,, (0)] > C'(e)} < P{X, & K (¢)} < ¢, it follows that sup,,», P{|X,, (0)| > C (¢)} <
€ hence (X, (0)),,, is tight in R.
Let € > 0 and let ¢ (&) like in (2.8.3). Then
{sup {|Xn () = Xu (s)],5,¢ € [0, 1], [t = s| <6 ()} > e} C {X, ¢ K (€)}

hence

g(e) fhmhrnsupIF’{supﬂX (t) — Xn (9)],s,t€[0,1],|t —s|<d} >e} <e. (2.8.4)

n—oo

We got g () < e. If gg is fixed, for € < g, g (g0) < g () < € hence g (¢) = 0.

< Let ¢ be fixed; we have to find a compact set K such that sup,,~; P{X, ¢ K} <e. Since
(X5 (0)),,>, is tight in R, there exists C' such that sup,>; P{|X, (0)] > C} <e/2.

The second condition applied with 1/; for each fixed j > 1 gives d; such that

limsup P {sup {|X,, (t) — X, (s)|,s,t € [0,1], |t — 5| < 6;} > 1/j} < e279.
n—oo
That is, there exists IN; such that

sup P {sup {|X,, (t) — X, (s)|,s,t € [0,1], |t — 5| < §;} > 1/5} < e277.

n)Nj
For each n < N;, {X,} is tight in C0, 1] (since this space is separable and complete) hence
we can find 6, ; such that

sup P {sup {|X,, (t) — X,, (s)|,s,t € [0,1],|t — 8| <, ;} > 1/j} <277,

n<N;
Therefore, taking ¢} := min {6;,01,5,-...0n, 5}

sup P {sup {|X,, (t) — X, (s)|,s,t € [0,1], [t —s| < &} } > 1/j} < £277.
n>1

We got sup,,~; P{|X,, (0)] > C} <¢/2 and
sup P {sup {|X,, (t) — X, (s)],s,t € [0,1],]t — s| < &5 > 1/j}} <e277.
n>1

Let K C C[0,1] be defined by

K :={z:|x(0)| < C}

ﬂﬂ{x sup {|z (t) s)|,s,t €[0,1], |t —s| <85} <1/j}. (2.85)
=1
Then K satisfies the wanted requirements. O

3. INVARIANCE PRINCIPLE

3.1. Partial sum process. We would like to study the asymptotic behavior of partial sums
of a sequence of random variables (X;), ,, that is, see how f, (Zf:p 1<k< n), fo: R > R
behaves.

We would like to find a sequence of random continous functions W, which contains all the
information of the partial sums, that is, knowning W, (t) for each 0 < ¢ < 1 allows to derive
the value of S}, for each 1 < k < n.
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FIGURE 1. The map t — W,(¢)

W, (t)
Si41
vn
Si—1
Sy vn
v ;
0 . 1 ¢
M
S; \/Sin
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Sy S NG

We can try

where for z € R, |z| <2 < |z| + 1.
But this function is not continuous, as there are jumps at k/n, k € {1,...,n}.
Instead, we define

Lnt)
1
W, (t) := 7 S OXit (nt = nt]) X jpejar |, 0<t <1,
i=1
and W,, (0) = 0. Then
e for each k € {0,...,n — 1}, the map ¢t — W, (t) is piecewise linear on [(k — 1) /n, k/n).
Indeed, for t € [(k — 1) /n, k/n), |nt] = k=1 and /aW, (t) = S0~ Xi+(nt — k — +1) X;.
e Ast—k/n™, W, (t) — Zle X;/+/n hence t — W, (t) is continuous.
e Actually, the map ¢t — W, (¢) is Holder continous of exponent « for each 0 < o < 1.
o For ke {1,...,n}, W, (k/n) =S¥ | = Sp/vn.

3.2. Statement. Let
1 [l
W, (t) == N ZXi + (nt — [nt]) Xjpeypr |+ 0<t<1,
i=1
We would like to study the convergence of (W,,),,~, in the space S := C0, 1] endowed with
the uniform metric p (f, g) = supgg;<1 |f (t) — g (t)|. As a starting point, let us do the i.i.d.

case.
One needs to look at the convergence of finite dimensional distributions and show tightness.

Definition 3.1 (Brownian motion). We call a process (Bt)y<;<; @ standard Brownian motion

<

if it is a centered Gaussian process such that Cov (Bs, Bt) = min{s,t} and for almost every

w, the map t — By (w) is continuous.
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We will see in the next theorem that such a process does exist. Actually, the map ¢ — By (w)
is almost surely Holder continuous with exponent « for each 0 < o < 1 / 2.

Note that Cov (B, B;) = min{s,t} implies that for 0 =ty < t; < --- < tq < 1, the family
(Bi, — Bi,_ 1)d L s 1ndependent Indeed, this family forms a Gaussian vector and one can
check that Cov (Btl By, — Btj,l) =0 for i # j.

7,1’

Theorem 3.2 (Donsker, 1951). Let (Xi)i>1 be a centered i.i.d. sequence of random variables
such that E [Xlz] =1. Let W,, be defined by

W, }:X>+nt [nt]) Xjpeysr |+ 0<t<1,

and Wy, (0) = 0. Then (Wy),s, converges in distribution in C[0,1] to a standard Brownian
motion.

This theorem is usually called functional central limit theorem. We can also meet the
terminolog "invariance principle', as the limiting process does not depend on the distribution
of X1. We have a standard Brownian motion provided that X is centered and E [X 12] =1.

3.3. Convergence of the finite dimensional distributions. Let

1 Ll
W (t) : vﬁEZXHf 0<t<1.

We have seen during the seminar that the finite dimensional distributions of (W},),,, con-
verge to those of a standard Brownian motion. Therefore, it suffices to show that for each
0<t<1,

1
vn

Since 0 < nt — |nt| < 1, we get

1 1
| X1 | hence

(nt — [nt]) X|ntj+1 — 0 in probability.

P <\}ﬁ (nt — [nt]) |XLntJ+1| > 6) < IP’(\X1| > 5\/5) 0.

3.4. Tightness of partial sum process, a sufficient condition. In the special case of
partial sum process defined by

[nt]
D X4 (nt—[nt)) X jpepia |, 0<t <1,

Wy (t) := 7

W, (0) = 0, one can give a tightness sufficient condition in terms of the partials sums Sy :=
k
Zi:l Xi.
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Proposition 3.3. Suppose that the sequence (Xi)i}1 is such that the family

(1 max (Sk+i_Si)2)

n 1sksn n>1,i>0

is uniformly integrable. Then (W), is tight in C[0,1].

Proof. We use the tightness criterion given at page 2 of Lecture 8. Since W,, (0) = 0, it suffices
to check that for each positive ¢,

hm limsup P {sup {|W,, (t) — W, (s)|,s,t € [0,1],|t —s| <} >} =0.

n—oo

We first give an upper bound of sup {|W,, (t) — W,, (s)|,s,t € [0,1],]|t — s| < 0} for a fixed &
and n > 1/§. Define the interval I}, := [kd,(k+1)d) N [0,1], 0 < k < [1/6] and J :=
[k, (k+1)d] N [0,1]. If s,t € [0,1] are such that |t — s| < d, then s belongs to some I}, and
t € I; where |k — j| < 1 hence

sup {|W,, (t) = W,, (s)],s,t € [0,1], |t — s| < 4}

< max max{ sup [W, (s) — W, ()| + sup sup [W,(s) =W, () p. (341
0<k<[1/4] {s,t€8k| (#) ) sei teJ,£1| (5) ()|} ( )

Note that
sup sup |[W, (s) — W, ()|

ax
O<k<|.1/6J s€Jp t€Jp41

< W (k+1)0
S o5, SUP W (5) = Wa ((k +1) 9)]

X sup |W, ((k+1)d6) — W, (¢ 3.4.2
0<k<L1/5JteJ£1| (( )0) ) (3.4.2)

and these two terms are both smaller than

max sup |W, (s) — W, (t)].
0<k<L1/5J+1s,t€I}k| n () = W ()

We thus got

sup {[Wh, (t) = W (s)[,s,¢ € [0,1], [t — s| < 6}

<4 Wi (t) — Wy (k6)|. (3.4.3
o<k B85 1y SUP (W (8) = Wa (RO)[ - (3.4:3)

We have to control supysci< (k1) |Wn (t) — Wiy (kd)| in terms of partials sums. Let ¢ be
such that k0 <t < (k+1)d. Then i/n <t < (i +1)/n for some ¢ and j/n < kd < (j+1)/n
for some j, namely, j = |nkd|. Let us first use the bound

For the term |W,, (t) — W,, (i/n)|, we use the fact that W, is affine on [i/n, (i + 1) /n) and
the slope is X; 11 to get that

W (£) = Wi (i/n)] < —=  max | X,].

VN 1<e<nt 1
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By the same argument,

< — Xyl
\\/E1<I?£z(+1‘ f

Since W, (i/n) = S; and W, (j/n) = S}, we finally get that

2 1
(W (t) — Wy, (k6)| < 7n e | Xe| + 7 |Si = Sinks) | -

Finally, i — j < nd hence we got that for each n such that n > 1/4,

sup {[Wh, (t) = Wi (s)[, s, ¢ € [0, 1], [t — s| < 6}

<— Xe| + —— Si — Spoes| . (344
/128 XA+ o B k1 ks | ks (B44)

Therefore, it suffices to show that ﬁ maxi<s<nt1 | X¢| — 0 in probability and for each positive
57

lim limsup P max max
550 nosoo 0<k<|1/6] [nkd|+1<i< [ nkd |+ [nd]

|Si - S\_nké” > 6\/ﬁ> =0.

The prove that ﬁ maxi<s<nt1 | Xe| = 0 in probability will be done during the seminar.
In order to prove that

lim limsup P max max
650 nosoo 0<k<|1/6] [nkd|+1<i< [ nkd |+ [nd]

|Si = S|nksy | > 5\/ﬁ> =0,

we start from the union bound

Si — SLnkéJ‘ > E\/ﬁ)

P ( max max ‘
0<k<[1/8] |nkd]+1<i< | nkd]+|nd)

<

max |Si = Sinks)| > 5\/5) . (3.4.5)
0<k<[1/6] <Lnk5j+1<2<Lnk6j+Ln5J

We are reduced to prove that

lim lim sup Z
020 noeo i l1ys)

P Si — S\nks)| > = 0.
(LnkéJJrlérz‘néaL};kaJHnaJ‘ (k)| 5\/5>

Let Mj;; denote the random variable %maxlgkgj (Skti — Si)Q. Recall that (M} ;), i>1 is as-

sumed to be uniformly integrable. We have to prove that

2
lim lim sup E P Mns),[nks) > (5 =0.
620 n—oo 0<k<|1/5] V[nd]
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By Markov’s inequality,

2
lim lim su E Pl M,siinkst > | €
5 P [né],[nké] ( (0]

70 noee o ckgl1/6)
—2
< lim limsup | € vn
620 n—ooo Lné]

2
Jn
Z E | M|ns),nks) 1 M\_né],\_nk&j><5 3] . (3.4.6)
0<k<[1/5] "
As a consequence,
v\
n
lim lim sup Z P | Mns),[nks] > (E )
P20 mooe ok lys) VI
2
< lim limsupe™26 (| 1/6] + supIE M; ;1S M;; > [e€ vn . (3.4.7)
5 0 n—oo Ln(SJ

For each fixed d, there exists ng such that for n > ny,

1
Vol © 2

Therefore,

2
limsupsupE | M; ;1 ¢ M;; > (E v >

n—oo  j,i

and we get that

2
lim lim sup Z P Mns),[nks) > (E\/ﬁj>

=0 n—oo 0<k<1/5] Lné
2
M;i1 {Mj,i > (2\5/3> H —0. (3.4.9)

O

<e ?limsupE
5—0 Gii

3.5. Uniform integrability of partial sums. It remains to check the following.

Proposition 3.4. Let (X;);5, be an i.i.d. centered sequence such that E [X?] =1 and S =
Zle X;. Then the family

1
{ max Sz, n 1}
n 1<k<n

1s uniformly integrable.
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Note that this will give immediately uniform integrability of

1 2
— ImaXx (Sk+i - Sl) .
n 1sksn n>1,i>0

Z Ltz

Indeed, for each fixed 1,

1 2 1 2
2 s, (50— 5071 { s (5= 5> ]|
_rll 2, /1 2
=E {n [max. (Sk)°1 {n max. (Sk)” > R}] . (3.5.1)
Equality
1 2 1 2
E l: max (Sk—i-i — Sl) 1 { max (Sk—i-i - Sl) > R}:|

n 1<k<n n 1<k<n

n 1<k<n n 1<k<n

—E [1 max (S)*1 {1 max (S;)? > RH . (35.2)

follows from the fact that for each ¢, the vectors (X;41,...,Xn4s) and (X1,...,X,) have the
same distribution (their characteristic function is (t1,...,t,) = []j_, E [exp (it; X;)]).
During the seminar, we have see uniform integrability of {%5’721, n > 1}.
We would like to use a similar proof, but we have to handle maximas of partial sums.
Define for a fixed integer m the random variables

Xim = Xil{|Xa] < m} — E[X,1{]Xi] <m}],

X o= Xil {|Xs] > m} —E[X;1{|X;| > m}].
Note that since X; is centered, X; = X;,, + Xj,,. By exercise 15 (sheet 1) appliyed with
y,m .1 L maxi<r<n (ZZ 1 X m)Q, it suffices to prove that

(1) for each fixed m, the sequence (YTE"‘)) o is uniformly integrable and
nz
(2)

2
Jim s | (Z ) - 353)

For items 1, we will control the moment of order 4. Hence in both cases, we are forced to
find good upper bounds for
P

= || e, (ZX> P e {12,
where (X;),;5, is 1.i.d. and centered. Note that for p =1,
n 2
L 2
— (> xi) | =E[X}]
no\-“
i=1
and for p = 2,

E <i X¢> — nE [X1] +3n(n—1) (E[X?])°.
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This follows by an expansion of (3 ., Xi)4 =50 X X, X X,

11,12,13,04=1
Then after having taken the expectation,

n 4 n
(Z XZ-> = Y E[X;,X,Xi,X.,].
i=1 i1,42,i3,i4=1

The only cases where E [X;, X;, X;, X;,] is not zero is when all the indices are equal or two of
them have a value j; and the other two a value js # j;.

o In the first case, we have n possibilities (i1 = io = i3 =144 =7 € {1,...,n}).

e In the second case, we have () (;1) = 3n (n — 1) possibilities.

We admit for the moment the Doob’s inequality:

Proposition 3.5. Letp > 1 and let (X;);5, be an i.i.d. centered sequence such that E[|X;|"] <
0. Let Sy, = Zle X;. Then

P p
p p
E LQI%ISM } (p 1) E[|S.|"].

2
Let us see how Doob’s inequality allows to conclude. Recall that Y(m) : max1<k<n (Zl 1 X m)

and X; m := X;1{|X;] <m}-E[X;1{|X;| < m}],. We show that for each fixed m, sup,,», E {(Y,E"”) ] <
00. Applying Doob’s inequality with p = 4 gives

JCRIROREI)

N1 . s \2
< (3> = ((nE[X1m)') + 30 (0 = 1) (B[X2,,))*) < Con (35.4)

In order to check that

2
Ji s | (Z ) =0 (855)

where

we apply Doob’s inequality with p = 2 in order to derive that

2 2
1 n
B |5 max <Z ) <4E n@xim)
= 4E [(X1,.)’]

E
<AE [X71{|X1| > m}].

The only remaining thing to prove in order to finish the proof of Donsker’s theorem is the
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Proposition 3.6 (Doob’s inequality). Let p > 1 and let (Xi)@1 be an i.i.d. centered sequence
such that E[|X;1|"] < co. Let Sk := 25:1 X;. Then

P p
p p
E ngglwkl } < (p_ 1) E[|Snl"].

We start by the following:

Lemma 3.7. With the notations of the Proposition, for each x > 0, the inequality

< . 0.
xP (1g1§§n|5k >x> <E [S"H{lgl/?én'sH >3:H (3.5.6)

Let M, := maxi<k<; |Sk|. Define the events
Aj = {‘SJ| > iE} N {Mj,1 < CE}7j >2,A = {‘Sl| > .’E}

The collection (4;)]_, is pairwise disjoint and Uj_; A; = {maxi<k<n [Sk| > a}. Therefore,

RN

xP (1r<n§§ |Sk| > x) = le]P’ (Aj).
i=
By Markov’s inequality, P (4;) < E[|.S;]1(A;)] hence
xP (lréll;cxé(n [Sk| > x) < ;E (15511 (A;)].
Suppose that we prove that for each j,
E 5511 (A;)] <E[|Sa]1(4;)]- (3.5.7)
Then we would get that

zP <1213§n |Sk| > z) < ;E[|Sn| 1(A;)]
]:

and using again the fact that (Aj);lzl is pairwise disjoint and (Jj_; A; = {maxi<r<n [Sk| > 2}

gz}.

1, (21,...,75) dPx, (21)...dPx, (zn).

would give the wanted inequality.
Let us prove (3.5.7). Denote

>, max
1<k -1

J
D> i
i=1

Then, by independence and Fubini’s theorem,

sisiie=[ [ S

i=1
By Jensen’s inequality,

k
D i
i=1

B, := {(xl,...,xj)GRj,

n

D i

=1

1Bj (1‘1, e ,.13]‘) dIPXj+1 (l‘j+1) e dPXn (J?n)

> / _in]‘B]‘ (ml,...,mj)dIP’XHl (wj+1)...dPXn (l‘n) (358)
Rn—J

i=1
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For each i > 5+ 1,
/Rn_j rilp; (v1,...,25)dPx, , (vj41) ... dPx, (n)
=1p, (1,...,7) /Ra:idIP’Xi () =1p, (21,...,2;) E[X;] =0, (3.5.9)

We thus got

1Bj (Il,. .. ,.Tj)dPXl (Il) . ..dPXj (l’j>

E[1S,]1(A;) >/ >

R |5

—E[S;]1(4;)]. (3.5.10)

From the lemma,

/0 paP~ 1P (12112(71 |Sk| > x) dx < /0 paP~2E {|Sn| 1 {1211?%{11 [Sk| > xH dx  (3.5.11)

By Fubini-Tonnelli theorem,
E [ max Sk|p} =pE {|Sn|/ xp_Ql{ max |Sk| > x} dx]
1<k<n 0 1<k<n

Note that -
p/ ;L"pzl{lmax | Skl >x} dr = —L— max |1Sk[P~h.
0

<k<n p—11<k<n

Letting M,, 1= maxi<k<n [Sk| and || X||, = (E [\X\q})l/q, we thus got
p -1
M,||P < —— ||S,M? .
1Ml < = [1Sn 22,

By Hoélder’s inequality,

1Sn Mally < 150l [1MEM] ery = 1Sl 1Ml

hence
p -1
[ Myl < o1 [1Snll, 1My~

from which Doob’s inequality directly follows.
This ends the proof of Donsker’s theorem.

4. MARTINGALES

4.1. Conditional expectation.

Definition 4.1. Let (2, F,P) be a probability space and let G be a sub-c-algebra of F. The
conditional expectation of an integrable random variable X, denoted by E[X | G| is the unique

(up to almost sure equality) random variable Y which is G-measurable and such that for each

Geg, E[X1(G) =E[Y1(G).

When X € L2, E[X | G] is the orthogonal projection of X on the subspace L2 (G) of L? (F).

Therefore, E[X | G] can be seen as the "closest" random variable of X with the constraint
of being G-measurable.

Let us recall some propertites of conditional expectation.
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Proposition 4.2. Let X and Y be two random variables such that X, Y and XY are inte-
grable. Let G be a sub-o-algebra of F. If X is G-measurable, then E[XY | Gl = XE[Y | G].

Proposition 4.3. Let X be an integrable random variable and let G be a sub-c-algebra of F.
Suppose that X is independent of G. Then E[X | G] = E[X].

Proposition 4.4. Let X be an integrable random variable and let G be a sub-c-algebra of
F. Let o: R — R be a convex function. Then the following inequality holds almost surely:
eEX|G) <E[p(X)]d].

4.2. Definition of martingales.

Definition 4.5 (Martingales). A sequence of sub-c-algebras (.Fk)k>0 is a filtration if the in-
clusion Fi, C Fry1 holds for all k > 0.

Definition 4.6. A sequence of random variables (Sn)n21 is a martingale with respect to the
filtration (fk)k>0 if for eachn > 1, S, is integrable, F,,-measurable and B[S, | Fn—1] = Sn—1.

Ezample 4.7. Let (X;);5, be an independent sequence where E [|X;[] < oo, Fo = {0,Q} and
Fp=0(X1,...,Xk). Let S, := Y | X;. If each X; is centered, then (Sn)n>1 is a martingale
with respect to the filtration (Fy);-

Theorem 4.8 (Law of large numbers for martingales). Let (S,),s, be a martingale with
respect to the filtration (fk)k20. Let X,, =S, — Sn_1 form>2and X1 =51. Let 1 <p<2.
Suppose that for each n, X,, has the same distribution as X; and that E[|X1|"] is finite. Then

1
17/175” — 0 almost surely.
n
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