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ABSTRACT. We establish several characterizations of Anosov representations of
word hyperbolic groups into real reductive Lie groups, in terms of a Cartan pro-
jection or Lyapunov projection of the Lie group. Using a properness criterion of
Benoist and Kobayashi, we derive applications to proper actions on homogeneous
spaces of reductive groups.

1. INTRODUCTION

Anosov representations of word hyperbolic groups into real Lie groups were first in-
troduced by Labourie [Lab06]. They provide an interesting class of discrete subgroups
of semisimple or reductive Lie groups, with a rich structure theory. In many respects
they generalize, to a higher-rank setting, the convex cocompact representations into
rank-one simple groups [GW12, KLPa, KLPb, KLPc|. They also play an important
role in the context of higher Teichmiiller spaces.

The original definition of Anosov representations from [Lab06] involves the flow
space of a word hyperbolic group, whose construction is not completely straightfor-
ward. In this paper, we establish several characterizations of Anosov representations
that do not involve the flow space. A central role in our characterizations is played
by the Cartan projection of G (associated with a fixed Cartan decomposition), which
measures dynamical properties of diverging sequences in G. We apply our characteri-
zations to the study of proper actions on homogeneous spaces by establishing a direct
link between the properties, for a representation p : I' = G to be Anosov, and for I'
to act properly discontinuously via p on certain homogeneous spaces of G.

We now describe our results in more detail.

1.1. Existence of continuous boundary maps. Since the foundational work of
Furstenberg and the celebrated rigidity theorems of Mostow and Margulis, the ex-
istence of boundary maps has been playing a crucial role in the study of discrete
subgroups of Lie groups. Given a representation p : I' — G of a finitely generated
group I' into a reductive (e.g. semisimple) Lie group G, measurable p-equivariant
boundary maps from a Poisson boundary of I' to a boundary of G exist under rather
weak assumptions, e.g. Zariski density of p(I") in G. However, if I' comes with some

FG, OG, and FK were partially supported by the Agence Nationale de la Recherche under the
grants ETTT (ANR-09-BLAN-0116-01) and DiscGroup (ANR-11-BS01-013), as well as through the
Labex CEMPI (ANR-11-LABX-0007-01). OG also received funding from the European Research
Council under the European Community’s seventh Framework Programme (FP7/2007-2013)/ERC
grant agreement FP7-246918. AW was partially supported by the National Science Foundation under
agreements DMS-1065919 and 0846408, by the Sloan Foundation, by the Deutsche Forschungsge-
meinschaft, by the European Research Council under ERC-Consolidator grant 614733, and by the
Klaus Tschira Foundation. This paper was completed while OG, FK, and AW were in residence
at the MSRI in Berkeley, California, supported by the National Science Foundation under grant
0932078 000.
1



ANOSOV REPRESENTATIONS AND PROPER ACTIONS 2

geometric or topological boundary, obtaining a continuous p-equivariant boundary
map is in general difficult.

Anosov representations of word hyperbolic groups come, by definition, with a pair of
continuous equivariant boundary maps. More precisely, let p : I' = G be a Py-Anosov
representation. (We always assume G to be noncompact and linear, and use the
notation I, P, for its standard parabolic subgroups with the convention that ) = G,
see Section 2.2.) Then there exist p-equivariant boundary maps £ : 9, I' — G/ Py
and £~ : OxI' = G/P, that are continuous. These boundary maps have additional
remarkable properties: they are transverse, i.e. for any distinct points 7,7 € s’
the images £7(n) € G/Py and £ () € G/P, are in general position, and they are
dynamics-preserving, which means that for any v € I" of infinite order with attracting
fixed point 7 € 9, T, the point £*(nT) (resp. £ (n)) is an attracting fixed point
for the action of p(y) on G/Fy (resp. G/P, ). Furthermore, these maps satisfy an
exponential contraction property involving certain bundles over the flow space of I’
(see Section 2.5).

In this paper, given a word hyperbolic group I' and a representation p : I' = G, we
construct, under some growth assumption for the Cartan projection of G restricted
to p(T') (Theorem 1.1.(1)), an explicit pair (£, £7) of continuous, p-equivariant bound-
ary maps. (Recall that the Cartan projection u : G — @', defined from a Cartan
decomposition G = K(expa™)K, is a continuous, proper, surjective map to the closed
Weyl chamber a*; see Section 2.3.1, and Example 2.16 for G = GLg4(R).) We give
a sufficient condition for these maps to be dynamics-preserving (Theorem 1.1.(2)).
Under an additional assumption on the growth of u along geodesic rays in I' (The-
orem 1.1.(3)), we prove that the pair of maps (£1,£7) is also transverse and that p
is Anosov. This assumption involves the following notion: we say that a sequence
(z,) € (Ry)Nis OLI (i.e. has coarsely linear increments) if there exist &, ', 6", " > 0
such that for all n,m € N,

(1.1) km— kK < xpim — a2, < &'m+ K",
In other words, n — x, is a quasi-isometric embedding of N into R..

Theorem 1.1. Let T’ be a word hyperbolic group and |- |r : T' — N its word length
function with respect to some fized finite generating subset of I'. Let G be a real
reductive Lie group and p : I' — G a representation. Fix a nonempty subset 0 C A
of the simple restricted roots of G (see Section 2.2.2), and let Eg C a* be the set of
positive Toots that do not belong to the span of A\ 0.

(1) If there is a constant C' > 0 such that for any o € 6,

(o, u(p(7))) = 2log |y|r — C,

then there exist continuous, p-equivariant boundary maps £t : 0T — G/ Py
and £ : 0" = G/ Py .
(2) If moreover for any o € 6 and any vy € T,
(a, u(p(n"))) — 2log|n| — oo,
[n|—4o00
then T and £ are dynamics-preserving.
(8) If moreover for any o € Z; and any geodesic ray (Yn)neN in the Cayley graph
of T, the sequence (<a, ,u(p(vn))})neN is CLI, then £ and £ are transverse
and p is Py-Anosov.
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Let us briefly discuss the meaning of the assumptions of Theorem 1.1. Let || - || be
a FEuclidean norm on the Cartan subspace a which is invariant under the restricted
Weyl group of a in G. For any a € A, the function {(a,-) : @t — R is proportional
to the distance function to the wall Ker(«), with respect to || -||. Thus the assumption
of Theorem 1.1.(1) means that the set pu(p(I')) “drifts away at infinity” from the union
of walls (J,cp Ker(a) in @*, at speed at least 2log in the word length. The CLI
assumption in Theorem 1.1.(3) means that the image under p o p of any geodesic
ray in the Cayley graph of I' drifts away “forever linearly” from the hyperplane
Ker(a) for every a € £ (see Section 2.3.2). Inside the Riemannian symmetric
space G/K of G, the function ||u(-)|| : G — R4 gives the distance between the
basepoint g = eK € G/K and its image under an element of G (see (2.8)). The
functions (a, p(+)) can be thought of as refinements of ||u(-)||. The CLI assumption
in Theorem 1.1.(3) means that (a,po p(:)) : I' = Ry restricts to a quasi-isometric
embedding on any geodesic ray in the Cayley graph of I, for o € Ej.

Remarks 1.2. (a) Theorem 1.1.(1) extends a rank-one result of Floyd [Flo80] to
the setting of higher real rank. As in [F1080], the image of £ in Theorem 1.1
is the limit set of I in G/Py (Definition 5.1), see Theorem 5.3.

(b) Boundary maps are commonly constructed only on some large subset of JoT'
(dense or of full measure). By contrast, Theorem 1.1.(1) is based on an explicit
construction of the boundary maps at every point: see Theorem 5.3.

(c) Theorem 5.3 refines Theorem 1.1 by providing weaker conditions for the
existence of p-equivariant boundary maps with various properties. The sub-
tleties in dropping one assumption among continuity, dynamics-preservation,
or transversality are illustrated by Examples 5.5 and A.6. We expect that
the methods of the proof of Theorem 5.3 will have applications in broader
contexts where I' is not necessarily word hyperbolic.

(d) The growth condition in Theorem 1.1.(2) is optimal (see Lemma 2.27 and
Remark 2.32.(a)).

(e) In Theorem 1.1.(3) the CLI constants are not required to be uniform.

(f) The CLI assumption in Theorem 1.1.(3) can be restricted to the set of geodesic
rays starting at the identity element e € I'. In fact, we only need the CLI
assumption for one quasi-geodesic representative per point in the boundary at
infinity JxoI" (see Proposition 5.12). If § = A (i.e. Py is a minimal parabolic
subgroup of G), then the CLI assumption for all a € 2; is equivalent to the
CLI assumption for all @ € 6, because in this particular case E; C span(#).

(g) For a quasi-geodesic ray (7yn)neN, under the hypothesis of Theorem 1.1.(3),
the sequence ({a, p(p(1n))))nen is always upper CLI: see (2.11) and Fact 2.18.

(Here we use the terminology (x”, x"")-upper CLI for a sequence (x,) € (Ry)N
satisfying the right-hand inequality of (1.1) for all n,m € N; we say (z,,)neN is upper
CLI if it is (k”, k”")-upper CLI for some ", k" > 0. Similarly, we shall use below the
terminology (k, x')-lower CLI for a sequence (z,,) € (R4)N satisfying the left-hand
inequality of (1.1) for all n,m € N.)

1.2. Characterizations of Anosov representations in terms of the Cartan
projection. Theorem 1.1 provides sufficient conditions for a representation p : I' — G
to be Anosov in terms of the Cartan projection p. Conversely, we prove that any
Anosov representation satisfies these conditions. This yields the following characteri-
zations.
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Theorem 1.3. Let I' be a word hyperbolic group, G a real reductive Lie group, and
0 C A a nonempty subset of the simple restricted roots of G. For any representation
p: ' — G, the following conditions are equivalent:
(1) p is Py-Anosov;
(2) There exist continuous, p-equivariant, dynamics-preserving, and transverse
maps 1 2 0ol — G/ Py and €~ : 0T — G/ P, , and for any a € 0 we have
(o, u(p(7))) = 400 asy — oo in T';
(8) There exist continuous, p-equivariant, dynamics-preserving, and transverse
maps £ : oI’ = G /Py and & : 0T — G/ Py, and constants ¢,C > 0 such
that (o, (p(7))) > clylr — C for all o € 6 and v € T';
(4) There exist k, k' > 0 such that for any o € Eg‘ and any geodesic Tay (Yn)neN
with vo = e in the Cayley graph of I, the sequence ((a, u(p(Vn))))neN is
(k, &")-lower CLI.

By v — oo we mean that v leaves every finite subset of I', or equivalently that the
word length |y|p of v goes to 4o00.

Remark 1.4. For Zariski-dense representations the existence of continuous, p-equiva-
riant, dynamics-preserving, and transverse maps £ : O I' = G/Py and £ : 9" —
G/ P, is sufficient for p to be Pp-Anosov [GW12, Th.4.11]. However, we observe that
this is mot true in general, even when p is semisimple: see Example 7.15.

Remark 1.5. From Theorem 1.3.(3) we recover the fact [Lab06|, [GW12, Th. 5.3] that
any Anosov representation is a quasi-isometric embedding. For a semisimple Lie group
G of real rank one, i.e. when |A| = 1, being a quasi-isometric embedding is equivalent
to being Pa-Anosov (Remark 2.36), and in particular is an open property. In higher
real rank this is not true: being a quasi-isometric embedding is not an open property
(see Appendix A), whereas being Anosov is. In higher real rank it is more difficult
to find natural constraints on quasi-isometric embeddings p : I' — G that define an
open subset of Hom(I', G); characterization (4) of Theorem 1.3 provides one answer
to this problem.

The characterization of Anosov representations given by Theorem 1.3.(4) does not
involve the boundary 0xI', but only the behavior of the Cartan projection along
geodesic rays. Here are some consequences.

Remarks 1.6. (a) Theorem 1.3.(4) provides a notion of Anosov representations
of word hyperbolic groups into p-adic Lie groups. Indeed, the Cartan pro-
jection u, with values in a convex cone inside some Euclidean space, is also
well defined, with similar properties, when G is a reductive group over Q,, (or
more generally a non-Archimedean local field).

(b) Theorem 1.3.(4) can be used to define new classes of representations into
real Lie groups. For instance, for a free group I', requiring condition (4)
only for certain “primitive” geodesic rays gives rise to a notion of primitive
stable representations into higher-rank Lie groups (generalizing the notion
introduced by Minsky [Minl3] for G = PSLs(C)).

1.3. Relation to the work of Kapovich, Leeb, and Porti. There is overlap
between Theorem 1.3 (which contains a weaker version of Theorem 1.1.(3), see Re-
mark 1.2.e) and results of Kapovich, Leeb, and Porti, as we now describe.

In a series of three papers |[KLPa, KLPb, KLPc| (see also |[KLPd|), Kapovich, Leeb,
and Porti develop a theory of discrete groups of isometries of higher-rank Riemannian
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symmetric spaces with nice geometric, dynamical, and topological properties, gen-
eralizing some of the characterizations of convex cocompactness in rank one. This
theory depends on a choice of a face 7,,,4 of the model Weyl chamber o,,,,q4 associated
with the Riemannian symmetric space. In [KLPa, KLPb], they prove the equiva-
lence of several properties for 7,,,4-nonelementary finitely generated discrete groups
of isometries I', namely

(1) Tmoa-RCA (regularity, conicality, antipodality);

(ii) Tmod-CEA (convergence, expansion, antipodality);

(iii) word hyperbolicity, 7,0q-regularity, and 7,,,4-asymptotical embeddedness;

(iv) word hyperbolicity and a 7,,,4-Morse property;

(v) word hyperbolicity and a 7,,,4-Anosov property.

In [KLPc¢|, using asymptotic cones, they prove that these properties are equivalent to
(vi) nondistorsion and asymptotic uniform 7,,,4-regularity.

Let G be the full isometry group of a Riemannian symmetric space. In our language
and with our notation, the choice of 7,4 is equivalent to the choice of a subset § C A
of the simple restricted roots of G, via the identification 6 — (), ca o Ker(a)Na't; in
turn, this is equivalent to the choice of a standard parabolic subgroup Py of G (see Sec-
tion 2.2). The 7y,04-Anosov property in (v) is the Py-Anosov property of the present
paper (see Definition 2.30). Condition (vi) means, in our language, that there exist
¢, C > 0 such that («, pu(p(y))) > ¢|y|lr — C for all @ € § and v € I'. The implications
(1) & (2) = (3) in Theorem 1.3 are analogous to the implications (iii) < (v)= (vi)
above, after observing that the 7,,,4-conicality requirement in 7,,,4-asymptotic em-
beddedness in (iii) is always satisfied when the continuous equivariant boundary maps
are dynamics-preserving and transverse. The implication (4) = (1) in Theorem 1.3
follows from (vi) = (v) above. We do not see any direct link between the implication
(1) = (4) and the characterizations above in general, since (4) involves X and not 6.

We note that characterizations (i), (ii), (vi) of Kapovich-Leeb—Porti do not assume
the discrete group to be hyperbolic a priori.

In [KLPc| the authors also develop a notion of Morse action on Euclidean buildings,
in particular Bruhat—Tits buildings of p-adic groups; compare our Remark 1.6.(a).

1.4. Characterizations of Anosov representations in terms of the Lyapunov
projection. We also establish new characterizations of Anosov representations that
are analogous to Theorem 1.3 but involve the Lyapunov projection X : g — lim,, pu(g™)/n
associated with the Jordan decomposition in G (see Section 2.4), and the stable length

Y = [Y]oo = limy, [¥*|r/n (see (2.1)).

Theorem 1.7. Let I' be a word hyperbolic group, G a real reductive Lie group, and
0 C A a nonempty subset of the simple restricted roots of G. For any representation
p: ' —= G, the following conditions are equivalent:
(1) p is Py-Anosov;
(2) There exist continuous, p-equivariant, dynamics-preserving, and transverse
maps €7 1 0T — G/ Py and £~ : 0T’ — G/ P, , and for any a € 0 we have
(@, A(p(7))) = +00 as |v]eo — F00;
(8) There exist continuous, p-equivariant, dynamics-preserving, and transverse
maps €1 1 Ol = G/ Py and €~ : 0,1’ — G/P;, and a constant ¢ > 0 such
that {a, \(p(7))) = ¢|V|oo for all € 8 and v € T.

A Py-Anosov representation p : I' — G is not necessarily semisimple, even when
Py is a minimal parabolic subgroup of G (Remark 2.41). In the course of the proof of
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Theorem 1.7 we establish the following result, which is of independent interest. (See
Section 2.5.4 for a definition of the semisimplification.)

Proposition 1.8. Let I' be a word hyperbolic group, G a real reductive Lie group,
and  C A a nonempty subset of the simple restricted roots of G. Let p: 1" = G be a
representation and p*° its semisimplification. Then

p is Py-Anosov <= p** is Py-Anosov.

Since the character variety of I' in G can be viewed as the quotient of Hom(T', )
by the relation “having the same semisimplification”, Proposition 1.8 means that the
notion of being FPy-Anosov is well defined in the character variety.

1.5. Anosov representations and proper actions. The first applications of Anosov
representations to proper actions on homogeneous spaces were investigated in [GW12]
through constructions of domains of discontinuity. Theorem 1.3 now provides a more
direct link via the following properness criterion of Benoist and Kobayashi.

Properness criterion [Ben96, Kob96|: Let G be a reductive Lie group and H,T" two
closed subgroups of G. Then T' acts properly on G/H if and only if for any compact
subset C of a the intersection (u(I') +C) N u(H) C a is compact.

In other words, I' acts properly on G/H if and only if the set u(I') “drifts away
at infinity” from p(H). In this case the quotient I'\G/H is an orbifold, sometimes
called a Clifford—Klein form of G/H.

Based on the properness criterion, a strengthening of the notion of proper discon-
tinuity was introduced in [KK16]: a discrete subgroup I' < G is said to act sharply
(or strongly properly discontinuously) on G/H if the set p(T") drifts away from u(H)
at infinity “with a nonzero angle”, i.e. there are constants ¢, C' > 0 such that for all
yel,

(1.2) da(p(7), p(H)) > cllp(y)| = C,

where d, denotes the metric on a induced by || - ||. The quotient I'\G//H is said to be
a sharp Clifford—Klein form. Many (but not all) properly discontinuous actions are
sharp; the sharpness constants (¢, C') give a way to quantify this proper discontinuity.
Sharp actions are interesting for several reasons. Firstly, they tend to be stable under
small deformations, which is not true for general properly discontinuous actions.
Secondly, there are applications to spectral theory in the setting of affine symmetric
spaces G/H: by [KK16], if the discrete spectrum of the Laplacian on G/H is nonempty
(which is equivalent to the rank condition rank G/H = rank K/(K N H)), then the
discrete spectrum of the Laplacian is infinite on any sharp Clifford-Klein form I'\G//H.

Here is an immediate consequence of the implication (1) = (3) of Theorem 1.3 and
of (2.11) below (which expresses the subadditivity of ||u]|).

Corollary 1.9. Let I' be a word hyperbolic group, G a real reductive Lie group, and
0 C A a nonempty subset of the simple restricted roots of G. For any Py-Anosov
representation p : I' — G, the group p(T') acts sharply (in particular, properly discon-
tinuously) on G/H for any closed subgroup H of G such that p(H) C |, Ker(a).

Since the set of Pp-Anosov representations is open in Hom(T', G) [Lab06, GW12],
Corollary 1.9 provides sharp actions that remain sharp under any small deformation.
This corollary applies for instance to Hitchin representations of surface groups
(which are Anosov with respect to a minimal parabolic subgroup, i.e. § = A) and
to maximal representations (which are Anosov with respect to a specific maximal
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proper parabolic subgroup, i.e. || = 1). We refer to Sections 6.1 and 6.2 for more

explanation.

Corollary 1.10. Let (G, H) be a pair in Table 1. For any Hitchin representation

p:7m(X) = G, the group ™ (X) acts sharply on G/H.

G H Conditions

(1) SLg(R) SLx(R) k<d-—1
(ii) SLg(R) SO(d — k, k) |d —2k| > 1
(iii) SLog(R) SL4(C) x U(1)

(iv) SO(d, d) SO(k,0) x SO(d — k,d — ¢) |k —¢] > 1
(v) [SO(d,d+1) | SO(k,l) x SO(d —k,d+1—20) | £ & {k,k+1}
(vi) SO(d, d) GLx(R) k<d-—1
(vii) | SO(d,d + 1) GLx(R) k<d
(viii) | SO(2d,2d) U(d,d)

(ix) Sp(2d,R) U(d -k, k)

(x) Sp(2d,R) Sp(2k,R) k<d
(xi) | Sp(4d,R) Sp(2d, C)

TABLE 1. In these examples, 0 < k, £ < d are any integers with d > 2,
satisfying the specified conditions.

Corollary 1.11. Let (G, H) be a pair in Table 2. For any mazimal representation
p:m(X) — G, the group m(X) acts sharply on G/H.

G H Conditions
(i) SO(2,d) U(1, k) k<d/2
(id) Sp(2d, R) U(d — k, k) d # 2k
(iid) Sp(2d, R) Sp(2k,R) k<d
(iv) Sp(4d,R) Sp(2d — 2, C)
(v) | SU2d+1,2d+1) SO*(4d + 2)
(vi) SU(p, q) SU(k,€) x SU(p —k,q—0) | (p—q)(k—£) <0
(vii) SO*(2d) U(d— k, k) x U(1)
(vii) SO*(4d) SO*(4d — 2)
(ix) Eg(—14) Fy—20)
(x) Er(_as) Eg(_14)
(xi) Er(_95) SU(6,2)

TABLE 2. In these examples, k,¢,d,p,q € N are any integers with
d>2and k,l <d (as well as k < p and ¢ < ¢ in (vi)), satisfying the
specified conditions.

Applying Corollary 1.9, it is easy to find many other examples with similar proper-
ties.

Conversely to Corollary 1.9, we prove that certain properly discontinuous actions
give rise to Anosov representations, using the implication (4) = (1) of Theorem 1.3.
This works well, for instance, in the so-called standard case, namely when the discrete
group I lies inside some Lie subgroup G of G that itself acts properly on G/H; in
this case the action of I' is automatically properly discontinuous, and even sharp
|[KK16, Ex. 4.10] (see Section 6.3).
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Corollary 1.12. Let G be a real reductive Lie group, 8 C A a nonempty subset of
the simple restricted roots of G, and H a closed subgroup of G such that p(H) D
Uaeo Ker(a)Na™. Let Gy be a reductive subgroup of G, of real rank 1, acting properly
on G/H. Then for any convex cocompact subgroup I' of G, the inclusion of I' into G
18 Py-Anosov.

Recall that ' being convex cocompact in G; means that there is a nonempty,
I-invariant, closed, convex subset C of the Riemannian symmetric space of G such
that I'\C is compact. Since G has real rank 1, this is equivalent to I" being finitely
generated and quasi-isometrically embedded in G (Remark 2.36).

Corollary 1.12 applies in particular to the examples in Table 3 below. For more
examples, including exceptional groups, see |[KY05]. In examples (i) to (iv) when
k = d/2, in example (v) when ¢ = d/4, and in example (vii), the group G; acts
cocompactly on G/H, hence compact Clifford—Klein forms of G/H can be obtained
by taking I" to be a uniform lattice in G;. We refer to [Okul3, BJT14] for many more
examples to which Corollary 1.12 applies, where G is locally isomorphic to SLa(R).

G |0 o el
@) SO, d) |a, | SOLd) | ULk
(i) |S0(2,d) |ao| U@k | SO(L,d)
i 1,d) | Sp(1,k)

)
)
(iii) | U2,d) | a1 | U(
iv) | U(2,d
)

(iv ,d) | oo | Sp(l,k) U(1,4d)
(v) |SO(4,d) | aq | SO(3,d) | Sp(L,¢)
(vi) | SO(4,d) | a | Sp(1,¢) | SO(1,d)
(vii) | SO(8,8) | aq | SO(7,8) | Spin(8,1)

(viii) | SO(8,8) | ap | Spin(8,1) | SO(1,8)

TABLE 3. In these examples, d, k, ¢ are any integers with 0 <k < d/2
and 0 < ¢ < d/4. We denote by «g the simple root of G such that P,,
is the stabilizer of an isotropic line, and by «; the simple root of G
such that P,, is the stabilizer of a maximal isotropic subspace.

The geometric construction of domains of discontinuity from [GW12] can be ap-
plied in many of the cases of Table 3 to furthermore obtain compactifications of the
corresponding Clifford—Klein forms I'\G/H. These compactifications generalize for
instance the conformal compactifications of Fuchsian and quasi-Fuchsian groups. This
is the object of [GGKW].

Remarks 1.13. (a) The properness criterion of Benoist and Kobayashi also applies
when G is a reductive group over a non-Archimedean local field (e.g. Qp): see
[Ben96]. Corollaries 1.9 and 1.12 also hold in this setting (see Remark 1.6.(a)).

(b) From Corollaries 1.9 and 1.12, we recover the main result of [Kasl2|: in
the setting of Corollary 1.12 (over R or Q,), there is a neighborhood U C
Hom(T", G) of the natural inclusion such that for any ¢ € U the group ¢(I")
is discrete in G and acts properly discontinuously on G/H.

1.6. Proper actions on group manifolds. For a Lie group G, let Diag(G) be
the diagonal of G x G. The homogeneous space (G x G)/Diag(QG) identifies with G
endowed with the transitive action of G x G by left and right translation, and is called
a group manifold. Using the full equivalence (1) < (3) of Theorem 1.3, as well as
Theorem 1.7, we obtain a particularly satisfying characterization of quasi-isometrically
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embedded groups acting properly on (G x G)/Diag(G) when G is semisimple of real
rank 1. This covers in particular the cases of anti-de Sitter 3-manifolds (G = PSL2(R))
and of Riemannian holomorphic complex 3-manifolds with constant nonzero sectional

curvature (G = PSLy(C)).

Theorem 1.14. Let G be a semisimple Lie group of real rank 1 and I' a finitely
generated subgroup of G X G. Then the following are equivalent:

(1) T' acts properly discontinuously on (G x G)/Diag(G) and the inclusion I' —
G x G s a quasi-isometric embedding,

(2) T' acts sharply on (G x G)/Diag(G) and the inclusion I' — G x G is a quasi-
isometric embedding,

(8) T is word hyperbolic, of the form

I'={(pL(7), pr(7)) | v € Lo},

where pr,pr : I'o — G are representations and, up to switching the two
factors of G x G, the representation py, is convex cocompact and uniformly
dominates pR.

Here we say that pr uniformly dominates ppr if there exists ¢ < 1 such that for all
v € Lo,

AMpr(7)) < eXpr(v)),

where A : G — R is the translation length function in the Riemannian symmetric
space G/K of G, given by \(g) = inf,cq/k d(z,g-z) for all g € G.

Remark 1.15. Theorem 1.14, together with Corollary 1.18 below, was first established
in [Kas09] for G = PSLa(R) >~ SO(1, 2)p, then in [GK]| for G = SO(1, d) with d > 2.
(For a p-adic version, with G of relative rank 1 over a non-Archimedean local field,
see [Kas10].) The fact that for a general Lie group G of real rank 1, any discrete
subgroup of G x G acting properly discontinuously on (G x G)/Diag(G) is of the form
(pr, pr)(To) where pr, or pp is discrete with finite kernel, was proved in [Kas08|: see
Theorem 7.14 for a precise statement.

To prove Theorem 1.14, we relate conditions (1), (2), (3) to the fact that T" is
word hyperbolic and its natural inclusion inside some larger group containing G X G
is Anosov. Such a relationship also exists, in a weaker form, when G has higher
real rank: a general statement is given in Theorem 7.3 below. Here we explain this
relationship when G = Autk (b) is the group of automorphisms of a vector space over
K = R or C preserving a nondegenerate bilinear (symmetric or symplectic) form b,
or the group of automorphisms of a vector space over K = C or H (quaternions)
preserving a nondegenerate (Hermitian or anti-Hermitian) form b — a situation that
includes all classical simple groups of real rank 1, namely SO(1,d), SU(1,d), Sp(1,d)
(Example 7.5).

Theorem 1.16. For K =R, C, or H, let V be a K-vector space and b : VRrV — K
a nondegenerate R-bilinear form which is symmetric, antisymmetric, Hermitian, or
anti-Hermitian over K, with G := Autk (b) noncompact. Let Qo(b@b) be the stabilizer
in Autg (b® b) of a (b® b)-isotropic line in V&V, and similarly for b@ (—b). For a
discrete subgroup I' of G x G, the following three conditions are equivalent:

(3) T is word hyperbolic, of the form

L= {(p(7), pr(Y)) | v € To},
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where pr,pr : I'o — G are representations and, up to switching the two
factors of G x G, the representation pr, is Qo(b)-Anosov and uniformly Qo(b)-
dominates pr (see Definition 7.1);

(4) T is word hyperbolic and the natural inclusion

' — G x G = Autg(b) x Autg(b) — Autg (b ® b)

is Qo(b@® b)-Anosov;
(5) T is word hyperbolic and the natural inclusion

' — G x G = Autk(b) x Autg(—b) — Autg (b P (—b))

is Qo(b @ (—=b))-Anosov.
If (3), (4), or (5) holds, then (1) and (2) of Theorem 1.14 hold. The converse is true
if and only if G has real rank 1.

We refer to Remark 7.6 for an explanation of why (2) does not imply (4) when G
has higher real rank.

Even though Autk(b) = Autg(—b), the embeddings in (4) and (5) are in general
quite different. For instance, for Autk(b) = O(1,d), these embeddings are I' <
O(1,d) x O(1,d) — 0O(2,2d) and T' < O(1,d) x O(1,d) ~ O(1,d) x O(d,1) —
O(d+1,d+1).

Here are two consequences of Theorems 1.14 and 1.16 (and their refinement, Theo-
rem 7.3); the second one uses the fact that being Anosov is an open property.

Corollary 1.17. Let G be a semisimple Lie group of real rank 1 and I' a discrete
subgroup of G x G. If the action of T' on (G x G)/Diag(QG) is properly discontinuous
and cocompact, then it is in fact sharp.

Corollary 1.18. Let G be a semisimple Lie group of real rank 1 and ' a finitely
generated quasi-isometrically embedded subgroup of G x G. If I' acts properly discon-
tinuously on (G x G)/Diag(G), then there is a neighborhood U C Hom(I',G x G) of
the natural inclusion such that any p € U is a quasi-isometric embedding from I' to
G x G, and T acts properly discontinuously on (G x G)/Diag(G) via p. If moreover
the action of I on (G x G)/Diag(G) is cocompact, then I' also acts cocompactly on
(G x G)/Diag(G) via p.

Remark 1.19. For G semisimple of real rank 1, Corollary 1.18 together with [Thol5,
Th. 3] implies that the space of complete (G x G, (G x G)/Diag(G))-structures on a
compact manifold M is a union of connected components of the space of (G x G,
(G x G)/Diag(G))-structures on M.

Conventions. In the whole paper, we assume the reductive group G to be noncom-
pact, equal to a finite union of connected components (for the real topology) of G(R)
for some algebraic group G. We set Ry := [0,+00), as well as N := ZN Ry and
N* := N ~ {0}.

Organization of the paper. In Section 2 we review some background material on
word hyperbolic groups, the structure of reductive Lie groups, proximality, and Anosov
representations, and establish some basic preliminary results. In Section 3 we explain
how one can always reduce to Anosov representations into GL(V'). In Section 4 we
prove the equivalences (1) < (2) < (3) of Theorems 1.3 and 1.7 (characterizations
of Anosov representations assuming the existence of boundary maps). In Section 5
we give a point-by-point construction of boundary maps (proving Theorem 1.1) and
establish the equivalence (1) < (4) of Theorem 1.3. In Section 6 we provide short
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proofs of Corollaries 1.10, 1.11, and 1.12. The link between Anosov representations
and proper actions on group manifolds is established in Section 7, where we prove
Theorems 1.14 and 1.16 as well as Corollaries 1.17 and 1.18.
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2. PRELIMINARIES ON ANOSOV REPRESENTATIONS AND THE STRUCTURE OF
REDUCTIVE LIE GROUPS

In this section we set up notation and recall some definitions and useful facts about
word hyperbolic groups I', real reductive Lie groups G, and Anosov representations
p:I' = G.

2.1. Word hyperbolic groups and their boundary at infinity. Recall that a
finitely generated group I', with finite generating set S C I, is said to be word hyper-
bolic if its Cayley graph C(T', S), equipped with the natural graph metric, is Gromov
hyperbolic. The induced metric on I' is the one coming from the word length | - |p.

2.1.1. The boundary at infinity. Let ¢,C > 0. A map f: (X,d) — (X', d") between
metric spaces is a (¢, C')-quasi-isometric embedding if for all x,y € X,

cd(z,y) = C < d(f(x), fy)) < cd(a,y) + C.

It is a quasi-isometry if furthermore there exists R > 0 such that for any 2/ € X’
we can find x € X with d'(2/, f(z)) < R. When X = N, a (¢, C)-quasi-isometric
embedding is called a quasi-geodesic ray. When X’ is the Cayley graph of T, a
sequence (7,) € TN defines a (¢, C)-quasi-geodesic ray in the Cayley graph of I if for
all n,m € N,

cHn—m| —C < |y "ymlr < ¢ln—m| + C.

If X and X’ are geodesic metric spaces and if f : X — X' is a quasi-isometry,
then X is Gromov hyperbolic if and only if X’ is, and in this case f induces a
homeomorphism Ou f : 9sc X — 000X’ between the visual boundaries [CDP90, Ch. I11,
Th. 2.2|. This fundamental fact has the following consequences:

(i) the word hyperbolicity of the group I' does not depend on the choice of finite
generating set S

(ii) the boundary at infinity OsI' = 05cC(I',S) is well defined and I' acts on it by
homeomorphisms.

The word hyperbolic group I' acts on O, I" as a uniform convergence group (see e.g.
[Bow98]), which means that it acts properly discontinuously and cocompactly on the
set of triples of pairwise distinct elements of 0, I'. As a consequence, it satisfies the
following dynamical properties:



ANOSOV REPRESENTATIONS AND PROPER ACTIONS 12

Fact 2.1. (1) For any sequence (V) € I'N going to infinity, there exist n,7 €
O (possibly equal) and a subsequence (Yp(n))neN such that Ygm)|a.rn}
converges, in the compact-open topology, to the constant map with image {n}.

(2) For any v € T of infinite order, there exist 77? # ny in Ol such that
limy, s oo Y™ -1 =0 for alln #ny andlimg, ooy~ =15 for alln # 3.

(8) The pairs (n3,n;) of attracting and repelling fized points of elements v € T
of infinite order form a dense subset of (Dool’ X Oool') N Diag(dsI).

(4) If T is nonelementary (i.e. if #0001 > 2, i.e. if T' is not virtually cyclic), then
the action of T' on OxI' is minimal (i.e. every nonempty I'-invariant subset
is dense).

2.1.2. Word length, stable length, and translation length. Associated with the word
length function | - |[p : ' — N is the stable length function |- |~ : I' — R, given by

. 1
(2.1) Voo = lim_ —|4"[p

n—4+oco N

for all v € T. Tt is easily seen to be invariant under conjugation: |78 |s = |V]oo
for all 8, € I'. Moreover, it is related as follows to the translation length function
on the Cayley graph

(2.2) 7 fr(y) = jof 1Bv87r.

Proposition 2.2 ([CDP90, Ch.X, Prop.6.4]). If the group T is §-hyperbolic, then
r(7) =160 < |y|oo < fr(y) for all y €T.

2.1.3. The flow space. An important object for the definition of an Anosov represen-
tation below and for some proofs in this paper is the flow space of the word hyperbolic
group I'. It is a proper metric space Gr with the following properties:

(1) Gr is Gromov hyperbolic.

(2) Gr is equipped with a properly discontinuous and cocompact action of T’
by isometries. In particular, any orbit map v — ~ - v from I' to Gr is a
quasi-isometry, and Jd,I' is equivariantly homeomorphic to JxGr.

(3) Gr is equipped with a flow {¢;}ier (i-e. a continuous R-action) which com-
mutes with the I'-action and for which there exist ¢, C' > 0 such that any orbit
R — Gr of the flow is a (¢, C)-quasi-isometric embedding. This implies the
existence of two continuous maps

Ptoo - Or — aoor

v — lim -V
t—+oo vi

associating to v € Gr the endpoints of its orbit.

(4) Gr is equipped with an isometric Z/2Z-action commuting with I" and anti-
commuting with R.

(5) The natural map

(@100, P—o0o) : R\Gr — (0o’ X 0oo") N\ Diag(dxoT)
is a homeomorphism.

The flow space was constructed by Gromov [Gro87, Th.8.3.C|, and more details
were provided by Champetier [Cha94, §4]. Mineyev [Min05] introduced a different
construction of the flow space of a hyperbolic graph with bounded valency (not
necessarily coming with a group action). It is based on the existence of a hyperbolic
metric d on the graph satisfying some subtle properties (see [Min05, Th.26| and
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[MY02, Th. 17]): when applied to a Cayley graph of I' these yield a space Gr as above.
In Mineyev’s version the R-orbits are geodesics and not only quasi-geodesics. There
is also a uniqueness statement for the flow space Gr as a I' x (R x Z/2Z)-space up to
quasi-isometry and up to reparameterization of the R-orbits, but we shall not need it.

Remark 2.3. It follows from Fact 2.1.(3) that the union of the periodic geodesics of
the flow {¢;}er is dense in Gr.

If 'y — I's is a homomorphism with finite kernel and finite-index image and if I'; is
word hyperbolic with flow space Gr,, then I'y is finitely generated and word hyperbolic
and a flow space for I'1 is Gr, with the action of I'; induced by the homomorphism
'y = TIs.

2.1.4. Negatively curved Riemannian manifolds. For a large class of word hyperbolic
groups I' (including the fundamental groups of closed negatively-curved Riemannian
manifolds), the flow space Gr has a simple geometric interpretation:

Fact 2.4. Let X be a simply connected Riemannian manifold with sectional curvature
bounded above by —a?, for some a # 0, and let p : T — Isom(X) be a homomorphism
with finite kernel and convex cocompact image. Then I is finitely generated, word
hyperbolic, and a flow space of I' is given by

gr = {U € TI(X) ‘ (‘P+007 ‘Pfoo)(v) € Ap(F) X Ap(F)}
={veT'(X)|VteR, (g -v) € Com)}

with its natural T' x (R x Z/2Z)-action.

Here Isom(X) is the group of isometries of X and 7 : T*(X) — X the natural
projection. We denote by A,y the limit set of p(I') in 0o X, which is by definition
the closure in 0, X of any I'-orbit in X. By convex cocompact we mean that " acts
properly discontinuously and cocompactly, via p, on the convex hull C,r)y C X of
Ay In this case OxI' is homeomorphic to the limit set A, .

This example illustrates the nonuniqueness of the flow space as a metric space, since
a given convex cocompact subgroup of Isom(X) can have nontrivial deformations.

Remark 2.5. In Corollaries 1.10, 1.11, 1.12, Theorem 1.14, and Corollaries 1.17, 1.18,
the group T falls in the setting of Fact 2.4.

2.1.5. Geodesics in I' and in its flow space. We make the following definition.

Definition 2.6. A sequence (z,) € RN is CLI (i.e. has coarsely linear increments)
if n — x,, is a quasi-isometric embedding of N into [a, +00) for some a € R, i.e. there
exist k, k', k", k""" > 0 such that for all n,m € N,

km — K < Tptpm — Tn < K'm + k"
In this case we say that (x,)nen is (k, £')-lower CLL

Remark 2.7. For a positive sequence (x,)neN, the property of being CLI is stronger
than the property of growing linearly as n — +o0. For instance, if f : N — (R4)? is
a quasi-isometric embedding whose image zigzags vertically and horizontally between
the lines y = z and y = 2z, then the composition of f with either of the two
projections (R4 )? — R, grows linearly but is not CLI.

The following result will be used several times throughout the paper.
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Proposition 2.8. Let I' be a word hyperbolic group with flow space Gr. For any
c,C > 0, there exist a compact subset D of Gr and constants k,k’ > 0 with the
following property: for any (c,C)-quasi-geodesic ray (Yn)neN with vo = e in the
Cayley graph of T, there exist v € D and a (k, x')-lower CLI sequence (t,) € RN such
that ¢, - v € yp - D for all n € N.

Proof. Any (c,C)-quasi-geodesic ray (v, )nen With 79 = e can be extended to a full
uniform quasi-geodesic (v, )nez in the Cayley graph of I Let ¢ : I' — Gr be an
orbit map; it is a quasi-isometry. By hyperbolicity, (¢ (75))nez lies within uniformly
bounded Hausdorff distance R > 0 from the R-orbit in Gr with the same endpoints
at infinity. Let us write this R-orbit as (¢; - v)ier where v lies at distance < R from
Y¥(e). For any n € N, the point ¢(v,) € Gr lies at distance < R from ¢, - v for
some t, € R, and the sequence (t,),en is CLI because v is a quasi-isometry and the
R-orbits are quasi-isometric embeddings. The lower CLI constants of (¢,,),en depend
only on (¢,C') and on the quasi-isometry constants of 1. O

Corollary 2.9. Let I" be a word hyperbolic group. Then there exist a compact subset
D of Gr and constants c1,co > 0 with the following property: for any v € T' there exist
vE€D andt >0 such that o -v € v-D and t > ¢1|y|r — c2.

Proof. Any v € T belongs to a uniform quasi-geodesic (7,)nen With 79 = e and
Ve = - We conclude using Proposition 2.8. U

2.2. Parabolic subgroups of reductive Lie groups. We now recall the necessary
Lie-theoretic background. Let G be a noncompact real reductive Lie group. We
assume that G is a finite union of connected components (for the real topology) of
G(R) for some algebraic group G. For simplicity, we assume that the adjoint action
of G on its Lie algebra g is by inner automorphisms, i.e. Ad(G) C Aut(g)o; this is
the case for instance if G is connected. Recall that G is the almost product of Z(G)g
and G, where Z(G)g is the identity component (for the real topology) of the center
Z(G) of G, and G5 = D(G) is the derived subgroup of G, which is semisimple.

2.2.1. Parabolic subgroups. By definition, a parabolic subgroup of G is a subgroup
of the form P = G N P(R) for some algebraic subgroup P of G with G(R)/P(R)
compact.

Definition 2.10. Two parabolic subgroups P and @ are said to be

e transverse (or opposite) if their intersection is a reductive subgroup;
e compatible (or in singular position) if their intersection is a parabolic subgroup.

When G has real rank 1, two proper parabolic subgroups are either transverse (i.e.
distinct) or compatible (i.e. equal), but when G has higher real rank there are other
cases between these two extremes.

Remark 2.11. Any parabolic subgroup P is its own normalizer in G, hence G/P
identifies (as a G-set) with the set of conjugates of P in G. In the sequel, we shall
make no distinction between elements of G/P and parabolic subgroups. In particular,
the terminology transverse and compatible will be used for elements of G/P x G/Q.

Remark 2.12. Let X = G/K be the Riemannian symmetric space of G; it has
nonpositive curvature and its visual boundary 0., X is a sphere. Geometrically, a
proper parabolic subgroup of G is the stabilizer in G of a (not necessarily unique)
point £ € 0, X. Two proper parabolic subgroups P and @ are transverse if and
only if there is a bi-infinite geodesic ¢ : R — X such that P = Stabg(lim o ¢) and
Q@ = Stabg(lim_ ¢).
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Ezample 2.13. Let K be R, C, or the ring H of quaternions, and let G be GLk (V') for
some (right) K-vector space V. Any parabolic subgroup of G is the stabilizer in G of
a partial flag of K-subspaces of V. Two parabolic subgroups are transverse if and only
if the corresponding flags {0} =V, C - - CV, =V and {0} =Wy C--- C W, =V
satisfy r=sand V=V, W,_; forall 0 <7 <r.

2.2.2. Lie algebra decompositions. Let 3(g) (resp. gs) be the Lie algebra of the center
Z(G) (resp. of the derived group Gg). Then g = 3(g) @ gs, and this decomposition is
orthogonal with respect to the Killing form of g, whose restriction to 3(g) (resp. gs) is
zero (resp. nondegenerate). Here are some algebraic and combinatorial objects needed
to give a more comprehensive description of the parabolic subgroups of G:

e K: a maximal compact subgroup of G, with Lie algebra #&;

e g =t® ¢t the induced orthogonal decomposition of g for the Killing form:;

e a C t+: a Cartan subspace of g, i.e. a maximal abelian subspace of £; it is
the direct sum of £ N 3(g) and of a maximal abelian subspace as of £+ N g,
(unique up to the Ad(K)-action);

® g=9g0® P,cx 9a: the decomposition of g into ad(a)-eigenspaces. By defini-
tion,

(adY)(Y') = (a, Y)Y’
for all Y € a and Y’ € g,. The eigenspace go is the centralizer of a in g; it
is the direct sum of 3(g) and of the centralizer of a in g5. The set ¥ C a* =
Hompg (a, R) projects to a (possibly nonreduced) root system of a*, and each
a € X is called a restricted root of a in g;

e A C X: a simple system (see [Kna02, §1I1.6, p. 164]), i.e. a subset such that
any root is expressed uniquely as a linear combination of elements of A with
coefficients all of the same sign; the elements of A are called the simple roots;

e X7 C X: the set of positive roots, i.e. roots that are nonnegative linear
combinations of elements of A; then ¥ =X+ U (—=X7T).

Note that A projects to a basis of the vector space a;. The real rank of G is by
definition the dimension of a. Let

i ={Yeca|(a,Y)>0VaeXt}={YV ca|{a,Y)>0 Vac A}

be the closed positive Weyl chamber of a associated with X+.
Given a subset § C A, we define Py (resp. P, ) to be the normalizer in G of the
Lie algebra

(2.3) u = P o (resp. u = P g_a>,

aGE; aEZ;r

where Z;’ =21 U span(A \ 0) is the set of positive roots that do not belong to the
span of A\ 0. The group Py (resp. P, ) is a parabolic subgroup of G, equal to the
semidirect product of its unipotent radical Uy := exp(ug) (resp. exp(u_g)) and of the
Levi subgroup

(2.4) Ly :=FyN PG_

Explicitly,

(2.5) Lie(P) =g0® P 0.® P 9
aext a€E+\29+

In particular, Py = G and P is a minimal parabolic subgroup of G.
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Ezample 2.14. Let K be R, C, or the ring H of quaternions and let G be GL4(K),
seen as a real Lie group. Its derived group is Gs = D(G) = SLy(K). f K = R
(resp. C, resp. H), then we can take K to be O(d) (resp. U(d), resp. Sp(d)), and
in all cases we can take a C gl;(K) to be the set of real diagonal matrices of size
dxd. For 1 <1i¢<d, let ¢; € a* be the evaluation of the i-th diagonal entry. Then
a = 3(g) © as, where 3(g) = (\1<; j<qKer(e; — €;) is the set of real scalar matrices
and a, = Ker(e; + --- + £4) the set of traceless real diagonal matrices. The set of
restricted roots of a in G is

E:{€Z*€]|1§2#j§d}
We can take A = {g; — ;41 | 1 <i < d— 1}, so that
Yr={e—-¢g|1<i<j<d}

and @™ is the set of the elements of a whose entries are in nonincreasing order. For

0 ={eny —Enyt+1,---+6n,, —Enp+1) with 1 <ny < --- < ny, < d— 1, the parabolic
subgroup Py (resp. P, ) is the set of block upper (resp. lower) triangular matrices in
GL4(K) with square diagonal blocks of sizes ni,ng —ni,...,m — Np—1,d — Ny, In

particular, Px is the set of upper triangular matrices in GL4(K).
The following classical fact will be used in Section 3.

Fact 2.15 (see e.g. [Kna02, Prop.7.76]). Any Lie subalgebra of g containing Lie(Pa)
is of the form Lie(Py) for a unique 6 C A.

2.2.3. Conjugacy classes of parabolic subgroups and invariant distributions on G/Lg.
Recall that any parabolic subgroup is conjugate to Py for some 8 C A, and any pair
of opposite parabolic subgroups is conjugate to (Fp, P, ) for some 6 C A; the set ¢
is unique since Ad(G) is assumed to act on g by inner automorphisms (see [BT65,
§5]). Since the stabilizer in G of (Py, P, ) is Ly = Py N P, , the set of pairs (P, Q) of
transverse parabolic subgroups of G identifies, as a G-set, with the disjoint union of
the G/Lg for § C A. More precisely, with the identification of Remark 2.11,

(2.6) {(P,Q) € G/Py x G/P; | P,Q transverse} ~ G/ Ly,

and G/ Ly is the unique open G-orbit in G/FPy x G/ P, . From this the tangent bundle
T(G/Lg) inherits a decomposition

(2.7) T(G/Ly)=E"® E~.

This decomposition is G-invariant, and so for any bundle with fiber G/Ly there is a

corresponding decomposition of the vertical tangent space.

2.3. The Cartan projection. A central role in this paper is played by the Car-
tan projection p, which can be used to measure dynamical properties of diverging
sequences in G.

2.3.1. Basics on the Cartan projection. Recall that, with the notation of Section 2.2.2,
the Cartan decomposition G = K(expa')K holds: any ¢ € G may be written
g = k(expu(g))k’ for some k, k' € K and a unique p(g) € at (see [Hel01, Ch.IX,
Th.1.1]). This defines a map

p: G— at
g — (9),

called the Cartan projection, inducing a homeomorphism K\G/K ~a".
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Example 2.16. For K = R or C, let G = GL4(K), and let K C G and a* be as in
Example 2.14. Then the diagonal entries of p(g) are the logarithms of the singular
values of g (i.e. of the square roots of the eigenvalues of {gg, where g is the complex
conjugate of g), in nonincreasing order.

The (restricted) Weyl group of a in g is the group W = Ng(a)/Zk(a), where Nk (a)
(resp. Zx(a)) is the normalizer (resp. centralizer) of a in K. We now fix a W-invariant
Euclidean norm || - || on a. By a little abuse of notation, we shall use the same symbol
for the induced norm on the dual space a*. If G is simple, then || - || is unique up to
scale: it derives from the restriction to a of the Killing form of g. In general, || - || is
not unique, but any choice will do. This choice determines the Riemannian metric
da/k on the symmetric space G/K, and for any g € G we have

(2.8) (@)l = dayx (%0, g - o),

where zg := eK € G/K.

Seen as a subgroup of GLgr(a), the Weyl group W is a finite Coxeter group. A
system of generators of W is given by the orthogonal reflections s, in the hyperplanes
Ker(a) C a, for « € A. The group W acts simply transitively on the set of connected
components of a \ | J 5 Ker(a) (open Weyl chambers). Therefore there is a unique
element wy € W such that wg - (—a™) = @™; it is the longest element with respect to
the generating set {sq}aeca. The involution of a defined by Y — —wq - Y is called
the opposition involution'; it sends u(g) to u(g—') for any g € G. The corresponding
dual linear map preserves 2. We shall denote it by

(2.9) at — a*
a— o = —wp - a.
By definition, for any a € ¥ and any g € G,

(2.10) (o, 1(g)) = (@ (g ™))

Ezample 2.17. Take G = GL4(K) with K, K, and at as in Example 2.14. The Weyl
group W is the symmetric group &4, which permutes the diagonal entries of the
elements of a. The longest element wy of W is the permutation of {1,...,d} taking i
tod+1—1i. Fora=¢; —¢;4+1 € A, we have o* =¢€4_; — €4_i11-

Here are some useful properties (see for instance [Kas08, Lem. 2.3|), expressing that
the map p is “strongly subadditive”.

Fact 2.18. For any 9,91, 92,93 € G,

(1) |l = Nulg™ M
(2) |1(g192) — p(g)ll < llu(g2)ll;
(8) in particular, ||1(g19293) — p(g2)ll < [lu(g)ll + [lp(g3)ll-

As a consequence, for any representation p : I' — G, there exists k > 0 such that
for any v € T,

(2.11) (eI < K |7[r.

Indeed, we can take k := maxgegs || o p(s)|| where S is the finite generating set of I'
defining the word length | - .

IThis involution is nontrivial only if the restricted root system X is of type A,, Dant1, or Eg, where
n > 2.
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2.3.2. Properness of the Cartan projection and consequences. A crucial point is that
the map p : G — @' is proper, by compactness of K. This implies the following.

Remark 2.19. Let I' be a finitely generated discrete group and p : I' = G a represen-
tation. The representation p has finite kernel in ' and discrete image in G if and only
if there is a function f: N — R with lim, f = 400 such that for all v € T,

(oI = f(lvlr)-

The map p is a quasi-isometric embedding if and only if f can be taken to be affine.

In particular, if p is a quasi-isometric embedding, then for any positive root o € X+
the following two conditions are equivalent:

(i) There exist ¢, C' > 0 such that (o, u(p(7))) > cl|lp(p(y))]| — C for all v € T
(ii) There exist ¢, C' > 0 such that (o, u(p(7))) > c|y|r — C for all v € T.

Condition (i) means that the set u(p(I")) avoids some translate € of the cone € :=
{z € a| (o, x) <c|z]} in the Euclidean space a (see Figure 1, left panel).

In Theorem 1.1.(3) we consider the following slightly different condition: for any geo-
desic ray R = (Y )nen in the Cayley graph of I', the sequence ({(«, 1(p(71))))nen € RN
is lower CLI, i.e. there exist kg, K% > 0 such that for all n,m € N,

(a, p(p(Yngm)) = 1(p(n))) = kr'm — KR
This means that there is a translate ng in a of the cone
Cri={zxca|(az) < krlzl}

such that for any n € N, the sequence (p(p(Vn+m)))men avoids p(p(vn)) + €% (see
Figure 1, right panel). This “nested cone” property is what we mean when we say
(in the introduction) that the sequence (p(p(vn)))nen € (a™)N drifts away “forever
linearly” from Ker(«).

C L " ulotn)
AN AN

FIGURE 1. Here G = SL3(R) and 6 = {2 — £3}. Left panel: Condi-
tion (i) above. Right panel: The CLI condition of Theorem 1.1.(3) for
a geodesic ray R = (Yn)neN-

If G has real rank 1, then Proposition 2.8 implies the following strengthening of
Remark 2.19 (which yields the implication (1) = (4) of Theorem 1.3 in that case):

Corollary 2.20. Let I' be a finitely generated discrete group and G a semisimple
Lie group of real rank 1. If p: I' = G is a quasi-isometric embedding, then for any
geodesic ray (Yn)neN in the Cayley graph of T, the sequence (||u(p(vn))||)nen is CLI;
moreover, the CLI constants are uniform over all geodesic rays (yn)neN with vy = e.
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In other words, in real rank one the fact that p is a quasi-isometric embedding
implies that the sequence ({c, 1(p(71))))nen is CLI for all @ € £*. This is not true
when G has higher real rank: see e.g. the representation py : I' = SLa(R) x SLa(R)
constructed in the proof of Proposition A.1.

Proof of Corollary 2.20. If p : I' — (G is a quasi-isometric embedding, then p has finite
kernel and the group p(I") is convex cocompact in G (see [Bou95, Bow95|). By Fact 2.4,
I' admits a flow space Gr which isometrically, p-equivariantly, and (p;)-equivariantly
embeds into the unit tangent bundle 7" (X). We conclude using Proposition 2.8. [

2.3.3. The Cartan projection for Lg and the 0-coset distance map. Let § C A be a
nonempty subset of the simple restricted roots of GG. Recall the Levi subgroup Ly
of Py from (2.4). The group Ky := K N Ly is a maximal compact subgroup of Ly,
and Ly admits the Cartan decomposition Ly = Ky(exp E;’)Kg where

(2.12) gy ={Yeal{a,Y)>0 VaeA\06}
We denote by
(2.13) Mo - L@ — ﬁj

the corresponding Cartan projection of Lg. As in Section 2.3.1, the map ug induces
a homeomorphism Ky\Lgy/ Ky ~ ﬁ;. The Weyl chamber ﬁ; for Lg is convex and is
a union of W-translates of the Weyl chamber at for G. We will sometimes use the
following observation.

Remark 2.21. For | € Ly, if ug(l) € at (equivalently if {«, ug(l)) > 0 for all o € ),
then (1) = p(0)-

Ezample 2.22. Take G = GL4(K) with K, K and @' as in Example 2.14. For
0 = {ei — €it1}, the set ﬁ; consists of elements diag(t1,...,tqs) € a with ¢; > ¢;4 for
all j e {1,...,d—1} ~{i}.

The Cartan projection g induces a Weyl-chamber-valued metric on the Riemannian
symmetric space of Ly:

du, : Lo/Kogx Lo/ Ky — a,
(9Ko,hKp)  +— po(g~'h).

This extends to a coset distance map on the set of pairs of elements of G/ Ky projecting
to the same element in G/Lg.

Definition 2.23. The 0-coset distance map is

d/w: {(gKeahKO)EG/KQXG/K9|9L9:}LL6} N a;_
(gKeahKG) — Me(gflh)'

This map was introduced in the study of Anosov representations in [GW12]; it will
play a crucial role in Section 4.

2.4. The Lyapunov projection and proximality in G/P,. The natural projec-
tion associated with the Jordan decomposition is called the Lyapunov projection; we
denote it by A : G — a'. Explicitly, any g € G can be written uniquely as the com-
muting product g = gpgeg, of a hyperbolic, an elliptic, and a unipotent element (see
e.g. [Ebe96, Th.2.19.24]). The conjugacy class of gj, intersects exp(a‘t) in a unique
element exp(A(g)). This projection can also be defined as a limit: for any g € G,
(2.14) Ag) = lim u(g™).

n—+oo N
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Note that by definition of the opposition involution, and similarly to (2.10),

(2.15) (@, M(9)) = (", Mg ™)
for all @ € ¥ and g € G.

Example 2.24. For K = R or C, let G = GL4(K), and let K C G and @' be as in
Example 2.14. Then the diagonal entries of \(g) are the logarithms of the moduli of
the complex eigenvalues of g, in nonincreasing order.

Let & C A be a nonempty subset of the simple restricted roots of G. We shall use
the following terminology.

Definition 2.25. An element g € G is prozimal in G/ Py if it satisfies any of the
following two equivalent properties:
(1) g has a fixed point {f € G/Py which is attracting, in the sense that the
derivative at 5; € G/ Py of the action of g on G/ Py has spectral radius < 1;
(2) (a,A(g)) >0 for all a € 6.

The equivalence between (1) and (2) is well known, and implicitly contained in
[Ben97]. Since we could not find it explicitly in the literature, we shall provide a
proof of it, as well as of the uniqueness of the attracting fixed point 5;‘ € G/Py, in
Proposition 3.3.(c) below. The basin of attraction of a proximal element g in G/ Py
is described as follows (see Section 3.3 for a proof).

Lemma 2.26. If g € G is prozimal in G/Py, then g~!

limy, 100 g" &= §g+ for all x € G/ Py transverse to the attracting fized point 5;,1 of
g tinG/Py.

is proximal in G/P, and

We now prove the following.
Lemma 2.27. An element g € G is proxzimal in G/ Py if and only if for any o € 0,
(2.16) (o, u(g"™)) —2logn — Ho0.
n—+00

Lemma 2.27 is based on the following claim.

Claim 2.28. For any unipotent element u € G, there is a constant Cy > 0 such that
for all « € A and n € N*¥,

(a, p(u")) < 2logn + Ch.
Proof of Claim 2.28. Consider the following two elements of sly(R):

(7 2) n ()

Let psr,m) @ SL2(R) — Ryz be the Cartan projection of SLy(R) with respect to
the Cartan decomposition SLa(R) = SO(2)(exp R4+2)SO(2). For any n € N, an ele-
mentary computation shows that jisr,r)(expnes) = t,x where t, = 2argsinh(3) <
2log(n +1).

Let v € G be unipotent. By the Jacobson-Morozov theorem (see e.g. [Bou75,
Ch. VIII, §11, Prop.2|), there is a homomorphism 7 : SLy(R) — G such that
T(expes) = u. Up to conjugating in G (which only changes p by a bounded additive
amount, see Fact 2.18), we may assume that d.7(z) € @ and that 7(SO(2)) C K.
Then p(u") = tpde7(z), and so

(o, p(u™)) = tn (@, de7(x)) < 2log(n + 1) (@, de7(2))
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for all @ € A and n € N. We conclude using the fact [Kos59, Lem.5.1| that
(a,de7()) € {0,1/2,1} for all & € A. O

Proof of Lemma 2.27. Let g € G. If g is proximal in G/Py, then (2.16) holds by
(2.14). Conversely, suppose g satisfies (2.16), and let

0 :={aeA|{a,g)) >0}

It is sufficient to prove the existence of a constant C' > 0 such that for all 3 € A~ ¢’
and n € N,

(2.17) (B,1(g"™)) < 2logn +C.

Indeed, then (2.16) shows that 6 and A \ 8" do not intersect, hence § C ¢ and g is
proximal in G/ Py by definition of #'.

To prove (2.17), consider the Jordan decomposition g = gngeg, of g. By Fact 2.18,
l(g™) — plgpgn)ll < [lu(gd)| is bounded, and so we may assume g, = 1. Up to
conjugation (which only changes p by a bounded additive amount, by Fact 2.18
again), we may assume that g, = exp(A(g)) € at and that g, € exp(Dges+ 95)-
Then gp, belongs to the center of the group Ly of (2.4); the element g, commutes
with gp, hence belongs to

exp < @ g[g) C Lg/ ;

BeXtNspan(A~0’)

we have pg (g™) = nX(g) + per(gl) for all n € N. By Fact 2.18, for any o € ¢’ and
n € N,

(o, o (9") — por (g )| < [l 1o (g™) — o (gi)ll < lleel| 1207 (ga ) I-

By Claim 2.28 applied to g, € Lg¢/, the right-hand side grows logarithmically with n,
while (o, o (g7)) = n (o, AM(g)) grows linearly; therefore, (c, g/ (g™)) > 0 for all large
enough n € N. This holds for all a € ¢, and so for all large enough n € N we
have pg/(g") € a*, hence u(g™) = per(g") (see Remark 2.21). In particular, for any
B € AN 6 and any large enough n € N,

(B,1(9™)) = (B, 1o (9")) = (B, A(g) + 1o (g4)) = (B; hor (gu))-

By Claim 2.28 again, there is a constant Cy, > 0 such that the right-hand side is
< 2logn + Cy, for all n € N*. This proves (2.17) and completes the proof. O

2.5. Anosov representations. Finally, in this section we recall the definition and
some properties of Anosov representations. For more details and proofs we refer to
[GW12].

Remark 2.29. In this paper our convention for the notation of parabolic subgroups
is different from the one adopted in [GW12]: definitions and statements involving
6 C A should be changed to A \ 6 when compared with their versions in [GW12].

We now fix a word hyperbolic group I' with flow space Gr, a nonempty subset
0 C A of the simple restricted roots of our reductive Lie group G, and a representation
p: T = G.
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2.5.1. The dynamical definition. The space
E(p) = T\(Gr x G/Lo)
is a G/Lg-bundle over I'\Gr. The subbundles E*, E~ of T(G/Ly) defined in (2.7)

induce vector bundles (still denoted by E*, E~) over £(p). In fact, ET and E~ are
subbundles of the vertical tangent bundle

TVE(p) := T\(Gr x T(G/Ly).
The geodesic flow {; }1er naturally acts on the products Gr x G /Ly and Gr xT'(G/ Lg)

(leaving the second coordinate unchanged), hence on their quotients £(p) and TVE(p);
the subbundles E* are flow-invariant.

Definition 2.30. The representation p: I' = G is Py-Anosov if there is a continuous
section o : I'\Gr — &£(p) with the following properties:
(i) o is flow-equivariant (i.e. its image F' = o(I"\Gr) is flow-invariant);
(ii) the action of the flow on the vector bundle E*|r C TVE(p) is dilating;
(iii) the action of the flow on the vector bundle E~|p C TVE(p) is contracting.

It is known that (ii) implies (iii) [GW12, Prop. 3.16] and that the section ¢ is unique.
This definition is useful to determine certain properties of Anosov representations,
such as openness, or to define natural metrics on spaces of Anosov representations

[BCLS15].

2.5.2. Another equivalent definition. The following notions will be needed for various
characterizations of Anosov representations.

Definition 2.31. Two maps £ : 05" = G/Py and £ : o' — G/ P, are said to be

e transverse if for any n # 1’ in O I, the points €7 (n) and £~ (7)) are transverse
in the sense of Definition 2.10;

o dynamics-preserving for p : I' — G if for any v € I’ of infinite order with
attracting fixed point 7 € 09I, the point £ (nd) (resp. £ (1)) is an
attracting fixed point for the action of p(v) on G/Py (resp. G/P, ).

Remarks 2.32. (a) If there exists a map &t : O I' — G/Py which is dynamics-
preserving for p, then p(y) is proximal in G/Py for any v € ' of infinite
order.

(b) Continuous, dynamics-preserving boundary maps £t : 9 — G/Py and
£ : 0" = G/P, for p, if they exist, are entirely determined on the dense
subset consisting of the attracting fixed points nj for v € T of infinite order. As
a consequence, such maps are necessarily unique and p-equivariant. Moreover,
for any 7 € 95, the points {1 (n) € G/Py and £ (n) € G/P, are compatible
in the sense of Definition 2.10: indeed, the attracting fixed points £* () and
£ _(77;r ) are always compatible for 4 € T" of infinite order.

(c) If €T and £~ are continuous, dynamics-preserving for p, and transverse, then
they are both injective. Indeed, for any 1 # 7' in 0T, the points £t (n) €
G/Py and £~ (n) € G/P, are compatible while the points £t (') € G/Py and
£ (n) € G/P, are transverse.

A section o as in Definition 2.30 is equivalent to a p-equivariant map & : Gr — G/ Ly.
Working out the properties of &, one obtains the following equivalent definition of
Anosov representations (see [GW12, Def. 2.10]), which still makes use of the flow space
Gr of I but avoids the language of bundles. Recall the maps ¢4 from point (3) of
Section 2.1.3 and the coset distance map d,,, from Definition 2.23.
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Definition 2.33. A representation p: I' = G is Py-Anosov if there exist continuous,
p-equivariant maps £ : OxI' = G/Py and £ : 8cI' = G/P, with the following
properties:
(i) €T and £ are transverse. This implies that €T and £~ combine, via (2.6), to
a continuous, I'-equivariant, flow-invariant map

o: gr — G/LG
v (€T 0pioo(v), € 0poo(v)).
Such a map & always admits a continuous, I'-equivariant lift
B :Gr — G/Ky,

(this follows from the contractibility of Ly/Ky), i.e. pro B=5.
(ii) There exist ¢, C' > 0 such that for all & € 0, all v € Gr, and all t € R,

(@, dyy (B(v), Blgr - v))) > ct — C.

This last inequality expresses the exponential contraction in Definition 2.30. Note
that the left-hand side of the inequality is nonnegative for @ € A ~\ 0 as well, by
definition (2.12) of the range @, of d,,.

The maps £, £~ of an Anosov representation are always dynamics-preserving (see
[GW12, Lem. 3.1]); in particular, they are unique (Remark 2.32.(b)).

Let * C A be the image of § under the opposition involution (2.9). By definition,
the group P, is conjugate to Py«, hence G/ P, identifies with G/ Py«. It is sometimes
useful to reduce to the case that § = 6*: this is always possible by the following fact.

Fact 2.34. [GW12, Lem. 3.18| A representation p : I' — G is Py-Anosov if and only
if 1t is Pyug=-Anosov.

Remark 2.35. If § = 6*, then the maps £ and ¢~ associated with an Anosov rep-
resentation are equal (after identifying G//Py and G/P, with the set of parabolic
subgroups of G conjugate to Py, see Remark 2.11). More generally, any continuous,
dynamics-preserving boundary maps £* : 0" = G/Py and £~ : 0" — G/ P, for
an arbitrary representation p : I' — G are equal, by uniqueness (Remark 2.32.(b)).

2.5.3. Examples and properties. Examples of Anosov representations include:

(a) The inclusion of convex cocompact subgroups in semisimple Lie groups G
of real rank 1 [Lab06, GW12| (here |A| = 1, and so Pa is the only proper
parabolic subgroup of G up to conjugacy);

(b) Representations of surface groups belonging to the Hitchin component, when
G is a split real semisimple Lie group [Lab06], [FG06, Th. 1.15];

(c) Maximal representations of surface groups, when the Riemannian symmetric
space of G is Hermitian [BILWO05, BIW];

(d) The inclusion of quasi-Fuchsian subgroups in SO(2,d) [BM12, Barl5];

(e) Holonomies of compact convex P"(R)-manifolds whose fundamental group is
word hyperbolic [Ben04].

Here are some basic properties of Anosov representations [Lab06, GW12]:

(1) The set of Py-Anosov representations is open in Hom(I', G), invariant under
conjugation by G at the target, and the map sending p to its pair of boundary
maps (£+,67) =: (§,&,) is continuous.

(2) Any Pp-Anosov representation p : I' — G is a quasi-isometric embedding (see
Remark 2.19 for an interpretation in terms of u).
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(3) Let IV be a finite-index subgroup of I'. A representation p : I' — G is
Py-Anosov if and only if its restriction to I' is.

Remark 2.36. Let I'" be a finitely generated discrete group and p : I' — G a rep-
resentation. If G has real rank 1, then the following are actually equivalent (see
[Bou95, Bow95]):

e I is word hyperbolic and p is Anosov;
o the kernel of p is finite and the image of p is convex cocompact in G;
e [ is finitely generated and p is a quasi-isometric embedding.

Remark 2.37. To check the Anosov property, it is always possible to restrict to a
semisimple Lie group instead of a reductive one. Indeed, if G is reductive with center
Z(@G), then the group G’ := G/Z(G) is semisimple, and A identifies with a simple
system for G’. For § C A, let P) be the corresponding parabolic subgroup of G’. Then
G/ Py identifies with G’/P). A representation p : I' = G is Py-Anosov if and only if
the induced representation p’ : I' — G’ is Pj-Anosov. Similarly, p admits equivariant
(resp. continuous, resp. transverse, resp. dynamics-preserving) boundary maps if and
only if p’ does.

2.5.4. Semisimple representations of discrete groups. Let p: I' = G be a representa-
tion of the discrete group I' into the reductive Lie group G. Recall that p is called
semisimple if the Zariski closure of p(T') in G is reductive or, equivalently, if for any
linear representation 7 : G — GL(V') we can write V' as a direct sum of irreducible
(1 0 p)(I')-modules.

Remark 2.38. If I is a finite-index subgroup of I', then p is semisimple if and only if
plrs is semisimple.

For a general representation p : I' — G, we define the semisimplification of p as
follows. Let H be the Zariski closure of p(I') in G. Choose a Levi decomposition
H =L x R,(H), where R, (H) is the unipotent radical of H. The composition of p
with the projection onto L does not depend, up to conjugation by R, (H), on the
choice of the Levi factor L. We shall call this representation the semisimplification of p,
denoted by p**. The G-orbit of p** in Hom(T', G) (for the action of G by conjugation
at the target) is the unique closed orbit in the closure of the G-orbit of p.

As a consequence of the openness of the set of Anosov representations, a represen-
tation is Anosov as soon as its semisimplification is. The converse is also true, and
will be proved in Section 4.7.

Proposition 2.39. Let I' be a word hyperbolic group, G a real reductive Lie group,
0 C A a nonempty subset of the simple restricted roots of G, and p : I' = G a
representation. If a representation p’ belonging to the closure of the G-orbit of p in
Hom(T', G) is Py-Anosov, then the representation p itself is Py-Anosov. In particular,
if the semisimplification of p is Py-Anosov, then p is Py-Anosov.

Proof. Recall from Section 2.5.3 that being Py-Anosov is an open property which is
invariant under the action of G on Hom(I',G). Let p’ € Hom(I',G) be Py-Anosov.
There is a neighborhood Y C Hom(T', G) of p’ consisting of Py-Anosov representations.
If o’ belongs to the closure of the G-orbit of p, then p admits a conjugate in U/, hence
p is Pyp-Anosov. O

Finally, semisimplification does not change the values taken by the Lyapunov
projection A of Section 2.4:
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Lemma 2.40. Let p : I' — G be a homomorphism from a group I' into a reduc-
tive Lie group G, and let X\ : G — @ be a Lyapunov projection for G. Then the
semisimplification p*® of p satisfies, for all v € T,

AP* (7)) = Mp(7))-

Proof. There is a sequence (py,)nen of conjugates of p converging to p**. The map A
is invariant under conjugation and continuous. O

Remark 2.41. There exist Py-Anosov representations that are not semisimple. For
instance, let I" be a free group and p : I' — SLo(R) a convex cocompact representation.
By embedding SLs(R) into the upper left corner of SL3(R), we see p as a represen-
tation of I into G = SL3(R). It easily follows from Theorem 1.3 that p: I' — G is
Pa-Anosov. By embedding R? into the upper right corner of SL3(R), any p-cocycle
¢ : ' = R? defines a representation pc : I' = G = SL3(R) with semisimplification
pg = p- This representation is Py-Anosov by Proposition 2.39; it is semisimple only
if ( is a p-coboundary.

3. REDUCING TO ANOSOV REPRESENTATIONS INTO GLk (V)

Let G be a reductive Lie group and # C A a nonempty subset of the simple
restricted roots of G. In this section we explain that there exist (infinitely many)
finite-dimensional linear representations (7,V') of G over K = R, C, or H with the
property that a homomorphism p : I' = G is Py-Anosov if and only if the composed
homomorphism 70 p : I' = GLk (V') is Anosov with respect to the stabilizer of a line
(Lemma 3.2 and Proposition 3.5). This will be used with K = R in the proofs of
Section 5: it will make computations simpler by reducing them to the group GLg (V).
Certain technical lemmas, and the possibility of working with K = C or H, will also
be used in Section 7.

The section is organized as follows. In Section 3.1 we introduce some notation. In
Section 3.2 we introduce the notion of 8-proximal linear representation of G; we state
that irreducible #-proximal representations (7, V) exist in abundance and make the
link with Anosov representations. The core of the proofs lies in Section 3.3.

All linear representations in this paper are understood to be finite-dimensional.

3.1. Notation: Restricted weights of linear representations of G. Let G be
a real reductive Lie group as in Section 2.2. We use the notation of Section 2: in
particular, we denote by (-,-) a W-invariant scalar product on a and by || - || the
induced Euclidean norm on a; we use the same symbols for the induced scalar product
and norm on a*. Any linear representation (7,V) of G decomposes under the action
of a; the joint eigenvalues (elements of a*) are called the restricted weights of (7,V).
The union of the restricted weights of all linear representations of G is the set

(a, )
(8,8)
which projects to a lattice of a¥; the set ® is discrete if and only if G is semisimple.
Let 3(g)° C a* be the annihilator of 3(g), i.e. the subspace of a* consisting of linear
forms vanishing on 3(g); it identifies with the dual a? of as. Similarly, let a C a* be
the annihilator of as. For any a € A, let w, € 3(9)° C a* be the fundamental weight
associated with «, defined by

(Womﬁ)
(8, 8)

@:{aea* 2

€Z VﬂEZ}

(3.1) 2

=043 forall 5ecA
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where 6. is the Kronecker symbol. Then

(I)zag—i—ZZwa,
aEA

and (wa)aca projects to a basis of af. The set of dominant weights is the semigroup
ot =al + aeA Nwq. The cone generated by the positive roots (or, equivalently,
by the simple roots) determines a partial ordering on a*, given by

v<v = JV-ve Z R+a:ZR+a.
aext acA

Given an irreducible linear representation (7, V) of G, the set of restricted weights of
7 admits, for that ordering, a unique maximal element (see e.g. [GW09, Cor. 3.2.3]),
which is a dominant weight called the highest weight of T; we denote it by x..

3.2. Compatible and proximal linear representations of G. For K = R, C
or H, let V' be a finite-dimensional (right) K-vector space. Recall that an endomor-
phism g € GLk (V) is said to be prozimal in P (V) = (V —{0})/K* if it has a unique
eigenvalue of maximal modulus and if the corresponding eigenspace is one-dimensional.
This coincides with both Definitions 2.25.(1) and 2.25.(2) for G = GLk(V') and Py
the stabilizer of a line in V. The eigenspace corresponding to the highest eigenvalue
then gives rise to a unique attracting fixed point f; € Pk (V) for the action of g on
Pk (V). There is a unique complementary hyperplane H 4 which is stable under g,
and limy, 100 g" - & = §f for all 2 € Pg (V) N\ Pk (H,)).

Let G be a reductive group as above. We shall say that a linear representation
7: G = GLk (V) is prozimal if the group 7(G) C GLk (V') contains an element which
is proximal in Pk (V). For irreducible 7, this is equivalent to the highest-weight space
VXm C V being a line.

We introduce the following notions.

Definition 3.1. Let § C A be a nonempty subset of the simple restricted roots of G.
An irreducible representation 7 : G — GLk (V) with highest weight x. is
(1) 8-compatible if
{a e Al (xr,a) >0} =0;
(2) @-proximal if it is proximal and #-compatible.

Since the highest weight y, of any irreducible representation (7,V’) belongs to
o, =al+ > aea Nwq, we have that (7, V) is f-compatible if and only if

Xr € ag +ZN*wa.
acl
We shall use the following fact.

Lemma 3.2. For any real reductive Lie group G, there is an integer N > 1 such
that any x € N ) ca Nwqy is the highest weight of some irreducible provimal linear
representation (7,V) of G. By definition, such a representation (7,V') is -compatible
(for some nonempty subset 6 of A) if and only if x € Yo N*wa.

Proof. The image H := Ad(Gp) C GLr(g) of the identity component Gy of G under
the adjoint representation is a connected, semisimple, linear Lie group whose Lie
algebra b is isomorphic to gs. Any weight x for the group G induces a weight for the
group H. By results of Abels—Margulis—Soifer [AMS95, Th. 6.3] and Helgason [Hel00,
Ch.V, Th. 4.1] (see [Ben00, §2.3]), any weight x1 € 23 A Nwq is the highest weight
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of an irreducible proximal representation (71, V}) of H, hence of Gy. The induced
representation Vo = Indg0 V1 is an irreducible representation of G; its highest weight
is again x7 but the weight space V5" is now p-dimensional, where p := [G : Gy] is
the number of connected components of G. The factor (7,V') in AP(V3) generated
by AP(V5*') is then an irreducible proximal representation of G with highest weight
x = px1. Thus N = 2p has the desired property. O

The relevance of the notion of #-proximality lies in the following two propositions.

Proposition 3.3. Let (7,V) be an irreducible, 0-proximal linear representation of G
with highest weight xr. Let VX7 be the weight space corresponding to x, in V and
Ve, the sum of all other weight spaces.

(a) The stabilizer in G of VX7 (resp. V<, ) is the parabolic subgroup Py (resp. P, ).
(b) The maps g — 7(g)VX™ and g — 7(9)V<y, induce T-equivariant embeddings

Y G/Py > Pg(V) and . :G/P; = Pg(V7).

Two parabolic subgroups P € G/Py and Q € G/P, of G are transverse if and
only if 17 (P) and v (Q) are transverse.
(c) For an element g € G, the following conditions are equivalent:
(i) g has an attracting fived point 5’; € G/Py;
(i) {a,A(g)) > 0 for all o € 6;
(iii) T(g) is prozimal in Pg (V).
In this case the attracting fixed point 53‘ € G/ Py of g is unique, and its image
vH(ES) € Pr(V) is the unique fived point of T(g).
(d) A similar statement holds after replacing (0,7, V') with (6*,.=,V*).

Here we use the identification of Remark 2.11. Recall also Example 2.13 charac-
terizing transversality in Pk (V). Proposition 3.3 will be proved in Section 3.3 just
below.

Remark 3.4. For G = GLg(R), for = {e;—¢;11}, and for V = A’R?, the space G/ Py
is the Grassmannian of i-dimensional planes of R? and the map ¢+ of Proposition 3.3
is the Pliicker embedding.

Proposition 3.5. Let (7,V) be an irreducible, 0-proximal linear representation of G
over K=R, C or H. Let T be a word hyperbolic group and 8 C A a nonempty subset
of the simple restricted roots of G. Then

(1) there exist continuous, p-equivariant, dynamics-preserving, transverse bound-
ary maps E¥ 1 0l = G/Py and £ : 9sI' — G/P, if and only if there
exist continuous, (T o p)-equivariant, dynamics-preserving, transverse bound-
ary maps & : 0ol = Pk (V) and & : 9o — P (V*);

(2) a representation p : I' — G is Pyp-Anosov if and only if Top : I' = GLg (V)
is Pey_cy-Anosov (i.e. Anosov with respect to the stabilizer of a line, see
Example 2.14).

Proposition 3.5.(2) was proved in [GW12, § 4] for K = R, using the characterization
of Pyp-Anosov representations in terms of the coset distance map d,,, (Definition 2.33).
We could use the same characterization to prove Proposition 3.5.(2) in general. How-
ever, here we shall instead use the characterization of Anosov representations given
by Theorem 1.3.(2), which is simpler. This characterization is established in Sections
4.1-4.4; therefore, we postpone the proof of Proposition 3.5.(2) to Section 4.5.
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3.3. Embeddings into projective spaces. This subsection is devoted to the proof
of Propositions 3.3 and 3.5.(1), as well as Lemma 2.26. As in Theorem 1.1, we denote
by E; the set of positive roots that do not belong to the span of A ~ 0.

Remark 3.6. For a linear representation (7, V) of G, we will always choose a Cartan
decomposition of GLk (V) compatible with that of G. This means that the basis
(e1,...,eq) of V providing the isomorphism GLk (V) ~ GL4(K) is a basis of eigen-
vectors for the action of d.7(a), and that the group 7(K) is included in O(d) or U(d)
or Sp(d), depending on whether K = R or C or H. We shall always assume that
e1 € VX7 so that (x.,Y) = (e1,de7(Y)) for all Y € a. The Cartan projection for
GLk (V) will be denoted by pgr, vy and the Lyapunov projection by Agr (v)-

Proposition 3.3 relies on the following fact, which will also be used in Section 7.

Lemma 3.7. Suppose 7 : G — GLk (V) is irreducible and 6-compatible. Then
(1) for any weight x of T, we have xr — x € Zaezg' Na;
(2) for any a € 0, the element x, — « € a* is a weight of T.
(3) If 7 is O-prozimal, then (g1 — €2, parv)(7(9))) = mingeq(a, u(g)) and
(61 — €2, AaLk (v)(7(9))) = minaeg{a, A(g)) for all g € G.

Proof. Let ® := %" _\Za C ® be the root lattice of G. The set of weights of 7
is the intersection of x, + ® with the convex hull of the W-orbit of x, in a* (see
[GWO09, Prop. 3.2.10]). Therefore, in order to prove (1), it is sufficient to prove that
Xr—wW-Xr € Zaezg Raforallw € W, or in other words that x,—w-x, ¢ span(Ax.0)
for all w € W with w - x+ # xr. By definition of -compatibility, x, belongs to the
orthogonal of span(A \ #). Therefore, for any w € W, if x; —w - x € span(A \ 0),
then
lw - xr 12 = el + I = w - xr )1

But this is also equal to ||x,||> by W-invariance of the norm, and so x, = w - X.
This proves (1). For any o € A, the orthogonal reflection s, € W in the hyperplane
Ker(«) satisfies

, O
Sa'XT:XT_2(XT ) s
(a,a)
and s, - xr is a weight of 7. Therefore the intersection of x; + Za with the segment

(X7 X7 — 2%&] consists of weights of 7. In particular, x, — « is a weight of 7 since

209 > 1 and o € ®. This proves (2).

(a,c)

Point (3) follows from (1)—(2) and from the definition of . O

Proof of Proposition 3.3. (a) Let us first prove that the stabilizer of VX7 in g is Lie(P).
To simplify notation, we abusively write 7 for the derivative d7 : g — gl(V'). We use
the notation gg, go of Section 2.2.2. The fact that this derivative 7: g — gl(V) is a
Lie algebra homomorphism implies that for any root o € ¥ and any weight x of 7,

(3.2) 7(ga)VX C VX,

In particular, 7(go)VX~ C VX7, and 7(g,)VX" = {0} for all « € ¥ by (3.2) and
maximality of y, for the partial order of Section 3.1. This means that the stabilizer
of VX7 in g contains the Lie algebra Lie(Pa), hence it is of the form Lie(FPy ) for a
unique subset 6" of A (see Fact 2.15). By (3.2) and Lemma 3.7, for any o € A\ 0 we
have 7(g_o) VX" = {0} C VX7; moreover, for any « € 6 we have {0} # 7(g_o) VX" C
VXr= (see e.g. [GWO09, proof of Lem.3.2.9|), hence 7(g_o)VX™ # VX7, Therefore,
0’ = 6, i.e. the stabilizer of VX7 in g is Lie(Fp).
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In particular, the stabilizer of VX7 in (G is contained in Fy. For the reverse inclusion,
note that for any g € Py the line 7(g)VX" is stable under Ad(g) Lie(FPy) = Lie(Pp),
hence in particular under Lie(Pa). But VX7 is the only Lie(Pa)-invariant line in V,
by arguments similar to the above (any Lie(Pa)-invariant line L is a-invariant, hence
contained in a weight space VX, and for x # x, there always exists @ € A with
{0} # 7(ga)L C VXT%). This proves that the stabilizer of VX in G is exactly Py.

Similarly, the stabilizer in G of the hyperplane V., is P, .

(b) The map " : G/Py — Pk (V) is well defined and injective by (a); it is clearly
a T-equivariant embedding. Similarly, .= : G/P, — Pk(V*) is a 7-equivariant
embedding.

Let us show that two parabolic subgroups P € G/Fy and Q € G/P, of G are
transverse if and only if 1™ (P) and +~(Q) are transverse. Note that transversality
is invariant under the G-action, both in G/Py x G/P, and in Pg(V) x Pg(V*)
(by T-equivariance of ¢* and :7). We can write P = gPyg~' and Q = hP, h™!
where g,h € G. By the Bruhat decomposition (see [BT65, Th.5.15|), there exist
(p.p)) € Py x Py and w € W = Ng(a)/Zg(a) such that h~'g = pwp’. Up to
conjugating both P and @ by p~'h~!, we may assume that (P, Q) = (wPyw™!, Py,
so that «*(P) = V%X and = (Q) = V<X7. Then (" (P) and +~(Q) are transverse if
and only if w - xr = xr. By [Bou68, Ch.V, §3, Prop. 1], this happens if and only if w
belongs to the subgroup Wa.y of W generated by the reflections s, for a € A\ 6.
Therefore, it is sufficient to prove that P = wPyw ™" and Q = P, are transverse if
and only if w € Wag. If w € Wag, it is not difficult to see that

Ad(w)Lie(Py) = Lie(P),

and so P and @ are transverse. Conversely, suppose w ¢ Wa.g; let us prove that
P =wPyw ! and Q = Py are not transverse. Let sq, - - - Sq, be a reduced expression
of wand i € {1,...,q} the smallest index such that «; belongs to . By [Bou68,
Ch. VI, §1, Cor. 2|, the root 3 = 54, - - - Sa,,, (@) is positive, hence gg C Lie(Fp). Its
image under w is —f3' = —sq4, - Sa,_, (i), which satisfies

g_p = Ad(w)gs C Ad(w)Lie(Py) = Lie(wPyw ™).

Since wy, is invariant under the reflections s, for o # a; and since the scalar product
(+,-) is W-invariant,

(B/7w04i) = (Sal C o Sayg (ai)asal T 504171((“‘}041)) = (ai7wai) > 0.

This forces 3’ to belong to E;; this means that g_g € u, and Lie(wPyw™1) intersects
nontrivially the unipotent radical of Lie(F, ). Thus P = wPyw™" and Q = P, are
not transverse.

(c) It follows from the definition that 7(¢g) € GLk (V) is proximal in Pk (V) if
and only if (g1 — €2, AgLk (v)(9)) > 0. This is equivalent to minyeq(a, A(g)) > 0 by
Lemma 3.7.(3). Thus the equivalence (ii) < (iii) holds.

We claim that if (iii) holds, i.e. if 7(g) admits an attracting fixed point f:'(g) in
Pk (V), then g admits a fixed point in G/Py. Indeed, let g = gpgegn be the Jordan
decomposition of g, so that 7(g) = 7(gn)7(ge)7(gu) is the Jordan decomposition
of (g). If ‘fj(g) is an attracting fixed point for 7(g), then it is also an attracting fixed

point for 7(gp,); by construction, it is then equal to t*(m - zy), where m € G satisfies
gn € mexp(@t)m™! and 29 = ePy € G/Py. Then m - x4 is a fixed point of g, by
equivariance and injectivity of «+*. Thus, if either of (i), (ii), or (iii) holds, then g
admits a fixed point in G/ Fy.
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We now prove the equivalence (i) < (ii) for g admitting a fixed point in G/ Fj.
Up to replacing g with a conjugate (which does not change A(g)), we may assume
that this fixed point is xy. The tangent space Ty, (G/Fy) with the derivative of the
action of g on G/ Py identifies with g/Lie(P) with the adjoint action of g. Further
identifying g/Lie(FPy) with @aezg g_o using (2.5), we see that the eigenvalues of the

derivative at ¢ of the action of g on G /Py are the e~ {*A9) for o € Z;. By definition
of ©, these eigenvalues are all < 1 (i.e. (i) holds) if and only if (o, A(g)) > 0 for all
a € 0 (i.e. (ii) holds). In this case VX~ = 1t (zy) is an attracting fixed point of 7(g)
in Pg(V) since (1 — €2, Agry (v)(9)) > 0. This proves that in general, if £ is an
attracting fixed point of g in G/ Py, then L+(§;) is an attracting fixed point of 7(g)
in Pk (V); the uniqueness of f; follows from the uniqueness of ﬁj(g) and from the

injectivity of ¢*. O

Proof of Proposition 3.5.(1). Let «* : G/Py — Pk (V) and .~ : G/P; — Pk (V*) be
the 7-equivariant embeddings given by Proposition 3.3.(b).

Suppose there exist continuous, p-equivariant, transverse, dynamics-preserving
boundary maps £ : oI’ = G/Py and € : 95T’ = G/P, . The maps & := 1T o™
Ol = Pr(V) and &, := 17 0§~ : OcI' = PRr(V™) are continuous and (7 o p)-
equivariant. They are transverse by Proposition 3.3.(b) and dynamics-preserving by
Proposition 3.3.(c)—(d).

Conversely, suppose there exist continuous, (7op)-equivariant, transverse, dynamics-
preserving boundary maps §$ 1 0o’ = Pr(V) and &, : 0ol = Pr(V*). For any
v € I of infinite order with attracting fixed point 77? € OxoI', the element 7 o p(7v)
is proximal in Pk (V) with attracting fixed point & (n3). By Proposition 3.3.(c),
the element p(vy) € G is proximal in G/Py and its attracting fixed point f; € G/Py
satisfies o™ (&) = & (nF). The set

{n € 0L | &7 (n) € 7 (G/Pp)}

is closed and contains the dense set {3 | v € T of infinite order}, hence it is equal to
OsoI'. Therefore there is a map £ : oI' — G/ Py such that &, = ¢t o T, Similarly
there is a map {~ : OcI' = G/F, such that {, = ¢t~ o {~. The maps T and £
are continuous and p-equivariant. They are transverse by Proposition 3.3.(b) and
dynamics-preserving by Proposition 3.3.(c)—(d). O

Proof of Lemma 2.26. By Lemma 3.2, there exists an irreducible, #-proximal, linear
representation (7,V) of G. For any g € G, if 7(g) € GLr (V) is proximal in Pr(V),
then 7(¢g1) is proximal in Pr(V*) by definition of the action on V*. The attracting
fixed point fj(g) of 7(g9) in Pr(V) is the eigenline of 7(g) corresponding to the

maximal eigenvalue, and the attracting fixed point ﬁ;(g,l) of (g~ ') in Pr(V*) is

the hyperplane of V' which is the sum of the eigenspaces of 7(g) corresponding to
nonmaximal eigenvalues. In particular, 7(¢)" -z — §;r(g) forall z € Pr(V) \f;(g,l).

n—-+oo

We conclude using Proposition 3.3. Il

4. ANOSOV REPRESENTATIONS IN TERMS OF BOUNDARY MAPS AND CARTAN OR
LYAPUNOV PROJECTIONS

In this section we prove the equivalences (1) < (2) < (3) of Theorems 1.3 and 1.7.
(The equivalence (1) < (4) of Theorem 1.3 will be proved in Section 5.) More precisely,
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we prove the following refinements. Recall the word length function |- |p : T' = N
and the stable length function | - |« : I' = R4 from Section 2.1.2.

Theorem 4.1. Let I' be a word hyperbolic group, G a real reductive Lie group, and
0 C A a nonempty subset of the simple restricted roots of G. Let p : I' — G be
a representation, and suppose there exist continuous, p-equivariant, and transverse
maps {1 0ol = G/ Py and £ : OT' — G /P, . Then the following conditions are
equivalent:
(1) The maps £T,&~ lift to a map B:Gr — G/Ky satisfying the contraction
property (ii) of Definition 2.33, i.e. p is Py-Anosov;
(2) The maps £T,£~ are dynamics-preserving for p and

3e,C >0, YVaeb, Vyel, (a,pu(p(y))) >chlr—C;
(3) The maps £,&~ are dynamics-preserving for p and
3¢,C >0, Yaeb, Vyel, (a,up(y)) > cllulp()| - C;
(4) The maps 7,6 are dynamics-preserving for p and

Va € d,  lim (o, p(p(7))) = +oo.

Theorem 4.2. Let T', G, p, 0 and £F be as in Theorem 4.1. Then the following
conditions are equivalent:

(1) p is Py-Anosov;

(2) The maps £T,&~ are dynamics-preserving for p and

dc >0, YVae b, VyeT, <oz7 )\(p(v))> > Yoo
(3) The maps £T,£~ are dynamics-preserving for p and
>0, Vael, Vyel, (a AXp()) > clxXpt))I;
(4) The maps £,&~ are dynamics-preserving for p and

Va €6, lim (o, A(p(v))) = +oo.
[V]oc—++00
Remarks 4.3. (a) In Theorem 4.1, conditions (2), (3), (4) use the Cartan projec-
tion p, whereas condition (1) uses the coset distance map d,, as in Defini-
tion 2.33.(ii) of the Anosov property. Recall that the range of d,, is a finite
union of copies of the range of y (see Section 2.3.3).

(b) If T is nonelementary, then the existence of a continuous, injective, p-equivariant
map £ 1 9, — G/Py as in Theorems 4.1 and 4.2 (see Remark 2.32.(c))
already implies that p has finite kernel and discrete image. Indeed, consider a
sequence (7,) € I'N such that (p(7,))nen is bounded in G. Seen as a sequence
of homeomorphisms of G /Py, the family (p(7,))nen is equicontinuous. Since
€T is injective and continuous and since 9,,I' is compact, the map £T is a
homeomorphism onto its image. Therefore, seen as a sequence of homeomor-
phisms of d,.I", the family (v,)nen is equicontinuous. By Fact 2.1.(1), no
subsequence of (7, )nen can diverge to infinity, i.e. (7, )nen is bounded in T

(¢) By Proposition 2.2, condition (2) of Theorem 4.2 is also equivalent to:

(2°) The maps £T,£~ are dynamics-preserving for p and
Je,C >0, Vaeb, VyeT, (a, Ap(v))) > clr(y)—C,

where lp : T' — N is the translation length function (2.2) on the Cayley
graph of I
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(d) By Fact 2.34, as well as (2.10) and (2.15), all conditions of Theorems 4.1
and 4.2 are invariant under replacing 6 with 6* or with 8 U 8*. Thus, without
loss of generality, we may assume that 6 is symmetric (i.e. = 6*).

The implication (2) = (3) of Theorem 4.1 follows from the subadditivity of ||u||,
see (2.11). The implication (3) = (4) follows from Remark 4.3.(b) above and from
the properness of p. We start by proving the implications (1) = (2) and (4) = (1)
of Theorem 4.1 in Sections 4.2 and 4.4, respectively. Then Theorem 4.2 is proved in
Sections 4.6 and 4.7.

4.1. A preliminary result. In the setting of Theorem 4.1, the maps £1,£~ always
combine as in Definition 2.33.(i) into a continuous, p-equivariant, flow-invariant map
¢ : Gr — G/Ly, of which we choose a continuous lift B:Gr — G/Ky (with Ly, Ky
defined as in Section 2.3.3). We further choose a p-equivariant set-theoretic lift
B:Gr — G of 3. Then for any (t,v) € R x Gr, since B¢, - v)Lg = 5(p;-v) = 5(v) =
B(v)Lyg, we have

9 v

Blet-v) = B(v) lw
for some l;, € Ly satisfying the following I'-invariance property: for all v € I' and
v E gF7

(4.1) lt,'y-v = lt,va

since Ay - 0) (g -7 - v) = F) (1) p(1)F(ge - v). By definition, pg(lp) =
duy (B(v), Bt - v)), where dy, is the f-coset distance map (Definition 2.23). The
following cocycle condition is satisfied: for all t,s € R and v € Gr,

(4.2) lt+s,v - lt,<p3~v ls,v-

We fix this map (¢,v) + Iz, for the remainder of Section 4.
The following lemma will be used in Sections 4.2 and 4.4 to prove the implications
(1) = (2) and (4) = (1) of Theorem 4.1.

Lemma 4.4. For any compact subset D of Gr, the set B(D) 1s relatively compact
in G; in particular, K := 2sup,ep [|#(B(v))]] is finite. Moreover, for any v € D, any
te R, and any v € ' such that ps-v € v-D,

[1(ltw) — u(p(V)] < K.

Proof. The set 3 (D) is mapped onto the compact set 3(D) by the proper map G —
G/ Ky, hence it is relatively compact in G. In particular, the continuous function
||| is bounded on B(D), i.e. K < +o0. Consider (v,t,7) € D x R x I such that
i -v €7y-D. Then

Bl = Bler-v) = p(7)B(y " o1 - v)

and v~ - ¢y - v € D. Therefore, p(y) = glltﬂ,g;l for some g1, g2 in B(D) The bound
follows by Fact 2.18. U

1

4.2. The Cartan projection on an Anosov representation. We first prove the
implication (1) = (2) of Theorem 4.1.

Let I" be a word hyperbolic group, G a real reductive Lie group, § C A a nonempty
subset of the simple restricted roots of G, and p : I' — G a representation. Suppose
condition (1) of Theorem 4.1 is satisfied, i.e. p is Pp-Anosov. Then the exponential
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contraction property (ii) in Definition 2.33 is satisfied: there are constants ¢, C' > 0
such that for all « € 0, all v € Gr, and all t € R,

(o, dyy (B(v), Blgr - v))) > et — C.

For any t € R and v € Gr, let I, € Ly be defined as in Section 4.1. This equation
can be rephrased as

(4.3) (o, po(le)) > ct —C
for all @ € 0, all v € Gr, and all t € R. We claim that if ¢ > C'/¢, then
(4.4) 1(lew) = po(lew)-

Indeed, we always have (o, po(lt)) > 0 for a € A\ 0 by definition (2.12) of the
range @, of pp, and if t > C/c then (o, pg(l,,)) > 0 for a € 6 by (4.3). Therefore, if
t > C/e, then pg(li,) € at for all v € Gr, hence p(liy) = po(lty) (Remark 2.21).

By Corollary 2.9, there are a compact subset D of Gr and constants ¢, co > 0 such
that for any « € T there exists (¢,v) € RxD with ¢;-v € y-Dand t > ¢1|y|r —c2. In
particular, if |y|r > ng := (C' +cc2)/cc1, then t > C/c and so (4.4) holds. Lemma 4.4
applied to the compact set D gives K > 0 such that

(a, p(p(7))) > (o, plew)) — Kllel|
= (o, po(liw)) — Klle|]
> cer|ylr — C,

where C' = cca + C + K||la|. Up to adjusting the additive constant C’, the same
inequality also holds for the (finitely many) v € I" such that |y|r < ng, hence condition
(2) of Theorem 4.1 holds.

This completes the proof of the implication (1) = (2) of Theorem 4.1.

4.3. Weak contraction and Anosov representations. In the course of proving
(4) = (1) of Theorem 4.1, we will need the following characterization of Anosov
representations.

Proposition 4.5. Let I be a word hyperbolic group, G a real reductive Lie group, 0 C A
a nonempty subset of the simple restricted roots of G, and p : I' — G a representation.
Suppose there exist continuous, p-equivariant, transverse maps £ : Ol — G/ Py
and £ : 0sI' = G/P,, and let 6 : Gr — G/ Ly be the induced equivariant map and
B:Gr — G/Ky a lift, as in Definition 2.33.(1). Suppose also that for any o € 0,
(4.5) lim inf {(a, d,,(8(v), B(¢:-v))) = +oo.

t—+o00 veGr

Then the representation is Py-Anosov (Definition 2.33): there exist ¢,C > 0 such that
Va €, VteR, YveGr, (a, dyy (B(v), Ber - v))) > ct —C.

Remark 4.6. For fixed t € R, by the p-equivariance of B and the invariance of dy,
under the diagonal action of G on G/Ky x G /Ky (see Definition 2.23), we have

nf (0 dyy (B(0), Bl - ) = inf (a1, dyy (B(0). Bleer-v)

for any subset D of Gr with I' - D = Gp. Choosing D to be compact, we see that the
infimum is in fact a minimum.

For the proof it will be useful to relate the contraction on G/ Py with a lower bound
on (o, pg(-)) for a € 6. We set xg := ePy € G/ Ppy.
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Lemma 4.7. Let G be a real reductive Lie group and 8 C A a nonempty subset
of the simple restricted roots of G. Fixz a Kg-invariant norm on the tangent space
T2y (G/Py) ~u, . Then there is a constant C > 0 with the following properties:
(i) For any t € R, if the left multiplication action of | € Ly on Ty,(G/Py) is
e~t-Lipschitz, then {a, pg(l)) >t for all a € 6.
(it) For any nonnegative t € R and any l € Ly, if (a, ug(l)) >t for all o € 0,
then the action of | on T, (G/Py) is Ce™t-Lipschitz.

Proof of Lemma 4.7. The action of | € Ly on Ty,(G/Py) identifies with the adjoint
action of [ on u, = @aezg g—a. Write I € Ky(exp ug(l))Kp where pg(l) € @, . By

definition, any a € exp(a) acts on g_, by multiplication by the scalar e~ (o loga)
Applying this to loga = py(l) and using the Kp-invariance of the norm, we obtain (i).
For (ii), note that if (v, y19(1)) > t for all @ € 6, then the scalars e~ (@) for o € 3F
are all in (0,e™?], since (a, pg(l)) > 0 for @ € A \ 0 by definition (2.12) of the range
H;r of pg. The constant C' comes from the fact that the weight spaces g_, may not
be orthogonal for the chosen Kjy-invariant norm on T, (G/Py) ~ u, . O

Proof of Proposition 4.5. As in Section 4.1, we choose a p-equivariant set-theoretic
lift B: Gr — G of B, and for any (¢,v) € R x Gr we set l;, := B(v) " 1B(p: - v) € Ly,

so that d,, (B(v), B(¢: - v)) = pe(ltv). Suppose (4.5) holds for all a € 0, i.e.

inf l — .
weo™g (o, po(lew)) S, Too

By Lemma 4.7.(ii), there exists 7 > 0 such that [, is e *-contracting on Ty, (G/Py)
for all v € Gp, where g = ePy € G/Py. Let M > 0 be a bound for the Lipschitz
constant of I, ,, acting on T,,(G/Py) for all s € [0,7] and w € Gr. By (4.2), for any
t>0and v e gr,

t
ltvv = ltfnT#pn‘r'v (szso(nfl)r'v T lTvv) where n = L;J’

hence l; , is Me™"-Lipschitz on T,,(G/Fp). By Lemma 4.7.(i), for any o € 6,
t 1
> | —| = > —t — — 1.
(o, po(lew)) > L_J log M > Tt logM — 1 O

4.4. When the Cartan projection drifts away from the 6-walls. We now ad-
dress the implication (4) = (1) of Theorem 4.1. We first fix an arbitrary representation
p: ' = G of the word hyperbolic group I" into the reductive group G and establish
the following.

Proposition 4.8. If condition (4) of Theorem 4.1 holds, then there exists T > 0 such
that for allt > T and v € Gr,

(4.6) po(lew) = pi(lew)-

Before proving Proposition 4.8, we establish Lemmas 4.9, 4.10, and 4.11 below.

Recall that condition (4) of Theorem 4.1 is the existence of continuous, p-equiva-
riant, transverse, dynamics-preserving maps £ : OsoI' = G/Pyand £ : 9o — G/ Py
and the fact that for any o € 0,

(4.7) lim (a, u(p(7))) = +o0.

y—00

Consider maps &, 3, B and Iz, as in Section 4.1 and let

K = 2sup [|u(B(v))]| < +oc,
veD
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where D is a compact fundamental domain of Gr for the action of I'. By (4.7), there
is a finite subset F' of I' such that for any a« € 8 and vy € I' \\ F,

{a, u(p(7))) = 1+ [le] K.

By Lemma 4.4, we then have (o, u(ly,)) > 1forall a € 0, allt € R, and all v € D
with ¢y -v € (N F)-D. Note that the set of t € R with ;- DN F-D # () is compact.
Therefore there exists 7' > 0 such that for any v € D we have

(4.8) Va0, Yt>T, (o, u(ln)) > 1.

This actually holds for any v € Gr by (4.1).
Using the Weyl group W, we define

sg:={Y ea’ | (a,Y)>1forall o€ b},
sy =g, N (W -sp).

Lemma 4.9. The set s is a connected component of sj,.

€2 T €3 at
=+
a
0 Sy \ 5¢
59

1 — &2

FIGURE 2. Illustration of Lemma 4.9 when G = SL3(R) and 6 =
{e1 —e2}: the set s, = 59 U (s}, \ 5¢) is shown in dark gray.

Proof. The set sg is clearly connected (in fact, convex) and contained in sj,. Since s,
is a union of W-translates of sy, it is sufficient to prove that for any nontrivial w € W,
if w-s9Nsg# 0, then w-s9 ¢ s (see Figure 2). Note that for any nontrivial w € W
there exists @ € A such that (a,Y) < 0forall Y € w-a". If s Nw 59 # (), then
any such o belongs to A~ 6 by definition of sg, and so w - sy ¢ sj by definition (2.12)
of a;;. O

Let v € I" be an element of infinite order. The invariant axis A, C Gr of v is the
set of v € Gr such that (400, P—0o)(v) = (73,75 ), Where 0 and 7 are respectively
the attracting and the repelling fixed point of v in ds.I'. There is a constant T, > 0
(the period of «) such that v-v = @7, - v for all v € A,. The assumption from
Theorem 4.1.(4) that the maps £, are dynamics-preserving for p implies the
following:

Lemma 4.10. Suppose condition (4) of Theorem 4.1 holds. Let vy € T be an element
of infinite order, with invariant avis A, C Gr. Then for any v € A,

po(lr, ») €@,

i.e. {a, po(lr, ) >0 for all a € 0 (for € AN 0 the same inequality is true a priori
by definition (2.12) of the range ﬁg‘ of 1g).
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Proof. Let v € Ay. Then 6(v) = B(v)Lg and £ (¢400(v)) = £ (nF) = B(v) Pp. Also,
Bv)lr,w = Bler, -v) = By - v) = p(y) B(v)
(from the construction of Iy ), hence I, ,, and p(y) are conjugate by B(v). In particular,

since the attracting fixed point of p(7) in G/Py is B(v) Py, the attracting fixed point
for I, o is Py. By Lemma 4.7.(i),

(o, po(lr, ) >0
for all & € 0, hence pg(lz, ) €a. O

Lemma 4.11. Suppose condition (4) of Theorem 4.1 holds. Recall the constant T
from (4.8). Let v € I' be an element of infinite order with invariant axis A, C Gr.
For any v € A, and anyt > T,

1o (ltﬂ)) € 5p.

Proof. By (4.8), the map ¢ : [T, +00) — @} sending ¢ to pg(li) takes values in sj.
This map is continuous since the map (¢,v) — Kpyl; Ky and the (bi-Kp-invariant)
Cartan projection g are both continuous. Applying Lemma 4.10 to an appropriate
power of v, we see that ¥(t) € sy for some ¢t > T'. Lemma 4.9 then implies ¥ (t) € s¢
forallt>T. O

Proof of Proposition 4.8. Using Lemma 4.11, we see that for any ¢ > T the closed set
{vegr|ulin) € s}

contains the invariant axis A, of any element v € I' of infinite order. By density of
the union of those axes (Remark 2.3), this set is all of Gp. Using again Remark 2.21,
we see that pg(ly,) = p(le,) for all t > T and all v € Gr. O

Proof of the implication (4) = (1) of Theorem 4.1. Suppose that (4) holds, i.e. there
exist continuous, p-equivariant, transverse, dynamics-preserving maps £, £~ and (4.7)
holds. By Proposition 4.5, in order to show that p is Py-Anosov, it is enough to prove
that

( 9) Va €9, t%leroo vlengr<a’ HG( b )> e

By Remark 4.6, the infimum needs to be taken only on a compact set D such that
I' D =gr. Forany t € R and any v € D there is an element v, € I' such that
OtV € Y- D. By Lemma 4.4 and Proposition 4.8, there are constants K > 0 and
T > 0 (independent of ¢ and v) such that if ¢ > T, then

1o (lew) — 1(p(yew))l| < K.

Since any orbit map I' = Gr is a quasi-isometry, we obtain that ~;, — oo as t — +o0
(uniformly in v € D), and so the assumption (4.7) readily implies (4.9). O

4.5. Anosov representations and embeddings into general linear groups.
Proposition 3.5.(2) is a consequence of the results of Section 3.3 and of the equivalence
(1) & (4) of Theorem 4.1 (or equivalence (1) < (2) of Theorem 1.3) which we have
just established.

Proof of Proposition 3.5.(2). By Proposition 3.5.(1), there exist continuous, p-equiva-
riant, dynamics-preserving, transverse boundary maps £t : 9" — G/Py and
£ 1 0o’ = G/ P, if and only if there exist continuous, (7o p)-equivariant, dynamics-
preserving, transverse boundary maps §$ 1 0o’ = Px (V) and &, : 0" = Py (V7).
By Lemma 3.7.(3), we have (o, u(p(v))) — +oo as v — oo for all a € 6 if and
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only if (g1 — €2, oL (v) (7 © p(7))) — +00 as v — oo. Therefore, condition (4) of
Theorem 4.1 holds for p if and only if it holds for 7o p. Since (4) is equivalent to (1)
in Theorem 4.1, we conclude that p is Pyp-Anosov if and only if 7 0 p is. g

4.6. Approaching the Cartan projection by the Lyapunov projection. The
implications (1) = (2) = (3) of Theorem 4.2 rely on (2.1) and on (2.14), which
expresses the fact that the Lyapunov projection can be approached by the Cartan
projection.

Proof of (1) = (2) in Theorem 4.2. Suppose p is Pyp-Anosov. By Theorem 4.1.(2),
there exist ¢, C' > 0 such that (o, u(p(7))) > c|y|r —C for all @ € 6 and v € I'. Using
(2.1) and (2.14), we find that for all « € § and v € T,

(@ Mp()) = lim_ (e, p(p(r™)) > lim ~(cly"r - C) = chleo. O

n—+00 N n—+oo N

Proof of (2) = (3) in Theorem 4.2. By (2.11) there exists k& > 0 such that ||u(p(7))|| <
k|y|r for all v € I". Using (2.1) and (2.14), we find that for all v € T,

1 " 1,
A = Tim = [[u(p(y")I <k Tim —|3"|r = & |7]co- O

n—+00 7 n——+oo N

The implication (2) = (4) of Theorem 4.2 is obvious. It only remains to prove
(3) = (1) and (4) = (1).

For semisimple p, these implications both rely on the following result, which states
that the Cartan projection can be approached by the Lyapunov projection. This was
established by Benoist [Ben97], using a theorem of Abels-Margulis-Soifer [AMS95].
Since the result is not explicitly stated as such in [Ben97|, we recall a sketch of the
proof.

Theorem 4.12 ([Ben97|). Let T be a discrete group, G a real reductive Lie group,
and p: ' — G a semisimple representation. Then there exist a finite set FF C ' and
a constant C, > 0 such that for any v € I' we can find f € F with

AV f)) = ulp(M)I < Cp.

Proof. By subadditivity of u (Fact 2.18), it is sufficient to prove the existence of a
finite set F' C I' and a constant C' > 0 such that for any v € I we can find f € F with
IAN(p(vf)) — u(p(vf))|l < C. Since p is semisimple by assumption, i.e. the Zariski
closure of p(T') in G is reductive, we may assume without loss of generality that
p(T) is actually Zariski-dense in G. It is then known that the set (o, u(p(T'))) C R4
is unbounded for all @ € A (see |[GM89, GR89, BLI3, Prad4|). By Lemma 3.2,
for any a € A there is an irreducible proximal linear representation (74, Vy) whose
highest weight x,, is a multiple of the fundamental weight w, associated with a.
By |[AMS95, Th.5.17], there are a finite set F' C I" and a constant ¢ > 0 with the
following property: for any v € I we can find f € F such that for any o € A, the
element 7, 0 p(vf) € GLr(V,) is e-proximal in Pr(V,,) in the sense of [Ben97, §2.2|.
We conclude as in [Ben97, Lem. 4.5]: on the one hand, for any a € A, there is a
constant C, > 0 such that for any g € G, if 7,(g) is e-proximal in Pr(Vj,), then
{(was 1(g) — A(g))| < Cq [Ben97, Lem. 2.2.5]; on the other hand, the fundamental
weights wq, for a € A, form a basis of af, and for any g € G the elements A(g) and
1(g) of a have the same projection to 3(g). O

Proof of (3) = (1) and (4) = (1) in Theorem 4.2 for semisimple p. Let F be the fi-

nite subset of I' and C, > 0 the constant given by Theorem 4.12. Let (y,) € I'N
be a sequence of elements going to infinity in I'. The existence of p-equivariant,
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continuous, transverse maps £, £~ implies that p has finite kernel and discrete image
(Remark 4.3.(b)), and so [|u(p(yn))|| = 400 by properness of the map p. By Theo-
rem 4.12, for any n € N there exists f, € F' such that || A(p(ynfn)) — plp(m))l| < Cp.
In particular, [|A(p(ynfn))|| = +oo.

o If condition (3) of Theorem 4.2 holds, then for any o € 6 we have (a, A(p(Vnfn)))
— 400, hence (o, ju(p(7))) — +o00. This holds for any sequence (,) € I'N
going to infinity in ', hence condition (4) of Theorem 4.1 is satisfied. Therefore
p is Pp-Anosov by the implication (4) = (1) of Theorem 4.1.

e Note that [[A(p(7nfn))|] = 400 implies that the conjugacy classes of the v, f,,
diverge, i.e. fr(ynfn) — 400, and so |y, fn|eo — +00 by Proposition 2.2. If
condition (4) of Theorem 4.2 holds, then we obtain (a, A(p(Vnfn))) — +00
for all « € 0, and we conclude as above. O

4.7. When the Lyapunov projection drifts away from the 6-walls. It remains
to establish the implications (3) = (1) and (4) = (1) of Theorem 4.2 in the general
case, when p is not necessarily semisimple. We first prove the following proposition.

Proposition 4.13. Let ' be a word hyperbolic group, G a real reductive Lie group, and
0 C A a nonempty subset of the simple restricted roots of G. Consider a representation
p: I' = G with semisimplification p** : T' — G (see Section 2.5.4). If there exist
continuous, dynamics-preserving, transverse boundary maps £t : 0T — G/ Py and
£ 1 0ol = G/ Py for p, then there exist continuous, dynamics-preserving, transverse
boundary maps {'* : 0scI' = G/ Py and &~ : 01" = G/ P, for p*.

Proof. For any irreducible linear representation (7, V') of G, the representation 70p*s is
a semisimplification of (7o p). Therefore, by Proposition 3.5.(1), up to postcomposing
p with some irreducible, #-proximal representation 7 : G — GLgr (V) (which exists
by Lemma 3.2), we may assume that G = GLRr(V) and 0 = {e1 — 2}, so that
G/Py =Pr(V) and G/P; = Pr(V*).

Viewing Pr (V') and Pr(V*) as the sets of lines and hyperplanes of V', respectively,
we define the linear subspaces

U= > &m ad WVi=Un [) &

NEDs NEDoo

of V; they are p(I')-invariant. Let V5 be a complementary subspace of Vi in U, and
V3 a complementary subspace of U in V.

Under the decomposition V' = Vi @ V5 @ Vs, the representation p : I' - GLg(V)
is block upper triangular: there are representations p; : I' — GLgr(V;) and maps
a;j : I' = Homg(V;, Vj), for 1 <4, j < 3, such that for any v € T',

p1(v) a12(y) ais(v)

P(’Y) = P2 (’Y) a2,3(’y)
p3(7)
Then
pi*(7)
p* () = P5°(7)
p3°(7)

for all v € I', where p® is a semisimplification of p;. We now construct contin-
uous, dynamics-preserving, transverse boundary maps £t : 9 — Pgr(V) and
&7 1 0o’ = PRr(V™) for p®s.
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Since the maps £ and £~ are transverse, €1 takes values in Pr (V) @ Vo) N\ Pgr(V1)
and £~ takes values in Pr(V) \ Pr(V1 @ V»)?, where we denote by V; C V* the
annihilator of Vi and by (V; @ V5)? € V* the annihilator of V3 @ V5. Let

p:VieVya — Vs

be the linear projection onto V, with kernel V; and Pp : Pr(Vi@V2)\Pgr (V1) — Pr(12)
the induced map. Similarly, let

p VY — (Vi W)

be the linear projection onto (V3 @ V3)° with kernel (V3 @ V5)? and
Pp* : Pr(V?) N\ Pr((V1 @ 12)Y) — PRr((V1 @ V3)?) the induced map. We set

{ €T :=Ppott : 0, = Pr(lh) C Pr(V),
7 =Pp ol : 0l = Pr((Vi &) C Pr(VY).

These maps are continuous and transverse by construction, as well as dynamics-
preserving for pi* @ pa @ p5° 1 I' - GLr(Vi @ Vo2 @ V3). To see that they are
dynamics-preserving for p** : I' — GLgr(V), it is sufficient to prove that ps = p5°.

If T' is elementary, i.e. if I' is virtually the infinite cyclic group generated by a
nontorsion element v and o I' = {1, 7, }, then Vi = {0} and U = Vo = £F(nf) @
£T(ny ), thus pal, is semisimple and pa = p5° by Remark 2.38. We now assume that
I" is nonelementary. We claim that p : I' = GLR(V2) is then irreducible. Indeed, let
R be a po(I')-invariant subspace of V. Let v € I' be an element of infinite order with
attracting (resp. repelling) fixed point 7 (resp. 77) in 5 I'. Since & and &'~ are
dynamics-preserving for p;* @ p2 @ p§® and take values in Pg(V2) and Pr((Vi©V3)?) ~
Pr(V5) respectively, Lemma 2.26 implies that for any 2 € Pr(V2) \ &'~ (1) we have
p2(7") - & — €T (nf) as n — +oo. Since R is closed and p(I')-invariant, we obtain
that either Pr(R) C £~ (n;) or & (n) € Pr(R). Thus, one of the closed I-invariant
subsets {n € 0o’ | PrR(R) C &~ (n)} or {n € 0T | £t (n) € Pr(R)} is nonempty,
hence equal to 0. I' by minimality of the action of the nonelementary group I' on
OsoI" (Fact 2.1.(4)). This shows that R = {0} or R = V5. Thus ps is irreducible, and
in particular py = p5°. O

Proof of Proposition 1.8. If p*® is Py-Anosov, then p is Py-Anosov by Proposition 2.39.
Conversely, suppose p : I' = G is Py-Anosov. By Proposition 4.13, there exist
continuous, dynamics-preserving, transverse boundary maps &'* : 9" = G/Py and
£ 1 0sI' = G/P, for p*. By the implication (1) = (4) of Theorem 4.2 applied
to p, for any a € 6 we have (o, A(p(7))) = +00 as |y|ec = +00. The point is that
Ao p*® = Xop (Lemma 2.40). Therefore, for any a € 6 we have (o, A(p**(7))) = +0o0
as |Y|oo — 400, and so p** is Py-Anosov by the implication (4) = (1) of Theorem 4.2
applied to the semisimple representation p** (this implication has been proved in
Section 4.6). O

Proof of (3) = (1) and (4) = (1) in Theorem 4.2 for general p. By Lemma 2.40 and
Proposition 4.13, if p satisfies (3) (resp. (4)) then so does p**. In Section 4.6 we
proved the implications (3) = (1) and (4) = (1) of Theorem 4.2 for the semisimple
representation p*. By Proposition 2.39, if p** satisfies (1), then so does p. O

5. CONSTRUCTION OF THE BOUNDARY MAPS

In this section we prove Theorem 1.1 (which implies in particular (4) = (1) in
Theorem 1.3) by establishing an explicit version of it, namely Theorem 5.3. We also
complete the proof of Theorem 1.3 by establishing its implication (1) = (4). In
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particular this implication shows that the CLI constants in Theorem 1.1.(3), if they
exist, must be uniform (see Remark 1.2.(e)).

To put things into perspective, we start by recalling the notion of limit set in G/ P,.
This notion was first introduced and studied by Guivarc’h [Gui90] for subgroups
of G = SL4(R) acting proximally and strongly irreducibly on R?, then by Benoist
[Ben97| for Zariski-dense subgroups of any reductive Lie group G; here we give a
definition for arbitrary subgroups of G.

5.1. Limit sets in flag varieties. Let GG be a real reductive Lie group with Cartan
decomposition K (expa™)K and corresponding Cartan projection u : G — at; we
use the notation of Section 2.2. For any nonempty subset § C A of the simple
restricted roots of a in G, let 9 = ePy € G/ Py be the basepoint of G/Py. We define
amap Zy : G — G/Py as follows: for any g € G, we choose k,, k! € K such that

g» g
g = kg(exp ,u(g))k:; and set
(5.1) Eo(g) = ky - 19 € G/ Py

This does not depend on the choice of k, k as soon as (a, u(g)) > 0 for all a € 6 (see
[HelO1, Ch.IX, Th.1.1]). If ¢ is proximal in G/Py (Definition 2.25), then the sequence
(Z0(g™))nen converges to the attracting fixed point of g in G/Fy: see Lemma 5.11
below. We make the following definition.

Definition 5.1. Let I be any discrete group and p : I' — G any representation.

The limit set Af({f)je of p(T') in G/Py is the set of all possible limits of sequences

(Z9 0 p(1n))nen for (v,) € TN with (a, u(p(7n))) — +oo for all a € 6.

The limit set A,%f;" is closed and p(T')-invariant, and does not depend on the choice
of Cartan decomposition (Corollary 5.9 below). It is well known (see [GM89, GR89,
BL93, Pra94]) that if p(I") is Zariski-dense in G, then p(I") contains elements that are
proximal in G/ Py; by [Ben97, Lem. 3.6|, in this case A%f;" is the closure in G/Py of
the set of attracting fixed points of these elements.

The limit set A%/F

o(T) is nonempty for instance if p is Py-divergent, in the sense that

Vaet,  (a,u(p(7))) — +oo.

Y—00

When G has real rank one, Py-divergence is equivalent to p having finite kernel and
discrete image; in this case, we recover the usual limit set of p(I') in G/ Py ~ 05(G/K).

5.2. Constructing boundary maps. In this Section 5 we prove that if I" is word
hyperbolic and if for any a € 6 we have («, u(p(v))) — 400 fast enough as v — oo,
then the map Et := Zgop : I' — G/Py extends continuously to a p-equivariant
boundary map &' : 9" — G/Py with image the limit set NG/ P

o(T) More precisely,
“fast enough” is given by the following conditions.

Definition 5.2. A representation p : I' — G has the gap summation property with
respect to @ if for any o € § and any geodesic ray (v,)nen in the Cayley graph of T,

(5.2) Z e~ (@ nlp(m)) < 4o
neN

The representation p has the uniform gap summation property with respect to 6 if
this series converges uniformly for all geodesic rays (v, )nen With 79 = e, i.e. if for
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any a € 0,
(Yn)neN n>zn() M0 =300
geodesic -
with yo=e

For instance, if there exists C' > 0 such that (a, u(p(7y))) > 2log |y|r — C for all
a € 0 and v € T, then p has the uniform gap summation property with respect to 6,
and even with respect to 6 U 6* by (2.10).

Recall that the parabolic subgroup P,  of G is conjugate to Py«, and so G/P,
identifies with G/ Py«. The goal of this Section 5 is to prove the following result, which
implies Theorem 1.1.

Theorem 5.3. Let I' be a word hyperbolic group, G a real reductive Lie group, 6 C A
a nonempty subset of the simple restricted roots of G, and p : I' — G a representation.

(1) If p has the gap summation property with respect to 6 U 6%, then the maps
{ tTi=Fygop: TI'— G/Py,

T i=Epop: I'= G/Pp-
duce p-equivariant boundary maps
{ ET 1 0 — G/ Py,
£ 0' > G/Pp ~G/P,,
which are independent of all choices. For any n € L, the points £T(n) €

G /Py and £ (n) € G/P, are compatible in the sense of Definition 2.10.
(2) If moreover for any o € 0 and any v € T of infinite order,

(1] 1]

(@, u(p(y"))) — 2log|n| — oo,
[n|]—+o0
then € and £ are dynamics-preserving for p.
(8) If p has the uniform gap summation property with respect to @ U 0*, then

ETUET: TUOLD — G/ Py,
ETUE : TUOLD = G/Pp ~G/Py

are continuous, and the images of €T and £~ are the respective limit sets

Af({f;o and Ag({f))"* (Definition 5.1).

(4) If moreover for any « € E;{ and any geodesic ray (Yn)neN the sequence
(e, w(p(¥n))))nen s CLI (Definition 2.6), then £ and £~ are transverse.
In particular, p is Py-Anosov and € and £~ define homeomorphisms between

0D and the limit sets Af({f)jg and Af(/F])D"*, respectively.

In (1), by “induce” we mean that £ (n) = lim, 27 (v,) and £ (n) = lim, Z~ (v,)
for any quasi-geodesic ray (v, )nen in the Cayley graph of I' with endpoint 7 € d5T.

In (4), the fact that p is Pp-Anosov comes from the implication (2) = (1) in
Theorem 1.3, and the fact that £T and £~ are homeomorphisms onto their image
comes from the fact that they are continuous and injective and Ox,I" is compact.

Remark 5.4. Let v € T' be an element of infinite order, with attracting fixed point
nj/' € O5I'. The image of 77%Ir under 1 (or under any p-equivariant map OxI' — G/ Py)
is always a fixed point of p(v) in G/ Pp; however, this fixed point ¥ (n) is attracting
(in the sense used in Definition 2.25) only if («, p(p(7)™)) grows faster than 2log(n)
for every o € 6 (Lemma 2.27). This shows that the growth assumption in (2) above
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is optimal. For instance, here is a case where the assumptions of (1) and (3) are
satisfied but the conclusion of (2) fails:

Ezample 5.5. Let G = SLy(R), with Cartan projection 1 : G — R4 obtained by iden-
tifying @* with Ry. Let I" be a finitely generated Schottky subgroup of G containing
a parabolic element u. There is a constant C' > 0 such that u(p(v)) > 2log|y|r — C
for all v € I'; in particular, p satisfies the uniform gap summation property (5.3).
However, this growth rate cannot be improved since p(u™) = 2logn + O(1). The
continuous equivariant boundary map ¢ : 9, — O5H? given by Theorem 5.3.(3)
is not dynamics-preserving since the fixed point of u in G/Py = 0,,H? is neither
attracting nor repelling; thus the conclusion of Theorem 5.3.(2) fails. The transver-
sality conclusion of Theorem 5.3.(4) also fails since &(lim o u™) = (lim4oo u™") (see
Remark 2.32.(c)).

We first discuss the gap summation property (Section 5.3), then establish some
estimates for the map =y (Section 5.4), which are useful in the proof of Theorem 5.3.(1)—
(2)—(3) (Section 5.5). The proof of Theorem 5.3.(4) (hence of (4) = (1) of Theorem 1.3)
is more delicate, and is the object of Section 5.6. Finally, in Section 5.7 we establish
the implication (1) = (4) of Theorem 1.3.

5.3. The gap summation property. The following observation will be useful in
the proof of Theorem 5.3.

Lemma 5.6. For any ¢,C > 0, there ezists Cy > 0 such that for any (c,C)-quasi-
geodesic rays (Yn)neN and (V),)neN in the Cayley graph of T, with the same initial
point o = 7, and the same endpoint in 0T, and for any a € A,

Z e~ nlp(n))) < Co Z e~ (@ ulp(yn)))
neN neN
Therefore, in the definition 5.2 of the gap summation property, it is equivalent to

ask for the convergence of the series (5.2) for all quasi-geodesic rays.

Proof. Since (Yn)nen and (7),)nen have the same endpoint at infinity in the word
hyperbolic group T, there is a (¢, C')-quasi-isometry ¢ : N — N such that the
sequence (7;17;(}1))716N is contained in the R-ball B.(R) centered at e in I'. The

constants ¢/, C’, and R depend only on (¢,C) (and on the hyperbolicity constant
of T'). Let M be a real number such that ||u(p(7))|| < M for all v € B.(R). By
subadditivity of p (Fact 2.18.(3)), for any n € N,
[ (P (o)) = 1l < [[1p(vsm))) = o (y)) | Nl
< [l (rmrvgm)) I lall < Mlall.

Moreover, for any p € N, the set {n € N | ¢(n) = p} has at most ¢/C’ + 1 elements.
Thus, for any n € N,

Z e~ (e nlp(m))) < Mllell Z e~ (@ 1Pp(Vg(n))))

neN neN

< MIel(dCr 41) 3 elonntoltn), =
peN

For any g € G, we set

(5.4) To(g) »= min (e, u(g)) = 0.
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If the gap summation property holds with respect to 6, then the series ) e~ To(p(yn))
converges for every quasi-geodesic ray (v, )nen. Here is an immediate consequence of
Lemma 5.6.

Corollary 5.7. If the uniform gap summation property holds with respect to 6, then
for any ¢,C' > 0,

sup E e_TG (p(vn)) — 0.
(Yn)neN n>no o —+00
(¢,C)-quasi-geodesic ~ —
with yo=e

5.4. Metric estimates for the map =y. Consider an irreducible, f-proximal linear
representation (7,V) of G (see Definition 3.1 and Lemma 3.2). Let || - ||y be a K-
invariant Fuclidean norm on V for which the weight spaces of 7 are orthogonal. It
defines a K-invariant metric dp(yy on Pr(V), given by

dp(v)([v], [v']) = |sin £(v, ')

for all nonzero v,v" € V. By Proposition 3.3, the space G/Py embeds into Pr(V) as
the closed G-orbit of the point z,; := Pr(VX") € Pr(V), and inherits from this a
K-invariant metric dgyp,: for any g,¢' € G,

deyp, (9 - 79,9 - x0) = dp)(9 - Tr g - 1)

Here, and sometimes in the rest of the section, to simplify notation, we omit 7 and
write “-” for the 7-action of G on both V' and Pgr(V).
The goal of this subsection is to establish the following useful estimates.

Lemma 5.8. For any compact subset M of G, there is a constant G, > 0 such that
forany g € G and m € M,

(i) deyp, (Zg(gm),Zp(g)) < C., e*T9(9)7
(ii)  dep,(Ze(mg), m -Z(g)) < Ce 100,

Lemma 5.8 has the following consequence.

Corollary 5.9. Consider a sequence (g,) € GN with Tp(gn) — +00. Suppose that
(Z0(gn))nen converges to some x € G/Py. Then

(1) for any m € G, the sequence (Eg(mgy))nen converges to m -z € G/ Py;

(2) x does not depend on any choice made in the definition of Zg: namely, it does
not depend on the choice of Cartan decomposition G = K(expat)K (which
determines the basepoint xg € G/Py) nor, given this choice, on the choice of
kg, k., € K.

gn> dn

Proof. For (1), apply Lemma 5.8.(ii) with ¢ = g,,. For (2), recall that any Cartan
decomposition of G is obtained from G = K(expa®)K by conjugating K and expa*
by some common element m € G; this corresponds to replacing k4 by mk,,,—1 gmm_l
for any g € G and the basepoint xg by m - xyg. Independence from the choice of
Cartan decomposition then follows from the existence, given by Lemma 5.8 applied
to M = {m,m™1}, of a constant C,, > 0 such that for all g € G,

deypy (MK 19 - o, kg - 29) < 20, e~ To(9)

Finally, since Ty(g,) > 0 for all large enough n, the choice of k,,, k!, € K has no

n? "gn

effect on Zy(gy), as seen in Section 5.1. O
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In order to prove Lemma 5.8, we make the following observation, where for g € G
we denote by

lg - vIIV>
R = Ty = max 10 ellv Z 0
(9) Ors 1(9)) veV~{0} g( [ollv

the logarithm of the largest singular value of 7(g). By Lemma 3.7, the quantity Ty(g)
of (5.4) is the logarithm of the ratio of the two largest singular values of 7(g).

Observation 5.10. Let v € V' be a highest-weight vector for T with ||v||y = 1. For
any h € G and a,b € expa™,

dG/P9 (‘,L,e7 h - 1,0) < e—Tg(a)eR(a)—R(b)ﬁ-R(h*l) Ha_lhb X UHV-

hv

a*1~w“““ a” ' ho

0 Tt

FIGURE 3. Illustration of Observation 5.10 when b = 1: as ¢! com-

presses e70(%) times less strongly along v' than in the v-direction, we
get a lower bound on |la~! - hv||y in terms of the angle (v, hv) (or
its sine dgyp, (2, h - x9)).

Proof of Observation 5.10. Write h - v = tv + w where t € R and w belongs to the
orthogonal v of v in (V, || ||v/) (see Figure 3). Then ||wl||y = ||h-v|]y | sin £(v, h-v)| =
||h : /UHV dG/P@ (:U@, h : 339), and SO

la™ h-vlly = fla™" - wlly = e O |y = e RO 1oy dgye, (29, h-2).-

To conclude, note that 1 = |A=th - v||y < eBED||h-v|ly and b-v = eB®y, so that

la=*hb-vlly = e®O)a " h- vy
> e~ R(a)+Ty(a)+R(b) 1A - oy dc/p9 (z9,h - xp)
> e~ R@)+Ty(a)+R(b)-R(h™) deye, (Tg, h - Tp). O

Proof of Lemma 5.8. Let M be a compact subset of G. By continuity of p, there is
a constant § > 0 such that ||m - /|y < € |v'|ly and [|u(m)|| < § for all m € M
and v' € V, where || - || is the W-invariant Euclidean norm on a from Section 2.3.1.
Let v € VX be a highest-weight vector for 7 with |[v||yy = 1. Recall the elements
kg, ky € K defined before (5.1). For any g € G'and m € M,

| exp(11(9)) " (ky ' kgm) exp(u(gm)) - |, = [lkymkl,. - vlly < €.
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By applying Observation 5.10 to (a, b, h) = (exp(u(g)), exp(u(gm)), k:g_lkgm) we ob-
tain

deye, (Z0(9),Zo(gm)) = dey, (kg - T, kgm - 1) < e~ To(9) 1(9)—R(gm) 6
By strong subadditivity of pu (Fact 2.18),

[R(g) — R(gm)| = [{(x=, u(g) — nlgm))| < [lu(g) — wlgm)| lIx-|
< [lu(m)| Ix1l < 6llx- I
Therefore,
dayry (E0(9), Eg(gm)) < HFIxrDeTolo)
i.e. (i) holds with G, = (1 Flxrl),
Similarly, we have
H exp(u(mg))*l(knz;mkg)exp(u(g)) -UHV = Hk:;ngmkgfl olly < el
By applying Observation 5.10 to (a,b,h) = (exp(u(mg)),exp(,u(g)),k;émk:g) we
obtain
deypy (Eo(mg), m - Eg(g)) = deyp, (kmg - 9, mkig - g)
< e~ To(9) R(mg)—R(g)+R(m™1) 8

As above, |R(mg) — R(g)| < [[n(m)] [Ix-]| < dl[x~], and
R(m™) < [lu(m™ Yl x| = )] Ix-ll < 8 x|,

hence
dG/Pg (Ee(mg)’ m - Ee(g)) S 66(1+2HXTH)67T9(9)’

i.e. (ii) holds with C,, = e®(1+2lhx-ll), 0

5.5. Existence, equivariance, continuity, and dynamics-preserving property
for the boundary maps. We now give a proof of statements (1), (2), (3) of Theo-
rem 5.3.

Proof of Theorem 5.3.(1). Let (vn)nen be a (¢, C')-quasi-geodesic ray in the Cayley
graph of T', with endpoint 7 € 9xI'. The set {7, 'v,11|n € N} is contained in the
ball B.(c+ C) of radius ¢ + C centered at e € I'. Applying Lemma 5.8.(1) to p(vx)
and to M := p(Bc(c+ C)), we obtain

deypy (EF (1), ET (1nt1)) = degm, (B0 0 p(10):Z0 © plnt1)) < Gy e Tol(m)

for all n € N. The gap summation property and Lemma 5.6 imply

3 e Tolom) < o,
neN

Thus (E7(7,))nen is a Cauchy sequence in G/Py, and so its limit £T(n) € G/ Py
exists. More precisely, for any ng € N,

(5.5) dery (EY (1), €7 () < G Y e PO,

n>ng

This limit £*(n) does not depend on the choice of the quasi-geodesic ray (v, )neN,
because any other quasi-geodesic ray (7),)nen lies within some distance R from (v;,),
and so we can apply Lemma 5.8.(i) again (and Lemma 5.6), taking for M the image
under p of the Cayley R-ball centered at e. Thus £ : 95" — G/ Py is well defined.
The independence of £+ from all choices then follows from Corollary 5.9.
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For the p-equivariance of €1, consider a quasi-geodesic ray (Vn)nen With endpoint
N € Ol and an element v € I'. Then (yy,)neN is a quasi-geodesic ray with endpoint
71 € OsoL, and £ (- m) = p(7) - £1(n) by Corollary 5.9.(1).

We argue similarly for £~ : 0oI' = G/FPyp» ~ G/P, , replacing 6 with 6* and
=t with 27. By construction, for any n € 05, the points £*(n) € G/Py and
£ (n) € G/P, are compatible in the sense of Definition 2.10. O

Theorem 5.3.(2) is based on the following observation.
Lemma 5.11. For any g € G which is prozimal in G/ Py,
- n +
‘—‘9(9 ) n~>—+>oo ég )
where 5; is the attracting fized point of g in G/ Py.

Proof. The element g admits a Jordan decomposition ¢ = gpgeg, Where gp is hy-
perbolic, g, is elliptic, g, is unipotent, and g, ge, g commute. Since A(gegy) = 0
by definition of A, we have ||u(g2gl!)|| = o(n) as n — +o0, by (2.14). Let us write
gn = mzm~ ! where m € G and z € exp(a@'). Then £ =m-Py. Let (7,V) and || - ||y
be as in Section 5.4, and let v € VX7 be a highest-weight vector for 7 with ||v||y = 1.
For any n € N,

=" m kg exp(u(g™) - vl = lm =g "g k- olly = m = gr gkt - vl

By Observation 5.10 applied to (a,b, k) = (2™, exp(u(g™)), m ‘kyn), we have

dere, (&5 Z0(9™) = deyp, (m - zg, kgn - 29) < Cdep,(wo,m™ kgn - )

< CeTo(2) R(=")=R(g")+R(m) Hm_lgggﬁk'g_nl v,

where C' > 0 is a Lipschitz constant for the action of m on G/Fy. By strong subaddi-
tivity of p (Fact 2.18),

IR(z") — R(g™)| = [(Xr> (") — p(mz"m ™" g'g}))]
< lIx I Cllm)|| + l(ge g)ll) = o(n).
Similarly,

=g gkt ol < el nem ) < el G — o)
Therefore, dey, (&, Z9(g")) = e "0 +o(M) — 0 as n — +oc. O

Proof of Theorem 5.5.(2). Let v € I' be an element of infinite order with attracting
fixed point 73 in 0o I'. Suppose that for any a € 6 we have (a, u(p(y")))—2logn — +o0
as n — +oo. By Lemma 2.27, the element p(y) € G is proximal in G/Py. By
Lemma 5.11, the sequence (27 (7™))nen = (26 © p(7"))nen converges to the attract-
ing fixed point of p(7) in G/Py. On the other hand, this sequence converges to £ +(77;L )
by construction of ¢£7. Thus £T is dynamics-preserving for p. We argue similarly
for £, replacing 6 with 0* and = with ==, and using (2.10). O

Proof of Theorem 5.5.(3). It is sufficient to check the continuity of =TT and 2~ 1LIE™
at any point n € O I'. Let § > 0 be the Gromov hyperbolicity constant of the Cayley
graph of I'. By definition of the topology on I' U 9,,T" (see [BH99, Lem. 3.6]), for any
n € OsoI' which is the endpoint of a geodesic ray (o,) € I'N with og = e, a basis of
neighborhoods of 7 in I' U 5T is given by the family (V) )n,en, where Vi, is by
definition the set of endpoints of geodesic segments or rays (v, )n>0 of length > ng
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with |01 y,|r < 36 for all 0 < n < ng. By Corollary 5.7, under the uniform gap
summation property,

g(no) = sup Z e*TG(P(’Yn))

(7”)7}€N n>no
geodesic ray
with yo=e

tends to 0 as ng — 4o00. Let M := p(Bc(1 + 35)) and let G, > 0 be given by

Lemma 5.8. For any n € 05T, any ng € N, and any y € V,}, which is the endpoint of
a geodesic segment or ray (7,)n>0 as above, we have

deye, (ETLEN) ), ()) <2G, e(no).
Indeed, by (5.5) applied to the (1, 36)-quasi-geodesic ray coinciding with (v, )n>0 for
n < ng and with (o,)nen for n > ng, we have

deyey (T (o), €7 () < Gy e(no),
and by (5.5) applied to (7,)n>0 We have

deyr, (2 (o), ET L EN) () < Gy 2(no).
This shows that 2% L £T is continuous at any 1 € Os .

By construction, £ (9,T') is contained in the limit set AS/P% o check equality,

p(T)
consider a point x € Af(/FI)Dg which is the limit of a sequence (21 (7,))nen for some

(1) € TN with (e, u(p(vn))) — +oo for all o € 6. Since y is a proper map, we have
Yn — 00 in I'. By compactness of 0o, up to extracting we may assume that (v, )nen
converges to some 1 € Joo['. Then x = £1(n) by continuity of = U £T. This shows

that £¥(9aT) = AT,

We argue similarly for £~ and =7, replacing 6 with 6*. O

5.6. Transversality of the boundary maps. In order to prove the transversality of
the boundary maps €7, £~ under the assumption that the sequence ((cv, p(p(11))))neN
is CLI for any @ € £ and any geodesic ray (yn)nen (Theorem 5.3.(4)), we first
consider the special case where G = GL4(R) and Py is the stabilizer of a line, i.e.
G/Py = P4"1(R). The general case is treated in Section 5.6.2: we reduce to this
special case using the results of Section 3.

5.6.1. Transversality in GLg(R). Let G = GLg(R). As in Example 2.14, we take K
to be O(d) and @t to be the set of real diagonal matrices of size d x d with entries
in nonincreasing order; for 1 <14 < d we denote by €; € a* the evaluation of the i-th
diagonal entry. For 6 = {e1 — &2}, we see G/Py as P¢"1(R) and G/Pyp- ~ G/P; as
the space of projective hyperplanes in P! (R). Transversality of £+ and £~ in this
case is given by the following proposition.

Proposition 5.12. Let G = GL4(R) and 6 = {e1 —e2}. Let I' be a word hyperbolic
group and p: T — G a representation. Suppose the maps £T,&~ of Theorem 5.3.(1)
are well defined and p-equivariant, and that 2~ 1LUE™ = (Egrop)UE™ : TUII” — G/ Py«
is continuous. Let (yn)neN be a quasi-geodesic ray in the Cayley graph of T, with
endpoint n € O I'. If the sequences ({(e1 — &i, u(p(¥n))))nen are CLI (Definition 2.6)
for all2 <i <d, then £t (n) & £ (7).

Before proving Proposition 5.12, let us fix some notation. Let (e1,ea,...,eq) be
the canonical basis of R?. The point Py € G/ Py corresponds to

zp = [e1] € PH(R).
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The points Py» € G/Pp« and P, € G/P, correspond respectively to the projective
hyperplanes
Xp := Pr(span(ei,...,eq—1)) and Yp:=Pr(span(es,...,eq)).

For any n € N, we set gy, := p(7Vp) and a,, := exp(u(gn)) (this is a diagonal matrix with
positive entries, in nonincreasing order), and choose elements ky,, k!, € K such that
Jn = knank:g.

The crux of the proof of Proposition 5.12 will be to control the elements
(5.6) H"™ =k 'kpym € K.
More precisely, our main technical result will be the following.

Lemma 5.13. With the above notation, if for every 2 < ¢ < d the sequence
((e1 — €iy p(gn)))nen is CLI, then for every 2 < i < d the absolute value of the
(i, 1)-th entry of the matriz a,, ' H™a, is uniformly bounded for (n,m) € N2.

Lemma 5.13 has the following easy consequence. We use the K-invariant metric
deyp, of Section 5.4 on G/Py = P471(R), which is valued in [0, 1].

Corollary 5.14. With the above notation, if for every 2 < i < d the sequence
((e1 — iy p1(gn)) )nen is CLI, then there exists 0 < 6 < 1 such that for all large enough
n €N,

(5.7) deye, (977 - €T (n), kit - 2) <1 -0.

Remark 5.15. Corollary 5.14 states an expansion property for the action of (p(,;!))nen
= (g7 )nen on PL(R) at £1(n). Indeed, for any large enough n € N, the open set

Uy = {z € PTYR) | dyp, (ay, kb - 2,39) < 1 —0/2}

is a neighborhood of £ (n) by Corollary 5.14 (recall that dg/p, is K-invariant). There
is a constant C' > 0 such that for any n the element a,, is Ce™(€1722:4(9n))_Lipschitz on
the ball of radius 1 — §/2 centered at 5. Therefore p(v, 1) = g, is C~efer—e2:1(on))
expanding on U,, where C~LeE1=e2:1(9n)) 5 4o,
Proof of Corollary 5.14. By construction of £+ and definition (5.6) of H™, for any n € N,
+ — T m
€)= lm kpHy" - xo.
Since d¢p, is K-invariant and zy = a, - x9, we see that (5.7) is equivalent to
lim sup d¢p, ((a;IH:L”an) -zg,x9) <1—4.
m—>+oo

To check the existence of 0 < § < 1 such that this last inequality holds for all large
enough n € N, it is sufficient to see that

(i) the first column of the matrix a,, ' H™ay, is uniformly bounded for (n,m) € N2,

(ii) the (1,1)-th entry of the matrix a, ! H™a,, which is also the (1,1)-th entry

of H™, is uniformly bounded from below for (n,m) € N2.

(Here all bounds are meant for the absolute values of the entries.) Suppose that the
sequence ((e1 — &, f4(gn)))nen is CLI for every 2 < i < d. By Lemma 5.13, for every
2 < i < d the (i,1)-th entry of a,'H™a, is uniformly bounded for (n,m) € N2
The (1, 1)-th entry is also bounded since H* € K = O(d), hence (i) holds. On the
other hand, Lemma 5.13 implies that for every 2 < i < d the (7,1)-th entry of H)"
is uniformly bounded by a constant multiple of e~ (€1=€i:1(9n)) which goes to 0 as
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n — +oo. Since H* € K = O(d), this in turn implies that the absolute value of
(1,1)-th entry of H]'" is close to 1 for all large enough n and all m. Thus (ii) holds. O

Proof of Proposition 5.12. Let 0 < § <1 be given by Corollary 5.14. We shall prove
that for any 7’ € 0T \ {n} we can find (infinitely many) n € N such that

(5.8) distesm, (gn - € (), 90, - € () > g,

where distgp, denotes the distance from a point to a set. In particular, the point
&7 (n) does not belong to the hyperplane £~ (/).

Applying Fact 2.1.(1), we can find a subsequence (v4(,))neN such that (7;(2))%1\1
-1
d(n)
By p-equivariance and continuity of £, for all ' € 05 \ {n},

converges to some point 17” € 5" and that lim, v, .-’ = n" for all ' € T\ {n}.

lim gz -6 () = € (limagg, - n') = € (n").

For any n, the decomposition g, = kna, k!, € K(expa™)K induces the decomposi-
tion g, ! = l,b,l], € K(expa™)K with

(Ins b, 1) = (K Yo, g tay, Mo, g ki t),s

where Wy € O(d) is the permutation matrix sending (e1, ..., eq) to (eq,...,e1), repre-
senting the longest element wy of the Weyl group W = S, (see Example 2.17). By
the definition of €7, the continuity of =~ LI¢~, and the fact that I, - Xg = k! - Yp,
we have

¢ (") =lim K~ Yo-
Thus
lim gy - € () = T kG - Yo,
On the other hand, by definition of d¢/p, (see Section 5.4), for any = € P1(R),
disteyp, (7, Y6)2 + dgyp, (, 359)2 =1,

and so Corollary 5.14 implies the existence of 0 < § < 1 such that for all large

enough n,
dister, (g, - €T (), k1Y) > /1 — (1—6)2 > 6.

In particular, for any 7’ € 95" \ {n} we have, for all large enough n,
distar, (95 - €5 () g3 - €)= 2
/Po \Tp(n) ?Jo(n) = 9
proving (5.8). O

For any n € N, let h,, := k;lkn+1 € K, so that H" = hphpy1 - hngm—1 for all
n,m € N. The rest of the section is devoted to establishing Lemma 5.13. For this we
first observe that we have a control on the entries of the matrices h,. For 1 <1,5 <d,
the (4, j)-th entry of a matrix h € GL4(R) is denoted by h(3, j).

Lemma 5.16. There is a constant r > 0 such that for any 1 < i,5 < d and any
n € N,

|]’Ln(l,])| < eT—‘(z’:‘i—Ej:H(gn)H.
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Proof of Lemma 5.16. Since (v, )neN is a geodesic ray in the Cayley graph of I', the
sequence 7, 'y,4+1 is bounded (it takes only finitely many values). Therefore the
sequence p(V, ' Vnt1) = 95 g1 = ki ta, thpan K, 41 is bounded, as well as the
sequence ((gn) — (gn+1) = log(a;}rlan) by Fact 2.18. Thus the sequence a;, 'h,a, =
(a, 1hnan+1)(a;}r1an) is bounded in GL4(R), as well as its transposed inverse a, hpa;, .
Since hy, (i, j)eTEieilogan) — (gF1h, a¥1) (i, j) and a, = exp(u(gn)), we can take for
e” a bound for the absolute values of the entries of these matrices (a;-'h,af ) pen. O

Proof of Lemma 5.13. Let us first explain the strategy. The goal, rephrased, is to
bound, independently of m, the entries H]"(i,1) in the first column of the orthogonal
matrix H" by a multiple of e {e1—ginl9n)) - We will develop the entries of H" in
terms of the (hx)n<k<n+m. In doing so, subproducts of the form

P (W, e 1) P 1 (W15 Uk42) -+ - e (Who, Uk o41)

appear (where ug, ..., uxo+1 € {1,...,d}). Controlling the last factor by Lemma 5.16
and bounding all others by 1, such a product is bounded by (a constant multiple of)
e{Fur ~FunserM9640) ynder the assumption that Upror1 < up < Ugye. Even more
is true: the sum of all those products with the triple (ug, ugis, ugpser1) fixed and
(ki1 - -y Upye—1) varying in {uy,...,d} ! is also bounded by (a constant multiple
of) the same estimate ek ~Fukter1#9k+0) A summation by parts reveals pairings
of the form (e, — ey, 1t(9x) — 11(gk+¢)) that can be bounded thanks to the CLI
hypothesis. At that point the coefficient (a,, ' H™ay,)(i, 1) is written as a sum of terms
each bounded by (a constant multiple of) e=""s for some mgs € {1,...,m}. The final
bound comes from the fact that, for each value of ms; € N, the number of terms in
that sum corresponding to my is a polynomial in ms. We now give the details.

Let us first introduce some notation. For any integer 1 < ¢ < d and any matrix
h € GL4(R), we denote by h[i] € GLg11—;(R) the matrix obtained by crossing out
the (7 — 1) topmost rows and the (i — 1) leftmost columns of h. When h is orthogonal,
hli] is the matrix of a 1-Lipschitz linear transformation. Similarly to H)", we define

ZH:{L = hn[l] hn+1[i] s hn+m_1[i] S GLd_H_i(R).

Then ;H]" is the matrix of a 1-Lipschitz transformation and its entries are bounded
by 1 in absolute value. As above, the (k,/)-th entry of a matrix h € GLg4(R) is
denoted by h(k,¢). To make things more natural, we index the entries of h[i] and of
JH™ by pairs (k,0) € {i,...,d}%

Fix i € {2,...,d}. Using this notation, we now express the (i, 1)-th entry of H":

HP(i,1) =) Hu,

where the sum is over all (m + 1)-tuples u = (ug,u1,...,uy) € {1,...,d}™ ! with
ug = ¢ and u,, = 1 and we set

Hu = hn(u07 Ul) hn+1(u17 'LL2) e hn+m71(um71’ Um)

This sum admits the following decomposition:

(5.9) HG@ )= Y. > Higm,

se{l,...i—1} i,j,m
where, for fixed s € {1,...,7 — 1}, the sum is over all i, j, m such that
—i= (ig,i1,...,is) € N*T! satisfies i = ig > i1 > -+ > iy =1,
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— 3= (Jo,J1,---,Js—1) € N* satisfies d > j > iy forall 0 < k <s—1,
—m= (my,...,ms) € N®satisfies 0 < mj <mg < --- <mgs <m,
and the summand is:
io " (i0, J0) My —1(Jo, 1)
Mg = Z-lHr’;"frﬁ’f;;(jigj_)ﬁmrl(jl, e
i Hy o T (is—1,3s—1) hnrmg—1(Js—1, )
isHmimS (is, 1)

n+msg
Indeed, H;jm is the sum of the Hy over all u = (ug,u1,...,up) € {1,...,d}™"!
with ug = 7 and wu,, = 1 such that:

— the smallest index k with ug < ug =1 is myq,
the smallest index k with ug < up,, is ma,

— the smallest index k with ug < wp, , is ms_1,
— the smallest index k with ug = 1 is ms, (well defined since wu,, = 1)
— and for any k € {1,...,5 =1}, up, = iy and U, ,—1 = jk, and up,, =is = 1.

From this we see that the subsums H; j m, for varying s and i, j, m, form a partition
of all the Hy.

Since the entries of ;H]* are bounded by 1 in absolute value, we have

"Hi,j,m| < |hn+m171(j0a ll)| |hn+m271(j1a 7!2)’ e ‘thrmel(jsfla Zs)|
We take the convention that log(0) = —oco. By Lemma 5.16, we then have

S
log [Hijm| < 57+ > (€ s — Eis iGnrme—1))-
k=1

Since jr—1 > ix_1, we have (g5, _,,1(9)) < (€i,_,,p(g)) for all g € G, hence

S
(5.10) log |Hi»j7m| < sr+ Z <€ik—1 - 5ikvﬂ(gn+ﬂ1k*1)>'
k=1

We now sum by parts, using the fact that ¢ = 1: the right-hand side of (5.10) is
equal to

s—1

ST — <51 - 5i07M<gn+m1—1)> - Z <51 - Eik;M(gn+mk+1—1) - M(gn—&—mk—l»'

k=1
Using the CLI assumption and writing (€1 — €y, 4(gn+mi—1)) = (€1 — €ig, 11(gn)) +
<€1 — Eigs M(gn-i-ml—l) - N(gn»a we deduce
1
log [Hijm| < sr— (e1 —ei, pu(gn)) — (K(m1 = 1) = ') = > (k(mpgs1 — my) — &)
1

»
|

>
I

= sr— (e1 — &4, u(gn)) + sk’ — kms + K.
Going back to the formula (5.9) for H)"(i,1), we obtain
(0 Hyan) (5, 1)| = e 750 | i i, 1)

1

/ —
es(r—&-n )tk § :6 KM

1 i,j,m

)

IN

S

Observe now that for a fixed ¢ € N there is at most a polynomial number P(q)
of possible i,j,m with mgs = ¢, hence the above sum is bounded by a multiple of
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the converging series > | P(q)e™"?. The real numbers (a, YH™a,)(i,1) are therefore
uniformly bounded for (n,m) € N2. O

5.6.2. Transversality in general. We now prove Theorem 5.3.(4) in full generality.
Recall the subset ¥J C ¥ of the positive restricted roots from (2.3).

Proposition 5.17. Let I' be a word hyperbolic group, G a real reductive Lie group,
0 C A a nonempty subset of the simple restricted roots of G, and p : T' — G a
representation. Suppose that the maps £, of Theorem 5.3.(1) are well defined and
p-equivariant, and that 2~ UE™ = (Egc o p) UE™ : T U 0" — G/ Py~ is continuous.
Let (Yn)nen be a geodesic ray in the Cayley graph of ', with endpoint n € O I'. If
the sequences ({c, p(p(n))))nen for o € B are CLI, then £7(n) and £ (1) are
transverse for all ' € 0T ~ {n}.

To prove Proposition 5.17 (and also later Proposition 5.20), we shall use the
following lemma.

Lemma 5.18. Let k,k" > 0. For1 <i <D, let (:cg))neN and (yg))neN be sequences
of real numbers. Suppose that the D sequences (m,(f))neN, for1 <i< D, areall (K K')-

lower CLI, and that for any n € N there exists o, € Gp such that y7(1i) _ (an i for
alll <¢ < D. Suppose also that we are in one of the following two cases:

(*) yr(zl) > 2> yn for alln € N, or
(¥x) there exists M > 0 such that ’ynH - 3/7(12)| <M forallneN and1<i<D.

Then the D sequences (yﬁl))neN, for 1 <i < D, are all (k,&)-lower CLI, where we

set
I in case (*),
P R+ D(k+ K 4+ M) in case (xx).

"

Remark 5.19. An analogous statement holds for the (x”,k”)-upper CLI property

of sequences (ar,(f))neN and (yﬁf ))neN: this follows from Lemma 5.18 applied to the
sequences (Rn — Py )) and (Rn — y,(f)), where R is any real > .

Proof of Lemma 5.18. Suppose we are in case (x). Then foranyn € Nand 1 <i < D
the number yﬁf ) can be defined as the largest real number y such that at least ¢ of the

(1) (D)

D numbers z;, ', ..., x5 ’ are > y. By the CLI hypothe51s for any m > 0, at least i of
the D numbers xﬁ}lm, o ,xfﬁ)m are > y,g) + rm — K/, and so yfi}rm > yﬁb) +rm — K.

This proves that (yﬁf))neN is lower CLI with constants (k, k).

We now treat case (xx). By case (x), up to reordering the 2\ for each n € N,
we may assume that xnl) > 0> :rﬁl ) for all n € N. Fix an integer 1 < i < D
and an integer n € N, and focus on the sequence (yﬁllm)mzo. For any m > 0, let
Tm = ontm(i) € [1, D], so that ?Jiw)rm = :cﬁH,L is the rp,-th largest number in the

family (yfl +)m,. ,yfﬁ)m) There exist an integer s < D and a finite maximal list

0=mp <myp <--- <mgy1 = +0o0 such that
Tmg <Tmy <+ <Tm, <D and rp < 1y, for all m < mjyq.
For any mj; <m < mji1,

(4) (4) _(rm) (ij) > (rmj) (ij)

/
Yntm — yn—i—m]- =Tpim — xn—i—mj Z Tpym — xn—l—mj > H(m - mj) — K,
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where the first inequality comes from the assumption l’S}rm > > xﬁl +)m and the

second inequality from the CLI hypothesis. Then for any m; < m < m;41, using the
CLI hypothesis again as well as (#x*), we can bound

. . i J
ys—)i-m - y'r(zl) = yﬁb—)i—m yn—l—mj Z < yn—i—mk - ynlmk 1) + (yﬁw)rmk 1 y?&j—mk 1))

=1

.

> k(m —m;) —,@’4_2 — M+ rk(m — 1 —my_ 1)—/@)

(R ()
Since j < s < D, this produces the desired bounds. O

Proof of Proposition 5.17. Let (1,V') be an irreducible, proximal, #-compatible linear
representation of G (Lemma 3.2). By Proposition 3.3.(b), it induces embeddings
vt G/Py = Pr(V)and v : G/P; — Pgr(V*). We identify GLr (V) with GLq(R)
for some d € N, and denote by agr,, the set of diagonal matrices in gl ;(R) and EELd
its subset with entries in nonincreasing order. Up to conjugating 7, we may assume
that the Cartan decomposition of G is compatible with the Cartan decomposition
of GL4(R) of Example 2.14, in the sense that 7(K) C O(d) and d.7(a) C agr,. We
distinguish the corresponding Cartan projections p: G — a' and uqr, : GLg(R) —
aGL For any ¢g € G, the matrix d.7(u(g)) is diagonal with entries (x, p(g)), where
X € a* ranges through the weights of 7. The matrix pugr,(7(g)) is the diagonal matrix
with the previous entries ordered: (e1, par,(7(9))) = (x+, 1(g)), and for any 2 < i <d
there is a weight x # x- (depending on g and ) such that (g, par,(7(9))) = (x, 1(g)).
By Lemma 3.7, for any weight y # x of 7, we can write y, — x = Zaezg Mo
where mg, > 0 for all @. Using that sums of CLI sequences are again CLI and applying
case (x) of Lemma 5.18 to the sequences X = ({x+ — x, u(p(Vn)))neN for x ranging
through the set of weights of 7 different from y. and
v = ((e1 — &0, gy (7 © p(1n)))Inen
for ¢ ranging through {2,...,d}, we see that if the sequences ({c, u(p(7n))))nen for
o€ Z('; are CLI, then so are the sequences 39, for all 2 < i < d. By Proposition 5.12,
To&t(n) and 1= o & (1)) are transverse for all ' # 1. Therefore, £1(n) and £~ (')
are transverse for all ' # 7 by Proposition 3.3.(b). O

This concludes the proof of Theorem 1.1, hence also of the implication (4) = (1)
of Theorem 1.3.

5.7. Contraction properties for Anosov representations. We now establish the
implication (1) = (4) of Theorem 1.3.

Proposition 5.20. Let I' be a word hyperbolic group, G a real reductive Lie group,
0 C A a nonempty subset of the simple restricted roots of G, and p : I' — G a
Py-Anosov representation. Then there exist k,k" > 0 such that for any o € E;
and any geodesic ray (Vn)neN with g = e in the Cayley graph of T', the sequence

({a, p(p(vn))))nenN is (K, &")-lower CLI.

To prove Proposition 5.20, we shall use the following lemma.

Lemma 5.21. If an ellipsoid B is contained in an ellipsoid B' in R, then for any
1 <1 < d, the i-th principal axis of B is no longer than the i-th principal axis of B'.
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Proof. Tt suffices to show that the length r; of the i-th largest axis of B is the diameter
of the largest possible copy of the Euclidean ball of an i-dimensional subspace (or
i-ball) of R? that fits into B. Clearly, an i-ball of diameter r; fits into B, for instance
inside the ¢-dimensional vector space V; spanned by the ¢ largest axes. Since the
orthogonal V.-, of V;_1 in R? intersects B along a (d — i + 1)-dimensional ellipsoid
whose axes are all of length < r;, it is also clear that no larger i-ball can fit into B,
since it would have a diameter in Vlfl by a simple dimension count. O

Proof of Proposition 5.20. By Fact 2.34, we may assume without loss of generality
that 6 = 6*, so that X = (E1)*. Let ¢ : Gr — G/Ly be the section associated
with the Pyp-Anosov representation p. As in Section 4.1, we choose a p-equivariant
continuous lift B : Gr — G/Ky of & and a p-equivariant set-theoretic lift B :0r— G
of 5. For any (t,v) € R x Gr the element I, = B(v) 1B (s - v) belongs to L.

By Proposition 2.8, Lemma 4.4, and Proposition 4.8, there are a compact subset D
of Gr and constants KC, ng, Ko, k{, > 0 with the following property: for any geodesic ray
("n)nen with 79 = e in the Cayley graph of I, there exist v € D and a (ko, k()-lower
CLI sequence (t,,) € RN such that for all n > ny,

l1(p(m)) = 1ol )l < K.

Therefore it is enough to prove the existence of k, &%’ > 0 such that for any a € X7,
any t,s € R, and any v € D,

(5.11) <aa polersw) — po(lew)) > ks — R

In fact, we only need to establish (5.11) for ¢,s € N. Indeed, l;, is uniformly close
to l|y), for t € R and v € D, by the cocycle property (4.2) of the map (t,v) +— li,
the I'-invariance property (4.1), and the fact that the set {ls,|s € [0,1], v € D} is
bounded in G since {3(ps - v)|s € [0,1], v € D} is by Lemma 4.4.

Recall the subbundle ET of T(G/Lg) from (2.7). Since 8 : Gr — G is a lift of
& : Gr — G/ Ly, we have E;r(v) = B(v) - Ty, (G/Py) for all v € Gr, where we write 3(v)
for the derivative of the action of B (v) by left translation, and z9 = ePy € G/Py. Fix
a Kp-invariant Euclidean norm || - |lo on Ty, (G/Ps) ~ u, . For any v € Gr,

(5.12) w i [Jwlly = [1B(0) ™" - wllo

defines a Euclidean norm on E;F(U). The norm || - ||, does not depend on the lift

B(v) € G of B(v) € G/Ky since | - ||o is Kp-invariant. As § is continuous, the family
(Il - l|v)vegy is continuous and p-equivariant. By Definition 2.30.(ii) of a Py-Anosov
representation, there exist x, ' > 0 such that

_ ’
lwllo < e lwllp,v

for all v € Gr and all w € E;(v). In other words, for any v € Gr, the unit ball Bi;,
of ||+ |lpssv In E;(U) is contained in e~**** times the unit ball By, of || - [|py0, for
all t,s > 0. We now apply Lemma 5.21 to E;(v) endowed with the Euclidean norm
| - |lo: for any 1 < i < dim G/ Py, the length of the i-th principal axis of By, is
at most e "5t times that of the i-th principal axis of Bi.». By construction, the

lengths of the principal axes of B;, are the e(@nolen) for o ranging through Z;, or
in other words the e~(®#e{tv)) for o ranging through (X4 )* = =7, see (2.10). Since
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| 1to(Le41,0) — po(le.v)|| is bounded, we may apply case (*x) of Lemma 5.18: there exists
7' > 0 such that for any o € £, any ¢, s € N, and any v € D,

<OC7 M9(1t+s,v) - NB(lt,v» > KS — i
Thus (5.11) holds, which completes the proof. O

6. ANOSOV REPRESENTATIONS AND PROPER ACTIONS

In view of the properness criterion of Benoist [Ben96| and Kobayashi [Kob96] (see
Section 1.5), our characterizations of Anosov representations p : I' — G in terms of
the Cartan projection p (Theorem 1.3) provide a direct link with the properness of the
action of I' (via p) on homogeneous spaces of G, and immediately imply Corollary 1.9.
In this section we illustrate the proofs of Corollaries 1.10 and 1.11 in some cases of
Tables 1 and 2, and provide a proof of Corollary 1.12.

6.1. Hitchin representations. We first consider Corollary 1.10, which concerns
Hitchin representations into split real semisimple Lie groups G. The point is that
any Hitchin representation p : m(X) — G is Pa-Anosov [Lab06|, [FG06, Th.1.15].
Thus, in order to deduce Corollary 1.10 from Corollary 1.9, it is sufficient to check
that p(H) C (Uyen Ker(a) for every pair (G, H) in Table 1. Let Kz be a maximal
compact subgroup of H and ﬁj{[ a closed Weyl chamber in a Cartan subspace ag of h
such that H = K (exp H}})K - We may assume that the maximal compact subgroup
K of G contains Ky and that the Cartan subspace a of g contains ay [Kar53, Mos55.
Let p: G —a" and py : H — HJI;, be the corresponding Cartan projections.

Lemma 6.1. In order to prove that m(X) acts sharply on G/H for any Hitchin
representation p : w1 (X) — G, it is sufficient to verify that

ag C U Ker(a) C a.
acd

Proof. For any h € H, the element u(h) € @* is the unique W-translate of g (h) € ﬁ;
contained in @*. Thus, if ag C J,ex Ker(a), then p(H) C @ N Y, ey Ker(a) =
at N UJaen Ker(a). We conclude using Corollary 1.9. O

For the pairs (G, H) in Table 1, the embedding H < G is the natural one, i.e. H
is the stabilizer of a decomposition of the standard G-module or of an endomorphism
of it. For instance, in case (iii), the identification C? ~ R?? gives an embedding
j : GLg(C) — GLgg(R) which restricts to an embedding SL4(C) x U(1) — SLgg(R)
since det(j(A)) = | det(A)|? for any A € GLy4(C).

As an example, let us exhibit ag C a as in Lemma 6.1 for case (vi) of Table 1,
where (G, H) = (SO(d,d), GLx(R)). Let

a = {diag(ai,...,aq, —a1,...,—aq) | ai,...,aq € R}

be the set of diagonal matrices contained in g, where G = SO(d, d) is defined by the
quadratic form z1z441 + - -+ + £qT2q. Let

ag = {diag(b1,...,bx) | b1,...,bp € R}

be the set of diagonal matrices contained in h = gl (R). The action of GL4(R) on
the vector space R? @ (R%)* preserves the natural pairing between R? and (R%)*,
which is a symmetric bilinear form of signature (d,d). This defines an embedding
GL4(R) — G = SO(d, d); composing it with the natural inclusion H = GLg(R) —
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GL4(R) gives the embedding H < G. The corresponding embedding ay < a is
given by

diag(by,...,by) —> diag(by, ..., bk, 0,...,0,—=b1,...,—bg,0,...,0).
The pair (ag,a) satisfies the condition of Lemma 6.1 since the restricted root
a:diag(ag,...,aq, —a1,,...,—aq) — Ag—1 — G4
of a in GG is zero on ay under the condition k < d — 1.

Remark 6.2. In all examples of Table 1 except (i), (vi), and (vii), the homogeneous
space G/H is an affine symmetric space. We obtained these examples by checking the
condition of Lemma 6.1 in Okuda’s classification [Okul3, App. A] of affine symmetric
spaces admitting a properly discontinuous action by a discrete group which is not
virtually abelian. Examples (i), (vi), and (vii) of Table 1 were obtained by checking
the condition of Lemma 6.1 in a list of examples of nonsymmetric G/H admitting
properly discontinuous actions by nonvirtually abelian groups given in [BJT14].

6.2. Maximal representations. We now address Corollary 1.11. Let G be a simple
Lie group of Hermitian type, of real rank d > 1. Then the restricted root system of G
is of type Cyq or BCy. This means that there is a system of simple restricted roots
A = {oq,...,0q} such that (a;, ;) # 0 < |i —j| <1 and ||og| > |lai]| = - =
|lg—1||- The restricted root system is of type BCy if and only if 2a4 is a root.

Let 3 be a closed hyperbolic surface. The point is that any maximal representation
p:m(X) = Gis P, ~Anosov [BILW05, BIW]. Similarly to Lemma 6.1, we thus only
need to check the following for each pair (G, H) of Table 2. As above we assume
that the maximal compact subgroup Ky of H is contained in K and that the Cartan
subspace ag of H is contained in a.

Lemma 6.3. In order to prove that m1(X) acts sharply on G/H for any mazimal
representation p : w1 (X) — G, it is sufficient to check that

ag C U Ker(w - ag) = U Ker(a; + -+ -+ ag) C a.
wew 1<i<d

As an example, let us exhibit ay C a as in Lemma 6.3 for case (ii) in Table 2,
where (G, H) = (Sp(2d,R), U(d — k, k). By symmetry, we may assume k < d — k. Let

a = {diag(ai,...,aq, —a1,...,—aq) | a1,...,aq € R}

be the set of diagonal matrices contained in g, where G = Sp(2d, R) is defined by the
symplectic form z1 A xg41 + - + x4 A x9q. Let

ag = {diag(bl,...,bk,O,...,O,—bk,...,—bl) | bi,..., b, € R}
be the set of real diagonal matrices contained in b, where H = U(d—k, k) is defined by
the Hermitian form z12g + - -+ + 2xZd kg1 + |2es1/? + - - + |24_k|%. The embedding of
H into G is given by identifying C? with R?¢ and observing that the imaginary part
of the Hermitian form above is symplectic. The corresponding embedding ag — a is
given by
diag(bl, cee ,bk,O, ce ,0, —bk, ceey —bl)
— diag(bl,...,bk,o,...,0,—b;€,...,—bl,—blj...,—bk,o,...,O,bk,...,bl).
Since k < d — k, the restricted root
Qpy1 + -+ g diag(ay, ..., aq, —ai, ..., —aq) — Qg1

is zero on ag, and so the condition of Lemma 6.3 is satisfied.
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6.3. Proper actions of rank-1 reductive groups yield Anosov representa-
tions. In order to prove Corollary 1.12, we first establish the following easy conse-

quence of Theorem 1.3; see also [Lab06, Prop. 3.1] and [GW12, Prop. 4.7| for similar
criteria.

Corollary 6.4. Let G be a real reductive Lie group, 8 C A a nonempty subset of the
simple restricted roots of a in G, and G1 a reductive subgroup of G of real rank 1.
Suppose that aN gy is a Cartan subspace of g1 satisfying (a N g1) N Ker(w - a) = {0}
for allw € W and o € 0. Then for any convexr cocompact subgroup I' of Gy, the
inclusion of T into G is Py-Anosov.

Ezample 6.5. Let I' be a convex cocompact subgroup of SLy(R) (for instance the
image of a Fuchsian representation 7 (X) — SLa(R) for a closed hyperbolic surface X).
For k > 1, let ¢}, : SLa(R) — SL2(R)* be the diagonal embedding. For d > 2k, if we
see SLa(R)* as a subgroup of G = SL4(R) by embedding it in the upper left corner
of SLg(R), then ¢, : I' - G is P -Anosov.

k—€k+1

Proof of Corollary 6.4. Up to conjugation, we may assume that G; admits the decom-
position

(6.1) G1 = (K N Gy)(exp(a) N G1) (K NGy).

The set 1(G1) = p(exp(a) NG1) =at NW - (angy) is then a union of two (possibly
equal) rays L1, Lo starting at 0. By assumption, for any ¢ € {1,2} and « € § we have
L; N Ker(a) = {0}; this is also true for any a € X \ ¢ since a* N Ker(a) = {0}.
Therefore, for any a € I there is a constant C,; > 0 such that (o, Y) = Cu; ||V
forall Y € L;.

Let T be a convex cocompact subgroup of G;. Let us prove that the natural
inclusion of I' in G is Py-Anosov.

We first assume that G is semisimple of real rank 1, so that there is only one ray
Ly = Lo. Let pg, be a Cartan projection for Gy associated with the decomposition
(6.1). Since G has real rank 1, we may see ug, as a map from G to R4, and there
is a constant C' > 0 such that ||u(g)|| = C pe, (g) for all g € Gy; thus, for all g € Gy,

(6.2) (o, 11(9)) = Ca1C i, (9)-

Since I' is convex cocompact in (1, its inclusion in G is Anosov with respect to a
minimal parabolic subgroup of G; (Remark 2.36). By Theorem 1.3 (or Corollary 2.20),
for any geodesic ray (v, )nen in the Cayley graph of I', the sequence (i, (n))neN is
CLI, and the CLI constants are uniform over all geodesic rays (7, )nen With 7o = e.
By (6.2), the sequence ({@, it(7n)))nen is CLI as well for all o € ¥, with uniform
CLI constants, and so the inclusion of I' in GG is Pyp-Anosov by Theorem 1.3.

We now assume that G is not semisimple. It is then a central extension of the
compact group K NGy by the one-parameter group exp(a) NGy, and I' is virtually the
cyclic group generated by some element v € G1 \ K. Let ug, be a Cartan projection
for Gy associated with the decomposition (6.1). We may see ug, as a map from
G1 to R, and there is a constant C' > 0 such that |u(y")|| = C |n||pe, (7)] for all
n € Z. For any a € &, the estimates (a,Y) = Cq; [|Y| for Y € £; imply that the
sequences ((a, u(7")))nen and ({(o, (7™"™)))nen are CLI, and so the inclusion of '
in G is Py-Anosov by Theorem 1.3. U

Proof of Corollary 1.12. Up to conjugation, we may assume that G admits the de-
composition (6.1). Then aNg; is a Cartan subspace of g; and p(G1) = p(exp(a)NGy) =
atNW - (ang;). Since Gy acts properly on G/H and p(H) D |J, o Ker(o) Nat by
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assumption, the properness criterion of Benoist and Kobayashi of Section 1.5 (see also
the earlier paper [Kob89|) implies that (aNg;) NKer(w - o) = {0} for all w € W and
a € 0. By Corollary 6.4, for any convex cocompact subgroup I' of G1, the natural
inclusion of I in G is Py-Anosov. O

7. PROPER ACTIONS ON GROUP MANIFOLDS

In this section, we consider properly discontinuous actions on group manifolds and
deduce Theorems 1.14 and 1.16 and Corollary 1.18 from Theorems 1.3 and 1.7.

7.1. Proper actions on group manifolds, uniform domination, and Anosov
representations. Before stating our main Theorem 7.3, we introduce some useful
notation and terminology.

7.1.1. Uniform Py-domination. Let I' be a discrete group, G a real reductive Lie
group, and 8 C A a nonempty subset of the simple restricted roots of a in G. Recall
that w, denotes the corresponding fundamental weight (3.1) of a simple root « € A.
We adopt the following terminology.

Definition 7.1. A representation p;, € Hom(I', G) uniformly Py-dominates a repre-
sentation pp € Hom(I', G) if there exists ¢ < 1 such that for all &« € § and v € T,

(was A(pr(7))) < ¢ (wa, AlpL(7)))-

If G has real rank 1, then 8 = A is a singleton and we say simply that pr uniformly
dominates pg.

Note that uniform Fy-domination is equivalent to uniform Py_g«-domination by
(2.15). We shall use uniform P-domination both in G and in the setting of the next
paragraph.

7.1.2. Automorphism groups of bilinear forms. Let K be R, C, or the ring H of
quaternions. Let V be a K-vector space (where K acts on the right in the case of H),
and let b: V ®r V — K be a nondegenerate R-bilinear form which is symmetric or
antisymmetric (if K = R or C), or Hermitian or anti-Hermitian (if K = C or H).
Let Autk(b) be the subgroup of GLk (V') preserving b; we shall always assume it is
noncompact. Table 4 gives a list of all possible examples.

Autk (b) | K | dimk (V') | Description of b
O(p,q) |R| p+gq symmetric
Ulp,q) |C| p+gq Hermitian
Sp(p,q) |H| p+gq Hermitian
O(,C) | C d symmetric

Sp(2d,R) | R 2d antisymmetric

Sp(2d,C) | C 2d antisymmetric
O0*(2d) |H 2d anti-Hermitian

TABLE 4. In these examples, p, q,d are any integers > 1.

We denote by Qo(b) C Autk(b) the stabilizer of a b-isotropic line of V. It is a
maximal proper parabolic subgroup, and Fy(b) := Autk (b)/Qo(b) identifies with the
set of b-isotropic K-lines of V' inside the projective space Pk (V) = (V ~ {0})/K*.
As in Section 3.2, we say that a representation 7 : G — Autk (b) is prozimal if some
element of 7(G) has an attracting fixed point in Pg (V).
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Remark 7.2. We have assumed since Section 2.2 that the reductive group G acts on g
by inner automorphisms, to simplify the description of the parabolic subgroups of GG
and ensure that the Cartan projection p : G — @ is well defined. However, some of
the groups Autk (b) in Table 4, namely O(p, q) for p = ¢ and O(d, C) for even d, have
elements acting on g via outer automorphisms. For these groups G = Autk(b), we
can still define notions of

e Py-Anosov representation p : I' = G,

e uniform FPy-domination of pp: ' — G by pr : I' = G;

e sharpness (see (1.2)) for the action of I" via p : I' = G on some homogeneous
space G/H.

Indeed, for any representation p : I' — G there is a finite-index subgroup I of T’
such that p(I"”) is contained in the identity component of G, which acts on g by
inner automorphisms. We define the properties above to hold when they hold for
the restriction to IV. This does not depend on the finite-index subgroup I": see
property (3) of Section 2.5.3 for Anosov representations, and Fact 2.18 for sharpness.

7.1.3. A wuseful normalization. We shall use the following normalization to avoid
having to switch pr, and pr in Theorem 7.3.

Let 7: G — Autk (b) be an irreducible representation of G with highest weight .
For any pr, pr € Hom(T', G), the following always holds up to switching pr, and pg:

(7.1) sup  (xr, A(pz(7)) = AMpr(7))) = 0.
of inﬁ?lietg order

If G is semisimple of real rank 1, then § = A is a singleton {a} and (assuming 7
to be nonzero) the inequality (7.1) is equivalent to

Sup (Wa, A(pL (7)) — Alpr(7))) = 0.
ve
of infinite order

For G of arbitrary real rank, (7.1) always holds when pr, uniformly Py-dominates pr
and 7 is #-compatible (Definition 3.1).

7.1.4. The main theorem. Here is the main result of this section.

Theorem 7.3. Let T" be a discrete group, G a real reductive Lie group, and § C A
a nonempty subset of the simple restricted roots of G, with 6 = 6*. For K =R, C,
or H, let V' be a K-vector space and 7 : G — GLk(V') an irreducible, 0-proximal
representation preserving a nondegenerate R-bilinear form b:V Qr V — K which is
symmetric, antisymmetric, Hermitian, or anti-Hermitian over K. Let b’ be a nonzero
real multiple of b. For a pair (pr,pr) € Hom(T',G)? with the normalization (7.1),
consider the following conditions:

(1) T is word hyperbolic and pr, is Py-Anosov and uniformly Py-dominates pr;

(2) T is word hyperbolic, pr, is Pyp-Anosov, and T o pr, : I' — Autk (b) uniformly
Qo(b)-dominates T o pr;

(8) T is word hyperbolic and 7o pr, : T' — Autk (b) is Qo(b)-Anosov and uniformly
Qo(b)-dominates T o pr : T' — Autg (b);

(4) T is word hyperbolic and Topr,®Topr : I' = Autk (bdb) is Qo(bBb')-Anosov;

(5) pr is a quasi-isometric embedding and the action of T' on (G x G)/Diag(G)
via (pr, pr) is sharp (see (1.2));

(6) pr is a quasi-isometric embedding and the action of T' on (G x G)/Diag(G)
via (pr, pr) is properly discontinuous;
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(7) (pr,pr) : T — G x G is a quasi-isometric embedding and the action of T' on
(G x G)/Diag(G) via (pr, pr) is properly discontinuous.

The following implications always hold:
(1) = 2) <= 3)<—= 4) = (b)) = (6) = (7).

If 0 is a singleton, then (2) = (1) holds as well. If G has real rank 1, then all
conditions are equivalent.

Remarks 7.4. (a) An irreducible, #-proximal representation 7 : G — Autk(b) as
in conditions (2), (3), (4) always exists when § = 6*: see Proposition 7.8
below. On the other hand, conditions (1), (5), (6), (7) do not involve 7.

(b) The condition 6 = 6* is not restrictive: see Fact 2.34.

(¢) In condition (4) there are essentially two choices for b': either b’ = b or b’ = —b.
The groups Autk (b @ b) and Autk (b® (—b)) both sit inside GLx(V @ V') and
their intersection is Autk (b) x Autk(b). These groups are not isomorphic in
general: see Example 7.5. Even when they are isomorphic, the corresponding
two embeddings of I" via (pr, pr) tend to be of a quite different nature: this
is the case for instance when b is a real symplectic form.

Ezample 7.5. For G = O(1,d), which has real rank 1, the set 6 is necessarily equal
to A, which is a singleton. We may take Autk(b) to be G and 7 : G — Autk(b) to be
the identity map. Theorem 7.3 then states the equivalence of the following conditions,
for a discrete group I' and a pair (pr, pr) € Hom(T', G)? of representations:

(1) T is word hyperbolic and one of the representations py, or pr is convex cocom-
pact and uniformly dominates the other;
(47) T is word hyperbolic and pr, @ pg : I' — O(2,2d) is Anosov with respect to
the stabilizer of an isotropic line in R?2¢;
(47) T is word hyperbolic and pr, @ pr : T' = O(d+1,d+ 1) is Anosov with respect
to the stabilizer of an isotropic line in R¥14+1,
(5) one of the representations pr or pg is a quasi-isometric embedding and the
action of I on (G x G)/Diag(G) via (pr, pr) is sharp;
(6) one of the representations pr or pg is a quasi-isometric embedding and the
action of I on (G x G)/Diag(G) via (pr, pr) is properly discontinuous;
(7) (pr,pr) : T' = G x G is a quasi-isometric embedding and the action of I" on
(G x G)/Diag(G) via (pr, pr) is properly discontinuous.

Here we see O(2,2d) (resp. O(d + 1,d + 1)) as the stabilizer in GLag+2(R) of the
quadratic form x%—x%—~~—x3+y§—y%—-~-—yg (resp. :c%—a:%—-'-—zg—yg—l—
Yy + yg) Similar equivalences are true after replacing

(0(1,d), 0(2,2d),0(d + 1,d + 1), R***?)

with (U(1,d), U(2,2d), U(d+1, d+1), C**2) or with (Sp(1, d), Sp(2, 2d), Sp(d+1, d+1),
H2d+2), or after taking compact extensions of these groups.

We refer to [Gol85, Ghy95, Kob98, Sal00, Kas09, GK, GKW15, DT15, Tho, DGK]
for examples of discrete subgroups of O(1,d) x O(1,d) satisfying the equivalent con-
ditions of Example 7.5.

Theorems 1.14 and 1.16 are contained in Theorem 7.3: namely, conditions (1), (2),
(3) of Theorem 1.14 correspond to conditions (7), (5), (1) of Theorem 7.3 (see Exam-
ple 7.5 for classical G), while conditions (3), (4), (5) of Theorem 1.16 correspond to
conditions (1), (4) with (7,0) = (id, b), and (4) with (,b") = (id, —b) of Theorem 7.3.
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Remark 7.6. When G has higher real rank, the implication (5) = (4) of Theorem 7.3
is false. Indeed, if T" is quasi-isometrically embedded in G x G and acts sharply
on (G x G)/Diag(G), it does not need to be word hyperbolic: for instance, for
G = 0(2,2d), any discrete subgroup of O(1,2d) x U(1,d) C G x G acts sharply on
(G x G)/Diag(G). The implication is actually false even if we assume I' to be word
hyperbolic: for instance, take p;, to be any quasi-isometric embedding which is not
Py-Anosov (see e.g. Appendix A) and pgr to be the constant representation.

7.1.5. A complement to the main theorem. In Theorem 7.3, we may replace the
notion of Anosov representation into Autk (b) with that of Anosov representation into
GLk(V), as follows.

Proposition 7.7. In the setting of Theorem 7.3, let P.,_c,(V') be the stabilizer in
GLk (V) of a line of V and P, _,(V @& V) the stabilizer in GLg(V & V') of a line of
V @ V. Condition (3) of Theorem 7.3 is equivalent to
(3°) T' is word hyperbolic and 7o pr, : I' — GLg(V) is P, —c,(V)-Anosov and
uniformly P, _.,(V)-dominates T o pg.
Condition (4) of Theorem 7.3 is equivalent to
(4°) T is word hyperbolic and Topr, ®@Topr: T — GLg(V@V) is Poy—e, (VB V)-
Anosov.

7.2. Linear representations into automorphism groups of bilinear forms.
Before proving Theorem 7.3 and Proposition 7.7, we make a few useful observations
and fix some notation.

7.2.1. Ezxistence of representations. The following proposition justifies the assump-
tions in Theorem 7.3.

Proposition 7.8. Let G be a noncompact real reductive Lie group and 6 C A a
nonempty subset of the simple restricted roots of G. For K =R, C, or H, there exists
an irreducible, 0-prozimal representation T : G — GLx (V') preserving a nondegenerate
R-bilinear form b:V Qr V — K if and only if 0 = 6*.

Note that in this case the group Autk (b) is necessarily noncompact since it contains
an element which is proximal in Pg (V).
One implication of Proposition 7.8 is given by the following observation.

Lemma 7.9. For K=R, C, or H, let 7: G — GLk (V) be an irreducible represen-
tation with highest weight x,. If the group T7(G) preserves a nondegenerate R-bilinear
form bV @rV — K, then x; = x%; moreover, b is unique up to scale. When
K =R and 7 is prozimal, the converse also holds.

Proof of Lemma 7.9. The dual representation (7%,V* = Homk(V,K)) has highest
weight x>. Therefore, if there exists a (7,7*)-equivariant isomorphim ¢ : V' — V*
then x, = xZ; in this case 9 is unique up to scale by the Schur lemma. We then
note that the space of nondegenerate 7(G)-invariant bilinear forms b: V @x V — K
identifies with the space of (7, 7%)-equivariant isomorphims V' — V* by sending b to the
isomorphism v — b(v, ). This treats the case of a symmetric or antisymmetric form.

For the case of Hermitian and anti-Hermitian forms (where K = C or H), we
observe that the (real vector) space of forms b: V @g V — K that are K-linear in
the second variable and antilinear in the first variable identifies with the space of
(1,7*)-equivariant homomorphims V — V* where 7* is the representation of G' on
the space V* of antilinear forms u : V — K, i.e. u(vz) = zu(v) for all v € V and
z € K. The highest weight of V* is also x%.
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When K = R and 7 is proximal, the equality xr = xZ implies the existence of an
equivariant isomorphism V' — V*  hence of a nondegenerate invariant bilinear form.

O

Proof of Proposition 7.8. Suppose there exists an irreducible, 6-proximal representa-
tion 7 : G — GLk (V) preserving a nondegenerate R-bilinear form b: V @g V — K.
By Lemma 7.9, the highest weight x, of 7 satisfies x; = x%. By definition of -
compatibility, 6 is the set of a € A such that (x,,«) > 0. Since the W-invariant
scalar product (-,-) on a* is invariant under o — a*, we conclude that 6 = 6*.
Conversely, suppose # = 0*. By Lemma 3.2, we can find an irreducible proximal
real representation (7,V’) of G’ with highest weight x € > .y N*w, satisfying x, =
X%; it is f-compatible by definition. By Lemma 7.9, the group 7(G) preserves a
nondegenerate real bilinear form. Tensoring with K gives an irreducible, #-proximal
K-representation V' together with an invariant bilinear form b: V Qg V — K. Il

Remark 7.10. For K = R or C, we can always assume b to be symmetric up to
replacing V' with the irreducible representation of highest weight 2y,, which is a
subrepresentation of Sym?(V).

7.2.2. Cartan and Lyapunov projections for G, Autk(b), and GLk (V). As in The-
orem 7.3, let b: V ®r V — K be a nondegenerate R-bilinear form on a K-vector
space V and 7 : G — Autk(b) C GLk(V) an irreducible, #-proximal representation.
We identify GLk (V') with GL4(K) where d = dimk (1), and use the notation of Ex-
ample 2.14. Up to conjugating, we may assume that the real Lie groups G, Autk (b),
and GLk (V') have compatible Cartan decompositions, in the sense of inclusion of the
corresponding maximal compact subgroups and inclusion of the corresponding Cartan
subspaces (see Remark 3.6). We denote the corresponding Cartan projections by p, fp,
HGLk (v), and the corresponding Lyapunov projections by A, Ap, Aqr(v)- Let ag(b)
be a simple restricted root of Autk(b), determining the parabolic subgroup Qg (b)
of Section 7.1.2; then ag(b) = ap(b)*. Let wy,) be the corresponding fundamental
weight. We use similar notation for b @ b on V @ V. Then the following equalities
hold.

Lemma 7.11. Let v be either the Cartan projection p or the Lyapunov projection A.
For any g € G,

(1) (Waov): v6(T(9))) = (€1, Vare (v)(T(9))) = (X7, v(9)),
(2) (ao(b), vp(7(9))) = (€1 — €2, VGLK(V)(T( )
For any g,¢' € G with (x+,v(9)) > {x,v(q')),
(3) {ao(b@ V), vhar (T(g9) ® 7(g)))
= (e1 — €2, VaLg(vav)(T(9) © 1(9)))
= min {{ao(b), 5(7(9))), Wae(v)> ¥6(T(9)) — v(7(g'))) }-

The space Fo(b) = Autk (b)/Qo(b) identifies with the subset of Pk (V') consisting
of b-isotropic lines, and similarly for Fo(b @ V') inside Pg(V @ V). The embedding
V>~V &{0} — V&V induces a natural embedding Fy(b) — Fo(b B b').

Similarly to Lemma 7.11.(3) for A, the following holds:

Remark 7.12. Let g,¢' € G satisfy (xr, A(g) — A(¢’)) > 0. Then the element 7(g) &
7(¢") € Autk (b®V) is proximal in Fo(bD V') if and only if 7(g) € Autk (b) is proximal
in Fo(b). In this case the attracting fixed point of 7(g)®7(¢’) in Fo(bbb') is the image
of the attracting fixed point of 7(g) under the natural embedding Fy(b) — Fo(bd V'),
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and the same holds with (g7, ¢'"') instead of (g,¢'), by (2.15) and the fact that
Xr = X+ (Lemma 7.9).

7.2.3. The properness criterion of Benoist and Kobayashi for group manifolds. If
p: G —at is a Cartan projection for G as above, then

(7.2) uxp:GxG—at xat

is a Cartan projection for G x G. It sends Diag(G) to the diagonal of a* x a*. Let
Il - || be a W-invariant Euclidean norm on a as in Section 2.3.1. In this setting the
properness criterion of Benoist and Kobayashi (see Section 1.5) can be expressed as
follows.

Properness criterion for group manifolds [Ben96, Kob96|: A discrete subgroup
I of G x G acts properly discontinuously on (G x G)/Diag(G) if and only if
(1) — p()l ——— o0,

v =(v] ) o0

where 7/ — oo means that v/ exits every finite subset of I".
The action of IV on (G x G)/Diag(G) is sharp, in the sense of (1.2), if and only if
there exist ¢, C' > 0 such that for any 7/ = (v],74) € I,

(71) = ()l = e (IO + lu(b)]) = C.

7.3. Proof of Theorem 7.3. In Theorem 7.3, the implication (5) = (6) is immediate
from the definition (1.2) of sharpness and the properness criterion of Benoist and
Kobayashi. Remark 2.19, with (7.2), yields the implication (6) = (7).

We now prove the other implications in Theorem 7.3, using the notation of Sec-
tion 7.2. Note that our proofs of (6) = (4) for G of real rank 1 and (3) = (4) rely on
our characterizations of Anosov representations given by Theorems 1.3.(2) and 1.7.(2),
while (4) = (5) and (4) = (3) rely on Theorems 1.3.(3) and 1.7.(3).

Proof of (1) = (2) in Theorem 7.3. By definition of f-compatibility, we can write
Xt = D oaecp NaWa Where ng > 0 for all o € §. Lemma 7.11.(1) for the Lyapunov
projection A then yields, for any v € T,

(Wao () M(T 0 pL(M)) =D N (Wa, ApL (7)),
ach

(@ao(): M(T 0 PR()) = Y N (was AlpR(7)))-
ach

Therefore, if pg, uniformly Py-dominates pgr, then 7 o pp uniformly Qo(b)-dominates
T O pPR. U

If 6 is a singleton (e.g. if G is semisimple of real rank 1), then the previous proof
shows that the uniform Py-domination of pr by pr is equivalent to the uniform
Qo(b)-domination of 7o pg by 7o pr, i.e. (2) = (1) holds as well.

Proof of (2)<(3")< (3) and (4)< (4°) in Theorem 7.3 and Proposition 7.7. Suppose
I" is word hyperbolic. The natural inclusion j : Autk (b) < GLK (V) is a(b)-proximal,
hence Proposition 3.5.(2) applies: a representation 7o pr, : I' = Autg(b) is Qo(b)-
Anosov if and only if jo (71opr) : I' = GLg(V) is P:,_,(V)-Anosov. Moreover,
Lemma 7.11.(1) for the Lyapunov projection A yields that 7 o p;, uniformly Qq(b)-
dominates 7o pp if and only if jo (70 pr) uniformly P-, ., (V)-dominates jo (70 pg).
Thus (3) < (3”) holds.
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The equivalence (4) < (4’) follows from the same argument, using b b on Va V
instead of b on V.

Similarly, py, is Pyp-Anosov if and only if (jo 7)o pr is Ps, ., (V)-Anosov by Propo-
sition 3.5.(2); thus (2) < (3’) holds. O

In order to prove the equivalence (3) < (4) in Theorem 7.3, we first establish the
following.

Proposition 7.13. In the setting of Theorem 7.3, suppose I is word hyperbolic. Then
the following are equivalent:

(i1i) there exists a continuous, (Topr)-equivariant, transverse, dynamics-preserving
map &y : Ol = Fo(b) and for all vy € T,

(7.3) (Wag (b)s Ab(T 0 PR(7))) < (Wap(v)s Ab(T 0 pL(7)))

(iv) there exist a continuous, (T o pr, ® T o pRr)-equivariant, transverse, dynamics-
preserving map Eyay : Ol — Fo(b® V).

Proof. Suppose (iii) holds. By Remark 2.32.(a), for any v € I" of infinite order,
70 pr(7y) is proximal in Fy(b). Remark 7.12 and (7.3) imply that (70 pr, & 70 pr)(7y)
is proximal in Fo(b @ b') and &y sends the attracting fixed point of v in O5I" to the
attracting fixed point of (70 pr, @& 7o pgr)(7) in Fo(b@® V'), after embedding Fy(b) into
Fo(b@® b'). Thus we obtain a continuous, (7 o p, @ T o pgr)-equivariant, transverse,
dynamics-preserving maps &y gy : Osol — Fo(b @ V') by postcomposing &y with the
natural inclusion Fy(b) < Fo(b® V'), and (iv) holds.

Conversely, suppose (iv) holds. By Remark 2.32.(a), for any v € I' of infinite
order, (7 o pr, & T o pr)(7y) is proximal in Fy(b @ b'). By the normalization (7.1),
Lemma 7.11.(1), and Remark 7.12, there exists v € I' of infinite order for which
7 o pr(7y) is proximal in Fy(b) and the attracting fixed point of (7 o pr, & 70 pr)(7)
in Fo(b@b') is the image of the attracting fixed point of 7(pr (7)) under the natural
embedding Fo(b) — Fo(b @ V'); the same holds for v~! instead of . In particular,
the closed I'-invariant set

{n € 0sT | Evav(n) € Fo(b) C Fo(b@ b')}

contains the attracting fixed points 77? ) 77;[1 of v and 7!, hence is nonempty. This
set is equal to OxI', by minimality of the action of I on J,I" if ' is nonelementary,
and by the fact that 0" = {n;r ) n;r_l if I' is elementary. Therefore, £y gy defines
a continuous map from 95I' to Fy(b) which is equivariant and dynamics-preserving
for 7 o pr,. Moreover, (7.3) holds by Lemma 7.11.(3) for the Lyapunov projection A.
Thus (iii) holds. O

Proof of (3) < (4) in Theorem 7.3. Suppose condition (3) of Theorem 7.3 holds, i.e.
I" is word hyperbolic and 7o py, is Qo(b)-Anosov and uniformly Qg (b)-dominates 7o pg.
By Proposition 7.13, there exists a continuous, (70 pr, & 7o pg)-equivariant, transverse,
dynamics-preserving map vy gy : Ol = Fo(b @ —b). Since 7o pr, is Qo(b)-Anosov,
Theorem 1.7.(2) implies

(ao(b), No(T 0 pr(7)))  — oo

[V]oo——+00

Moreover, uniform (o (b)-domination implies

(Wao @) M(T 0 pL(7)) = Mo(T 0 pr(7))) — oo

[Y|oo—++00
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By Lemma 7.11.(3) for the Lyapunov projection A,
(b @ V), Mgy ((Topr & TOopr)(Y)))  —  +00.

V] 00— +00

Therefore 70 pr, & 70 pg is Qo(b @ V')-Anosov by Theorem 1.7.(2), i.e. condition (4)
of Theorem 7.3 holds.

Conversely, suppose condition (4) of Theorem 7.3 holds, i.e. I is word hyperbolic
and Topp @Topr: I = Autg(b® V) is Qo(b @ b')-Anosov. By Proposition 7.13,
there exists a continuous, (7 o pr)-equivariant, transverse, dynamics-preserving map
&v : Oool' — Fo(b). Since Topr & ToppR is Qo(bPH b )-Anosov, Theorem 1.7.(2) implies

<O[0(b (&) b/)’ /\b@b/((T o oL DTo pR)(F)/))> |7| j+oo +00.

By Lemma 7.11.(3) for the Lyapunov projection A,

(ao(b), Mo(T 0 pL(7))) —> oo
[V]oo——+00

Therefore 7 o pr, is Qo(b)-Anosov by Theorem 1.7.(2). On the other hand, using
Theorem 1.7.(3) and Lemma 7.11.(3), we see that there exist ¢, C' > 0 such that for
any v €I

(Wao(): Ae(T © pL(Y)) = Ao(T 0 pr(7))) Z € (Wag(v), As(T © pL(7))) = C-
Applying this to ", dividing by n, and taking the limit, we obtain

(Wan(®)s A (T 0 pR(7))) < (1 =€) (Wag(v), Ab(T 0 pL(7)))-

Thus 7o pr, () uniformly Qo(b)-dominates 7o pr(7), i.e. condition (3) of Theorem 7.3
holds. U

Proof of (2),(4) = (5) in Theorem 7.3. Suppose that (2) and (4) hold (we have seen
that they are equivalent). Since pr, is Py-Anosov, it is a quasi-isometric embedding
(see Section 2.5.3). Since 7 o pr, B 7 o pgr is Qo(b ® V')-Anosov, Theorem 1.3.(3),
Lemma 7.11.(1)—(3) for the Cartan projection p, and the normalization (7.1) show
that there exist ¢, C' > 0 such that for any v € T,

s 1oL (7)) = plpr(v))) = ¢hylr = C.
Using (2.11), we see that there exist ¢/, C’ > 0 such that for any v € T,

1o (7)) = 1lpr) = ¢ (lnCoL (I + l(er() — €,

where || - || is the W-invariant Euclidean norm on a from Section 2.3.1. Thus the
action of I on (G x G)/Diag(G) via (pr, pr) is sharp (see Section 7.2.3). O

Note that any subgroup of G x G is always of the form
(7.4) [Peer = {(pr(v), pr(7)) [ v € T},

where T is a group and pr, pr € Hom(I', G) two representations, corresponding to
the two projections of G x G onto G.

In the case that G is semisimple of real rank 1, the implication (7) = (6) of
Theorem 7.3 is an immediate consequence of the following result. (Since G has real
rank 1, we identify a* with R, and see A as a function G — R...)

Theorem 7.14 ([Kas08|). Let G be a semisimple Lie group of real rank 1. Then any
discrete subgroup of G x G acting properly discontinuously on (G x G)/Diag(QG) is of
the form T'PLPR qs in (7.4) where, under the normalization (7.1), the representation
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pL has finite kernel and discrete image and p(pr(y)) < p(pr(y)) for almost all v € T,
and

(7.5) Mpr(Y)) < Mpr(y)) for ally € T of infinite order.

In particular, if TPLPR §s finitely generated and quasi-isometrically embedded in G X G,
then pr : I' = G is a quasi-isometric embedding and T' is word hyperbolic (see
Remark 2.36).

We now use this result to prove the implication (6) = (4) of Theorem 7.3.

Proof of (6) = (4) in Theorem 7.3 for G semisimple of real rank 1.Suppose G is semi-
simple of real rank 1 and (6) holds. By Remark 2.36 the group I' is word hyper-
bolic and py, is Py-Anosov. The boundary map of pr induces a boundary map
€ : 0o’ = Fo(b® V') that is continuous, (70 pr B T o pr)-equivariant, and transverse.
By (7.5) in Theorem 7.14 and by Remark 7.12, the map & is dynamics-preserving. By
the properness criterion of Benoist and Kobayashi (Section 7.2.3), we have

(o)) = p(pr()] =2 o

Since G is semisimple of real rank 1, this also holds if we replace the norm || - || on a
with (xr,-). Using Lemma 7.11.(3) for the Cartan projection u, as well as the fact
that pr is a quasi-isometric embedding and Remark 2.19, we deduce that

(ao(b® V), ey (70 pL & 70 pr)(7))) — +oo.

Y—00

Therefore, 70 pr, & 70 pr is Qo(b ® b')-Anosov by Theorem 1.3.(2). O

7.4. Proofs of Corollaries 1.17 and 1.18. We use the following classical cohomo-
logical arguments (see e.g. [Kob89, Corollary 5.5|):

(i) When a torsion-free discrete subgroup of G x G acts properly discontinuously
on (G x G)/Diag(G), it acts cocompactly on (G x G)/Diag(G) if and only if
its cohomological dimension is equal to dimgr (G/K).

(ii) A torsion-free discrete subgroup of G is a uniform lattice in G if and only if
its cohomological dimension is equal to dimg (G/K).

Proof of Corollary 1.17. Suppose the action of " on (G x G)/Diag(G) is properly
discontinuous and cocompact. Then T is finitely generated (using the Milnor-Svarc
lemma), and so up to passing to a finite-index subgroup we may assume that I' is
torsion-free (using the Selberg lemma). By Theorem 7.14, one of the projections of
I" onto G is injective and discrete; its image is a uniform lattice of G by (i) and (ii),
hence it is a quasi-isometric embedding. We conclude using the implication (6) = (5)
of Theorem 7.3 (or the implication (1) = (2) of Theorem 1.14). O

Proof of Corollary 1.18. The first statement (openness) follows from the equivalence
(4) < (7) of Theorem 7.3 and from the fact that being Anosov is an open property
[Lab06, GW12|. For the second statement (compactness), note that up to passing
to a finite-index subgroup we may again assume I' to be torsion-free, by the Selberg
lemma; there is a neighborhood & C Hom(T', G X G) consisting of injective and discrete
representations and we use (i) above. O



ANOSOV REPRESENTATIONS AND PROPER ACTIONS 67

7.5. Example of a non-Anosov representation with nice boundary maps.
We now construct an example of a representation p : I' — G which admits con-
tinuous, dynamics-preserving, transverse boundary maps ¢ : 9" — G/Py and
£ 1 0o’ = G/ P, , but which is not Pp-Anosov.

Example 7.15. Let I be a finitely generated discrete group and pr,pr : I' = G =
SO(1,2) = Autgr(b) two representations such that pr, is convex cocompact, A(pr(7)) <
Apr(7)) for all v € T of infinite order, but

o W Xeel)
of infinite order

By Proposition 7.13 with 7 = id, the representation p := pyr®pr : I' = Autr (bdb) ad-

mits a continuous, dynamics-preserving, transverse boundary map & : OscI' — Fo(bdb).

However, py, does not uniformly Qo(b)-dominate pgr, and so Theorem 7.3 shows that

p is not Qo(b @ b)-Anosov.

Here is one construction of a pair (pr, pr) as in Example 7.15 for T" a free group
on two generators, following a key idea of [GLMM]. Let S be a hyperbolic one-
holed torus with infinite area and compact convex core Sy, and let T C Sy be a
transversely measured geodesic lamination with irrational support. Then T intersects
every nonperipheral closed curve of S, and every half-leaf of T is dense in Y.

Let (¢(t))ter be an injectively immersed geodesic of S parameterized by arc length,
with £(0) € 9Sy and £(t) spiralling asymptotically to Y as ¢ — +oo. We can find
a one-parameter family of (distinct) small deformations {/s}sc|_c o of ¢, with each
ls an injectively immersed geodesic of S parameterized by arc length, satisfying
limy oo d(€5(t),£(t)) = 0. The map £ : (s,t) — £5(t) from [—¢,¢] x R to S is then
injective. Let S’ be the hyperbolic surface obtained from S by collapsing each arc
{([—e,¢e] x {t}) to a point. The collapsing map v : S — S’ is 1-Lipschitz and allows
us to identify the fundamental groups of both S and S” with T.

We can take for py, and pg holonomy representations of S and S’ respectively. For
any v € I' \ {e}, the inequality A(pr(7)) < A(pr(7)) follows from the fact that the
geodesic representative of the loop in S associated with « crosses the collapsing region
{([—€,¢] x R) (because it crosses T'), hence is taken by 1 to a shorter rectifiable loop.
The supremum (7.6) is approached when ~ follows T for most of its length.

APPENDIX A. AN UNSTABLE QUASI-ISOMETRICALLY EMBEDDED SUBGROUP

In this appendix we give an example (Proposition A.1) of a quasi-isometric embed-
ding pg of a free group I' into a semisimple Lie group of higher real rank which is not
stable under small deformations; in particular pg is not an Anosov representation of I'.
This example was first described in [Gui04]. We use it to construct a non-Anosov
representation of I' into SLg(R) with interesting properties (Example A.6).

Proposition A.1. Let T be a free group on two generators. Then there is a continuous
family {pt}iej0,1) of representations T' — SLa(R) x SLa(R) such that
® po is a quasi-isometric embedding;
o for any t ¢ Q, the group pi(I') is dense in SLa(R) x SLa(R) (for the real
topology).

In order to prove Proposition A.1, we consider a free generating subset {a,b} of I".
For any v = a™ 4™ ---a™Np"N € " with m; #£ 0 for all i > 1 and n; # 0 for alli < N,
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we set

Yo = Il + -+ + Inn|.
Then the word length function |- |p : I' = N with respect to {a, b} satisfies

{ Vo = |ma| + -+ |mnl,

Yle =1l + 1Vl
for all ¥ € I'. We identify the Weyl chamber a* with R, so that the Cartan
projection p : SLo(R) — @t of Section 2.3.1 takes values in R. With this notation,
Proposition A.1 is an easy consequence of the following.

Proposition A.2. Let I' be a free group on two generators a,b and let kK > 0. Then
there is a continuous family {pat}iejo,1) of representations I' — SLa(R) such that

* 1(pao(7)) 2 Klyla for ally € T;
o for any t ¢ Q, the group po.(I') is dense in SLa(R) (for the real topology),

the element pqoi(a) is hyperbolic, and pq4(b) is elliptic.

Proof of Proposition A.1 using Proposition A.2. Let {pa,t}te[o,l] be the continuous
family of representations I' — SLo(R) given by Proposition A.2 (for k = 1 say),
and let {pg¢}sejo,1) be defined by pg; = pa © ¢ where ¢ is the automorphism of T
switching a and b. For any t € [0, 1], consider the representation

pt = (pat, ppt) : I — SLa(R) x SLa(R).

Then pg is a quasi-isometric embedding because

1(Pa,0(7)) + wlpso() = K([7vla + 17]s) = &lYIr

for all v € I'. Let G; be the closure of p(I') in SLa(R) x SLa2(R). If t ¢ Q,
then the two projections of Gy to SLo(R) are equal to the full group SLe(R). In
that case, by Goursat’s lemma (see e.g. [Pet09]), either Gy = SLa(R) x SL2(R) or
Gy = {(h,ghg™!) | h € SL2(R)} for some g in GL2(R). The second case cannot occur
since it would imply that the hyperbolic element p, ¢(a) is conjugate to the elliptic
element pg+(a). O

Proof of Proposition A.2. We define p, +(a) to be a hyperbolic element A € SLa(R),
independent of ¢, whose properties will be specified in a moment. For ¢t > 0, we also

define
1

cos 7t = sin 7t
pas(t) = ( ).

—mtsinmt  cosTi
and extend this by continuity to pao(b) = B := (§1).

For t in [0, 1] \ Q, the element p, (D) is conjugate to an irrational rotation, hence
the closure of the group spanned by pq +(b) is a conjugate of SO(2); since SLa(R) is
generated by any hyperbolic element and SO(2), we conclude that p, ((I") is dense in
SL2(R).

We now show that, for some appropriate choice of the hyperbolic element A, we
have u(pa,0(7)) > kl7]a for all ¥ € . Endow PY(R) = R U {co} = 9,H? with the
round metric centered at /—1 € H2. The parabolic element B = Pa,0(b) fixes the
point co € P(R), and the two compact intervals V, := [%, oo] and V_ := [0, _71] of
P!(R) (intersecting only at the point co) satisfy:

e B(P}R)\V.) =V, and Blpiw).v._ is 1-Lipschitz;
e BTH(P'(R)\V;)=V_ and B~ !|pi(g).y, is 1-Lipschitz.

Choose two disjoint compact intervals U_ and Uy in PY(R) ~ (V_ U V4) (see
Figure 4). There exists a hyperbolic element A = p, o(a) such that
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0

FIGURE 4. The parabolic element B fixes co and takes —1/2 to 1/2.
For A we can choose any hyperbolic element with large enough trans-
lation length whose translation axis contains the shortest segment
connecting the hyperbolic half-plane bordered by U_ to the one bor-
dered by U..

e AP'(R)\U_) C Uy and Alpi(ryp_ is € "-contracting;
e AT'(PYR)\Uy) cU- and A |pig).p, is e "-contracting.

Then for any v € TI', the element py () is e f1la_contracting at every point in
PYR)~ (V- UV, UU-UU,). We obtain that 11(pa,0(7)) > k|y|s for all v € T from
the following lemma. O

Lemma A.3. For any g € SLa(R) and £ > 0, if g is e *-contracting at some point
of P1(R), then p(g) > ¢.

Proof. The assumptions do not change if we multiply g by elements of SO(2) on either
. —s/2 .

side. Thus we can assume that g = (° 0 850/2) with s > 0 (so that u(g) = s). Let
zo € P(R) be a point where the differential dg is e ‘-contracting. Then zy # ooc.
Let 9/0u be the translation-invariant vector field on R. Denoting by || - ||z the
Riemannian norm (for the round metric) of tangent vectors at a point z € P1(R),

the norm ||0/0ul|; is a decreasing function of |z|, and the contraction of dg at zg is
Idg - 9/0ullg-oy _ lle*0/ullg-ay _ e
10/ 0ull 10/0ullze

: Ha/aquwo ; —
Since T0/3ullne > 1, the conclusion u(g) = s > £ follows. O
Remark A.4. For t € QN (0,1], the representation p; has a nontrivial kernel: a
power b" of b is in the kernel of p,; and a” is in the kernel of pg; and therefore the
commutator a”ba~"b~" is in the kernel of p;. Thus py is the endpoint of a continuous
family of representations, all of them being nondiscrete or nonfaithful.

Remark A.5. The representation p : I' — SLa(R) x SL2(R), seen as a representation
into SL4(R), does not admit any continuous, dynamics-preserving boundary map
Y 1 05 — P3(R). Indeed, suppose by contradiction that such a map ¢* exists.
By construction, the closed p(I')-invariant sets {n € 9L | £*(n) C P(R? @ {0})}
and {n € 0T | €7(n) € Pr({0} ® R?)} are both nonempty: this contradicts the
minimality of the action of I" on 05I.
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We can use the representation py of Proposition A.1 to construct an example of a
representation p : I' — G and a set § C A with the following properties:

e there exist continuous, p-equivariant, transverse maps ¢4 : 05 I' — G/ Py and
£ : 0’ = G/ P, such that for any n € 9., the points {T(n) € G/Py and
£ (n) € G/P, are compatible in the sense of Definition 2.10;

e no such maps can be dynamics-preserving for p.

Ezample A.6. Let T’ be a free group on two generators and p’ : I' — SLy(R) a
convex cocompact representation. We see SLa(R) as a subgroup of G = GLg(R) by
embedding it into the lower right corner of G, and use the notation of Example 2.14
for G. By (2.11), there exists k£ > 0 such that

{e1, 10" (7)) < klylr

for all v € I'. On the other hand, if we choose k > k in Proposition A.2, then the
representation pp : I' = SLa(R) x SL2(R) constructed in Proposition A.1, seen as a
representation into G = GLg(R) by embedding SLa(R) x SLa(R) into the upper left
corner of (G, satisfies

{e1, plpo(7))) = lyIr
for all v € . In particular, using (2.14), we see that po uniformly Py, _.,1-dominates
p' as representations into G: there is a constant ¢ < 1 such that (e1, A(p'(7))) <
c{e1, A(po(y))) for all v € T". Consider the representation

p:=(po,p’) : T — (SL2(R) x SL2(R)) x SLa(R) — G.

It admits continuous, p-equivariant, transverse boundary maps ¢+ : 9,,I' — P(RS) =
G/Piy—cyy and €7 : 9" = P((RO)*) = G/P{_EFEQ}7 obtained by composing the
boundary maps of the Anosov representation p’ : I' — SLy(R) (Example 2.5.3.(a))
with the inclusion of P(R2) ~ P ({0} x R?) into P(RS). However, p does not admit
any continuous, dynamics-preserving boundary map, since po uniformly P, _.,}-

dominates p’ and pg does not admit any continuous, dynamics-preserving boundary
map (Remark A.5).
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