The geometry of Flag manifolds I
SRNI 45th School

Olivier Guichard

January 2025

The slides are available at
https://irma.math.unistra.fr/"guichard/srni

1/9


https://irma.math.unistra.fr/~guichard/srni

The linear algebra exercise of the day

Let V be a real vector space of dimension 4n + 2 (n is an integer)
equipped with a quadratic form ¢ of signature (2n + 1,2n + 1).
Let FF and F' be two maximal isotropic subspaces of V. This
means that ¢(v) = 0 for every v € EU F and

dim F =dim F = 2n + 1.

There exists thus an element ¢ in the orthogonal group O(V, q)
such that g(EF) = F (Witt’s theorem).

Exercise
If E and F are transverse (that is, if £ N F = {0}), then
g & SO(q) (that is, det(g) = —1).

2/9



Lie algebra setting

G a semisimple Lie group ; g its Lie algebra. For example,
G = O(p,p + k) is the orthogonal group of a quadratic form ¢ of
signature (p,p + k) [p and k are positive integers|. For
definiteness we will realize O(p,p + k) as a subgroup of
GL2p1x(R) and ¢ will be the form
P k
q(r1, .., Topip) = QZ(_l)l+pxix2p+k+l—i — inH.
i=1 i=1
K is a maximal compact subgroup of G ; ¢ its Lie algebra. One
can take K = GNO(2p + k).

A Cartan subspace a is a maximal (Abelian) subalgebra
orthogonal to ¢ with respect to the Killing form.

One can take a to be the space of matrices of the form

diag(/\l,...,)\p,O,...,O,—/\p,...,—)\l), (Al,...,Ap) € R?

3/9



Lie algebra setting (continued)

For f e a*, set gg={X € g|[A X]=p(A)X,VA € a}

and ¥ = {f € a* ~ {0} | gg # 0}.

The maps €;: a — R [i varies from 1 to p| defined by
gi(diag(A1,...,Ap,0,...,0, =Xy, ..., —A1)) = A; are linear and
form a basis of a*. the roots are the +e; £ ¢; (for ¢ < j) and the
i5i~

Choosing <4+ a total linear ordering (the lexicographic order),
one defines ¥ = {a € ¥ | 0 <q+ a} the positive roots. Here
gkej, 1<y and +¢;.

Let o belongs to ¥, when there are 3, in ¥7 such that

a = 3+, one has g, = [gg, 8] and the root « is called
decomposable, it is called simple otherwise. The simple roots are
a; =g; —giy1 and o) = gp.

Denote A C X7 the set of simple roots.

Every positive root decomposes 3 = ) \ nqa where nq > 0.
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The Weyl group

It is the automorphism group W of 3 C a*. It is the group of
signed permutation matrices, isomorphic to {£1}? x S),.

For each « in X there is a unique hyperplane reflection
contained in W such that so(®) = —a. s; = s4,, S, changes the
sign of the last coordinate and s; exchanges the coordinates in
the indices ¢ and ¢ + 1.

W is generated by {sa},cn-

There is a unique element wpyay of W sending X7 to
YT =-3NT =¥ X" It is the longest length element.
Wmax = — 1d.

The map ¢: & — —Wnpax(a) sends X to LT and A to A. Tt is
called the opposition involution. The opposition involution is
trivial.

W is isomorphic to Nk (a)/Zk(a). For w in W, we will
sometimes denote w a representative of w in Nk (a).
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sly-triples, fundamental weights

Those are triples (x,y, h) in g such that [z,y] = h, [h,z] = 2z
F lea= (2 N y=( Y a=(t ) insum)
or example = { - o Loy=1{, o) h=1{, _; 2(R).

For all a in A we will choose an sly-triple (zq4,Z_q, ho) With

Tta € O+a-
If © < p, one can set x; = E; ;11 + Eopik—i2p+k+1—i and

t. _ _t
T =", and xp = Eppi1 + Ept1 prry1, Top = "Tp.

The element h, does not depends on the choices. The family
{ha}aca is a basis of a. The dual basis {wq }aca of a* is called

the fundamental weights. w; =1 + -+ + &;.

Let exp: g — G be the exponential. For every «, one can choose
S0 = exp (7/2(zo — x_qa)) to represent in Nk (a) the element s,.
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Parabolic subgroups, flag manifolds

The subspace up = gex+ 04 1s a nilpotent subalgebra
generated by J,ca ga. Similarly uX” = 3 5 01 g5
For every ® C A we let ug to be the ideal of ua generated by
Uaco 9a- One has ug = Za62+\Span(A\®) go. Similarly set
WP = 3

) a€S+Span(A~0) I—a-
The standard parabolic subgroups are Po = Ng(ug),
PSP = Ng(uPP).
The unipotent radical of Pg (resp. Pg"™) is Ug = exp(ue)
(resp. UZP = exp(ug®)).
Lo = Po N Pg™ is called a Levi factor. One has
P@ = U@ A L@.
Fo is the space of parabolic groups conjugated to Pg ; fgpp
is the space of parabolic groups conjugated to Pg PP As POpp
is conjugated to Po (by tmax), Fue) = Fo -

As P@ = Ng(Pg), f@ >~ G/P@
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Parabolic subgroups (continued)

For all i < p, P; (resp. P*?) is the stabilizer of the (isotropic)
i-dimensional space generated by the i first (resp. last) basis
vectors.

Fi = F;PP is naturally isomorphic to the space of isotropic
i-planes.

More generally, F;, <...<;, is the space of partial flags

(Ey1 C --- C Ey) with dim E,,, = i,, and Ej isotropic.

A pair (P, Q) of parabolic subgroups is transverse if it is
conjugated to (P, Pg™). This is equivalent to P N Q being
reductive.

Two isotropic i-dimensional space F and F' in F; are transverse
if and only if they are ...transverse! that is Ete N F = 0.

Lemma

The map ug® — Fo | X — exp(X) - Pg is one-to-one onto the
opp

space of elements transverse to Py
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Embeddings into projective space

Let 7 = ) A kawa be a dominant weight and let 7: G — GL(V')
be the associated irreducible representation.

If n = w; take V = \"R¥>tF,

We denote by V;, the eigenspace of a (with respect to 7) relative
to the eigenvalue 7. This is a line in V. Denote by V,> the
a-invariant supplementary hyperplane.

Lemma
Let © = {a € A | ko = 0}. Then the stabilizer of V;, in G is Pe,
the stabilizer of V,? is Pg™.

We can therefore build (one-to-one) maps
io: Fo — P(V)|g-Por—1(9)-Vj
i Fol — P (V) |g- P —7(g) -V
Lemma

(P,Q) € Fo x FG® are transverse if and only if
(i0(P),ig"(Q)) € P(V) x P*(V) are transverse.
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