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The linear algebra exercise of the day

Let V = Symd−1R2 ≃ Rd−1[X,Y ] be the space of homogenous
polynomials in 2 variables.

V has a natural basis ei = Y i−1Xd−i (i = 1, . . . , d).

V and V ∗ bear a natural action of SL2(R).

Exercise
t 7→

〈(
1 t
0 1

)
· e∗1,

(
0 1
−1 0

)
· e1

〉
is a non zero multiple of

t 7→ td.
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The cross-ratio on the projective line, the collar lemma

The cross-ratio on the projective line P1(R) = R ∪ {∞} is

defined by the formula [x, y,X, Y ] =
X − x

X − y

Y − y

Y − x
The normalization is so that [∞, 0, 1, t] = t. This means that
[x, y,X, Y ] belongs to [0, 1] if Y is between y and X,
[x, y,X, Y ] ≥ 1 if Y is between X and x, etc.

Let M be a complete hyperbolic surface.
Let α, β be intersecting geodesics on M and ℓ(α), ℓ(β) their
lengths.

Theorem (Collar lemma)

1

exp(ℓ(α))
+

1

exp(ℓ(β))
≤ 1.
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Collar lemma (the proof)

[Two nice drawings should go here]

Let A and B in SL2(R) be the holonomies of α and β
respectively. Those are diagonalizable and thus admit attracting
a+, b+ and repelling a−, b− fixed points in P1(R).

The relation between the length and the cross-ratio is the
following exp(ℓ(α)) = [a+, a−, x, A(x)]

Magical relation [a−, b+, a+, A(b+)] + [a−, a+, b+, A(b+)] = 1.

One has [a−, a+, b+, A(b+)] = exp(−ℓ(β)).

[a−, b+, a+, A(b+)] = [a−, b−, a+, A(b+)][b−, b+, a+, A(b+)]

≥ [b−, b+, a+, B(a+)][b−, b+, B(a+), A(b+)]

≥ [b−, b+, a+, B(a+)] = exp(−ℓ(β))
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Projective cross-ratios

V a real vector space
On OV = {(x, y,X, Y ) ∈ P(V )2 × P∗(V )2 | X ⋔ y and Y ⋔ x},
we define

bV (x, y,X, Y ) =
⟨Ẋ, ẋ⟩
⟨Ẋ, ẏ⟩

⟨Ẏ , ẏ⟩
⟨Ẏ , ẋ⟩

Cocycle relations bV (x, y,X, Y )bV (y, z,X, Y ) = bV (x, z,X, Y )

For a loxodromic element A ∈ GL(V ),
bV (a

+, a−, X,A ·X) = λmax(A)/λmin(A)
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Symplectic interpretation

Let ωV be the natural symplectic form on V × V ∗ = T ∗V .
The map µ : V × V ∗ → R | (v, φ) 7→ ⟨φ, v⟩ is a moment for the
R∗-action λ · (v, φ) = (λv, λ−1φ).

The symplectic reduction µ−1(1)/R∗ carries a symplectic form ω
and is isomorphic to UV = {(x,X) ∈ P(V )× P∗(V ) | X ⋔ x}.

Proposition
Let f : [0, 1]2 → UV be a C1 map such that, ∀t ∈ [0, 1],
f(0, t) = (x, ∗), f(1, t) = (y, ∗) and ∀s ∈ [0, 1], f(s, 0) = (∗, X),
f(s, 1) = (∗, Y ), then

bV (x, y,X, Y ) = exp
(∫

[0,1]2
f∗ω

)
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Constructing cross-ratio on flag manifolds

Let G,Θ, PΘ, etc. as in lecture 1.
Suppose that τ : G → GL(V ) is a (continuous) representation
such that there exists a one-to-one τ -equivariant map

iΘ : FΘ −→ P(V )

Proposition
Then there is ioppΘ : Fopp

Θ −→ P∗(V ) (one-to-one, equivariant)
with the property that P ⋔ Q ⇒ iΘ(P ) ⋔ ioppΘ (Q).

Define

OΘ =
{
(x, y,X, Y ) ∈ (FΘ)

2 × (Fopp
Θ )2 | X ⋔ y and Y ⋔ x

}
bτ (x, y,X, Y ) = bV

(
iΘ(x), iΘ(y), i

opp
Θ (X), ioppΘ (Y )

)
.
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Remembering some decompositions

g = a⊕ zk(a)⊕
⊕
α∈Σ

gα

p∆ = a⊕ zk(a)⊕
( ⊕

α∈Σ+

gα

)
pΘ =

( ⊕
α∈Σ+∩Span(∆∖Θ)

g−α

)
⊕
(
a⊕ zk(a)⊕

⊕
α∈Σ+

gα

)

Let τ : G → GL(V ), iΘ : FΘ → P(V ) as above.

The line L = iΘ(PΘ) is PΘ-invariant ⇒ L is an eigenline for the
action of a, is cancelled by u∆ and also by

⋃
α∈Θ g−α.

The subspace W = ⟨τ(G) · L⟩ is an irreducible representation
of G with highest weight space L. Can (and will) assume
V = W .
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Continuing the analysis of V

V =
⊕

κ∈P (V ) Vκ, P (V ) ⊂
∑

∆ Zωα, denote η the weight such
that L = Vη. Then η ∈

∑
∆Nωα and uniquely determines V .

Vη invariant by g−α ⇔ η(hα) = 0.

One then get η ∈
∑

α ∈ ΘN∗ωα

The hyperplane V ◦
η =

∑
κ∈P (V )∖{η} Vκ is tranverse to Vη and is

P opp
Θ -stable.

The maps

iΘ : FΘ −→ P(V ) | g · PΘ 7−→ τ(g) · Vη

ioppΘ : Fopp
Θ −→ P∗(V ) | g · P opp

Θ 7−→ τ(g) · V ◦
η

satisfy all the wanted properties.

Denote bη(x, y,X, Y ) = bV
(
iΘ(x), iΘ(y), i

opp
Θ (X), ioppΘ (Y )

)
9/11



Naturality properties

Lemma
One has bη1+η2 = bη1bη2 , bkη = (bη)k.

Proof:
The map P(V )× P(W ) −→ P(V ⊗W ) sends bV bW to bV⊗W
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Symplectic interpretation (bis)
There is a symplectic form ωη on UΘ ⊂ FΘ ×Fopp

Θ such that

Proposition
Let f : [0, 1]2 → UΘ be a C1 map such that, ∀t ∈ [0, 1],
f(0, t) = (x, ∗), f(1, t) = (y, ∗) and ∀s ∈ [0, 1], f(s, 0) = (∗, X),
f(s, 1) = (∗, Y ), then

bη(x, y,X, Y ) = exp
(∫

[0,1]2
f∗ωη

)

The tangent space at a point (x,X) to UΘ identifies with
uoppΘ × uΘ.

The formula is

ωη
(
(v1, v2), (w1, w2)

)
= η

(
[v1, w2]− [v2, w1]

)
.
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