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The linear algebra exercise of the day
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t ∈ R, where A ∈ Mℓ,k(R) and where F ∈ Mk,ℓ(R) has rank one

Exercise
There is a unique t ∈ R such that this matrix is singular.

Geometric interpretation:
The first k columns represent an k-plane x, the last ℓ columns
represent a ℓ-plane yt;
The conclusion says that there is a unique t such that yt is not
tranverse to x.
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The main result (I)

Theorem
This happens in every flag manifold.

G, FΘ, Fopp
Θ , PΘ, P opp

Θ , UΘ, Uopp
Θ , LΘ, pΘ, uΘ, a, . . .

g = a⊕ zk(a)⊕
⊕
α∈Σ

gα

aL := the centralizer of l in a; aL =
⋂

α∈∆∖Θ

kerα.

Proposition (Kostant, 2010)
The weight decomposition of uΘ w.r.t. the action of aL coincides
with the decomposition into irreducible L-summands:

uΘ =
⊕
ℵ∈P

uℵ, P ⊂ a∗L, [uℵ, uℶ] = uℵ+ℶ.
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Photons

uΘ =
⊕
ℵ∈P

uℵ, P ⊂ a∗L

In fact P = {α|aL}α∈Σ+∖Span(∆∖Θ); indecomposable weights
P ∖ (P + P ) naturally identifies with Θ [via Θ → P | α 7→ α|aL ]

For every α ∈ Θ, uα ⊃ uhighα = gα (w.r.t. the action of a)

Consider xα ∈ uhighα

Definition
Φα := {exp(txα) · P opp

Θ } ⊂ Fopp
Θ is the α-photon ; An α-photon

is Φ = g · Φα for some g ∈ G.

Lemma
Φα is homogenous under the action of SL2(R)α [the subgroup
tangent to ⟨xα, x−α, hα⟩] and is ≃ to P1(R).
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Properties of Photons

Lemma
For all x ∈ Fopp

Θ , so that TxFopp
Θ ≃ uΘ and for all non zero v in

this tangent space
• There is Φ such that x ∈ Φ and v ∈ TxΦ ⇐⇒ v ∈ LΘ · uhighα ⊂

uα ⊂ uΘ ≃ TxFopp
Θ .

• In this case, there is a unique such Φ.

Remark
Zα = P

(
LΘ · xα

)
⊂ P(uα) is closed

⇒ the space of α-photons is closed.
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Example(s)

G = O(p, p+ k), ∆ = {α1, . . . , αp}, choose Θ = {α1, . . . , αp−1}
Then
FΘ = Fopp

Θ =
{
(E1 ⊂ · · · ⊂ Ep−1) | dimEi = i, Ep−1 isotropic

}
.

Fix x = (E1, . . . , Ep−1)

For every i < p− 1, there is a unique αi-photon through x :
Φi =

{
(F1, . . . , Fp−1) ∈ FΘ | ∀j ̸= i, Fj = Ej

}
The isomorphism with the projective line is concrete:
Φi → P(Ei+1/Ei−1) | (F1, . . . , Fp−1) 7→ Fi/Ei−1

For every isotropic p-plane Ep containing Ep−1,
Φp−1 =

{
(F1, . . . , Fp−1) ∈ FΘ | ∀j ̸= p, Fj = Ej , Fp−1 ⊂ Ep

}
is a

αp-photon through x (and all αp-photon has this form)
Φp−1 → P(Ep/Ep−2) | (F1, . . . , Fp−1) 7→ Fp−1/Ep−2
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Photon projection

Define VΦ =
{
x ∈ FΘ | ∃y ∈ Φ, x ⋔ y

}
Theorem
For every x in VΦ, there is a unique y in Φ such that y is not
transverse to x. Set pΦ(x) = y.
The map pΦ : VΦ → Φ has connected fibers.

Proof.
Up to G-action can assume x = PΘ, P opp

Θ ∈ Φ and Φ = Φα.
Then one needs to have y = ṡα · P opp

Θ .

Let U = {exp(tx−α)} ⊂ SL2(R)α, one “sees” that
Vy = {z ∈ FΘ | z ⋔ y} ≃ U × p−1

Φα
(ṡα · y).
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Example(s) (continued)

(E1, . . . , Ep−1) ∈ F1,...,p−1 [and choose also an isotropic p-plane
Ep containing Ep−1 in order to treat the case i = p− 1 on an
equal footing]

Φi =
{
(F1, . . . , Fp−1) ∈ F1,...,p−1 | ∀j ̸= i, Fj = Ej , Fi ⊂ Ep

}
VΦi =

{
(F1, . . . , Fp−1) ∈ F1,...,p−1 | ∀j ̸= i, Fj ⋔ Ej

}
pΦi : VΦi → Φi

(F1, . . . , Fp−1) 7→
(
. . . , Ei−1, Ei−1 ⊕ F⊥

i ∩ Ei+1, Ei+1, . . .
)
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The main result (II)

Choose η =
∑

α∈Θ nαωα (nα ∈ N) so that bη is defined on
OΘ ⊂ FΘ ×FΘ ×Fopp

Θ ×Fopp
Θ

Fix α ∈ Θ and an α-photon Φ.

Theorem
Let x, y ∈ Φ. For all z, w in VΦ such that
pΦ(z) = pΦ(w) ̸∈ {x, y}, then bη(x, y, z, w) = 1.

Let x, y ∈ Φ. For all z, w in VΦ, with pΦ(z) ̸= y and pΦ(w) ̸= x,
then

bη(x, y, z, w) = [x, y, pΦ(z), pΦ(w)]
nα
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