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Classical Extreme Value Theory

Setup:
« {X3 ~1ID(F)
o M= max{Xy,..., X}
* P(M,<x)=F"(x)

Now in order for the right hand side to converge to a nonzero value,
must let x —»o with n. Replacing x by u,, —»»,

PM,<uy) = F(uy)
= (1-(2-F(uy))"

= (A-n(1-F(uy))/n)" > e”
if and only if
n(1-F(u,) -t

Strasbourg 6/08
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Classical EVT— Extremal Types Theorem

Convergence of types: Now taking u, = ax+ b,, a, > 0,
P (an_l(Mn_ bn ) < X) = Fn(anX+ bn)

— G(x)
if and only if
n(1-F(ax+ b,)) — —log G(x)

Theorem. If G is a nondegenerate distribution, then G has to be one
of the three types,

1. G(x) =exp(-e™) (Gumbel)

2. G(X) =exp(-x*),x >0 (Fréchet)

3. G(X) = exp(-(-x)%), x<0 (Weibull)

Strasbourg 6/08

Classical EVT— GEV

The three types of extreme value distributions can be
parameterized as one family (GEV family) via,

G(x)=exp(—(1+&x) %), 1+&x>0

where

& =0 implies G(x) = exp(-e™X) (Gumbel)

& > 0 implies G(x) is Fréchet (o = 1/€)

& <0 implies G(x) is Weibull (x <-1/¢, o =-1/E)
Summary

*  Gumbel—light tailed

*  Fréchet—heavy tailed

*  Weibull—finite endpoint

Strasbourg 6/08
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Classical EVT— Examples

In looking at maxima, usually one considers only the Gumbel and
Fréchet distributions for modeling.

Examples
1. uniform. F(x)=x, 0 <x<1. Witha,=1/n, b,=1, we have for n
large
n(1-F(ax+ b)) = —x = —log G(x) = —log( exp(-(-x)?)
P(n(M,—1)<x) > e* (x £0). Weibull limit
2. exponential. F(x)=1-e*, x>0. With a,=1, b,=log n, we have
n(1-F(ax+ b)) = n exlgn = ex= _|og(exp(-e™))
P( M, —log n <x) - exp(-eX) (Gumbel limit)

Application to Fisher’s test for hidden periodicity in time series (see
B&D (1991) and Davis and Mikosch (1999)).

Strasbourg 6/08

Classical EVT— Examples

Exponential. P( M, —log n < x) — exp(-eX)

Empirical distribution of M,,—log n, n=100  Limit density

density
0.2

0.1
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Classical EVT— Examples

3. Pareto. F(x)=1-x¢, 1<x. Witha,=n% b,=0, we have for n large
n(1-F(a,x)) = x* = —log G(x) = —log( exp(-x*) )

P(n*M, £ X) —> exp(-x*) (x 20). Fréchet limit

blue = empirical
3 red = limit
z 3
o7 \ \ :
Strasbourg 6/08 0 5 10 9
Classical EVT— Examples
4. Gaussian.

a,= (2 log(n))*2, b,=(2 log(n))*'2 - .5 (2 log(n)) *"%(log log(n)+log(4pi)),
n(1-F(ax+ b,)) » e*=—log(exp(-e™X))
P((2 log(n))¥? (M,,— b,, )< x) — exp(-e™) (Gumbel limit)
n=100
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Classical EVT— Examples

. N =1000 7 f

n =10000

Strasbourg 6/08 x X

Classical EVT— Examples

. n =1000 7 f
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Classical EVT— Domain of Attraction

Strasbourg 6/08

P((M,—b))/ a,<x) =F'(ax+ b, — G(X)
which is equivalent to
n(1-F(ax+ b)) — —log G(x) = (L+&x)%,

then we say that F (or X) is in the domain of attraction of G (write
F or X € D(G)).

Note that if x=0, then

n(1-F(b.)) — 1,
or

P(X;>b,)~1/n.
It follows that

P(X;—b,>a,x| X, >b,) = (1+£x)"1%

14

Classical EVT— GPD

Strasbourg 6/08

P(X;—b,>a,x|X;>b,) = (1+£x)"1%

Replacing b, with u, it follows that conditional distribution of X; — u
given X; > u has an approximate generalized Pareto distribution,

P(X;—u<a,x|X;>u)~HX=1- (1+&x)"'%
for u large.
Generalized Pareto Distribution (GPD)

H(x)=1- (1+&(x-pw)/o) Ve

The limit above is the basis for fitting the tail of the distribution of a
random variable using a GPD. There are myriad of procedures for
estimating the parameters in this model.

15



Classical EVT— Domains of Attraction

Domains of attraction: There are necessary and sufficient
conditions for F € D(G) for the three extreme value distributions.
The heavy-tailed Fréchet, which is perhaps the most commonly
used extreme value distribution, has the easiest n.a.s. to state (and
check!). In this case,

F € D(exp(-x%) ifand onlyif Fis RV(a) for some a > 0.
Regular variation: Fis RV(a) if and only if

F(x) _ P(X >) Ly

— as t—oo,
F(t) P(X>t)

for every x > 0.

Strasbourg 6/08 16

Classical EVT — Domains of Attraction

Examples:
Pareto,
log-gamma,
infinite variance stable,
Cauchy,
student,
Fréchet.

Remarks:

* P(X > x) = L(xX)x* where L is slowly varying, L(tx)/L(t)—1
(think log function for L)

* Can take b, =0 and a, as the 1-1/n quantile of F, i.e.,
n(1-F(a,)) —1. Itturns out that a, = L,(n)nYe

*P(@, 1 M, < x) — exp(-x®).

Strasbourg 6/08 o
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Point Processes

The theory of point processes plays a central role in extreme value
theory. Applications include:

* Derivation of joint limiting distribution of order statistics, i.e.,
kth largest order statistic, limiting distribution of maximum
and minimum, etc.

* Calculation of limit distribution of exceedances of a high
level.

* Extensions to stationary processes.

* Provides a useful tool in heavy-tailed case for deriving
limiting behavior of various statistics, e.g., sample mean,
sample autocovariances, etc, which are often determined by
the behavior of the extreme order statistics.

Strasbourg 6/08 18

Point Processes — Definition and Basic Results.

Setup:
= Suppose (X;) is an iid sequence with common distribution F.
* F e D(exp(-x®) (Can be formulated for general extreme value
distribution, but for simplicity we will restrict attention to Fréchet.)
We have

n(1-F(ax)) = nP(a, "X >x)) — x®
from which it follows that

nP(a,*X € (a,b]) » a«-b*=: v(a,b],
where v is the measure on (0,%] given by v(dx)= ax*(dx).
More generally, we have

nP(a,*X €B) — v(B)

for all nice sets B, those bounded away from 0.

Strasbourg 6/08 19



6/24/2008

Point Processes — Definition and Basic Results.

Since
nP(a,* X € B) - v(B)
for nice sets B, it follows that
nP(a,* X €+) -, v(*),
where —, denotes vague convergence of measures.
Now for a set B bounded away from 0, define the sequence of point
processes hy

n

Ny(B) = #{t=1,...n: a; 1% €B} = D &, (B)
t=1
where g, is the Dirac measure at x.

Strasbourg 6/08 20

Point Processes — Definition and Basic Results.

N,(B) = #{t=1,...,n: a,1 X, € B} =Zn:san,lx‘(B)
Properties: =
* N,(B) ~ Bin(n,p,, ), where p,=P(a,1X €B) and since
nP(a,* X €B) — v(B),
it follows from convergence of binomial to Poisson that
NA(B) 4 N(B),
where N(B) is a Poisson random variable with mean v(B).
* In fact, we have the stronger point process convergence,
N, —4¢ N
where N is a Poisson process on (0,:] with mean measure v (dx)

and —4 denotes convergence in distribution of point processes.

Strasbourg 6/08 2
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Point Processes — Definition and Basic Results.

Convergence for point processes.
For our purposes, —, for point processes means that for any
collection of Borel sets By, . . . ,B, that are bounded away from O
and P(N(@B) >0)=0,j=1,...,k, we have

(No(Ba). - - - No(BY) =4 (N(By). . . . N(BY)

Strasbourg 6/08 22

Point Processes — Application to Extremes

Application

Define M, , to be the second largest among X, . . . ,X,. Since the

event
{a, 1M, , < y}is the same as {N, (y,~) < 1},

we conclude from the point process convergence that
P(@a,* Mz = y) = P(Ny(y,@) < 1)
— P(N(y,»)) = 1)

=exp{-y* }(1 - log (exp{-y*})).

Strasbourg 6/08 23
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Point Processes — Application to Extremes

Application

Similarly, the joint limiting distribution of (M,,M,, ,) can be calculated
by noting that for y < x,

{a; M, < x, a;1 M, , < y}is the same as {N, (x,2) <0, N, (y,x] £ 1}.
Hence,

P(a, M, = X, 8, My, £ y) = P(N, (x,%) < 0, Ny(y.x] < 1)

— P(N(x,¢) < 0, N(y,x] < 1)

= exply™ L +y7-x7).

Strasbourg 6/08 2

Point Processes — Representation of Limit.

Representation of limit Poisson process
The points of the limit Poisson process can be displayed in an
explicit fashion. Set

=g+ --+E,
where E;,E,, . .. are iid unit exponentials. Then the limit Poisson
process N has the representation

o0
N :ZS E
Iy
k=1
n

n
Zgarﬁxt %d N = tzlgrklla

t=1

and

Nn

If we order the data, then we can read off the weak convergence
for the kth-largest M, i.e.,
a, M, > I Ve (jointin k)

Strasbourg 6/08 %
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Point Processes — Exceedances

Point Process of Exceedances.
Sometimes, it is convenient to consider the two-dimensional point
process defined by

o0
Nn = Zlg(t/n,anlxt) )
t=

For x > 0 fixed, the point process

N, (5 (4 = 38y (X))

Is the point process of exceedances of the level a,x. This point
process converges in distribution to a homogeneous Poisson process
rate with intensity x.

Bottom line: point process of exceedances is approximately Poisson.

Strasbourg 6/08 %

Point Processes — An Application

Cool application
If o< 1, then

n n
N, = Zgaﬁxt =N = Zgr;““
t=1 t=1

implies, by an application of the continuous mapping theorem, that

an‘lzn: X, =, irk‘”“.
t=1 k=1

The limit random variable is positive stable with index a..

Strasbourg 6/08 21
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Extension to Stationary Time Series

Let (X,) is a strictly stationary sequence with common df F € D(G), i.e.,

Fr(ax+ b,) = G(x).

Theorem If (X,) satisfies a mixing condition (like strong mixing) and
P(a,* (M= b, ) <x) > H(x),

H nondegenerate, then there exists a 6 € (0,1] such that

H(x)=G? (x).
The parameter 0 is called the extremal index and is a measure of

extremal clustering.

Strasbourg 6/08 8

Extension to Stationary Time Series—Extremal Index

Fr(ax+b,) - G(x) P(a,*(M,—b,)<x)—> G (x).

Properties

» 0 <1 implies clustering of exceedances

* Suppose c is a threshold such that F"(c) ~.95 and 8 =.5. Then
P(M, <c) ~.95Y2= 975

* 1/8 is the mean cluster size of exceedances.

* In a certain sense, one can view 6 as a measure of statistical

efficiency relative to the iid case. That is, one needs 1/6 more

observations to match the behavior of the iid case. Specifically,
P(Myp<x) ~ F(x)

Strasbourg 6/08 29
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Extension to Stationary Time Series—Example

Example (max-moving average) Let (Z,) be iid with a Pareto

distribution, i.e., P(Z; > x) = xfor x >1, and set
Xy=max(Z; $Z.,), ¢ €[0,1].
Then
NP(X; > xnYe) — (1+¢*)x* and F"(a,x) — exp(-(1+¢p*)xe).
On the other hand
P(nYeM, <x)=P(nYemax(Z,,..., Z,) < X) = exp(-x*).
Thus 8 = 1/(1+¢9).

Strasbourg 6/08 30

Extension to Stationary Time Series—Example

iid (pareto o = 3) max-moving average (¢ = 1)
0=1 0=1/2
§ - |
LA | 0, R

t

Note that cluster size is exactly 2 in this case.

Strasbourg 6/08 81
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Extension to Stationary Time Series—Mixing Conditions

Strong Mixing:

sup |P(ANB)-P(A)P(B)|=a, ¥ 0 as k — .

Aeo(X,,5<0),Bec(X,52k)

Remarks:

+ Since mixing is defined via o-fields, measurable functions of (X,)
inherit the same mixing property. For example, if the stationary
sequence (X) is strongly mixing, so are (|X,]) and (X{?) with a rate
function of similar order.

* If (o) decays to zero at an exponential rate, (X,) is strongly
mixing with geometric rate, i.e., the memory between past and
future dies out exponentially fast.

 Strong mixing is much stronger than Leadbetter’s dependence

condition D(up,).

Strasbourg 6/08 82

Extension to Stationary Time Series—Mixing Conditions

* If (o) decays to zero at an exponential rate, (X,) is strongly
mixing with geometric rate, i.e., the memory between past and
future dies out exponentially fast.
* The rate function is closely related to the ACVF of the process:
if E|X,|?*0 < « for some § > 0, then
|Cov(Xy,Xp)<C 0y d/+9)
* Many commonly used time series models, such as ARMA, GARCH,
stochastic volatility processes, and Markov processes are strong
mixing with a geometric rate.

Strasbourg 6/08 38
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Extension to Stationary Time Series—D’

Anti-clustering condition D’(u,): Think of u,asax+b, .
n/k

limsup, _,, N> P(X,>u,, X, >u,) =0(1/k)
t=2
as k— o.

Theorem: If (X,) satisfies D and D’, FeD(G), then 6 =1 (i.e., no
clustering).
Remarks:
« If (X)) is iid, then the lim sup of the sum is

limsup, n?/k P?(X; > u,) =O(1/k).
« If (X)) is a stationary Gaussian process with ACF p(h)=o(1/log h), then
D and D’ hold and there is no clustering for Gaussian processes.

Strasbourg 6/08 34

Extension to Stationary Time Series—Example

”D N(O,ll(l‘gz)) AR(l) Xt = 9 Xt-l + ZU (Zt)"‘“D N(O,l)
j, ‘ < “’\} ‘Am },‘ H“,‘ N
N ” ﬁ ﬂ i “P\H M | A H\‘A\\‘L‘H M |
c mmm mme a1 A VY
M ”W W ‘” M T\HH‘ ” L un m ““ B W
A ‘w Ll \H i HW it i RN L BRI
U | ‘ | ‘ | v ! V m MHJ“ |\ \ \/‘\\J
. ‘ o V“ ‘V || v N
' \\ i W ‘U‘

T T T T T
0 50 1DU 150 200 0 50 100 150 200

» Even though 6 = 1, there appears to be some clustering for small n.

* Hsing, Husler, Reiss (1996) overcome this problem for Gaussian
processes by considering a triangular array or rvs.

Strasbourg 6/08 3%
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Extension to Stationary Time Series—Example

Max-moving average: Let (Z,) be iid with a Pareto distribution, i.e.,
P(Z, > x) = x«for x 21, and set
Xt: maX(ZT, (I)Zr—l): ¢ € [0!1]

Then, since (X,) is 1-dependent, the mixing condition D is automatically

satisfied. As for D’,
n/k
limsup,,. N> P(X;>u,, X, >u,)

= lim, nP(X,>u_, X, >u_)+O0(/k)

=lim nP(max(Z,,¢Z,) >u,,max(Z,,$Z,) >u, ) +O(1/k)
= lim, nP(¢Z, >u,)+O(L/K)

= 0“x* +O(L/K)

= (0° 11+ ") K1+ 6%)x* +O(L/ k)

Strasbourg 6/08 36

Point Process Example—baby steps

In particular, for one-dependent sequences,
P(X, > X| X; > X) > 1-0 = ¢* /(1+ ¢*).

Point process convergence (max-moving average): With a,=nl«
nP(Z, > a,x) > x* and nP(X; > ax) —>(1+¢*)x«

Define the sequence of point processes by

n
N, =Y
n aﬁl (21.24)
t=1

From the convergence
n n
z:‘c;aglz1 4 Zgrk*“a' L= ++E,
t=1 t=1

one can show n ©

N, = ;‘gan‘l(zpzu) -, kzll(g(rk‘““n) +& ey

Strasbourg 6/08 87
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Point Process Example—baby steps

Applying the continuous mapping theorem (need to be careful),

n 0
Ny = tle‘c’anl(zt,zt.l) B kZ;a(g(rk““m €0 rey)

we have

n n
Ny =3t =20
n a,' X, a,' max(Z, 97, ;)
t=1 t=1

4 kz; (€ ouqryie o) + Emexogryie))

> (& s +E,0) =N
k=1
0
Red = I, V%, k=1,....5
Blue = .75 *I\ 1%, k=1,...,5 N

Strasbourg 6/08

Regular Variation — univariate case

Def: The random variable X is regularly varying with index o if
P(X]> t X)/IP(X|>t) > x=* and P(X> t)/P(IX|>t) —p,

or, equivalently, if
P(X> t X)/IP(|X[>t) = px—* and P(X< -t x)/P(|X|>t) - gx~©,

where 0 <p <1 and p+g=1.

Equivalence:
Xis RV(-a) if and only if P(X € te) /P(IX|>t)—, 1(e)

(-, vague convergence of measures on R{0}). In this case,

u(dx) = (po x-o-11(x>0) + got (-x)%! 1(x<0)) dx

Note: n(tA) = t* p(A) for every t and A bounded away from 0.

39
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Regular Variation — univariate case

Another formulation (polar coordinates):
Define the + 1 valued rv @, P@=1)=p, PO@=-1)=1-p=q.
Then

Xis RV(a) if and only if

P(X|>tx X/|XeS)

—>X*P(0€eS)
P(X]|>t)

or

P(IX|>tx X/|X|es)
P(IX|>t)

—, X *P(B o)

(-, vague convergence of measures on S°= {-1,1}).

40
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Regular Variation — multivariate case

Multivariate regular variation of X=(Xq, ..., X,): There exists a
random vector @ e S™?! such that

P(X[> tx, X/|X| € & )IP([X[>t) >, x*P(0 € o)
(—, vague convergence on S™1, unit sphere in R™) .
* P( 0 ee) is called the spectral measure

e o is the index of X.

Equivalence:
P(X ete)

P(X]|>1)

p is a measure on R™ which satisfies for x > 0 and A bounded away

=, 1)

from O,
H(XB) = X~ u(XA).

41

Strasbourg 6/08
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Regular Variation — multivariate case

Examples: 1. If X; and X, are iid RV(a), then X= (Xy, X;) is
multivariate regularly varying with index o and spectral distribution
(assuming symmetry)

P( 0 =nk/2) = ¥4 k=1,2,3,4 (mass on axes).
Interpretation: Unlikely that X; and X, are very large at the same

time. Independent Components

Figure: plot of
(Xi1,Xp) for realization ol

of 10,000.

x2
20

-20

Strasbourg 6/08 x1 42

2. If X; = X,> 0, then X= (X4, X,) is multivariate regularly varying
with index a and spectral distribution

P(6=n/2))=1.
3. AR(L): X= .9 X4 + Z,, {Z}-ID 1(3)

P( 6 = tarctan(.9)) = .9898 P( 0=+ =n/2))=.0102

o
<

60

T T
0 2000 4000 6000 8000 10000

43
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Figure: plot of (X, X,,) for realization of 10,000.

X=.9 X, +Z,
AR(1), X_{t+1} vs. X_t

{t+1}

X=

x=t

a4

Estimation of oo and 0

The marginal distribution F for heavy-tailed data is often modeled using
Pareto-like tails,

1-F(x) = x 2L (x),

for x large, where L(x) is a slowly varying function (L(xt)/ L(X)—1, as x
—1). Now if

X~ F, then P(log X >x) = P(X > exp(x))~exp(-ax),
and hence log X has an approximate exponential distribution for large x.
The spacings,
Iog(X(n_])) = |Og(X(n_j_1)), j:O,l,Z,. .. ,m

from a sample of size n from an exponential distr are approximately
independent and Exp(a(j+1)) distributed. This suggests estimating o;!
by

3
~

Al

(|°9X(n p 109X 1))(J+1)
j=t

Lo

(Iog X —log X m))

Bll—\ BII—‘

46

s

Strasbourg 6/08 j=
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Hill's estimate of a

Def: The Hill estimate of a for heavy-tailed data with distribution given

by
1-F(x) = x(x),
is .
1& .
HZ('OQ X ooy ~10g X(n—j—l))(J +1)
j=0
1 m-.
= ('09 Xy —l0g X, m))

j=0
The asymptotic variance of this estimate for « is
2
o’ /m

A2
and estimated by & /M-

(See also GPD=generalized Pareto distribution.)

Strasbourg 6/08 47

Hill's estimate of a

For a bivariate series, we will estimate « for the univariate series using
the Euclidean norm of the two components.

Hill Plot for Independent Components

Hill
3
1

Strasbourg 6/08 0 500 1000 1500 2000 48
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Hill's estimate of a

Hill Plot for AR(1)

Hill
3
1

0 500 1000 1500 2000

Strasbourg 6/08 49

Estimation of the spectral distribution of 6

Based on the relation

P(X|> t x, X/|X] € & )/P(JX|>t) >, x*P(0 € o)
a naive estimate of the distribution of 8 is based on the angular
components X/|X; in the sample. One simply uses the empirical
distribution of these angular pieces for which the modulus |X|
exceeds some large threshold. In the examples given below, we
use a kernel density estimate of these angular components for
those observations whose moduli exceed some large threshold.
Here we only consider two components, i.e., 8 is one dimensional.

Strasbourg 6/08 50
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Estimation of the spectral distribution of 6

Independent Components Independent Components
I “\ Jx \
ER o J/ \ / \
S \‘ ‘\ f" \
/ \ [
I |
/ \ \“ \
g’ / \ ‘J’ \»
N / \ / // ,“ N
A VY
. 2 \ / \
A © ‘\j" ‘\/
0 2 o 1 M 3 2 ) 0 : : 3
x_1 theta.
Strasbourg 6/08 51
Estimation of 0
AR(L), X_{t+1} vs. X_t AR(1)
20 o » 0 w w 3 2 1 o 1 : 3
x=t theta.
Vertical lines on right are at arctan(.9) and arctan(.9) -n
52
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x_{t+1}
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Examples of Processes that are Regular Varying
ARCH(1): X=(ag+oy X2.,)¥2Z,, {Z}~ID.

a found by solving E|a, Z?|*2 = 1.

@ | 812 577 100 157
a | 8.00 4.00 200 1.00

Distr of 6:

P(® < *) = E{|I(B,2)II I(arg((B,2)) )}/ EII(B,2)||*
where

P(B=1)=P(B =-1)=5

53

Examples of Processes that are Regular Varying
Example of ARCH(1): og=1, 0,=1, a=2, X;=(agto, X?.1)¥?Z, {Z}~IID

Figures: plots of (X;, X.+1) and estimated distribution of 6 for

realization of 10,000.
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Examples of Processes that are Regular Varying

Example: SV model X; = o, Z,
Suppose Z, ~ RV(a) and

logo? = Y wie ; 2w <o {e}~1IDN(O,c).
j=— =

Then z2,=(2,,...,Z,) is regulary varying with index o and so is
X,= (Xq,.--,X,) = diag(oy,..., o) Z,
with spectral distribution concentrated on (£1,0), (0, £1).

Figure: plot of
(Xt X44q) for 7
realization of 10,000.  ~ Tkt
»5!;00 0 50‘00 10[;00
Strasbourg 6/08 x 1

Point process Convergence

Theorem (Davis & Hsing 95, Davis & Mikosch "97). Let {X;} be a
stationary sequence of random m-vectors. Suppose

() finite dimensional distributions are jointly regularly varying (let
0. - .., 6y be the vector in S@*Um-1in the definition).

(if) mixing condition »# (a,) or strong mixing.
(iii) ﬂii?o"wa”pP(ksﬁgn |X, 1> a,y|1X,|>a,y) =0.
Then
0= ll(lﬂl E(6Y | —j\k=/1| G(jk) ). /E|6% | (extremal index)

exists. If 0 >0, then

n 00 0
N, = ZSX‘/an —4 3N = Z ZSHQ“_,
t=1 i1 4

Strasbourg 6/08
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Point process convergence(cont)

* (P;) are points of a Poisson process on (0,%) with intensity function
v(dy)=0ay>-1dy.

. ZSQ“_ ,1>1, are iid point process with distribution Q, and Q is the

j=1
weak limit of

k k
: (k) o (k) (k) o (k)
limE(| 65" | —jglle,- ). l.(Zsegn)/E(lﬂo | —j\:/llej ).

ti<k

Remarks:
1. GARCH and SV processes satisfy the conditions of the theorem.

2. Limit distribution for sample extremes and sample ACF follows from
this theorem.

Strasbourg 6/08 57

Application to GARCH and SV Models

Setup

= X, =0,Z, {Z}~1D(0,1)

= X, isRV (o)

= Choose {a,}s.t. nP(X;>a,) »1
Then

P"(a;"X, < x) > exp{-x"}.

Then, with M= max{Xy, . .., X.},
(i) GARCH:
P(a;'M, < x) —>exp{-6x"},
0 is extremal index (0 <0 < 1).

(i) SV model:
P(a;'M, <X) > exp{-x "},

extremal index 6 = 1 no clustering.
Strasbourg 6/08 58
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Application to Linear Processes

Suppose (X is the linear process

X;=3yzZ., (2)~1DRV(a)

j=—0

If a,is chosen such that nP(|Z] > a,) -1, then

P X, >ax)= Y |y, '™

and J==

n

Ny =Y ey ,n ——N :=i

t=1

0

€ .
Z L%y’

=l j=

That is, each Poisson point I', Y gives rise to a cluster of points
(deterministic) given by the coefficients of the filter, i.e., \|/ij'1’°‘.

Extremal index and other extremal properties can be determined

from this limit result.

Strasbourg 6/08
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Application to Crystal River

River flow rate for Crystal River located in the mountain of Western
Colorado (see Cooley et al. (2007)). After deasonalizing the data,
we obtain 728 weekly observations from Oct 1, 1990 to Oct 1,

2005.

a
!

2

0

1)
L *M‘m M | M m u i\w M M M“

10

0.8

0.6

0.4

0.2

0.0

T T T
0 200 400 500
t
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Application to Crystal River

Estimates of o and the distribution of 6 for bivariate pairs (X..4,X,)

Vertical lines at
n/4 and /4 - nt

The Extremogram

The extremogram of a stationary time series (X,) can be viewed as
the analogue of the correlogram for measuring dependence in
extremes (see Davis and Mikosch (2008)).

Definition: For two sets A & B bounded away from 0, the
extremogram is defined as

pag(h) =lim,_ P(a, Xy €A, a,1X, € B) P(a, Xy € A)

In many examples, this can be computed explicitly. If one takes
A=B=(1,), then

pap(h) =1im, , P(X,>X, | Xo>X) = A(X0,Xp)
often called the extremal dependence coefficient.

Strasbourg 6/08 62
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The Extremogram

The extremogram of a stationary time series (X,) can be viewed as
the analogue of the correlogram for measuring dependence in
extremes (see Davis and Mikosch (2008)).

Definition: For two sets A & B bounded away from 0, the
extremogram is defined as

pag(h) =lim _ P(@a, tXy€eA, a,1X, € B) P(a, Xy € A)

In many examples, this can be computed explicitly. If one takes
A=B=(1,), then

Pap() = lim, . P(X;>X, | Xo>X) = A(Xo,Xp)

often called the extremal dependence coefficient (A =0 means
independence or asymptotic independence).

Strasbourg 6/08 63

The Extremogram

The extremogram is estimated via the empirical extremogram
defined by

m n-h
H; I{aalx[eA,a#xl+heB}

m n
H Z I{a,;\lxteA}
t=1

where m—o with m/n —0. Note that the limit of the expectation of

f’A,B(h) =

the numerator is
mP (a,,1X,€ A, a,,1X;, € B) > n(AxB),

where p is the measure defined in the statement of regular
variation. Hence the empirical estimate is asymptotically unbiased.
Under suitable mixing conditions, a CLT for the empirical estimate
is established in &M (2008).

Strasbourg 6/08 64
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Application to Crystal River

Extremogram for Crystal River A=B = (1,»)

1.0
1

0.8

extremogram

0.6

0.4

T T T
0 10 20 30

\H\\mu
40

lag
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Application to Crystal River

Fit an AR(6) model to the data (remove all appreciable

autocorrelation in the data). Now we estimate the distribution of 6

and the extremogram based on the residuals.
| 5 \HHHHH‘HH““H‘\H‘HH\HH\

Vertical lines at -n/2, 0, and 7/2
66
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Application to Crystal River

There is still a touch of autocorrelation in the absolute values and
squares of the residuals. We remove these by fitting a GARCH
model to these residuals. The degrees of freedom for the noise
was 3.43

?

0 20 40 60 80 100 120 140
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Bonus Example

Wind Speed at Kilkenny 1/1/61-1/17/78

speed (knots)

T T T T T T T T T
1961 1963 1965 1967 1969 1971 1973 1975 1977

time
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speed (knots)

acf of abs values

1961 1963 1965

1967

T
1969 1971

time

T
1973

1975

T
1977

T
1961

T
1963 1965

1967

T
1969

time.

T
1971

1973

T
1975

1977

0.10

0.05

0.10

0.05

0.0

acf of abs values

0.0

"
=
]

-0.05
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