ON THE ALGEBRAICITY OF THUE-MORSE CONTINUED
FRACTIONS AND STIELTJES CONTINUED FRACTIONS

GUO-NIU HAN AND YINING HU

ABSTRACT. We put forward several general conjectures concerning the alge-
braicity or transcendence of continued fractions and Stieltjes continued frac-
tions defined by the Thue-Morse and period-doubling sequences in characteris-
tic 2. We present our Guess’n’Prove method, in which we exploit the structure
of automata, for proving some of our conjectures in special cases.

1. INTRODUCTION

1.1. Background. We are interested in the continued fractions and Stieltjes con-
tinued fractions defined by automatic sequences in finite characteristic, and more
precisely their algebraicity or transcendence. We give here the background and mo-
tivation for studying such problems. The definitions of related notions will given
in subsection 1.2.

The link of automaticity and algebraicity goes back to the well-known Theorem
of Christol, Kamae, Mendes France and Rauzy [8] which states that a formal power
series in F,[[z]] is algebraic over Fy(x) if and only if the sequence of its coefficients
is g-automatic. The situation is completely different for real numbers. In 2007,
Adamczewski and Bugeaud [1] proved that for an integer b > 2, if the b-ary expan-
sion of an irrational real number u form an automatic sequence, then v must be
transcendental. In 2013, Bugeaud [7] proved that the continued fraction expansion
of an algebraic real number of degree at least 3 is not automatic.

As with real numbers, a formal Laurent series can also be represented by a
continued fraction whose partial quotients are polynomials. Unlike for real numbers,
the continued fraction expansion of an algebraic Laurent series of degree at least 3
may or may not have automatic partial quotients [4, 5, 14, 2, 15, 11, 12, 13]; see
also the introduction of [10].

We could also ask the converse question: what can we say about the algebraicity
of a continued fraction whose partial quotients form an automatic sequence? To our
knowledge, little has been done in this direction. The authors [10] proved that the
Stieltjes continued fractions defined by the Thue-Morse sequence and the period-
doubling sequence in Z[[z]] are congruent, modulo 4, to algebraic series in Z[[z]]. In
2020, Wu [16] obtained similar results concerning the Stieltjes continued fractions
defined by the paperfolding sequence and the Golay-Shaprio-Rudin sequence.

In this article we propose to approach this problem with the most classical ex-
ample of automatic sequences, the Thue-Morse sequence.
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1.2. Preliminaries. We introduce the necessary notions for stating the conjectures
and our main results.

1.2.1. Automatic sequnces. A sequence is said to be k-automatic if it can be gen-
erated by a k-DFAQO (deterministic finite automaton with output). For an integer
k > 2, a k-DFAQ is defined to be a 6-tuple

M = (Q7 27 67 q0, AvT)

where @ is the set of states with ¢g € @ being the initial state, ¥ = {0,1,...,k—1}
the input alphabet, ¢ : Q x ¥ — @ the transition function, A the output alphabet,
and 7 : Q — A the output function. The k-DFAO M generates a sequence (¢,)n>0
in the following way: for each non-negative integer n, the base-k expansion of n is
read by M from right to left starting from the initial state qg, and the automaton
moves from state to state according to its transition funciton §. When the end of
the string is reached, the automaton halts in a state ¢, and the automaton outputs
the symbol ¢, = 7(q).

A necessary and sufficient condition [9] for a sequence to be k-automatic is that
its k-kernel, defined as

{(ugantj)n>0 | dEN,0< 5 < kt—1},

is finite. If we let Af;k) denote the operator that sends a sequence (u(n))p>o to
its subsequence (u(kn + 7))n>0, then the k-kernel can be defined alternatively as

the smallest set containing u that is stable under Agk) for0 <i<k—-—1. We

write A; instead of Agk) when the value of k is clear from the context. We will use
the fact that for an integer m > 1, a sequence is k-automatic if and only if it is
kE™-automatic [9].

For a k-automatic sequence u, we can construct a k-DFAO that generates it
from its k-kernel. The set of states @@ will be in bijection with the k-kernel, so we
choose to identify them. For ¢ € Q and 0 < j < k, the value of the transition
function 6(q, j) is defined as A;g; the output function 7 maps ¢ to the 0-th term of
q. This automaton has the property that leading 0’s in the input does not change
the output. It is minimal among k-automata with this property that generates u.

We refer the readers to [3] for a comprehensive exposition of automatic sequences.

In this article we will consider the Thue-Morse sequence and the period-doubling
sequence. For two distinct element a and b from an alphabet, the (a, b)-Thue-Morse
sequence is the sequence t defined as the fixed point s°°(a) of the substitution
s:a+> ab, b ba; the (a,b)-period-doubling sequence p is defined as the fixed
point o(a) of the substitution o : a — ab, b — aa.

1.2.2. Continued fractions. Let K be a field. Given a sequence of polynomials
a;(z) € K[z]\K, we may define the infinite continued fraction

1

(1.1) CF(a(2)) ==

ao(z) +
(11(2) —+
as(z) + —
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as the limit of the finite continued fractions

(1.2) CF.(a(z)) = ! € K((1/2)).

ao(z) +

ai(z) + '

an(2)

The existence of the limit is guaranteed by the convergence theorem, whose proof
is completely analogous to that for the classical continued fracions with positive
integer partial quotients.

Define the sequences (P, (z)) and (Qn(z)) by
(1.3)

(240 )= 0 (0 )6 )
for n > 0, then

CFn(z;a,b) = P.(2)/Qn(2) € K((1/2)),

for n > 0. Note that here rational fractions are expanded in 1/z. The unsimplified
fraction P, (2)/Qn(z) is called the n-th convergent of CF(z;a).

Conversely, let
(1.4) f(z)=ca2™ +cn12" M+ gtz 4
be an arbitrary element of K((1/z)). Define the integer part of f(z) as
(1.5) [f(2)] =cnz" +cn12" 4+ co.

Set fo = f, a0 = [fo], fo =ao+1/f1, a1 = [f1), fi = a1+1/f2, az = [f1]... Then
ag € K[z] and a; € K[2]\K for j > 1, and f(z) admits the following continued
fraction expansion

(1.6) f(2) = ao(2) +

ay(z) +

as(z) + ! .
a3(z) + 7

1.2.3. Stieltjes continued fractions. Let (u;);>0 be a sequence taking value in K,
the Stieltjes continued fraction

(1.7) Stiel(z;u) = 1o

Uu1xr
14 !

U

1+
u3x
1+ —
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is defined to be the limit of the finite Stieltjes continued fractions

Uo

(1.8) Stiel,, (z;u) == € K[[z]].

ulxr
1+ !

Uosx
1+ 2

1+

1+upx

It can be easily shown that the sequence Stiel,, (z;u) is convergent.
Define the sequence (P, (z)) and (Qn(z)) by

w9 (0 @) =) G0 0 o)

for n > 0. Then

, P (z)
Stiel,, (z; u) = =%,
(z;u) o)
for n > 0. The unsimplified fraction P, (x)/Qn(x) is called the n-th convergent of

Stiel(x; u).
Unlike continued fractions, every formal power series in K|[[z]] can not be ex-
panded as a Stieltjes continued fraction.

1.3. Conjectures. We put forward the following conjectures concerning the Thue-
Morse and period-doubling continued fractions and Stieltjes continued fractions.

Conjecture 1.1. Let a,b be two distinct elements from Fa[z]\Fao. Let u(z) be the
(a,b)-Thue-Morse sequence. The continued fraction CF(u(z)) is algebraic of degree
4 over Fa(z).

Conjecture 1.2. Let k > 2 be an integer. Let a,b be two distinct elements from
FJ.. Let u be the (a,b)-Thue-Morse sequence. The Stieltjes continued fraction
Stiel(z;u) is algebraic over F5(z). Its minimal polynomial is

po(x) +pi()y + p2(2)y” + palz)y*,
where

( (a®b* 4 1%) /at2?® + b°/(a® + D),

() = ((ab* + b°)/a®)z + b* /a®,

o(z) = b*/aPx + b*/(a® + a®b),
pa(z) = (b*/(a® + a®b))z?.
Let v be the (a/b, 1)-Thue-Morse sequence, then
Stiel(x; u) = b - Stiel(bz;v).

X

i

o(z) =
P117)=

3
8
|

Therefore conjecture 1.2 admits the following equivalent form:

Conjecture 1.2a. Let k > 2 be an integer. Let a an elements from F;k distinct
from 1. Let u be the (a,1)-Thue-Morse sequence. The Stieltjes continued fraction
Stiel(x; u) is algebraic over F&(x). Its minimal polynomial is

po(x) + p1(2)y + p2(2)y® + pa()y®,
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where
po(x) = (a® +1)/a")a® +1/(a® + a*),
pi(z) = ((a+1)/a’)z +1/a°,
pa(z) =1/a’z +1/(a® + a®),
pa(z) = (1/(a® +a®))a?.
Or still

Conjecture 1.2b. We regard a as a formal variable. Let u be the (a,1)-Thue-
Morse sequence. Then the Stieljtes continued fraction Stiel(z;u) € Fa(a)[[z]] is
algebraic over Fa(a)(z). Its minimal polynomial is

po(x) + p1(2)y + p2(2)y? + palz)y’,
where
po(x) = (a® +1)/a")2® + 1/(a° + a*),
pi(x) = ((a+1)/a5)$+1/a
(r) =1/a’z +1/(a® + a°),
pa(z) = (1/(a° + a°))z?

It is clear that conjecture 1.2b implies conjecture 1.2a, noticing that the only
roots of the denominators of the coefficients of p;(x), j =0,1,2,4, are 0 and 1. On
the other hand, if conjecture 1.2b does not hold, then

T

e

2

0 # po(x) + p1 () Stiel(x; u) + po () Stiel(z; u)? 4 py(z) Stiel(z; u)* Z cn(a)z™,

and there exists an n € N for which ¢, (a) € Fz(a) is not the zero. Necessarily there
exists a k > 2 and an element u € Fyi\ {0, 1} that is not a root of the numerator of
¢n(a), and consequently conjecture 1.2a does not hold for a = w.

Based on our calculation, we believe that the period-doubling continued fractions
are also algebraic. However, the period-doubling Stieltjes continued fractions seem
to be transcendental.

Conjecture 1.3. Let a,b be two distinct elements from Fa[z]\Fao. Let u(z) be the
(a, b)-period-doubling sequence. The continued fraction CF(u(z)) is algebraic over

]FQ(Z)

Conjecture 1.4. Let J € F4\{0,1}. Let u be the (1, .J)-period-doubling sequence.
The Stieltjes continued fraction Stiel(z;u) is transcendental over Fa(z).

1.4. Main results. We developped a method for checking conjecture 1.1 and 1.2a
and implemented it. Using this method, we checked that conjecture 1.1 holds for
all pairs (a,b) of elements from Fa[z]\F2 such that dega + degb < 7, and that
conjecture 1.2a holds for all @ € For\{0, 1} for k = 2,3, 4.

For the verification of conjectures 1.1 and 1.2a, we use the Guess’n’Prove method.
For conjecture 1.1, our program takes the pair (a,b) as input, and, for the (a,b)-
Thue-Morse sequence u, uses the Derksen algorithm for Padé-Hermite approxi-
mants [6] to guess the minimal polynomial of CF(u)(z). To prove that the guess
is correct, it then guesses and proves several lemmas, whose forms depend on the
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choice of (a,b), that would lead to the final result. In Section 2 we illustrate our
method with an example of computer generated proof. The proofs for the other
pairs that we have tested can be found on the personal web page of the authors !.

For conjecture 1.2a, the situation is similar, except that we choose to regard a
as a formal variable whenever we can. In this way we prepare a common part for
all a, and to prove that conjecture 1.2a holds for a certain a, we only need to fill in
the rest of the proof for this specific a.

In the proofs, we exploit the structure of the automata that generate the algebraic
series in question. For this, we need to first obtain a k-automaton of an algebraic
series from an annihilating polynomial of it. In Section 5 we explain this part of
our program. The algorithm is based on the proof of theorem 1 of [8].

Our method for checking conjecture 1.1 can be adpated for the verification of

conjecture 1.3. We give two examples in Section 4.

2. THUE-MORSE CONTINUED FRACTION

Our program tests conjecture 1.1 for a given pair of distinct elements (a,b) from
Fy[z]\F3. We have checked that the conjecture holds in the case where dega +
degb < 7.

The following is an example of proof that conjecture 1.1 holds for (a,b) = (2, 22+
z+1). Both the statement of the theorem and its proof are generated automatically
by our program. The exact statement of theorem 2.1, lemma 2.3 and 2.4 depends
on the choice of (a, b).

2.1. Statement of the theorem for (a,b) = (2,22 + 2+ 1).

Theorem 2.1. Let (a,b) = (2,2% + z + 1) € (F2[2]\F2)?. Let t be the (a,b)-
Thue-Morse sequence, and t, the (b, a)- Thue-Morse sequence. The two power series
CF(t(z)) and CF(t(z)) are algebraic over Fa(z), with minimal polynomials of the
form

pa(2)y* + p3(2)y” + pa(2)y® + p1(2)y + po(2) = 0.
For CF(t(z))
(2) =224+ 2"+ 5+ 42+ 241,
(2) = 2 210 4 28 26 4 55 4 3 4 52 4 o
po(z) = 212 4 210 4 22,
(2) = 210 4 210 4 28 56 4 55 4 8 4 52 4 o
() = 210 4 29 4 2T 425 4 25 4 22 4 2,
and for CF(t(2))
polz :zg+28+z7+z6+25+24+z,

1 http://irma.math.unistra.fr/"guoniu/frconj/
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2.2. Proof. Define

_ deg(tan_y) [(t2n—1(1/®) 1\ deg(ton_o) (ten—2(1/z) 1Y\
M, (z) = a8tz ( 1 L) et 1 !

mdeg(to) tO(l/x) 1
1 0

and

_ deg(tan_1) 52"*1(1/1') 1 deg(tan o) {2"72(1/‘%) 1
Wn(l‘)—l‘ 2 —1 ( 1 0 T 2n -2 1 0

pdes(fo) to(1/z) 1
1 0

where t is the (b, a)-Thue-Morse sequence. By the property of the Thue-Morse
sequence, we have for all n > 0

My 1 (1') =W (50)

n(l’),
Wn+1($) = Mn(x) .

M,

Define z := 1/z. For an non-zero polynomial P(z), we define P(z) to be P(1/x).
Then ~
P (2) P ()
= = = € Fa((z)) =Fa((1/2)).
()~ Ou(a) 2((z)) = F2((1/2))
Comparing the definition of M, (x) with definition (1.3), we see that
Mn(l’)oJ = l‘d"an_l(I‘),
M, (x)0,0 = 2% Qan 1 (),

for some positive integer d,,, and

CFn(t(2))

_ Pyan_y(2) _ My (2)oa
Qozn_1(z)  Mon(z)oo

Our strategy is to first prove that both Ma,(2)o1 and Ma,(x)o0 converge to
algebraic series in Fs[[z]], and then use their minimal polynomials to obtain that
of CF,,(t(2)).

Actually, we will prove that for all 0 <¢,j <1 the four sequences (May,(); ;)n,
(Mon+1(2)ij)ns (Wan ()i j)n, and (Wapt1(2)s,;)n converge to algebraic series in
Fo[[z]]. For this purpose, we define four 2 x 2 matrices M€, M°, W¢ W* as follows:
For each T € {M¢, M°, W¢, W°} and 0 <i,j <1, T; ; is defined to be the unique
solution in Fy[[x]] of the polynomial ¢(T,4, ) under certain initial conditions; the
polynomials ¢(T,4,5) and initial conditions are given in Subsection 6.1. We will
prove that these four matrices, whose components are algebraic by definition, are
the limits of (Ma2n(2))n, (Maont1(2))n, (Wan())n, and (Wap41(2))n.

Let us explain how the polynomials ¢(T,4,j) and initial conditions are found,
and why the solutions exist and are unique. For 0 < 4,5 < 1, the the coefficients of
the polynomial ¢(M¢,i,7) (resp. ¢(M°,4,7), p(We,i,7), and ¢p(W°,i,j)) are the
Padé-Hermite approximants of type

(75,75, 75,75, 75)

(2.1) CFazn_1(t(2))

of the vector

(17f37f67f9’f12)’
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where f = Ml?,i,j (resp. M117i7j, leﬂ"j, and W117i7j). See Chapter 7 of [6] for a
description of the Derksen algorithm that is used here to find the Padé-Hermite
approximants. We take the first eight terms of Mia; ; (resp. M1, 5, Wia, ;, and
Wi1,,5) as the initial conditions for ¢(M*€, 4, j) (resp. ¢(M?,i,7), ¢(W€,1,7), and
d(W?,i,7)). The following fact will be used to ensure that the solution exists and
is unique: let P(z,y) € Faofz,y] and for each series f(z) = Y07 anz™ € Fa[[z]]
denote the partial sum E;:Ol ajz? by fn(z) for n > 0. If for some n > 0 and
ap,a1,---,0,_1 € Fy P(a:,E;L:—Ol ajz?) = O(z") and Q(z,y) := P(x, E;:Ol ajzd +
x2™y) can be written as x™ Z;io q;(z)y? where g;(z) are polynomials for j > 0,
¢1(0) =1, and ¢;(0) = 0 for j > 1, then there exists a unique solution f(z) € Fa[[z]]
of P(x, f(x)) = 0 that satisfies the initial condition f,(x) = Z?;ol ajat.

We state two lemmas concerning the four matrices M€, M°, W€ W°. The first
one is about relations between them; the second, about the structure of the each
matrix.

Lemma 2.2. We have

(2.2) M =W?°- M°,
(2.3) M° =W*- M°,
(2.4) We = M- W°,
(2.5) We = M- We.

Proof. We give the proof of the identity
MG o= WgoMg o+ Wg1 M,

the proofs of the others being similar.

First, we compute the minimal polynomials of W, Mg and Wg, M7 . We know
that

P(l’, y) = Res, (d)(WO? 0, 0)(1'7 Z), 22 d)(MOa 0, 0) (Iv y/Z))

is an annihilating polynomial of W§ Mg ,; here Res, means the resultant with
respect to the variable z ( see Chapter 6 of [6]). We use Padé-Hermite approximation
to find a candidate for the minimal polynomial of W Mg, that will be called
¢o(z,y). To prove that ¢o(x,y) is indeed the minimal polynomial, it suffices to
prove that it is an irreducible factor of P(z,y) of multiplicity m and that Q(z,y) :=
P(x,y)/¢o(x,y)™ is not an annihilating polynomial of Wg Mg ,. We verify the
first point directly. For the second point, we truncate W¢ Mg, to order 270 and
substitute it for y in Q(z,y). We get a series of valuation less than 270, which
proves that Q(z,y) is not an annihilating polynomial of Wg,M§g,. We find the
minimal polynomial ¢;(z,y) of W§ ;M7 in a similar way.

Now we prove that ¢(M€,0,0) is the minimal polynomial of W5 o MG o+Wg5 1 M7 .
We know that /

S(LE, y) = Res. (QSO(ZL'? Z)v d)l(xv Y+ Z))

is an annihilating of W (Mg, + W, M7 . We verify that ¢(M*¢,0,0) is an irre-
ducible factor of S(z,y) of multiplicity u, and that Q(z,y) := S(z,y)/o(M¢€,0,0)*
is not an annihilating polynomial of Wg o Mg o +W¢ M7 ;. To see the last point, we
truncate W (Mg o + W¢ 1 M7, to order 330 and substitute it for y in Q(xz,y). We
get a series of valuation less than 330, and therefore Q(z,y) is not an annihilating
polynomial of W§ Mg, + W§ M7
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Finally, the first 8 terms of Mg, and W¢ Mg + W1 M7, coincide. As these
first terms determine a unique solution of ¢(M¢,0,0), we know that the two series
are one and the same. ([

e (1 0 o (1 0
R_<O 1) and R_<O 1).

Lemma 2.3. For all integers k > 2 and u = 22*~1, the following identities hold.
Me[:6u] = M®[:3u] + x*“M°[:2u] + x*“M°[: 3u] + x2“ M®[: 2u] + 2**“ M°[: 3u]
+ 23 Me[: 2u] + (23 + 2* + 25 R®,
We[:6u] = We[:3u] + x“W°[:2u] + x“W°[: 3u] + x?“W[: 2u] + 2*“W*[: 3u]
+ 23 Wel: 2u] + (23 + 2* + 25*)RC.
For all integers k > 2 and u = 22F,
MO[:6u] = M°[:3u] + 2 M°[: 2u] + 2" M°[:3u] + 2> M°[: 2u] + 2** M°[: 3u]
+ 23 MO 2u] + (23 + 2 + 25)R°,
We[:6u] = W°[:3u] + 2" W°[: 2u] + 2" W°[: 3u] + 2*“W°[: 2u] + 22 W°[: 3u]
+ 23U WO 2u] + (23 4 2 + 25 RC.

Define

Proof. To prove Lemma 2.3 we first construct an automaton for each sequence
concerned, and then transform the conditions on infinitely many k’s into finitely
many conditions on the states of the automaton. In the following, we will prove
that for T = MY, for all integer k > 2 and u = 22,

T[:6u] = T[:3u] + 2“T[: 2u] + 2" T[: 3u] + 2*“T[: 2u] + **T[: 3u] + z>“T: 2u).

The proofs of the other 15 cases are similar. We break down the above identity
into 3 parts:

0 = 2®“T[:u] + 2"T[2u:3u] + T[3u:4u],
0 = 23 Tu:2u] + 2> T[2u:3u] + T[4u:5u],

0 = T[5u:6ul,
which can be rewritten as
(2.6) 0 = T[[wla] + T[[10w]o] + T[[11w]s],
(2.7) 0 = T[[1w]s] + T[[10w]z] + T[[100w]2],
(2.8) 0 = T[[101w]s],
for all binary word w of length 2k and w # 0%*, and
(2.9) 0 = T[[wla] + T[[10w]o] + T[[11w]s],
(2.10) 0 = T[[1w]z] + T[[10w]s] + T[[100w]s],
(2.11) 0 = T[[101w]s],

for w = 0%F.

First we calculate an 2-automaton that generates T from its minimal polynomial
and its first terms. This automaton has 124 states; its transition function and
output function can be found in the annex. Let A(s,w) denote the state reached
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after reading w from right to left starting from the state s, and 7 the output
function. Define

Bap = {A(i,w) : [w| = 2k, w # 0%}
Identities (2.6) through (2.11) can be written as

(2.12) 0=7(A(s,€)) + 7(A(s,10)) + 7(A(s, 11)),
(2.13) 0=17(A(s,1)) + 7(A(s,10)) + 7(A(s, 100)),
(2.14) 0 = 7(A(s, 101)),

for all s € Fqj, and

(2.15) 0 =T1(A(s,€)) + 7(A(s,10)) + 7(A(s, 11)),
(2.16) 0=17(A(s,1)) + 7(A(s,10)) + 7(A(s, 100)),
(2.17) 0 =71(A(s,101)),

for s = A(i,0%*). We find that (A(4,0%%), Eay) = (A(i,06), E1g), so that we only
have to verify that identities (2.12) through (2.17) hold for 2 < k < 12, which turns
out to be true. (]

In the following lemma, we express Map, Magy1, Wak, and Wai,q in terms of
Me, Mo, We and We.
Lemma 2.4. For all integer k > 2, and v = 22F—1,
Moy, = M€[:3u] + 2" M°[: 2u] 4+ 2 R®,
Way, = We[:3u] + x*W€[:2u] + 23 R°.
For all integer k > 2, and u = 2%F,
Mopy1 = M°[:3u] + 2 M°[: 2u] + 2*“R°,
Waps1 = WO[:3u] + 2" W°[: 2u] + 2" R°.
Proof. Call the four identities in Lemma 2.4 also by the name Moy, War, Majy1,

and Woy1. For n = 2, the identities can be verified directly. For n > 2, we claim
that

Mo AN Wap = Magy1 A Wagp1,
Mog1 N Wagt1 = Magyo A Wakia.
We give the proof of
Mok AN Wap = Magy1,

the proofs of the other ones being similar. Set u = 22¥ and v = 22*~!. By definition
and induction hypothesis, the left side of identity Msx41 is equal to

Worp Moy, = (W°[:30] + 2" We[:20] 4+ 2®“R®) x (M®[:30v] + 2" M°[: 2v]
(2.18) + 2" R°).
Call this expression [hs. Note that both sides of identity Msy41 have the same
term of highest degree x5Y R°. Therefore we only need to prove that their difference

is O(2%). Using Lemma 2.2 it can be seen that the right side of identity Mg is
congruent, modulo 2%, to

WE[:60] ME[:60] + 22 We[: 4v] M°[: 4v].
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For all n < 6, replace the occurrences of We¢[: n - v] and M€[: n - v] in the above
expression by the reduction modulo ™7 of the right side of the corresponding
identity in Lemma 2.3 and get a new expression, which we call rhs. Define

X =2a"
ap :=Wen-v:(n+1)-v]/X",
by :=Mn-v:(n+1)-v]/X",
c:= R°.
Using the notation introduced above, we can represent the expressions lhs (2.18)
and rhs as polynomials in Fa[ay, ..., ag, b1, ..., bg, ¢|][X]. Note that it is not a problem
that a; commutes with b while W*° does not commute with M€, because in the
expressions concerned, the products of We-terms and M “-terms are always in the

same order. We let the computer do the simplification and check that the difference
between these two polynomials is indeed O(X6), which completes the proof. O

Proof of Theorem 2.1. We prove the theorem for CF(t(2)); for CF(t(z)), the proof
is similar. By Lemma 2.4, we have For all 0 < 5,k <1,

: _ e
lim M2n,j,k = Mj’,m

n—00
lim M. ik = M?
N oo 2n+1,5,k 3.k
lim Wy, ;= W?
N300 2n,j,k 7,k
: o
lim W2n+1,j,k = Wj,k'
n—00

Let z = 1/x. By the convergence theorem and identity (4.1),
Mg, (x)
CF(t(2)) = —2—2.
Moe,o(l")
By definition, that ¢(M*,0,1) and ¢(M*,0,0) are minimal polynomials of Mg,
and Mg ,. Therefore
P({E, y) = Rest (¢(Mev 07 1)(.’1,', t)7 y12¢)(M€7 07 1)($, t/y))
is an annihilating polynomial of f(x) = Mg, /Mg .
Define
Q(z,y) = aa(2)y* + a3(2)y” + g2(2)y* + a1 (2)y + qo(@),

where

S
o
&
I
8
-
[\
+
8
.
=
+
8
oo
+
8
4
+
8
(=2}
+
8
ot
+
8
JOJ

=)
w
8
Il
H»—A
+
8
o
_|_
8
=)
+
8
\1
+
8
[=2)
+
8
'
+
8
V)
_|_
8

q@a(z) =o't + 20 42T 4 2% 4 25 423 2

The polynomial Q(z,y) is the candidate for the minimal polynomial of f(z) found
by Padé-Hermite approximation. To prove that it is indeed the minimal polynomial
of f(z), we only need to prove that it is an irreducible factor of P(z,y) of multiplicity
m and R(z,y) := P(z,y)/Q(z,y)™ is not an annihilating polynomial of f(z). We
verify the first point directly. For the second point, we find that when we truncate
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f(x) to order 96, and substitute it for y in R(z,y), we get a series with valuation
smaller than 96, which proves that R(z,y) is not an annihilating polynomial of
f(z). Finally, 212Q(1/2,y) is the minimal polynomial of CF(t(z)) = f(1/2). O

3. THUE-MORSE STIELTJES CONTINUED FRACTION

Using our program, we checked that conjecture 1.2a holds for all a € For\{0,1}
for k = 2,3,4. In this section we present our method.

3.1. Testing of the conjecture. For k > 2, instead of all a in Fox\{0, 1}, we only
need to test one a in each of the orbits of the Frobenius morphism ¢ : ¢ — a2,
because if we let t denote the (a,1)-Thue-Morse seugence and ¢(t) the (¢(a), 1)-

Thue-Morse sequence, then
Stiel(z; ¢(t)) = ¢(Stiel(z; t)),

and they are either both algebraic or both transcendental.
For example, Fg 2 Fy[u]/ < u® 4+ u + 1 > is partitioned into orbits

{0}, {1}, {a,a* @'}, and {@®,u® @°}.

Therefore for Fg, we only have to test the conjecture for ¢ = % and a = @’.
Furthermore, we only have to test those a in Fyx\{0,1} whose orbit contains k
elements, because elements whose orbit has size | < k are already tested in Foi. For
example, for Fi5 = Fylu]/ < u* + u + 1 >, the orbit of a = @® contains only itself
and a?. This means that a* = a, and therefore it is already treated in F,.

3.2. Our method. The same method for testing conjecture 1.1 can be used here
to test conjecture 1.2a for a € For\{0,1} (k > 2), with only slight modifications.
As most of the following have a uniform expression for all a, we first regard a as a
formal variable.

As in Section 2, we define

_ 1 tgn_ll‘ 1 t2n_2x 1 tox
(3:-1) M”_<1 0 >(1 0) (1 0)’

and

o 1 fgn,lx 1 t_gn,,Q,’E 1 E()!E
(3.2) W"(l 0 ><1 0 ><1 0>’

where t is the (a, 1)-Thue-Morse sequence, and t, (1, a)-Thue-Morse sequence. We
have M,,41 = W,, - M,, and W,, 11 = M,, - W,, for all n.

We define four 2 x 2 matrices M°, M°, W€ and W? as follows: For all T' €
{Me, M°,We, We°}, and all 4,j € {0,1}, T; ; is defined to be the unique solution
in Fo(a)[[z]] of the polynomial ¢(T, 1, j) under certain initial conditions. The poly-
nomials ¢(T, 4, ) and initial conditions can be found in the annex. The reason for
defining these matrices and how the polynomials ¢(7T', 7, j) and initial conditions are
found are similar to those given in Section 2.

As expected, the following Lemma holds:

Lemma 3.1.

(3.3) Me=W°.-M°,
(3.4) M° =W¢e. M¢,
(3.5) We=M°-W°,
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(3.6) We = M¢°-We.
Proof. Similar to the proof of Lemma 2.2. O

We have the following observation concerning the structure of the four matrices.

Observation 3.2. For k > 2 and u = 22*~1 the following identities hold:

(3.7 MCu:2u] =z - (a* + 1) - M®[:u] + a"/2z% - I,
(3.8) Welu:2u] = 2% - (¢ + 1) - We[:u] + /2% - I;
for k> 2 and u = 2%,

(3.9) MOu:2u) = z* - (a® 4+ 1) - M°[:u] + a*/?z% - I,
(3.10) Welu:2u] = 2 - (a® + 1) - W°[:u] + a*/?z* - L.

Observation 3.3. For k > 2 and v = 22F—1,
Moy, = M°[:u] + at/?gv . I,
Wor = Weliu] + a2zt Iy
fork>2 and u= 22k
M1 = M°[:u] + a2zt o,
Wag+1 = WOiu] + a2z . T,.
Lemma 3.4. Observation 3.2 implies observation 3.3.

Proof. Let us call the four identities in observation 3.3 also by the name My, Woy,
Moj+1 and Woy41. Suppose observation 3.3 is true. We want to prove observation
3.2 by induction. For n = 2, the identities are verified directly. The inductive step
is
Mo AW, = Moajr1 A Wagya,
Mo 1 A Wagy1 = Mogyo A Waga.

Let us show for example how to prove

(311) Moy AN Wap, = Mojy1.
By definition, the left side of the identity Ma1 is equal to
Way, - Moy,

which, by induction hypothesis, is equal to
(Wel:u] + a2 ) - (M®[:u] + a*/?2"15),
where u = 2%#~1. Therefore only need to prove that
(3.12) Wel:u] - M¢[:u] 4+ a2z (We[:u] + M®[:u]) — M°[:2u]
is equal to zero. As the degree of the above polynomial is at most 2u — 1, we only
need to prove that it is O(z2"). By (3.4),

M°I: 2u)
= We[:2u] - M°[:2u] mod x**
= Weu] - Me[:u] + Weu:2u] - M®[:u] + We[:u] - M®[u:2u] mod z**
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Therefore (3.12) is congruent modulo z%* to
a2t (Welu] + M®[:u)) + Welu : 2u] - MC[:u] + We[:u] - M¢[u:2u).
Substitute We[w: 2u] and M®[u:2u] by the expressions in observation 3.2 and we

obtain that the quantity above is O(z?*). That is, expression (3.12) is congruent to
0 modulo x2%; since it has no term of order higher than 2u — 1, it is equal to 0. [

Proposition 3.5. Observation 3.3 implies conjecture 1.2b.

Proof. First, taking the limit of the identities in observation 3.3, we have for all
J. k €{0,1},

: e
lim MZn,j,k = Mij

n— 00
lim M- =M
oo 2n+1,5,k g,k
: _ e
nh_)rréo Wonjk = I/ijk7
lim W2n+1,j,k == Wj(:k'
n— o0
Therefore
e
. N N . Mayon/z Mg,/
Stiel(x;t) = lim — = lim = lim = —.
n—o0 Qn n—o0 Q22n_1 n—o00 M2n,0,0 MO,O

We obtain the minimal polynomial of Stiel(x;t) from those of M ; and Mg ,, using
the same method described in the proof of Theorem 2.1. (Il

Remark 3.1. The above proposition says that observation 3.3 implies conjecture
1.2 when a is regarded as a formal variable. The implication also holds when a
specializes as an element in Fy:\{0,1} (k > 2).

Therefore, to prove that conjecture 1.2a holds for a certain a € Fox\{0,1} (k >
2), we only need to prove that observation 3.2 holds for a. Because of the following
argument, we only have to check (3.7) through (3.10) for finitely many k’s instead
of for all £ > 2:

For k > 2 and u = 2271 identities (3.7) and (3.8) can be written as
(3.13) T[lw]o] = (a* +1) - T([w]2]
for every component T of M*¢ and W€ and all binary words w of length 2k — 1 and
w # 0%~ and
(3.14) T[[lw]s] = (a® + 1) - T[[w]s] + a*/?
for w = 02F—1,

We calculate the an automaton of T' from the algebraic equation that defines it,
following the method in [8] (see Section 5). Let A(s,w) denote the state reached

after reading w from right to left starting from the state s, and 7 the output
function. Define

Ey—1 = {A(i,w) | Jw| = 2k — 1w # 071}
Identity (3.13) and (3.14) can be written as
(3.15) T(A(s,1)) = (a" + 1) - 7(A(s,€))
for all s € For_1, and
(3.16) 7(A(s,1)) = (a" +1) - 7(A(s,€)) + a*/?
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for s = A(i, 02k~ 1).

As Esj.11 is completely determined by Eaoi_1, the sequence (Eap41)g is ultimately
periodic. The sequences (A(i,0%*71)); and a®""" are also periodic. Therefore we
only need to check (3.15) and (3.16) for finitely many &’s.

3.3. An example. For a € F4\{0,1} and T' = Meg o, we find that the minimal
2-DFAO of T has as transition function (n, j) — d(n, j) (A(n) := [§(n,0),d(n,1)]):

n An)|n AMn) | n  An) | n  Aln)

0 2|5 28 |10 [7.8 |15 [13,17]
1 [3,4]]6 [9,4 |11 [8,13] |16 [18, 4]
2 [5,6]| 7 [10,4] |12 [14,4] | 17 [19, 12]
3 (1,78 [11,6] |13 [15,16] | 18 [16, 6]
4 (4,419 [6,12] |14 [12,16] |19 [17, 8]

and output function n — 7(n):

n tmn)|n 7(n)|n tn) | n Tn)|n T0)|n TN | n T(n)
0 1 3 1 6 a+1]9 a+1|12 1 15 1 18 a

1 1 4 0 7 0 10 0 13 1 16 a 19 a+1
2 a 5 a 8 a 11 a 14 1 17 a+1

The tuple (A(i,0%71), Ea,_1) has the following values:
k=3:(1,{2,4,7,8,9)),
k=5:(1,{2,4,7,8,9,13,14}),
k=7:(1,{2,4,7,8,9,13,14,17, 18}),
k=9:(1,{2,4,7,8,9,13,14,17, 18}).

Forall k > 1, a®™"" = a+1. Therefore we only have to check that identity (3.7)
holds for k = 3,5, 7, which turns out to be true.

4. PERIOD-DOUBLING CONTINUED FRACTIONS

The method for checking conjecture 1.1 can be adapted for the verification of
conjecture 1.3. In this section, we give two examples. First we introduce the

notation.
For (a,b) € (Fa[z]\F2)%. Let p be the (a,b)-period-doubling sequence. Define
two sequence A, (z) and B, (z) by

Ag(z) = zdesl@ (a(l/x) é) ;
Bo(x) = 2%5®) ((1/ x) (1))’
)
)

Ant1(2) = Bu(2)An(z)  Vn >0,
Bpt1(z) = Ap(x)An(z) Vn > 0.
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Define z := 1/z. For an non-zero polynomial P(z), we define P(z) to be P(1/x).
Then R
Pn(Z) Bu(z )

€ Fa((z)) = F2((1/2)).

Qn(z)
Comparing the definition of A, (z) with definition (1.3), we see that
An(r)o1 = % Pyn _ 1(),
An(2)0,0 = 2™ Qan_1 (),
for some positive integer d,,, and
Pyon_q(x) _ Az ()01
Qun_1(z)  A2a(z)oo

(4.1) CFa20_1(p(2)) =

4.1. The (z2,z)-period-doubling sequence. In this subsection, we prove the
following theorem.

Theorem 4.1. Let (a,b) = (2%,2) € (F2[z]\F2)%. Let p be the (a,b)-period-
doubling sequence. The power series CF(p(z)) is algebraic over Fo(2); its minimal
polynomial is

At (@ a4+t F1=0.

We define four 2 x 2 matrices A°, A°, B® and B¢ as follows: For all T €
{A°, A°,B°,B°}, and all 4,5 € {0,1}, T;; is defined to be the unique solution
in Fa(a)[[z]] of the polynomial ¢(T, 4, j) under certain initial conditions. The poly-
nomials ¢(7,4,7) and initial conditions can be found in the annex. The reason for
defining these matrices and how the polynomials ¢(7', 4, j) and initial conditions are
found are similar to those given in Section 2.

Lemma 4.2. The following identities hold:

A® =B A°,
A° = B¢ - A°,
— A°. 1407
= A°®. A°
Proof. Similar to the proof of Lemma 2.2. O

Lemma 4.3. Forn > 2 even and u= (5-2"+1)/3,
A 2u] = Al u]l + 2 - Iy

. . u xufl xu72 +xu73
B°[: 2u] = B°[: u| + = < 0 pu—1
Forn > 1 odd, foru=(5-2"+2)/3,

A%l 2u—1] = A°[u] + 2272 I

u—2 u—3
BO[:Qul]BO[:u}+x“<é v )

Proof. We give proof of
(4.2) Agol: 2u] = AG o[ u] + 2"
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for n > 2 even and u = (5 - 2™ + 1)/3; the proofs of the other 15 cases are similar.
Let T'= A§ . Identity (4.2) can be written as

(4.3) Tlu: 2u] = z*.
From the minimal polynomial and the first terms of T', we find its minimal automa-
ton. Its transition function § (A(n) := [§(n,0),d(n, 1)]) and output function 7 are
as follows:
n An)|n An)|n An) |n An)
0 [1,2] |2 [4,5]|4 [4,4 |6 [6,4]
1 [3,2]|3 [6,6] |5 [26]
n t(n)|n 7n)|n 7(n)|n 7(n)
0 1 2 0 4 0 6 1
1 1 3 1 5 0

Let A(s,w) denote the state reached after reading w from right to left starting
from the state s.

For n > 2 even, k = n/2 — 1, and u = (5-2" + 1)/3 the binary expansions of
integers j in [u, 2u[ have the following forms:

J ]2
j=u 1(10)%11
u<j<2ntl 1(10)k—111{0,1}*, 1 <1<k
2ntl < j<2u—2 | 1(10)'0{0,1}" 2, 0 <1<k
j=u—1lu—2 1(10)k10{0, 1}

Consider the sets

By = {1(10)*11 | k > 0},

By = {1(10)™11{0,1}*" | 1 > 1, m > 0},

By = {1(10)™0{0,1}* | 1 > 1, m > 0},

Bs = {1(10)™10{0, 1} | m > 0}.
For i = 0,1, 2,3, define

E; = {A(0,w) | w € B;}.
We find that
Eq={6}, E1={4}, E>={4,5}, E;={4}.

We verify that for all s € Ey, 7(s) = 1, and for all s € E;, i = 1,2,3, 7(s) = 0.
This proves identity (4.3) for all n > 2 even, and v = (52" 4+ 1)/3. O

Lemma 4.4. Forn > 2 even and u= (5-2"+1)/3
A, = A% u] + 2" - I,

B, = B°[: u].
Forn>1 odd, foru=(5-2"+2)/3
Ap = A°[: u),

B, =B°[:u]+z" - Is.
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Proof. Let us call the identities involving A,, and B,, also by the name A,, and B,,.
We will prove the lemma by induction. It can be verified directly that A,, and B,
holds for n = 1, 2. For the inductive step, we want to prove that for n > 2,

An A B, = An+1 AN Bn+1.

We give the proof of
An N B, = An+l

when n is even. The proofs of the other cases are similar. Now suppose that for
some n > 2 even and u = (52" 4+ 1)/3 it holds that

A, = A% u] + 2% - Iy,
B, = B°[: ul.
We want to prove that
(4.4) Apy1 = A°[: 2u).
By definition and induction hypothesis,
Api1 = BpA, = B[] - (A u] + 2 - I).

As the degrees of both A, ;1 and A°[: 2u] are at most 2u — 1, to prove that they
are equal, we only need to prove that they are congruent modulo z2*. By lemma
4.2 and lemma 4.3,

A°[: 2u] = B®[: 2u] - A°[: 2u]

u—1  u—2 | ,u—3
= <Be[: u] + " <33 ’ j—f )) (A°[:u] + 2" - ) mod x".

0 T
Therefore
o u xu—l (Eu_2 +xu—3 .
Al 2u] —Apy1 =z < 0 pu-1 - A°[: )
u—1 u—2 u—3

=" <x 0 v mj_ic ) (A°[:u] mod %)

. xufl zu72 +xu73 1 CC2

=7 0 vt 22 o0

=0 mod 2% O

Theorem 4.1 can be derived from lemma 4.4 and the definition of A€, using the
same method as in the proof of theorem 2.1.

4.2. The (23, 22+2+1)-period-doubling sequence. In this subsection, we prove
the following theorem.

Theorem 4.5. Let (a,b) = (23,2° + 2z + 1) € (F2[2]\F2)?. Let p be the (a,b)-
period-doubling sequence. The power series CF(p(z)) is algebraic over Fo(z); its
minimal polynomial is

A @+t 4232+ (@B b )+t 42 =0,
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We define four 2 x 2 matrices A, A°, B¢ and B° as follows: For all T €
{A° A°, B°,B°}, and all 4,5 € {0,1}, T;; is defined to be the unique solution
in Fo(a)[[z]] of the polynomial ¢(T, 1, j) under certain initial conditions. The poly-
nomials ¢(T\, 4, j) and initial conditions can be found in the annex. The reason for
defining these matrices and how the polynomials ¢(T', 7, j) and initial conditions are
found are similar to those given in Section 2.

Lemma 4.6. The following identities hold:

A@ — BO . AO’
A° = B°¢. A°
B¢ = A°- A°,
B° = A° - A°.
Proof. Similar to the proof of Lemma 2.2. a

Lemma 4.7. Forn > 2 even, u= (2""3 +1)/3, v = 2",
AL 2u] = (1 +2¥ + 22) - (A°[: u] + 2V A°[: uw — v]) + 2 A°[: 2u — 4v]+

11

u u+v u+2v

(x“+z"" + )(0 1),

Be[: 2u] = (1 + 2% + 22¥) - (B[: u] + 2" B°[: u — v]) 4+ 2 B°[: 2u — 40+

(xQul x2u71 + $2U4>

0 xQu—l

Forn >1 odd, u = (23 +2)/3, v = 2",
A%l 2u—1] = (1 + 2% + 2%) - (A°[: u) + 2V A°[: u — v]) + 2 A°[: 2u — 4v — 1]+

@ (p 9).

B°[: 2u—1] = (1 4+ 2" + 2%*) - (B°[: u] + 2" B°[: u — v]) + 2" B°[: 2u — 4v — 1]+

g +mu+v +xu+2'u x2u72 _|_1.2u74
0 Tt +xu+v +$u+2v

Proof. We give the proof of the (0,0)-th component of the first identity. The proofs
of the other 15 identities are similar. Let T = Af ;. We want to prove that

(4.5) T[:2u) = (14+2"+2%)-(T[:u]+2 " T[:u—v]) + 2 T[: 2u—4v] +2* (1+2¥ +22?).
for all n > 2 even, u = (2""3 4+ 1)/3, and v = 2". Equation (4.5) can be rewritten
as
Thu:2u] = 2°T[u — v:u] + 22 Tu — v:u] + 2> Tl — v]+
s VT 2u — 4v] + 2% 4 2V 4 vt
= (2% + 2 T[u — v:20]) + (" T[2v:u] + 3 T[:u — 2v])+

(2T 4 23T [u — 20: v] + 22 Tu — v : 20])+

(2T 2v:u) + 2 T[v:u — v] + 2*Thu — 2v])+

(29720 4 28T [0 — 20:2u — 4v))
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noting that v < 3v < u+v < 4v < u+ 2v < 2u. The above identity can be
decomposed into five parts:

Tlu:3v]) = 2" + 2"Tu — v:20]
T[3v:u+v] = 2"T2v:u] + 23 T[:u — 20]
Tlu+v:4v] = 2" + 23T u — 2v: v] + 22 T[u — v : 20]
Tl : u+2v] = 22T [2v:u] + 2*°T[v:u — v] + 2 Tu — 2v]
Tlu+2v: 2u] = 272 + 2*Tu — 2v:2u — 4v]

That the above five identities hold for all n > 2, u = (23 +1)/3, and v = 2" is
equivalent to the following identities:

(4.6) T[[10w]s] = 1 + T[[1w]s] Vw € Lo
(4.7) T[[10w]2] = T[[1w]s] Yw € Ly
(4.8) T[[11w]s] = T[[10w]s] + T'[[w]2] Vw € Ly
(4.9) T[[11w]s] = 1 4+ T([w]s] + T[[1w]s] Yw € Lo
(4.10) T[[11w]s] = T[[w]a] + T[[1w]s] Vw € Ly
(4.11) T[[100w]s] = T[[10w]s] + T'[[1w]2] 4+ T[[w]2] Vw € Lo
(4.12) T[[100w]s] = 1 + T[[w]s] Yw € Ly
(4.13) T[[100w]s] = T'[[w]2] Yw € Ly
(4.14) T[[10w]s] = T[[w]2] Vw € Lg
(4.15) T[[10w]2] = T'[[w]2] Yw € Ly
where

= L((10)"11),

= L((10)*11{00, 01, 10,11} 1),

= L((10)*0{0,1}{00,01,10,11}* + (10)*),

= L((10)70{00,01, 10,11} 1),

- L((10)*{0,1}).

From the minimal polynomial and the first terms of T', we find its minimal automa-

ton. Its transition function 6 (A(n) := [6(n,0),d(n,1)]) and output function 7 are
as follows:

n An) |n  An) |n  An) |n  An) | n An)

0 [L2] |6 [11,12]|12 [15, 20] |18 [23,12] |24 [27, 15]

1 [3,4] | 7 [13,14] |13 [9,21] |19 [24,23] | 25 [15, 18]

2 [5,6 | 8 [5,15 |14 [14,14] | 20 [14,26] | 26 [17, 20]

3 [7,8 | 9 [16,14] | 15 [22,10] | 21 [14, 16] | 27 [28, 14]

4 19,1010 [17,18] | 16 [23,9] |22 [5,17] | 28 [27,17]

5 [8,9] |11 [19,6] | 17 [24,25] | 23 [16, 16]
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n tn)|n )| n 1) | n TM)|n T0)| n T(n)
0 1 5 1 10 0 15 1 20 O 25 1

1 1 6 0 11 0 16 1 21 0 26 0
2 1 7 1 12 1 17 0 22 1 27 0
3 1 8 1 13 1 18 1 23 1 28 0
4 1 9 1 14 0 19 0 24 0

Let A(s,w) denote the state reached after reading w from right to left starting
from the state s. For j =0,1,...,4, define

E; ={A(0,w) | w e L;}.
We can compute E; explicitly and find
= {6}
E, ={14,15,16,17,18,20}
E, ={3,4,5,13,14,15,16,17,19,27}
E; ={9,14,21,23}

E, = {8,9}.
Equations (4.6) through (4.15) can be written as
(4.16) 7(A(s,10)) =1+ 7(A(s,1)) Vs € Ey
(4.17) T(A(s,10)) = 7(A(s, 1)) Vs € Ey
(4.18) T(A(s,11)) = 7(A(s,10)) + 7(s) Vs € Es
(4.19) T(A(s,11)) = 1+ 7(s) + 7(A(s, 1)) Vs € Ey
(4.20) T(A(s,11)) = 7(s) + 7(A(s, 1)) Vs € By
(4.21) T(A(s,100)) = 7(A(s,10)) + 7(A(s, 1)) + 7(s) Vs € By
(4.22) 7(A(s,100)) = 1+ 7(s) Vs € Ey
(4.23) 7(A(s,100)) = 7(s) Vs € By
(4.24) 7(A(s,10)) = 7(s) Vs € Es
(4.25) T(A(s, 10)) = 7(s) Vs € By
We verify equations (4.16) through (4.25) directly. O
Lemma 4.8. Forn > 2 even, u = (2""3 +1)/3, v = 2",
A, = A% u) 4+ 2 - A°[: uv]+zu~((1) })
B, =B°[:u]+ 2" B°[: u—]
Forn >1 odd, u= (23 +2)/3, v = 2",
An, = A°[u] + ”-Ao['u—v]
B, =B°u]+a - B°[u—v]+a*- I

Proof. For n > 2 even, we prove that

An A B, = An+1.
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Set uw = (2"73 +1)/3, v = 2". Identity A, can be written as
(4.26) Apyr = A°[: 2u] + 22Y - A°[2u — 20]
The left side of Eq. (4.26) is

B, A,

— (B°[: u] + 2" - B°[: u— ) (Ae[; ]+ 2% - A u— o] + 2 ((1) D)
= (B[ u]+ 2" B[ u—])(A°[: u] + ¥ - A°[: uw — v])
" B°[: u) <(1) }) + 2"t Be[: u — v) <(1) })
By lemma 4.6, the right side of Eq. (4.26) is congruent, modulo x?* to
(14 2%Y)A°[: 2u] = (1 + 22V) B®[: 2u) A°[: 2u].
We recall that
A% 2u) = (14 2% +2%Y) - (A[: u] + 2V A[: u — v]) + 2 A°[: 2u — 4v]+
(&% + 2 4 v ) ((1) D ’
Be[: 2u] = (1 + 2% + 2®) - (B°[: u] + 2 B°[: u — v]) + " B°[: 2u — 4v]+
<x2u—1 p2u—1 +x2u—4>.

0 x2u7 1
Noticing that

<x2u1 $2u71 + x2u74

0 p2u—1 ) A°[:2u] =0 mod z**,

and
1+22)1+2°+22")? =1+2 =0 mod 2%,
we have
(14 2%) - B®[: 2u]A°[: 2u]
=(1+2*) (1 +2"+2%) (B[ u] + 2"B°[: u — v]) + 2" B°[: 2u — 4v))
(1 + 2% 4 2%) - (A°[: u] + 2" A°[: u — v]) + 2 A°[: 2u — 40)])
(14+2*)- (1 +2"+2%) - (B[ u] + 2"B°[: u —v]) + Y Be[: 2u — 4v])

1 1
u u-+v u+2v
(" + 2"+ ) <O 1)

= (B u]+2"B[u—v]) - (A°[: u] + 2" A°[: u — v])

2% (B u] + " B[ u —v)) - <(1) D mod 22",

Thus we have proved that both sides of Eq. (4.26) are congruent modulo z2%, so
that they must be equal as both have degree at most 2u. O

Theorem 4.1 can be derived from lemma 4.8 and the definition of A¢, using the
same method as in the proof of theorem 2.1.
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5. FROM EQUATION TO AUTOMATON

In this section we give an description of the algorithm that we use to calculate a
p-automaton of an algebraic series T'(z) in Fy[[x]] from an annihilating polynomial
of it, where I, is a finite field of characteristic p. The algorithm is based on the
proof of theorem 1 in [8].

Step one: Normalization
Input: an annihilating polynomial P(z,y) € Fy(z)[y] of T'(z).
Output: an annihilating polynomial Q(x,y) € Fy(x)[y] of T'(x) the form

ar(z) o ag(z) e an(T) ,n
b Th@? T "

Method: use the relation P(z,T(z)) = 0 to express T(z)?’ as F,(z)-linear combi-
nation of T(x)*, k = 0,1,...,d — 1, where d is the degree of P(z,y) as a polyno-

Y+

mial in y. In practice, to find the expression of T(x)P’, we first calculate that of
T(x)prl, then raise it to the p-th power, and finally reduce again using the relation
P(z,T(x)) = 0. _

We know that the family T'(z)?’, j = 0,1,... ,d is necessarily linearly dependent.
However, as it can be costly to compute T(x)pJ when j is large, in reality we stop
once the rank of the family T'(z)?’, k = 0,1,..., o is less than jo + 1.

Step two: From normalized equation to kernel
Input: the relation
_ a1(z) 1 az(x) >, an(3) n

bl (.Z‘)
Output: the p-kernel of T'(z).

Method: We let ¢ denote the Frobenius morphism and Aj; the Cartier operator

that maps > a;z! to Zaplﬂ-xl for 7 =0,1,...,p— 1. We recall that for a series
f@) =225, az! € Fy((x)) and polynomials a(z) and b(x),

Aj(a(x) f(x)") = Aj(a(z))Ao(f(2)")

(5.1) T(z)

for j=0,1,...,p and
Ao(f(@)") = Ao 3 cfa™ = > cfa' = o(f) ().
Combining the above two identitilezsl;nd we gelt> '
52 & (50 50r) =5 (atperHO0) = ajfatapiar S0

When we apply repeatedly A;, j =0,1,...,p—1 to both sides of (5.1) using the
above computation rule and rewrite ¢*(T)(x) using relation (5.1), we always get
an expression of the form (this will be illustrated by example 5.1 below)

ca(z) 1 o) g 2 en(z) n
T)(z)? + T)(z)? +---+ T)(x)?

T mEr + EH @) o)

where £ =0,1,...,logg/logp — 1, and ¢;(z) and d;(x) are polynomial of bounded

degree for j = 1,2,...,n. To see the last point, note that for d;(z) is always a

(5.3)
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factor of

for some 0 < k < log g/ logp, and
degc; < degd; + max{dega; —degl; |1 =1,2,...,n}.

The set of expression of the form (5.3) is therefore finite and the process must
terminate. In the end we get a finite set that is the p-kernel of T'(x).
In our program, the expression (5.3) is encoded by the tuple

{l: e (x)/di(),2: ca(x)/da(x),...,n:cp(x)/dn(2)}, k).

Remark 5.1. Note that the reason we use powers of p instead of powers of ¢ in
(5.1) is that the latter usually needs much larger coefficients.

Example 5.1. Set a = @ € Fy = Fafu]/ < u®> + u+ 1 >. Let T(x) be the unique
solution in Fy[[x]] of

(2* +ax)y* +y+a+x=0.
We write the equation in the normalized form, which is really easy for this example:

(5.4) T(r) = - i ~T(2)? + 2T (2)".

We use computation rule (5.2) to calculate AgT'(z) and AgAo¢T(x) to illustrate of
this process:

T(x)?

)
_ A <(:c + >((+)) + Ao(z) - B(T) ()

s

r+a+1
To calculate AgAgT' (), we need to first put the above expression into form (5.3).
Applying ¢ to both sides of (5.4) we get

BTN = —

AoT(x) = Aol - i - + Ao(aT(2)")
T)

O(T)(2)* + 2o (T)(2)*.

Therefore

and
AoAoT (z) = Ao <”¢(T)(x)2) + Ao (WQS(T)(@‘*,)
= masz(T)(m) + m¢2(T)(x)2

a ax T(z)2.

= T(z) +

T+ a r+a

In our program, the series T'(z), AgT'(z) and AgAoT (x) are encoded by

({0: 1}, 0),
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({0:a/(x+a+1)}, 1),
and
({0:a/(zx+a), 1:azx/(x+a)}, 0).

Step three: Output function In step two, each element from the p-kernel of
T(x) is expressed as an F,(z)-linear combination of powers of ¢*(T)(z), for some
0 < k < logg/logp. The output function maps the corresponding state to the
constant term of the series. To calculate it, we simply plug in T'(z) mod xP*!
where D is the maximum of 0 and the minus of the orders of the coefficients of the
linear combination.
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6. ANNEX
6.1. Data for Section 2. All 16 polynomials are of the form
po(@) + ps3(2)y”® + pe(2)y°® + po(2)y” + pra(x)y'.

The coefficients p;(z) and the 8 initial terms to determine the solutions uniquely
are given below.
For ¢(M*,0,0):

polz) = 266 4 464 4 262 4 60 4 058 | 56 4 052 50 4 36 L 32 4 030
Tog20 4 pl6 4 pld 12

p3(z) = 262 4 00 4 258 | 056 4 052 50 4 48 44y 42 38 036
B2 g 22y 20 4 18y 14 12

po(z) = 256 4 g4 4 240 4 038 4 036 L 032 4 030 026 4 020 L 18 4 16
+att a2+ 1,

polz) = 204 4 02 4 258 | 056 4 054 L 052 4 48 42 4 032 L 030 4 026
+ 220 4 2 M 2! 4 210 2B 4 2

pra(z) = 2% 4 56 4 A0 4 32 4 16 4 48 g

and the initial terms are [1, 0, 0, 0, 0, 0, 0, 0].
For ¢(M€,0,1):

Po(@) = 23 + 262 4 280 4 259 4 56 4 255 4 53 4 g1 4 50 4 449 | 448
LT 5 A4 42 L A1 039 L 3T L 036 035 | 34 32
b T g g g g2l 20 4 18 g5

p3(@) = 2% + 259 + 251 4 240 4 3 g g4l 3T 4 38 4 g2l 4 p19 4 18 4 g0

po(z) = 260 + 259 + 257 + 2% 4 ¢4 4 252 4 351 4 20 4 8 4 246 4 45
oM 4212 4232 423 4 2% p 2?8 2?0 2 % g M
bt S 16 15 13 12 10 L g0 L T L g6

po(z) = 2% + 2% + 2% + 2% 4+ 247 + 2 + 2® 4 2 4 2% 4 2?0 42
+ o 42?42t 2t 2" 4 ab 4 ad

pra(z) = 2% + 257 4+ %6 4 254 4 53 4 552 4 50 4 g49 | 48 4 pa2 g4l
g0 38 L BT | 036 4 o34 L 033 L 032 4 10 L 09 4 o8 L 06 L o5
+at+ 2 +a+1,

and the initial terms are [0, 1, 0, 0, 1, 1, 0, 0].
For ¢(M€,1,0):

po(iﬁ) — 3763 +$62 +.’L’60 +$59 —|—3’,‘56 —‘1-.’1355 +$53 +$L’51 +$50 +£L‘49 +LL'48
+ 1,47 + Q}45 + JE44 + I’42 + I41 + 1’39 + 1,37 + LESG + 1,35 + I34 + 3532
+ .’L‘28 + 1‘27 4 .7325 + .%‘24 4 56’23 + .’1721 + $20 4 1,18 + .’1715
pg(I) _ 1’61 +£L’59 +$51 +$49 +$43 +’JJ41 +£1737 +$33 +IL’21 +£L‘19 +.’E13 +JJ9,

pG(-fL') — .’IJ60 4 3?59 + 1]57 + .’1755 4 1‘54 + .1752 + 1,51 4 LL’49 + .’1748 4 $46 T .’L‘45
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+ a2t 2?4232 a3 42?0 4 B 22 4 2 4 2?2 Y
+$19+$18+1‘16+$15+$13+l‘12+$10+$9+$7+(1§'6,

po(z) = 2% + 2% + 2% + 2% + 247 + 2% + 2 4 2 + 25T + 2% 4 2
+.’1725+$21+1’15+$13+.’IJ7+3}'5+(E3,

p12(1,) :$58+I‘57+$56+1’54+1353+CC52+1'50+$49+SL‘48+ZE42 +$41
+.’L‘4O+$38+1‘37+$36+$34+1‘33+(E32+£L’10+$9+$8+Z‘6+£L‘5
+at+ 2 +a+1,

and the initial terms are [0, 1, 0, 0, 1, 1, 0, 0].
For ¢(M¢€,1,1):

po(x) _ x60 4 :L‘56 Jr5054 + 3350 + x48 + ’1244 + :1‘38 +I34 + x30 + 1,28 er%
+ .’L‘QO 4 31‘187
pg(l‘) _ x54 Jr:ESO JrSCZ.L4 +$38 Jrx28 +l‘20 +1‘18 +x12 +xlO Jr1,6,
pe(l“) _ .’L‘54 —|—$52 +x50 +.’L‘38 +x36 +x24 +x18 _1_1,16 +x10 —|—$6 +l‘4 + 17
pg(l’) _ x52 Jr;C44 Jr5042 +l’40 Jrx?;O +l‘24 +1‘22 +x20 +le Jrl,lO ers JrxG
+ 2 +x2,
p12($) —_ x52 Jr;CSO +.’£48 +$36 Jr:U?A +x32 +1‘4 +$2 + 17

and the initial terms are [0, 0, 1, 0, 0, 0, 0, 0].
For ¢(W¢,0,0):

po(z) = 2% + 250 + 2 + 210 4 230 + 278 + 2 4 2 212

pa(x) = 2% + 2 gt a8 4 a0 4 g2 4 20 4 gy 12 10,

po() = 24 4 9% 4 a1 g g0 4 A2 | B8y 3 4 B2 4 80 | 022 | 20
I LRI R L S

o) = 252 4 oM 1 212 10 4 30 | 24y 22 4 020 | 16 4 10 4 8 | 6
+at+ 2%,

pro(z) = 22 4 2% 4+ 218 £ 30 4 3 B2 4 gty g2 1

and the initial terms are [1, 0, 1, 0, 1, 0, 0, 0].
For ¢p(W*¢,0,1):

p0($> =$63+$60+LE59+.’E56+$52+1‘51 +$50+$47+$43+(E39+$36
+1‘35+I28+JC25+I22+I20+l‘18+1‘16+x15,

p3($)=$61+$59+$51 +.’1749—|—3?43+.’L‘41 +$37+$33+$21+(I)19+$13+$9,

p6(517) :1’60+$59+LE57+1‘55+1}54+I52+I51 +I49+l’48+$46+$45
+.’1743+$42+JJ32+!L‘31+$29+$28+ZL‘26+$25+$24+$22+l‘21
+I19+I18+I16+I15+I13+$12+$10+$9+I7+I6,

pg(.ﬁl)) :$59+$53+l’51 +.’1749+J}47+$45+$43+$L’41 +$37+$29+.’L'27
+$25+51321+Q§15+I13+$7+$5+II}3,

p12($) — .’1758 4 $57 + .1’56 + .’1754 4 1‘53 4 .1752 + .%‘50 4 x49 + .’1748 4 $42 T .’L‘41

27
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440 4 38 4 03T 436 L o34 033 4 82 4 10 4 09 L 8 L 06y 5
+x4+m2+x+1,

and the initial terms are [0, 0, 1, 1, 1, 1, 0, 1].
For ¢p(W*¢,1,0):

po(iﬂ) :$63+$60+l’5g+$56+$52+$51 +$5O+SL’47+$43+I39+LL’36
+1‘35+I28+I25+I22+I20+I18+:L'16+.’E15,

pg(l‘) :.’1,‘61+$59+1]51 —|—3349—|—m43—|—x41 +$37+$L’33+.’E21+$19+.’E13+$9,

p6(1') :x60+$59+$57+$55+$54+1‘52+IL‘51 +$49+IL’48+LL‘46+$45
+.’1743+J}42+$32+£L'31+$L‘29+.’L‘28+I26+.’E25+$24+$22+$21
+x19+x18+x16+x15+x13+x12+z10+x9+x7+x6,

pg(l‘) =.’L‘59+I53+$51 +.’L‘49+l‘47+$45+l‘43+1}41 +.’E37+$29+l‘27
+$25+$21+’1315+£L'13+$7+(£5+CE3,

p12(l‘) =$58+1‘57+$56+.’L‘54+$53+$52+l‘50+$49+$48+1‘42+$41
+x4o+x38+x37+x36+x34+x33+x32+x10+x9+x8+x6+x5
+at+at+a+1,

and the initial terms are [0, 0, 1, 1, 1, 1, 0, 1].
For ¢(We, 1,1):

po() = 296 4 200 4 258 4 g56 4 5% | g8 4 p42 | 440 | 36 4 32 4 30
+ 2% + 270 + 220 4 218,

pa(@) = 2 4 20 4 216 4 oM 4 12 B8 g 36 4 82 4 B0 4 24 4 420
L

po(z) = 2% + 250 + 272 4+ 220 4+ 240 4+ 238 4 230 4 232 4 220 4 2?2 4 218
+ 2%+ a2 42t 2% 4+ 1,

po(x) = 2% 4 202 4 258 4 250 4 5% g2 4 oS | 42 | B2 4 30 4 426
220 gt ol 12 4 10 4 8 4 2

pr2(z) = 2% + 2% + 210 4 232 4+ 216 4 28 4 1

and the initial terms are [0, 0, 0, 0, 1, 0, 0, 0].
For ¢(M°,0,0):

po(l”) _ 9363 +$62 +£C61 +l‘60 +1‘59 +ZE57 +1‘55 +IE53 +JC51 +I5O +£C49
+ 3747 4 3745 =+ 1'44 + .’1?42 + 3740 + .%‘39 + $37 4 56'36 + 3?31 4 1‘30 =+ 1'28
+ l’27 + 1726 + :E24 + 1,23 +I21 + xlS + I17 +£C15 + 1’14 + 1,13 +$12,
p3(33) — .’1762 + $59 4 1558 + .’1?56 4 3?55 =+ 1,53 + .’1?52 + 1‘51 + .’L‘46 + $45 4 .’1)‘41
+ 1’39 + 1,38 + 5637 + I36 + IE34 + x32 + :1731 + SEBO + 1’28 + 1,27 + $25
+$23+$2O+1’18 +.’1717+31‘16+.’1?13 +$11 +$L’10+$9+$87
p6(33) _ 11;’62 + 1,59 +$58 + l’57 + £E54 + .7}52 + 3351 +$48 + 33‘44 + IL‘42 +$41

+ .’1737 4 3?36 =+ .T35 + .’1?33 4 1‘31 + .1730 + 1‘29 4 LL’QG + .’1?24 4 $23 4 xlS
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B o e e R R R Ry L D

Po(@) = 282 + 261 4 280 4 254 4 B3 4 g52 4 46 4 g5 | g | 038 37
+x36+z14+x13+x12+1:6+1:5+:z:4,

pra(z) = 282 4 281 4 260 4 358 4 57 | 56 4 450 | p49 4 48 | g6 4 45
Lot g 42 41 40 L o34 L 33 4 32 4 04y 13 ) 12 L 10
+a’ +a¥+ a2’ +a+1,

and the initial terms are [1, 0, 1, 1, 0, 1, 0, 0].
For ¢(M°,0,1):

p0($> — .’1764 4 1‘61 4 .1?59 + 1‘55 4 $54 + .’1352 4 $51 4 1}50 + .’1748 4 31‘47 + .2746
+ a4 g2 gt 0 4 %8 230 a3 33 32 a3t 30
+ 129 4 .’1328 + .’1326 4 I23 T .IQO + .’1719 4 31‘17 4 .7716 + 1,157

pg(fﬂ) _ 1‘57 +(£56 + ’1355 + 1,51 +$50 + 3’]48 + $47 +$43 + 1,42 + £U4O + x39
+l‘35 +.’1334 +x33 +l‘17 +x16 +.’L‘15 +$11 +x10 +l‘9,

pG(x) _ 1,58 +£56 + $54 4 1,50 +.’E48 + £L’44 + (E42 +$30 + 1,28 + $24 + x20
+$18+$14+.’E12+1‘8+$6,

po(z) = 2% + 2% + 2% + 2% 4+ 252 + 2% 4 2® 4 2®? 4 20 4 278 4 230
+m35—|—x11+x10+x8+$6+x4+x3,

p12(x) _ 1,60 +.’ﬂ56 +1,418 +£L'44 +.’[40 +£L’32 +(E12 +£C8 + 1’

and the initial terms are [0, 1, 0, 1, 0, 1, 0, 0].
For ¢(M?°,1,0):

po(x) = 2% + 205 1 204 1 262 4 260 4 559 4 458 4 54y 51y 46 4 445
+ 2B 2 ot a0 % e e 2 2 2T e
+ 2?2 + 22 4 220 + 218 4 2,
pa(x) = 25 1+ 204 4 83 ¢ 6L 4 460 | 558 | p5T | 455 4 54y 52 4 51
LT 46 4 44 | 43 41y 40 | 38 | 087 4 035 | 34, 33
+ 2P 2?2 e 12?0 !t ™ ! gt 210
+ a7,
po(z) = % + 20 + 200 4 278 4 210 4 oM 4 2?2 4 2% 4 2P0 4 23 4 20
S L L [ S
po(z) = 27 + 20 + 2% 4+ 2% + 255 4 27 4 272 + 250 + 2®8 4 2?7 4 2%
%8 g0 4 g5y 19 L 18 4 16 L 15 L 0T 06 g 4 g8
pr2(x) = 2% + 2% + 230 4 232 + 2?0 42t 4 1,

and the initial terms are [0, 0, 1, 1, 1, 0, 0, 1].
For ¢(M°,1,1):

pO(z) _ $63 +$61 + 93‘59 + :L‘58 +$57 + 1’56 + 1,55 +$53 + $49 + 1:48 + 1,45

+ $44 4 LL’43 + .’1742 4 $35 + 1,31 + .’1730 4 1‘29 4 .7328 + .7,‘26 4 56‘25 + .’1720
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—|—:r18,
p3(x) = 2% + 290 1 256 1 255 4 253 4 452 4 g5l 4 g50 4 49 4 448 446
4o 212 10 4 239 %8 23T % a3t 3 a3t 4 %0
S L. L ST B LR L QR L BE ST B )
pe(x) = 2% + 2% + 257 + 250 + 2% + 2% + 20 4+ 2 4 2 4 21 4 2
L8 g5 4 B34 4 480 4 428 4 025 4 23 020 L 19 | 8 4 15
T SR b RS LRIGNC U S SRS
Po(x) = 202 + 81 1 200 4 g5 4 53 | g5 4 46 4 g5 | A4y (38 4 3T
S CI U E ST b SIS N B
pra(x) = 252 + 281 4+ 280 1 258 1 55T 4 g5 4 450 4 49 4 48 446 405
GopM oy A2 A1 | 40 B4y 033 82 ) 1y 18 | 02 4 10
+2'+a® + 2+ +1,
and the initial terms are [0, 0, 0, 1, 1, 1, 1, 0].
For ¢(W?,0,0):
po(z) = 2% 4+ 292 + 28 + 290 4 25 4+ 257 4+ 27° 4 25 4 2% 4 270 4 Y
JogAT 4 45 4 44y 42 4 (40 4 030 L 37 L 036 81, 30 | 28
+ 2 o 4 2?t peB 4 e 42T P M B x12,
pa(x) = 262 4 259 4 298 4 56 4 ¢55 4 553 | p52 4 B 4 46 4 45 | gl
+ 239 4 2% 4 237 4 230 1 a3 a3 a3 230 28 T 4 P
2% g0 1S 1T 16 13 1y 10 09 o8
po(z) = 2% + 2% + 2% + 257 4+ 25 + 272 + 2P 4 2% 4 2™ 4 2?2 4 2!
+ 237 4 230 4 235 4 233 4 a3 p 230 4 2% %0 4 a2 B 4 18
b e B 2 0 S T a1,
po(x) = 2% 4+ 281 4 200 1 554 | g3 | g2 4 g6 4 A5 4 g0y 38y 8T
250 M a1 12 4 S gt
pra(x) = 22 1+ 281 4 80 4 £58 4 55T | 556 4 550 4 49 4 448 | 46 | 445
B e R R R N N N e N
+a2'+ 2%+ +a+1,
and the initial terms are [1, 0, 1, 1, 0, 1, 0, 0].
For ¢(W°,0,1):
po(x) = 2% + 285 1 204 1 262 4 260 4 559 4 458 4 ;54 4 5Ly 446 445
G 42 4 41 | 40 085 4 033 81, 020 4 28 | 27 | 23
- R B R LR )
pa(x) = 2% 4+ 204 4 203 1 281 1 200 4 558 4 45T 4 455 4 454y 52 4 51

+ 1‘47 4 LL’46 + .’1,‘44 4 $43 T .1’41 + .’I,‘4O 4 1‘38 4 .7337 + .%‘35 4 56‘34 + .’1,‘33
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L5 4 24 28 4 021 4 020 | I8 4 06 04y 213 ) 11, 10
+ 22,
po(x) = 2% + 20 + 20 4 258 4 210 4 2 4 212 4 238 4 230 4 3 4 230
a2 4 g2 4 104 8 4 6
Po() = 287 4 266 4 04 4 gO3 | 555 4 54 4 g5 4 g0 4 48 | 4T | 39
4P g g6 4 gy 19 4 18 16 L 15 L T L 06 4 g 8
pro(z) = 2% 4 2 + 2% 4 232 4 22 Lt 41,
and the initial terms are [0, 0, 1, 1, 1, 0, 0, 1].
For ¢(W°,1,0):
Po() = 2% + 21 4 259 4 &% 4 25 4 252 4 g 4 g0 4 48 4 g4T 4 446
L5 4 42 A1 4 40 | 038 036, 34 083 4 082 31, 30
b2 2 a6 4 gy 20 4 19 4 1T 4 16 4 5
(@) = 257 4+ 29 4 25 4 251 4 250 4 18 4 AT 4 g8y 92 4 10 4 39
FaP b e T a0 e e 10 4 O,
po(@) = 2 4+ 29 4 254 4 250 4 218 4 M 4 12 4 B0 4 28 g 2y 20
IR E T S )
po(@) = 2% 4+ 29 4 29 4 254 4 252 4 251 4 8B 4 12 4 10 4 38 4 36
SC I § T T TR . 3
pra(@) = 20 4+ 296 4 2% 4 oM 4 210 4 432 4 12 4 08 4
and the initial terms are [0, 1, 0, 1, 0, 1, 0, 0].
For ¢p(W°,1,1):
po(a) = 2% + 20 4 259 4 58 4 ¢57 4 250 4 55 4 ¢53 4 g9 4 448 | 05
R o e o e R N o N e o o
4o,
() = 282 4 200 4 256 4 p55 4 g5 4 g2 4 BN 4 g50 4 g49 4 448 | 46
45 | 42 4 40 089 4 038 | 037 035 84y 83, 31, 30
Fa? 2 4?4 e 429 4T 16 4 18 4 12 4 g0,
po(@) = 252 4+ 250 4 257 4 256 4 255 4 449 4 446 4 445 4 g4y g3y
L gB8 4 35 4 484 4 480 028 | 095 23 20 4 019 | 18 4 15
B a0 S gt a1,
o) = 282 4 2B 4 280 4 254 | 253 4 552 4 p46 | 45 | gy 38 | 8T
G g g1 18 12 6 g g5
pro(@) = 282 4 261 4 20 4 58 4 g5 4 456 4 550 4 g9 4 48 4 446 | 05
LM 42 4 41 40 4 034 083, 082 14y 3 4 012 4 10

+a2% +a a2t a1,
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and the initial terms are [0, 0, 0, 1, 1, 1, 1, 0].

Below is the transition function and output function of an 2-automaton that
generates T' = Mg ,:

Transition function (n,j) +— d(n,j) (A(n) := [d(n,0),d(n,1)]):

n  A(n) n  A(n) n  An) n A(n) n A(n)
0 [1,2] |25 [14,42] |50 [71,44] |75 [99,51] | 100 [10, 39]
1 [3,4 |26 [26,26] |51 [78,29 |76 [100,97] | 101  [28, 9]
2 [5,6 |27 [43,44] | 52 [32,14] | 77 [16,101] | 102  [84, 36]
3 [7.8] |28 [45,46] | 53 [44,79] | 78 [102,101] | 103  [79, 41]
4 [9,10] | 29 [47,48) | 54 [80,81] | 79 [103,104] | 104 [115, 40]
5 [11,12] | 30 [49,50] | 55 [82,36] | 80 [54,95] | 105  [81, 93]
6 [13,14] | 31 [51,52) | 56 [83,84] | 81 [64,105] | 106  [87, 81]
7 [15,16) | 32 [53,54] | 57 [30,71] | 82 [48,60] | 107 [116, 42]
8 [17,18] | 33 [55,20] | 58 [85,79] | 83  [61,49] | 108 [117, 35]
9 [19,20] | 34 [56,51] | 59 [86,87] | 84 [97,23] | 109 [118, 41]
10 [20,21] | 35 [57,49] | 60 [88,37] | 85 [23,19] | 110 [52, 56]
11 [22,23] | 36 [58,59] | 61 [73,31] | 86 [106,64] | 111  [95, 5]
12 [24,19] | 37 [60,61] | 62 [89,75] | 87  [59, 68] | 112 [101, 104]
13 [25,26] | 38 [62,56] | 63 [40,2] | 88 [107, 105] | 113  [69, 18]
14 [27,4] | 39 [63,64] | 64 [90,26] | 89 [108, 98] | 114  [18, 27]
15 [12,28] | 40 [21,16] | 65 [1,75] | 90 [105, 54] | 115 [119, 106]
16 [29,30] | 41 [65,47] | 66 [42,12] | 91  [6,47) | 116 [104, 98]
17 [31,32] |42 [66,60] | 67 [91,92] | 92 [109,27] | 117 [120, 61]
18 [33,9] | 43 [67,68] | 68 [93,87) | 93 [68, 106] | 118 [121, 21]
19 [34,30] | 44 [50,69] | 69 [77,84] | 94 [110,2] | 119 [37, 92]
20 [35,29] | 45 [70,71] | 70 [46,6] |95 [111,93] | 120 [122, 28]
21 [36,37) | 46 [72,73] | 71 [94,95] | 96 [112,39] | 121  [92, 89]
22 [2,38] |47 [74,10] | 72 [96,48] | 97  [8,77] | 122 [123, 69]
23 [39,40] | 48 [75,73] | 73 [4,97] | 98 [113,31] | 123  [38, §]
24 [41,35) | 49 [76,77) | 74 [98,46] | 99 [114, 32]

Output function n — 7(n):

n )| n M) |n )| n T0N)|n TMn)| n TR0)| n T(N)
0 0 18 0 36 1 54 1 72 1 90 1 108 1
1 0 19 1 37 0 55 0 73 1 91 1 109 1
2 0 20 0 38 1 56 1 74 0 92 1 110 0
3 0 21 1 39 1 57 0 75 0 93 1 111 0
4 1 22 0 40 1 58 1 76 0 94 0 112 1
5 0 23 1 41 0 59 0 77 0 95 0 113 0
6 1 24 0 42 1 60 0 78 1 96 1 114 0
7 0 25 1 43 1 61 1 79 0 97 1 115 0
8 1 26 0 44 0 62 1 80 1 98 0 116 0
9 1 27 1 45 1 63 1 81 1 99 0 117 1
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10 0 28 1 46 1 64 1 82 0 100 0 118 1
11 0 29 0 47 0 65 0 83 1 101 1 119 0
12 0 30 0 48 0 66 1 84 1 102 1 120 1
13 1 31 1 49 0 67 1 85 1 103 0 121 1
14 1 32 0 50 0 68 1 86 0 104 0 122 1
15 0 33 0 51 1 69 0 87 0 105 1 123 1
16 0 34 1 52 0 70 1 88 0 106 0
17 1 35 0 53 0 71 0 89 1 107 0
6.2. Data for Section 3. All 16 polynomials are of the form

po(z) + p3(2)y* + pe(2)y® + po(2)y® + pra(z)y'>.

For (i,7) = (1,0) and all T € {M*¢, M°, We, W°},
pe(r) = po(z) = p12(x) = 0.
The coefficients p;(z) and the 2 initial terms to determine the solutions uniquely

are given below.

For ¢(M¢,0,0):

po(x) = (a2 + 0 +a* +a®) 22 + (a0 + a° + a7 + 0® + a® + a?) 2™
—|—(a8+a7+a2+a)x8+(a6+a5+a3+a+l)x6,

pg(x)z(a9+a)x9+(a8—|—1)x8+(a6+a5+a2+a)x7+(a5—|—a)x5,
—|—(a4+1) x4+(a2+a)m3,

p6(3:)=(a9+a)x9+(a7—|—a6—|—a5+a4+a3—|—a2+a—|—1)x8
—|—(a6+a5+a2—|—a)x7+(a6+a5+a4+a2+a+l)w6+(a4+1)x5
+(a*+a*+a® +a)z + (a® +a)2® + (> +a+ 1) 2> + (a+ 1)z + 1,

po(z) = (a®+1)2®+ (a"+a®+d° +a" +a® +a* +a+1) 2"
—|—(a6+a4—|—a2—|—1)x6—|—(a5—|—a4+a—|—1)x5—|—(a4—|—1)m4
+(@+a*+a+1)2’+ (@®+1)2* + (a+ 1) =,

pra(z) = (a® +1) 2® + 1,

and the initial terms are [1, al.
For ¢(M¢,0,1):

po(a) = (a®* +a® +a® + a®)a? + (@ + a® +a® + a®)a? + (@ + a'® + oS
A" +a® a" B a4 a4 a® a4+t a4 (o
Ll a1 15 gl 13 12 1 g1l 10 0 8 T L 6 5
at ) 1 (@0 a1 a1 a4 a® 4 a7 + b+ a?)z'S (a2
Fal a4 a® +a® +a® tat t a0 4 a® +aS ot + )2,

pa() = (@™ + a2 + a4 a® 4 a4 at +a®+ 1™+ (@®+a?+a+a
+a®+at+a+ D2+ (@0 +a®+a® + D)2 +(a® +a® +a+1)2°,

pe(x) = (a*? +a® +a* + Da'? + (0 + a® + a® + 1)2'° + (a® + 1)28
+ (a® + a* + a® + 1)a5,
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po(z) = (@ +a® +a®> + D)z + (a®+a® +a+1)2° + (a® + 1)a® + (a” + d°
+a+at+a*+a?+a+ 12"+ (@ +a* +a®+ 1)1 + (a® +a' +a
+1)z® + (a* + D)2t + (a® + a® + a + 1)a3,

piz(z) = (a® + 1)z° + 1,

and the initial terms are [0, al.
For ¢(M¢,1,0):

po(x) =1,
ps(x) = (a2 + 1)962 +1,

and the initial terms are [1,0].
For ¢(M¢,1,1):

po(@) = (a'% + ™ + at + a®)22 + (a® + a7 + d® + a®)e'® + (S + @ + at + d°)
3:8—1—(13966,

p3(z) = (a® + a)2® + (a® + )28 + (" + a* + > + 12" + (a® + a)2® + (a* + 1)2?
+ (a® + 1)2?,

pe(z) = (a® +a)x® + (a" +a® +a® +a' +a® +a®> +a+ 1)2® + (a” +a* +d®
+ Da2" + (a® + a)2z® + (a* + )2’ + (a* + a® + a® + a)z* + (a® + 1)2°
+az’+ (a+ 1Dz +1,

po(z) = (a®+ 1)+ (" +a®+a®+a* +a®+a®> +a+1)z" + (a® + a* + a?
+ 128 + (a® +a* +a+ D2’ + (a* + Dt + (a® + a®> + a + 1)23
+ (a®* + 1)2* + (a + 1)z,

pi2(z) = (a® 4+ 1)2® + 1,

and the initial terms are [0, a].
For ¢(M?,0,0):

po(z) = (a®+a®+a+ 1)z + (@ +a" +a®+a®+a+ 1)+ (" +a +a+1)
28+ (a® 4+ a® +a® +a+1)2b,
p3(z)=(a"+a®+a®+a'+a®+a®>+a+1)a®+ (0" +d° +a® +a)z” + (a°
+a®)xb + (a® + a* + a® + a®)2® + (a* + a® + a+ 1)2* + (a® + a)2?,
po(z) = (a® +a* +a®> +1)z" + (a® +a® +a® + a)a® + (a® + a® + a + 1)
+(a® + Da* 4+ (@® + D)2 +ax® + (a + D)z + 1,
po(z) = (a® +a* +a+1)2° + (a + 1z,
pia(x) = (a* + Da* + 1,

and the initial terms are [1, al.
For ¢(M°,0,1):

po(@) = (a2 + a'® + a® + a®)z?* + (02 + aH)2?2 + (a'® + a’® + a2 + a® + a?
403220 + (a'® + a + a2 + a®)2'® + (' + a'* + a® + ab + a® + ad)

xlﬁ+(a12+a10+a6+a4)x14+(a9+a8+a6+a4+a3)x12,
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p3(x) = (@ + )2 + (@® +a +a® +a? +a't +a'® +a® +a® +a” +af
td b at tdPa fat e 4+ (@ 4 a?+ a0 4 a® 4+ at

+a?+ D"+ (@B +a? +a +a®+d° +at +a+ 1)z 4 (a'? +d®

fat D 4 (@ a0+ a4 a4 at Da'l (0 4 b
+a?+ 1)z 4+ (@ +a® +a+1)2?,

po(z) = (@ +a® +a* + Da'? + (0" +a® +a® + 1)2' + (a® + 1)a® + (a® + o'+

a® + 1),
po(z) = (a®+ 1) + (" +a® +a° +a* +a® +a* +a+ 12" + (a* + 1)z + (a®
+a’+a+ 1)z,
pia(z) = (a* + a2t +1,
and the initial terms are [0, al.
For ¢(M°,1,0):
po(z) =1
p3(x) =(a+ 1)z +1,
and the initial terms are [1,a + 1].

For ¢(M°,1,1):
pO( ):( 12+a11+a4+a3)1’12+(a9+a7+a5+a3)x10+(a6+a5+a4+a?’)

Z8 +a3x6,
p3(z) = (a®+a"+a®+a°+a* +a®+a® +a)z® + (a® +a* +a® + 12" + (a+
a®)a® + (a® + a* + a® + a®)2® + (a® + a)x* + (a® + 1)23,
pe(z) = (a"+a®+a®+a)z” +(®+a*+a+1)2° + (a® +a® +a+ 1)
+(@® + Dat + (a® + a)2® + (a* +a+ 1)z + (a+ 1)z + 1,
po(z) = (a® +a* + a4+ 1)z° + (a + 1)z,
pra(z) = (a* + Dz 41,
and the initial terms are [0, al.
For ¢(W¢,0,0):
po(z)=(a®+a®+a+ 1)z + (@ +a" +a®+a®+a+ 1)+ (0" +a +a+1)
28+ (a® 4+ a® +a® +a + 1)ab,
p3(z) = (a® + 1)z + (a® + 1)28 + (a® + a® + a® + a)z” + (a* + 1)2® + (a* + 1)z?
+ (a® + a)2®,
pe(z) = (a® + 1)z + (a® +a" +a +a® + a* +a® +a® + a)2® + (a® + d® + d®
+a)r” +(a® +a®+a*+a®+a+1)2% + (a® +a)2® + (a® +a® +a+1)
2+ (a® 4 a)® + (a® +a+ D)2 + (a + D + 1,
po(z) = (a®+1)2® + (" +a® +a° +a* +a® +a* +a+1)z" + (a® + a* + a®
+ 1)z + (a®+a* +a+ D2 + (a* + Da* + (a® + a®> + a4 1)23

+ (a® + D)2 + (a + 1),
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pra(z) = (a® + 1)2® + 1,
and the initial terms are [1, 1].
For ¢p(W¢e,0,1):
po(e) = (@' +a' + 0 + Dt + (@' + 0% + a + D)a?® + (@' +a'® + a4 al?
va' 1a® 40 v a1 ab +dd 4P+ a®+at 1)r? (0 + a4 a3
va?ral 100 v @t a" b+’ +ata® +a+at Dt
(@B +a® 40 +a® +a® 45+ at + ) + (@ + a4 + a8
va® tat +a® a0+ ab 4 ab 4 at + a®)r'2,
pa@) = (@4 + a2 +a" P +a +at + a4+ D+ (0P 4 a1 d® +dd+dd
+at+a+ 1)z + (@ +a® +a® + 12! + (a® +a® +a+1)2?,
pe(z) = (' +a® +a* + 1)z'? + (a'® + a® + a® + 1)2'° + (a® + 1)2® + (a® + a*
+a? 4 1)2b,
po(z) = (' +a® +a®> +D)z'® + (a® +a® +a+1)2° + (a® + 1)2® + (" + d°
+a®+at+a*+a®+a+ 12"+ (@ +a* +a®+ 1)1 + (a® +a* +a
+1)2° + (a* + 1)a* + (a® + a® + a + 1)2?,
pia(r) = (a® + 1)a® + 1,
and the initial terms are [0, 1].
For ¢(W€,1,0):
po(z) =1
p3(z) = (a® + 1)z? +1,

and the initial terms are [1,0].
For ¢p(We,1,1):
po(z) = (a® +a® +a+ 1)z + (a” +a® + a® + a)z'® + (a® + a* + a3 + a?)2B
+ a?’xG,
p3(z) = (@®+1)2% + (a®+ 1)z + (" + a* +a® + 2" + (a* + 1)z® + (a* + 1)2?
+ (a® +1)2?,
pe(z) = (a®+ 1)z + (¥ +a"+ a8 +a® +a* +a® +a* +a)2® + (a" +a* + ®
+1)z” + (a® + a)zb + (a® + a)z® + (a® + a® + a + 1)a* + (a® + 1)2?
+az?+ (a+ 1D+ 1,
po(z) = (a®+ 1)z + (" +a® +a° +a* +a® +a* +a+1)z" + (a® + a* + d®
+ 1)z + (a® +a* +a+ D2’ + (a* + Dat + (a® + a®> + a + 1)23
+ (a® + 1)a? + (a + 1)z,
pr2(z) = (a® + 1)2® + 1,

and the initial terms are [0, 1].



ALGEBRAICITY OF THUE-MORSE CONTINUED FRACTIONS 37

For ¢(W°,0,0):

po(z) = (@'% + a" + a* + @)z + (@' + a® + a” + @ + a® + a®)2'® + (@b
+a"+a®+a)r® + (a® +a® +a® +a+1)ab,

p3(z) = (®+a" +a®+a°+a'+a®+a® +a)s® + (a® +a* +a® + 1)z
+(a* + D)2 + (@® +a? +a+1)2° + (a* +a® +a+ Da* + (¢ + a)2®,

pe(z) = (a” +a® +a® + a)z” + (a® + a* + a+ 1)2® + (a® + a* + a® + a?)2®
+ (a* +a®)2* + (a® + Da® +az® + (a + D + 1,

po(z) = (a® +a* +a+1)2° + (a + 1z,

pi2(z) = (a* + 1)zt + 1,

and the initial terms are [1, 1].

For ¢p(W?,0,1):

po(@) = (a2 + 0 + d® + ¥z + (a'® + a®)a? + (@' +a'® +a'® 1 b 1 at
Fa)2® 4+ (@2 +a® +a* + DS + (@ + a' +a'° + a7 + a® + a)a'
40+ ad +at ) 1 (@t a® 4 a4 at 4 a2,

pa(x) = (@® + D' + (0 + a1 a® + a2 + 't +a'® 4+ 0 + a® + a7 + af
v ratrdP ra®rat )B4 (@ a4 a4 a® o+ a o at o+ a?
Pz 1 (@ 40?4 +ad+ a5 +at +at D+ (@2 +a® +at
P2+ (@M a0 40 a4 a? fat D 4 (0 +ad 4 a?
+1)a'% + (a® + a® + a + 1)a°,

pe(z) = (e +a® +a* + Da'? + (a'® +a® +a® + 12" + (a® + 1)2® + (a® +a*

7

+a* +1)z°,
po(z) = (a®+ 128 + (" +a® +a° +a* +a® +a* +a+ 12" + (a* + 1)z + (a®
+a®+a+1)2?,
pia(z) = (a* + )2t + 1,
and the initial terms are [0, 1].
For ¢(W°,1,0):
po(z) =1,
ps(z) = (a+ 1)z +1,
and the initial terms are [1,a + 1].
For ¢p(W°,1,1):
po(z) = (a® +a® +a+ 1)z 4 (a” +a® + a® + a)z'” + (a® + a* + a3 + a?)2B
+ a3x6,
p3(z)=(a"+a+a®+a*+a*+a®>+a+1)2®+ (0" +d® +a® +a)2” + (a*
+1)2% + (a® +a® +a+ D’ + (a® + a)2z* + (a® + 1)23,
pe(z) = (a® +a* + a® + 1)z" + (a® + a® + a® + a)z® + (a® + a* + a® + a?)2®
+(a* + a2z + (a®* +a)r* + (> +a+ 1D)a* 4+ (a+ Dz + 1,
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po(z) = (a® +a* +a+1)z° + (a + 1z,
pra(z) = (a* + Dt 41,

and the initial terms are [0, 1].

6.3. Data for subsection 4.1. All 16 polynomials are of the form

po(x) + p1(2)y + p2(2)y? + pa(2)y*.

The coefficients p;(x) and the two initial terms to determine the solutions uniquely
are given below.

For ¢(A°,0,0):

po(r) =2+ 2% +2° + 22+ 1, pi(x) =2+, po(x) =z, py(z)=1.
and the initial terms are [1, 0].

For ¢(A¢,0,1):
po(x) = &P +a’ +at+a’+a?, pi(r) =2+ o+l po(e) =0, paz) =2°.

and the initial terms are [0, 0].

For ¢(A°,1,0):

po(x) = 2%, pi(z) =1

and the initial terms are [0, 0].

For ¢(A¢,1,1):

po(l’) :x8+$6+x57 Pl(x) :1'2+£L', PQ(QU) =, p4(m> =1L

and the initial terms are [0, 0].

For ¢(A°,0,0):

po(r) = a° +at a2+ 1, pr(x)=x+1, po(z) =2, pslz)=2>

and the initial terms are [1, 0].
For ¢(A°,0,1):

po(z) =2 + 2% 42t + 23 + 22, pr(x) =2 + 22 + x4+ 1, pa(x) =0, pu(z) = 2.
and the initial terms are [0, 0].
For ¢(A°,1,0):
po(x) =z, pi(z) =1
and the initial terms are [0, 1]. For ¢(A4°,1,1):

po(z) =2 +a* +2° pi(x)=24+1, p(z)=2, psi(z)=2>
and the initial terms are [0, 0].
For all 0 < 4,j < 1, ¢(B%i,j) = ¢(A°%4,]), #(B°i,j) = ¢(Ae,i,j). The
corresponding initial conditions are also the same. We happen to have Ae = Bo
and Ao = Be here.



ALGEBRAICITY OF THUE-MORSE CONTINUED FRACTIONS 39

6.4. Data for subsection 4.2. All 16 polynomials are of the form
po(x) + p3(2)y* + po(2)y® + po(2)y” + pra(a)y'.
For (i,7) = (1,0) and all T € {A4°, A°, B¢, B°},
pe(x) = po(z) = p12(z) = 0.

The coefficients p;(x) and the initial terms to determine the solutions uniquely are
given below.
For ¢(A°,0,0):

:v)::c15+x14+:r12+x9+x6+m2,

(
(

po(z) =t + 2% 4 2% 427 + 25 + 23 + 22 +
(

and the initial terms are [1,1].
For ¢(A¢,0,1):

po(@) = a2 4 2 4 279 4 235 4 g3 o g B2 4 %0 4 g0 4 5 4 g2
4220 4 g8 1T 16 L 15 4 g1 | 12 1 10 4 g0
pa(@) = a2 4 2 4 220 42t 4 2 g9 g 1S 4 10 4 g8y g1l g g0
+a® +a2° + 2%+ 2”41,
po(x) = a2 + 22 4 2% 42 4 212 4ol g ® 4 oS,
po(z) = 227 + 2 4 219 4 16
p12(l’) _ LE26 + $25 + 51324.
and the initial terms are [0, 0,0, 1].
For ¢(A°,1,0):
po(z) = °,
p3(z) =2+ o+ 1.
and the initial terms are [0, 0,0, 1].
For ¢(A°,1,1):
po(x) = 20 4 2 4 2% £ 2 4 g% 4 2 g g2
p3(x)
po(x) = V7 + 210 4 215 £ oM 4 g a0 g T g 1By g2,
po(x) =22 42 420 1 2% 1 a¥ 12T 4 a8 v pat b ad v+ a,
pro(z) = 2 + 2% + 1.
and the initial terms are [0,0,0,0,0,0,1,1].
For ¢(A°,0,0):
po(z) = 20 4 2 4 22T £ @25 4 g g 22 4 g0 4 1y 18 T

+ab 2% 42t 41,

:.1'21+l‘19+$17+l‘16+$15+$14+l‘11+$9+$8+$7+1‘4+$3,

pg(.’E):$22+$21+.CL'17+$C16+.’1?15+J)11+.’E8+JI7+$6+$2+$+1,
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po(z) = 2% + 222 + 220 + 210 + 21 + 21 + 2 4 2% + 27 + 2% + 2 + 27,
po() = 22 + &% 4 21T 4 2 1M B 12 ol 210 g S 4T o
pra(z) = 2?2 + 2 4 5.

and the initial terms are [1,1].
For ¢(A°,0,1):

Po(@) = 238 + 24T 4+ 243 4 2 4 g4l 4 540 4 o390 | 436 4 35 4 34 4 3
+ 232 4 ¥ 4B p M M a2 1:9,

p3(@) = 283 4+ 292 4 o 4 g0 4 02T 4 g0 4 g% | 24y 19 4 18 4 T
+2'+ 2%+ + 41,

po(@) = 2% + 242 4+ 296 4 34 4 220 4 g8 4 p12 4 p10,

polx) = 2% + a% 4+ 22 4 220,

pra(x) = 296 + 238 4 2%,

and the initial terms are [0, 0,0, 1].
For ¢(A°,1,0):
po(x) = 2°,
pa(z) = 2* + 2% + 1.
and the initial terms are [0, 0, 1].
For ¢(A°,1,1):

1324 +$23 +I22 +f£19 +$18 +IE17+$15,

po(z) =
pg(flf):$20+$19+x17+x14+$13+$11+x10+$9+x6+x4+$3+1,
p6(x):’r21 +$20+I17+I13+l’12+1}11 +I10+I7+$6+l’4+$3+x2,
pg(x):$21 +x18+x17+x15+x14+$13+x12+x11+$10+$8+x7+x4’

pi2(x) = 222 + o' 4 25,

and the initial terms are [0, 0,0, 0,0, 1].
For ¢(B*<,0,0):

po(ﬂ?):$30+$28+(E27+LE25+.’1724+3?23+.’L‘22+{E20+$C14+.7J13+(L‘7

+ab 42842t 41,

I
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8
o
+
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—+
8
S
—+
8
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—+
8
oo
—+
8
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+
8
[}
—+
8
ot
-+
8
. =~

and the initial terms are [1, 0].
For ¢(B*<,0,1):

p0($> _ .’1748 + 1‘47 4 .7343 + $42 4 56’41 + .’1,‘40 + $39 4 1,36 + .’IJ35 4 $34 4 .1'33
+ :1732 +$27 + IL’25 + ZL‘24 +LE14 + 1’12 + 51311 + 1’9,

p3($> — .’1741 4 1‘38 4 .7737 + 1,35 4 56‘34 + .’1732 + $31 4 .’L‘29 + .’1728 4 1‘26 4 .7323
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+1’21+I20+$18+ZB15+$13+1‘12+I‘10+$9+$7+$6+$4+1’3+1,
pe(lﬁ) _ .’1740 —|—(E36 +£L’34 +$32 —|—.’L‘30 —‘1-1'26 +$24 +.’IJ20 +£C18 +(E16 +1’14 -‘r!L‘lO,
po(z) = 2% + 230 + 2% 4+ 272 + 2% + 2 + 273 4 2%,
pra(@) = 238 + 234 + 2%,

and the initial terms are [0, 0,0, 1].
For ¢(B*<,1,0):
po(x) = a°,
p3(z) = 2% + 2+ 1.

and the initial terms are [0,0, 1, 1].
For ¢(B¢,1,1):

p0($) :$24+$23+$22+$19+1‘18+1717+IE15,
p3(1’):$18+.’L'16+CE14+.’E13+(1712+(E11+£L’8+.’II6+.’L’5+.’IJ4+.’E+1,
po(z) =27 + 210 + 2 + 2 + 28 + 210 + 27 + 25 + 27 + 2,
pg(l’):$15+.’IJ14+CE13+.’L'12+{1711+$10+£L’9+.’II8+.’L’7+$6+.’L’5+$4,
p12(z) =M 4 219 25,

and the initial terms are [0,0,0,0,0, 1].
For ¢(B°,0,0):

po(.’L‘):CE24+$22+$20+(E17+£L‘16+$14+.’L‘13+1’5+£L’3+1’+1,

p3(z) =2 + 2P + 2+ 2t + 210 + 2% + 2% + 27 + 20 2t 4 2% 4 2
pﬁ(x):xls—|—x12+x11+x10+x9+x8+x7—|—x6—|—m5+x4+x2+x7
po(x) =+ 2t 420 2% + 28 + 27T+ 2 2% 42t + 23 2?4,
pro(@) =20+ 2% +ab 42 St 42t o+ 1

and the initial terms are [1, 0].
For ¢(B°,0,1):
po(x) = 212 + 241 4+ 230 1 235 1 a3t 1o 4 a2 4 gB0 4 g6 4 025 4 2
220 418 1T 16 15 gl L 12 4 0l L 10 L o0
pa(@) = 2% 4 2% 4 2% 42t 4 eB g g T 10 g1y 1 0
+28 4+ 2"+ 28+ 41,
po(x) = 22 4 23 4+ 290 4 220 4 % g2 4 16 4 15 | g1y 10 409 4 g8
po(z) = 23 4 232 4 220 4 228 4 2 4 220 4 17 4 16,
pro(x) = 2™ 4 2% 4 252 4250 4 20 | g 4 26 4 g% | 2
and the initial terms are [0, 0,0, 1].
For ¢(B°,1,0):
po(z) = 2°,
p3(z) =zt + 2% + 1.
and the initial terms are [0, 0,0, 1].
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and the initial terms are [0,0,0,0,0, 0, 1].
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