PROOF OF THE CONTINUED FRACTION CONJECTURE FOR
(a,0) = (2°,2%)

GUO-NIU HAN* AND YINING HU*

ABSTRACT. The continued fraction conjecture claims that the continued frac-
tion defined by the (a, b)-Thue-Morse sequence is algebraic over Fa(z) for all
pairs of distinct elements (a,b) in Fa[z] \ F2. In this paper we prove the con-
jecture for (a,b) = (2%, 22).

1. INTRODUCTION

Let 5 be the finite field of cardinality 2. Given a sequence of polynomials a =
(ap(2),a1(2),a2(2),...) of elements from Fa[z] \ F2, we define the infinite continued
fraction

(1.1) CF(a(z)) =

a()(Z) +

al(z) + 1 1
as(z) + —

as the limit of the finite continued fractions

(1.2) CF,(a(z)) = ! € Fo((1/2)).

ap(2) +

a1(z) + - 1

an(z)
Conversely, each power series in F3[[1/z]] without constant term

(1.3) ez b oz e gz P4

admits a continued fraction expansion of form (1.1).

Let a and b be two distinct elements from Fa[z] \ Fo. We consider the continued
fraction (1.1) associated with the (a,b)-Thue-Morse sequence

t = (to(2),t1(2),t2(2),...) = (a,b,b,a,b,a,a,b,...)
that we shall denote
(1.4) CF(a,b) := CF(t).
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Theorem 1.1. When (a,b) = (2°,22), the two power series CF(a,b) and CF(b,a)
are algebraic over Fao(z), with minimal polynomials of the form

pa(2)y* + p3(2)y° + p2(2)y* + p1(2)y + po(2) = 0

where, for CF(a,b),

(2) = 28 429 4 26 4 28 41,

(2) = 218 4 215 4 M 4 1y o8 4 o5,
pa(2) = 220 4 216 4 210,

(2) = 218 4 215 4 M4 4 1y o8 4 5,

(2) = 216 4 213 L 212 1 210 4 9 4 6 4 o3
and for CF(b,a),

(2) = 28 4 212 4 29 4 6 4 23

(2) = 218 4 210 4 21 4 21 4 28 4 25,
pa(2) = 220 4 216 4 210,

(2) = 218 + 215 4 21 4 21 4 28 4 25,

(2) = 216 4 218 L 210 L 29 4 64 3 4

2. PROOF
Define the sequences of polynomials (P, (2))n>0 and (Qn(2))n>0 by
( P,(2) Qn(2) > .: (tn(z) 1) <tn1(2) 1>. <0(z) 1> (0 1>
Poi(2) Qu-r(2)) 1 0 10 1 o)\ o)
By the basic properties of continued fractions, we have

Pu(2)
2.0) € Fa((1/2)).

As formula (2.1) is not efficient for calculating CF,(a,b), a fast method is to be
derived and described as follows. Define

e, n ton_1(1/x 1 e n ton_o(1l/x 1
Mn(x) _ ll?d g(tan _1) ( 2 11( / ) O) % I‘d g(tan o) < 2 21( / ) O> 5
)

5 ges(to) (fo(l/x 1)
W, (z) = pdes(fan 1) (th 1(1/2) 1) pdes(fan o) <t2n_2(1/x) 1) «

(2.1) CFy(a,b) =

0 1 0

- pdes(o) (to 1/x) é)

where t is the (b, a)-Thue-Morse sequence. By the properties of the Thue-Morse
sequence, we have for n > 0

M+
Wn+1 (:E) =

M
S
!
8
£
&
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Let = := 1/z. For each non-zero polynomial P(z), define P(z) to be P(1/x).
Then,
= = = eFe((x)) =F2((1/2)).

0> ~ On(a) 2((2)) = F2((1/2))
Comparing the definition of M,,(z) with the definition of P, (x) and @, (z), we see
that

CF(a,b)

M, (x)o1 = xd"ﬁgn,l(as),
M ()00 = 2% Qan_1(2),
for some positive integer d,,. Hence,

Poon Mo,

(2.2) CFa2n_1(a,b) = =2 1(@) _ Mon(@)os
QQQn_l(CC) MQn(x)O,O

Therefore, by the convergence theorem of continued fraction, the algebraicity of
CF(a,b) will be established if it is shown that both Ma,(x)o,1 and Ma,(x)o,0 con-
verge to algebraic series in Fa[[x]].

Actually, we will prove that for all 0 < ¢,j <1 the four sequences (May,(2); ;)n,
(Man1(2)ij)n, (Wan(2)ij)n, and (Wapi1(2)s,;)n converge to algebraic series in
Fy[[z]]. For this purpose, we define four 2 x 2 matrices M¢, M°, W¢ W° as follows:
For each T € {M*®, M°, W, W°} and 0 < i,j <1, T;; is defined to be the unique
solution in Fy[[x]] of the polynomial ¢(T,4,j) under certain initial conditions; the
polynomials ¢(T,1,j) and initial conditions are given in Section 3. We will prove
that these four matrices, whose components are algebraic by definition, are the
limits of (May(2))n, (Man+1(2))n, Wan(2))n, and (Way11(2))n.

Let us explain how the polynomials ¢(7,4,j) and initial conditions are found,
and why the solutions exist and are unique. For 0 < 4,5 < 1, the the coefficients of
the polynomial ¢(M€,i,7) (resp. ¢(M?°,4,5), ¢(W€,i,7), and ¢(W°,4,5)) are the
Padé-Hermite approximants of type

(175,175,175, 175, 175)

of the vector
(1,73, 7°,7°, T'2),

where T = M12,i,j (resp. Mll,i,j7 W12,i,ja and Wll,i,j)a found by the Derksen
algorithm. We take the first 8 terms of Mg ; ; (resp. Mi1,;;, Wiz, and Wiy ;)
as initial conditions for ¢(M¢,1,j) (resp. ¢p(M?,1,5), 6(W¢,1,5), and ¢(W?,1,j)).
The following fact will be used to ensure that the solution exists and is unique: let
P(z,y) € Falz, y] and for each series f(z) = > 0" a,z" € Fo[[z]] denote the partial
sum Z;L:_& ajxj by fn(z) for n > 0. If for some n > 0 and ag,a1,...,a,-1 € Fo
P(z, E;:Ol ajxj) = O(2") and Q(z,y) := P(x, Z;:OI ajz! +z"y) can be written as
™ Z;io g;j(x)y? where g;j(x) are polynomials for j > 0, ¢1(0) = 1, and ¢;(0) =0
for j > 1, then there exists a unique solution f(x) € Fa[[z]] of P(x, f(x)) = 0 that

satisfies the initial condition f,(z) = E;:Ol

ajzd.
We state two lemmas concerning the four matrices M€, M° W W¢°. The first
one is about relations between them; the second, about the structure of the each

matrix.
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Lemma 2.1. We have

(2.3) M®=W°.M°,
(2.4) M° =W¢e. M¢,
(2.5) We=M°-W°,
(2.6) We =M -We.

Proof. We give the proof of the identity
Mg o =WgoMgo+ W31 M7,

the proofs of the others being similar.

First, we compute the minimal polynomials of W, Mg o and Wg M7 . We know
that

P('Tv y) = Res, (¢(W07 0, 0)(1’, Z)v 22 ¢(M0a 0, 0)(1’7 y/Z))

is an annihilating polynomial of Wg,Mg,. We use Padé-Hermite approximation
to find a candidate for the minimal polynomial of W Mg, that will be called
¢o(x,y). To prove that ¢o(z,y) is indeed the minimal polynomial, it suffices to
prove that it is an irreducible factor of P(z,y) of multiplicity m and that Q(z,y) :=
P(z,y)/¢o(x,y)™ is not an annihilating polynomial of W Mg ,. We verify the
first point directly. For the second point, we truncate Wg Mg, to order 630 and
substitute it for y in Q(x,y). We get a series of valuation less than 630, which
proves that Q(z,y) is not an annihilating polynomial of Wg,M¢g,. We find the
minimal polynomial ¢ (z,y) of W, M7 in a similar way.

Now we prove that ¢(M¢,0,0) is the minimal polynomial of W o Mg o+W¢ 1 M7 .
We know that

S(xa y) = Res. (¢0(I7 Z)? ¢1(1’, Y+ Z))

is an annihilating of Wg Mg, + W¢ M7 ,. We verify that »(M*©,0,0) is an irre-
ducible factor of S(z,y) of multiplicity u, and that Q(z,y) := S(z,y)/¢(M€,0,0)*
is not an annihilating polynomial of Wg o Mg o +W¢ M7 ;. To see the last point, we
truncate W (Mg, + W¢ M7, to order 770 and substitute it for y in Q(x,y). We
get a series of valuation less than 770, and therefore Q(z,y) is not an annihilating
polynomial of W¢ (Mg + Wg M7 .

Finally, the first 16 terms of Mg, and Wg Mg o + Wg M7y coincide. As these
first terms determine a unique solution of ¢(M¢,0,0), we know that the two series
are one and the same. (]

. (10 o (10
R_<O 1) and R_(O 1).

Lemma 2.2. For all integers k > 2 and u = 22¢=1, the following identities hold.
MC[:14u) = M®[: Tu) + 2 M°[: 3u] + x* M®[: Tu] 4+ 23 M°[: 3u]
+ 210U Nfe du] + (27 + 211)Re,
We[:14u) = We[: Tu] + 2*“We[: 3u] + x*W[: Tu] + 23 W*°[: 3u]
+ 2P 0W e du) + (2™ + M) Re.
For all integers k > 2 and v = 2%%, the following identities hold.
MO[:14u] = M°[:Tu] + ** M°[: 3u] + 2** M°[: Tu] + x> M°[: 3u]

Define
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+ 210U MO 4] + (2™ + 2RO,
We[:14u) = WO[: Tu] + x*“W°[:3u] + 2*“W°[: Tu] + 23 W°[: 3u]
+ 21U W O 4u] + (2™ + 211 Re.
Proof. To prove Lemma 2.2 we first construct an automaton for each sequence
concerned, and then transform the conditions on infinitely many k’s into finitely

many conditions on the states of the automaton. In the following, we will prove
that for T' = Mg, for all integer k > 2 and u = 22,

T[:14u] = T[: Tu] + 2*T[: 3u] + ™ T[: Tu] + 2®“T[: 3u] + 2T 4u).

The proof of the other 15 cases are similar. We break down the above identity into
7 parts:

0 =z T[3u:4u] + T[Tu:8ul,

0 = 2% T[:u] + 2™ T[4u: 5u] + T[8u:9u],

0 = 2% Tu:2u] + *T[5u:6u] + T[9u:10u],

0 = 21T [:u] + 2% T [2u: 3u] + ™ T[6u: Tu] + T[10u:11u],

0 = 2'%T[u:2u] + T[11u:12u],
0 = %7 [2u:3u] + T[12u:13u],
= 21T [3u: 4u) + T[13u: 14u),

which can be rewritten as

(2.7) = T[11w]o] + T([111w]y],

(2.8) 0 = T{[w]s] + T[[100w]s] + T([1000w]3],

(2.9) 0 = T{[1w]s] + T[[101w]s] + T[[1001e]s],

(2.10) 0 = T[[wls] + T[[10w]2] + T[[110w]2] + T[1010w]s],
(2.11) 0 = T[[lwls] + T[L011w]s),

(2.12) = T[[10w]s] + T[[1100w],],

(2.13) 0 = T[11w]5] + T[[1101w]s),

for all binary word w of length 2k and w # 0?*, and

(2.14) = T[[11w]a] + T[[111w],],

(2.15) 0 = T[[w]s] + T[[100w]2] + T[[1000w]a],

(2.16) 0 = T[[1wls] + T[[101w]s] + T[[1001w]s],

(2.17) 0 = T[[wl]s] + T[[10w]s] + T[[110w]s] + T[[1010w],],
(2.18) 0 = T[[1wls] + T[[1011w]s],

(2.19) 0 = T[[10w]y] + T[[1100w]s],

(2.20) = T[[11w]s] + T[[1101w]s],

for w = 0%F.

First we calculate an 2-automaton that generates T from its minimal polynomial
and its first terms. This automaton has 65 states; its transition function and output
function can be found in the annex. Let A(s,w) denote the state reached after
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reading w from right to left starting from the state s, and 7 the output function.
Define

Eorp = {A(i,w) : |w| = 2k, w # 0%},
Identities (2.7) through (2.20) can be written as

(2.21) 0=17(A(s,11)) + 7(A(s, 111)),

(2.22) 0=7(A(s,¢€)) + 7(A(s,100)) + 7(A(s, 1000)),

(2.23) 0=17(A(s,1)) + 7(A(s,101)) + 7(A(s,1001)),

(2.24) 0=r71(A(s,€)) + 7(A(s,10)) + 7(A(s,110)) + 7(A(s,1010)),
(2.25) 0=17(A(s,1)) + 7(A(s,1011)),

(2.26) 0= 7(A(s,10)) + 7(A(s, 1100)),

(2.27) 0=7(A(s,11)) + 7(A(s,1101)),

(2.28) 0=7(A(s,11)) + 7(A(s,111)),

(2.29) 0=17(A(s,¢€)) + 7(A(s,100)) + 7(A(s, 1000)),

(2.30)  0=7(A(s,1)) + 7(A(s, 101)) + 7(A(s, 1001)),

(2.31) 0=7(A(s,¢€)) + 7(A(s,10)) + 7(A(s,110)) + 7(A(s, 1010)),
(2.32)  0=1(A(s,1)) + T(A(s, 1011)),

(2.33)  0=7(A(s,10)) + 7(A(s, 1100)),

(2.31)  0=7(A(s,11)) + 7(A(s, 1101)),

for s = A(i,0%%). We find that (A(i,0'2), E12) = (A(i,010), E10), so that we only
have to verify that identities (2.21) through (2.34) hold for 2 < k < 6, which turns
out to be true. g

In the following lemma, we express Map, Magy1, Wak, and Waiiq in terms of
Me, M°, We, and We.
Lemma 2.3. For all integer k > 2, and v = 22F—1,
Moy = M®[:Tu] + 2**M¢[:3u] + ™ R®,
Way = We[:Tu] + 2™ We[:3u] + ™ R°.
For all integer k > 2, and u = 2%,
Moy = M°[:Tu] + 2**M°[: 3u] + 2™ R°,
Worsr = WO[:Tu] + 2 W°[: 3u] + 2™ R°.
Proof. We call the four identities in Lemma 2.3 also by the name Moy, War, Maj41,

and Wogy1. For n = 2, the identities can be verified directly. For n > 2, we claim
that

Mo, AN Woy, = Mog1 A Waga,
Mopy1 AN Wagp1 = Moo A Wapo.

We give the proof of
Mok AN Wag = Magia,
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the other ones being similar. Set u = 2% and v = 22*~!. By definition and
induction hypothesis, the left side of identity Msy41 is equal to

Wop Moy, = (W[ Tv] + 2 We:30] + 2™ R¢) x (M[:7v] + 2** M*[: 30]
(2.35) + 2™ R°);

Call this expression lhs. Note that both sides of identity Mag11 have the same term
of highest degree 24V R°. Therefore we only need to prove that their difference is
O(x'%v). Using Lemma 2.1 it can be seen that the right side of identity Moy is
congruent, modulo 2V, to

We[: 14v] M °[: 14v] + 2®W*[: 6v] M °[: 6v].
For all n < 14, replace the occurrences of W¢[:n - v] and M®[:n - v] in the above

expression by the reduction modulo ™" of the right side of the corresponding
identity in Lemma 2.2 and get a new expression, which we call rhs. Define

X :=2a",
ap :=Wen-v:(n+1)-v]/X",
bp:=Mn-v:(n+1) v]/X",
c:= R°.
Using the notation introduced above, we can represent the expressions lhs (2.35)
and rhs as polynomials in Fa[ay, ..., a14, b1, ..., b14, ¢|][ X]. Note that it is not a prob-
lem that a; commutes with b;, while W* does not commute with M€, because in the
expressions concerned, the products of We-terms and M “-terms are always in the

same order. We let the computer do the simplification and check that the difference
between these two polynomials is indeed O(X14), which completes the proof. [

Proof of Theorem 1.1. We prove the theorem for CF(a,b); for CF(b,a), the proof
is similar. By Lemma 2.3, we have For all 0 < j, k <1,
Jim Mo, j, = Mjy,

: o
lim Mopy15k = Mj’,€7
n— oo

: €
lim WQn,j,k = Wj,k?

n— oo

lim W- e =W2.
oo 2n+1,5,k 7.k

Let z = 1/x. By the convergence theorem and identity (2.2),
MG (2)
CF(a,b) = ——.
M(io(x)
By definition, ¢(M*¢,0,1) and ¢(M*,0,0) are minimal polynomials of Mg, and
M§ o. Therefore
P(z,y) = Res (¢(M*,0,1)(x, 1),y ?¢(M*,0,1)(z, t/y))
is an annihilating polynomial of f(x) = Mg /Mg q.
Define
Q(z,y) = aa(@)y" + g3(2)y” + a2(2)y* + q1 (2)y + qo(2),

where

QO<.'L') — .1720 +£L'17 +JJ14 +$11 +$77
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q(z) =2 + 22 + 2% + 2% + 25 + 22

qa(z :$17+$14+.’IJ11+.T10+,’E8+{E7+{L‘4.

The polynomial Q(z,y) is the candidate for the minimal polynomial of f(z) found
by Padé-Hermite approximation. To prove that it is indeed the minimal polynomial
of f(z), we only need to prove that it is an irreducible factor of P(z,y) of multiplicity
m and R(z,y) := P(z,y)/Q(z,y)™ is not an annihilating polynomial of f(z). We
verify the first point directly. For the second point, we find that when we truncate
f(z) to order 216, and substitute it for y in R(z,y), we get a series with valuation
smaller than 216, which proves that R(z,y) is not an annihilating polynomial of
f(x). Finally, 212Q(1/2,y) is the minimal polynomial of CF(a,b) = f(1/z). d

3. ANNEXE
All 16 polynomials are of the form
po(x) + pa(x)y® + po(2)y® + po()y” + pra(a)y'?
The coefficients p;(z) and the 16 initial terms to determine the solutions uniquely
are given below.
For ¢(M¢,0,0):
pol(z) = 2102 4 296 4 88 | o824 pT4 | g 70 4 468 | 60 4 058 | 48 4 46
+ 2 + 2% + 2% + 2% 4 230 4 2,
pa(a) = 2B 4 280 4 B4 g58 | g4y p86 | o34 | 082 24 4 220 4 18
T 216
po(@) = 23+ 280 4 o4 208 64 4 g62 | 60 | o588 56 | 54y 48
44y 40 4 038 4 030 | 98 L 096 4 022 | 020 4 18 | 16 | 14
+ 20428 a2t 1,
po(x) = 280 4 270 4+ 784 4 60 4 58 4 552 | 550 4 448 | 446 4 44 4 30
+ 23 23 120 2 42 Lt 2?0 22 210 4 a8 +m4,
pra(e) = % + 2% 41,
and the initial terms are [1, 0, 0, 0, 1,0, 0,0, 1,0, 0, 0, 1, 0, 1, 0].
For ¢(M*,0,1):
Po(@) = 2111 4 105 4 104 4 197 4 400 | 088 | (T8 4 7T 4 4T6 | o T4 | 66
463 4 259 4 58 4 05T 4 56 4 054 4 052 4 51 4 050 | 49 | 48
T 10 12 g4t g 10 | 36 L 33
p3(@) = 295 + 292 4 2% 4 86 4 ¢85 4 582 4 p55 | 52 4 49 | AT | 446
o5 gt 42 L 41 | 038 L 37 L34 31y 98 L 95 | 22
+ 22 4 218,

pﬁ(l’) _ 1‘90 + .1784 + $70 4 51364 + .’1758 4 $52 + 1,50 + .’1746 4 1‘44 4 .1742 + $40
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JogB0 4 g3 B0 4 28 4 26 4 024 4 20 4 o182
polz) = 285 4 82 4 75 4 072 4 069 | 166 L 65 L 63 4 62 4 60 4 57

+ 2% 4 2% 4 2% 4 252 4 2P 4 250 219 4 18 216 gt 30

438 3T 4 36 4 35 4 34y 033 032 4 31 30 28 | 023

Ll p20 18 1T 4 15y p1e 18y 12 4 10 4 00 4 o6
pra(z) = 230 4232 41

and the initial terms are [0, 0, 0, 0,0, 1, 0, 0, 0, 1, 0, 0, 1, 1, 0, 0].
For ¢(M*¢,1,0):

Po(@) = 211 4 105 4 104 4 197 4 400 | 088 | o T8 4 7T 4 pT6 | o T4 | 66
463 4 259 4 58 4 05T 4 56 4 054 4 052 4 51 4 050 | 49 | 48
T 10 12 g4t g 40 | 36 L 33

p3(@) = 295 + 292 + 2% 4 86 4 ¢85 4 582 | g55 | 52 4 49 | AT | 446
o5 g8 42 41y 038 L 37 L34 31y 98 L 95 | 22
+ 22 4 xls,

po(@) = 290 + 284 + 270 4 B4 4 258 4 552 4 50 | 46 4 g4 | 42 | a0
430 g3y g0 4 28 20 4 24 4 420 | 18 | 12

Po(@) = 285 + 282 + 275 + 272 4 109 4 200 4 565 4 63 4 162 4 560 | 57
4opB5 Py 58 4 052 51 L 50 | 49 | 48 L 46 | 41y 39
438 BT 4 86 4 035 4 o34 L 033 L 032 031 L 030 28 | 023
Ll g0 gt 1T 15 1 18 12y 10 09 L 6

pra(e) = 2% + 2% 4 1,

and the initial terms are [0, 0, 0, 0, 0, 1,0, 0,0, 1,0, 0, 1, 1, 0, 0].
For ¢(M€,1,1):

po(x) = 2120 4 2114 4 g9 4 o524 pT2 4 g0 4 68 | 66 | 462 4 58 | 56
4250 4 22,

p3(z) = 2% + 2% + 270 4+ 272 + 250 + 210 4 2*2 4+ 240 4 2% 4 270 4 2
I

po(z) = 2% + 2™ + 270 4+ 2% + 202 4 270 4 27 4 252 4 250 4 210 4 22
a0 B8 4 B B2 4 22 | 020 L ad 12 4 10y ad g

po(z) = 2% + 270 + 2% 4+ 2% + 2% 4 252 4 270 4 2% 4 20 4 2 4 2%
Pt g% B0 4 28y 26 | g8 L Q16 4 12 4 10 4 o8 | d

piz(z) = 2™ + 2% + 1,

and the initial terms are [0, 0, 0, 0, 0, 0, 0, 0,0, 0, 1, 0, 0, 0, 1, 0].
For ¢(W¢,0,0):

po(x) _ $120 + ZL'114 + 1,100 + 1’94 + 21782 +.’E80 + 3374 + {E72 + :)C70 + 11766 +$60

58 54 52 44 42 38 30 24
+r"+rT+ T+t T +a,
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pa(@) = 290 + 280 4 g8 4 B8 4 g0 4 g2 | g3y 482 4 26 | 24 I8
+ 216,
po(z) = 2% + 2™ + 2% 4+ 2% + 252 4 290 4 278 4 250 4 25 4 270 4 28
Loat2 4 38 4 436 4 32 4 080 4 028 4 22 | 08 L 14y 010 4 8
+at+1,
Po(x) = 2% 4+ 270 4 784 4 700 | 558 | 552 | g0 4 448 4 46 4 44y 36
bt B2 g0 4 28 26y 18 4 16 4 g2 4 10 | 8 L gd
pra(z) = 2% + 232 4 1,
and the initial terms are [1, 0, 0, 0,0,0,0,0,1,0, 1,0, 0, 0, 1, 0].
For ¢(W¢,0,1):
po(x) = 111 4 2105 | 598 | g1 | 88 4,76 4 T2 4 o TL .y 65 64 63
462 4 60 4 58 | 05T L 053 4 051 L 50 | 43 4 42 | 40 | 038
+ 2% + 2% + 23
p3(x) = 2% + 292 + 289 4 286 4 285 4 282 4 ¢55 4 152 4 49 4 4T | 446
i o e R o Al S LN R R
+ 22 4 g8,
po(z) = 290 + 28 + 270 + 2% 4+ 258 4+ 272 4 250 4 210 4 2 4 2?2 4 210
30 g3y g0 4 28 L 26 4 24 4 020 L I8 | 12
po(z) = 2% + 282 + 2™ + 27 4+ 299 + 2% + 2% 4 253 4 202 4 200 4 257
g% 4 B4y B3 4 052 L 051 4 50 | 49 | 48 L 46 | 41 | 039
+ 238 4+ 2% + 2% + 2% 423 2 4 2 3 4 230 4 2% 4
Lot 20 18 1T 15 1 18 12 | p10 4 09 06
pia(z) = 2™ + 2% 4+ 1,
and the initial terms are [0, 0, 1, 0, 0, 0, 0, 0, 0, 1, 1, 0, 1, 0, 0, 0].
For ¢(W¢,1,0):
po(x) = 21t 4 105 4 598 4 g1 | 488 | 076 | o724 7L | 65 4 64y 463
4262 4 60 4 58 4 57 | 053 L 051y 50 | 43 | 42 4 40 | 38
425 4 4 B,
p3(x) = 2% + 292 1+ 289 1 286 4 285 4 482 4 g55 4 g52 4 49 4 47 | 446
Lo My 42 | 41 038 4 03T 34, 81y 98 | 25 22
TpeIpeLy
po(x) = 2% 4+ 25 4 270 4 04 4 558 | g52 | g0 | g6 4 g4y 42 4 40
4230 4 gPt 4 B0 28 20 4 24 | 20 4 g8y g2
po(x) = 2% + 282 4 275 1 272 1 29 4 266 4 465 4 463 4 ;62 4 ;60 4 57

+ 1‘55 4 JJ54 + .’1753 4 $52 4 1,51 + .’1750 4 1‘49 4 x48 + 1,46 4 56‘41 + .’1739
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+ 2% 4+ 27 + 236 + 235 4 23 4 233 4 32 + a3t 4 30 4 228 4 23
42l g 20 4 18y AT 15y 14 L 13 12 +$10+x9+x67
pro(z) = 280 + 232 + 1,

and the initial terms are [0, 0, 1, 0,0, 0, 0, 0,0, 1, 1, 0, 1, 0, 0, 0].
For ¢(We€, 1,1):

po(x) = 2102 4 29 4 352 4 g0 4 g0 4 o8 L 056 L 50 050 | 48 | 6
bt g2

pa(x) = 2™ 80§ T0 | 52 | A6 | A4 | 0 | 086 | 082 | 50 | o8
+ 220 4 16 4 12,

po(x) = 25 280 . Th | T0 | 08 | 02 | 056 | 054 | 052 | a6 jad
4B B0 gy 26 4 22 L 16 1 12 10 g

po(x) = 50 | 270 | 04 | 00 | 58 | 052 | 050 | a8 | a6 | a0
b B2 30 4 28 4 026 18 16 | 12 4 00 L 8 L4

pi2(z) = 2% + 2% + 1,

and the initial terms are [0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 0].
For ¢(M?,0,0):

polz) = 211 4 2105 4 104 4 101 4 g8 | (97 4 (04 4 (00 4 /88 | 487 | 85
428 280 42 e 42T 2T 4 2™ ™ 2™ 270 4 2%
4 %8 4 206 4 203 1 901 1 956 4 955 4 253 4 252 4 250 4 48 4 46
op®P gt 48 A2 A1 39 L 36 4 035 34 032 | 031
+ 230 4 2% 4 2,

p3(z) = 2100 + 297 4 291 4 290 4 88 4 o874 o84 4 80 4 T4 L 62 4 60
+ 257 4 %2 4 2% 4219 1 218 T a3 12 39 4 38
Bt g3 B2y 2T 4 26 g 24y 28 | 22 020 4 16

po(@) = 2190 4 297 4 91 4 290 4 88 4 g8T | o84 4 o804 7T | pTa T
4+ 270 4 257 4 285 4 264 4 262 4 259 4 258 4 25T 4 255 4 454 4 53
4Bl 49 | A6 A4 42 4 a1y 039 L 038 ) 3T | 036 L 35
+ a3 4232 4 2% 4220 12 4 2?4 2?8 2?2 10 18 gt
HI I

po(z) = 219 + 28 + 252 4+ 240 4 220 4 28

pra(e) = 2100 4 288 4 80 4 552 4 40 4 082 4 420 4 08 4

and the initial terms are [1, 0, 0,0, 1,0,0,1,0,0, 1, 1,0, 0, 1, 0].
For ¢(M°,0,1):

120 , 114 , 110 | 107 , 100 , 97 , 94 , 91 | 90 ,_ 87 , 85
polx) =+t P+ +a P+ T+ 2+ +
L84y 82 8Ly 79 L T8 o TT 75 | T8 4 70 L 60 4 68

T .7367 + .%‘65 4 56‘64 + .’1,‘63 + $60 4 x59 + .’1757 4 1‘56 =+ .1'54 + .’1,'53 4 1‘52
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+ 250 20 4 215 4 23 4 212 gt 4210 23T 4 230 33,
p3(l‘) _ LL'85 -‘1-.’,1782 -|—(E45 +£L‘42 +$37 +.’I,'34 +l‘21 +$187
po(z) = 2% + 2% + 270 4+ 2% 4+ 2% + 252 4+ 270 4 20 4 2 4 2?2 4 2?0
+ 1‘36 + {L‘34 —|—.’L‘30 + .T28 4 CE26 4 1'24 + :1720 + x18 4 1'12,
pg(l‘) — $95 +1,92 _|_1,89 +$86 _|_1,47 +$44 +l‘41 _|_$38 +$15 _|_1,12 +139 —|—$6,
plZ(-T) _ xlOO —I—LL'SS +.T80 +,’E52 +£L’40 +£1732 +$20 —I—LL‘S 4 1’

and the initial terms are [0, 0, 0, 0,0, 1, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1].
For ¢(M°,1,0):

po(.’lﬁ) — 1,102 4 56‘96 + .’1795 + 1‘92 4 x88 + .’1785 4 1,82 4 $81 + .’1,'79 4 1‘78 + .’1?75
+ ’1373 + 11772 + $71 + IL’70 + l,69 + LE67 + 3’]66 + 51363 + 9362 + 11760 + $59
T .7757 + 1,56 4 LL‘SQ + .’1750 4 $49 T .’L’48 + .’1746 4 1‘45 T .7339 + .%‘37 4 56‘35
+ 234 4 x33,
p3($) — .TSS +.’I}82 +$45 +$42 +J}37 —|—.’1334 +$21 _’_$187
po(z) = 2% + 28 + 270 + 2% 4+ 258 4 272 4 250 4 20 4 2 4 2?2 4 20
4 .1?36 + 1}34 4 .’1330 + x28 4 $26 + .T24 + 3?20 4 1‘18 T .7312,
pg(x) _ £895 +1,92 +x89 +$86 +£L’47 +.’£44 +$41 +£C38 +.’£15 +1,12 +CE9 +£B6,
p12(x) — l,lOO —|—.’L‘88 —‘1-1'80 +$52 +.T40 +$32 +J}20 —I—J?S + 17

and the initial terms are [0, 0, 1, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 0].
For ¢(M°,1,1):

po(x) = 2111 + 2105 4 2101 4 201 | 88 4 ;85 | o814 479 4 o764 078 4 460
+ 258 4 287 4 205 4 o0 1 903 g0 4 259 4 252 249 4 AT 4 p?P
oty g g2

p3(z) = ' + 2% + 29 4+ 2% + 2% + 2™ 4+ 292 4 200 + 25T 4 257 4 2™
4250 49 48 L AT L 43 L 40 4 039 4 38 036 4 34 033
R T R -2

po(x) = 2190 + 297 + 290 4 288 4 87 4 7T 4 T4 4 g7 4 o674 65 4 462
4 00 4 59 4 BT L 55 L B4 L 053 4 52 4 51y 50 4 49 | o8
4t 230 4238 23T 4 % 235 3 238 4 230 225 4 %
g T2 B LI LRI L JeL iy

po(z) = 219 + 28 + 252 4 240 4 270 4 28,

pra(e) = 2100 4 288 4 80 4 g52 4 40 4 032 | 420 4 08

and the initial terms are [0, 0, 0, 0,0, 0,0, 1,0, 0,0, 1, 0, 0, 1, 0].
For ¢(W?,0,0):

11, 105 , 104 , 101 | 98 , 97 , 94 , 90 , 88 , 87 , 85
polx) =2+ttt +aF " T+ 2+ 2%+
+2® 42042 2 2T+ 20+ 2 2 + 2™ 20 4 2%

+ .’1768 + $66 4 .’1363 + .’IJ61 4 $56 =+ .1’55 + .’1753 4 1‘52 + .1750 + 1,48 4 56’46
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42 ot 42 2 4t 239 4 2% 235 43 232 4 o
B0 4 g2 g
p3(x) = 2100 + 297 4 291 4 290 4 88 4 87 4 o84 4 80 4 o T4 | 62 4 60
4T 4 52 4 Bl A9 A8 4 AT 4 ooad 43 42 | 039 L 38
+ 23 23 4232 2% 4 2% 42 2?2 42?0 :r16,
po(@) = 2190 4 297 4 91 4 290 4 88 4 g7 | o84 4 p80 | 7T | pTa T
470 4 67 4 65 L 64 L 62 4 59 4 58 57 | 055 | 54 L 53
4Bl A9 A6 | A4 42 4 a1y 039 L 038 L 03T | 036 L 35
o33 4 32 4 428 L 026 4 025 4 24y 023, 22 019, 18 L 15
g R I I
po(z) = 100 4 288 4 52 4 540 | 20 | 8,
pro(z) = 2100 4 288 4 80 4 52 4 440 4 082 4 20 4 08 4
and the initial terms are [1, 0, 0,0, 1,0,0,1,0,0,1, 1,0, 0, 1, 0].
For ¢(W°,0,1):
polx) = 2102 4 296 4 295 4 292 4 88 4 o85 | 82 | 81 4 O | )78 4,75
42T 4 2™ 4Tl 4 g T0 4 69 4 67 4 66 4 63 4 062 4 260 4 59
+ 257 + 2% + 272 + 2% + 2% + 2®® + 2?0 2 4 23 4 25T 4 230
+ 23+ 2%
p3(@) = 2% + 282 + 2 4 292 4 37 4 g3 4 21 4 18,
po(x) = 290 + 284 4 270 4 64 4 58 4 g5 4 p50 4 46 | a4y 42 4 40
B0 4 g3 B0 4 p28 4 26 4 p24 20 | 18 12
po(z) = 2% + 292 + 2% + 2% 4 247 4 2™ 2 4+ 238 4 2 4 21?2 4 2% + 2,
pra(e) = 2100 4 288 4 80 4 552 4 40 4 082 4 20 4 08 4
and the initial terms are [0, 0, 1, 0, 0,0, 1,0, 0, 0, 0, 0, 1, 0, 0, 0].
For ¢(W°,1,0):
polz) = 2120 4 114 4 110 4 107 4 5100 4 (07 4 (04 | (01 | (00 | /87 | 85
o 82 8 T L T8 L TT L Ty T3y 070y 69y 68
4+ 257 4 295 4 20 4 203 1 200 4 259 4 257 4 256 4 251 4 253 4 452
G50 4 g6 | A5 g g4 4 A2 4 pdL 40 | 8T 4 086 4 33
p3(z) = 2% 4+ 2% + 2% + 2 + 237 + 23 4 2?1 28,
polz) = 2% + 284 70 4 64 | 058 | 052 | 050 | 46 | 44 42 40
+ 230 423 4 230 4 28 4 220 4 2?0 8 x12,
Po(x) = 295 + 292 + 289 4 86 4 o474 g4 4 g4l 4 B8 | 15 4 p12 4 09 4 o6
pra(z) = 2100 4 288 4 80 4 552 | 40 4 082 4 20 4 08 4

and the initial terms are [0, 0, 0, 0, 0, 1, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1].
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For ¢p(W°,1,1):
polz) = o111 4 2105 4 100 | o901 4 88 | ;85 4 081 4 o794 076 L T8 | 69
4 208 4 67 4 65 4 464 4 63 4 61 4 059 4 052 | 49 | 4T L 45
+ 2t 2t 4 x42,
p3(@) = 2190 4 297 4 2O 4 288 4 87 4 g4 62 4 60 5T | 52 4 46l
450 4 49 | 48 L AT L 043 L 40 4 039 4 38 L 036, 34, 033
RS L L B 23
po@) = 2100 4 297 4 91 4 88 4 o8 | g TT 4 T4 | g 71y 6T | p65 4 62
4 200 4 59 4 BT L 55 L 54 L 53 4 52 4 51y 50 4 49 | o8
4t 439 4 % 4 8T 4 280 a3 a3 233 230 2
a2 g9 g 16 15
po(z) = ' + 2% + 252 4+ 240 + 270 + 28,
pra(z) = 2100 4 288 4 80 4 o524 40 4 g32 4 420 4 08 4

and the initial terms are [0, 0, 0, 0, 0, 0,0, 1,0, 0,0, 1, 0, 0, 1, 0].

Below is the transition function and output function of an 2-automaton that
generates T' = Mg ,:

Transition function (n,j) +— d(n,j) (A(n) := [d(n,0),d(n,1)]):

n  A(n) n  A(n) n  A(n) n  A(n) n  A(n)

0 [1,2] |14 [8,24] |28 [38 39 |42 [49,10] | 56 [13, 29]
1 (3,4 |15 [13,8) |29 [40,41] | 43 [12,2] |57 [48, 24]
2 [5,6] | 16 [24,24] | 30 [42,43] | 44 [50,51] | 58 [49, 45]
37,8 |17 [25,10] | 31 [8,13] |45 [52,53] | 59 [61, 62]
4 [9,10] |18 [26,27] | 32 [44,2] | 46 [54,55] | 60 [63, 64]
5 [11,12] | 19 [28,9] | 33 [26,2] |47 [56,19] | 61 [25, 45]
6 [7,13] | 20 [29,13] | 34 [30,27] | 48 [41,57] | 62 [59, 45]
7 [14,15] [ 21 [13,7] |35 [9,45] | 49 [58,4] |63 [48, §
8 [15,16] | 22 [30,2] |36 [11,26] | 50 [44,27] | 64 [48, 48]
9 [17,18] | 23 [12,27] | 37 [46,24] | 51 [59, 10]

10 [19,20] | 24 [16,31] | 38 [24, 46] | 52 [28, 59]

11 [21,5] | 25 [32,33] | 39 [47,12] | 53 [60, 24]

12 [22,23] | 26 [34,35] | 40 [8, 48] | 54 [48, 13]

13 [13,13] | 27 [36,37) | 41 [24,48] | 55 [8, §]

Output function n — 7(n):

n tn)|{n )| n T0)|n )| n TMn)|n TMN)|n T(n)
0 0 10 1 20 0 30 0 40 0 50 1 60 1
1 0 11 0 21 0 31 0 41 1 51 1 61 1
2 0 12 0 22 0 32 1 42 0 52 1 62 1
3 0 13 0 23 0 33 0 43 0 53 1 63 1
4 1 14 0 24 1 34 0 44 1 54 1 64 1
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5 0 15 0
6 0 16 1
7 0 17 1
8 0 18 0
9 1 19 1

UNIVERSITE DE STRASBOURG, CNRS, IRMA UMR 7501, F-67000 STRASBOURG, FRANCE

25
26
27
28
29

o = O O =

35
36
37
38
39

Email address: guoniu.han@unistra.fr

O = = O =

45
46
47
48
49

S = O ==

55
56
57
58
59

_ o = O O

15

SCHOOL OF MATHEMATICS AND STATISTICS, HUAZHONG UNIVERSITY OF SCIENCE AND TECH-

NOLOGY, WUHAN, PR CHINA

Email address: huyining@hust.edu.cn



