EXPLICIT CONTINUED FRACTION EXPANSION OF A
RATIONAL ROOT OF 1+2z~! OVER F,

YANN BUGEAUD AND GUO-NIU HAN

ABSTRACT. Let p be a prime number, j and d > 3 positive integers
coprime with p. We provide the explicit continued fraction expansion
of the j/d-th root of 1+ 27! in the power series field F,((z™1)). We
determine its irrationality exponent.
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1. INTRODUCTION

Throughout this paper, we let ¢ be a power of a prime number p and
F,((z71)) denote the field of power series in 27! over F,. In parallel with
the theory of continued fractions for real numbers, a theory of continued
fractions has been developed in Fy((z71)), where the partial quotients are
(non-constant) polynomials in x; see the beginning of Section 3. Like in the
real case, the continued fraction expansion of a power series £ in F,((z71))
is ultimately periodic if and only if £ is quadratic; see [20, Section 3]. While
the continued fraction expansion of algebraic real numbers of degree at least
three remains very mysterious, the continued fraction expansion of certain
algebraic power series in F,((z7!)) has been precisely determined. For in-
stance, Baum and Sweet [2] have noticed that, for any positive integer s,
the power series

1

s 25
{pss = [z;al 2P ] =2+ —g—
xp + 2s
P 4.

in F,((z~1)), which satisfies pgs = = + 1/5%35 < is a root of the polynomial
ZrHl ezt 1,

hence is algebraic over Fy(x). Its degree is equal to p® +1 and its irrational-
ity exponent (see Definition 3.1) is also equal to p® + 1, by [10, p. 214].
This shows that a power series analogue of Roth’s theorem does not hold
and that the power series analogue of Liouville’s theorem, which has been
established by Mabhler [13], is best possible; namely, an algebraic power se-
ries in F,((2™1)) cannot be approximated by rational fractions at an order
exceeding its degree. In the opposite direction, there are explicit examples of
algebraic power series whose sequence of partial quotients are polynomials of
bounded degree, that is, algebraic power series that are badly approximable
by rational fractions, a first example in Fo((z™1)) being given in [2].

In the same paper [2], the authors derived the explicit continued fraction
expansion of the power series

)\ e
(1) (pe) el
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where P(x) is in Fo[z] \ Fa. Since then, several explicit continued fractions
of algebraic power series have been obtained; see [1, 11, 12, 15-17, 19, 20] for
example. More recently, several families of continued fractions in Fa((z~1))
whose sequence of partial quotients can be generated by a finite automaton
have been shown to be algebraic [4-8]. The main purpose of the present
paper is to considerably extend the result of [2] on (1.1).

Let d,j be coprime integers with d > 2, 1 < j < d/2 and such that p
does not divide jd. Let s be the smallest positive integer such that d divides
p® — 1 and set d’ = (p® —1)/d. We let (1 + 2~1)/®*=1 denote the unique
power series £ = 1+ ... in Fy((z71)) such that ¢&#"~1 =1+ 27! and we set

(142710 = (142~ )Y@ D)7,
The case d =2, j = 1, and p odd is easy. Namely, we have
(1.2) (142" HY2 = [1;20 4+ 1/2, (—82 — 4,22 + 1)™]

in Q((z~')), where the notation ( )* means that the sequence of partial
quotients of (1+z~1)Y/? is eventually periodic of period —8z — 4,2z + 1; see
Section 12 for a proof. Since the leading coeflicient of each partial quotient
is coprime with p, we immediately get that

(1427 Y2 = [1;22 + 1/2, (82 — 4, 22 + 1)™]

in Fp((z71)).
The main result of the present work is the following theorem.

Theorem 1.1. Let p be a prime number, d > 3 an integer not divisible by
p, and j a nonzero integer coprime with d. We give a full description of the
continued fraction expansion of the power series (1+x 1)/ in Fy((z™1)).

For the case p = 2, which is considerably simpler than the case p odd,
precise statements are given in Theorems 2.2 and 4.2. The case p odd is
much more complicated. To solve it, we have observed, experimentally, that
in every case many convergents are of the form (1 +2~1)™ for an integer m
in Z. Instead of giving a very technical, lengthy statement, we explain first
how to find the infinite sequence (my)>o of integers such that (|mg|)x>0 is
increasing and (1 + z~1)™ is a convergent to (1 4+ z~1)7/¢ if and only if m
is an element of (mg)r>0. Then, we give the continued fraction expansion
of (14 271)™0 and explain how to get the continued fraction expansion of
(14 2= 1)™k+1 from the one of (1 +z~1)™*, for k > 0.

To our knowledge, Theorem 1.1 is the first general result on the continued
fraction expansions of a ‘natural’, simple, infinite family of algebraic power
series in arbitrary (finite) characteristic.

The precise knowledge of the continued fraction expansion of (14 z~1)7/¢
in F,((z7!)) allows us to determine its irrationality exponent and its ap-
proximation spectrum (see Definition 3.1). We gather several Diophantine
results in Section 3.
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2. RESULTS

2.1. p-adic expansions of rational numbers. Let p be a prime number.
Every p-adic integer A in Z, has a unique representation

A=Xo+ p+dop®+..., Nef0,1,...,p—1},

called its Hensel expansion. We define the power series (1 + z71)* in
Fp((z71)) to be

(Lt =1 +a )X = [T+ )™ = [T +a)M
i>0 >0

Mendes France and van der Poorten [14] proved that (1 4z~ is algebraic
over Fy(z) if and only if the p-adic integer A is in QN Z,.

We check that if A = \j + Xjp + \yp? + ..., where (\});>0 is a bounded
sequence of integers, then

| (T (e

i>0 i>0

as well. Furthermore, for A in QNZ,, the expression (1 + z~1)* gives the
same result when A is viewed as a rational number (as in Section 1) and
when it is viewed as a p-adic number. These claims, as well as the other
claims and the lemmas of this and the next sections, are proved in Section 5.

In the sequel, we sometimes assume that A is a rational number j/d.
Clearly, p and d are assumed to be coprime. We will often also assume
that p and j are coprime. This is not at all restrictive, since the partial
quotients of the power series &P in F,((z71)) are the p-th powers of the
partial quotients of the p-adic number &.

For the question investigated in this paper, the Hensel expansion is not
the most appropriate way to represent the p-adic number \. We make use in
Fy of expansions with alternate signs over the set of digits {—1,0,1} and, in
F, with p odd, of expansions over the set of digits {—(p—1)/2,...,(p—1)/2}.

Our results give a precise description of the continued fraction expansion
of any power series (1 + 27 1)* in F,((z7!)) with X in Z,.

2.2. Over the field Fy. The continued fraction expansion of (142~ in
Fo((x~1)) can be described in terms of the expansion with alternate signs
of the 2-adic integer .

Lemma 2.1. Fvery positive integer m has a unique binary representation
with alternate signs

mo= 2V — QU1 4 2Vl 4 v

where vy > ... > vy are non-negative integers and £ is even. Every negative
integer m has a unique binary representation with alternate signs

mo= =2V 42V UL | 9%
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where vy > ... > vg are non-negative integers and £ is odd. Every monzero
2-adic integer A which is not in Z N Zsy has a unique expansion with alternate
s1gns
A=20 —2v1 p2v2
where (vg)r>0 i an increasing sequence of non-negative integers.
The following theorem asserts in particular that, for every A in Zs, any
convergent to the power series (1 + 2~ !)* is an integral power of 1 + 271,

This holds in particular for any rational power (1 4+ 2z~ 1)/ with d odd.
To shorten the notation, we put

kle=14z+...+21 k>1.
Theorem 2.2. (i). Let m be a nonzero integer. Let
m = (—1)%2% 4 (=1)f712ve-1 4 4 2%

denote its binary representation with alternate signs. Set

my, = (—1)F2% 4 (=1)F7lgve-1 4y ov E=0,... L
Then, the convergents to (14 x~1)™ are

A+ hHm T+ h)ym™ Q42 H™ = (1427 H™,
ifvi >v9+ 1, and

A+zHm QT+zH)m, Q42 H™=14z"H™,

if vi = v + 1.
(ii). Let X be an element of Zs \ Z, whose expansion with alternate signs
s given by
A=V Ui yov2
with vg < vy < ... Setm_1 =0 and

(2.1) my =20 — 2V 4292 — 4 (=1)k2u k>0,
Then, the partial quotients a,, n > 1, of
(22) (1+LL'_1)>\ = [1;&1,&2,&;3,...],

which are polynomials in x*"°

(i.a) if v > vo + 1:

, and its convergents P, /Q, are given by

a) = 932v0;
an = (z+ o)l —onee 2 >,
P,
-no_ (1 + xfl)mn—% n > 1;
@n
(ii.b) if v1 = vg + 1:
a =1+ a:QUO;
az =227 — 17
an = (& )l L2 ey,
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P
(™ >,

@n

With the notation of Theorem 2.2, we have |my11| > |myg| for £ > 0, with
equality if and only if £ = 0 and v; = vg + 1.

When A = j/d is rational and 1 < j < d/2, we give in Theorem 4.2
below a closed formula for a,, depending on the value of n modulo a suitable
integer at most equal to (d — 1)/4. As an illustration of Theorem 4.2, we
derive the continued fraction expansion of (1 + z~1)'/13,

Corollary 2.3. The continued fraction expansion of (14 x=1)1/13 is
[1;2, [3]a, (z 4+ 22)L, (x4 22)% - [713, (z + 22)° - [3]%4, (& + %)%, .. ],
where the partial quotients a, are given by
ay =7z,
agn = (x+ 2@ EDNB 0y S
agni1 = (@ +2?)@2HENDAS T >
asn+2 = (z + x2)(26n_(_1)n)/13 . [3]§6n, n > 0.

Further examples can be found on the webpage
http://irma.math.unistra.fr/~guoniu/pthroot/ .

2.3. Over the field [, with p odd. In this subsection, we let p denote an
odd prime number. We use the signed p-adic expansion of an element of Z,
instead of its Hensel expansion.

Lemma 2.4. Fvery nonzero integer m has a unique representation
m = dop” + d1p”" + ...+ dep”,

where 0 < vy < v1 < ... < vy are integers and the digits d; are in {—(p —
1)/2,...,(p—1)/2} and are nonzero. We call it the signed p-adic represen-
tation of m. More generally, every p-adic integer X\ which is not in Z N7y,
has a unique expansion

(2.3) A= dop™ + dyp™ + ...,
where 0 < vy < v1 < ... are integers and all the digits d; are in {—(p —
1)/2,...,—1,1,...,(p—1)/2}, and we call it its signed p-adic expansion.

Let A be a p-adic integer which is not in ZNZ, and let
(2.4) A =dop"® + dip*t + dop™? + ...

denote its signed p-adic expansion. We want to compute the continued
fraction expansion of (1 4+ z~')*. We assume that vg = 0 in (2.4). This is
not a restriction since every nonzero p-adic integer is equal to a power of
p times a p-adic unit and, as already pointed out, the partial quotients of
the p-th power of an element of F,,((z~!)) are the p-th powers of its partial
quotients.
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Define the integer sequence (mg)i>o by setting
my = do +dip™ + ... +dgp'*, k>0.

Since

p — 1 pvk+l _ 1 pvk+1
. < s
2 D1 2
and |[my11—my| > pU+1, the sequence (|my|)k>0 is increasing. Furthermore,
my and dj have the same sign.

(2.5) || < k>0,

Lemma 2.5. Let A be a nonzero p-adic integer in Z, and set & = (1+x~H)A.
Let (my)r>0 be the sequence defined above. For k > 0, the rational fraction
(1 4+ 271)™ is a convergent to &. Conversely, if m is a nonzero integer
such that (14 x71)™ is a convergent to &, then there exists k > 0 such that
m = my.

We postpone its proof to Section 6. Theorem 2.2 shows that the analogue
of Lemma 2.5 holds for p = 2.

By Lemma 2.5, to compute the continued fraction expansion of (14z~1)*,
it is sufficient to compute the continued fraction expansion of (1 + x~1)™0
and to know how the continued fraction expansion of (1 + z~1)™*+1 can be
deduced from the one of (1 4 z~1)™*,

The next lemma answers the former question (recall that |mg| < p/2
always holds). It follows from a classical result of Lagrange [9] and its proof
is postponed to Section 12. Throughout this paper, by length of a finite
continued fraction, we mean the number of its partial quotients (excluding
the polynomial part). For example, the length of 1 + 27! = [1,z] is 1 and
the length of the /-th convergent to the infinite continued fraction expansion
[ap; a1, ...] is equal to ¢, for £ > 1.

Lemma 2.6. Let p be an odd prime number and m be a nonzero integer
with |m| < p/2. For j =2,...,|m|, set
(2 —Dm—j+2)(m—j+4)---(m+j—2)

i = = Dm -8 w1y

Then, we have

26)  (1rahym=[L L LT gy S
m 2m 2

and the length of (1 +z~1)™ is equal to |m)|.

I

Throughout this paper, w stands for a finite word over the alphabet
composed of the non-constant polynomials in Fp[z]. It may be the empty
word. When it appears in a continued fraction expansion, we read the
sequence of its letters as a sequence of partial quotients. Writing w =
wi, ..., W, its reversal W is the word

W:wk,...,wl,
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and, for a nonzero p in Z,, we set

(~1)b+t

-1
PW = pW1, P W2,...,p Wk,

and we call pw a twist of w.

Let m be a nonzero integer coprime with p. The first partial quotient
of (1 + 271%™ is 1 and the second one depends only on the value of m
modulo p. By Lemma 2.6, it is equal to f—o + 12_;([)0, where dj is the integer in
{—=(p—1)/2,...,(p—1)/2} which is congruent to m modulo p. This justifies
the first two partial quotients in (2.7) below.

The Key Lemma below is the main ingredient of the proof of Theorem
1.1 for odd primes.

Lemma 2.7 (Key Lemma). Let k > 0 be an integer. Let do,dy, ..., dy,dg+1
be nonzero integers in {—(p — 1)/2,...,(p — 1)/2}. Let vq,..., vk, vks1 be
integers with 0 < vy < ... < v < vgpy1 and set
my i=do +dip™ 4 ...+ dpp™, Mg = my 4 dppp”tt

Let

T + 1-— do

— W
" dy 2dg
denote the continued fraction expansion of (14 x~1)™*  where w is a finite
word, possibly empty. Set

(2.7) (1+a7Hm = |1

e = —sgn(my)drr1 = —sgn(mpmpt1)|dis1],
T 1-m
y=— + ka
mi ka

%
h=(w/2,2y+1,-2y—1,—w/2).

For any non-negative integer j, put
1
0(47) =4, 6(4j+1) =16, §(4j+2) = T 5(47+3) =1,

and let n:(j) be given by the Ultimate Triangle defined in Section 8. If my,
is odd, then the continued fraction expansion of (1 +z~1)™s+1 is given by

(1+x_1)mk+1 = [17 Y, W, Cr+1, ns(o)hv né(l)clﬁ-l? n€(2)ha R 775(2|5| 73)Ck+1]7

if my and my1 have opposite signs, and by

(1 + x_l)mk+l = [17 Y, W, Ck+1, na(o)ha U5(1)0k+17 778(2)117 s 7776(2‘6‘ - 2)h]7
otherwise.
If my, is even, then the continued fraction expansion of (1 + z~1)™k+1 s
given by
(1 + xil)karl = [17 Y, W, Cri1, 6(0)776(0)}17 5(1)775(1)Ck+17 6(2)778(2)117 ceey
0(2le] = 3)ne(2[e] — 3)cr4al,
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if mi and my41 have opposite signs, and by
(1+ 2z~ H™+1 = [1,9, W, ca1,0(0)1:(0)h, ()0 (1) cps1, 6(2)n:(2)h, . . .,
d(2e| = 2)ne(2le] — 2)h],

otherwise.
Here, cx11 is the polynomial part of the rational fraction C;q+1 defined by

(1 + )P "+ = lmal

)

C?H—l _ (_1)mk4m_|mk‘

where

o 0, if my is even,
m fry
1, if mg is odd.

In particular, if £y, and k11 denote the lengths of the continued fraction
expansions of (1 4+ x~1)™ and (14 z~1)™+1 | respectively, then

Uip1 = Qldpga| = D)l + |dpga|,  if mempga <0,
and

gk—}—l = (Q‘dk+1| + 1)&; + ’dk+1|, if mgmg41 > 0.
Moreover, £, and my have the same parity for every k > 0.

It should be pointed out that 7.(0),...,n-(2|e| — 2) are rational numbers
and do not depend on the prime p. Since their numerators and denominators
are divisible only by primes less than p, they are nonzero modulo p. The
shape of, say, the continued fraction expansion of (14 z~1)"/4 in F,((z~1))
depends on the signed p-adic expansion of 1/4, but the coefficients 7. (h) are
rational numbers independent of p.

To derive the continued fraction expansion of (14+z )7/ in F,((z~1)), we
first compute the signed p-adic expansion of j/d and then we apply Lemma
2.7 repeatedly. Two explicit examples are discussed in Section 13.

Lemma 2.7 allows us to describe precisely the degrees of the partial quo-
tients of (1 +271)*.

Corollary 2.8. Let A be in Z\ Z,. BEvery partial quotient of (1+2~ 1) is a
linear polynomial or a twist of a polynomial of degree 0y, := pU*+1 —2|my|, for
some k > 0. Furthermore, for every £ > 0, the first occurrence of a partial
quotient of degree &, arises immediately after the convergent (1 + x=1)™*,
where k is the smallest integer with 0y = &y.

Note that the d; may not be all distinct. For example, if my > 0, dx11 =
(p - 1)/27 and Vk+2 = Vk+1 + 17 then

pURHE Q‘mk+1‘ _ pvk+1+1 — 2my — (p _ 1)pvk+1 = pUktl — Q‘mk|

For p = 2, the proof of Theorem 2.2 shows that every partial quotient of
(142~ 1) is equal to the integer part of a rational fraction (14-z )"+l /zlml
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with my, as in (2.1). Thus, the degree of the k-th (or (k + 1)-th, depending
whether or not v; is equal to vg 4 1) partial quotient of (1 + 2~ 1) is equal
to |my| — |mg_1|, that is, to 2% — 2|my_1|.

2.4. Comments on the proofs. We had to compute many explicit exam-
ples to be able to guess the precise form of the continued fraction expansion
of (14 271)7/4 in Fy((x~")). The case p = 2 became simpler once we real-
ized that all the convergents are integral powers of (1 4+ x~1). For the case
p odd, once we found the expression of mj and realized that one goes from
the continued fraction expansion of (1 + 271)™* to that of (1 + x=1)™k+
by adding partial quotients given, roughly speaking, by W,<v_v (notations
from Lemma 2.7), the most difficult point was to find the expression of the
(nonzero) coefficients in F,, by which the partial quotients of w, W are mul-
tiplied. Subsequently, it was a great surprise when we noticed that these
coefficients are given by the same array of rational numbers, that we simply
have to take modulo p. To summarize, the most difficult part of the proof of
Lemma 2.7 was to guess the conclusion of the lemma. It then only remained
for us to check its correctness by a direct computation. That being said,
this last step is quite lengthy and complicated.

In a forthcoming work, we will investigate how the constructions described
in the present paper can be used to get new results on continued fraction
expansions of real numbers. Namely, the formula obtained in Section 9 are
established over an arbitrary field, hence are valid over the rationals.

3. IRRATIONALITY EXPONENT AND APPROXIMATION SPECTRUM

We define an absolute value | - | on Fy((z71)) as follows. We set [0| = 0
and, if &€ = byt + b2t + ... with b # 0, we set |¢] = e!. In particular,
if ¢ is a nonzero polynomial in Fy[z], then |¢| = edes(&),

Any element of F,(x) is uniquely expressed as a finite continued fraction

P,
(3.1) [ap; a1, ... an) = Q—Z,
where ag, a1,...,a, are in Fyz] and have positive degree, except possibly

for ag. Every element & in F,((z71)) \ Fy(z) can be uniquely represented as
an infinite continued fraction

¢ =lag;ai,.. ],
]

where ag, a1, a2, ... are in Fy[z] and have positive degree, except possibly for
ag. The P, /Q,, defined by (3.1) are the convergents to £ and the a;’s are its
partial quotients. We have

P,
(3.2) & - o
and

(33) Pn+l = CLn—i—lf)n + Pn—l7 Qn—i—l = an—l—lQn + Qn—la n > 1.

1 1
= = , n 2 0’
QnQni1|  lans1]| - |Qnl?
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Observe that
deg @, =degay + ... +dega,, n>1.

Standard references include [20, 21]. Unlike in the real case, the knowledge
of the convergent P,,/Q,, (viewed as a rational fraction) does not determine
P, and @),, since it gives no information on their leading coefficient. For
example,

by

Qn’

with a positive integer m, does not imply that the polynomial P, given by
the recurrence (3.3) is equal to (z+1)™; we only know that P, is a constant
multiple of (x 4+ 1)™. A further illustration is given by

(a:—i—l

m
) = [ag; a1,...,a,] =
x

1 -z x
—r—-1 —z-1 a+1
giving that P, = —x and Q1 = —z — 1.

The determination of the continued fraction expansion of £ allows us
to compute its irrationality exponent u(£) and its approximation spectrum
S(€), a more general notion introduced by Schmidt [20].

Definition 3.1. Let & = [ag;a1,az,...] be in Fy((x71)) \ Fy(z) and denote
by (Pn/Qn)n>0 the sequence of its convergents. The irrationality exponent

of &, denoted by (&), is defined by

: log [§ — P/Qn| : deg an1
3.4 &) ;= limsup — =2+ limsup ————.
( ) IU( ) n—+oo 10g ‘Qn‘ n—+oo deg Qn

The approximation spectrum of £, denoted by S(§), is the set of limit points
of the sequence

[1;—z—1]=1+

loglé@n = Pu|
log |Qnl o
We let
. log[€Qn — P . degQuis
v ggi&g log |Qn| ;Eilg deg @, né)

and

N — i 3 lOg |£Qn — Pn| IR TI deg Qn+1

PO =t gion A deg

denote, respectively, the greatest and the smallest element of the approxima-
tion spectrum of &.

Since any element P/Q in F,(z) such that |¢ — P/Q| < 1/|Q|? is a con-
vergent to the irrational power series ¢ (this statement is usually called Le-
gendre’s theorem for power series), the last equality in (3.4) follows straight-
forwardly from (3.2) and (3.3).

We derive from Theorems 2.2 and 2.7 the value of the irrationality ex-
ponent of (1 4+ z~1)7/4 in F,((2~1)). Since &6, and (1 4 2~ 1)¢ have the
same irrationality exponent for every nonzero power series £, there is no
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restriction in assuming that 1 < j < d/2. As usual, an empty sum is equal
to 0.

Theorem 3.2. Let p be a prime number and j,d positive integers with
ged(p,jd) =1 and 1 < j < d/2. If p=2, then write j = jo and

d=jo+ 12" =1+ 722" = ... = js_1 + jo 21,

where ji,...,js—1 are distinct odd integers in [1,d/2]. Set O jq := {j =
j07j17 .. 7js—1}. Then,

. d d
1 + l’_l ]/d - " R Z )
2 )" min{7:7€ Og,4} ~ Jj
(1 + 21y = d 1>1,

max{j: YRS OQJ,d} B
and
A d—7
—1yj/dy — J .5 .
S(1+a7)/h = {72 7€ Onjaf.

If p is odd, then write the signed p-adic expansion of j/d in Z, as

% = (do + dip™ + ...+ ds_1p” ) (1 +p* + ™ +...),

with vs minimal. Set vg =0. For h=0,...,s — 1, define

d(dh + dh+1pU}L+1_Uh + ...+ dsilpvs—l_vh + dopvs—vh + ...+ dh_lpvs+vh—l_vh)

Jh = 1— pvs

and Opvjad = {.] = jO)j17 e 7js—]_}~ Then,
d d
P pr— > —.
min{|7] : 7€ Opja}t ~ Jj

Theorem 3.2 extends a result of Osgood [18], who established in 1975 that
the irrationality exponent of the power series (1 + 2z~ 1)Y/¢ is equal to d.

Note also that j = jo is always an element of the set O ;4. The ap-
pearence of the sets O, ; 4 in Theorem 3.2 is not surprising: it follows from
the fact that (14 z~1)7/¢ and (14 z~1)7/d=(doFdip" +..+dip") haye the same
irrationality exponent for every ¢ > 0. Said differently, to compute the irra-
tionality exponent of (1 + z~1)7/?¢ we have to consider the (finitely many)
shifted sequences of the sequence of digits of j/d.

For an odd prime p, a simple algorithm allows us to compute the sets
Op.j.d, where 1 < j < d/2 and ged(p, jd) = 1. There is a unique pair (ag, €o)
with 1 < ag < (p—1)/2 and g9 = £1 such that

(3.5) (14271 =

p | (aod — £0j)-
Then, define the integers j; and u; by

aod = eoj + j1p"', ged(p,ji) = 1.
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Observe that 1 < j; < d/2. There is a unique pair (aj,e1) with 1 < ay <
(p—1)/2 and e; = £1 such that
p | (a1d —e1j1).
Then, define the integers jo and ug by
ard = e1j1 + jop™,  ged(p, j2) = 1.

Observe that 1 < js < d/2. Continue like this to get js, j4,... until one
reaches j;, = j. This will always happen since the j;’s are in a finite set.
We check that h = s, the values j; are the same as in Theorem 3.2, and
u; = v; — Vi—1. We also check that

Opja = {sdts - dnt}-

We can completely characterize the cases where (1 + z71)7 /d has a non-
trivial uniform exponent of approximation and the cases where its approxi-
mation spectrum is finite.

Proposition 3.3. Let p be a prime number, j,d coprime integers with d > 3,
1 < j <d/2 and ged(p,jd) = 1. Set € = (1 4+ z 1/e If p = 2, then
(&) > 1 and the approxzimation spectrum S(§) is finite. If p > 3, write its
signed p-adic expansion as

% = (do+ dip™ + ...+ ds_1p” ) (1 +p* +p* +...),

with vs minimal. Then, the three following properties are equivalent:
(1) v(€) > 1;
(i) The approximation spectrum S(&) is finite;

(7i1) s is even and do,dy,...,ds—1 take alternatively the values 1 and —1.
To conclude this section, we briefly discuss simultaneous rational approx-

imation of the first integral powers of 1 + 2~ L.
Observe that, for any integer k£ > 1 and any real number p > 2, if £ and

P/Q satisfy |¢ — P/Q| = 1/|Q|", then
€k — PR/QF| < (€, k)| QF| 7,

for some positive c(¢, k) independent of P/Q. Consequently, we have u(&¥) >
w(€)/k or, equivalently,

v(i€) —k+1

k; )
Definition 3.4. Let ¢ be in Fy((x71)) \Fy(z). Let k > 1 be an integer. Let
A (&) denote the supremum of the real numbers X for which

0 < max{|Q(T)¢ — Py(T)|....|Q(T)E" — P(T)|} < e 8@
has infinitely many solutions in polynomials Q(T'), Pi(T), ..., Pe(T) inFy[z].

(3.6) () > k> 1.

The next result has been established in [3].
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Theorem 3.5. Let £ be a power series inF,((z71)). For any positive integer
k, we have
(k+1)(1+ g1 (8) = k(14 Xi()),

with equality if A\g+1(§) > 1. Consequently, for every integer n with n > k,
we have

EXp(§) —n+k
(37) Mg > S0 Ak
and equality holds if A\ (&) > 1.

By combining Theorems 3.2 and 3.5, we easily get some partial results on
the values of exponents of simultaneous approximation at the d-th root of
14+ 2L

Theorem 3.6. Let p be a prime number and d > 3 an integer. Let j be
the greatest positive integer coprime with pd such that j < d/2 and j is the
smallest element of the set Op ;4. Then, we have

d—h
h )
More generally, we can study the irrationality exponent of £, = (1+271)

for an arbitrary A in Z, \ Z, since we have a precise description of its con-

tinued fraction expansion. We may return to this question in a subsequent
work.

An((1 421V = h=1,...,5j.

A

4. A SIMPLIFIED STATEMENT OVER [Fy

In the special case of o, we can give a close formula for the partial
quotients a, defined in Theorem 2.2. First, we need to introduce several
functions which play a crucial role in our approach. The correctness of the
definition is not immediate and will be checked in the next half a page.

Definition 4.1. Let d > 3 be an odd integer. Set
A=A;={j|1<j<(d-1)/2, j odd, ged(j,d) = 1}.

Let g : A — A be the map defined by the relation

(4.1) d = j+a(j)2"Y),

where 0(j) = 04(4) > 1. The map ¢ = 4 is a permutation on A. Let j be
in A. Set

oj(n) = 0ja(n) =0(j) +6(¥(j)) + ... +6(¥" (), n=0,
0j(—1) = 0. The function p; : N>_1 — N> is defined by
pi(n) = pja(n) = (¥"1(j) - 27 + (=1)"j) /d.
Furthermore, we let 0; = 0; 4 denote the length of the orbit of 1 containing

J and we put Bj = Pjq = 0j(0; —1). Fori=0,1,...,0; =1 and m > —1
such that 0;m + 1 > —1 we then have

pi(Oim + 1) = pja(fm + i) = (Y1(5) - 20T 4 (—1)fimtig) /q,
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When there is no risk of confusion, we write A, 1,4, 0;,0;, and ; instead
of Ada Y, 5d7 0j,d> ej,da and Bj,d~

For j in A, observe that (j) is the odd part of d — j. Since any two
distinct integers in (d/2,d) have different odd parts, the map v is injective
and is thus a permutation of the set A.

Furthermore, the integer (; is the smallest positive integer h such that
2" is congruent to +1 modulo d. Therefore, B; is independent of j. To see
this, observe that, for j in A, the integer 1 ~!(j) is equal to d — h, where
h is the unique integer of the form 2%j in the interval (d/2,d). Consider
the multiplication by 2 map T» on Z /d Z, identified with {0,1,...,d — 1}.
Then, the orbit of j under ¢! can be derived from its orbit © under T
as follows: it is composed of the odd elements of O less than d/2 and of
the integers d — r, where r runs through the even elements of O greater
than d/2. Consequently, the cardinality of the orbit of j under 1 is equal to
the smallest positive integer a such that 2¢j is congruent to +5 modulo d.
Since j and d are coprime, this integer is independent of j: it is the smallest
integer h > 1 such that 2" is congruent to +1 modulo d.

However, for j and j' in A, the integers #; and 6 may differ when j and
4’ do not belong to the same orbit of 1.

The function p; is fully determined by the permutation v and the values
of the function § at j,%(j),...,%?"1(j). The fact that p; takes integral
values is not immediate from its definition and is established in the course
of the proof of Theorem 4.2, where we obtain another expression for p;.

Recall that

kleg=14z+...+2F1 k>1

Theorem 4.2. Let j,d be odd, coprime, positive integers with d > 3 and
Jj < d/2. Let pjq and o4 be as in Definition 4.1. Then, the continued
fraction expansion of (14 z=1)7/4 in Fo((z~1)) is given by

(4.2) (142714 = [1;a1,a9,as, . . ],

where the partial quotients a, are polynomials in x, defined as follows:
(i) if d — j =2 (mod 4), then

ar =14+ x;
ay = 27041 — 1],
an = (x4 z?)P3ra=2) 9% ,a(n=1)=5,a(n=2) _ 1]2%(1@—2)’ n > 3;
67” =1+ HED )y >
n
(i) if d = j (mod 4), then
ap = x;
= (1 + 22)Pia(1=3)[905a(n=D=0ja(n=3) _ 127" S .
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P,
Qn

Theorem 4.2 follows from Theorem 2.2 once we have checked that the
expansion with alternate signs of the 2-adic number j/d is given by

= (1 +2 HED" =l oy >

)

1 — 293:a(0) 4 995.a(D) _ 905a(2)

To see this, keeping the notation from the beginning of this section and
removing the subscript d, we get

J ¥(JF) o50)
J 1 _ Y9G
d d

U2 o5 5
1 )2 )
( i
w ¥=(J) ) ()
—1 94 7))
d
Also, we should add that ¢;4(0) = 1if d — j =2 (mod 4), while g, 4(0) > 1
otherwise.
As an illustration of Theorem 4.2, we derive the continued fraction ex-
pansion of (1 +z~1)1/13. Since

13=1+43-22=3+5-2'=5+1.23
we have
o1(3n) =6n+2, c1(3n+1)=6n+3, 01(3n+2)=6n+6, n>0.
Furthermore,

) =1, YPti(a) =3, ¢ (1) =5.

By Theorem 4.2, this gives Corollary 2.3. Ignoring a; in Corollary 2.3, we
see that the expression of a, depends only on the value of n modulo 3, that
is, modulo the length 601 13 of the orbit of the permutation 113 containing 1.
We point out that 6; 4 can be as large as (d+1)/4 (we have 6; g = (d+1)/4
for 1/d =1/11 and for 1/d = 1/59, for example).

More generally, up to the first one or two partial quotients, the expression
of a,, depends only on the value of n modulo the length 6; 4 of the orbit of
Ay containing j.

If 14 = 1, then d = 1 + 2" for some u > 1. Consequently, for an odd
integer d, the partial quotients a,, in the continued fraction of (1 + m_l)l/ d
have a unified formula for all n (that is, we do not need to distinguish
congruence classes of n) if and only if there exists an integer u > 1 such that
d=1+2"

Since any element of Fo((2~!)) has a unique continued fraction expansion,
Theorem 4.2 is still true if we replace x by any polynomial P(z) in Fa[z]|\Fs.
Baum-Sweet’s result [2], that is, the continued fraction expansion of (1.1),
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is derived from Theorem 4.2 by replacing d by 2" — 1 and x by 1 4+ P(x).
Notice that by replacing = by 1 4+ x in Theorem 4.2 we get that
(4.3) (142 Y7/ =[1;a1 + 1, a9, a3, a4, .. ],

where the a; are the partial quotients of (1 + 2~ )]/ @, To see this, observe
that the terms z + 22 and [k], for k of the form 2 — 1 remain unchanged
when we replace x by 1+ z.

The case j/d =1/3 in (4.3) was obtained by Mendes France and van der
Poorten in [15].

Proof of Theorem 4.2. Let j,d be odd, coprime, positive integers with d >
3 and j < d/2. Theorem 2.2 gives the continued fraction expansion of
(14271 for the 2-adic integer

A= lim M,

k——+o0

where A\ is the integer
N = (=1)k2osk=1) o (_q)h=lgosk=2) ooy 90i(D) _995(0) 41 k> 1.

Note that )\ is positive when k& > 2 is even and negative when £ > 1 is odd.
Let i > 1 be an integer. Recall that, by the definition of the map v, we have

d= ' () + o (270,
By multiplying both sides by (—1)727 (=1 we get
(—1)fd27 071 = (=1)"(j)273 07D 4 (= 1) " ()27,

For an integer £k > 1, taking the summation of the above identity for i =
1,2,...,k yields

(=1)'d279©) 4 (=1)2d27 M4 ... 4 (=1)kd2os(=1)
= (-1)'(7)27 @ + (=1)Fpkt ()27 ®
—(d = j)+ (=1)fyr ()2,
since d = j + 1(5)2°/(9). Hence, we have
(—1)Fpht(5)205 ™)
= (=1)ka2oik= 4 (1) Lgoeith=2) ooy goei() 293 (@) 4 g —
=d\ — Js

This shows that the sequence of integers (A;)r>1 tends in Zs to j/d, thus
A = j/d. Furthermore, since

(—1)F+ (3)270%) = (~1)*dp; (k) - j,
(—1)*pj(k) =1- 203(0) 4 9os(t) _ 993 1 4 (—1)kooik—D)
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thus p;(k) is an integer. Then, by applying Theorem 2.2 with vy = 0,
v = oj(k —1) for k > 1 and my, = (—1)*p;(k) for & > 0, we obtain
Theorem 4.2. O

5. PROOFS OF THE RESULTS FROM SUBSECTIONS 2.1 AND 2.2

Proofs of the claims in Subsection 2.1. Let X be in Z,,. Let M be an integer
with M > (p —1)/2. Assume that
)\Z)\g—i-)\lp—l-...:)\{)—i-)\/lp—l-...,
with 0 < \; < p—1 and |\,| < M for ¢ > 0. For an integer k > 0, set
P = Mo+ Mip+ ...+ A\pp¥ and observe that
(T2 D = (L+ 2 )P = |12 )] - (142 H)Me?™ e ) < e?"
To see that
I+a ) =1 +a )z =T+ NP = [Ja+ PN,
i>0 i>0

it is then sufficient to note that, since (JA}])i>0 is bounded, we have

v (o + Xp o M) = (K + X+ X)) s oo,

where v, denotes the p-adic valuation.

We check now that for A in QNZ, the expression (1 + 2~ 1)* gives the
same result when A is viewed as a rational number (as in Section 1) and
when it is viewed as a p-adic number.

Assume, without any loss of generality, that 0 < A < 1, A = j/d, where
d > 3 and ged(jd,p) = 1. Let s be the smallest positive integer such that d
divides p* —1. The signed p-adic expansion of 1/(p*—1) is —1—p*—p?*—. ...
By definition of the p-adic power, we have

(1) Q+ahFa =T+ )P =J[a+a7) "
i>0 i>0

Since
S -1 s(1 S1
((1 +a7? )’1>p =(1+4+z7? ( +1))*1 (14+z7P), >0,

the last infinite product in (5.1), raised to the power p® — 1, is equal to
1+ 2~ 1. This proves our claim for A = 1/(p® — 1).

Now, write the representation in base p of the integer j(p® — 1)/d in
[1,p° —1] as
ip*—1)

d
Then, the p-adic number A = j/d can be expressed as
j_Jw-1/d_ _j0 -1
d ps—1 d
= —(Jo+jip+ .. jemp ) - (L4p* +p* 4,

=jo+jp+...+js—p®" ', where 0 < jo,...,js—1 <p— 1.

(1+p°+p* +...)
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and we have

5_1 ]’L
( + _ 1 +a )1+p +..
=0 h:l
s—1 Ji
ST+ e
1=0 h=1

where 1/(1 — p®) is viewed as a rational number. Then, we note that

H ﬁ 1?7 )VIPD) — (1 4 g by~ Gokdiptetisapt™) y 0227

= (142 1)/,

This shows that the expression (1 4 1) gives the same result when ) is
viewed as a rational number and when it is viewed as a p-adic number. [J

Proof of Lemma 2.1. We only justify the last assertion. Observe that, if A
is not in Z N Zy, then

A= Z(zai + 9ai+1 4+ 2a¢+cz‘)’
i>1
where (a;);>1 is increasing and a; + ¢; + 1 < a;41 for i > 1. Then,

A= Z(_2ai + 2ai+ci+1) _ 2(11 _ 2a1+1 + 2(11-1—01-1—1 + Z(_2az + 2&i+Ci+1)’

i>1 i>2
which has the desired property (note that —21+! 4 201+e+l vanishes if
¢y = 0). Furthermore, A is the limit in Zg of the sequence of positive
integers

m
9a1 _ gai+1 + ga1tei+l + Z(_zai + 2ai+ci+1)’ m > 2.
=2
This proves the lemma. ([

Until the end of this section, the last convergent of a finite continued
fraction [ag; a1, ag,. .., ap] is the rational fraction [ap; a1, az, ..., am—1]. The
first assertion of the next lemma is proved at the end of [20, Sectlon 1]. The
second one is certainly well-known.

Lemma 5.1. Let & be in Fy((z™1)). If the rational fraction P/Q satisfies
€ — P/Q| < 1/|QJ?, then P/Q is a convergent to &. If, moreover, & is a
rational fraction R/S with P/Q # R/S and if | — P/Q| = 1/|QS]|, then
P/Q is the last convergent to €.

Proof. If the last assertion does not hold, let U/V denote the last convergent
to & = R/S. Then, |Q| < |V] < |S| and

BT P -

QS| Ql—Qv| ™ QS|
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a contradiction. O
We are now in position to establish Theorem 2.2.

Proof of Theorem 2.2. We only consider the case of A in Zsg \ Z, since the
case of integers is similar (and easier). Let (mg)r>—1 be the sequence of
integers defined in (2.1). If v; > vy + 1, then

(7 = (< el 22

Thus, 1+ 272" is a convergent to (1 +271)* and a1 = 22, If v; = vy + 1,
then m; = —2% and
(T+2™ D) = (L2 )™ ] < Ja] 7227,
Thus, (1 +272°)"!is a convergent to (1+ 2z > anda; =1+ =z
Let k > 2 be an even integer. Thus, my, is positive, mg_1 is negatlve, and

mg — my_1 = 2. Since (14 z)* =1 + z* for any u which is a power of 2,
we have
(1 + x)mk ( T >—mk,1 B (1 + :L-)mk_mkfl — pME—Mk—1

l1+x N k(1 + x) 7M1

(1+ x)ka — g2 1

B B I e P T S

2”0

X

This shows that (1-+271)™*-1 is a convergent to (142 ~!)"™ and, moreover,
it is its last convergent, by Lemma 5.1. Assume that k£ > 3 is an odd
integer, or k = 1 and v; > vg + 1. Then, a similar computation shows that
(14 z~1)™ -1 is the last convergent to (1 + x~1)™*. Consequently, if my, is
positive, then the last partial quotient Ay of (1 + 2~1)™* satisfies

(14 x)™ = Aga™ ™1 4 (1 + x)™ 2,

thus
A"t = (1 @)™ (L4 2) ™2 — 1)
= (L a)me (L a) T E D -
= (1 @) (22 )
= (1 + z)™—22 " 200kt )20

where we have used that (1 + z)*~! = |

Mp_1 — Mp_o = —2Vk-1, we get that
2\mp— QVk —Vk— 1 2Vk—1
A ( )m 2[ VU —Vk—1 ]xL ]

The same result holds if my, is negative, by a similar computation (in this
case the first factor is (z 4+ x2)”™—2 = (x 4 x2)I™s-2l). This shows that
ar = Ag_1 for k > 2 in Case (ii.a) and ap = Ag for k > 3 in Case (ii.b).
It only remains for us to compute as when v; = vg + 1. Note that —mqy =
mo = 2. As Py = Qo =1, we get

(1+2)™ =agx™ ™ + 1.

u]z, when u is a power of 2. Since
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A similar computation as above yields
_ vo _ vQ
agr™™ = 2?0 [2u2mv0 _ 1]27

giving agy = [2V27% — 1]2, as asserted. O

6. PROOFS OF LEMMAS 2.4 AND 2.5

Proof of Lemma 2.4. We only justify the last assertion. Let A be a p-adic

integer and let
1 .
Aog =2
>0
be the Hensel expansion of A — 1/2. Then,
1 . p—1 ) .
A= 5—1—2/\1']71 =——(1+p+p°+..)+ > Ap

; 2 ;
>0 >0

— 1\
T
where all the digits A\; — (p —1)/2 arein {—(p—1)/2,...,(p—1)/2}. O
Proof of Lemma 2.5. Observe that
deg(§ — (L+a71)™) = deg((L +a~ )™ — 1) = —p"+1,

while, by (2.5), we have p#+1 > 2|my|. It then follows from the first assertion
of Lemma 5.1 that (14 2~1)™* is a convergent to &.

Let m be a nonzero integer not in the sequence (mg);>1 and let k be such
that

(6.1) [mu| < Jm| < |mpa].

Assume that (1 + 271)™ is a convergent to & Then, (1 + 271)™ is a
convergent to (1 +2z~ 1™ and (1 +2~1)™ is a convergent to (1 + z~1)™k+1,
Since

(Lo )" =1+ )™ =1 +a7 )™ (L +27 )™ 1),

we have

(L+a™)™ = (a7 =T,
where p“ is the largest power of p dividing m — my,. Since (1 +271)* is a
convergent to (14 z71)™, we get

(1427 5™ — (1 4+ 27 h)me| < e~ 2mel

thus p* > 2|my|. Likewise, if p¥ denote the largest power of p dividing
mi+1 — m, then p¥ > 2|m/|. It follows from (6.1) and the first inequality of
(2.5) that u,v < vgy1. Recall that mgi1 — my = dgpU+t. If u # v, then
|m — my|p # |m — my41|p, and

p Uk = |mk+1_mk“p = max{|m—mk|p, ’m_mk‘+1|p} =p min{u,v} > p Uk
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which is absurd. Thus, we must have u = v. Then,
2Im| < p” =p" < |m —my| < 2|m/,

a contradiction. O

7. PROOFS OF THE RESULTS FROM SECTION 3

Proof of Theorem 3.2 for p=2. Let j be in A. Let n be a positive integer.
By Definition 4.1, we have

pi(n) = (") - 2770 4+ (=)™ - 5)/d.

Since
d = P"HL(G) + " T2(5) - 280D
we get
dpj(n+1) = " T2(j) - 203 (n 1) 4 (_qyntl .
= QUj(nJrl)*t?(w"“(j))(d () + (=)L
= QUj(n)(d _ wn+1(j)) n (_1)n+1 .
thus

pn D) _d—yHG)
OO

By Theorem 4.2, we get

deg Qn+1 _ pj(n +1-¢)
deg Qn pj(n—e)
with e = 1 if 4 divides d — j and € = 0 otherwise.
Recall that the approximation spectrum S(&) of £ is the set of limit points
of the sequence (deg Qn11/ deg Qpn)n>1. With ; as in Definition 4.1, we have
established that

S(g):{d_j d—(j) d—¢9j1(j)}
V) I T ©))
Since v'(j) is the integer j; defined in the statement of the theorem, for
1=0,...,h —1, the proof is complete. ([
Proof of Theorem 3.2 for p odd. It follows from (3.4) and Corollary 2.8 that
Vk+1 _ 9 Vk+1
u((l + x_l))‘) = 2+ limsup w = lim sup P
k—4o0 ‘mk‘ k—4o00 ‘mk‘

Note that pUs+1 — 2|my| > 1 for k > 0, by (2.5).

Let vs denote the smallest positive integer such that d divides p*s — 1 and
set a = (p¥s — 1)/d. Then, the rational number j/d is equal to aj/(p*s —1).
Let do + dip”™* + ... 4+ ds_1p¥—! denote the signed p-adic representation of
—aj. Then, the signed p-adic expansion of j/d is purely periodic and equal
to

§/d = (do+dip® 4 ...+ ds_1p" ) - (1 +p” 4 p*= 4 ...).
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Since vps = fv, for £ > 1, we get
Mpsph = (dO + dlpm 4+ d871pvsfl) . (1 +pvs 4. _|_p(€—1)vs)
+ dop™ + ...+ dpph T,

for £ > 0and h =0,...,s — 1. Then, we have (as usual, an empty sum is
equal to 0)
p
He) = 0<hon 1 | dotdip"L+otds_1p"s—1 ’
- T + (do + ... + dp-1p"1)

Furthermore, since
(dg +dip" + . 4 ds—p” Tt + (P = 1) (do+ ... + dh_lpvh_l))p_vh
:(dhp”h + ..o+ dso1pt+p"(do+ ..+ dh_lp”hfl))pfvh
=dp 4 ...+ ds_1p" 7 + (dop” T + . 4 dppte IR

_Jn(1—p")
d 9y
with jp as in the statement of the theorem, we get
_ p* -1
we) = nox | jn(1 = p¥s)/d|
This establishes (3.5). O

Proof of Proposition 3.3. The case p = 2 follows immediately from Theo-
rem 4.2.

Assume that p is odd and keep the notation of the Proposition. Observe
first that if s =1, v;1 =1, and dg = +(p — 1)/2, then
p—1 1

2 1—pu "2

and ¢ is a quadratic number. We exclude this case. Set

A==

mk:dg+d1p”1+..., ]{JZO

Since ¢ and (1 4+ 271)"¢ have the same approximation spectrum for any
integer h, we can replace & with (1 + 2~ 1)7¢, for any 7 in the set Op.id
defined in Theorem 3.2. This amounts to take any cyclic permutation of the
digits do,d1,...,ds—1 of j/d. The fact that some elements of O, ; 4 may be
negative does not cause any trouble.

Assume that (7i7) does not hold. By taking, if necessary, a cyclic permu-
tation of dy,dq,...,ds_1, we can assume that ds;_1 and ds have the same
sign (equivalently, that ms_1 and mg have the same sign) or that |ds| > 2.
Let k be a positive integer. Since the sequences (sgn(m;));>0 and (d;)i>o0
are periodic of period s, we get that mygs_1 and mys have the same sign or
|dks| > 2. In particular, the € defined in Lemma 2.7 to derive the continued
fraction expansion of (1 4 z~1)™*s from that of (1 + 2~!)™ks-1 is not equal
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to 1. Said differently, setting (1 4+ z~1)™*s-1 = [1, 5, Wps_1], we do not have
(1 + 2z~ Hmes = [1,y, Whs_1, cs|. Thus, writing

(1+ 2™ H)™=met = [y, wp_ps—1], 0<h<k-—1,

Lemma 2.7 asserts that there exist ¢ in Fp[z] \ F), and a nonzero 7, in F),
such that

«
(1 _i_l,*l)mks = [1, Y, Wks—1,Cks; nk(wks—1/2u 2y+ 17 —29— 17 _Wks—1/2)7 .. ‘]7

where deg cxs = pU#s —2|mys_1|. Here and below, the notation n(ay, ..., am)
for a nonzero n in F), and aq, ..., a,, in Fy[z] \ F, stands for the sequence of
m partial quotients nai,n las,. .. ,n(*l)mﬂam

Let h be an integer with 0 < h < k— 1. Then, there exist nonzero ) and

phk in Fy, such that
_ A
(1 +x 1)mks = [1, Y, Wks—1; Cks, nk(wksfl/z 21/ + 1, —29 - 1)7
e (W (o—h)s—1/2) > PhkCll—h)ss - - )
Since
vps = bvs, £2>1,

the degree of the numerator (and of the denominator) of the rational fraction

Tk,h o
Ty i Ly Wit e (W1 /2,29 1, =2 = 1), (W1 /2)]
is equal to
s 1 [+ (P —2[ s 1 )+ |mks 1 [+ (—nys—1| = PP PSP+ oy |-
Furthermore,
deg c(k—pys = PE* = 2[m_pys—1]
and
v ) p(k—h)vs -1
M(e—hys—1 = (do +dip™ + ... +ds_1p™) - R
By the minimality of s, we cannot have dy = ... = ds—1 = +(p — 1)/2 if

s > 2. Thus,

p—1 pvsrtl 1 pl=hvs _ 7 plk=hjvs _ 7
M (—nys—1] < 5 -1 o1 < 5 ;
This also holds if s = 1, since in that case we have excluded the values
do = £(p — 1)/2. Consequently, setting

. degc—n)s ) p=ms —2lmg_pys—1]
op:= lim ————— = lim >
k—+oo  degryp koo phVsp?=ms 4 |myg_pys ]
p¥s —1—2|dy + dip” + ...+ ds_1p" 1|
pMvs(pvs = 1) + |do + dip™ + ...+ ds_1p¥s-t]’
the real number 1+ oy, is greater than 1 and it belongs to the approximation
spectrum of £. Since h is arbitrary, this shows that the approximation
spectrum of ¢ is infinite. Thus, (i) does not hold. Furthermore, we have

if s> 2.
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shown that there are infinitely many partial quotients of the form ay + 5,
with «, 8 in F), and « nonzero. This implies that 7(£) = 1.
Assume now that (7i7) holds. Since j > 1, we have dy = 1,...,ds—1 = —1,
thus
my = (—DE@Y —p%-1 4 ...+ (=DF), E>o0.
It then follows from Lemma 2.7 that there is a linear polynomial y and
polynomials c1, ca, ... such that

E=[ly,c1,¢0, ..., CsyCot1,-- -
and
degc; = p — 2|m;_1| = 2|my| — p¥t, i> 1.
Arguing then as in the proof of (3.5), we get that

S(f)—{ - P . :ogigs—1}.
| =2+ (1 —p 4.+ (1) Ipui-)]

This proves that the Diophantine spectrum is a finite set and that 7(§) > 1.
The proof of the proposition is complete. O

Proof of Theorem 3.6. By Theorem 3.2, the condition on j implies that

M ((1+ 2 1)) < u((1+ 1)) = d;J
Since v((1 4 2~ 1HY4) = d — 1, it follows from (3.7) than
A (1 +27HYd) > d;].

Consequently, we have indeed equality, and we conclude by Theorem 3.5. [J

8. ULTIMATE TRIANGLE OVER Q

Definition 8.1. Let u and v be real numbers such that u < v and v — u s
an even integer. We define their jump product [uev] by [uev] =1 ifu=wv
and by

[uev] =u(u+2)(u+4)---(v—2), ifu<wv.

We stress that the jump product [[-e-] has the lowest priority order among
the other operations, like addition, subtraction and product. Consequently,
for two integral valued expressions e; and eg, we simply write [e; ee3] instead
of [[(61) ° (62)]].

For u,v two positive integers of the same parity with v < v, we check
that

if u is even;

_ | _ |
g2 =D/ =1 e .
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Definition 8.2. Given a nonzero integere =1,—1,2,—2,3,—3,... Let m =
0,1,...,2le| =3 ife >0, orm=0,1,...,2|e| —2 ife < 0. We define

_om—4|m/4]-1 [lel —telel+t+2]
[le—=1—tele—1]+t+2]
€| lle| —tele| +t+2]
llel —t—1ele|+t+3]

if m = 2t is even;

ne(m) =
2m—4|_m/4j—3(m + 2)

ifm=2t4+1 is odd.

The rational numbers 7. (m) defined above form an infinite triangle, called
the Ultimate Triangle, whose line numbered € is given by

{[nE(O),nE(l),...,ns(%—3)], if e > 0;
1:(0),1-(1), ..., ne(2le] — 3),m=(2le] — 2)], ife <O.

The first few lines of the Ultimate Triangle are reproduced below.

€ ne(m)
—-1|-1/4

2 -1 1
—-21-1/3 1 —3/4

3 |—3/4 27/32 -16/3 8

~3|-3/8 27/32 —16/15 8 —5/32

4 |—2/3 4/5 —15/4 25/4 —8/5 16/5
—4|-2/5 4/5 —5/4 25/4 —8/35 16/5 —35/64

Observe that |e|+¢+3 and |e —1|+¢+2 in Definition 8.2 are at most equal
to 2|e| + 2. Consequently, the largest prime number dividing the numerator
or the denominator of the rational number 7.(m) is always less than 2|e| 1.

9. PRELIMINARIES TO THE PROOF OF THE KEY LEMMA 2.7

We reformulate the lemma in terms of matrices, whose coefficients are
in Fp[z] (actually, we can work over an arbitrary field). For each sequence
W = w1, Ws, ..., w; we define

o= (3 3) (7 8) (7 0) - (6 &)

We stress that / does not mean derivative. Then, we have

P Dw
az:[wlyw2a"'awk—l]7 @

Recall that

= [wi,wa, ..., wg].

W:wka"ww%wb
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(~1)k+

pw:pw17p_1w27"'7p Wi, pGIFP\{O}u

—w = (—1)w.

Lemma 9.1. Let p be a nonzero rational number. Keeping the above nota-
tion, we have

M) = (7 &) Mew) = cof (B ).

P P!
_1W P Y|, if ks even;
M(pw) = b p
Prw Iw ) if ks odd.
Qw P Qy
Moreover, we have
Py@Qy — PuQw = (-1)".
Proof. This is an easy computation. ([

Lemma 9.2. Let w be a finite or empty sequence of elements in Fp[z] \ Fp

such that
P P
M(]"x7 W) - <Q Q,> .
Let
1
(9.1) v =2z +1, §W) and h=(¥V,—v).
Then,
—4P P+ PQ’
QP %DQ/ N P;FQ, Q) . if the length of w is even;
M(h) = - or s pd)
QP/ 4 PQ/ 4P/Q, > ) Zf the length/ OfW s odd.

Proof. This follows from a direct matrix calculation. Note that when w is
the empty sequence, we have h = (2z + 1, =2z — 1). O

Observe that the length of h is always even. Below, ci. 1 is the polynomial
defined in the Key Lemma. Throughout the end of this section, we assume
that the length of w is even (we explain in Section 10 how to deduce the
case of odd length from that of even length).

Definition 9.3. For a nonzero rational number p, set

-5 g) cw=("1 )
_ —4PQ p(QP' + PQ’)
H(p) - <_p—1(QPI 4 PQ/) PIQ/ ) .
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In this and the next sections, we adopt the following notation: for an
integer k, we define

i 0, if k is even,
)1, if kis odd.

In view of Lemma 9.2, our goal is to establish the following

Theorem 9.4. For every positive integer €, set

MC(1)H(n (0))C(n. (1)) - - H(n. (26 — 4))C(n. (2 — 3)) (ﬁi ;})

We have
(9.2) Ac = (=127 (e 1 PQ + P'Q)°/Q,
(9.3) B = (—1)"2°7 (e PQ + PQ)*/ P,

For every negative integer €, set

MC(1)H(7:(0))C(n:(1)) - - - H(ne (2[e] — 4))x

< COn2el - )H0L2 - 2) = (5 ).

We have
(9.4) Ae =27 (e 11 PQ + PQ')°P,
(9.5) B. = 27" (e PQ + P'Q)°Q.

In both cases we have

(9.6) Ae _ M ) P
' B:  \ean+Q/Q) Q

Proof that Theorem 9.4 implies Lemma 2.7 when ¢ is odd. The assumption

that ¢ is odd means that the word w defined in (2.7) has even length, thus

Theorem 9.4 can be applied. We apply it with € as in Lemma 2.7, that is,

with & := —sgn(my)dgs1. Assume that (1 + 27 1)™ := P/Q and let P'/Q’

denote the last convergent to P/Q). We have to show that

/ €
(Eck“‘l + P//P) P =(1+ .’L'_l)mk+l.
g1 +Q'/Q) Q

We first check that our choice of ¢x1 implies (9.6).

By the theory of continued fractions, we have

P'Q—PQ = (-1)%.
Assume first that m; > 0. We claim that
1 pvk+1 /

(2 +1) @

g @ P 4 ()5 PR
dp+1PQ dp+1Q

dp+1PQ

o= (=15
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is a polynomial. Indeed, the numerator of f is clearly divisible by P, as P
is a constant multiple of (14 x)™* and my, < p”+!. Since this numerator is
also equal to

xpvk+1 14+ (_1)&@ (PIQ _ (_1)fk) — xpvk+l + (—1)£kPIQ,

it is also divisible by @, as @ is a constant multiple of .
Using that € = —dg41, we get

efPQ=—(=)* (@ + 1" — P/
and we check that

<5f—|—P’/P>5
ef +Q'/Q

—
_|_

(1% \eP
)3

efPQ + PQ’

(
1 eP
:<1_($+1)p”k+1) é
ep’k+l p
)" g

=1+ :U_l)dkﬂpv’““-irmk = (14 2~ H)me,

Assume now that my < 0. Then, € = di1. Arguing as above, we check
that

CAD (S RN CEAR it G
dp+1PQ A1 P di41PQ

is a polynomial. Since
ef'PQ = ()" + 1P — P'Q
= (~)%a™ T + (1) = P'Q = (=1)*a?" " — PQ),

f= (1)

we get,

<€f’+P’/P>€P _ (1+ (—1)% >85
ef+Q'/Q) Q ef'PQ+ PQ'"/ Q

1 e P
=(1r ) g
= (14 7 H)her?™HEme — (1 4 g yme
Recalling that the degree of P’ (resp., of )') is less than that of P (resp., of
@), this shows that in both cases cg41 is the polynomial part of
(x + 1)pvk+1
dp+1PQ

One can check that ¢ = (2|dg41| — 1)lk + |dig+1] if € is positive (or,
equivalently, if my and my,1 have opposite signs) and lx11 = (2|dg41] +
1)l + |di+1] if € is negative (or, equivalently, if my and my41 have the same

(9.7) (—1)%
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sign). The arguments given in Section 10 show that this remains true if ¢
is even. Recalling that ¢y = |mg| and noticing that

liy1 — Uk = diy1 = mpy1 —my (mod 2),

and immediate induction shows that mj and ¢, have the same parity for
every k > 0.

By Lemma 9.5 below, the leading coefficient of P is equal to 42/7=%
Since @ has the same leading coefficient as P, we then derive from (9.7) that
ci+1 is the polynomial part of

Vi1~ Ml

O (.’L‘ + 1)p

(1) dk+14|mk|*m7kgj|mk‘ ’

This completes the proof, since ¢ and mj have the same parity. O

Lemma 9.5. Let m be an integer, and P be the numerator of the continued
fraction of (1+ x~1)™. Then, the leading coefficient of P is equal to

G(P) = g2ml=m
where kK =1 if m >0, and Kk = (—1)™ if m < 0.

Proof. A quick check shows that the lemma is true for m = 0,+1. Assume
that m satisfies 2 < |m| < (p — 1)/2. We apply Lemma 2.6 and keep its
notation. Then, f5... f,, is a polynomial in & whose leading coefficient is
m2™ 1 if m > 0 and (—1)™m2™~1 if m < 0. The expression of (1+z~1)™
given in (2.6) then shows that the leading coefficient of P (which is equal to
the product of the leading coefficients of the partial quotients) is equal to
2m=149 if i > 0 and to (—1)"2/™I=149 if 1 < 0, where § = 1 if m is even
and 6 = 0 if m is odd. The lemma is proved when |m| < (p —1)/2.

Let (dg)k>0 be a sequence of nonzero integers in {—(p—1)/2,..., (p—1)/2}
and (vg)r>1 an increasing sequence of positive integers. For k > 0, set

my, = do +dip” + ...+ dip"*.

We have checked above that the lemma holds for mg. Let k& > 0 be an
integer such that the lemma holds for my. We show that it holds for my1.
We let G(R) denote the leading coefficient of a non-constant polynomial R
in Fp[z]. We keep the notation of the preceding proof and also assume that
my, is odd. We know that G(P) = G(Q) and recall that ¢ = — sgn(my)dg1.
It follows from (9.7) that

Glewns) = (0™ g opp
Glex112PQ) = <—1>mkﬁl = —(~1)"* sgn(my,).

Assume first that € > 0. We then have

sgn(myy1) = sgn(de1) = — sgn(my),
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and it follows from Theorem 9.4 that
Ae = (-T2 (e PQ + P'Q)7/Q,
G(A:) = (1727 2(Gecy 11 PQ + P'Q))°/G(Q)
= ()72 (G ek PQ))/G(Q)
= (—1)7F125F =2 (—(=1)™* sgu(my,))* /G (P)
= (=)' (sgn(my))°/ (sgn(my) 2771,

since the lemma holds for my. Using Fermat’s Little Theorem, we then get
that, in [,
G(A2) = (— sgu(m))7 127 ml
= (— Sgn(mk)>a+12|m|+€—1
= (sgn(m))EHle'_m S
Assume now that € < 0. Then, we have,
A = 2754 (ecy 1 PQ + PQ) P
G(A:) =275 (G(eck 11 PQ + PQ')) °G(P)
= 275 (—(=1)™ sgn(my)) ™ x sgn(my)2m71

since the lemma holds for my. Using Fermat’s Little Theorem, we then get
that, in [F),

G(AE) _ (Sgn(mk))5+l2fs+€+|mk|fl

= k2IMITE=L = olml=m,

The case my even is similar in view of Theorem 9.4 and Section 10. We
omit the details.

By Lemma 2.4, this shows that the lemma holds for every integer m
which is not divisible by p. When m is a multiple of p, say m = p®m/ with
ged(p,m’) = 1, then the partial quotients of (1+271)™ are the p®th powers
of the partial quotients of (1 + x_l)m/. In [F), their leading coefficients are
the same. This completes the proof of the lemma. U

We will derive Theorem 9.4 from Theorem 9.9 below. First, we perform
a change of variables to get an equivalent, but slightly simpler, statement.

We define
Y :i=ecp 1 PQ, r:=PQ+Y, q:=PQ +Y.

We use the letter r to avoid any confusion with the prime number p. Then
(9.6) becomes

(@)%



32 YANN BUGEAUD AND GUO-NIU HAN

Now, we observe that M, MIC(1), and any finite product MC(1)H(7:(0)) - - -
take one of the two following forms

(6 u2)- (7 1)

where the factors * are polynomials in Y, 7, g. In particular, neither P, nor
@, occur in the factors . Consequently, we can assume that P = @) = 1,
thus

Y =ecpy1, =P +Y, ¢=Q +Y.

We work in the polynomial ring over the rational number Q[Y,r,¢| and
view Y, r, g as indeterminates.

Definition 9.6. For a nonzero rational number p, define

= (1 r=Y =/ _ (pY 1
— —4 p(r+q—2Y) )
H(p) = _ .
O= (e ram) (VD
It is convenient to extend the definition of n.(m) form = —2,-1,0,1,2, .. ..

Definition 9.7. Given a nonzero integere =1,—1,2,—2,3,-3,..., let m =
0,1,...,2le| =1 ife >0, orm=0,1,...,2|e| if e < 0. We define

Ne(m — 2), if m = 2t is even;
Cs(m) = . B .
ne(m—2)/e, ifm=2t+1 is odd.

For later use, we check that

QD) @43
ne(2t)  2e+t+1)
thus we get
C2t+1) n(2t—1)/e  2t+1
09 C2t)  m(2t—2)  2(e+t)

Furthermore, by combining

—22=A2 - | — t e |e| +t 4 2]

L [/ By Py B R
with
ne(2 4+ 2) = —Q2 2D = g —t — lee| +t 4+ 1+ 2]]’
[le—1—-t—1lele—1]+t+1+2]
we get,
(9.10) 0o (26).(20 +2) = %

This shows that Theorem 9.4 is equivalent to:
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Theorem 9.8. For every positive integer €, let

€ €
We have
(9.11) Ao = (—1)"HosrE2pe
(9.12) Be = (—1)7H127F 2,

For every negative integer e, let

MC(1/e)H(¢=(2)C(¢(3)) - - H(C(2le] — 2)) %

Cleelel - DIEGCED) = (5 7).

We have
(9.13) A. =275,
(9.14) B. =27 °t5p¢,

In both cases we have

=UxD.(0) xD,(1)---,

U:=MH(-2) ' = 1 < (Y —r)/2 —2>

r—q

where

and, for t =0,1,...,|¢e| — 1,
Ds(t) = ﬁ(CE(Qt))é(CE(Qt + 1))

[ e (r a2y —
rq— SRRy 4 Y2 (G(2) (g - 2Y) )

by (9.9).
Consequently, it is sufficient to establish the following

Theorem 9.9. For every positive integer €, let

Do) D) = (5 7).
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Then, A; and B are given by (9.11) and (9.12), respectively. For every
negative integer €, let

UD.O)D.(1) -+ D.( - DA = (5 )

Then, A; and B are given by (9.13) and (9.14), respectively. In both cases

we have
Ae _ <7«>
B. q)

10. WHEN THE LENGTH OF w IS ODD

We explain in this section how to deduce the results for w of odd length
from those established for w of even length.
Observe first that in Lemma 9.2 in both cases the length of h is even.

Lemma 10.1. Let h® and h® be two sequences of even length over Fp[z]\F,

such that
e —4A B o A —-B
M(h):<—B C) and M(h):(B —4C>'

Let o, 3, be nonzero elements of F,,. Let ¢ be in Fylz] \ F) and s a finite
sequence over Fy[x]. Then, we have

1
M(ah®, Be,vh®) = M(4ah?, 165¢, Z’yho),
[s, ah®] = [s,4ah?],
[s, ah®, Bc| = [s,4ah®, 166¢],

The first equality is about matrices, while the last two equalities are about
continued fractions and do not extend to matrices.

Proof. This follows from a direct computation. (I

The form of the matrix M(h) in Lemma 9.2 allows us to apply Lemma
10.1 with

A:=PQ, B:=QP +PQ, C:=Pqg
to deduce from Theorem 9.4 (which addresses the case where the length of
w is even) its analogue for the case where the length of w is odd. Then, we
derive the continued fraction expansion of (1+x~!)"™#+1 when the length of
w is odd (that is, when the length ¢, of (1 4+ 2~!)™* is even). We omit the
details.

11. PrROOF OF THEOREM 9.9

For 4,7 in {1, 2}, let Ui, j] denote the i x j coefficient of the matrix U.
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Lemma 11.1. We have

U[L,1)(r,q) = U[2,1](g, 7),
UL, 2](r,q) = U[2,2](q,7),
B.(r,q) = Ac(q,7),
Bl(r,q) = AL(q,7)

35

Proof. The assertion about the coefficients of U is easy to check. It implies
the last two assertions, since the matrices D and H are symmetric in the
indeterminates r and gq.

O

Definition 11.2. For every positive integer k and j = 0,1,...,k, we use
the following notations:

O(k,j;r,q) =

Kl(kvj) =

K2(k7.]) =

KB(kvj) =

K4<k7.7)

K5(kvj) -

i (k+¢]i+1) ((Ji) (—T)dqj_d
;@
o i [k + j @2k — 2]
[Lek—j—1]°
i [k —j—1ek—k]
[k—1+kek+j]
et [+ +202k+ 2]
k[lek—j—1] ~’
_ok-1 [k—j—1ek+2—k]
klk+14+kek+j+2]
i [k—jek+k]
[k+1—kek+j+1]
92—~k Ik+j+1e2K]

)
d=
(

2

if k— j is even,

if k—j is odd,

-2 if k — j is even,

if k—j is odd,

if k— j is even,

[Teh—j] if k—j is odd,
oK)

kR lktjt+2e2k+2 . -
(—1)’“2’“’“[ Tek—j+1] ]], if k—j is even,

krigho1 [k —j+1ek+2— k]
[E+1+kek+j+2]
kE[lek —j+1] ’

(L1)hoh1 (k+j+Dk—j+1ek+2—k]
klk+1+kek+j+2] ’

(—1) if k—j is odd,

(=1)

if k — j is even,

if k—j is odd.
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It follows from (8.1) that

Kl(kvj)

KQ(kvj)

K3(kvj)

K4<k7])

K5(k7.7) =

For each positive integer k and 5 =0,1,...

define

U(k,j;r,q)

Since [k —j — 1ok — k] =

we have

Uk, jirq) = 21 ¢

,

,

,

\

\

(k=2 (k—75)/2-1)!

9—i—k
(k=3 —=2)(k+j)/2-1V

if k— j is even,

L, if k=1and j =0,
0, ifk—j=1and k > 2,
ik (F=2)((k+j—1)/2)! . - .
2j+k2 ( £l s
(k= —3)/2M (k) ifk—jisodd and k —j > 3,
i =D (k—j)2-10
—97J k 1( fk—
(1 3)/2) 0 —j —2) if K — 7 is even,
0, ifk—j=1,
gkt (R=DW(k+j+1)/2)0 e
2 =7 =3)/2k+j + 1) it k—jisodd and k —j > 3,
b (k= DIk +5)/2)! L
2 (k=) /2= Dk + ) if k— j is even,
1—j—k (k — DUk —j—1)/2)! T E
(7 - D/Di—j -1 TR
.z ! — 9 |
(—1)ro-i-k__FE=5)/2)! if k — j is even,

((k+73)/2)Mk = 7)Y
k(K + 5 +1)/2)!

(_Dhﬂy%Xk+j+m(w—j—1ymr if k — j is odd,

jr g D= D=/
O S ey TR e
(~1yppth F DUE+ 4 1)/2)! if ks — j is odd.

(k+ )Wk —j—1)/2)l
,k — 2 such that k — j is odd,
= Kl(ka])q)(k_

:215 1[“‘5 J—lek— k]]
[E—1+Fke k+ il 4=

2,7:7,q)

)dq] d

E:

(k —j—l)[[k:—j—i—lok:—k:ﬂand,forle,
k—=2\ [(k—=2\ k—d-1
d ) \d-1 d

k—j—1[k—j7+1ek—Kk]
ﬂk—1+k ok+j]

<q 4‘253 T (i;j 125) )(—ﬂﬁdqj_d>
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g lk—jt1lek—F]
[k—1+ke k+J]]

k+j5—1\ (4
<( —j—1) J_|_Z 1)(+d )(d)(_r)dqjd>‘

d=1 k dil)( )

Hence we have

\Il(kajanq) 2k 1[[]{}—14—]{3 k‘—|—]]] ((k_J_l)q
j—1 d(k j— 1)(k+] 1) (]) ‘7 j(lc+j—1) '
(11.1) + L (—r)lgf=d 4 2L (—r)i).
2 i) e )

Formula (11.1) is defined for j = 0,1, ...,k —2. Its right-hand side is also
valid for j = k — 1. Thus, we use it to define V(k, j;r,¢) when j =k — 1.

Theorem 11.3. For a nonzero integer € and j = 0,1,...,|e| — 1, set

IL(j) == UD.(0D-(1)--D.0) = (1)) 500,
If € > 0, then we have
Ac(§) = W(lel. jim, @)r + Ka(lel, ) @(le] — 1,557, @)Y
AL(j) = Ks(lel, j)@(le| — 1,457, q)
Be(j) = U(lel. jsa,m)a + Ka(lel, 5)@(le| — 1, 55¢,7)Y
B(j) = Ks(le|, j)®(le] — 1, 55 q,7)
If e <0, then we have
Ac(j) = Ka(lel, )®(lel, 35 a,m)r + Ks(lel, )@ (le] = 1,5: ¢, 7)Y
ALG) = (1Y Ks(lel, )@(le] — 1. 55 q,7)
Be(j) = Ka(lel, )®(lel, 3s 7, a)q + Ks([el, ) ®(le| — 1, 457, )Y
BL(j) = (=1 Ks(le], ) @(le| — 1, 557 q)
Sketch of the proof. We check by a direct computation that the theorem
holds for j = 0. Then, we verify that II.(j + 1) = II.(j)D:(j + 1) for

j=0,...,]e] = 2. Consider only the special case where j is even and ¢ is
positive and even. With ¢ = j 4+ 1, we need to check that

As(j + 1) = As(j)<€(2t) (T‘ +q-— 2Y€:j_;1>

oo (re 2=V +0), et
+A4”Q@—:MH¢>Y+eH;Yﬁv

that is,
Kl(gvj + 1)(D(E - 27] =+ 1;7’, Q)T + K2(€7j + 1)(1)(5 - 17] + 1;7’, Q)Y
= (Kl(Eaj)q)(E - 27]7 T, Q)r
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. . . e—j—2
K. de—1,7:7mq)Y)C(2) + 2 9y ‘2=
+ Ka(e,j)®(e — 1,557, q)Y) (25 + )(r+q E+j+1>

(25—1).(7“—1—(])}/ 8_‘7:_21/2).
2e+7+1) et+j+1
To check this, we view both expressions as polynomials in Y and verify that

the coefficients of 1,Y, and Y2 coincide. Let us do this for the coefficients
of Y. This amounts to check that

K2(€7j + 1)(1)(5 - 17.7 + 1;717 Q)

~ (1160 ~ 2 diman (25 +2) (2502 )
+(ole,§)8(e ~1,3:7,0) 625 +2) (r +0)

+K3(57j)(1)(5 - 1,j;T, Q) <_m> :

+Kﬁ&ﬁ®@—1JW&)Gn—

By Definition 9.7, this is equivalent to
2Ks(e,j + )®(e — 1,7+ 1;r,q)(e+7+1)
= —4K1(e,j)®(e — 2, 7;7, Q)rne(2j) (e — j — 2)
+2K5(e,5)®(e — Ljsm q)ne(2)) (r + @) (e + 7 + 1)
— K3(e,5)®(e — 1,5;7,q)(2¢ — 1)(r + q).
Recalling that that € and j are assumed to be even, we get
[e—jec+j+2]
[e—1—jec+j+1]
o1 [e—j—2ec+2]

776(2]) — _22]'72]'71

K i+1) = —
2(&,7+1) ele+1ee+j+3]
. e+ je2e—2]
Ky (e, ) = 22
1(€7j) [[1.E—j—]_]] )
, _cle+i+2e2e+2]
Ky(e,j) = —2°°
2(87]) Eﬂl.€—j—1]] )
Kofe,j) =20 72

[e+lec+j+1]

Inserting this in the equality to be checked and noticing that [u e v]-[v e w] =
[u @ w] for every integers u, v, w, we use (8.1) to show that 2 2[l ec — 1] =
[e @ 2¢ — 2] and we see after some simplification that we need to verify that

—(e—-1)®(Ee—-1,7+1;79)
=2r(e 4+ j)®(e — 2,557, q)
(=D +q)®(E—1,579).

We use the definition of ® to conclude. We omit the details. We check
analogously that the values of AL(j + 1), B<(j + 1), and B.(j + 1) are those
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given by the theorem. We also have to consider the remaining cases (e
negative, € or j odd). A full proof is given in Appendix A. O

Deduction of Theorem 9.9 from Theorem 11.3. If e > 0 and j = ¢ — 1, we
have

Ac=A(e —1) =T(e,e — 1;7,q)r

oot le— j+1lec—gi(F)

[e—1+zec+j] (52 %)

2l e-1D[2e0e—¢]r (2e -2 o
T [e—1+ce2:—1] <€_1>(—r) 1
— (_1)54—1264—5—27,_6‘

Hence, by Lemma 11.1, we get
Bs — (_1)€+12€+§—2qa’

A (1Y’
B \q)
If e <0, j=le|—1, then

(50w meeEn - (5 ).

and conclude that

Hence,
r+q-—2Y
A, = —4A.(j) — AL(j)—————
W= A=)
= —4K4y(lel. ) ®(lel, g5 a,7)r — 4K5(lel, j)@(le] — 1,73,7)Y
» . : r+q-2Y
— (=1 Ks(lel,)®(le| — 1,4;¢,7) —=——.
With k= |¢| and j = k — 1,
K3(ka]) :22_k_ka
[20k+2—K]

N (1 ktlgk—1
Ky(k,j) = (=1)""2 [E+1+ke2k+1]

. _)kfc [[20%4—2—/%]]

(k,7) = [E+1+ke2k+1]
ok [1e2k+1]
G(2k) = 27V
k—1 (k 1)
o (lel, j; q,7) }: —q)*rt e
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k—1
:Z ) (k — d) (—g)irh-1-d
d=0
k—1
. 2k —1 1
D(le| — 1,5;¢,7) = ( g )(—q)d'f’“ =
d=0

We check that

o = —dK5(Je], )Y — (1) K(Je], ) L 2E

Ce(2el)
O (F)kF[2ek 42— k]] P
- 4 [[k:+1+k:o2/~c+1]] Y 4 (=1)7227Fk(r 4 g — 2Y)

[2 2k + 2]
2D [1 o 2k + 1]

thus
A = _4K4(‘€|7])q)(‘5‘7.77q1 7")7' =+ Oé(I)(‘d - 1>j;Q7T)

(—L)FH12F 120k + 2 — k] ’“Zl (%) (k — d) (qytyhid

:—47”‘ —
[k+1+ke2k+1]

d=0
)j21—k+15(r+ [2 02k +2] 2k’+2ﬂ <2k—1> yipk—1-d

+(-1 [[1 2k +1] 4
( )(k d) +(r+q) <2kd— 1>] (—q)lrk1-d.

k—

— (-1 k:+12]:;+1
(=1 [Le 2k+ Z

d

Since

k-1 2k B _
T := Z [(_r)(d)(:d) +(r+gq) <2kd 1>] (—q)drk_l_d

Do
-1

we derive that

k!
— T
[1e2k+1]

: k! 2% — 1 :
_ o+l ko oktk k-
[[1o2k+1]]<k:—1>q 1

(_1)k+1 k+1

&
[
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By Lemma 11.1 we get B. = 257%r% and we conclude that

70
B. q)
This proves the theorem. O
12. PROOF OF LEMMA 2.6

We start with an easy lemma.

Lemma 12.1. If the generalized continued fraction

f(Z)ICO—{—’ agZ ‘ +’ (112’ ‘ +’ aiz‘

is equal to the continued fraction

f(z) =co+ 1
dy (uy + Z_l) +

dao(ug + z71) +°
then
up = asy,

ug = a2k 2+ ag—1, k=2,

sy (a1a2)(asac) - - (aar—saak—2) > 1
ap(asaq) - -+ (a4x—104%)
d2k; = ao(a’3a4) e (a4k75a4k74) k Z 1.

(ara2)(asag) - - - (aap—3a4x—2)’
Proof. This follows from an elementary continued fraction manipulation. [

Lagrange [9] showed that, for every real number r, we have

r 1)z
r+3

— 2
B
By setting z = 1/z, taking r = 1/2 and applying Lemma 12.1 with ¢y =
l,ap = 1/2, and a = 1/4 for k > 1, we derive the continued fraction
expansion of (14 z~1)1/2 given in (1.2).
By Lemma 12.1 applied with

co =1,
ap =T,
agk, = (r+k)/(2(2k+1)), k=>1,
agk—1 = —(r—k)/(2(2k 1)), k>1,
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and with the notation of Lemma 12.1, we get
up =—(r—1)/2,
up=1/2, k>2,
d1 = 7"_1,
Ak +1)[r —2k+1er+ 2k +1]

d = , k>1,
2k [r — 2k o1 + 2k + 2] =
4(4k — )[r — 2k + 2 2k
dy — ( ) +2er+ ]]’ B>
[r—2k+1er+2k+1]
This implies the following result when r is an integer.
Lemma 12.2. For any nonzero integer r, we have
—1\r 1
(I+a )" =1+ 1

r~lz—(r—1)/2)+ 1

d2($+1/2)+
ds(z +1/2) + .
where
Ak +1)[r—2k+1er+2k+1]
[r —2ker+2k+ 2] ’
44k — D)[r — 2k + 2 o 1 + 2k]
[r—2k+1er+2k+1]

dok1 = 1<k <(Ir|=1)/2

dgk: 1§]€§‘7”/2.

Lemma 2.6 directly follows from Lemma 12.2. If p is an odd prime number
with p > 2|r|, then the prime divisors of the denominators of da,...,d,
obtained in Lemma 12.2 are all less than p, thus they are not divisible by
p. In this case, the continued fraction expansion of (1 +z~1)" in Fy((z~1))
follows from its continued fraction expansion in Q((x~!)) by simply taking
all the partial quotients modulo p. This does not remain the case when |r|
exceeds 2p. To see this, take for instance p = 3 and r = 11 (see Subsection
13.1 below). Then, we get

10- 12
ds =5 997 13"

which is not an element of Zg.

13. TWO EXAMPLES
We keep the notation of Lemma 2.7 and write

Pk

E=Q+a 49 =[1a1,a9,..],
qk

= [l;al,ag,...,ak], kZl
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13.1. Continued fraction expansion of (14 z~1)'/% in F3((z~1)). We
explain how Lemmata 2.5 to 2.7 allow us to compute by hand the continued
fraction expansion of (1 +z~1)'/5 in Fz((z~1)). Since

1 16
g:%:(—1+3+9—27)(1+81+812+...)

in F3, we have
dyp = dapr3 = —1, dypy1 =dgp2 =1, h >0,
and the sequence (my)r>o starts with
~1,2,11, —16, —97, 146, 875, . . .
By Lemma 2.5, the convergents to & := (1 +z~1)'/® of the form (14 z~1)™

are then
) ) ) )
x+1'\ zx "\ 2 "Ne+1/ "\z+1

For k£ > 0, let £;, denote the length of the continued fraction expansion of
(1+2~1)™. This means that py, /qs, = (1 +271)™. We apply Lemma 2.7
to compute £. We get g = 1,01 =2,0o =3-2+1,... and an easy induction
shows that

lopo=3"—2, foy 1 =3"-1, h>1

Consequently, we have

e ( x )\m4h| Pgantiy (m—i— 1>|m4h+1|’ h>0.
Q32h+1_9o rx+1 Q32n+1_1 x
and
Pgehta_g (az—i— 1>\m4h+2|’ Pgehta_q ( x )\m4h+3\, h>o.
x r+1

g32n+2_9 gd32n+2_1

By Lemma 2.6 and Lemma 2.7 applied with w being the empty (alterna-
tively, this can be easily done by hand), we get

g T+l ’ T T

Also, observe that

2
> =[l;—x—-1,—z+1].

na(0)=—1, 8(0) =1L,

Furthermore, mgp is odd and mgp4q is even for h > 0. We deduce from
Lemma 2.7 that there are only two cases. Let h > 1 be an integer.
o If(1+a1)ym™nr =[1;—2 —1,w], then

(1+ xil)m%“ =[1;—x —1,w, copt1].

o If (1 +a )M+t = [1;—z — 1,w], then (1 + 27 1)m2n+2 = [1;—2 —
1, w, copt2, —h|, where h = (—W,x —1,—z+1,w), thus

(14 z7)ymenez = [1; —2 — 1, w, copya, W, —z+1,2-1, —w|.
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Let us now compute the polynomials c;. Let A > 0 be an integer. First,

note that
Imap| + |map 1] = 32

Since

32h+1 (1: 32h+1 _ (x_'_ 1)2.32h+1 . 1’

—1)
we get

(x + 1)32h+2—|m2h+1| = (x+ 1)Imrl(z + 1)32h+2_|m2h+1|_|m2h‘
= (z+ 1)|mzh\($ + 1)2'3%“
— ($ + 1)|m2h\ ($32h+1 (I‘ B 1)

Since |map+1| > |mapl, this shows that

32h+1

+1).

(z + 1)3*" "= Imanl

Polpart( ) = (z+ 1)‘m2h|$32h+1_‘m2h+1‘(x B 1)32h+1

glmznal
32h+1

= (z+ 1)\m2h|$|m2h|(x —1) ,

where Polpart means the polynomial part. Likewise, by using that

Imapyo| + [map| = 4 - 321
we obtain
(z + 1)32h+3 [mapial — = (z+ 1)|m2h\ z + )32h+3 |maopy2|—|manl
= (z + 1)lmanl 1)53

32h+1

(
(x +
= (z+ D)ml (@ + 1)32(x — 1) +2° + 1)

= (z 4 1)lmnl (x4-3 h+1(gj _ 1)32h+1 4 $32h+1(x _ 1)32h+1 Gy 1),
thus, since 3 - 3271 4 |mogy| < 3- 32+ |map 1| = [manial,

2h+3_
(x + 1)3 [ma2n el 32h+1

Polpart( ) = (x4 1)lmanlg 3 —mansal (1)

xlmanal
32h+1

— (m + 1)|m2h|$|m2h\($ _ 1)
Since

Sgn((—l)m4hd4h+1) = Sgn((—l)m4h+3d4h+4> = —1, h Z 0,
and

sgn((—1)" " dgppo) = sgn((—=1)™"+2dyp3) =1, h >0,
we have proved that

2h+1
)3

Cohga = Congsg = (@ + 1)Im2nlglmanl(z — 1 , for h >0 even,

and
2h+1
)3

Cohra = Congg = —(x + 1)Im2nrlglmanl (g 1 , for h > 1 odd.
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Let us apply Lemma 2.7 to derive the continued fraction expansion of
(1 4+ =Y from that of (1 + 271)%. Since co = z(z + 1)(x — 1)® and
h=(x—-1,z—1,—z+1,—z+1), we get
P7 (x +1

x

11
) =[l;—z—1,—x +1,c9,—h]

=l;—z—-1,—z4+Lz@+)(z-13 —2z+1,—z+1,z—1,0—1]
= [1, —v+1,—v,c2, v, —’U,U,U],

where v denotes the polynomial z — 1 (we use this to shorten the notation).
Let us apply Lemma 2.7 to derive the continued fraction expansion of (1 +
271710 from that of (1 4+ 2~ 1), There is only one partial quotient to
add, which is the polynomial part of (1 + x)16/z!) that is, c2 = c3 =
z(z + 1)(x — 1)3. Consequently, we obtain

D8 x \16
— = =[l;—v+1,—v,co, —v,—0v,0,0, ca).
q8 .’I/‘ + 1 b M M ) M ) 7 M
Then, we find
97
25 €z
P2 _ =[l;—x—1,-v,co, —v, —v,v,, 2, —C4, —h|
q25 :B+ 1 ) b b b} b b b ) ) )
= [17 —v+ 17 —v,C2, —V, —V,V,V,C2, —C4,C2,V,V,...,—, _02]7
with ¢ = 2 (z + 1) (z — 1)?7, and
pas (T4 1\146
q = z = [1;_U+17_,U>62a_U7_U7U7U7027_047C27U7Ua"'7_7-]7_62’_64]-
26
Furthermore,
pro (@ 1387
479 = = - [1;_'1:_17_‘%.—"—17"'7_027_047667_647_027"'762704]7

with ¢g = 297 (z + 1) (2 — 1)2%3.
The partial quotients of degree greater than one are
tgn, with gy == (2% +z)m2l(z — 17 B> 0.
We show by induction on h that

(1 +x71)m4h+2 - [17 —T — 17 <y 92h+15---,90,91,925 - - - 792h]7

(1 + l._l)m4h+3 - [17 —T — 17 <y 92n+15--+5,90,91,92, - - - 792h792h+1]7
(]- + xil)m4h+4 = [17 —T — 17 <5 92h+15--+5,90,915,925 - - - s 92hy 92h+15 —Y2h+25 G2h+15 - - -
92,91,90,---5,—90, — g1, — g2, .- -, _92h+1]a
(1+x71)m4h+5 = [17 —$—1, ceey 7920425+ -5 =90, =91, =92, - - - s —92h+1, _92h+2]7
and
(1 + $—1)m4h+6 = [17 —T — 1> <oy 92h+15- -5 =90, =91, =925 - - - 5 —92h+1, —G2h+2;

92n+3, 92h+25-- -5 —90, —91,---,90,91, 925 - - - a92h+2]-
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Indeed, assuming that the continued fraction expansions of (1 4 x~1)"4r+2
is as above, we use our preceding observations to derive the continued frac-
tion expansions of (1 + z~1)™an+3 . (14 x~1)™4r+6, and we observe that
the latter one has the same form as the continued fraction expansion of
(1 4+ 2~ 1)™ar+2 Furthermore, we have shown that the continued fraction
expansion of (1 4+ 271)"6 = (1 4 271%™ has the requested form.

Since the lengths of the continued fraction expansions of (14-x~1)™ahr+2
(1~ 1)mants are 32042 2 32042 1 3243 _ 9 3243 _ 1 respectively, we
derive that

asn = (=D Ygu_1, aghy; = (D1, i=1,...,h—2,
and
deggsn_q = |mop-1], h>1.

This allows us to determine infinitely many elements of the approximation
spectrum S(&) of £&. Namely, an easy computation shows that

deggsn 14 deggn-1 1 2|map_o| + 3201 _y 3|m2h—2|

deggsn_y deggsn_y |map—1 B |man—1|
Likewise,
degqsn_; ] deg gnh—i—1
ot 14 .
degqzn_;y degqsn_y —deggp—2 — ... —deggn—i—1
An easy induction shows that
6_32h_ _1h 3.32h+1+_1h
|m2h!:—(), |many1| = =) , h>0.
5 5
Using that
deggh—l—i = 2|m2h—2—2i‘ + 32h_1_2i7 1= 07 17 s 7h - 17
we get that
d , 8
lim M:1+‘77 iZO,
h—4-00 deg q3h_;—1 O - 327’71 +1
and, similarly,
d < 8
lim o gy P >
h——~4o0 deg Q3h+z‘_1 35 . 3 i—1 _ 9
This shows that
8 . 8 )
SO {1+ gz u{td iz 1)

thus the set S(§) is infinite. The largest elements of these two infinite families

are
3 13 18 118

T2 127 17 ur
A further look at the continued fraction expansion of (1+xz~1)'/5 shows that
there are other elements in the approximation spectrum, an example being
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given by 44/41. We leave to the interested reader the precise determination
of the set S(§).

13.2. Continued fraction expansion of (14z~)/* in F;((z~!)). Since
1 —12
e = 2004+ P ) =22 A+ TP T
1= a9+l 1+7+7+..)=( NA+74+7+..))
in F7, the sequence (my)i>o starts with
2, 12,86, —600, . ..,
and we have
A 7k+1 + (71)k
4 b
In particular, my and mg1 have opposite signs and it follows from Lemmas
2.6 and 2.7 that the length ¢; of the continued fraction expansion of (1 +
r~ )™k satisfies £ = 3k+t1 _ 1 for k > 0. By Lemma 2.7, all the partial
quotients of (14 z~1)1/4 in F7((z~1)) are either linear or constant multiples
of the polynomial part of

mg = (—1) k> 0.

1 75 —|my_1]
Hk = ( —|—.%') 5

x|mk—1‘

for some k > 1. Setting m_; = 0, we claim that
Polpart(Ily) = zl™2l(1+ )2l + )™ (22 +2+6)7 =P, k>1,

where, as above, Polpart means the polynomial part. This is true for k =1
since

(1+2)° 3 2 2
P, :Polpart(T> =2°+ 52"+ 102+ 10 = (x + 4)(z* + = + 6).

Let k£ > 3 be an odd integer. Then, my_1 = my_s +2- 71 and
1| = 5T g = 5T o o], | = 27— my_a),
thus, since 771 > 2|my,_o|, we get

sl - (1+a2)°™"
Polpart(Hk) = g!"k=2 (1 + .’I)) k=2 POlp&N(W)
72

Y

1 5 7k71

= glme—2l(1 4 :c)'m’“*‘Polpart(i( —i—2:c) )
x

as claimed. The case k even is analogous and we omit it. By Lemma 2.7,

the first partial quotient of (1 + z~1)/4 in F7((z~')) which is a constant

multiple of P is agr.
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APPENDIX A. FULL PROOF OF THEOREM 11.3

We provide a full proof of Theorem 11.3. It contains several steps. For
the idea of the proof, see the sketch of proof below the statement of Theorem
11.3.

A.1. Rewriting (;(2t). The definition of (-(m) is given in Definition 9.7.
We rewrite it according to the parity of e.

Lemma A.1. For a positive integer k and t =0,1,...,k — 1, we have

t—l)/2j [[kf-t-f*l’k*f*t*f*l]]

__o2t-3-4|(
G(2t) = =2 [k—tek+1{]

and

_o2t-3-4[(t-1)/2] [k—t+1ek+t+1]
[k—t+2ekttt2]

Lemma A.2. For a positive integer k andt =0,1,...,k — 1, we have
274 2k 4 28) (k—t)! (k—t—1)!

C-r(2t) =

) = = ke O =1
2Lk 20)l (k- )
Con(4t) = — Ck—20)l(k+0)2
() — 24— 2)! (k4 1)1
e+ 2) = = I - DB
CQMM+Q):_2“+W2k—2wuk+t+1ﬂ%+¢ﬂ

Qk+2t+2)! (k—t)(k—t—1) "
For a non-negative integer k and t =0,1,...,k — 1, we have

24T (2 — 2¢)! (k + 1)!2

() = @k =2t 2k + £+ Dk + 1)
T @k 2t ) (e — e+ D) (R — 1)
Corr1(4t +2) = —2_4t_3 2k+2t+ 2 (kD! (k—t 1)

2k =20 (k+t+ 1) (k+1t)! ’
22k 42t + 2) (k1)
(2k —2)! (k+t+1)!2

A2 Rewriting KZ(kvj)' We rewrite Kl(kvj)a KQ(kaj)) K3(k7j)v K4(kaj)) K5(k7j)
given in Definition 11.2 according to the parities of k£ and j.

Cok—1(4t +2) =

Lemma A.3. We have
Ki(1,0) =1,
Ki(j+1,j)=0, j=1,
Ky(j4+1,5)=0, j5>0,
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and

. —j4+ k-2 —2)!
K1(2k,25) = 22j(§jk;— 1)!()—(2j+212—2)!’
9271 (j 4 k) (2K — 2)!
(27 +2k)! (=) +k—=2)
223 G+ k) (2k —1)!
25 +2k)! (—j+k— 1)V
27272 (—j+ k= 1)1 (2k — 1)!
G+RN(-2j+2k-2)
27207 (—j+ k-1 (2K - 1)!

G+R) (=25 +2k—2)
2202 (j+k+ 1) (2k —1)!
(2j+2k+2)! (—j+k—2)
22742 (j 4+ k 4+ 1)! (2k)!
(2j+2k+2)!(—j+k -1V
27203 (—j+ k- 1) (2k)!
GH+k+DI(=2j+2k—2)I
2201 (j 4+ k) (2k — 1)!
2j+2k)! (—j+k—1)1
» (—j+k—1)!2k—1)!
K3(2k,2j+1)=22j(j+k);(_2j+2k;—2)!’

(= + k) (2F)!
227 (j 4+ k) (=25 + 2k)V

22943 (j+ k+ 1)1 (2k)!
2j+2k+2)! (—j+ k-1

. —7+ k) (2k)!

Ka(2k,2j) = o3; (; + k) ()—éj i 2k)!’

223 (G k+ 1) (2k)!
(2 +2k+2)(—j+k—1)
220t (j 4k + 1)1 (2k + 1)!
(2j+2k+2)! (= + k)’
272072 (—j + k) (2k + 1)!
G+E+1)(=2j+2k)!"
(27 +2k+1)(—j + k) (2k — 1)!

227 (j+ k) (=25 +2k)!

22IHL G+ k+ 1) (2k —1)!
2j+2k+ 1) (—j+ k-1

K1(2k,2j +1) =

K1(2k +1,25) =

Ki(2k+1,2j4+1) =

K2(2ka 2.]) ==

Ko(2k,2j +1) = —

Ko(2k +1,25) = —

Ko(2k+1,2j +1) = —

Ks(2k+1,2j +1) =

K4 (2k,2j +1) = —

Ki(2k+1,2j+1) = —

K5(2k,2j +1) =
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227t (f 4+ k+ 1)1 (2k)!

(25 4+2k+ D) (—j+ k)
27207225+ 2k + 3) (—j + k)1 (2k)!
(G+Ek+1)1(=25+2k) '

K5(2k +1,25) = —

Ks(2k+1,2j+1) =

A.3. Rewriting D.(t). The definition of D.(¢) is given just above Theorem
9.9. Since D,(t) involves ((2t), we need to rewrite D.(¢) according to the
parity of €. Notice that all the entries of D.(t) are polynomials in Y of
degree at most 2.

Below, we let D.(t)[i, j] denote the i x j entry of the matrix D.(t). We
assume implicitly that € is nonzero and ¢t =0, ..., || — 1.

Lemma A.4. We have

24ﬂﬂcﬁﬁgtﬁ—r—q)@k+2wuk—ouk_t_n!

Doy (20)[1,1] = 2k 201 (k- Ol (k+t—1) ’

D2k‘(2t)[172] = —4,
Y2(2k—2t—1) Y@k—-1)(r+q)

Do) = —5 05—~ =gy T
2Y —r—q) 2k =281 (k+t)! (k+t—1)!
DZ’“(%)[Q’Q]:_( 9—4t+l (g)k(+2t>!(;£t>!</1£t_1>! )’
24HJGE%gﬁB—r—q)@k+2wuk—oﬂ
D—Qk(2t)[lv 1] =

(2k —20)! (k + )12 ’
D_5(20)[1,2] = —4,
Y2(2k+2t+1) YU@k+1)(r+q)
D_o(20)[2,1] = -
Y —r —q)(2k —2t)! (k +1)!?
-4+ 2k +24) (k — )12
2“H(;g§;{—r—q)@k_2wuk+oﬂ

2k+20)!(k—t)e2 ’

D—Qk(2t) [27 2] ==

Dogy1(28)[1,1] =

Doji1(26)[1,2] = —4,

2Y2(k—t) Y(4k+1)(r+q)

2k+2t+1  2(2k+2t+1)

(2 —r—q) 2k +2t)! (k — )
2L (2 —2)l (k+¢)12

2t (LD g} 2k =2t + 2!k + L+ D! (R +0)!

2k+2t+2)!(k—t+ 1) (k—1t) ’

Dop11(2t)[2,1] =

+rq,

Doj11(2t)[2,2] = —

D_g1(2t)[1,1] =

D_or—1(2t)[1,2] = —4,
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2Y?(k+t+1) Y(4k+3)(r+q)
Dooe(20)21] = — 7 2@k —2t+1) P
@Y —r =) 2k +20+2) (k5 D1 (k)

24t 2k — 2t + 2)1 (k+t+ D) (k+t)! 7
et (LRl ) 2k — 2t = )l (k + 1)1
Ck+20)(k—t—1)2 ’

D_9p-1(20)[2,2] = —

Dop(2t + 1)[1,1] =

Doy (2t +1)[1,2] = —4,
2Y2(k—t—1) Y(4k—1)(r+q)
Do (2t +1)[2,1] = 2k+2t+1  2(2k+2t+1) e

QY —r—q)2k+2t)! (k—t—1)1?

Do (2t +1)[2,2] = —

21T 2k — 2t —2)l(k+ 1)1
2t (AR - g) (2 = 20)! (k + £+ 1)! (k + 1)

D_op(2t +1)[1,1] =

2k+2t+2)! (k—t)! (k—t—1)! ’
D_op(2t +1)[1,2] = —4,

2Y2(k:+t+1)_Y(4k:+1)(r+q)
2k —2t—1 202k —2t—1)
QY —r—q) 2k +2t+2)! (k—t)! (k—t —1)!
B 20041 (2k — 28) (k +t 4+ 1)! (k +t)! ’

2—4t—3(7y<2kﬁﬁ§—” - q) 2k +2t+2) (k) (k—t—1)

2k —2t)! (k+t+ 1! (k +t)! ’

D_op(2t +1)[2,1] =

+7q,

Doop(2t +1)[2,2] =

Dojy1(2t +1)[1,1] =

Dajy1 (2t + 1)[1,2] = —4,

Y22k —2t—1) Y(k+1)(r+gq

2(k+t+1) 4(k+t+1)

QY —r—q) 2k =20 (k+t+ 1) (k+1t)!

2743 2k + 2t + 2) (k — )l (k — ¢t —1)!

218 (YRESES _ ) 2k + 20+ 2)! (k - )2
2k —2t)! (k 4+t + 1)!2 ’

Do (2t +1)[2,1] =

+rq,

Dop1(2t +1)[2,2] = —

D_op 1 (2t +1)[1,1] =

D_gp—1(2t + 1)[1,2] = —4,
2 r
QY —r—q) 2k —=2t)! (k+t+ 1)
2743 2k + 2t 4+ 2)1 (K — )12

D_gp-1(2t +1)[2,2] = —

A.4. Rewriting A.(j), AL(j), B=(j), BL(j). Werewrite Ac(j), AL(j), B:(3), BL(j)
given in Theorem 11.3 according to the sign of € and the parities of € and j.
Below, we have replaced ¥(k, j;r, q) by the product Ki(k,j)®(k—2,j;7,q).
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Aok(2§) =Y K3 (2k,25)®(2k - 1,24;7,q)
+rKy (2k,25)® 2k —2,25;7,q),
Aop(2j +1) =YKy (2k,2j+1)® 2k~ 1,25+ 1;7,q)
+rK; (2k,274+1)®(2k—2,254+1;7,q),
A_op(27) = rKq(2k,27) ®(2k,25;59,7)
+YK5(2k,25)®(2k—1,25;q,71),
A ok(2j+1) =rK4(2k,25+1)P(2k,25 + 15¢,7)
+YK5(2k,2j+1)®(2k—1,25+ 1;q,7),
Aop1(2) =Y K2 (2k+1,25) @ (2k, 2537, )
+rK1 (2k+1,25)®(2k—1,275;7,q),
Aop11(27+1) =YKy (2k+ 1,254+ 1) P (2k, 25+ 1;7,q)
+rK1 2kE+1,2;+1)®(2k— 1,25+ 1;7,q),
A ok-1(2)) =YK5 (2k+1,25) ®(2k,2554,7)
+rKy(2kE+1,25)®(2k+1,275;49,7),
A op12j+ 1) =YK; (2k+1,2j+1)®(2k,25+ 15q,7)
+rKy2kE+1,2j+1) P2k + 1,25+ 15q,7),

w(27) = K3 (2k,25) @ (2k —1,25;7,q),
2k(2j+1):K3(2k',2j+1)¢>(2k:—1,2j—|—1;7’,q),
2k(27) = K3 (2k,25) @ (2k — 1,25;4,7),
A 2k(2j+1):—K3(2k,2j+1)q)(2k—1,2j+1;q,7“),
Appy1(27) = K3 (2k +1,25) @ (2k,2j57,9)
2k+1(2j+1):Kg(2k+1,2j+1)@(2k,2j+1;7“,q),
Al g 1(2)) = K3 (2k +1,25) @ (2k,25;4,7),
A Top_1(2j+1)=—-K3(2k+1,254+1)®(2k,25+ 15q,7),
Bok(2§) =Y K3 (2k,25) ®(2k — 1,25;54,7)

+qK1(2k,25)®(2k —2,255q,7),
Bor(2j +1) =YKy (2k, 25+ 1)@ (2k — 1,25 + 1;¢,7)
+ K, (2k,25+1)® (2k —2,25+1;¢,7),
B_9k(2)) = qK4 (2k,25) @ (2k,234;7,q)
+YK5(2k25)®(2k—1,25;7,q),
B_op(2j+1) = qK4 (2,25 +1)® (2k,25 + 1;7,q)
+YKs(2k,2j+1)®(2k—1,25+1;7,q),
Bog41(27) =YK (2k +1,25) @ (2k,25;4,7)
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+qK1 2kE+1,25)®(2k—1,27;q,7),
Bopi1(2j+1) =YKy (2k+ 1,254+ 1)P(2k, 25+ 1;q,7)
+qK1 2E+1,2j+1)®(2k— 1,25+ 1;q,7),
B_op-1(2)) =Y K5 (2k +1,25) @ (2k,2j;7.9)
+qK42k+1,25)®(2k+1,275;7,q),
B o, 12j+1)=YK;(2k+1,2j+1)®(2k,25+ 157,q)
+qK42k+1,2j+1)®(2k+ 1,25+ 1;7,q),

By (2)) = K3 (2k,25) @ (2k — 1,2554,7),
B%(Qj—i-l):K3(2/£,2j—|—1)¢>(2/€—1,2j—|—1;q,7’),
2(27) = K3 (2k,27) @ (2k — 1,251, q)

B’ 2k(2j+1):—K3(2k,2j+1)@(2k—1,2j+1;T,q),

By 1(2)) = K3 (2k+1,25) ® (2k,25;4,7),
Bypy1(2j+1) = K32k + 1,25 + 1) ® (2k,2 + 1;¢,7),
Blo,1(2)) = K3 (2k +1,25) ® (2k,25;7,9),
B Cop_1(2+1)=—-K3(2k+1,254+1)®(2k, 25+ 157,q).

By replacing the K;(k,t) by their expressions given in Lemma A.3, we
obtain the following identities.

Lemma A.5. We have
. 272171y ® (2k — 1,25;r,¢) (—j + k — 1)1 (2k — 1)!
Ao (27) = — ; -
(G+k)N(=25+2k—2)!
O 2k —2,25;7,q) (—j +k— 1) (2k —2)!
227 (j+ k-1 (=25+2k—2)! ’
22020 (2k — 1,25+ 1;7,9) (j + b+ 1! (2K — 1)!
a (27 +2k+2)! (—j + k —2)!
220t ® (2k — 2,25+ 1;7,q) (j + k) (2K — 2)!
25+ 2k (—j+k—2)! ’
Y(27+2k+1)® 2k —1,24;q,7) (—j + k) (2k — 1)!
a 225 (j+ k)| (=25 + 2k)!
r®(2k,25;q,7) (= + k) (2k)!
227 (5 + k) (=25 +2k)
220y ® (2,25 4+ 1;¢,7) ( + k + 1) (2k)!
2j+2k+2)(—j+k—1)!
N 2201 ® (2k — 1,25+ 1;¢,7) ( + b+ 1)1 (2k — 1)!
(27 +2k+ D) (—j+k—1)! ’
220F2Y ® (2k,25;7,q) (5 + k + 1) (2k)!
27 +2E+2)!(—j+k—1)!

A(2j+1) =

A_9k(2g) =

A op(2j4+1)=—

Ag41(2)) = —
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220t1r® (2k — 1,25;7,q) ( + k)! (2k — 1)!
(25 +2k) (—j+k—1)! ’
272BY® (2k, 25+ 1;7,q) (=5 + k — 1)1 (2k)!
G+Ek+1D)(=25+2k—2)!
2727 2r® 2k — 1,25+ L;7,q) (—j + k— D) (2k — 1)!
(G+k) (=25 +2k—2)! ’
227Y & (2k,25;q,7) (7 + k+1)! (2k)!
(27 +2k+ 1) (=7 +k)!
220t ® 2k +1,25;¢,7) (5 + k+ 1)1 (2k + 1)!
(25 +2k+2)! (=5 +k)! ’
272072Y(25 4+ 2k + 3)® (2k, 25 + 1;¢,7) (—j + k) (2k)!

Agr1(2j +1) = —

A_gp—1(2)) = —

A or1(25+1) =

(G+k+D!(=25+2k)!

272 72p® 2k + 1,25+ L;q,7) (—j + k) (2K + 1)!
- G+k+1D)I(=2]+2k)! ’
220H1® (2k — 1,25;7,q) (F + k) (2k — 1)!

(25 +2K)! (—j+k—1)! ’
®(2k—1,25+1;7,q) (=i +k— 1) (2k —1)!
227 (j+ k) (=25 +2k —2)! ’
2291® (2k — 1,25;q,7) (j + k)! (2k — 1)!
(25 +2k)! (—j+k—1)! ’
®2k—-1,2j+Liq,r)(—j+k—-1)!(2k—1)!
227 (j+ k) (=25 + 2k — 2)! ’
O (2k,2j5;m,q) (—F + k) (2EK)!
227 (j + k) (=25 4+2k)!
220439 (2k,25+ 1;7,q) ( +k + 1) (2k)!
(27 +2k+2)1(—j+k—1)! ’
O (2k,27;q,7) (=7 + k) (2F)!

227 (j+ k) (=25 +2k)

227H3® (2,25 + 1;4,7) (G + k+ 1! (2k)!

- (25 +2k+2)!(—j+k—1)! ’
27207y ® 2k — 1,255 ¢,7) (—j + k= 1)! (2k — 1)!

o(27) =

Ay (2 +1) =

Al—zk(Qj) =

Al (25 +1) = —

Ady11(24) =

Ay 12/ +1) =

Al g 1(29) =

Ao 1(25+1) =

Bon(27) = —
2(2) Grh)l(—2)+2k—2)
q® 2k —2,25;q,7) (—j + k- 1) (2k — 2)!
22) (j4+k—1)!(-2j+2k —2)! ’
. 22IR2Y® (2k — 1,25+ L:q,m) (G + E+ D! (2k —1)!

(27 +2k+2)! (—j +k—2)!
N 220Hq® (2k — 2,25+ 1;q,7) ( + k) (2k — 2)!
(25 +2k) (—j +k—2)! ’
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Y(27j+2k+1)®(2k—1,25;7,q) (—j + k) (2k — 1)!
227 (j+ k) (=27 +2k)!
g® (2k,2j;7,q) (—j + k) (2k)!
227 (5 + k) (=25 +2k)
220 (2,275 4+ 157,q) (j + k+ 1)1 (2k)!
B (2] +2k+2)! (—j+k—1)!
220y ® (2k — 1,25+ 1;7,¢) G+ k+ 1! (2K — 1)!
(27 +2k+ D) (—j+Ek—1)! '
22IT2Y D (2k,25;q,7) (j + k+1)! (2k)!
(25 +2k+2)! (—j+k—1)!
220Hq® (2k —1,25:¢,7) ( + k) (2k — 1)!
(25 4+2k)! (—j+k—1)! ’
27HBY® (2K, 25+ 1;q,7) (—j + k — 1) (2k)!
G+Ek+1)1(-2j4+2k—2)!
2720729 (2k — 1,25+ L;q,7) (—j + k — 1)1 (2k — 1)!
G+EN(—27+2k—2)! ’
, 220y ® (2k,2457r,q) ( + k + 1) (2k)!
B_g-1(2j) = — . ‘
2j4+2k+ 1) (=5 + k)
+22j+1q<1>(2k+1,2j;r,q)(j+k:+1)!(2k+1)!

(25 4+2k+2)!(—j+k)! ’
2722V (25 + 2k +3)® (2k, 25 + 1;7,q) (—j + k) (2k)!
(G+k+1)!(=25+2k)!
27272q® 2k + 1,25+ 1;7,q) (=5 + k) (2k + 1)!

(G+k+1D)!(=25+2k)! ’

22019 (2k — 1,25;q,7) (j + k)! (2K — 1)!

(25 +2k)! (—j+k—1)! '
D2k —1,25+1;q,7) (—j+k—1)!(2k—1)!

227 (j+ k) (=25 + 2k —2)! ’
220H1® (2k — 1,25;7,q) ( + k)1 (2k — 1)!

(25 +2Kk)! (—j+k—1)! ’
®2k—1,2j+1L;rq) (=7 +k—1D!(2k—1)!

227 (j + k) (=25 + 2k —2)! '
D (2k,255q,7) (—j + k) (2k)!
227 (j+ k) (=25 +2k)
22013®% (2K, 25+ 1;q,7) (j + k+ 1)1 (2k)!

(25 +2k+2)! (—j+k—1)! '
O (2k,2j5;7m,q) (—F + k) (2EK)!
227 (j+ k) (=25 +2k)

B_o1,(2)) = —

B_op(2j+1) =

Bop4+1(2j) = —

Bori1(2j +1) = —

_l’_

B o, 1(2j+1) =

By, (2)) =

Boy(2j +1) =

Lok(27) =

Bl o (2j+1) =—

B§k+1 (2.7) =

By 1(2j+1) =

B o, 1(2)) =
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220439 (2k,25 + 1;7,q) ( + k + 1)1 (2k)!
(25 +2k+2) (—j+Ek—1)!

A.5. Proof of Theorem 11.3 for j = 0. For a nonzero integer ¢ and
j=0,1,...,]e] — 1, recall that

B o 1(2j+1) =

1) = UDLOD.() - D) = () 40

Idea of the proof: We check by a direct computation that the theorem
holds for j = 0. Then, we verify that II.(j + 1) = I.(j)D:(j + 1) for
J=0,..., ¢ — 2.

In this section, we check by a direct computation that the theorem holds
for j = 0. We have:

U:1<(Y—r)/2 —2)7

r—qg\—(Y—-q)/2 2
Kl(k70> = 17
k—1
Ks(k,0) = —
Ks3(k,0) =1,
Ky(k,0) =1,
k+1
KS(k7O) - _ia
k
and
®(k,0;7,q) =
This gives:
ec=k>0:
k—1
Ak(O) =7r—+ KQ(k,O)Y =7r— TY,
Ap(0) =1,
k—1
By(0) = q + K2(k,0)Y = q — Y
B(0) = 1.
ec=—-k<0:
k+1
A(0) = 7+ Ks(k,0)Y =7 — %Y,
AL (0) =1,
k+1
B_(0) = g+ K(k,0)Y = g — “ =Y.
B (0)=1

In both cases, we have

C&(O) = -2
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We distinguish four cases to check that U x D.(0) = I1.(0):

o c =2k
0 g bt ) (T ).
2% ik tar Y +gqtgr BT I
o c =2k
(P e Y B Gueve e
2k ik +aqr Y +g3q+3gr 2 1
ec=2k+1:
UX<2Y2k Y%}%l)?ng)_Qr 1 :4>=<_ZZ;’§§$T 1)-
F T 2@k T4 Y +gqtgr a1
ec=—-2k—1:
(o B2 L))
TET . 2@kt T4 Y +gqtgr - TR 1

This completes the case 7 = 0.

A.6. The key identities for the inductive step. We need to verify that,
for j =0,...,|e] — 2, we have

I(j+1) =1(j)D:(j + 1),

that is,
AG+1) AGHD  [AG) ALG)
(A1) (&u+n ao+n)—(&@ &QQ
(2 +2) (r+q - 27 =G0Ht) —4

rg — Gty + T (G2 +2) 7 g - 2Y)

The entries of these matrices are polynomials in Y of degree at most 2.
The above identity is equivalent to four identities for quadratic polynomials
in Y. One of these four identities is (recall that t = j + 1)

Ac(G+1) = Ac(5)C(21) (T ta- QYS:j_Zl)

, 2¢e —1)(r+4q) e—t—1
Al — <—Y - Yy?).
+4:0) <rq 2(c +1) A"

For example, when ¢ = 2k and j is replaced by 2j, the above identity
becomes

20 (U - q) (4 k)2
(25 +2k)! (—j+ Kk —1)!
y (2211Y<I>(2k —1,2j557,q) 2k =1)!  r®(2k —2,25;7,9) 2k — 2)!)
(j + ) 227 (j + k — 1))
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4Y2(j—k+1 Y(4k—1 ; . .
(Qﬁh;)+ %Hﬁg”—QWP%“QQk—L2ﬁn®0+kﬂ@k—U

2 (25 +2k) (—j+k—1)!
22012y (2k — 1,25+ 1;7m,q) G+ k+ 1) (2k — 1)!
B (2] +2k+2)! (—j+ k—2)!
220t ® (2k — 2,25+ 1;7,q) (j + k) (2k — 2)! 0
(25 +2k)! (—j+ &k —2)! ‘

To prove each such identity, we equate each coefficient of V¢, for d =
0,1,2. We need to prove that (take the numerator, then simplify):

Y1 0= (j +k)(r+q)® 2k —2,2j;7,q) — (2k — 1)g® (2k — 1,2;7,q)

YH0=02k-1)®(2k—-1,2j+1;7,q)

-~ Q-1 +q®(2k—1,2j1.q)

[Y2] 0 =0.
The notation [Y'?] means that we consider the coefficient of Y¢. Doing the
same calculations for all other cases, we get a full list of 4 x 3 x 8 = 96
identities to prove (the 4 entries of the matrices are quadratic polynomials,
and we distinguish according to the sign of & and to the parities of j and k).

The notation (g, 7);;[Y%] used below means that the identity is obtained
by considering the coefficient of Y in the i x j entry of (A.1).

In all the cases, the identities obtained by considering the coefficients
of Y2 are tautologies. This is also the case for the identities obtained by

considering the coefficients of Y in the entries of the second column of each
matrix. Consequently, we are left with 48 identities to be checked, namely:

(2k,2/)n[Y°] 0= (2k — 1)g® (2k — 1,257, q)
—(+k)(g+r)®(2k—2,2j;7.q)
+(G-k+1D)P2k—2,2j+1;7,q),

(2k,2/)11 Y] 0= 2k —1)(g+7)® (2k — 1,2j;7,q)
—4(j+Ek)r®(2k—2,25;71,q)

- 2k-1)®(2k—-1,2j+ 1;7,q),

(2k,27)12[Y°] 0= 2k — 1) (¢ +7)® (2k — 1,257, q)
—4(j+k)rd(2k—2,25;7,q)

- 2k-1)®(2k—-1,2j+1;7,q),

(2k,2)n[Y°) 0= 2k — 1)r® (2k — 1,27;q,7)
—(+k)(g+r)®(2k—2,2j;q,7)
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+(—k+1)®(2k—2,25+1;q,7),
(2k,2§)21[Y'] 0= (2k = 1) (g + )@ (2k — 1,25 ¢,7)
—4(+k)g® 2k —2,24;q,7)
—(2k—-1)® 2k 1,25+ 1;4,7),
(2k,25)22[Y°] 0 = (2k — 1) (g + )@ (2k — 1,25 ¢,7)
—4(+k)q®(2k—2,25;q,7)
—2k-1)®(2k—-1,2j+1;q,7),

(2k, 25 + D11[Y°] 0 =22k — 1)q® (2k — 1,25 + 1;7,q)
—(2j4+2k+1)(g+7r)P(2k—2,27+1;7,q)
+(2j—-2k+3)P(2k—2,25+2;1,q),

(2k, 25 + D1 [YN 0= 2k —1)(g+7r)®(2k — 1,25 + 1;7,q)
—2(2j+2k+1)r® 2k —2,2j+1;1,q)
—(2k=1)®(2k - 1,25+ 27,q),

(25,2 + D)12[Y] 0= (2k = 1)(g+7)® (2k — 1,2 + 157, q)
—2(2j+2k+1)r® 2k —2,2j+1;r,q)
—(2k=1)®(2k - 1,25+ 27,q),

(25,25 + 1) [Y) 0 =2(2k — 1)r® (2k — 1,2 + 1;¢,7)
—(2j+2k+1)(g+7r)®(2k—2,25 + 1;q,7)
+(2j—-2k+3)P(2k—2,25+2;q,7),

(2k,25 + D)o [Y] 0= 2k = 1)(g+7)® (2k — 1,2/ + 1;4,7)
—22j+2k+1)q®(2k—2,25+ 15q,7)
- 2k-1D)®(2k—-1,25+2;¢q,7),

(2k,25 + 1)2a[Y?] 0= 2k — 1)(g +7)® (2k — 1,2/ + 1;4,7)
—2(25+2k+1)g® (2k —2,2j+1;¢,7)
—2k—1)®(2k—1,2j+2;¢,7),

(—2k,2))11[Y°] 0 = k(g + )@ (2k,2j; ¢,7)
—(2j4+2k+1)qP(2k—1,27;q,7)
—k®(2k,25+1;q,7),

(=2k,2)11 (Y] 0 = 4kr® (2k,2j:q,7)

— (25 +2k+1)(g+7)®(2k —1,25;q,7)
+ (25 —2k+1)®(2k—1,25+1;q,7),

(—2k,27)12[YY) 0 =4 krd (2k,25:¢,7)
—(25+2k+1)(g+7r)®(2k—1,25;q,7)
+ (25 —2k+1)®(2k—1,27+1;q,7),



60 YANN BUGEAUD AND GUO-NIU HAN

(—2k,2)21[Y°] 0 = k(g + 1)@ (2K, 257, q)
—(2j+2k+1)r® 2k —1,25;7,q)
—k®(2k,25+1;7,q),

(—2k,2j)21[Y") 0 = 4kq® (2K, 2 j; 7, q)

— (27 +2k+1)(g+1)®(2k—1,25;7,9)
+ (25 —2k+1)®(2k—1,2j+1;7,q),

(—2k,2j)22[Y°) 0 = 4kq® (2K, 2 j; 7, q)

— (25 +2k+1)(qg+7)® 2k —1,24;7,9)
+ (25 —2k+1)®(2k—1,2j+1;7,q),

(—2k,25 + D)1 [Y°] 0 = k(g +7)® (2K, 25 + 1;¢,7)
—2(j+k+1)qg® 2k —1,25+1;¢,7)
—k® (2k,25 4 2;q,7),

(—2k,27 + D[V 0=2kr® (2K, 25 + 1;q,7)
—(+Ek+1D(g+n)®(2k—1,2j+1q,7)
+(—k+1)®(2k—1,2542;q,7),

(—2k,27 + 1)12[Y°] 0 =2kr® (2k,25 + 1;q,7)
—(+k+D)(q+r)®(2k—1,25+1;q,7)
+(—k+1)®(2k—1,25+2;q,7),

(—2k,27 + D)ot [YO] 0 = k(g + )@ (2k,25 + 1;7,¢q)
—2(J+k+1ro(2k—-1,25+1;1,q)
—k® (2K, 25+ 2;7,q),

(—2k, 27 + 1)1 [V 0 =2kq® (2k, 25 + 1;7,q)
—(+Ek+1)(g+r)®(2k—1,25+1;7,q)
+(j—k+1D)®2k—1,2j+2:1,q),

(—2k, 27 + 1)22[Y°] 0 =2kq® (2k, 25 + 1;7,q)
—(+k+D)(@+r)P(2k—1,2j+17,q)
+(-k+1D)P(2k—-1,27+2;7,9),

(2k 4+ 1,25)11[Y°] 0 = 4 kq® (2K, 2557, q)
—(2j+2k+1)(g+7)®(2k—1,25;7,9)
+(2j-2k+1)®(2k—-1,2j+1;1,q),

(2k+1,2/)u1[Y] 0 = k(g + r)® (2K, 257, q)
—2j4+2k+1)rd(2k—1,275;1,9)
—k®(2k,2j+1;7,q),

(2k +1,2/)12[Y°] 0 = k(g +7)® (2k,27;7,q)
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—(2j42k+1)r®(2k—1,275;71,9)
—k®(2k,2j+1;1,q),

(2k +1,25)21[Y°] 0 = 4 krd (2K,25;q,7)
— (27 +2k+1)(g+7)®(2k—1,25:q,7)
+ (25 —2k+1)®2k—1,2j+1;q,7),

(2k +1,2))01[YY 0 = k(g +7)® (2k,25;q,7)
—(2j42k+1)q®(2k—1,275;q,7)
—k®(2k,2j+1;q,7),

(2k +1,25)22[Y°] 0 = k(g +7)® (2k,25;q,7)
—(274+2k+1)g®(2k—1,25;q,7)
—k®(2k,2j+ 1;q,7),

(2k +1,27 + 1)1 [YY] 0= 2kq® (2k, 25 + 1;7,¢q)
—(G4+k+1D)(g+r)P(2k—1,2+1;7,q)
+(G—k+1)®2k—-1,25+271,q),

(2k+ 1,2 + D [Y) 0= k(g +7)® (2k, 25+ 1;7,q)
—2(J+k+1ro2k—-1,25+1;1r,q)
—k®(2k,2j+2;7,q),

(2k+ 1,25 + 1)12[Y°) 0 = k(g +7)® (2k, 25 + 1;7,q)
—2(J+k+1ro(2k—-1,25+1;1,q)
—k® (2K, 25+ 2;7,q),

(2k+ 1,25 + 1) [Y°] 0 = 2kr® (2k,25 + 1;¢,7)
—(G+k+D(g+r®R2k—1,2j+1;q,7)
+(G-k+1D)P2k—-1,27+2;q,7),

(2k+ 1,25 + Don[Y' 0= k(g +7)® (2k, 25+ 1;q,7)
—2(j+k+1)q® 2k —1,25+ 1;q,7)
—k®(2k,25+2;q,7),

(2k+ 1,25 + D)oY 0 = k(g +7)® (2k, 25+ 1;q,7)
—2(j+k+1)q®(2k—1,25+ 1;q,7)
—k®(2k,25+2;q,7),

(—2k —1,2)11[Y] 0=4( + k+1)qg® (2k,25;¢q,7)
—QE+1D(q+7r)P(2k+1,25:q,7)
+R2k+1)P(2k+1,25+1;¢,7),

(—2k—1,2))u[Y'] 0= (G +k+1)(g+7)® (2K, 25;4,7)
—2k+1)r®(2k+1,25;q,7)
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—(j—k)®(2k,25+ 1;¢,7),
(—2k —1,2))12[Y°) 0= ( + k+ )(qg +7)® (2k,25;4,7)
—(2k4+1)r® 2k +1,25;4,7)
—(j—k)®(2k,2j+1;q,7),
(—2k —1,27)21[Y°] 0 =4 (j + k + 1)r® (2k,24;7,q)
—QE+D(g+7r)®(2k+1,25;7,9)
+(2k+1)®(2k+1,25+1;7,q),
(—2k = 1,2/)n Y] 0= (j +k+1)(g+ )@ (2K, 2557, q)
—(2k+1)q® (2k+1,2j:r,q)
—(J—k)P2k25+ 1;7,q),
(—2k — 1,2))22[Y°] 0= (j + k + 1)(q + r)® (2k,2 57, q)
—(2k+1)q® (2k+1,2j:r,q)
—(J—k)P2k25+1;7,q),

(—2k — 1,25 + D)1 [Y] 0=2(25 +2k +3)q® (2k, 25 + 1;¢,7)

—2k+1D(q+r)P2k+1,27+1;q9,7)
+2k+1)®(2k+1,25+2;q,7),

(—2k — 1,2 + D) [Y 0= (25 +2k+3)(¢+7)®(2k,25 + 1;q,7)

—2Q2k+1)r®(2k+ 1,25+ 1;9,7)
— (25— 2k+1)® (2,25 +2;¢,7),

(—2k — 1,25 + 1)12[Y] 0= (25 + 2k +3)(¢ +7)® (2k,25 + 1;q,7)

—2Q2k+1)r®(2k+ 1,25+ 1;q,7)
— (25 —2k+1)®(2k, 25 +2:¢,7),

(—2k — 1,25 + 1)1 [Y°] 0=2 (25 + 2k + 3)r® (2k, 25 + 1;7,q)

— 2k +1)(g+7r)P(2k+1,25+1;7,q)
+RE+1D)®(2k 41,25 +2;7,q),

(—2k—1,2j + D)ou[Y'] 0= (25 + 2k + 3)(q+r)® (2k,2j + 1;7,q)

—2Q2k+1)gP(2k+ 1,25+ 1;7,q)
—(2j =2k +1)®(2k, 25+ 2:1,q),

(—2k — 1,25 + 1)22[Y] 0= (25 + 2k +3)(¢ +7)® (2k,25 + 1;7,q)

—202k+1)q® (2k+1,25 + 1;7,¢)
— (25— 2k+1)®(2k, 25+ 2:1,q).

We delete duplicates and use the symmetry in 7 and q. We are left with

the following 12 identities:
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0=02k—1)r®2k—-1,25;q,7)— G+ k)r+q® 2k —2,24;q,7)
+(G-k+1)®(2k—2,2j+1;q,7),
0=02k—1)(r+q®2k—-1,24;9,7) =4+ k)qgP(2k —2,25;q,7)
- 2k-1)®(2k—-1,25+ 1;q,7),
0=22k—-1)r®(2k—-1,2j+1;q,r)
—2j4+2k+1D)(r+q®2k—2,2j+1;q,7)
+12j—-2k+3)P(2k—2,2+2;q,7),
0=02k-1)(r+q¢®2k—-1,25+1;q,7)
—22j+2k+1)q®(2k—2,25+ 1;q,7)
—2k-1)®(2k—1,25+ 2;q,7),
0=Fk(r+q)®(2k,25;r,9) — 2j+2k+1)r®(2k—1,25;7,q)
—k®(2k,2j+1;71,q),
0=4kq®P(2k,25;7m,9) — (27 +2k+1)(r+qP®(2k—1,25;71,q)
+2j—-2k+1)P(2k—-1,25+1;7,q),
0=k(r+q)®2k2j+1Lrq) —20+k+1)rd(2k—1,254+1;7,9)
—k®(2k,2j+2;1,q),
0=2kqP(2k,2j+1;r,¢) —(G+Ek+1D)(r+qP2k—1,254+1;7,q)
+(G-k+1D)P2k—-1,2j+2;7,q),
0=4G+k+1ro(2k275;r,q9) —22k+1)(r+q®2k+1,24;7,q)
+R2k+1)®(2k+ 1,25+ 1;7,q),
0=0U+k+1D)(r+q®2k275;r,q9) —2k+1)¢P(2k+1,25;7,q)
-~ —k)®2k2)+1i71,09),
0=22j+2k+3)r®(2k,25+ 1;7,q)
—2k+1D)(r+q¢@2k+1,2j+1;7,q)
+Rk+1)P(2k+1,25+2;1,q),
0=02j+2k+3)(r+q®2k,25+ 1;7,9)
—22k+1)q®2k+1,2j+1;7,q)
—(2j-2k+1)®(2k,25+2;1,q).
Four of these identities are obtained by shifting by 1 another identity, so

we are left with the following 8 identities, where, as in the sequel, we use
the shortened notation

O (k,j) = @ (k,j;7,q)-

0=02k+1)q®2k+1,25)—(G+k+D(g+r)®(2k,27)
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+(j —k)®(2k,25 + 1),

0=202k+1)¢®(2k+1,2j+1)— (2j+2k+3)(q+7)® (2K, 25+ 1)
+(2j -2k +1)®(2k,25+2),

0=Q2k+1)(qg+r)PR2k+1,2)) -4 +k+1)rd (2k,27)
—2k+1)®(2k+1,2j+1),

0=02k+1)(g+r®2k+1,2j4+1)—2(25 +2k+3)rd (2k, 25 +1)
—2k+1)®(2k+1,2j42),

0=Fk(r+q)®(2k,2j) — (25 +2k+1)rd (2k — 1,25) — k® (2k,25 + 1),

0=Fk(r+q)®2k2j+1) =2 +k+1)rd(2k—1,25+1)
—k®(2k,25 +2),

0=4kq® (2k,27)— (2j+2k+1)(r+¢®(2k—1,27)
+(2j—2k+1)®(2k—-1,25+1),

0=2kqP(2k,2j+1)— (G +k+1)(r+q®(2k—1,25+1)
+(-k+1D)P(2k—-1,25+2).

The cases 25 and 2j + 1 can be merged and we are left with the following
4 identities:

0=2(2k+1)q® 2k +1,5) — (j + 2k + 2)(q +7)® (2, )
+(j—2k)P (2k,j+ 1),
0=2k+1)(g+7r)P®2k+1,5) —2(j + 2k +2)r® (2k, 5)
—2k+1)®(2k+1,574+1),
0=Fk(r+q)®2k,j)—(G+2k+1)rd(2k—1,5) — kP (2k,j+1),
0=4kq®(2k,j)— (G +2k+1)(r+qP(2k—1,75)
+(G—-2k+1)P2k—-1,7+1).
We merge the cases 2k and 2k — 1, thus we are eventually left with only
two identities to check.
Lemma A.6. Fork>1and j=0,1,...,k — 2, we have
O=Gk-1D(r+q@k-1,7)-20+kro(k—2,5)—(k—-1)®(k—1,7+1)
and
0=2kq® (k,j)=(+k+1D)(r+q@*k -1+ -k+1)2(k-1,j+1).

A.7. Proof of Lemma A.6 (the inductive step). We prove the first
identity of Lemma A.6.
Define

d=k-1DPk—-174+1)+2G+k)rd(k—2,5)—(k—1)(r+q®(k—1,7)
We need to prove that § = 0.
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We use the definition of @ and put all the terms r and ¢ after the signs
> to get
1 kj41y (j+1
o EEEE)
= (k=1)) LAt (—r)lg
d=0 ( d )
i (k+i-1
CUD@
+2r(k+ ) Z (—r)%

d=0 (d)

= ()
s> G (g s
= (7))
—(k-1) ZJ: (kil:,)l(gl) (=r)tg7
d=0 ( d )

By shifting the indices of the second and third sums, we obtain
JHL k4j+1y (41
)0

§=(k—-1)) ~—1

= D

JH+1 (k+j—1\( 3
—2(k +7) Z M(_T)dqudﬂ

(—r)lgi Tt

= ()
SCE)S (5*( {Z):(f)] ) (g
—(k—l)é (?k?l(f)( ylgi i
=§]:51(d)( )i/~ 4 6y,
where -
51(d) = (k- 1) (’”iﬁ]; 1)1@1) Lo LG g @)

) Dy ()
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k+3Y (J
el
d

1k — 1 — d)l(k + )! o .
~dl(k - j)!gj—d+ 1))!(/~c+j)—d+ 1)![(k““)(]“)_%(’”]_d“)

+d(k—d)—(j—d+1)(k+j—d+1)}
=0

and
") )
6o = +(k — 1) 4 (k — 1)]Jr(lk_l)ﬁl(—r)frl
j+1
SR

—2(k+7) (=) + (k= 1)

(k 2) (116—11)
GEUN ey
=(k—1) (;fi) (—=r) T = 2(k + §) (ki2) (—r)itt
Jj+ J
k+j )
+(k—1) Ekjli (—r)y !
(=it +£(!I(€k_—2§‘— 2) [((k+5+1) =2+ (k—1- )
=0.
We conclude that
5_251 )g? =t 15y =0,

and the first identity holds. .
We prove the second identity of Lemma A.6. Define
8 =2kq® (k,j)—(+k+1)r+q@k—-1,))+(G—-k+1)®(k—-1,7+1).

We need to prove that ¢ = 0.
We use the definition of ® and put all the terms r and ¢ after the signs

> to get

J o (ktj+l
5=2k‘q ( dk)(d)(_r)dqj—d
= @
j Ny .
—(G+E+1)(r+q) Z r)lg =
d=0 d

- w_ dgt1d
Goken S CEDN e,
d=0 (d)
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s ’“”“)( )

Z dq]-i-l —d

: L) e
+E+E+1)Y G (—r)*g
d=0 d
: - (5)() 1d
—(j+k+ ¢’
rkn 2 (k;)
o (T )(3“) -
(j—k+1 Z (—r)dgi 1=,
d=0 )

By shifting the indices of the second sum, we obtain

J k+J+1)( )

§ =2k Z 8 —r)dgiti—d
d

j - M _p\dd—d+1
+E+E+1D)D - 1) (—r)%q
d=1 d—1
J k+J
j+k+1) Z dgitl—d
d=0
JHL (k441 (41
+ (] —k+ 1) ( +gl(J’;)1()]ch ) ( r)dqurl d
d=0 d
J
= S+,
d=1
where
§1(d) = 21{% +(j+k+ 1)W —(G+k+1) (k;]i)l(é)
G YT )
N (j ks 1) (k+j+1) (jgl)

_ (G+Ek+ DNk —d—1)!

Cdi(k i —d+ DIk -1 —d+1)!
_(k-l-j—d+1)(j—d+1)+(j_k+1)(j+1)}

=0

and

Oy = 2kg’ T + (j + b+ 1) (<)t = (+ k4 1)

20— )G — d+1) +d(k -

67

d)
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' (k-{-j—i—l) (j+1) 4
+ (G =k D@ 4 (f — b+ 1) I (i
()
"), (74
J j+1
(k+j+ DUk —j—2)!

e e G U (SRR RV R
=0.

We conclude that

=(+Ek+1) (=)t

J
5 =3 @) () 5 =0,
d=1
and the proof is complete.
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