CRITERIA FOR APWENIAN SEQUENCES
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ABSTRACT. In 1998, Allouche, Peyriere, Wen and Wen showed that the Hankel determinant
H,, of the Thue-Morse sequence over {—1,1} satisfies [, /2”1 = 1 (mod 2) for all n > 1.
Inspired by this result, Fu and Han introduced apwenian sequences over {—1,1}, namely, £1
sequences whose Hankel determinants satisfy /1, /2"~! =1 (mod 2) for all n > 1, and proved
with computer assistance that a few sequences are apwenian. In this paper, we obtain an easy
to check criterion for apwenian sequences, which allows us to determine all apwenian sequences
that are fixed points of substitutions of constant length. Let f(z) be the generating functions
of such apwenian sequences. We show that for all integer b > 2 with f(1/b) # 0, the real
number f(1/b) is transcendental and its irrationality exponent is equal to 2.

Besides, we also derive a criterion for 0-1 apwenian sequences whose Hankel determinants
satisfy H,, = 1 (mod 2) for all n > 1. We find that the only 0-1 apwenian sequence, among
all fixed points of substitutions of constant length, is the period-doubling sequence. Various
examples of apwenian sequences given by substitutions with projection are also provided.
Furthermore, we prove that all Sturmian sequences over {—1,1} or {0,1} are not apwenian.
And we conjecture that fixed points of substitution of non-constant length over {—1,1} or
{0,1} can not be apwenian.
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1. INTRODUCTION

Let a = agajas ... be a sequence over a field F and let f(z) = 220:0 a,z" be its generating
function. The Hankel determinant of the sequence a (or the formal power series f) of order n
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Finding rational approximations for f(z) is strongly related to the Hankel determinants of f. Let
p and ¢ be nonnegative integers. The Padé approximant [p/q|;(z) of f(z) is a rational function
P(2)/Q(z) with P(z), Q(z) € F[z], Q(0) = 1 and deg P(z) < p, deg Q(z) < ¢ such that
P(z)
J(z) =
NTE
Actually, the non-vanishing of 7,,(a) guarantees the existence of the Padé approximant [(n —
1)/n]s(2) (see [8, p. 34-36]) and
H n+1 (a)

1) =l = 1)/nls () = 0

Let b be a non-zero integer such that f(1/b) converges. Then [(n — 1)/n](1/b) yields a rational
approximation for the real number f(1/b), i.e.

= O(zPTath,

2271, + ()(2271,-‘,-1).

/)~ [0 = 1/l (1) < 2.

However, sometimes c(n) may become even bigger than v?". Therefore Padé approximants of
f(2) do not automatically give us good approximations of f(1/b). But in some case (like in the
case of infinite products, see for example [6, 9, 10]) they do.

When f(z) satisfies certain algebraic equations, in a sequence of works, the Hankel determi-
nants of f(z) have been shown to be an efficient tool in estimating the irrationality exponent of
f(1/b). Based on several Padé approximants, Adamczewski and Rivoal [1] estimated the irra-
tionality exponents for some automatic real numbers using Mahler’s method. In 2011, Bugeaud
[9] proved that the irrationality exponent of the Thue-Morse number is equal to 2. In his proof,
one important requirement is that all the Hankel determinants of the Thue-Morse sequence on
{-=1,1} are non-vanishing. This result was obtained in 1998 by Allouche, Peyriere, Wen and
Wen [4]. Bugeaud’s method works well for degree 2 Mahler functions. The remaining difficulty
is to calculate the Hankel determinants. Coons [11] proved that the irrationality exponent of
the sum of the reciprocals of the Fermat numbers is 2. Guo, Wen and Wu [16] verified that the
irrationality exponents of the regular paper-folding numbers are 2. Wen and Wu [25] showed
that the irrationality exponents of the Cantor numbers are also 2. The idea of evaluating the
Hankel determinants in these works are the same as in [4]. Han [17] proved that the Hankel
determinants of a large family of sequences are non-zero by using the Hankel continued frac-
tions. Using Han’s result, Bugeaud, Han, Wen and Yao [10] estimated irrationality exponents
of f(1/b) for a large class of Mahler functions f(z), provided that the distribution of indices at
which Hankel determinants of f(z) do not vanish is known. For a class of Mahler functions f(z),
Badziahin [7] developed a useful theorem which can be used to compute the exact value of the
irrationality exponent for f(b) as soon as the continued fraction for the corresponding Mahler
function is known. This improved the result of Bugeaud, Han, Wen and Yao [10].

1.1. £1 apwenian sequences. In the seminal work [4], Allouche, Peyriére, Wen and Wen
showed that the Hankel determinants of the Thue-Morse sequence t over {—1,1} satisfy for all
n>1,

H,(t)/2"'=1 (mod 2).



CRITERIA FOR APWENIAN SEQUENCES 3

Definition (+£1 Apwenian sequence). A sequence d = dpdyds -+ € {—1,1}* is called an apwe-
nian sequence if for all n > 1,
H,(d)
27171
When d € {—1,1}* is apwenian, then we also say that its generating function f(z) is apwenian.

=1 (mod 2).

Remark. The apwenian sequences occur in pairs. Namely, if d is apwenian, then apparently, —d
is also apwenian. In the sequel, we only focus on the apwenian sequences starting with 1.

Fu and Han [15] introduced the above apwenian sequences in honour of the authors of [4],
and investigated Hankel determinants for the formal power series

fo(z) =TI PG (1.1)
i=0

where p > 2 is an integer, P(z) = vg + 012 + - vp—12P71, vg = 1 and v; € {—1,1} for all
1 =1,...,p— 1. They checked for prime numbers p < 17 with computer assistance and found
that the apwenian series satisfying (1.1) are quite rare:

p 2 35 7 11 13 17
N1 110 1 1 2

where N, is the number of apwenian series satisfying (1.1) and v; = —1. They conjectured in
[15] that N%y = 1. In this paper, we obtain an easy to check criterion for apwenian sequences,
which allows us to determine all apwenian sequences that are fixed points of substitutions of
constant length.

Theorem 1.1 (+1 Criterion). Let d = dgdydy--- € {—1,1}°°. Then d is apwenian if and only
if
dn + dn+1 - d2n+1 - d2n+2
2
Let d € {—1,1}* and f(z) = >0~y d,2". In fact, if f(2) satisfies (1.1), then d is the fixed
point of the following substitution of length p:

Vn >0, =1 (mod 2). (1.2)

1~ UoU1 "+ Up—1, -1 l_foﬁl"'l_,'p_l (13)

where vg =1, v; € {—1,1} for i = 1,...,p—1 and 7 := —z for all € {—1,1}. In general, we
study the fixed point d = lim,,, 4+ 0™ (1) of substitution o of constant length p (not necessarily
prime numbers):

o:1l—=vgvy---vp_1, —1lwowy---wp_q (1.4)
where v;, w; € {—1,1} for alli =0,1,...,p — 1. By using the +1 criterion, we are able to show
that
Theorem 1.2. Letd = lim ¢"(1) where o is given in (1.4) with vg =1 and f(z) = >0 g dn2".

n— o0

If d is apwenian, then f(z) satisfies (1.1).

In Theorem 5.2 we establish a criterion on the substitution itself to tell when the series f,(2)
is apwenian for all p > 2. This result can be applied to the calculation of irrationality exponents.
Let £ be an irrational number. Its irrationality exponent is the supremum of the real numbers v

such that
T 1
=<2
S sY

holds for infinitely many pairs of (r, s) € ZxN. For the series f,(z) satisfying (1.1), Badziahin [7]
showed that the irrationality exponent of f,(1/b) is rational, where b > 2 is an integer with

m

P(1/bP ) # 0 for all integers m > 0. When the coefficient sequence of f,(z) is apwenian, the
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Hankel determinants of f(z) are all non-vanishing. Then a combination of Badziahin’s results
[6, Corollary 1] and [7, Theorem 1.2] yields that the irrationality exponent of f,(1/b) is equal
to 2. We can also apply Bugeaud, Han, Wen and Yao’s result [10, Theorem 2.1] to determine
the irrationality exponent exactly. Further efforts and new methods are needed to examine the
irrationality exponents of values of f(z) at rational points. A consequence of [7, Theorem 1.2]
(or [10, Theorem 2.1]) and Theorem 5.2 is the following

Theorem 1.3. Let p > 3 be an odd number, vo = 1 and v; € {—1,1} for i =1,...,p — 1.
Let f,(2) be the formal power series given in (1.1). Assume that b > 2 is an integer such that
P(-X:) # 0 for all integers i > 0. For m > p, define v,, := v; with m =i (mod p) and 0 < i < p.

br

Uj Vi1 = U241 — U2j42
2
then the real number f,(1/b) is transcendental and its irrationality exponent is equal to 2.

=1 (mod2), 0<j<p-—2

The next natural question is to determine the number of apwenian sequences (starting with 1)
which satisfy (1.3) for a given p. Let N, be the number of apwenian series f,(z) with f,(0) = 1.
We remark that when p is odd, N, = 2N,’. The first values of N, are the following:

p‘2345678910111213141516171819
Np‘1212001402020161402

Theorem 5.2 shows that when p is even, the sequence is apwenian if and only if it is the Thue-
Morse sequence. When p is odd, the number is given by the next theorem which is a consequence
of Propositions 5.4 and 5.6. For this, we need some notation. Denote by 7 the permutation

—3 —1 —+1
(0 e B B B e p=2)
13 -« p=2 0 2 - p-—3

Let p > 3 be an odd number and set
1(p) == ord,(2) = min{j € [1,p — 1] : p|(27 — 1)},
where [s,t] denotes the set of integers j such that s < j < t.

Theorem 1.4. Letp > 3 be an odd number. If there exists an odd cycle in the cycle decomposition
of T, then

Oth€1 WiSe
\Va k
i\‘p == 2 B

where k= “(17)) .’,j‘i’g*l ged(27 — 1,p) — 1 is the number of cycles of T.

In fact, our method does not only give the number of apwenian sequences, but it also provides
a way to find those apwenian sequences (see Remark 5.5).

1.2. 0-1 apwenian sequences. While we consider the Hankel determinants modulo 2 of a
sequence ¢ = cgcicy - -+, the natural alphabet that c lives on is {0,1}. One could project a
sequence d € {—1,1}* to {0,1}° by considering the sequence

d:= (di ~ dit2 mod 2) .
2 i>0

Our Lemma 3.4 shows that d is £1 apwenian if and only if 7, (d) = 1 (mod 2) for all n > 1.
For this reason, we introduce the 0-1 apwenian sequences. Throughout the paper, 0-1 apwe-
nian sequences and +1 apwenian sequences are both called apwenian sequences without any
ambiguous.
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Definition (0-1 Apwenian sequence). A sequence ¢ = c¢ocica - -+ € {0,1}°° is called an apwenian
sequence if for all n > 1,
H,(c)=1 (mod 2).

A criterion for the 0-1 apwenian sequences is also available.

Theorem 1.5 (0-1 Criterion). Letc = cocqca -+ € {0,1}°° such that co = 1. Then c is apwenian
if and only if for all n > 0,
Cn = Copg1 + Conga  (mod 2). (1.5)

We ask the same question on the number of 0-1 apwenian sequences that are fixed points
of substitutions of constant lengths. We have seen that there are not so many +1 apwenian
sequences. It is amazing that the 0-1 apwenian sequences are even rarer. In detail, we study the
fixed point ¢ = lim,,, 4o 0 (1) of substitution og of constant length p (not necessarily prime):

oo: 1= vgvy---vp—1, 0 wowy---wp_1 (1.6)
where vg =1, v;, w; € {0,1} for alli =0,1,...,p — 1. Denote by
0 :={ce€{0,1}* : ¢ = g¢(c) for some o given by (1.6)}
the set of all the fixed points of substitutions of constant length.

Theorem 1.6. The only apwenian sequence in O is the period-doubling sequence given by the
substitution 1 +— 10 and 0 — 11.

1.3. Organization. In section 2, we list some notation and basic properties of substitutions and
Jacobi continued fractions. In section 3, we prove Theorems 1.1 and 1.5 which give criteria for
0-1 and +1 sequences to be apwenian. In section 4, we prove Theorem 1.6. In section 5, we study
a special class of £1 sequences and prove Theorems 5.2 and 1.4. In section 6, we investigate
all substitutions of constant length on {—1,1} and prove Theorem 1.2. In section 7, we give
some examples. In the last section, we give some remarks on the permutation 7 and apwenian
sequences.

2. PRELIMINARY

2.1. Substitutions. The basic notation of words and substitutions can be found in [5, 20]. Let
A = {a,b} be an alphabet of two letters. For n > 1, the elements w € A" are called words. The

length of a word w is denoted by |w|. That is for any w € A", we have |w| = n. The set of all
finite words on A is written A* = U, >0A" where A0 = {e} and ¢ is the empty word. Let |w],
be the number of occurrences of the letter a in w. The conjugate of the letter a (vesp. b) is b
(resp. a), denoted by @ (resp. b). For any finite word w € A*, we define by @ = @y - - -y, the
conjugate of w.
For any two words w, v € A*, their concatenation, denoted by wwv, is the word
WIW o W V1V « - V)|

For wu,v,w € A*, if u = wv, then w (resp. v) is a prefix (vesp. suffiz) of u. For any w,v € A*, the

longest common prefiz of w and v is written w A v. The set A* with the operation concatenation
is a free monoid. A substitution o on the alphabet A is a mapping from A to A* and it can be
extended to a morphism on A*. Namely, for any w,v € A*,

o(wv) = o(w)o(v).
A substitution o is said of constant length, if there exists ¢ € N such that |o(a)| = £ for all a € A.
The elements a = agayas - -+ € A are infinite words or sequences. For a € A* and w € A%,
if a = vwa’ where v € A* and a’ € A, then w is a subword (or a factor) of a. A sequence
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a € A is uniformly recurrent if for any subword w of a, there exists an integer ¢ such that
every subword of length ¢ of a contains w as a subword.

An infinite sequence a € A is called a fized point of a substitution o if o(a) = a. There is a
natural metric on A%: for a, b € A

dist(a, b) = 27/a/Pl,

A substitution o on A is prolongable if there exists an a € A such that a is a prefix of o(a) and
|o(a)] > 2. A prolongable substitution has a fixed point
a= lim o"(a)
n——+oo

where the limit is taken under the natural metric and ¢™ represents the n times composition
oo---o0. If, in addition, the substitution o is primitive, i.e. there exists & € N such that for all
a, b € A, boccurs in 0" (a), then a is uniformly recurrent (see [5, Theorem 10.9.5]).

A sequence is Sturmian if for all n > 1, it has exactly n + 1 different subwords of lenght n.
A sequence a over the alphabet {a, b} is balanced if for any subwords u,v of a with the same
length, we have ||u], — |v]o] < 1. It is known that a sequence is Sturmian if and only if it is
a non-eventually periodic balanced sequence over two letters. Note that, if a is Sturmian on
the alphabet {a,b}, then exactly one of the words aa, bb is not a subword of a. We say that a
Sturmian sequence a is of type a if aa is a subword of a. For more details on Sturmian sequences,
see for example [20, Chapter 6].

2.2. Jacobi continued fraction. Let ' be a field and = be an indeterminate. For a non-
zero formal power series f(x) = > o, anz", its order || f| is the minimal n such that a, # 0;
the order of zero series is +00. Then F[[x]] is the ring of formal power series with the metric
d(f,g) = 279l for f g € F[[z]]. Let u = ujug... and v = vgv1vz... be two sequences of
elements in F, where v; # 0 for all 7. Consider the finite continued fraction

J, ::J("O e '1'?1—1) = 10 — € F[[«]].

uy Uy ... U, )
+ ur —

1+ ugr —

0 2
Unp—1T

1 In—1L — ——
+ -1t 1+ u,z

The sequence (J,,) always converges in F[[z]]; see for example [14, Theorem 1]. Its limit defines
the infinite continued fraction

vg U1 U2 ... vo
g(vo 1 2 — .
Uy Ug  UZ ... V1T
1+wue —

vox?
1+ ugw —

1+ usr —

(,3',1.2

which is called the Jacobi continued fraction (or .J-fraction) attached to (u,v). The finite con-
tinued fraction J,, is called the n-th approximant of J (ZO ill 22 o )
1 U2 U3
The following basic properties of J-fractions are obtained by Heilermann [18]; see also [22,
Chapter IX & XI|. A formal power series f(x) yields a J-fraction expansion if its Hankel de-
terminants are all non-vanishing, i.e. for all n > 1, H,,(f) # 0. A closer relation between the
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Hankel determinants and ./-fraction expansion of a formal power series is the following: if
vg U1 Vg ...
fo=a( ),
Uy U us N

H,(f) = (,'6"'1,"11711,'72772 2 .

Moreover, the order of the n-th approximant is 2n + 1, namely,

f(x)=J (('O v .. Unl) _ ()(2271+1)'

Uy Uz ... Unp,

then for all n > 1,

The power series expansion (in ascending order) of f(x) and its n-th approximant agree on just
the first 2n terms.

3. CRITERIA FOR APWENIAN SEQUENCES

In this section, we first prove a criterion for 0-1 sequences to be apwenian. Then by studying
the relation between 0-1 sequences and +1 sequences, we transfer the 0-1 criterion to the +1
criterion.

3.1. 0-1 Criterion. Let ¢ = cpcyeg -+ € {0,1}°°. Recall that c is apwenian if for all n > 1, its
Hankel determinants

o 1 o Cpet
1 Co  c Cn
H,(c) = : — =1 (mod 2).
Ch—1 Cp - Con—2

Theorem 1.5 gives a sufficient and necessary condition for a 0-1 sequence to be apwenian. To
prove the result, we need some preparation.

Lemma 3.1. Let f(x) =35, c;xt where co = 1. Then, the condition (1.5) is equivalent to
1+ 22f(22) = wfo% ) + f(2)  (mod 2), (3.1)
where [O4 (1) = 37,50 coipr0® T and [ () = 305 et

Proof. Let b = bob1by - -+ € {0,1}°° be a sequence satisfying (1.5). Write its generating function
by g(x) = Zizo bt and let g°dd(r) = Zizo boir122L and goven () = Zizo by 2.
For any ¢ one has by + 22g(2?) = by + 22 Y5 biz*" and

.’1“(]0dd(.1,‘) + geven('l,) _ Z b2i+1('l‘2i+2 + | bo+ Z b2i+2-’f‘2i+2

>0 >0
=bp + Z(b2i+1 + bajga) 2?2
i>0
Thus by + 22g(22) = 2¢°%(2) + ¢°V°*(x) (mod 2) if and only if b; = be; 1 + ba;yo (mod 2) for
all > 0. O

Lemma 3.2. Let uy € {0,1} and g(x) = >~ bz’ where bg = 1 and b; € {0,1} for all i > 1.
Define -
1
Jw) = 14wz — 22g(x)
Then f(x) satisfies (3.1) if and only if g(x) satisfies (3.1).
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Proof. Write h(r) := f(2)(1 + ugx — 22g(x)). Then h(z) = 1 means that h°d4(r) = 0 and
hever(r) = 1. Note that
W) = £+ s — 72g(2)
= (o4 (1) 4 feven(y { uyr — 22g°%(2)) + (1 - 'Ir2gcvcn(',1,)):|.
So

__ 1odd ) = odd T 2 even even (. u T — 2 odd
{Oh () = fo9U2) (1 = 2%g™" (7)) + f (@) (wra — 27" (), 32)

1= heven(x) — feven(x) (1 o x2geven( )) + ded(it) (ulx o $2gOdd( ))
Solving the linear system (3.2) in variables f°99 and f°'*" one obtains
e (a) = F@)f(=2) (1= 2260 (2)) and [ (2) = f(0) f(~2) (26" (2) — urz)
Consequently,
o) = (uge 4+ 22g°49(2)) £ (?) and foV(r) = (1 4 22" (2)) f(22)  (mod 2). (3.3)
If g(x) satisfies (3.1), then
.'I,’ded(,I?) + fcvcn(l,)

w(urz + 22g°4 (@) (o) + L+ 229 (@) [ (+2)
= [(@?)(wne? + 2% (@) + 1+ 22670 () )
= f(;z:2)<1 +upa? + 22 (1 + .1,‘29(;1‘2))) by (3.1) for g(x)
= 1) (ke + )
=1+22f(2%) (mod 2)
which is (3.1) for f(x). Conversely, if f(«) satisfies (3.1), then noticing that iy = 1+ u12? —

21g(2%), we have

L4+ (14 uy)a? — atg(a?) = f(11 By (1 + 22 f(x ))
= f(i 5 (477990 4 7)) (mod2) by (81) for £(2)
= e + 234 (0) + 14 226V (2)  (mod 2). by (3.3)
Therefore,
22 — 2tg(2?) = 22 (2°% () + ¢**(2))  (mod 2)
which implies that g(z) satisfies (3.1). O

)
Lemma 3.3. Let (t,),>0 be the 0-1 Thue-Morse sequence given by tg = 1, ta, = t, and
tany1 =1 +t, (mod 2) for all n > 0. Then g(x) = > ,50(tn + tuq2)2" satisfies (3.1).

Proof. Write h(z) :=3_,5t;x". Then g(x) = h(x) + =5 (h(x) —1). Note that

gOdd(:1') = Z(tzHl + t2i+3):1'2i+1
i>0
D (tiH )2

i>0

= zh(2?) + %(h(.z’;z) — 1) (mod 2)
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and
gcvcn (I) — Z(tQI + t2’i,+2)'7'2i
i>0
= Z(fz + ti+1)(172i
i>0
1
= h(2?) + = (h(:1'2) - 1) (mod 2).
Therefore,
1
2g°%(2) 4+ ¢ () = 22h(2?) + h(z?) — 1 4 h(2?) + = (h(kl,,‘z) - 1)
1
— 2702y, + 2y _
=1+ 2°h(2%) + = (h,((z, ) 1)
=1+ :1‘29(.1:2) (mod 2).
So g(r) satisfies (3.1). O

Now we are ready to prove Theorem 1.5.

Proof of Theorem 1.5. The ‘only if” part. Let f(r) = > .5, c;z'. We can check directly that
Hy(f) = 1 (mod 2) implies co = 1 (mod 2), and H1(f) = Ha(f) = 1 (mod 2) implies ¢y =
1 (mod 2) and ¢1 4¢3 = ¢o (mod 2). For any & > 2, suppose H,,(f) =1 (mod 2) for all n € [1, k].
Then [ yields a J-fraction expansion

f() = ; . (3.4)
1+ wue — 5
1+ uge —

T4+ up—qx—a2f(x)
Replace f.(+) in (3.4) by g() in Lemma 3.3, and denote the resulting series by f’(2) = Y, i’
Since f(r) and f’(x) have the same (k — 1)-th approximant, and the order of the (i — 1)-th
approximant is 2(k — 1) 4+ 1, we have ¢; = ¢;/ for i =0, 1,...,2k — 2. It follows from Lemmas 3.3
and 3.2 that f/(x) satisfies (3.1). Then by Lemma 3.1, ¢g = 1 and ¢; = c9;41 + ¢2i42 (mod 2)
holds for all ¢ € [0,k — 2].

The ‘if’ part. For the converse, suppose that ¢ = 1 and ¢; = ;41 + ¢2i+2 (mod 2) holds for
all i > 0. It follows from ¢g = 1 (mod 2) that H1(f) =1 (mod 2). Consequently, f(z) yields a
J-fraction expansion

1

J(@) = 14wz —22f1(x)
Since f(z) satisfies (3.1), by Lemma 3.2, f1(z) also satisfies (3.1). So f1(z) has a J-fraction
expansion

1
fale) = 1+ uge — 22 fo(x)
Now f1(x) satisfies (3.1). This yields that H1(f1) = 1 (mod 2) and fa(x) satisfies (3.1). In
summary,

f(l) = ! 2

x
1+ wux —
s 1+ ugw — 22 fo(x)
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and fo(2) satisfies (3.1). Repeating the previous argument, we find the .J-fraction expansion

of f(x):
1 1 1 .-
J (ul Uy U3 - )

where u; € {0,1} for all ¢ > 1. Hence H;(f) =1 (mod 2) for all i > 1. O
3.2. £1 Criterion. Let d = dydydy--- € {—1,1}°°. Recall that d is apwenian if for all n > 1,
H,(d)/2" ' =1 (mod 2).

Our criterion for a +1 sequence to be apwenian is stated in Theorem 1.1. Before we prove
Theorem 1.1, we need a relation between 0-1 apwenian sequences and +1 apwenian sequences.

Lemma 3.4. Let d = dodydy--- € {—1,1}* and let ¢ = cocica--- € {0,1}° where ¢; =
% (mod 2) for all i > 0. Then d is £1 apwenian if and only if ¢ is 0-1 apwenian.

Proof. Let b; = % for all # > 0. Then

1—2bp 1-2b; -+ 1—2b,4
1—20 1—2by --- 1-2b,
1—-2b,-1 1=2b, -+ 1—2bg,_o
1-— 2b0 bO - bl e bn—? - bn—l
1—2b1 bl —bg bnfl _bn
="t : :
1- 2bn—1 bn—l - b'n, e 1)271,—3 - b2n—2
1 bo—0br -+ bp—2—by_1 bo bo—0br -+ bp—o—bp_1
1 bl - [)2 e bn—l - b'n, bl bl - b2 e b’n,—l - bn,
=2""1 : , : 2" : .
1 bnfl - bn o b2nf3 - b2n72 bnfl bnfl - bn o b2n73 - b2n72
1 bO - bl T bn—2 - bn—l bO *bl e *bn—l
2 bO - b2 e b71,72 - bn bl _b2 e _bn
="t : , : —-2"| . S :
2 bn—2 - bn e b2n—4 - b2n—2 bn—l *bn, e *b2n—2
Dividing both sides by 2"~!, we have
1 bO - bl e b71,—2 - b'n,—l bO *bl e *bn—l
Hn(d) 2 bO - b2 e bn72 - bn bl _b2 T _bn
= . . . 2| . .
2 bn,—2 - bn, e b27:,—4 - b2n—2 bn—l *bu e *6271—2
1 bo—=0br -+ byp2—0by1
0 bO - b2 e bn,—2 - bn
= ) ) ) (mod 2)
0 bn,72 - bn o b2n,74 - b2nf2
Co e Cp—2
= (mod 2)
Cn—2 e Con—4
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=H,_-1(c) (mod 2). O
Lemma 3.4 allows us to transfer Theorem 1.5 to be a criterion for +1 apwenian sequences.

Proof of Theorem 1.1. By Theorem 1.5 and Lemma 3.4, the +1 sequence d is apwenian if and
only if dy = —dy and

Z'n - l'u, ] n - 1 n ] n - 1 n
Yn>o0, o nt2 o Dl T Gands | Tondrm Gandd (04 9), (3.5)

2 2 2
Adding up the equation (3.5), we obtain its equivalent form: Vn > 0,

n

di —diys <= [(d2iy1 — doivs  d2iyo — daita
> _z( L L (mod 2)

which reduces to
do+dy  dpy1+dugo _ di+dy dopgs + donya

Yn >0, 3 3 =— 3 (mod 2). (3.6)
So (3.5) is equivalent to (3.6). It follows from the initial condition dy = —da that (3.6) is
exactly (1.2) for n > 1. Since dg = —dz is just (1.2) for n = 0, we conclude that (3.6) and (1.2)
are equivalent. This completes the proof. ]

4. THE 0-1 APWENIAN SEQUENCES GENERATED BY TYPE I SUBSTITUTIONS

In this section, we focus on sequences generated by substitutions of constant length p > 2 on
{0,1} such that
ol lwywp—1, 0 vguy---vp_1,
where w;, v; € {0,1} for all i. These substitutions are called of type I. Let ¢ = cocica - -+ be the
fixed point of o starting with 1.

Remark. If o is a substitution such that (1) is not starting with 1, then either the substitution
does not have a fixed point or the fixed point is starting with 0 and it is not apwenian.

Example 4.1. Let ¢ be the substitution 1 — 10 and 0 — 11. Its fixed point
c=101110101011101 - - -

is the well known period-doubling sequence; see for example [12]. The sequence c satisfies the
recurrence relations cg,, = 1 and ¢g,41 =1 — ¢, (n > 0). Hence, by Theorem 1.5, ¢ is apwenian.

It is interesting to see that substitutions of constant length actually give only one 0-1 apwenian
sequence, namely, the period-doubling sequence.

Theorem 4.2. Let c € {0,1}* be the fized point of a type I substitution of length p such that ¢
1s starting with 1. Then c is 0-1 apwenian if and only if c is the period-doubling sequence.

Proof. Let c be the fixed point of . Then it is also the fixed point of ¢ for all m > 1. Hence,

we always assume that the length of ¢ is p with p > 3. By Example 4.1, we only have to prove
the necessity. Since cocica - =c¢ = o(c) = a(co)o(er)o(cz) -+, we have for all 7 > 0,

U(Ci) = Cipcip+l s C(i+1)p71- (41)

Suppose that ¢ satisfies (1.5). Then ¢y = 1 and ¢1 + ¢ = 1 (mod 2). There are only two cases

to be considered.
Case 1: ¢; =1 and ¢o = 0. By (4.1), o(co) = o(c1) = o(1) implies

Cp—1 = Cop—1 and ¢, = ¢y = 1.
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By (1.5), ¢p—1 = cop—1 + cop (mod 2) and cop = Capp1 + Capr2 (mod 2). Hence, 0 = cg, =
Cap+1 F Cap+2 (mod 2). Since o(1) = 110---¢,—1 and o(cs) = CapCapt1Cap+2 - - - Csp—1, We have
cqg = 0. Tt follows from (4.1) and ¢3 = ¢4 = 0 that

C2p+1C2p+2 = Cap4+1C4p+2-

S0 ¢p = Copt1 + Copto = Capt1 + Capyo = c2p = 0 (mod 2) which is a contradiction.

Case 2: ¢ = 0 and co = 1. By (4.1), cop = copt2 = 1 and copp1 = 0. Then, by (1.5),
Cp = Copt1 + Copye = 1 (mod 2). This implies that both ¢(0) and o(1) are starting with 1. By
(4.1), we have for all i > 0,

cip = 1. (4.2)
Using (1.5) and (4.2), for i > 0, we have

Clit1)p—1 = Co(it1)p—1 + C2(>i1)p = C2(it1)p—1 + 1 (mod 2)
which implies that the last letter of o(c;) and o(ce;41) are different by (4.1). So ¢; # cgi41. In
the other words, for all i > 0,
coiv1 =¢;+1 (mod 2). (4.3)
It follows from (1.5) and (4.3) that for all i > 0,
Coita =¢itcaip1 =i+ +1=1 (mod 2). (4.4)

The recurrence relations (4.3) and (4.4) with the initial value ¢g = 1 show that c is the period
doubling sequence. O

5. THE +1 APWENIAN SEQUENCES GENERATED BY TYPE II SUBSTITUTIONS

In this section, we focus on a particular class of substitutions of constant length on the alphabet
{-1,1}. Based on Theorem 1.1, we give a detailed criterion (Theorem 5.2) on the substitution
itself to tell whether its fixed point is apwenian or not. This detailed criterion not only allows us
to give the exact formula for the number of apwenian sequences (see Propositions 5.4 and 5.6),
but also provides a way to write down these apwenian sequences (see Remark 5.5). We call this
particular class of substitutions of type II.

Definition 5.1 (Type II substitution). We say a substitution o on A = {—1,1} is of type II if
it satisfies
1 VoU1 * "t Up—1, 71I—>I_,'0(_,‘1"'l_‘p_1
where p > 2, vg =1 and 7; := —v; for i =0,1,...,p — 1. The length of the substitution o is p.
Let d = dgdydy -+ € {—1,1}7°° be the fixed point of a type II substitution starting with 1.

It follows from d = o(d) that for all n > 0, o(d,) = dppdnpt1 - - dnptp—1. Then for all n >0
and j =0,1,...,p—1,

(ln,p+j = '1‘.7'dn. (51)
Here v;d,, represents the product of integers v, and d,,. Moreover, from (5.1), we find that the
generating function f,(r) = 37 d,x" satisfies

fp(2) = (vo +v12 4 -+ vp_12P7 1) f (2P) (5.2)

where v; € {—1,1}. Now we introduce our criterion for +1 apwenian sequences generated by
type II substitutions.
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Theorem 5.2. Let d € {—1,1}T° be the fized point of a type II substitution of length p > 2
and d is starting with 1. For m > p, define vy, = v; where m = np 4+ j with n > 0 and
j=0,1,...,p—1.

(1) When p is odd, d is £1 apwenian if and only if

Uit Vit — ;2”1 — 242 =9 (mod 2), 0<j<p-2. (5.3)

(2) When p is even, d is £1 apwenian if and only if d is the Thue-Morse sequence.

Remark 5.3. Let p be even and N, be the number of apwenian series satisfying (5.2). Then,
Theorem 5.2 implies that

1, if p=2" for some k > 1,
N, = )
0, otherwise.

Proof of Theorem 5.2. If d € {—1,1}7* is the fixed point of a type II substitution of length
p > 2 and d is starting with 1, then d satisfies (5.1). To apply Theorem 1.1, we need to check
the relation between (1.2) and (5.3).

When 0 < j < 252 we have 0 < 2j+1<2j+2<p—1. Foralln >0,

Anp+j + dnptjt1 = danpti)+1 = da(np+i)+2
2
_ ppyj + dnptjr1 — danpr2j+1 — danpioj+2
N 2
_ I/Jdﬂ, + I/J—',-ldu (;J-‘,-ldQu, t 2J+2d2n, by (51)
_ ViU Vil T U2t
9 n 2 2n
l,'j + 'l'j+1 'l'2j+1 + l,'2j+2

= 5 - 5 (mod 2). (5.4)

When%§j§p—2,wehavep§2j—|—l<2j+2§2p—2. For all n > 0,

Anptj + dnprj+1 — da(nptiy+1 — D2(nptj)+2

2
_ dpptj + dnpritt — d@nti)pr2j+1-p — d@n+1)pr2j+2-p
B 2
_ Vjdp + Vj41dy — V2j41—pdant1 — V2j42—pdant1 by (5.1)
2
_ Uit Uit V2itlep T U2j42-p
2 2 2t
=Y *2"-7'“ _ L2 ; U242 (110d 2). (5.5)
When j = p — 1, we have for all n > 0,
drp+j + dnptj+1 = danp+i)+1 = da(np+i)+2
2
_ duptp—1 + duptp — donprop—1 — donpy2p
N 2
_ Up—1n + Vodpt1 ;p—1d2n+1 vod2n42 by (5.1)
o d,L — dgn_‘_l o dn—&-l — d2n+2

=Up—-1 9 Uo B
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ln —d n dn —d n
= 22 +1 Tntt 5 2142 (mod 2). (5.6)

(1) If p is odd, then pT_?’ and pT_l are two consecutive integers. If d is =1 apwenian, then by
Theorem 1.1, we obtain (5.3) from (5.4) and (5.5). Conversely, if (5.3) holds, then (5.4), (5.5)
and (5.6) yield (1.2) by induction on n. It follows from Theorem 1.1 that d is +1 apwenian.

(2) Suppose p is even and p = 2¢ with ¢ > 1. If d is =1 apwenian, then by Theorem 1.1, (5.4)
and (5.5), we have

Vg T Vg1 T V2j1 T V2542 =1(mod?2), 0<j<p-—2andj+#qg—1.

2
Hence,
D s S = p—2=0 (mod 2).
0<j<p—2
J#q—1
It follows that
“H; Ye - 10 2"’” (mod 2). (5.7)
Thus,
Anptg—1 + dnptq — da(npt+q—1)+1 — d2(nptq—1)+2
2
_ dnp+q71 + danrq - (12np+p71 - d(2n,+1)p
2
l'qfldn, + [—f'qdn - [r'pfld2n - 1'0d2n+1
= by (5.1
5 y (5.1)
_ Vg—1 + Ugq d. — l'pfld2n + ('Od27L+1
2 " 2
. Vo Vp—1dan + vodan
= “’*2”’ Lg, — =122 ;l‘” L (mod2) by (5.7)
dn - d2n,+1 dn - dZn
= v Jp—
2 0 2 !
dn - d n ln, - i n
= 22 e 2(2 (mod 2)
1o, + dan
=1+ w# (mod 2). (5.8)

If d is £1 apwenian, then by (1.2) and (5.8), we have for all n > 0, % =0 (mod 2). This
implies that
Vn>0, doyyr = —dap. (5.9)

By Theorem 1.1 and (5.9), we obtain that for all n > 0,
dn + dn+1 - d2n,+l - d2n,+2 —_ dn + d71,+1 + d2n, - d271,+2

5 = 5 =1 (mod 2).
Hence,
”z_:l di + dity +2d2i — daita =n (mod 2)
i=0
which reduces to
VYn>0, do=d,. (5.10)

It follows from (5.9) and (5.10) that d is the Thue-Morse sequence. O
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5.1. The +1 apwenian sequences when p is odd. Let p > 3 be an odd number and let
o1 vovr, - vp_1, 0 = Tol1---Up_1 be a type II substitution of length p. The mapping
Jj—2j+1 (mod p) defined on N induces the permutation

13 -« p=2 0 2 - p-3

For j =0,1,...,p — 2, write

Then 06(j) € {0,1} and (5.3) is equivalent to the linear system
4(0) 5(7(0)) 1

; + : :

3(p—2) (r(p = 2)) 1

Note that (5.11) is a linear system on the Fy-vector space Fg_l. Then it has either no solution
or 2" solutions for some & > 0.

By Theorem 5.2, searching for +1 apwenian sequences that are fixed points of type II sub-
stitutions turns out to be solving the linear system (5.11). The following result shows that the
solutions of (5.11) can be characterized by the cycle decomposition of the permutation 7.

(mod 2). (5.11)

Proposition 5.4. Let p > 3 be an odd number.

(1) The linear system (5.11) has no solution if and only if there is an odd cycle in the cycle
decomposition of T.

(2) The linear system (5.11) has 2" solutions if and only if T can be decomposed into k cycles
of even length and T contains no cycles of odd length.

Proof. Let h be the number of cycles in the cycle decomposition of 7. Write the cycle decompo-

sition of 7 as
(.1{1), . ,;1'5?) (;1'52), cey 1532)) . (.r(lh'), cey 1&’}”) (5.12)

where r; > 1 (i =1,...,h) and r1 +---+ 71, = p— 1. We reorder the linear system (5.11) into h
subsystems according to the cycles. For £ =1,2,... h, the ¢-th cycle yields the ¢/-th subsystem

3(a8?) +o(r(zi) = 1, 5(a8) +8(28) = 1,
. that is (mod 2) (5.13)
5z + 8(r(29)) = 1, 5z + 62y = 1.

Denote by Cy and (C | 1) the coefficient matrix and the augmented matrix of the ¢-th subsystem,
where 1 is the column vector (of suitable size) with all entries equal 1, i.e.,

11 11 1

1 1 1 1 1

Cy = and (Cz|1)= . .
1 1 1 171

1 1 roxre 1 171

Working over Fa, the row echelon forms of Cy and (Cy|1) indicate that for £ =1,...,h,

— 1. ifris
rank(Cy) =rg—1 and rank(Cy|1) = {Tz DT even, (5.14)

Ty, if Ty is odd.
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(1) Now we prove the ‘if” part. Suppose that T contains a cycle of odd length, i.e., there exist
j€{1,...,h} such that r; is odd. By (5.14), rank(C';) # rank(C} |1). So the j-th subsystem is
inconsistent. This implies that the linear system (5.11) has no solution.

For the ‘only if’ part, see the proof of the ‘if’ part of Proposition 5.4(2).

(2) Recall that we write the cycle decomposition of 7 as in (5.12) and reorder the linear system
(5.11) into h subsystems as in (5.13). The coefficient matrix of the reordered linear system (5.11)
with variables arranged in the order

1 2 ¢ h )
5M), 8@, 8P, 6@, ), eD)
is the block diagonal matrix C' = diag(Cy,Ca,...,C}). Note that
h h
rank(C) = Zrank((}'i) = Z(rl —-1)=p—1—h. (5.15)
i=1 i=1

The ‘if’ part. Assume that h = & and 7 is even for all £ = 1,...,k. Then, by (5.14),
rank(Cy) = rank(Cy|1) =7, —1for £ =1,..., k. So the ¢-th subsystem is consistent and it has
one free variable. Precisely, for £ = 1,..., %, the solutions of the /-th subsystem are

Sy =14 +6() (mod2), j=1,...,7. (5.16)
In total the linear system (5.11) has & free variables and it has exactly 2" solutions.

The ‘only if* part. Assume that the linear system (5.11) has 2" solutions. Then all the h
subsystems have to be consistent. So for ¢ = 1,...,h, rank(Cy) = rank(C,|1) and 7, is even
by (5.14). Namely, all the cycles in the cycle decomposition of 7 are of even length. Moreover,
when the linear system (5.11) has 2" solutions, there are / free variables in (5.11) and rank(C) =
p—1— k. Then it follows from (5.15) that h = k. So, in the cycle decomposition of 7, there are
exactly % even cycles and no odd cycles. O

Remark 5.5. Once we have the cycle decomposition of 7, we can read all type II apwenian
substitutions from (5.16). For example, when p =9,

7 =(1,3,5,7,0,2,4,6,8) = (0,1,3,7,6,4)(2,5).
Write (5(0),5(2)) = (x,7) € {0,1}2. By (5.16),
o=(r,1—w,y, o, 1 —u, 1 —y, x, 1 —x).

Recall that d(j) = ~—**. While the initial value is vo = 1, there are only four type IT apwenian

substitutions:

T ‘ Vo U1 (%) V3 V4 (%51 Ve Vr Vg
1 -1 -1 -1 1 -1 -1
1 -1 1 1 -1 -1 -1

-1 -1 -1 1 1 -1 1

-1 -1 1 -1 -1 -1 1

)

0,
0,
1
1

)

—= O = ol
NN NN N
— =

—_ = =

5.2. The cycle decomposition of 7 when p is odd. Let p > 3 be an odd number. Recall
that

1(p) :=ord,(2) = min{j € [1,p — 1] : p|(2’ — 1)}.
By the minimality of /.(p), we know that u(p)|m if p|(2™ — 1). Hence, by Euler’s theorem,
1(p)|#(p), where ¢(p) is the Euler function. In particular, ;(p)|(p — 1) if p is prime.

Recall that 7 is the permutation on {0,1,2,...,p — 2} induced by j + 2j + 1 (mod p) :
N )
13 -+ p=2 0 2 -+ p-=3

We obtain the following explicit formula for the number of cycles in the cycle decomposition of 7.
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Proposition 5.6. Let p > 3 be an odd number. There are k cycles in the cycle decomposition
of T, where

(p)—1
k= —— Z #{nel0,p—2: (2 —=1)(n+1)=0 (mod p)}
np) =
1 1(p)—1 )
= ,:Zo ged(2/ —1,p) — 1. (5.17)

Proof. Since 2/(?) = 1 (mod p), we have for any m € N, 2/l = m (mod p). Note that
7 (n) =2/n+2 —1 (mod p) for any j > 0. Hence 7/(?) = id. The subgroup generated by 7 is
G:= {771 ... 77'“(7’)_1}.

The number of orbits of the mapping

Gx{0,1,2,....p—2} — {0,1,2,....p—2}
gxx — g(z)

is equal to the number of cycles in the cycle decomposition of 7. Denote by Fix(77) the set of
fixed points of 77. By Pdlya’s enumeration theorem or its special case — Burnside’s lemma [21,
Theorem 3.22],

1 n(p)—1 .
k= ) ]go #Fix(r7)
n(p)—1
:mlp) S #{nelop-2:(2 -1)n+1)=0 (modp)}. (5.18)
' j=0

For any fixed j, let gcd(2/ — 1,p) =: d. Then
2 —1=s-d and p=t-d
where ged(s,t) = 1. For n € [0,p — 2], we have
(n+1)-(2 -=1)=0(modp) = (n+1)-(s-d)=0(modp) = n+1=m-t.
Whilel<n+1<p—-—1landn+1=mt, wehave l <m <d—1. So

#{nel0,p—2:(n+1)(2-1)=0 (modp)}
=#{me[l,d=1]:(m-t)-(s-d)=0 (mod p)}
=d—1=gcd(2/ —1,p) — 1.

By (5.18), we derive

1 w(p)—1 ) n(p)—1 ,
k= (ged(2/ = 1,p) — 1) = — ged(2’ —1,p)—1. O
1(p) ;0 1(p) ,:Zo

It follows from (5.17) that

b= S dx #{j € [0, u(p) — 1] : ged(2 — 1,p) = d} — 1. (5.19)
) 5
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For example, when p = 9, we have 11(9) = 6 and

jl0 1 2 3 45

27 (mod9) |1 2 4 8 7 5
2j—1(m0d9) 01376 4
91 3 1 3 1

Sok=2(1x34+3x2+9x1)—1=2
Now, we are ready to prove Theorem 1.4.

Proof of Theorem 1.4. According to Theorem 5.2 (1), N, is equal to the number of solutions
of (5.3) which is equivalent to the linear system (5.11). If 7 contains an odd cycle, then by
Proposition 5.4(1), N, = 0. The remaining case follows from Propositions 5.4(2) and 5.6. O

Corollary 5.7. Let p > 3 be an odd number and the cycle decomposition of T has k cycles.

(1) Ifp = pt, where py is prime with 1(p?) = ;1(p1)py and £ > 1 is an integer, then k = /’jtpllﬁ

(2) If p = p1pa, where p1,pa are prime and py # pa, then k = gRiETy + BES + B
where lem(a, b) is the least common multiple of a and b.

We remark that some primes p do not satisfy 1(p?) = j(p)p, for example, the Wieferich
primes [23]. To prove Corollary 5.7, we need the following lemma.

Lemma 5.8. Let p > 3 be prime with 1(p®) = p(p*~1)p for some integer s > 2. Let p; and po
be prime with py # pa.

(1) u(p®) = p@*)p for all € > s.
(2) 11(p1p2) = lem(p(p1), 11(p2))-

Proof. (1) The conclusion holds for ¢ = s. Assume that the conclusion holds for ¢ = & where
k> s, we prove the case £ = k 4+ 1. We first show that p" { (2/¢*") — 1), By the inductive
assumption, /(p") = (p"~1)p. Then p* § (2@~ — 1) and
ou(p") _ 1 — o "Hp _ 1 = (2//(1)’ b ) P(k),
where P(k) = (p+2/®" ™) — 14 ... 4 20-D0® ™) _ 1), When & = 2, since p|(2"(®) — 1) and
p? 1 (2°P) — 1), we can write 2°(P) = hp + 1 with p{ h. Then
P(2) = (p + hp + hp(1 + 2/1(1))) + -+ hp(l+ oup) ... 2(1772)/1(1))))
= (p + hp + hp(2 +20P) 1) 4.4 hp(p — 1 + 1) _ 1 4 ... 4 o=2)ulp) _ 1))

p—

(p 42— 2h + hp(Qﬂ(p) )4+ }Lp(Qll(P) — 144 2Dulp) _ 1))

Note that p|(27/(®) — 1) for all m > 1. We have p2 { P(2). So p®{ (2(P*) —1). When & > 3, we

have p |(2m”(p1'71) —1) for all m > 1. Hence, p?  P(k). Consequently, p‘+1 ¢ (20" — 1),
Since p”|p"*t, we have ;1(p")|(p"*1). Suppose that ;(p"*1) = (p")> with # > 1. Note that

on(P)r _ 1 = (2/1(1)") — D1+ o1 (P") + 9i(p")2 4t 9 (p" )(,1:—1))
= (2" — 1) (42000 1 4202 g g oD gy,
Since p"’+1|(2“(p}')"’ - 1), p"’|(2“(p}') —1) and p"*1 ¢ (2/‘(1’/“) — 1), then
plo+20@ ) 1 4 or@ T2 oy on@ e ),

Since p\(2“(1’/‘_1)m — 1) for all m > 1, we have p|z. Hence, by the definition of /(p"*1), we have
r = p. Finally ;(p"*1) = n(p")p.
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(2) Let L = lem(u(p1), 11(p2)) and suppose L = 1(p1)x = 1(p2)y where z,y € N. Then
2F — 1= (2¢P) —1)(1 + 2 .o g 2= Dlen))
— (2//(172) _ 1)(1 + 91(p2) R 2(.‘/—1)/4(:02)).
Since py[(2"®1) — 1), py|(2/®2) — 1) and py # p, we have pipo|(2” — 1). Therefore, /i(p1ps)|L.

On the other hand, since p;|p1p2 and pa|p1p2, we have 11(p1)|(p1p2) and 1i(p2)|(p1p2). Hence,
L{u(p1p2). So that L = j(p1p2). O

Proof of Corollary 5.7. (1) If d|p%, where p; is prime, then d = p} with 0 < i < £. Note that for
every odd number p’ > 3, if p/|(2™ — 1), then there exists an integer & such that m = ku(p’).
Hence, for any fixed i € [0, ¢ — 1], if pi[(2/ — 1), then j = ku(pt) for some k. It follows that
: o 1(p)
#1317 €[0,ulp)—1]:p1|(27 = 1)} = .
{ [ ( ) ] 1|( )} /((pl)
For any fixed i € [0,¢ — 1], by the fact that ged(2’ — 1,p) = p! if and only if pi|(2/ — 1) and

Py (27 — 1), we have

#1{7 €0, u(p) — 1] : ged(2' — 1,p) = pi } = //Il'((p]?) - é;(ﬁ)l)
1 1P

where /1(1) = 1. By Lemma 5.8, for any fixed i € [1,¢ — 1], we have
# {7 €10,1(p) = 1] : ged(2’ = 1,p) = pi } =pi™" " (1 — 1).

Note that ‘
#1{7€0,u(p) — 1] : ged(2) —1,p) =p} =1
and
#{j€0,1(p) = 1] : ged(2) —1,p) =1} = u(p) —py "
By (5.19), we have i = 2Ly,

n(p1)
(2) If d|p1p2, where p; # pa are prime, then d € {1, p1,p2,p}. Similarly, we have

#{7€[0,1(p) = 1] : ged(2’ — 1,p) = po} = /i[((zvpz)) -

Note that # {j € [0, 1(p) — 1] : ged(2/ — 1,p) = p} = 1. We have
. . oty oy 1 (@) ()
# {7 €0,1(p) = 1) : ged(2” = 1,p) =1} = pu(p) — 1 o o) Y

By (5.19) and Lemma 5.8, we have i = Z=D@22l o ol o panl m

The following proposition gives a description of p when there is an odd cycle in the cycle
decomposition of 7.

Proposition 5.9. Let p > 3 be an odd number. There is an odd cycle in the cycle decomposition
of T if and only if p = mp;y for some m > 1, where 11(p1) is odd.

Proof. The ‘if” part. If p = mp; for some m > 1, then p|m(2/(1) —1). Hence, 7/®1)(m — 1) =
m — 1. Since 1(p1) is odd, there is an odd cycle in the cycle decomposition of 7.

The ‘only if’ part. If there is an odd cycle in the cycle decomposition of 7, then there exist
m>1landn € {0,1,...,p—2} such that 7" (n) = n. So p|(n+1)(2™—1). Note that n+1 < p—1.
Hence, there exist p; > 2 and py > 1 such that p = pyps and py[(2™ — 1). Since py|(2/®#1) — 1),
we have 1i((p1)|m. Hence, 11(p1) is odd which completes this proof. a
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Remark 5.10. Let p be odd and N, be the number of apwenian series satisfying (5.2). Then,
Propositions 5.6 and 5.9 imply that

N — 0, if p=mp; for some m > 1 and p; > 3 with ;(p1) odd
P 2% otherwise,

where k= ﬂ(lp) 52})4 ged(2 —1,p) — 1.

6. THE +1 APWENIAN SEQUENCES GENERATED BY SUBSTITUTIONS OF CONSTANT LENGTH

In this section, we consider all substitutions of constant length. We show that the only
substitutions that have a chance to generate +1 apwenian sequences are type II substitutions
(see Theorem 6.1).

A substitution o (of constant length) on {—1,1} is of the form

o: 1w vgug--- Up—1, —1 — wowq - -- Wp—1

where p > 2 is an integer, and v;, w; € {—1,1} for i = 0,1,...,p — 1. To ensure that o has a
fixed point, we need vg = 1 or wg = —1. Let d = ¢°°(1). In addition, we can assume that dg = 1
(which also means vy = 1). Otherwise, we investigate —d. Define

A={je0,p—1]:v; =w,}.
Then d satisfies the recurrence relations

if j € A,

d, = Uj,
dp=1and Vn >0, { i = Y (6.1)

Inp+j = V;dn, otherwise.

Note that
o if j & A, then w; = 7;;
o if #4 =0, then o is a type II substitution;
e if #A = p, then d is periodic.

In fact, our next result shows that substitutions of constant length, which are not type II, have
no apwenian fixed point.

Theorem 6.1. Let d € {—1,1}* be given by (6.1). If d is apwenian, then #A = 0.

Our strategy to prove Theorem 6.1 is the following:

(1) Show that 0 ¢ A and (p—1) ¢ A (Lemma 6.3);
(2) Show by induction that every j ¢ A. In the following diagrams, both i — j and j < ¢
mean that ¢ ¢ A implies j ¢ A. When p is odd, we prove the relation

Lemma 6.4

OH1%~~~%<p21>%<p;1>%“'(pQ)H(p1)~

Then it is reduced to prove 0 ¢ A. When p is even, we prove the relation

Lemma 6.4 Lemma 6.5

0—>1—>~-~—>(§—1) * §<—-~-<—(p—2)<—(p—1).

Then, in this case, we only need to show 0 ¢ A and p — 1 ¢ A.

To achieve this, we need some preparation.
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Lemma 6.2. Letd € {—1,1} be given by (6.1) and © € {—1,1} is a constant. If d is apwenian
and it is not the Thue-Morse sequence, then none of the following holds:

(i) ¥Yn >0, doy, = xdy;

(1) ¥Yn >0, dopy1 = xd,,.

Proof. (i) If for all n > 0, da,, = xd,,, then by Theorem 1.1, d is apwenian implies that

dn + dn+1 - d2n+1 - dQn+2

1=
2
dn - d2n 1 11—
= 2 + + 2 dnJrl
d,, — day, 1—2
= 22 t 5 ! (mod 2).
Hence, dg,, 11 = —2d, for all n > 0. Since dy = xdy, we see = = 1. Therefore, d is the Thue-Morse

sequence starting with dg.

(ii) If for all n > 0, dap41 = xd,, then by Theorem 1.1, d is apwenian yields that da,49 =
—xdy4q for all n > 0. If, in addition, 2 = —1, then d is the Thue-Morse sequence starting with 1.
If r =1, then dy =dyp =1 and for all & > 1,

dyr = (=1)"do, dyrp = (=1)'dy, dorpiy = (=1)""1d,.

By (6.1),
. U0 if0e A
—1)*d, = dgi,, = ’ " = 0¢ Aand d, = vgdo,
(=1)7dp = dary {m@“ if0¢ A ¢ A and dp = vodo
o U1, if1e —1,
(71)] ldp = dQ"p-‘,—l = {l,‘ldz;,, if1 ¢ A = 1 ¢ A and dp = 7'1‘1(10.
So v1 = —vg = —1. Using (6.1) again, we obtain d; = v1dg = —1, which is a contradiction. O

Lemma 6.3. Let d € {—1,1}* be given by (6.1). If d is apwenian, then 0 ¢ A andp —1 ¢ A.

Proof. Note that for the Thue-Morse sequence A = (). Therefore we may assume that d is not
the Thue-Morse sequence. If 0 € A, then by Theorem 1.1, d is apwenian means for all n > 0,

Anptp-1 + d(nt1)p — d@nt1)prp—1 — d@nt2)p (mod 2)

1=
2
Lp=1to—tpo1=to ifp—1eA
_ 3 > p %
= { l.p_ldn+1-0—12vp_1(12,,,+1—u0’ itp—1¢ A, (mod 2)
0, ifp—1€A
=9 d—da i 1 b (mod 2).
e ifp—1¢ A,
When p — 1 € A, we have a contradiction 1 = 0. In the latter case, we have ds,,+1 = —d,, for all
n > 0. By Lemma 6.2, d is not apwenian which is also a contradiction. So 0 ¢ A.
The same kind of argument as above shows that p — 1 ¢ A. g

Lemma 6.4. Let d € {—1,1}> be given by (6.1). If d is apwenian, then j ¢ A and j # 5 —1

Proof. Suppose j ¢ A. If j+1 € A, then by Theorem 1.1, d is apwenian yields that for all n > 0,

Vidy + Vi1 — danproitl — danpros
1= + U1 — 02 Z;QJH 20242 (1od 2). (6.2)
Note that j # £ — 1 implies either 2j +1 < p —1 or 2j + 1 > p. Hence, there are two cases.
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(1) If2j4+1<p—1, then 2j + 2 < p — 1. There are four sub-cases.

Case 1: 274+ 1 € A and 25 4+ 2 € A. In this case, danpt2j+1 = V2j+1 and doppi2j+2 = V2j42.
By (6.2), for all n > 0,
Vjdn + Vjt1 — Vg1 — V242

2

So d is a constant sequence which is not apwenian.

Case 2: 2j+1 € Aand 2j+2 ¢ A. In this case, dajppr2j+1 = v2j+1 and doppr2j+2 = U2j42don.
By (6.2), for all n > 0,

1

(mod 2).

L‘jdn + Uj41 — V2541 — l,‘2j+2d2n
2
We have da,, = xd,, for all n > 0 where 2 € {—1,1}. By Lemma 6.2, d is not apwenian.
Case 3: 2j+1 ¢ A and 2j + 2 € A. The same proof as in Case 2 works.
Case 40 25+ 1 ¢ A and 27 + 2 ¢ A. In this case, (]27,,1)_;'_2.]'4_1 = 1'2j+1d2n, and dg,,,p_i_gj_;'_g =
voj+aday,. By (6.2), for all n >0,

Vjdp + Vi1 — Vojy1dan — Vajtadan
2
_ l,'jdn + Uj41 — V2541 — V2542 (mod 2)
2
We see that d is a constant sequence which is not apwenian.
(2) If 2j + 1 > p, we will consider whether 2j + 1 — p,2j + 2 — p belong to A or not. In this

case, we have similar four cases. We omit the proof here. g

1

(mod 2).

1=

Lemma 6.5. Let d € {—1,1}* be given by (6.1). If d is apwenian, then j ¢ A and j # & imply
j—1¢ A.

Proof. Suppose j ¢ A. If j—1 € A, then by Theorem 1.1, d is apwenian yields that for all n > 0,
Vj—1 +vidy — donptoj—1 — donpt2;
2
Note that j # £ implies either 2j —1 < p —1 or 2j — 1 > p. Hence, there are two cases.

(1) If2j — 1 <p—1, then 2j < p— 1. There are four sub-cases.
Case 1: 2j —1 € A and 2j € A. By (6.2), for all n > 0,

Uj—1 + I,‘jdn — V2j—-1 — V25

1 (mod 2). (6.3)

1= 5 (mod 2).
So d is a constant sequence which is not apwenian.
Case 2: 2j —1 € A and 25 ¢ A. By (6.2), for all n > 0,
. idy, — Vgi_1 — Vaidan
1= L jn — V2j-1 — U2jd2 (mod 2).

2
We have dg,, = xd, for all n > 0 where = € {—1,1}. By Lemma 6.2, d is not apwenian.
Case 8 2j —1¢ A and 25 € A. The same proof as in Case 2 works.
Case 4: 2j —1 ¢ A and 25 ¢ A. By (6.2), for all n > 0,

vj—1 + vidy, — vaj_1da, — v2jda,

1=
2
_ Uj—1 + l,‘jdn — U2j—1 — V2j (Hlod 2)
2
We see that d is a constant sequence which is not apwenian.
(2) If 25 + 1 > p, we have similar discussion. We omit the details here. O

Now we are ready to prove Theorems 6.1 and 1.2.
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Proof of Theorem 6.1. Suppose that d is apwenian. By Lemma 6.3, we have 0 ¢ A and p—1 ¢ A.
Then by Lemma 6.4, 0 ¢ A gives that j ¢ A for all j < £. On the other hand, by Lemma 6.5, it
follows from p —1 ¢ A that j ¢ A for all j > £ —1. O

Proof of Theorem 1.2. According to Theorem 6.1, if d is apwenian, then d satisfies the recurrence
relations for all n > 0 and for all j =0,1,...,p—1,

dnp-‘rj = 1",]'(111,-
Therefore,
F(2) = (dup + dnpp1z + -+ + dpprpo1y 2"~ 1) 2"
n=0
oo
= Z((vodn + ("ld’n,z + -+ I‘p—ldnzpil)znp
n=0
= (vo+v1z+ -+ v,_12P7 1) f(2P),
which implies that f(z) satisfies (1.1). O

7. DISCUSSION AND MORE EXAMPLES

7.1. Substitutions of non-constant length. The question of finding apwenian sequences in
fixed points of substitutions of constants length have been settled in the previous sections. It
is natural to ask the same question for fixed points of substitutions of non-constant length. A
countable class of fixed points of substitutions of non-constant length are Sturmian. Actually,
there are uncountably many Sturmian sequences. The next result shows that they are not
apwenian.

Proposition 7.1. All Sturmian sequences on {—1,1} or {0,1} are not apwenian.

Proof. Let d be a Sturmian sequence on {a,b} and F be the set of all subwords of d.
Case 1: {a,b} = {1,—1}. Let d be of type a. That is aa € F and bb ¢ F. If d is apwenian,
then by Theorem 1.1, we have % =1+ % (mod 2) for all n > 0. So

dydp+1 = aa for some n = da,11dan1a € {ab, ba}, (7.1)
dydp+1 € {ab,ba} for some n = da,,+1day 42 = aa.

Since bb ¢ F, we see aba € F. Therefore, d;jd;jy11d;42 = aba for some j > 0. By (7.2), we
have (]2,7+1d2.]+2d2.j+3(12,7+4 = aaaa. By (71), we have d4j+3d4j+4 S {(],b,b(],} and d4j+5d4j+6 €
{ab,ba}. Hence,

’|d2j+1d2_;‘+2d2]+3d2j+4\a - |d4lj+3d4j+4d4j+5d4.j+6|a,| =2

which contradicts the fact that d is balanced. So d cannot be apwenian.
Case 2: {a,b} = {0,1}. If d is apwenian, then dy = 1 and by Theorem 1.5, for all n > 0,

dy, = dops1 + dopie  (mod 2). (7.3)

When d is of type 0, by (7.3), d,, = 0 implies that ds,,+1d2,1+2 = 00. Consequently, 0" € F for
any m > 1. Since d is not (eventually) periodic and 11 ¢ F, there exists an ng > 1 such that
10™01 € F. Therefore, 0"0%2, 10"°1 € F which contradicts the fact that d is balanced.

When d is of type 1, applying (7.3) for n = 0 and n = 1, we obtain that dydydadsdy €
{11010,10111} which implies 010 € F or 111 € F. If 010 € F, then there exists n > 0 such that
dydys1dyt2 = 010. By (7.3), this implies that (da,4;)%; € {111011,110111}. That is to say if
010 € F then 111 € F which contradicts the fact that d is balanced. Hence, 010 ¢ F. Similarly,
111 ¢ F. Therefore, d cannot be apwenian. O
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The numerical experiment suggests that the fixed points of substitutions of non-constant
length (on {0,1} or {—1,1}) can not be apwenian. We propose the following conjecture.

Conjecture 7.2. The fixed points of substitutions of non-constant length on {0,1} or {—1,1}
can not be apwenian.

7.2. Hankel determinant of conjugate. Let d € {—1,1}°°. We have seen that d is apwenian
if and only if —d is apwenian. For the sequence ¢ € {0,1}°°, apparently —c ¢ {0,1}°°. Since
—d = d, we also would like to investigate the Hankel determinant of €. The following proposition
gives a relation between H,,(c) and H,,(€), where € is the conjugate of ¢ defined by € = (1—¢;);>0-

Proposition 7.3. Let ¢ € {0,1}*°. Then, H,(c)+ H,(c) =1 (mod 2) for alln > 0 if and only
if the sequence (¢; + ¢i+2)i>0 (mod 2) is apwenian.

Proof. Write v = vgujvg--+ € {0,1}*° and v; = ¢; + ¢;42 (mod 2) for all ¢+ > 0. The Hankel
determinant of ¢ and its conjugate are related in the following way: for all n > 2,

H,(c)+ H,(¢) = H,-1(v) (mod 2).

In fact, applying certain column operations and row operations, we have

1- Co 1- 1 1- Cp—1 €1 —Co o Cp—1 — Cp—2 1- Cn—1
B 1- C1 1- Co - 1- Cn C2 —C1 e Cp — Cp—1 1- Cn
Hn(c) - . . . . =
1- Cn—1 1- Cn = 1- Con—2 Cp —Cp—1 =~ Cop—2 — C2n—3 1- Con—2
€1—C -t Cp—l—Cp—2  —Cp—1 c1—c¢ . Cpel—Cp—a 1
cg—c1 e Cn — Cp—1 —Cp cg—cy e Cp = Cp—1 1
= . . . +
Cp — Cp—1 e Con—2 — C2n—3 —Copn—2 Cpn —Cp—1 e Con—2 — C2n—3 1
—Co e —Cp—2 —Cp—1 C1 —Cp e Cp—1 — Cp—2 1
—C1 e —Cp—1 —Cn c2 + Co o Cn+Cp—2 0
= . . . +
—Cp—1 - —Cop—-3 —C2pn—2 Cp+tCpg -+ Con—2 + Can—4 0
= (=1)"H,(c)+ (=1)" T H,_1(v). O

7.3. Examples. We end this section by some examples, which contain sequences given by sub-
stitutions of non-constant length or sequences given by substitutions with projection. From
Theorem 1.5, one can easily obtain 0-1 apwenian sequences which are not of type I.

Example 7.4. Assume that c satisfies (1.5). If we take
(c2n+1)n>0 = (1,0,1,1,0,1,0,1,1,0,1,1,0,...)

to be the Fibonacci sequence given by 1 — 10, 0 — 1, then by Theorem 1.5, we see that
c=(1,1,0,0,1,1,1,1,1,0,1,1,0,0,1,1,0,...)

is an apwenian sequence. Further, by Theorem 1.5, any 0-1 sequence (¢2,+1)n>0 can be uniquely
extended to an apwenian sequence c.

Certainly, there are apwenian sequences generated by substitutions with projections.
Example 7.5. Consider the Thue-Morse substitution
111, 1~ 11,
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where 1 := —1. Its fixed point starting with 1 is the Thue-Morse sequence t. Now, we apply the
morphism

1—11, 111
to t, and obtain the sequence

d=(1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,...).
Then d is a +1 apwenian sequence and it can not be generated by a type II substitution.
Proof. By the definition of d, we know that for all n > 0,
dyp, = dgns1 = dap,  and  dapia = dants = —dan. (7.4)
Since d,, € {—1, 1}, using (7.4), one can check that d satisfies (1.2). For instance, when n = 4k,

dap + dgpvq1 — dgpr1 — dgi dar + dapaq — dap + day o). + doy.
4k + Q441 2(8A+1 8k42 _ 4k + 4/,+12 a4l + ayp, :(QA-; 2k —dy =1 (mod 2).

Hence, by Theorem 1.1, d is 1 apwenian. Then it follows from Theorem 5.2(2) that d can not
be the fixed point of a type II substitution of even length. In the following, we show that d also
can not be the fixed point of a type II substitution of odd length.

Suppose on the contrary that d is the fixed point of a type II substitution of odd length. Then
there exist p > 2, vg,v1,...,0p—1 € {—1,1} such that for all n >0 and j =0,1,...,p — 1,

dnp+j = L‘jdn. (75)

Since dy = dy = 1, by using (7.5), a direct computation shows that vg = vy = 1. Set p = 2¢ + 1.
Then by (7.5),

dp> = vod, = 1,%(11 =1and dp241 = v1dp, = v1v0dy = 1.

By (7.4), we have

1 =dpgn = dygprg)+2 = —da(g2+q) = —da(g+g)+1 = —dp2 = —1,

which is a contradiction. O

Example 7.6. Consider the substitution
1+ 11, 1~ 11.
Although it has no fixed point, it yields an apwenian sequence in the following way. Let ¢ be a
substitution on {a, 1, —1} given by
arral, 1—11, 1~11

and p be a coding
a1, 11, 11,

Then

d=p(>()=1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,...)

is apwenian. In fact, dgp = 1 and for all n > 0, dapy1 = d,, dapt2 = —dy41 which fulfill the
criterion in Theorem 1.1.
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8. CONCLUDING REMARKS

After we uploaded the first version of this paper to arXiv, J.-P. Allouche kindly informed us
that the permutation 7 (defined in subsection 5.2) has already been considered up to a small
change of notation (see [2, Proposition 3] and [13, Eq. 5]). In [2] and [13], the authors studied
the permutation

EEE N T R VR | 3 . om—1

;;E;?Q) which is equal to % in

, <1 2 -~ n n+l n4+2 --- 2n>

and they showed that the number of cycles of 7/ is S
d|(2n+1), d#1
Theorem 1.4.

Quite recently, Allouche, Han and Niederreiter [3] found a connection between 0-1 apwenian
sequences and sequences with perfect linear complexity profile (PLCP) which were defined more
that thirty years ago in the study of measures of randomness for binary sequences. For details
of PLCP sequences, see for example [3, 19, 24] and references therein.
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