EXPLICIT CONTINUED FRACTION EXPANSION OF A
RATIONAL ROOT OF 1+2~! OVER F,
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ABSTRACT. Let p be a prime number, 7 and d > 3 positive integers
coprime with p. We provide the explicit continued fraction expansion
of the j/d-th root of 1 4+ 2~ in the power series field F,((z™1)). We
determine its irrationality exponent.
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1. INTRODUCTION

Throughout this paper, we let ¢ be a power of a prime number p and
F,((z71)) denote the field of power series in 27! over F,. In parallel with
the theory of continued fractions for real numbers, a theory of continued
fractions has been developed in F,((z71)), where the partial quotients are
(non-constant) polynomials in z; see the beginning of Section 3. Like in the
real case, the continued fraction expansion of a power series & in F,((z71))
is ultimately periodic if and only if £ is quadratic; see [20, Section 3]. While
the continued fraction expansion of algebraic real numbers of degree at least
three remains very mysterious, the continued fraction expansion of certain
algebraic power series in F,((z7!)) has been precisely determined. For in-
stance, Baum and Sweet [2] have noticed that, for any positive integer s,
the power series

1

S 1
P+ :L'1’2S+--~

"S 2s
Emsa = losa? ™, ] = o+

in F,((z71)), which satisfies {ps s = 2+ 1/555 < is a root of the polynomial
Zrrt 7P 1,

hence is algebraic over F,(z). Its degree is equal to p® +1 and its irrational-
ity exponent (see Definition 3.1) is also equal to p® + 1, by [10, p. 214].
This shows that a power series analogue of Roth’s theorem does not hold
and that the power series analogue of Liouville’s theorem, which has been
established by Mahler [13], is best possible; namely, an algebraic power se-
ries in F,((z7!)) cannot be approximated by rational fractions at an order
exceeding its degree. In the opposite direction, there are explicit examples of
algebraic power series whose sequence of partial quotients are polynomials of
bounded degree, that is, algebraic power series that are badly approximable
by rational fractions, a first example in Fo((z~!)) being given in [2].

In the same paper [2], the authors derived the explicit continued fraction
expansion of the power series

@)
(11) (P(P()jl) e Fo((1)),
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where P(z) is in Fa[z] \ Fa. Since then, several explicit continued fractions
of algebraic power series have been obtained; see [1, 11, 12, 15-17, 19, 20] for
example. More recently, several families of continued fractions in Fa((z~1))
whose sequence of partial quotients can be generated by a finite automaton
have been shown to be algebraic [4—8]. The main purpose of the present
paper is to considerably extend the result of [2] on (1.1).

Let d,j be coprime integers with ¢ > 2, 1 < j < d/2 and such that p
does not divide jd. Let s be the smallest positive integer such that d divides
p* —1and set & = (p° —1)/d. We let (1 +2~1)Y/"=1) denote the unique
power series £ =1+ ... 1in F,((z71)) such that ¢" ' =1+ 27! and we set

(1427 1/ = (14 2~V =D)",
The case d =2, j =1, and p odd is easy. Namely, we have
(1.2) (142792 = [1;22 + 1/2, (=82 — 4,22 4+ 1)™]

in Q((z7')), where the notation ( ) means that the sequence of partial
quotients of (1 + m*1)1/2 is eventually periodic of period —8x —4,2x + 1; see
Section 12 for a proof. Since the leading coefficient of each partial quotient
is coprime with p, we immediately get that

(142792 = [1;22 + 1/2, (=82 — 4,22 4+ 1)™]

in F,((z71)).
The main result of the present work is the following theorem.

Theorem 1.1. Let p be a prime number, d > 3 an integer not divisible by
p, and j a nonzero integer coprime with d. We give a full description of the
continued fraction expansion of the power series (142~ 1)/ in F,((21)).

For the case p = 2, which is considerably simpler than the case p odd,
precise statements are given in Theorems 2.2 and 4.2. The case p odd is
much more complicated. To solve it, we have observed, experimentally, that
in every case many convergents are of the form (1+ 271)"” for an integer m
in Z. Instead of giving a very technical, lengthy statement, we explain first
how to find the infinite sequence (1)>¢ of integers such that (|m|)r>0 is
increasing and (1 + ') is a convergent to (1 + 2~ )7/ if and only if m
is an element of (1),>0. Then, we give the continued fraction expansion
of (1 +271)"0 and explain how to get the continued fraction expansion of
(1 4+ 2=1)"+1 from the one of (1 + 2~1)"*, for k > 0.

To our knowledge, Theorem 1.1 is the first general result on the continued
fraction expansions of a ‘natural’, simple, infinite family of algebraic power
series in arbitrary (finite) characteristic.

The precise knowledge of the continued fraction expansion of (14 z~1)7/¢
in F,((z71)) allows us to determine its irrationality exponent and its ap-
proximation spectrum (see Definition 3.1). We gather several Diophantine
results in Section 3.
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2. RESULTS

2.1. p-adic expansions of rational numbers. Let p be a prime number.
Every p-adic integer A in Z, has a unique representation

A=Xo+ A \ip+Ap?+ ..., Ao€A{0,1,...,p—1},

called its Hensel expansion. We define the power series (1 + z71)* in
F,((z1)) to be

I+ ) =@+ )z =T+ ) =J[a+27).
i>0 i>0

Mendes France and van der Poorten [14] proved that (142" is algebraic
over F,(z) if and only if the p-adic integer A is in QN Z,.

We check that if A = A\ + \jp + \yp? + ..., where (\!);>0 is a bounded
sequence of integers, then

(et = Qo= = [T +a™)" = [ +a7)",
i>0 120

as well. Furthermore, for A in QNZ,, the expression (1 4+ z~!)* gives the
same result when \ is viewed as a rational number (as in Section 1) and
when it is viewed as a p-adic number. These claims, as well as the other
claims and the lemmas of this and the next sections, are proved in Section 5.

In the sequel, we sometimes assume that A is a rational number j/d.
Clearly, p and d are assumed to be coprime. We will often also assume
that p and j are coprime. This is not at all restrictive, since the partial
quotients of the power series ¢ in F,((z71)) are the p-th powers of the
partial quotients of the p-adic number &.

For the question investigated in this paper, the Hensel expansion is not
the most appropriate way to represent the p-adic number A\. We make use in
Fy of expansions with alternate signs over the set of digits {—1,0,1} and, in
F, with p odd, of expansions over the set of digits {—(p—1)/2,...,(p—1)/2}.

Our results give a precise description of the continued fraction expansion
of any power series (1 + 27 1) in F,((z7!)) with A in Z,.

2.2. Over the field Fy. The continued fraction expansion of (1 +z~1)* in
Fo((z7')) can be described in terms of the expansion with alternate signs
of the 2-adic integer .

Lemma 2.1. Fvery positive integer m has a unique binary representation
with alternate signs

m =2V — V-1 4 9" 4 9%,

where vy > ... > vy are non-negative integers and £ is even. Every negative
integer m has a unique binary representation with alternate signs

m = —2% 4 2V=1 QU1 4 9v0
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where vy > ... > vg are non-negative integers and £ is odd. FEvery nonzero
2-adic integer A\ which is not in Z N Zsy has a unique expansion with alternate
s1gns
A=2 —2U 4 2% — ]
where (V)0 1S an increasing sequence of non-negative integers.
The following theorem asserts in particular that, for every A\ in Zo, any
convergent to the power series (1 + 271)* is an integral power of 1 + 271

This holds in particular for any rational power (1 + 2~1)7/ with d odd.
To shorten the notation, we put

kle=14z4+...+251 k>1.
Theorem 2.2. (i). Let m be a nonzero integer. Let
m = (—=1)%2% 4 (=1)*712ve-1 4 4 9v0

denote its binary representation with alternate signs. Set

my = (=1)F2% 4 (=1)F12v-1 4 200 k=0, L
Then, the convergents to (14 x~1)™ are

(14+zHym @+ ™ Q4™ =1 427",
if v, >vg+ 1, and

A+ ™ QT+ )™ Q427 H™ =1 427",

if g = vo + 1.
(ii). Let \ be an element of Za \ Z, whose expansion with alternate signs
s given by
A=2%0 —Uypove
with vg < vy < ... Set m_1 =0 and

(2.1) my =20 — 2V 42Uz — 4 (—1)F2% k> 0.
Then, the partial quotients a,,, n > 1, of
(2.2) (1+27H =1;a1,0a9,a3,.. ],

21)0

which are polynomials in x
(ii.a) if v1 > vo+ 1:

, and its convergents P,,/Q, are given by

ay = LL’TO;
a, = (x + x2)|'mu—3|[22711—1_1/’71—2 _ 1]£L‘2U”727 n Z 2’
P ,
Qn _ (1 _|_$—1)m/,l,1, n 2 17
n
(i.b) if v1 = vo + 1:
a1 =1+ wzvo;

as = [2’02*’00 _ 1]x2'“0;

Gy = (z+ 22)lmelpgrmom _ 207 > g,
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Py,
QH

With the notation of Theorem 2.2, we have |mj41| > |my| for k > 0, with
equality if and only if £ = 0 and vy = vo + 1.

When A = j/d is rational and 1 < j < d/2, we give in Theorem 4.2
below a closed formula for a,, depending on the value of n» modulo a suitable
integer at most equal to (d — 1)/4. As an illustration of Theorem 4.2, we
derive the continued fraction expansion of (1 + z~1)!/13,

=1 +z7Hm™, n>1.

Corollary 2.3. The continued fraction expansion of (14 z=1)V/13 js
L, 8la, (& + 2)!, (o 4+ 2?)* - [7).°, (2 +2%)” - [31,%, (2 + 22)%,.. ],
where the partial quotients a,, are given by
ap = x,

6n—4 n
az, = (r + ) (3-2 —(=1 )/13, n > 1,

(
a1 = (z+a2)EFTHENIAS 7] 220 >
(

(13][+2 x + T ) 2677_(_1)77)/13 ) [3]‘%26”’ - Z O

Further examples can be found on the webpage
http://irma.math.unistra.fr/ guoniu/pthroot/ .

2.3. Over the field F, with p odd. In this subsection, we let p denote an
odd prime number. We use the signed p-adic expansion of an element of Z,
instead of its Hensel expansion.

Lemma 2.4. FEvery nonzero integer m has a unique representation
m = dop”® + dip” + ... + dgp”t,

where 0 < vg < v; < ... < vy are integers and the digits d; are in
{-(p—=1)/2,...,(p — 1)/2} and are nonzero. We call it the signed p-adic
representation of m. More generally, every p-adic integer A\ which is not in
ZNZ, has a unique expansion

(23) A= (]0])”0 + (]1])/1)1 +...,
where 0 < vy < vy < ... are integers and all the digits d; are in {—(p —
1)/2,...,—1,1,...,(p — 1)/2}, and we call it its signed p-adic expansion.

Let A be a p-adic integer which is not in ZNZ, and let
(2.4) A= dop” + dyp”t + dop"? +

denote its signed p-adic expansion. We want to compute the continued
fraction expansion of (1 4+ z71)*. We assume that vo = 0 in (2.4). This is
not a restriction since every nonzero p-adic integer is equal to a power of
p times a p-adic unit and, as already pointed out, the partial quotients of
the p-th power of an element of F,((z7!)) are the p-th powers of its partial
quotients.
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Define the integer sequence (1my);>0 by setting
my = do + dip’t + ...+ dpp’, k>0.
Since
p—1 _ p""’“‘*‘l —1 < pUE+1
2 p—1 2 7
and |myq1—my| > pUk+1, the sequence (|my|)r>0 is increasing. Furthermore,
my, and d; have the same sign.

(2.5) |my| < k>0

Y

Lemma 2.5. Let \ be a nonzero p-adic integer in Z, and set & = (1+x~H)N.
Let (my)r>0 be the sequence defined above. For k > 0, the rational fraction
(1 4+ =Y is a convergent to £. Conversely, if m is a nonzero integer
such that (14 2= is a convergent to &, then there exists k > 0 such that
m = my.

We postpone its proof to Section 6. Theorem 2.2 shows that the analogue
of Lemma 2.5 holds for p = 2.

By Lemma 2.5, to compute the continued fraction expansion of (1+w‘1)k,
it is sufficient to compute the continued fraction expansion of (1 + x~1)™0
and to know how the continued fraction expansion of (1 + 2 71)""#+1 can be
deduced from the one of (1 + 2~ 1)"*.

The next lemma answers the former question (recall that |[mg| < p/2
always holds). It follows from a classical result of Lagrange [9] and its proof
is postponed to Section 12. Throughout this paper, by length of a finite
continued fraction, we mean the number of its partial quotients (excluding
the polynomial part). For example, the length of 1+ 27! = [1,2] is 1 and
the length of the ¢-th convergent to the infinite continued fraction expansion
[ag; a1, ...] is equal to ¢, for £ > 1.

Lemma 2.6. Let p be an odd prime number and m be a nonzero integer
with |m| < p/2. For j =2,...,|m|, set
2 —D(m—7+2)(m—j+4)---(m+j—2)

fi= (m—j+1)(m—j+3)---(m+j—1) (22 +1).

Then, we have

X 1_r7l . }L3 _1\m
72](27?7"')2( b f\m\]a

and the length of (1 +x71)™ is equal to |m).

2.6 142" = [1’7
(2:6) (L+277) m 2m

Throughout this paper, w stands for a finite word over the alphabet
composed of the non-constant polynomials in F,[z]. It may be the empty
word. When it appears in a continued fraction expansion, we read the
sequence of its letters as a sequence of partial quotients. Writing w =
wi, ..., Wk, its reversal W is the word

W:wk,...,wl,
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and, for a nonzero p in Z,, we set

(_l)kr+1

-1
PW = pW1,p W2,...,p Wi,

and we call pw a twist of w.

Let m be a nonzero integer coprime with p. The first partial quotient
of (1 + 271%™ is 1 and the second one depends only on the value of m
modulo p. By Lemma 2.6, it is equal to % + 1;,(50, where dj is the integer in
{=(p—1)/2,...,(p—1)/2} which is congruent to m modulo p. This justifies
the first two partial quotients in (2.7) below.

The Key Lemma below is the main ingredient of the proof of Theorem
1.1 for odd primes.

Lemma 2.7 (Key Lemma). Let k > 0 be an integer. Let dy,dy, ..., dp, diy1
be nonzero integers in {—(p —1)/2,...,(p —1)/2}. Let vi,..., v, v;11 be
integers with 0 < vy < ... <wvp < Vg1 and set

myg = do + dip™ + ...+ dgp",  mpp1 = my + dppptttr.
Let
T 1-— (]0

2. 1427y =1, =
(2.7) (I+z7) ’do+ o0, "

denote the continued fraction expansion of (14 x~1)"* where w is a finite
word, possibly empty. Set

e = —sgn(mg)dg+1 = —sgn(memps1)|di+1],
T 1—my
y = —
my 2my

(___k
h=(w/2,2y+1,-2y—1,—w/2).

For any non-negative integer j, put
1
0(47) =4, 6(4j+1)=16, d(4j+2) = T 547 +3) =1,

and let 1:(j) be given by the Ultimate Triangle defined in Section 8. If my,
is odd, then the continued fraction expansion of (1 +x 1)1 is given by

(1+J;*1)T’Lk+1 - []—7 Yy W,y Clet1, ’]a(o)ha 'l&(]-)(—é'k‘—‘rlu //5(2)h7 ey ’/8(2|€|_3)(—;’k‘+1]7
if mi and my11 have opposite signs, and by
(1+ ZL"_l)mkH = [L,u, W, i1, 7(0)h, (1) g, 1 (2)h, - .o, 16 (2e] — 2)h],
otherwise.

If my is even, then the continued fraction expansion of (1 + x~1)"™k+1 s
given by
(14271 =1, 5, W, crq1,0(0)7(0)h, 5(1) (1) cpgr, 6(2)7:(2)N, . . .,

5(2lel — 3)ne(2]e| — 3)crt1],
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if my, and myyq have opposite signs, and by
(1 + a7 Y™+t = [1, 9, w, cpy1, 6(0)7:(0)Vh, 5(1) 172 (1)cpp1, 6(2)7:(2)h, . . .,
d(2le| = 2)7=(2[e| — 2)h],
otherwise.
Here, ciy1 is the polynomial part of the rational fraction ¢, defined by
(1+ :E)p"’““—lnbkl

! _ My ATk —| M|
o1 = (=1)"*4
k+1 ( ) (]k.+1:1]|'m’k|

9

where

my =

0, if my is even,
1, if my is odd.

In particular, if ¢, and ¢;41 denote the lengths of the continued fraction
expansions of (1 4+ x~1)" and (1 + 271)""k+1, respectively, then

lip1 = (2ldgs1] — Vi + |dis1]s  of memp41 <0,
and

liy1 = (2|dps1] + V)l + |dgsa],  if memps1 > 0.
Moreover, €. and my have the same parity for every k > 0.

It should be pointed out that 7-(0),...,7:(2|e| — 2) are rational numbers
and do not depend on the prime p. Since their numerators and denominators
are divisible only by primes less than p, they are nonzero modulo p. The
shape of, say, the continued fraction expansion of (1 + 2~ 14 in F,((z~1))
depends on the signed p-adic expansion of 1/4, but the coefficients 7). (h) are
rational numbers independent of p.

To derive the continued fraction expansion of (1+z~1)7/?inF,((z~1)), we
first compute the signed p-adic expansion of j/d and then we apply Lemma
2.7 repeatedly. T'wo explicit examples are discussed in Section 13.

Lemma 2.7 allows us to describe precisely the degrees of the partial quo-
tients of (1 +2~1)*.

Corollary 2.8. Let \ be in Z\ Z,. Every partial quotient of (1+x1)" is a
linear polynomial or a twist of a polynomial of degree 0y, := p*+1 —2|my|, for
some k > 0. Furthermore, for every £ > 0, the first occurrence of a partial
quotient of degree &, arises immediately after the convergent (1 + =)™,
where k is the smallest integer with 6 = &y.

Note that the J; may not be all distinct. For example, if my > 0, dyy1 =
(p—1)/2, and vj42 = V41 + 1, then

pvk+2 _ 2|7nk+1| _ pvk+1+1 —2my, — (}) o 1)])1rk+1 — pvk+1 _ 2‘7nk;|-

For p = 2, the proof of Theorem 2.2 shows that every partial quotient of
(142~ 1) is equal to the integer part of a rational fraction (14-z)/"#+1l /217l
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with my as in (2.1). Thus, the degree of the k-th (or (k + 1)-th, depending
whether or not vy is equal to vg + 1) partial quotient of (1 +2~1)* is equal
to |my| — |mpr_1]|, that is, to 2% — 2|my_1]|.

2.4. Comments on the proofs. We had to compute many explicit exam-
ples to be able to guess the precise form of the continued fraction expansion
of (1+271)/%in F,((2~")). The case p = 2 became simpler once we real-
ized that all the convergents are integral powers of (1 4+ x~1). For the case
p odd, once we found the expression of m; and realized that one goes from
the continued fraction expansion of (1 4+ z71)"* to that of (1 4 z=1)"+1
by adding partial quotients given, roughly speaking, by W,W (notations
from Lemma 2.7), the most difficult point was to find the expression of the
(nonzero) coefficients in F,, by which the partial quotients of w, W are mul-
tiplied. Subsequently, it was a great surprise when we noticed that these
coefficients are given by the same array of rational numbers, that we simply
have to take modulo p. To summarize, the most difficult part of the proof of
Lemma 2.7 was to guess the conclusion of the lemma. It then only remained
for us to check its correctness by a direct computation. That being said,
this last step is quite lengthy and complicated.

In a forthcoming work, we will investigate how the constructions described
in the present paper can be used to get new results on continued fraction
expansions of real numbers. Namely, the formula obtained in Section 9 are
established over an arbitrary field, hence are valid over the rationals.

3. IRRATIONALITY EXPONENT AND APPROXIMATION SPECTRUM

We define an absolute value | - | on F,((z71)) as follows. We set [0] = 0
and, if &€ = by’ + b;_12'~1 + ... with b; # 0, we set |¢| = e’. In particular,
if ¢ is a nonzero polynomial in F,[z], then |¢| = edes(©),

Any element of F,(x) is uniquely expressed as a finite continued fraction

P
(31) [0030117---,0/”] = Q7117
where ag,a1,...,a, are in F,[z] and have positive degree, except possibly

for ag. Every element & in F,((z71)) \ F,(z) can be uniquely represented as
an infinite continued fraction

E = [a’o;ala .. ']a

where ag, a1, az, ... are in F [z] and have positive degree, except possibly for
ag. The P, /@, defined by (3.1) are the convergents to £ and the a;’s are
its partial quotients. We have

(3.2) ‘5 — g

_ 1 _ 1
|QMQI!+1| |an+1| ’ |Q/1|27

n >0,

and

(33) P)7+1 - an—l—lpn + Pn—17 Qn—‘rl - @n—l—lQn + Qn,—l; n Z 1.
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Observe that
deg @, =degai +...+dega,, n=>1.

Standard references include [20, 21]. Unlike in the real case, the knowledge
of the convergent P, /(Q),, (viewed as a rational fraction) does not determine
P, and @Q,, since it gives no information on their leading coefficient. For

example,

P

Q/I ’

with a positive integer m, does not imply that the polynomial P,, given by
the recurrence (3.3) is equal to (x4 1)"; we only know that P, is a constant
multiple of (z + 1)”. A further illustration is given by

(:p+1

m
) :[0/0;0/17-~-,0/n]:
€T

1 —x T
—z—1 —z-1 z41
giving that P = —z and Q1 = —x — 1.

The determination of the continued fraction expansion of ¢ allows us
to compute its irrationality exponent 1(§) and its approximation spectrum
S(§), a more general notion introduced by Schmidt [20].

Definition 3.1. Let ¢ = [ap;ay,az,...] be in F,((z71)) \ Fy(x) and denote
by (P,,/Q.)n>0 the sequence of its convergents. The irrationality exponent
of &, denoted by 11(), is defined by

. log |§ - Pn/Qn| . deg An41
3.4 (&) :=limsup — =2+ limsup ————.
( ) ! (5) n—~400 10g |Qr7‘ n—s—+00 deg Qn

The approzimation spectrum of &, denoted by S(&), is the set of limit points
of the sequence

[, —z—1]=1+

_log‘an - Pn,| 0> 1
log|Q,| -

We let

: IOg ’EQH - Pn‘ . deg Qu—&—l

v =limsup———+"——————— = limsup————— = 14 -1
(g) 11—>+O<IJ) IOg |QN,‘ 17—>+O<I>) deg Qn : (6)
and
v(€) = liminf _—log €@n = P = liminf 7deg Qnt1
) n——+o0o log |Qn,| n——+o00 deg Q”

denote, respectively, the greatest and the smallest element of the approrima-
tion spectrum of &.

Since any element P/Q in F,(z) such that |¢ — P/Q| < 1/|Q|? is a con-
vergent to the irrational power series £ (this statement is usually called Le-
gendre’s theorem for power series), the last equality in (3.4) follows straight-
forwardly from (3.2) and (3.3).

We derive from Theorems 2.2 and 2.7 the value of the irrationality ex-
ponent of (14 2717/ in F,((z~1)). Since &,¢7, and (1 + 2~ 1)¢ have the
same irrationality exponent for every nonzero power series £, there is no
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restriction in assuming that 1 < j < d/2. As usual, an empty sum is equal
to 0.

Theorem 3.2. Let p be a prime number and j,d positive integers with
ged(p,jd) =1 and 1 < j < d/2. If p =2, then write j = jo and

d=jo+712" =j1+722"% = ... = je1+jo 2",
where j1,...,js—1 are distinct odd integers in [1,d/2]. Set Oy;, := {j =
j07j17 ... 7j5_1}. Then,
d d

1 1—|—x_1j/‘/ = > -,
m(( ) min{j:7€ Oz 4} ~ J

d

(1 + 21yl = e ey

1>1,

and

. 1 —7
S((l —1—%_1)]/(!) = {( 7 J RS 027j7(/}.

If p is odd, then write the signed p-adic expansion of j/d in Z, as

- (do+ dip** + ... + de_1p"~ 1) (1 + p¥ + p*% +..)),

d
with vg minimal. Set vg =0. For h=0,...,s — 1, define
) d(dh + (1h,+1])v}"+1_w" + ...+ dsil]—)l's—l—vh + dopvs—vh + ...+ (]h_lpvs-i-“h,—l—?m)
Jh =
1 —pvs

and Op,j,(/ = {j = j()ajla CIEaE 7j8—1}' Then;
d d
— > -
min{|j[ : 7€ Opj.a} ~ J

Theorem 3.2 extends a result of Osgood [18], who established in 1975 that
the irrationality exponent of the power series (1 + 2~ 1)/ is equal to d.

Note also that j = jg is always an element of the set O, ; ;. The ap-
pearence of the sets O, ; ; in Theorem 3.2 is not surprising: it follows from
the fact that (142~1)7/? and (142~ 13/~ (ot +.+d0") have the same
irrationality exponent for every i > 0. Said differently, to compute the irra-
tionality exponent of (1 + z~1)7/, we have to consider the (finitely many)
shifted sequences of the sequence of digits of j/d.

For an odd prime p, a simple algorithm allows us to compute the sets
0,4, where 1 < j < d/2 and ged(p, jd) = 1. There is a unique pair (ag, €9)
with 1 < ag < (p—1)/2 and g9 = £1 such that

(3.5) (14 271y =

| (aod = €0j)-
Then, define the integers j; and u; by

(IO(] = EOj +j1])U17 ng(p7j1) = 1.
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Observe that 1 < j; < d/2. There is a unique pair (aj,e1) with 1 < a1 <
(p —1)/2 and &1 = 1 such that

p | (a1d —e1j1).
Then, define the integers jo and ug by
ard =e1j1 + jop"?,  ged(p,j2) = 1.

Observe that 1 < jo < d/2. Continue like this to get js,j4,... until one
reaches j;, = j. This will always happen since the j;’s are in a finite set.
We check that h = s, the values j; are the same as in Theorem 3.2, and
u; = v; — v;—1. We also check that

Op,j,d = {jv.jla v 7.7-}171}-

We can completely characterize the cases where (1 + z~1)7/¢ has a non-
trivial uniform exponent of approximation and the cases where its approxi-
mation spectrum is finite.

Proposition 3.3. Let p be a prime number, j, d coprime integers with d > 3,
1 <j<d/2and ged(p,jd) = 1. Set &€ = (14 21/ If p = 2, then
v(§) > 1 and the approzimation spectrum S(§) is finite. If p > 3, write its
signed p-adic expansion as

% = (do+ dip** + ...+ de_1p" V) (L +p¥s +p +..)),

with vs minimal. Then, the three following properties are equivalent:

() v(&) > 1;

(11) The approzimation spectrum S(&) is finite;
(1i1) s is even and do,dy,...,ds_1 take alternatively the values 1 and —1.

To conclude this section, we briefly discuss simultaneous rational approx-
imation of the first integral powers of 1 + 2~ L.

Observe that, for any integer £ > 1 and any real number p > 2, if £ and
P/Q satisty |£ — P/Q| = 1/|Q|", then

€8 = PEIQM < e(& mIQEI,

for some positive ¢(¢, k) independent of P/Q. Consequently, we have ;1(¢F) >
(&) /k or, equivalently,

(5.6) e » MO AL

Definition 3.4. Let & be in Fy((x71)) \Fy(z). Let k > 1 be an integer. Let
A:(&) denote the supremum of the real numbers \ for which

0 < max{|Q(T)¢ = Pi(T)],...,|Q(T)E" — Pr(T)[} < e 8@
has infinitely many solutions in polynomials Q(T"), P1(T'), ..., Pr(T) inF[z].

. k> 1

The next result has been established in [3].
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Theorem 3.5. Let & be a power series in F,((z71)). For any positive integer
k, we have
(k+ 1) (14 M1 (9)) = k(1 +M(9)),

with equality if A\i.+1(€) > 1. Consequently, for every integer n with n > k,
we have

kX&) —n+k
3.7) p(g z Ol
and equality holds if A\, (&) > 1.

By combining Theorems 3.2 and 3.5, we easily get some partial results on
the values of exponents of simultaneous approximation at the d-th root of
14271

Theorem 3.6. Let p be a prime number and d > 3 an integer. Let j be
the greatest positive integer coprime with pd such that j < d/2 and j is the
smallest element of the set O, ; ;. Then, we have

d—nh
h
More generally, we can study the irrationality exponent of £, = (14+271)*
for an arbitrary A in Z, \ Z, since we have a precise description of its con-

tinued fraction expansion. We may return to this question in a subsequent
work.

A (142~ HlY) = h=1,...,7.

4. A SIMPLIFIED STATEMENT OVER [y

In the special case of Fy, we can give a close formula for the partial
quotients a,, defined in Theorem 2.2. First, we need to introduce several
functions which play a crucial role in our approach. The correctness of the
definition is not immediate and will be checked in the next half a page.

Definition 4.1. Let d > 3 be an odd integer. Set
A=Ai={j|1<j<(d—1)/2, j odd, ged(j,d) =1},
Let 1, : A — A be the map defined by the relation

(4.1) d = j 4 1pg(§)2°40),
where 0(j) = 0,4(7) > 1. The map v = 1), is a permutation on A. Let j be
in A. Set

05(1) = 05.(n) = 83) + 6(0(7) + ..+ (")), 0 >0,
0j(—=1) = 0. The function pj : N>_; — N>¢ is defined by
p3(n) = pia(n) = (7 F1(G) - 2750 + (=1)"5) /d.
Furthermore, we let 0; = 0; ; denote the length of the orbit of ) containing

J and we put ; = 34 =0j(0; —1). Fori=0,1,...,0; =1 and m > —1
such that 0;m + 1 > —1 we then have

pj(ej/ffl + i) _ ij/(ﬁj’fn + i) _ (,L,z'+1(j) . 2;3j7n+0j(1) +( )H jmA-i )/d
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When there is no risk of confusion, we write A, ), d,0;,0;, and [; instead
of Ad, Vd, (5(], O3j.d> Hj,(ly and 3]‘7,1.

For j in A, observe that ¢/(j) is the odd part of ¢ — j. Since any two
distinct integers in (d/2, d) have different odd parts, the map ¢ is injective
and is thus a permutation of the set A.

Furthermore, the integer [; is the smallest positive integer / such that
2" is congruent to +1 modulo d. Therefore, (; is independent of j. To see
this, observe that, for j in A, the integer '~!(j) is equal to d — h, where
h is the unique integer of the form 2j in the interval (d/2,d). Consider
the multiplication by 2 map T2 on Z /d Z, identified with {0,1,...,d — 1}.
Then, the orbit of j under ©'~! can be derived from its orbit @ under T’
as follows: it is composed of the odd elements of O less than /2 and of
the integers d — r, where r runs through the even elements of O greater
than /2. Consequently, the cardinality of the orbit of j under ¢ is equal to
the smallest positive integer a such that 2%j is congruent to +5 modulo d.
Since j and d are coprime, this integer is independent of j: it is the smallest
integer i > 1 such that 2" is congruent to +1 modulo d.

However, for j and j’ in A, the integers ¢; and ¢;; may differ when j and
j' do not belong to the same orbit of .

The function p; is fully determined by the permutation ¢/ and the values
of the function § at j,1(5),...,1"71(j). The fact that p; takes integral
values is not immediate from its definition and is established in the course
of the proof of Theorem 4.2, where we obtain another expression for p;.

Recall that

kle=1+a+...+2"1 k>1

Theorem 4.2. Let j,d be odd, coprime, positive integers with d > 3 and
Jj < dj2. Let pjq and o, be as in Definition 4.1. Then, the continued

fraction expansion of (1 + x=1)/? in Fy((x~1)) is given by
(42) (1+x_1)j/d = [1;(1/17(1/270/37"‘]5

where the partial quotients a, are polynomials in x, defined as follows:

(i) if d — 7 =2 (mod 4), then

ar =1+ x;

ag = [2(Tj”/(1) - 1]1’7

0 = (2 4+ 2P [ san=2) ) 2D g
D= @),z

(11) if d = j (mod 4), then

. _ ) G _ T (n—3)
a, = (I + 1'2)’0]”1(” 3) [QJJ”/(H 2)—0j,qa(n=3) _ 1]:52 j,d o> 2;



16 YANN BUGEAUD AND GUO-NIU HAN
P,
Qn

Theorem 4.2 follows from Theorem 2.2 once we have checked that the
expansion with alternate signs of the 2-adic number j/d is given by

=(1+ m—l)(—l)”fll)j,d(“f—l)’ n>1.

1 —295:000) 4 995,01 _ 995.4() 4

To see this, keeping the notation from the beginning of this section and
removing the subscript d, we get

J V() oos)
Jo_ - 290
d d
2(
1 (1 _ Mgm(ﬁ))y(ﬁ
d
2( 4
_ 90l “Eﬂ)géomwn
(
Also, we should add that ¢ 4(0) = 1if d —j =2 (mod 4), while ¢; ,(0) > 1
otherwise.
As an illustration of Theorem 4.2, we derive the continued fraction ex-
pansion of (1 + 2z~ 1)1/13. Since

13=143-22=3+5-2'=5+1.23
we have
o1(3n) =6n+2, 01(3n+1)=6n+3, 01(3n+2)=6n+6, n>0.
Furthermore,
S =1, ¥ TH) =3, ¢3TE(1) = 5.

By Theorem 4.2, this gives Corollary 2.3. Ignoring a; in Corollary 2.3, we
see that the expression of a, depends only on the value of n modulo 3, that
is, modulo the length 01 13 of the orbit of the permutation /13 containing 1.
We point out that ¢ ; can be as large as (d+1)/4 (we have 01 ; = (d+1)/4
for 1/d =1/11 and for 1/d = 1/59, for example).

More generally, up to the first one or two partial quotients, the expression
of a,, depends only on the value of 7 modulo the length ¢0; ; of the orbit of
A, containing j.

If 010 =1, then d = 14 2* for some v > 1. Consequently, for an odd
integer d, the partial quotients a, in the continued fraction of (1 4 z~1)/¢
have a unified formula for all n (that is, we do not need to distinguish
congruence classes of ) if and only if there exists an integer u > 1 such that
d=1+2"

Since any element of Fo((2~!)) has a unique continued fraction expansion,
Theorem 4.2 is still true if we replace x by any polynomial P(z) in Fo[z]\Fs.
Baum—Sweet’s result [2], that is, the continued fraction expansion of (1.1),
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is derived from Theorem 4.2 by replacing d by 2" — 1 and x by 1 + P(z).
Notice that by replacing « by 1 + = in Theorem 4.2 we get that
(4.3) (142999 =[1;a1 + 1, a9, a3, a4, . . ],

where the a; are the partial quotients of (14 z~1)7/?. To see this, observe
that the terms = + 22 and [k], for k of the form 2¢ — 1 remain unchanged
when we replace x by 1+ x.

The case j/d =1/3 in (4.3) was obtained by Mendes France and van der
Poorten in [15].

Proof of Theorem 4.2. Let j,d be odd, coprime, positive integers with d >
3 and j < d/2. Theorem 2.2 gives the continued fraction expansion of
(14 2=1)* for the 2-adic integer

A= lim )\k,

k—4o00

where \j is the integer
A = (=1D)F2os(t=) L (—)kl9oi(h=2) ol g 9o _995(0) 1 > 1.

Note that )\ is positive when k& > 2 is even and negative when £ > 1 is odd.
Let 7+ > 1 be an integer. Recall that, by the definition of the map ), we have

d =" (§) 4+ 0 T()2°0 D),
By multiplying both sides by (—1)'2730=1 we get
(_1)1(]20'](/—1) — (_1)/lvl(j)2(f](1—1) + (_1)/[”—’_1(])20](0

For an integer k£ > 1, taking the summation of the above identity for i =
1,2,...,k yields

(—=1)1d279 @ 4 (=1)2a20s W4 .. 4 (—1)k 273D
= ()02 4 (1) ()20
= —(d — j) + (=1)FyrTL(5)209®),
/ k kAL (905 (k)
since d = j 4 1()27(%). Hence, we have
(—1)kl'k+1(j)20](k)
= (=1)Fa27i =1 4 (=)o (k=2 ooy g2ei () — g9 (0) 4 g —
=d\, — Js

This shows that the sequence of integers (A\;)x>1 tends in Zsy to j/d, thus
A = j/d. Furthermore, since

(—]_)kl,/'k_‘_l(j)Qaj(k) = (—]_)k(]p](k) - ja
we get that
(—=1)Fpj(k) =1 =27 4275 —275@) |y (—1)F7s (D),
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thus p;(k) is an integer. Then, by applying Theorem 2.2 with vg = 0,
v, = oj(k —1) for k > 1 and my = (—=1)*p;(k) for k& > 0, we obtain
Theorem 4.2. O

5. PROOFS OF THE RESULTS FROM SUBSECTIONS 2.1 AND 2.2

Proofs of the claims in Subsection 2.1. Let A be in Z,. Let M be an integer
with M > (p —1)/2. Assume that

)\:)\0+)\1])+...:)\6+)\/1])+...,

with 0 < \; < p—1and |[\| < M for i > 0. For an integer & > 0, set
PE =M+ Mp+ ...+ \p" and observe that

L A B L (B LI [C ) R TR
To see that
(1427 = (e )0 = T+ ) = [T a+a7)Y,
i>0 >0

it is then sufficient to note that, since (|\!|);>¢ is bounded, we have
V(Ao +Mp+... + M) — Mg+ Mp 4.+ /\;{,pk)) ﬁ +o00,
c—+00

where v, denotes the p-adic valuation.

We check now that for A in QNZ, the expression (1 4+ 2~1)* gives the
same result when A is viewed as a rational number (as in Section 1) and
when it is viewed as a p-adic number.

Assume, without any loss of generality, that 0 < A < 1, A\ = j/d, where
d > 3 and ged(jd,p) = 1. Let s be the smallest positive integer such that d
divides p* —1. The signed p-adic expansion of 1/(p*—1)is —1—p*—p?*—. ...
By definition of the p-adic power, we have

1 St S1
(5.1) (1—}—x_1)1r—“7—1 = <1+$—1)—p“ _ H(l_'_x—p )—1'
120 i>0

Since
s })5_1 s(i s
((1+x—1’ )—1> =1+ 142, >0,

the last infinite product in (5.1), raised to the power p® — 1, is equal to
1+ 2~ 1. This proves our claim for A = 1/(p® — 1).
Now, write the representation in base p of the integer j(p® — 1)/d in
[1,p° —1] as
i —1)
d
Then, the p-adic number \ = j/d can be expressed as

J_Jwr=n/d_ _j0°=1)

d ps—1 d
=—(jo+jip+. ..+ G ) L+ + L),

=jo+j1p+ ...+ js—1p" Y, where 0 < jo,...,js—1 <p— 1.

(1+p54+p*4+...)
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and we have

»
|
—
<

(1_*_1.,1),\ ((1+ ,p> )1+/1'§+...

I
- o
>
Il
—

<.

» -
|

(14270,

Il
=)
>
Il
N

where 1/(1 — p®) is viewed as a rational number. Then, we note that
s—1 7i
H H ((1 + xf[)’)fl )1/(1—7’5) — ((1 + ‘,L,fl)f(j0+j1])+.‘.+j5,11)3_1) )1/(1—775)
i=0 h=1

=1+~ 1)/,

This shows that the expression (1 4+ z~1)* gives the same result when \ is
viewed as a rational number and when it is viewed as a p-adic number. [l

Proof of Lemma 2.1. We only justify the last assertion. Observe that, if A
is not in Z N Zy, then

A\ = Z 2(1, 9ai +1 4 2(1,,—}-(:,)’

1>1

where (a;);>1 is increasing and a; + ¢; + 1 < a;4; for 7 > 1. Then,

A\ = Z(_2a[ + 2a,+(1,+1) — 2(11 _ 2a1+1 + 2a1+(11+1 + Z(_Qa, 4 2a;+(;;+1)’
i>1 i>2
which has the desired property (note that —2%+!1 4 291+a+1 yanishes if
¢y = 0). Furthermore, A is the limit in Zs of the sequence of positive
integers
2(}1 _ 2a1+1 + 2(1,1+(‘1+1 + Z(_2ﬂ,; + 2(1,,+(’,,+1)’ m Z 2
i=2
This proves the lemma. O

Until the end of this section, the last convergent of a finite continued
fraction [ag; a1, ag, ..., a,,] is the rational fraction [ag; a1, ag, ..., a;,—1]. The
first assertion of the next lemma is proved at the end of [20, Section 1]. The
second one is certainly well-known.

Lemma 5.1. Let & be in F ((z71)). If the rational fraction P/Q satisfies
€ — P/Q| < 1/|Q|?, then P/Q is a convergent to &. If, moreover, & is a
rational fraction R/S with P/Q # R/S and if |¢ — P/Q| = 1/|QS|, then
P/Q is the last convergent to &.

Proof. If the last assertion does not hold, let I/ /V" denote the last convergent
to & = R/S. Then, |Q| < |V] < |9] and

1 1
‘f alz 1Qv] ~ iQsy

!Qb!
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a contradiction. O
We are now in position to establish Theorem 2.2.

Proof of Theorem 2.2. We only consider the case of \ in Zsg \ Z, since the
case of integers is similar (and easier). Let (my),>—1 be the sequence of
integers defined in (2.1). If v; > vg + 1, then

|(1 + :L‘_l))\ _ (1 + :I,’_l)m0| < |x|—2-2”0
Thus, 1+ 272" is a convergent to (1 +2~1)* and a3 = 22°. If v1 = vo + 1,
then m; = —2Y0 and

|1+ 27— (1427 H)™| < 2| 722,
Thus, (1 +272°)"!is a convergent to (1 + 2~ 1)* and a; = 1 + 22,

Let & > 2 be an even integer. Thus, my, is positive, my_1 is negative, and
my — my—1 = 2. Since (1+ z)* =1+ z" for any v which is a power of 2,
we have

14+ z\mk T —mp_1 (1 + x)mkfmkfl — Mk M1
( T ) B (1 + m> o k(1 4 )Mk
(14 :1:)2% — g2 1

o xrn’k:(l + x)_mk:—l - l‘77lk:(1 —|— x)_nzk:—l '

This shows that (14271)"*~1 is a convergent to (1+z~!)""* and, moreover,
it is its last convergent, by Lemma 5.1. Assume that £ > 3 is an odd
integer, or k = 1 and v; > vg + 1. Then, a similar computation shows that
(14 2~ 1)™ -1 is the last convergent to (1 + x~1)™*. Consequently, if 1, is
positive, then the last partial quotient A, of (1 + 271)""* satisfies

(1 _|_ :I:)"Lk — 44}{4.’1:_"[]“71 + (1 + x)nLk,Q’

thus
A1 = (1 4 7)™ 2((1—1—:6)"” - 2—1)
=(1+z)" 2((1+:L) 2T 1)
= (L4 a)" =2 (14 2)?" )2

— (1 + $)77l/€,2‘r2vk71 [21,,‘.71/;‘;,1 B 1]362%717

where we have used that (1 + 2)*~! = [u],, when u is a power of 2. Since
Mmp_1 — Mp_o = —2"F=1_we get that

Ap = (@ + 2?) =22V — 7] 20

The same result holds if m; is negative, by a similar computation (in this
case the first factor is (z 4+ 22)~"2 = (x 4 x2)I"™s-2l). This shows that
ap = Ap—q for £ > 2 in Case (ii.a) and a; = Ay for £ > 3 in Case (i1.b).
It only remains for us to compute as when v; = vg + 1. Note that —mq =
mg = 20, As Pg = Qo =1, we get

(1 _|__ x)le — azxfﬂlrl _|_ 1
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A similar computation as above yields
(1/2.’L'_ml _ IQUO [27:2—7/‘0 _ 1]I2“0’

giving as = [2"2770 —1],2"°, as asserted. O

6. PROOFS OF LEMMAS 2.4 AND 2.5

Proof of Lemma 2.4. We only justify the last assertion. Let \ be a p-adic

integer and let
1 i
A— 3= Z Aip
>0
be the Hensel expansion of A — 1/2. Then,

1 p -1 j
A= A == U R )+ M
>0 120
p—1y
=S (=)
Z ( 2 )V
>0

where all the digits \;, — (p —1)/2 arein {—(p—1)/2,...,(p—1)/2}. O
Proof of Lemma 2.5. Observe that
deg(¢ — (1+271)") = deg((1-+ 27 — 1) = =,

while, by (2.5), we have p"#+1 > 2|m;|. It then follows from the first assertion
of Lemma 5.1 that (1 +2~!)"* is a convergent to &.

Let m be a nonzero integer not in the sequence (1my);>1 and let & be such
that

(6.1) |mi| < |m| < |mg4a]-

Assume that (1 + 271)™ is a convergent to &. Then, (1 + 271)"* is a
convergent to (14 271)" and (1 + 2 71)™ is a convergent to (1 + x~1)"s+1,
Since

(1 + x—l)m _ (1 + x—l)mk —_ (1 + x—l)m;C ((1 + x—l)m—mk _ 1),
we have
’(1 + wfl)m o (1 + :L,fl)m” _ efp“7
where p* is the largest power of p dividing m — my. Since (1 + 271)" is a
convergent to (1 + 271" we get
|(1 + x—l)m, - (1 + x—l)’"bk| < e—2\rnk\’

thus p" > 2|my|. Likewise, if p¥ denote the largest power of p dividing
mp+1 — m, then p¥ > 2|m|. It follows from (6.1) and the first inequality of
(2.5) that u,v < vpy1. Recall that my1 —my = dpprps+1. If w # v, then
|m — my|, # |m — my41], and

PO = g1 —mig), = max{|m—myl|,, [m—mpy|,} = p T} > Tk
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which is absurd. Thus, we must have v = v. Then,
2lm| < p’ =p" < |m —my| < 2|m|,
a contradiction. O
7. PROOFS OF THE RESULTS FROM SECTION 3

Proof of Theorem 3.2 for p =2. Let j be in A. Let n be a positive integer.
By Definition 4.1, we have

pi(n) = (") - 270 4 (=1)" - ) d.

Since
d = ") + () - 20T,
we get
dpj(n +1) = " *2(j) - 203 (1) 4 (_1)nHL .
= 2f’j(n+1)—6(z,;n+1(j))(d — ")) + (=)
= 201('1)((1 — ) 4 (1)
thus

pj(” +1) B d—n1 ";;,.4-1(].) )
pi(n) — WrTl(H) +o(1).

By Theorem 4.2, we get

deg Q.11 pj(n+1—¢)
deg Q,, pi(n—e)
with e = 1 if 4 divides d — j and € = 0 otherwise.
Recall that the approximation spectrum S(&) of € is the set of limit points
of the sequence (deg @41/ deg@,,),>1. With 0; as in Definition 4.1, we have
established that

() = {d—j d—1(7) (]—'l,'()j_l(j)}'

;R0 T T 0)
Since 1/'(j) is the integer j; defined in the statement of the theorem, for
i =0,...,h —1, the proof is complete. U
Proof of Theorem 3.2 for p odd. It follows from (3.4) and Corollary 2.8 that
nVk+1 — 2lm. Vk+1
/1,((1 + x_l)k) = 2+ limsup w = limsup L .
e T T oo o]

Note that pUs+1 — 2|my| > 1 for k > 0, by (2.5).

Let vs denote the smallest positive integer such that d divides p“s —1 and
set @ = (p"s —1)/d. Then, the rational number j/d is equal to aj/(p"s —1).
Let dg 4+ dip” + ... 4+ ds—1p"s=1 denote the signed p-adic representation of
—aj. Then, the signed p-adic expansion of j/d is purely periodic and equal
to

jld = (do+dip” + ...+ de_1p"s 1) - (L4 p¥s +p® +..)).
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Since vgs = Lvs for £ > 1, we get
Mys+n = (([0 + ([1[)/01 + ...+ (]S_lpvs—l) . (1 + ],)’US +.4 p(ffl)rs)
+ dop®s + ...+ dppvrttes,

for ¢ > 0and h =0,...,s — 1. Then, we have (as usual, an empty sum is
equal to 0)
[)Ull
1(€) = max .
f (5) 0<h<s—1 |do+dip"14..Fds_1p“s—1 ’

+ (do+ ...+ dp—1p¥r-1)

pUs—1
Furthermore, since
((]0 +dipt 4. dsmap Tt + (P = D (do+ ...+ (Ih,l[)v’l*l))pﬂ'“
=(dpp"" + ...+ ds—1p" " + P (do + . . . 4+ dp_1p" 1)) p” 0"
=dp 4 ...+ ds_1pP 1T 4 (dopUs T ... 4 dpypPeTUR-1TVR)

(1= ")
d ’
with j, as in the statement of the theorem, we get
_ pls — 1
HE) = nex | Tl
This establishes (3.5). O

Proof of Proposition 3.3. The case p = 2 follows immediately from Theo-
rem 4.2.
Assume that p is odd and keep the notation of the Proposition. Observe
first that if s =1, v; = 1, and dy = +(p — 1)/2, then
p—1 1 1
2 1—pu 2

and ¢ is a quadratic number. We exclude this case. Set

A

my =do+dip"t +..., k>0.

Since ¢ and (1 4 2~1)"¢ have the same approximation spectrum for any
integer h, we can replace ¢ with (1 + x_l)j/‘/, for any 7 in the set O, ;
defined in Theorem 3.2. This amounts to take any cyclic permutation of the
digits do, d1,...,ds—1 of j/d. The fact that some elements of O, ; ; may be
negative does not cause any trouble.

Assume that (iii) does not hold. By taking, if necessary, a cyclic permu-
tation of dy,dy,...,ds_1, we can assume that ds;_1 and ds have the same
sign (equivalently, that m,_; and mg have the same sign) or that |d4| > 2.
Let %k be a positive integer. Since the sequences (sgn(m;));>0 and (d;);>o0
are periodic of period s, we get that mygs_1 and mys have the same sign or
|dks| > 2. In particular, the ¢ defined in Lemma 2.7 to derive the continued
fraction expansion of (1 4+ 2~1)"*s from that of (1 + 2~1)"#s-1 is not equal
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to 1. Said differently, setting (1 + 2~1)"*s=1 = [1, 1, Wis_1], we do not have
(1 4+ 2= 1)k = [1,9,Wps_1, crs]. Thus, writing

(142 ) e=met =1y, wi_pys-1), 0<h<k-—1,

Lemma 2.7 asserts that there exist ¢ in F,[z] \ F, and a nonzero 7, in F,
such that

PR
(1 +a’.71)m’ks = [17 Yy Whks—1y Cksy Tk (Wk571/27 2U+ 17 _2[/_ 17 —Wks,1/2), .. ‘]7

where deg s = p"#s —2|mys—1|. Here and below, the notation 7)(ay, ..., ;)
for a nonzero 7 in F, and ay,...,a,, in F,[z] \F, stands for the sequence of
m partial quotients 7a, r/*lag, ceey r/(*l)mﬂa,,,,/.

Let  be an integer with 0 < i < k — 1. Then, there exist nonzero 7, and
pnk in ), such that
—1\m
(1 +x ) ks = [15 Yy Whs—1, Cks, ’]k’(wk’s—l/2a 2(/ + 17 _2U - 1)7
T (W (k—R)s—1/2)s PhkCli—h)s» - - -]
Since
vgs = bvg, £2>1,

the degree of the numerator (and of the denominator) of the rational fraction

Tk,h —
m = [17 Yy Wks—1;5 Cks; I]k’(wks—l/Qa 2y+1,-2y — 1)7 T];c(w(k—h,)s—l/2)]
is equal to
|Mks—1]+ (0" =2|mps—1 ) Fmus—1 |+ |mg—nys—1] = " P E=D+mg_pys-l-
Furthermore,
deg C(k—=h)s = prk=ms — 2|Tn’(k—h,)s—1|
and

i p(kfh)’vs 1
Mk—pys—1 = (do + dap" + ...+ ds—1p"7!) » —————

pvs —1
By the minimality of s, we cannot have dy = ... = ds—1 = +(p — 1)/2 if
s > 2. Thus,
n—1 pvs—1tl _1q V(k—/L)’L‘S -1 o(k—h)vs __ 1
p P P <L if s > 2.

k—R)s—1] < )
’771(k h)s 1‘ 9 p— 1 pUs — 1 - 2

This also holds if s = 1, since in that case we have excluded the values
dop = +=(p — 1)/2. Consequently, setting
. degcpnys . prt=ms — 2Im_pys—1l
op:= lim ————— = lim —T
k—too  degry,p koo phUsp=mls + [my_pys 1|
o p" =1 =2]do +dip” 4 ...+ ds_1p”Y
— phvs(pvs — 1) + |do + dip¥t + ... + ds_1p¥s-1|’
the real number 1+ 0}, is greater than 1 and it belongs to the approximation
spectrum of £. Since h is arbitrary, this shows that the approximation
spectrum of ¢ is infinite. Thus, (/i) does not hold. Furthermore, we have
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shown that there are infinitely many partial quotients of the form ay + [,
with o, J in F,, and « nonzero. This implies that v(§) = 1.

Assume now that (7i7) holds. Since j > 1, we have dg = 1,...,ds—1 = —1,
thus

my = (=) —p=t 4+ (=DF), E>0.
It then follows from Lemma 2.7 that there is a linear polynomial y and
polynomials ¢1, co, ... such that
E=11y,01,09, ooy Coy Coty -]
and
degc; = p¥ —2|mi_1| = 2\my| — p¥, 1> 1.
Arguing then as in the proof of (3.5), we get that

s(ﬁ)z{ . - _ :oszgs—l}.
(= T+ (=4 (C1) L)

This proves that the Diophantine spectrum is a finite set and that 7(§) > 1.
The proof of the proposition is complete. O

Proof of Theorem 3.6. By Theorem 3.2, the condition on j implies that
. | — 1
A (14 l'_l)l/d) <v((1+ x_l)j/‘/) = %
Since v((1+ 2~ 1?) = d — 1, it follows from (3.7) than
d—7
s
Consequently, we have indeed equality, and we conclude by Theorem 3.5. [J

AL+ 27HYY) >

8. ULTIMATE TRIANGLE OVER Q

Definition 8.1. Let u and v be real numbers such that u < v and v — u is
an even integer. We define their jump product [uev] by [uev] =1 ifu=wv
and by

[uev] =u(u+2)(u+4)---(v—2), ifu<ow.

We stress that the jump product [-e-] has the lowest priority order among
the other operations, like addition, subtraction and product. Consequently,
for two integral valued expressions e; and ea, we simply write [e; ®e2] instead
of [(e1) o (e2)].

For u,v two positive integers of the same parity with v < v, we check
that
v/2 —1)!

2 v—u)/2\Y/ < — 1)
u/2—1)V

(
(
(8.1) [uev] = (
(

if u is even;

o(u=v)/2

(=12 w-1" .
0 =1)/2) (u= 1)’ if u is odd.
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Definition 8.2. Given a nonzero integere =1,—1,2,—2,3,—3,... Let m =
0,1,...,2le| =3 ife >0, orm=0,1,...,2|e| —2 ife < 0. We define

_2'm,—4Lm/4J—l [HE| —te |5| +t4+ 2]]

lle =1 —tele—1|+¢+2]
] lle| —tele| +t+2]
[le] —t—1ele|+t+3]

if m = 2t is even;

Ne(m) =

o =Alm/A=3 (1) 4 9) if m=2t+1 is odd.

The rational numbers 7). () defined above form an infinite triangle, called
the Ultimate Triangle, whose line numbered ¢ is given by

{[}]E(O),ns(l),...,115(25—3)], if e >0;

[1:(0), (1), ..., (2|e] = 3),1:(2]e| — 2)], ife <O.
The first few lines of the Ultimate Triangle are reproduced below.

€ ne(m)

1

—-1]-1/4

2 -1 1
-2|-1/3 1 —3/4

3 | —3/4 27/32 -16/3 8

—3|-3/8 27/32 —16/15 8 —5/32

4 | -2/3 4/5 —15/4 25/4 —8/5 16/5
—4|-2/5 4/5 —5/4 25/4 —8/35 16/5 —35/64

Observe that |e|+t+3 and |e—1|+¢+2 in Definition 8.2 are at most equal
to 2|e| + 2. Consequently, the largest prime number dividing the numerator
or the denominator of the rational number 7). (m) is always less than 2|e|+1.

9. PRELIMINARIES TO THE PROOF OF THE KEY LEMMA 2.7

We reformulate the lemma in terms of matrices, whose coefficients are
in F,[z] (actually, we can work over an arbitrary field). For each sequence
W = wi,ws,...,w; we define

(w1 1\ [w2 1 wr 1\ (Pw Pl
Moo = (4 0) (% 0)- (% 0) = (a7 at)
We stress that / does not mean derivative. Then, we have
Pw
Qw
Recall that

w
= [wy,wa, ..., w].

Qw

= [ZUl,U)Q, cee )wk‘—l])

W:wka-"aw%wla
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_ _1)k+1
pw = pwi, ptwa, ..., p" wy,  p € F,\{0},

—w = (—1)w.

Lemma 9.1. Let p be a nonzero rational number. Keeping the above nota-
tion, we have

M) = (o o). Mew = (gL o)

P;v Q;v _Qw Q;v
P P!
_lw P S, if kois even;
M(pw) = . P
Plw W ), if ks odd.
Qw p Qu
Moreover, we have
PWQ(}V - P:;va = (_1)k-
Proof. This is an easy computation. O

Lemma 9.2. Let w be a finite or empty sequence of elements in F,[z] \ F,

such that
p P
M(1,z,w) = (Q Q,) .
Let
(9.1) v = (2x+1,%w) and h=(V,—v).
Then,
- / /
QPZ’LP%’Q’ QPPTQIPQ) , if the length of w is even;
M(h) =

PQ —(QP'+ PQ)

QP/ + PQI _4P/Q/ ) ) Zf the length OfW 1s odd.

Proof. This follows from a direct matrix calculation. Note that when w is
the empty sequence, we have h = (2x + 1, =2z — 1). O

Observe that the length of h is always even. Below, ¢4 is the polynomial
defined in the Key Lemma. Throughout the end of this section, we assume
that the length of w is even (we explain in Section 10 how to deduce the
case of odd length from that of even length).

Definition 9.3. For a nonzero rational number p, set

_ (P P  (porer 1
M - (Q Q/> 9 C(p) - ( ]i+1 0> ’
—4PQ p(QP' + PQ)
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In this and the next sections, we adopt the following notation: for an
integer k, we define

i 0, if k& is even,
1, if k£ is odd.
In view of Lemma 9.2, our goal is to establish the following

Theorem 9.4. For every positive integer €, set

MC()H(L(0)CO-(1) - HOc(22 - 9)C(e2 - 3) = (5 57 )-

We have

(9‘2) Az = (_1)E+126+€_2(5(7k+1PQ + P/@)E/Q7
(9'3) Bs _ (—1)8+12E+g_2(6('k+1PQ + PQ’)E/P.
For every negative integer €, set

MC(1)H(1(0))C(1e(1)) - - - H(1e(2[e| — 4))x

Gl (2l ~ )HOLCll - 2) = (57 ).

€ €
We have
(9.4) Ae =27 (ec) 1 PQ + PQ') P,
(9.5) Be =27 (ec, 11 PQ + P'Q)¢Q.

In both cases we have

(9.6) Ae <€(7k+1 + P’/P>€ P
' B. e TQ/Q) Q

Proof that Theorem 9.4 implies Lemma 2.7 when ¢, is odd. The assumption

that ¢, is odd means that the word w defined in (2.7) has even length, thus

Theorem 9.4 can be applied. We apply it with € as in Lemma 2.7, that is,

with € := —sgn(my)dpy1. Assume that (1 4+ 271" := P/Q and let P'/Q’

denote the last convergent to P/Q. We have to show that

(W>a L ey,
e +Q'/Q) Q

We first check that our choice of ;41 implies (9.6).
By the theory of continued fractions, we have

P'Q - PQ = (-1
Assume first that m; > 0. We claim that

(;L’ + 1)Iwk+1 Q/ B 1)&: (
A1 PQ dr+1Q

T+ 1)l)fx:k+1 + (—1)&”PQ/
dp4+1PQ

f o= (=%
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is a polynomial. Indeed, the numerator of f is clearly divisible by P, as P
is a constant multiple of (1 + 2)""* and mj, < p"#+1. Since this numerator is
also equal to

p Vk+1 +1+ ( )Kk (P Q ( )ék) _ mlf”Hl + (—1)&“])/@,

it is also divisible by @, as @ is a constant multiple of x"".
Using that € = —dj41, we get

efPQ=—(—1)*(z+1)"""" - PQ’
and we check that

f+P/P\°P ep
ijer’/Q) Q- <1+sfPQ+PQ/> Q
ep
:<1 x+1/)"+1)é

- <r—|—1)sp P

— (1 4+ ){]k+1ll k+1+mk — (1 4 x*l)rnlﬁ,l‘

Assume now that my < 0. Then, € = dj41. Arguing as above, we check
that

@r O 2P gy )T - CDRPQ
A1 PQ dg1P dr+1PQ
is a polynomial. Since
ef'PQ = (-)*(x+ 1" —P'Q
_ (_1)€kxp k1 + (_1)41‘7 —PQ= (_DZA;IPU’“‘H —PQ,

[li= (=)

we get

(EHP/P) i HW)eP
+Q/Q) Q ef'PQ+PQ) Q

1 \¢P
= (1 571) g

_ (1 + $71)<lk;+1pl’k+1+mk _ (1 + mfl)mwrl‘

Recalling that the degree of P’ (resp., of Q') is less than that of P (resp., of
@), this shows that in both cases ¢4 is the polynomial part of

(41
dr41PQ

One can check that £;11 = (2|dit1| — 1)l + |di41] if € is positive (or,
equivalently, if m; and my41 have opposite signs) and €11 = (2|dg41| +
1)0); +|dp41] if € is negative (or, equivalently, if m and 141 have the same

(9.7) (1)
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sign). The arguments given in Section 10 show that this remains true if ¢
is even. Recalling that ¢y = |mo| and noticing that

liy1 — L = dgyr = mpy1 — my (mod 2),

and immediate induction shows that m; and ¢, have the same parity for
every k > 0.

By Lemma 9.5 below, the leading coefficient of P is equal to +2/m+/=7%
Since @ has the same leading coefficient as P, we then derive from (9.7) that
Crp+1 18 the polynomial part of

)l,vwrlmk:\

_qyee (e 1
o1 Al =T glme|

This completes the proof, since ¢ and mj have the same parity. [l

Lemma 9.5. Let m be an integer, and P be the numerator of the continued
fraction of (1 + 271)". Then, the leading coefficient of P is equal to

G(P) = r2,
where k =1 if m >0, and k = (—=1)" if m < 0.

Proof. A quick check shows that the lemma is true for m = 0,£1. Assume
that m satisfies 2 < |m| < (p — 1)/2. We apply Lemma 2.6 and keep its
notation. Then, fo... f,, is a polynomial in 2 whose leading coefficient is
m2" 1 if m > 0 and (=1)"m2"=1 if m < 0. The expression of (14 z~1)™
given in (2.6) then shows that the leading coefficient of P (which is equal to
the product of the leading coefficients of the partial quotients) is equal to
27140 if 1 > 0 and to (—1)72"=1%0 if ;. < 0, where § = 1 if m is even
and ¢ = 0 if m is odd. The lemma is proved when |m| < (p —1)/2.

Let (dj)r>0 be a sequence of nonzero integers in {—(p—1)/2,...,(p—1)/2}
and (vy)r>1 an increasing sequence of positive integers. For k& > 0, set

my = do + dip” + ...+ dgp"*.

We have checked above that the lemma holds for mg. Let & > 0 be an
integer such that the lemma holds for mj. We show that it holds for m41.
We let GG(R?) denote the leading coefficient of a non-constant polynomial 7
in F,[z]. We keep the notation of the preceding proof and also assume that
my, is odd. We know that G(P) = G(Q) and recall that ¢ = —sgn(my)dj41.
It follows from (9.7) that

’ 1
o — _1 mpg
Glersn) = (-1 o,
€
G((r"k’JrlgpQ) = (_1)”%@ = —(—1)77”C Sgn(mk).

Assume first that € > 0. We then have

sgn(myy1) = sgn(dgy1) = —sgn(my),
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and it follows from Theorem 9.4 that
Ao = (1)1 2 (e 1 PQ + P'Q)/Q,
G(A2) = (D)2 2(Gec 1 PQ + PQ))/G(Q)
— ()2 (G 041 PQ)/GH(Q)
= (=172 (— (= 1) sgn(my))/G(P)
= (—1)7F 122 (sgn(my))F  (sgm(mp ) 2L,

since the lemma holds for m. Using Fermat’s Little Theorem, we then get
that, in [F,

G(AL) = (—sgn(my,))sHiostelmel =1
— (—sgn(my,))eHiolmHe-1
(sgn(m))= o= — olml=m

Assume now that € < 0. Then, we have,
Ae =27 (er 1 PQ + PQ) P
G(Ae) = 2755 (Glecr+1PQ + PQ) °G(P)

= 27 (—(=1)" sgn(my,)) " x sgn(my,)2 71

since the lemma holds for my. Using Fermat’s Little Theorem, we then get
that, in F,,

G(A:) = (Sgn(7nk))€+12—6+E+|mk|—1

_ /12|m|+§fl — H2|m|—m

The case my, even is similar in view of Theorem 9.4 and Section 10. We
omit the details.

By Lemma 2.4, this shows that the lemma holds for every integer m
which is not divisible by p. When m is a multiple of p, say m = p®m/ with
ged(p,m’) = 1, then the partial quotients of (14271)" are the p-th powers
of the partial quotients of (1 + x_l)’”/. In F,, their leading coefficients are
the same. This completes the proof of the lemma. O

We will derive Theorem 9.4 from Theorem 9.9 below. First, we perform
a change of variables to get an equivalent, but slightly simpler, statement.
We define

Yi=ep 1 PQ, r:=PQ+Y, q:=PQ +Y.

We use the letter r to avoid any confusion with the prime number p. Then
(9.6) becomes

-5
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Now, we observe that M, MC(1), and any finite product MC(1)H(7:(0)) - - -
take one of the two following forms

(o u2)- (07 1)

where the factors * are polynomials in Y, 7, ¢. In particular, neither P, nor
@, occur in the factors *. Consequently, we can assume that P = @ = 1,
thus

Y =ecpy1, r=P+Y, qg=Q +Y.

We work in the polynomial ring over the rational number Q[Y,r, ¢] and
view Y, r, q as indeterminates.

Definition 9.6. For a nonzero rational number p, define

= _ (1 r=Y =\ _ (pY 1
= —4 p(r+q—2Y) )
H(p) = _ .
0= (e Tamm (Y
It is convenient to extend the definition of 7). (m) for m = —2,-1,0,1,2,.. ..

Definition 9.7. Given a nonzero integere =1,—-1,2,-2,3,-3,..., let m =
0,1,...,2le| =1 ife >0, orm=0,1,...,2|e| if e < 0. We define

ne(m — 2), if m =2t is even;,
Ce(m) = . .
ne(m—2)/e, if m=2t+1 is odd.

For later use, we check that

n:(2t+1)  (2t+3)e
1e(2t) 2e+t+1)’
thus we get
9.9) Ce(2t+1) _ ne(2t —1)/e _ 2t +1
GO @2 2+

Furthermore, by combining

—o2AL2 = gl — t e e+t + 2]

2t) =
1e(24) lle—1—tele—1|+t+2] °

with

1e(2 4 2) _92t+2—4[(t+1)/2] -1 [HE‘ —t—1e ’8’ —i—t—i—l—i—?]]

= lle—=1—t—1lele—1|+t+1+2] ’
we get

t+1

(9.10) De(20)0(2t +2) = %

This shows that Theorem 9.4 is equivalent to:
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Theorem 9.8. For every positive integer €, let

MC(1/£H(C2)O(G(3) -+ (G2 ~ )T - ) = (0 g7 ).

We have
(9.11) Ae = (=1)THlaste2e,
(9'12) B, = (_1)a+12£+5—2qa'
For every negative integer €, let
M C(1/e)H(C=(2))C(Ce(3)) - - - H(Cc(2]e] - 2)) x
T2l - DIEGL(2ED) = (7 57
We have
(9.13) A, = 27TEg7e,
(9.14) B, =27°t&p7¢,
In both cases we have
Ae r €
Be <q> '
Since
C(0) =n:(=2) = =2, (1) =n(-1)/e =1/e,
we have
M C(1/2)H((:(2))C(C(3))
H -2 )_1 X H(Cs(o))é(CE(l)) X ﬁ(fs(2))6(C€(3))

where
. 1 ((Y—r’)/2 —2>

and, for t =0,1,...,]¢e| — 1,

De(t) = ﬁ((e(2t)>6(¢€(2t + 1))
el (7' +q— 2yl 4
B rq — (262_(i)J£:)—~_(1)Y + E;El Y2 —(C(20) N+ g — 2Y) ’

by (9.9).
Consequently, it is sufficient to establish the following

Theorem 9.9. For every positive integer €, let

UD.(0)D.(1)---D.(c — 1) = (g éﬁ) .
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Then, A; and B are given by (9.11) and (9.12), respectively. For every
negative integer €, let

UDL(O)D(1) -+ D] - DE2le) = (5 57 )-

Then, A. and Be are given by (9.13) and (9.14), respectively. In both cases
we have

10. WHEN THE LENGTH OF w IS ODD

We explain in this section how to deduce the results for w of odd length
from those established for w of even length.
Observe first that in Lemma 9.2 in both cases the length of h is even.

Lemma 10.1. Let h® and h° be two sequences of even length over F,[z]\F,
such that
. [(—4A B o (A -B
M(h°) = (—B C’) and M((h?) = (B —40)’

Let a, 3, be nonzero elements of F,,. Let ¢ be in F,[z] \ F, and s a finite
sequence over F,[z]. Then, we have

1
M(ah, fe,vh®) = M(4ah?, 16 5¢, Zﬂ/ho),
[s, ah®] = [s,4ah’],
[s,ah®, fc] = [s,4ah®, 16¢],

The first equality is about matrices, while the last two equalities are about
continued fractions and do not extend to matrices.

Proof. This follows from a direct computation. O
The form of the matrix M(h) in Lemma 9.2 allows us to apply Lemma
10.1 with
A:=PQ, B:=QP +PQ, C:=Pqg
to deduce from Theorem 9.4 (which addresses the case where the length of
w is even) its analogue for the case where the length of w is odd. Then, we
derive the continued fraction expansion of (1+2z71)"*+1 when the length of

w is odd (that is, when the length ¢; of (1 + 2~!)"" is even). We omit the
details.

11. PrROOF OF THEOREM 9.9

For i,7 in {1,2}, let U], j] denote the i x j coefficient of the matrix U.
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We have
UL,1)(r,q) = U[2,1)(g,7),
U[1,2](r,q) = U[2,2](q,7),
B€(7'7 Q) = /18(Q7 7')7
BL(r,q) = Al(q,7).

Proof. The assertion about the coefficients of U is easy to check. It implies

the last two as
indeterminates

Definition 11

sertions, since the matrices D and H are symmetric in the
r and q. [l

.2. For every positive integer k and 5 = 0,1,...,k, we use

the following notations:

L)
B(k,jir,q) = Y~ (=) g
d=0 (1)
i lk+je2k—2
’22—k—k:[[ tJe ‘ ]]’ if k — j is even,
. [Lek—j—1]
Kl(kvj):

K2(k7])

K3(k7])

K4(k7])

K5(k7])

iqk—7—1ek—Fk]
[k—1+Fkek+j]
( gk [Fj+2e2k+2]
E[lek—j—1]
i1 [k—j—1ek+2—K
k[k+1+kek+j+2]
[k —jek+k]
[k+1—kek+j+1]
o2—h—k [k +7 +1e2k]

if k— 7 is odd,

if k—j is even,

)

if k— j is odd,

k

if k —j is even,

TYR
\ Dot 7] if J s odd,

okt r2e2k 42
(_l)kQ—L,—k[[ Eij.;:_;+1"5 ]]7 if k — j is even,

k+1gk—1 [[k_j‘f'%'k‘FQ_%]]
[k+1+kek+j+2]
E+j+1)[k+j+2e2k+2]
E[lek—j+1]
(k+j+1D)[k—j+1ek+2—k]

(—1) if k—j is odd,

/

(_1)k+12—k—l? (

, if k—j is even,

)

(—1)k2k-t if k — j is odd.

klk+1+kek+j+2]
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It follows from (8.1) that

(i =Wk —p2-1
2 k(k—j—2)!((k+j)/2—1)!’ if K —j is even,
~ )L if k=1and j =0,
Kulk9) =9 ) ifh—j=1andk>?2,
i (e=2Ukrj—n/20 .
\ H(%—j—@ﬁﬂ%+j—UV if k —jis odd and k — j > 3,
(pimia =DMk =gzt
T G-y e
Ko(k,j) =10, ifh—j=1,
T E—DW(k+4+1)/2)! ) . .
—Jth+l ((l(s —jzg()/Q)!j(k'—k;/ﬁl)!’ if k—jisodd and k —j > 3,
(ierer (k= DUk +5)/2)! i even
D S (7 R T
’ 21—]‘—1:7 (k= DIk =4 —1)/2)! if k— 7 is odd
\ (i —j—nr " !
(kK = 4)/2)! G s even
PP R (CiTE il LT e
K it EN(k+7+1)/2)! , .
(—1)k+19ith (o 1)!(Zk myyyot if k — j is odd,
pyerigeioi (I + D= DNE=/2)
P G+l T
’ (C1yrgrh (= Dk + 5+ 1)/2) o
(k+)1((k—j — 1)/2)! et

For each positive integer £ and j =0,1,...,k — 2 such that k£ — j is odd,
define

ql(khj;raQ) :Kl(ka])q)(k_ijaTaQ)
k+g 1 ()
(/ )

Since [k —j—1ek—k]=(k—j—1)[k—j+1ek— k] and, for d > 1,
k—2\  (k—-2\ k—d—1
d o \d-1 d ’

yiot (=g = D[k —j+1ek—F]
M—1+k k+ 4]

k+j—1\ (]
(q +Z +(/ )(d) (_7,)(1qj—(/>

d= 1 —d- 1)((1 1)

)dq] rI

_ ok— 1 [k—j—1ek— k]]z
[k—1+Fke k+ 4] =

we have

U (k, g7, q) =
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2k1[[k—j+1 ok — k]
[k—1+Fke k+j]]

k4+j—1\ (j
<( -1 +Z —J_l)( +(/ )(”>(—r)"qj_‘]).

d=1 _(1_1)(11 1)

Hence we have

U (k. i [k—j+1lek—k] . ‘
U(k, j;r,q) = 2 1[[A_1+k i ((k_]_l)qa

Sk =i =D g T
11.1 @) e U ) Y
(11.1) +d§::1 -0 (=r)'d =" + 5 (~r))

Formula (11.1) is defined for j = 0,1, ...,k —2. Its right-hand side is also
valid for j = k& — 1. Thus, we use it to define V(k, j;7,¢) when j =k — 1.

Theorem 11.3. For a nonzero integer € and j =0,1,...,|e| — 1, set

- le]
1.(7) == UD.OD.(1)-++D.) = (510 1))
If € > 0, then we have
Ae(§) = V(lel, g5, @)r + Ka(lel, /) @(le = 1,557, 0)Y
AL(G) = Ks(lel, )@ (el = 1, 557, )
Be(j) = V(lel, 53¢, 7)a + Ka(lel, )@ (el — 1,554, 7)Y
B.(j) = K3(lel, )®(le| — 1, 7;4,7)
If e < 0, then we have
Ae(j) = Ka(lel, )@ (lel, s ¢, r)r + Ks(le], /)@ (el = 1,554, 7)Y
ALG) = (1Y Ks(lel, )@ (lel = 1,434, 7)
Be(j) = Ka(lel, )@ (lel, 457, a)a + Ks(lel, /) @(le] — 1, 557, q)Y
BL(j) = (1) K3(lel, )@ (e| = 1,557, )

Sketch of the proof. We check by a direct computation that the theorem
holds for j = 0. Then, we verify that II.(j + 1) = II.(j)D.(j + 1) for
j=0,...,|e] — 2. Consider only the special case where j is even and ¢ is
positive and even. With ¢t = j + 1, we need to check that

P rg_oyETtl
A+ 1) = A=(5)¢=(2t) <r+q Y —-r )

. 2e —1)(r +q) e—t—1
A g Y y?
+4:0) <7q 2(c + 1) L ’

that is,
Kl(f,j + 1)(1)(5 - 27] + 1;7'7q)’r =+ K2(€7j + 1)(1)(5 - 17] + 1,T,Q)Y
- (Kl(é‘,j)q)(&‘ - 27]7 T, Q)T
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e+j+1

. , (2e =1)(r +q) e—Jj—2 2)

+ K3(e,j)P(e —1,7;7, rq — - - Y.
3(5,7) 2 J q><q 2+ +1) et+j+1

To check this, we view both expressions as polynomials in Y and verify that
the coefficients of 1,Y, and Y2 coincide. Let us do this for the coefficients
of Y. This amounts to check that

Ko(e, 7+ 1)®(e—1,54+1;7,9)
= (Ki1(e,4)®(e — 2,5:7,0)1) Ce(2 +2) (—2“?‘2)
et+g+1
+ (Ka(e,5)®(e — 1,5;7,q)) C(2 +2) (r + q)
+ Kale )0~ Lina) (-0 D).
By Definition 9.7, this is equivalent to
2K9(e,j+ D)®(e—1,j+ 1;7,q)(e + 5+ 1)
= —4K1(e,5)®(e — 2,57, q)r1e(2§) (e — j — 2)
+2Ks(e,j)®(e — 1,57, a)ne(2)) (r + a) (e + 5 + 1)
— K3(e,7)®(e = 1,557,0)(2e = 1)(r + q).
Recalling that that € and j are assumed to be even, we get
[e—jec+j+2]
[e—1—jec+j+1]
g1 [e—7—2ec+2]

1e(24) = ~2%

K i +1) =
26,7+ 1) ele+1ec+j+3]
. _cle+je2e—2]

K :22 8[[6
1<€a.7) Hl.fi—j—l]],
Kale, j) = g et + 202642
2 e[lec—j—1] °
K3<€ J):QO IIE_j.E]]

[e+1lec+j+1]

Inserting this in the equality to be checked and noticing that [u e v]-[v e w] =
[u @ w] for every integers u, v, w, we use (8.1) to show that 2 2[l ec — 1] =
[e @ 2¢ — 2] and we see after some simplification that we need to verify that

—(e=1)®(e—-1,j+1;7,9)
=2r(e +7)®(e - 2,5;7,9)
(=) +q®(E—1,57,9).

We use the definition of ® to conclude. We omit the details. We check
analogously that the values of AL(j + 1), B-(j+ 1), and BL(j + 1) are those
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given by the theorem. We also have to consider the remaining cases (e
negative, € or j odd). A full proof is given in Appendix A. O

Deduction of Theorem 9.9 from Theorem 11.3. If e > 0 and j = ¢ — 1, we
have

Ac=A(e—=1)=V(g,e — L;r,q)r

231k j+1oe—d]fﬂ 5
[e—1+ceec+j] (°22)

(~r)
j—1

2 e—1)[2e0e—&]r (26 -2 (=)t
 [e—1+ce2e—1] \e—-1
— (_1)a+12a+a’—27,5'

Hence, by Lemma 11.1, we get
Ba — (_1)€+12£+572q57

and conclude that

Ife <0, j=lel—1, then
A7) AL0)\ g _ (A A
(Bsm B;u)) HC-(2leD) = <Be B;> |

r4+q—2Y

Hence,

Ae = —4A.(§) — AL(5)

Ce(2[el)
== _4K4(‘€|7j)®(’5‘7j;q’ T’)?” - 4K5(’€‘7j)@(|5’ - 1aj;Q7r)Y
, ) . r+q—2Y
— (=1 K3(lel, )@ (el = 1. j5¢,7)——5m—
(1) K3(lel, 7)®(le] ) @)
With k= |e| and j = k — 1,
K3(k7.7) = 2271{7]_{7
, 1 [2ek+2—E]
Ki(k —(—1 k’+12k’ 1 [[ il
alk,j) = (=1) [F+1+Fke2k+1]
A |I20k+2—];:]]

Ks(k, j) = (-1)*2"

[k +1+ke2k+1]
(-1 [1e2k+1]

[[2 2k + 2]’
k—1 k 1)

®(lel, g5 a7 Z

d=0 (]

Ce(2k) =

)dk 1—d
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_ %(—Q)”7vk‘1‘(’,
d=0
-1
. 2k —1 a, k—1—c
d=0 '
We check that
» . NTHg—2Y
= — 4K (el )Y = (1) Ks(lel ) — (2lel)

I3

[2 2k +2]
2(=D"[1 & 2k + 1]

L (EDRF[2e k2 R]

_ Y ]22—]{—];‘ _2Y
[k +1+ke2k+1] =D (r+q=-2Y)

o1 ktR 202k + 2]
(1727 o) g
thus
Ae = —4K4(|el, 5)®(lel, s g, 7)r + a‘b(\sl -1 j' q,7)
4 (_1)“1215_1[[2‘]54'2—%]] Z _d ylpk—1-d
= —4r — r
[F+1+ke2k+1] = i
o1kt k 2e 2k:+2]] 21@*1
-1 J21 k+ky,. [[ d, k—1—d
T C+ ) rezrya] 2%+ 1] & —a)
2k
+1ok : )k —d) 2k — 1 P
:(—1)k+1 Hlmz T)(I)ICJF(TJFq) ; (7q)174k, 1-d
d=0
Since

= 2k —a .-
T:= Z [(_r)(d)(z]) +(r+q) <2kd 1>] (_q)di—1—(/

2k — 1 2k —1 P
(ama) w5 ) o

I
El
L
A
| ——
=

d=0
k—1 1
— 2k —1 d, k—d 2k —1 d+1, k—d—1
_Z(d—1>( a Z( d >( Q)
d=0 d=0
2k —1 &
we derive that
r k!
Ag = (=1)tlokHl 7
== [1e2k+1]

: ! 2k — 1 :
_oktl_ R ko ok+k k-
ﬂ102k+1]](k—1)q I
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By Lemma 11.1 we get B. = 285/ and we conclude that
A <7‘>5
B, q .
This proves the theorem. Il
12. PROOF OF LEMMA 2.6

We start with an easy lemma.

Lemma 12.1. If the generalized continued fraction

. agz a1z asz
F&) =0+ | + | -2 4o
is equal to the continued fraction
. 1
}‘(z) =g+ :

dy(up +271) +
do(ug +271) + .
then
up = ay,
up = agg—2 + agg—1, k=2,
dy = aal
(a1a2)(asae) - - - (a4r—304%—2)
ao(asaq) - - - (aar—1041)
ap(agay) - - - (aar—504%—4)
(ara2)(asae) - - - (aar—304r—2)’

Proof. This follows from an elementary continued fraction manipulation. [J

dopy1 = k>1,

k>1.

dop, = —

Lagrange [9] showed that, for every real number r, we have

§ rz (r—=1)z (r+1)z (r—2)z (r+2)z
(1+2) zl—i—’T‘—’—Z—‘l +’—UJ1 —’—UJl +’—2le
(r—3)z (r+3)z
— ’_sz + ’_217_‘ I

By setting z = 1/z, taking » = 1/2 and applying Lemma 12.1 with ¢y =
l,a9p = 1/2, and a; = 1/4 for k > 1, we derive the continued fraction
expansion of (14 z~1)%/2 given in (1.2).

By Lemma 12.1 applied with

co = 17
apg=r,
aze = (r+k)/(22k+1), k=1,
agk—1 = —(r —k)/(2(2k - 1)), k=1,
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and with the notation of Lemma 12.1, we get

up =—(r—1)/2,
up=1/2, k>2,
1

(]1 =7 y
Ak +1)[r—2k+1er+2k+1]
lopa1 = k>1
2k [r— 2k or + 2k + 2] e
44k — 1)[r — 2k +2 e + 2k
doy, = ( ) reerd ]], k> 1.
[r—2k+1er+2k+1]
This implies the following result when 7 is an integer.
Lemma 12.2. For any nonzero integer r, we have
—1\r 1
(I+27)" =1+ 7
r~Hz—(r—1)/2)+ 1

do(z+1/2) +
ds(z+1/2)+ .
where
Ak +1)[r—2k+1er+2k+1]
[r — 2k er+2k+ 2] ’
44k = 1)[r — 2k + 2 o 1 + 2]
[r—2k+1er+2k+1]

dogt1 = 1<k (rl-1)/2,

doy, = 1<k<|r|/2.

Lemma 2.6 directly follows from Lemma 12.2. If p is an odd prime number
with p > 2|r|, then the prime divisors of the denominators of da,...,d,
obtained in Lemma 12.2 are all less than p, thus they are not divisible by
p. In this case, the continued fraction expansion of (1 + 2~ 1)" in F,((z71))
follows from its continued fraction expansion in Q((z~1)) by simply taking
all the partial quotients modulo p. This does not remain the case when |r|
exceeds 2p. To see this, take for instance p = 3 and r = 11 (see Subsection
13.1 below). Then, we get

10- 12
lom 5. 2
B3=5" 997 13"

which is not an element of Zg.

13. TWO EXAMPLES
We keep the notation of Lemma 2.7 and write

Pk
]? T

=142 )" =[La1,0,...
qk

= [1;@1,@2,...,ak], ]{‘21
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13.1. Continued fraction expansion of (14 z~1)/% in F3((z~1)). We
explain how Lemmata 2.5 to 2.7 allow us to compute by hand the continued
fraction expansion of (14 2~ 1)1/5 in F3((z~')). Since

1 16
s =g = (C1H3+9-2N)(14+81+817+..)

in F3, we have
dap = dgpys = =1, dypy1 = dgny2 =1, h >0,
and the sequence (my)i>0 starts with
~1,2,11, —16, —97, 146,875, . . .
By Lemma 2.5, the convergents to & := (14 2~ 1)/% of the form (1 4 z~1)"

are then
= () ) ) )
41’ x ’ x "Ne+1/ "\z+1

For k£ > 0, let ¢, denote the length of the continued fraction expansion of
(1+2~1)™*. This means that py, /qs, = (1+271)"*. We apply Lemma 2.7
to compute £. We get g = 1,01 =2,05 =3-2+1,... and an easy induction
shows that

bop—o=3"—2, ly,1=3"-1, h>1.
Consequently, we have

Pa2h+1_ T Imanl P2h+1_ x + 1\ Iman+al
3 2:< ) 3 1 _ . h>0,

q32h+1_9 r+1 q32h+1_q T
and
Pgenta_g _ <T + 1)|m4/1+2| Pgenta_y _ ( x )|7n4h+3| >0
(32h+2_9 T " ggenta_g r+1 ’ -

By Lemma 2.6 and Lemma 2.7 applied with w being the empty (alterna-
tively, this can be easily done by hand), we get

= =[l—z—1], 2=
a x+1 [ ] q2

Also, observe that

D1 x D2 r+1\2 N
( - ) =Lz —1,—z+1].
n-1(0) = -1, 6(0) =1.

Furthermore, moy, is odd and mgj41 is even for h > 0. We deduce from
Lemma 2.7 that there are only two cases. Let h > 1 be an integer.
o If (1+a7Y)y"™ =[1;—2 —1,w], then

(147 hym2ntt = [1; —2 — 1, W, coppq)-

o If (1427121 = [1;—2 — 1,w], then (1 + 2= 1)"2r+2 = [1; —2 —
1,w, cop9, —h], where h = (—W,x —1,—z+1,w), thus

(1 + x—l)ﬁlg;,.;,.z = [1’ —T = 17W7 C2h+2, W: —T + 17'%' - 17 _W]‘
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Let us now compute the polynomials c;. Let i > 0 be an integer. First,
note that

|man| + |maong1| = 32

Since
2@ 1) = (e )P o
we get,
(z + 1) menial = (g 4 1)lmanl (g 4 )3T = Imznsal=lmanl
= (x4 1)lm2l(g 4 1)23"
= (z+ 1)|’n2"" (w?’zhﬂ(w - 1)3%Jrl + 1).
Since |map4+1| > |mapl, this shows that

((x +1)3*" = Imanal

I|m2h+1|

Polpart

) — (x + 1)‘77l2h|$32}1+17|m2h+1‘(1‘ B 1)32}1,+1

=(z+ 1)\m2}:|$|m2/,,|($ _ 1)32’1+1

i

where Polpart means the polynomial part. Likewise, by using that
|maopya| + [map| = 4 - 320+,
we obtain

(r+ 1)32h+3 [manta| — = (z+ 1)|”L2h| T+ )32“3 |mant2|—|map
32h+1

(
(J, —+ 1)|mz/, (£ )5 .32h+1
((

= (z+ 1)l ((z + 1) x71)+:c3+1)
32/7+1 (‘L . 1) . 1)

thus, since 3 - 32"+ + || < 3 - 32" 4 |mgy 1| = |manaal,

32h+l 32}7+1 32}7+1 3.32h+1
+ (z +x

(.’IZ + 1)|m2h|( + 1),

((HJ + 1)32h+3_"”2h+2\

Polpart Tl ) = (z+ 1)|m2"'|x4‘32'1“—\mzh+2|(m B 1)32h+1
= (z 4 1)Im2nlglmanl (5 — 1)321:+1.
Since
sgn((—1)"" dans1) = sgn((=1)""*+dapga) = =1, h =0,
and

s (=104 gy 5) = sgn((—1)" 2 dggg) =1, b >0,

we have proved that
Consa = Conys = (a + Dm2elalmenl i — 13 for b > 0 even,

and
32h+1

Cop49 = Cop43 = —(.T + 1)‘m2h|$|m2h|(ﬂf — ].) for h >1 odd.
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Let us apply Lemma 2.7 to derive the continued fraction expansion of
(1 4+ 7Y from that of (1 + 271)% Since cg = z(z + 1)(z — 1)® and
h=(z-1,z—1,—z+1,—2+1), we get
pr <a: +1
a7 T

11
) =[l;—z—1,—x+1,c9,—h]

=[l;—z—1,—z+La@+)(z-13 —2+1, -2+ 1,2 -1,z —1]
=[1l;—v+1,—v,co, —v,—v,v,0],

where v denotes the polynomial = — 1 (we use this to shorten the notation).
Let us apply Lemma 2.7 to derive the continued fraction expansion of (1 +
271716 from that of (1 4+ =)', There is only one partial quotient to
add, which is the polynomial part of (1 + 2)'6/2'!) that is, ¢y = c3 =
x(z + 1)(x — 1)3. Consequently, we obtain

s =[1;—v+1,—v,co,—v,—v, 0,0, Ca].
q8 T + 1 ) ) ) ) ) ) ? )
Then, we find
P25 r N\
i (x n 1) =[l;—z—1,—v,c9, —v, —v, 0,0, Ca, —Cq, —h]
=[1;—v+1,—v,co, =V, —0,0,0, Ca, —C4, C2,V,V, ..., —V, —C2],
with ¢4 = 2™ (2 + 1)" (2 — 1)?7, and
D26 T+ 1y 146
- = = [1; —v+1, —v, cq, —v, =V, v, U, Ca, —Cq, C2, V, Uy . .., —V, —Ca, —C4].
26
Furthermore,
D79 x4+ 1\87 ) ) ) o
q— = - =[l;—x—1,—x+1,...,—cCo, —Cq,C6, —C4, —C2,y ..., (2, C4ql,
79

with cg = 2°7(x 4+ 1)%7(z — 1)%43.
The partial quotients of degree greater than one are
+g5,, with g, = (£E2 + x)‘””?h'(x — 1)3%“, h > 0.
We show by induction on /h that
(142 H)™+2 = [1;—2 — 1,. .. G2ht1y - 90, 915 925 - - - » G20)

(L4271 ™3 = [1;—2 — 1, .., Gaha 1, - -+ G0y G15 925 - - - » G205 G241,

(L4 a7 1)mh4 = (15— — 1,00 Gohtds e+ 005 G15 G2 - - 5 G20y G20t 15 —G2ht2> T2t 1s - - -
92,591,905 ---5 —90, =91, —g2,- -+, _g2h+1])

(I h)y™ms = [1;—a—1,..., —gon42s- -, —00, —G1, =92, - - - » —92h+1, —G2n+2];

and

(]- + x71)7n4h+6 - [1’ —T — 1) ey 92h+15 -5 =90, =91y — 925 - s —G2h+15 —Y92h+2;

92h+3592h+2y -+ 5 —90, —915---5,90,91, 92, - - - )92/L+2]'
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Indeed, assuming that the continued fraction expansions of (1 4 x~1)"4n+2
is as above, we use our preceding observations to derive the continued frac-
tion expansions of (1 4z~ 1)"4n+3 .. (14 271)"4+6 and we observe that
the latter one has the same form as the continued fraction expansion of
(1 + 2=1)"ar+2 Furthermore, we have shown that the continued fraction
expansion of (14 271)"6 = (1 + 27!)87 has the requested form.

Since the lengths of the continued fraction expansions of (142~ 1)"an+2
(1= 1)mants are 32042 — 2 32042 1 32043 _ 9 3243 _ 1 respectively, we
derive that

agh = (_1)}7_19]2,—17 A3hq; = (_1)}19’1—1—7} = 17 ceey h — 25
and
degqsn_q = |map-1], h>1.

This allows us to determine infinitely many elements of the approximation
spectrum S(&) of . Namely, an easy computation shows that

2may,_o| + 321

d \ d — Mop_
gdsr _y, deggn1 _ :2+3|m2}, 2!_
deg q3n_4 deg q3n_4 |mon—1] |mon—1]
Likewise,
deg qsn_, -1 deg gn—i—1
Siit: Sl S .
degqzn_; 4 degqgn_y —deggp—o— ... —deggn—i—1
An easy induction shows that
6 - 321L — (-1 h 3. 32h+1 (=1 h
|man| = #, |maop+1] = (=1) , h>0.
5 5
Using that
deg gn—1-; = 2map a9 +3 717, i=0,1,...,h -1,
we get that
d 1_- 8
A L S T NN Y}
h—+o00 deg Q3’17171 5. 32171 + 1
and, similarly,
d o 8
im _de8dshti =1+ 5 , 121
h—+oo deg qgny ;1 35-34~1 -9
This shows that
8 8
R (LS P V7Y PR B P
O E s e R T35 g7

thus the set S(¢) is infinite. The largest elements of these two infinite families

are
3 13 18 118

T2 127 17 1T
A further look at the continued fraction expansion of (142~1)1/5 shows that
there are other elements in the approximation spectrum, an example being
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given by 44/41. We leave to the interested reader the precise determination
of the set S(§).

13.2. Continued fraction expansion of (142~ ")'/4 in F;((z~')). Since
L 12 2 4 _ 2 4
1= T = ROAT AT ) =22 NI+ T T )
in Fr, the sequence (my)i>0 starts with
2,-12,86,—-600, ...,

and we have - i
T -1
my = (=1)F —tl()
In particular, my and m41 have opposite signs and it follows from Lemmas
2.6 and 2.7 that the length ¢; of the continued fraction expansion of (1 +
x~ 1) satisfies £, = 3¥*1 — 1 for £ > 0. By Lemma 2.7, all the partial
quotients of (14 2~1)Y/* in F7((z~1)) are either linear or constant multiples
of the polynomial part of

. k>0,

1 7 —|mp_1]
10, = ( +ZE) )

l‘lmk‘,fl‘

for some k > 1. Setting m_; = 0, we claim that

7k—1

Polpart(Il;,) = z/™+2/(1 +a:)‘7'lk*2|(ar+4)7k_1(ar2+:z:—|—6) =: P, k>1,

where, as above, Polpart means the polynomial part. This is true for k = 1
since

5

1+x
P, = Polpart(#) = 2%+ 522 + 10z + 10 = (z + 4) (2% 4+ = + 6).
T

Let k > 3 be an odd integer. Then, my_1 =mp_o+2- 71 and
T —mpa| = 5T —mpg = 57"+ pmpal,  |mp_a| = 2.7 —|my_al,

thus, since 7571 > 2|m;._s|, we get

, , 1
Polpart(I1;) = z™#2(1 + z)lm™+—2IPolpart <(

(1+ 3:)5>7’“‘1

= x"”’*‘*Q‘(l + x)l””"“*z‘Polpart< 3

as claimed. The case k even is analogous and we omit it. By Lemma 2.7,
the first partial quotient of (1 + z~1)%/* in F7((z~!)) which is a constant
multiple of Py, is agx.
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APPENDIX A. FULL PROOF OF THEOREM 11.3

We provide a full proof of Theorem 11.3. It contains several steps. For
the idea of the proof, see the sketch of proof below the statement of Theorem
11.3.

A.1l. Rewriting (;(2t). The definition of (.(m) is given in Definition 9.7.
We rewrite it according to the parity of €.

Lemma A.1. For a positive integer k and t =0,1,...,k — 1, we have
34| (t— k—t+1lek+t+1]
(21) — _92t—3-4(t-1)/2] [
Cr(2t) [k—tek+t]
and

L*l)/QJ [[k—t+1.l{7+t+1]]
[k—t+20k+t+2]

Lemma A.2. For a positive integer k and t =0,1,...,k — 1, we have
274 2k 4 28) (k—t)! (k —t — 1)!

) =~ ot ke =)
2L 2 20)! (K — 1)1
Coak(4) = = k=2t (k+t)12
2 (2 — 24 — 2)! (k4 )12
Can2) = = T e — = DB
X 2k‘(4t+2):_24t+1 2k —26)! (k 4+t + 1) (k + 1)

QE+2t+2) (k- (k—t—1)"
For a non-negative integer k and t =0,1,...,k — 1, we have

24 (2 — 28)! (K + )12

cr1(4t) = —
§2A+1( ) (2k’+2t)'(k?—f)'2 )
Cop_1(4t) = S22k -2t 2N (k+t+ D (k + 1)
—2k—1 - 2k+2t+2)!1(k—t+ 1) (E—1)! )
Copy1(4t +2) = 2Tk 2t 4+ 2 (k=) (k- t = 1)!

k=2t (E+t+ 1! (k+1) ’
2743 2k + 2t +2) (B —1)!?
2k =20 (k+t+1)2
A2 Rewriting K/(kvj)‘ We rewrite Kl(k7])7KQ(kaj)aK3(k7j)7K4(k7])7K5(k7])
given in Definition 11.2 according to the parities of k£ and j.

§,2k71(4t + 2) = —

Lemma A.3. We have
K1(1,0) =1,
Ki(j+1,7)=0, j>1,
Ko(j+1,7)=0, j>0,
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and

‘ —j+k—=112k—2)!
Kl(zk’m:22j(§4}7k—1)!()—;j+213—2)!’
2271 (G + k) (2K — 2)!

(25 + 2k (—=j+k—2)V
22 (j + k) (2k — 1)!
(25 +2k) (—=j+k—1)
2722 (—j+ k-1 (2k —1)!
G+EN(=2j+2k=2)!
272i  (—j+k—1)(2k —1)!
G+EN(-2j+2k=2)! 7
2202 (j+ k+ 1)1 (2k — 1)!
(25 +2k+2)! (= +k—2)
2232 (j 4+ k+ 1) (2E)!
(25 +2k+2) (= +k—1)
272073 (—j 4+ k= 1)1 (2k)!
G+E+D(=2j+2k—2)"
220 (G 4+ k) (2k — 1)!
(25 +2k) (—j+k—1)

. —j+k—=112k—1)!

Ka(2k,2j +1) = 229‘(@ ) (—;j(+ 2% . o)
‘ —j 4+ k) (2k)!
K‘”’(%“’QJ):22j(§+k~)!()—;jizk)!’
2213 (j + k+ 1)1 (2F)!
(25 +2k+2)! (—j+k—1)
. (—j + k) (2k)!
Kal2h20) = a5 (b (=25 + 20
220F (i + k+ 1)1 (2k)!
(25 +2k+2) (= +k—1)
227 (G + k+ 1)1 (2k + 1)!
(27 +2k+2)! (= + k)’
272072 (—j 4+ k) (2k + 1)!
(G+k+D(=25+2k)"
2j+2k+1)(—j+ k) (2E-1)!
227 (j+ k) (=25 +2k)!
227 (G + k+ 1)1 (2k — 1)
(25 +2k+ 1) (—j+k—1)

K1(2k, 25 +1) =

Ki(2k+1,2j 4+ 1) =

Ko(2k +1,2j) = —

Ko(2k+1,2j+1) = —

K3(2k7 2.7) =

K3(2k+1,2j +1) =

Ka(2k,2j +1) = —

Ka4(2k +1,25) =

Ka(2k+1,2j+1) = —

Ks5(2k,2j +1) =
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220 (i + k+ 1)1 (2k)!

(25 +2k+ D! (—j+ k)
27297225+ 2k + 3) (—j + k) (2k)!
(G+k+1D)!(=25+2k)!

K5(2k +1,25) = —

K5(2k+1,2j +1) =

A.3. Rewriting D.(t). The definition of D,(?) is given just above Theorem
9.9. Since D.(t) involves (-(2t), we need to rewrite D.(¢) according to the
parity of €. Notice that all the entries of D.(¢) are polynomials in Y of
degree at most 2.

Below, we let D.(t)[/, j] denote the i x j entry of the matrix D.(¢). We
assume implicitly that e is nonzero and ¢t =0, ...,|e| — 1.

Lemma A.4. We have

9—41+1 <7Y<27;ft“> e q) 2k + 20! (= ) (k — t — 1)

k=20 (k+ ) (k+—1)! :

D2k’(2t)[17 1] =

D2k(2t)[172] = _47
Y22k —-2t—1) Y(@k—1)(r+q)
DR = —50 9~ aG+p T
QY —r—q) 2k =2 (k+t)! (k+t—1)!
242k + 200 (k— ) (k—t— 1)
24t (LAY ) 2k +20)! (k — )12

2k —2)! (k4 t)!2 ’

Doy (20)[2,2] = —

D—2k(2t) [17 1] =

D_g(20)[1,2] = —4,
D_9(2t)[2,1] = Y2(22]z;—_2:)+ D - Y(4Z?—k1_)(;+ ) + rq,
QY —r—q) 2k —2)! (k+1)!?
-4+ (2 4 24) (b — )12
2t (Il — = q) 2k — 20)! (k+ 1)1
2k +20) (k — )12 ’

D_9,(2t)[2,2] = —

Dawy1(2t)[1,1] =
Dap41(20)[1,2] = —4,
2Y?(k—t) Y(@k+1)(r+9)
2k+2t+1  2(2k+2t+1)
QY —r—q) 2k +2) (k—1)!?

2401 2k —20) (B + )12 7
24t+1(74y<’“+t+” —r— q) 2k =26+ 2 (k+t+ 1) (k+1)!

Dop41(2)[2,1] =

+ 74,

Dop41(2t)[2,2] = —

2k—2t+1

D1 (20)[1,1] = @kt 20+ 21 (k—t+ DI(k—1)! ’

D_gk—1(20)[1,2] = —4,
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2Y2(k+t+1) Y(4k+3)(r+q)
D—2k:—1(2t)[2a1] = 2k —2t4+1 o 2(2k*2t+1) Tre
(2Y = r—q) (2k+2t+ 1 (k—t + Lk — )

T2k — 20+ 2)l (h+t + DIk +6)
2t (Sl — v — ) (2 — 20 = 21 (h + 1)1
@kt 20)(k— 1) ’

D_g;—1(2t)[2,2] = —

Dop(2t +1)[1,1] =

Doy (2t +1)[1,2] = —4,
2Y2(k—t—1) Y(4k—1)(r+q)
Dop(2t +1)[2,1] = - '
2w D= 5T T 2@k e Y
Y —r—q)(2k+28)(k—t—1)12
2411 (2 — 21 —2)1 (K + )12 7
2t (AR - g) (20— 20)! (k+ £+ 1)) (k + 1)

CEk+2t+2) (E=t) (k—t—1)! ’

Doi (2t +1)[2,2] = —

D_ogp(2t + 1)[1,1] =

D_gp (2t +1)[1,2] = —4,

2Y2(k‘—|—t+1) Y(4]€—|—1)(7”+Q)
D_op(2t +1)[2,1] = 2k —2t—1  2(2k—2t—1) e
QY —r—q)@k+2t+2 (k=) (k—t—1)!

AT (2 — 20l (k+t+ D) (k+0)!
274“3(%—7«—(1) Qk+2t+ 2 (k=) (k—t—1)!
@E—20) (k+t+ 1) (k+1)! ’

D_gn(2t +1)[2,2] = —

Dapy1(2t +1)[1,1] =

Dopi1(2t +1)[1,2] = —4,

Y22k —2t—1) Y(4k+1)(r+q)

2(k+1t+1) A(k+t+1)

2V —r—q) 2k =20 (k+t+ D! (k+1)!

27432k + 20+ 2 (k— ) (k—t— 1)’

2—4t—3(% —r—q) 2k +2t42)! (k —t)1?
2k —20)! (k +t + 1)!2 ’

Dop1 (2t +1)[2,1] = +7q,

D12t +1)[2,2] = -

D g1 (2t +1)[1,1] =

D_gp1(2t +1)[1,2] = —4,

Y2(2k+2t+3) Y(4k+3)(r+q)
2k —t) 4 (k—1) "
QY —r—q)(2k =2 (k+t +1)!1?
243 (2k + 21 + 2)! (k — t)!2

D_9p_1(2t +1)[2,1] =

D_gp1(2t +1)[2,2] = —

A4 Rewriting 716(.7)7 ‘4/5(])7 BE(])7 Bla(])' We rewrite *48(.7)7 *4;(])7 Bé‘(]): B;(])
given in Theorem 11.3 according to the sign of € and the parities of € and j.
Below, we have replaced V(k, j;7,¢) by the product K1 (k, j)®(k—2,7;7,q).
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Agp(24) =YV K2 (2k,25) @ (2k — 1,2 j;7,q)
+rK1(2k,25)®(2k —2,25;7,49),
Agi(2 +1) =YKo (2k,2j + 1) ®(2k — 1,25 + 1;7,q)
+rKq(2k2j4+1) P2k —2,25+1;7,q),
Aok(25) =1K4(2k,27) ®(2k,2559,7)
+YK5(2k,25)®(2k—1,255q,7),
Aop(2j+1) =rK4 2k, 25 +1)®(2k,25 4+ 15¢,7)
+YKs(2k2j+1)®(2k—1,2j+1;¢,7),
Agp41(27) = VK2 (2k +1,25) ®(2k,2j57,q)
+rK1(2k+1,25)® 2k —1,24;7,q),
Agr1(2f + 1) =YKy (2k+1,25+ 1) ® (2K, 25 + 1;7,q)
+rK1(2k+1,25+ 1)@ (2k—-1,25+1;7,q),
A9p-1(2)) =Y K5 (2k +1,25)®(2k,25;9,7)
+rKy(2k+1,25)®(2k+1,25;q,7),
Agp1(2j+1)=YKs(2k+1,2j+1)® (2k, 25+ 1;¢,7)
+rKs2k+1,2j+ 1)@ (2k+ 1,25+ 15q,7),

5:(27) = K3 (2k,25) ®(2k - 1,25;7,9)
112k(2]+1):Kg(Qk,2j+1)<I)(2k—1,2j+1;7‘,q),
2k(27) = K3(2k,25) ® (2k — 1,2 j54,7),

Al 2k(2]+1) —K3(2k,27+1)®(2k—1,2j+1;q,7),

1041(27) = K3(2k +1,25) @ (2K, 257, 9)
2k+1(2j+1):K3(2]€+1,2j+1)<1>(2/€,2j+1;7”,q),
ALy 1(2)) = K3 2k +1,25) ® (2K, 2559, 7),
A’ _oh_ 1(2j+1) —K3(2k+1,274+1)®(2k,25+ 1;q,7),
Bok(2j) =YK (2k,25) @ (2k — 1,25;4,7)

+qK1(2k,25) @ (2k —2,25;q,7),
Bop(2j +1) =YKy (2k, 25+ 1)@ (2k — 1,25 + 1;¢,7)
+qK1(2k,2j+1)®(2k—2,25+1:q,7),
B_9,(2)) = qK4(2k,25) ®(2k,25;7,9)
+Y K52k, 2))®(2k—1,24;7,q),
B_9p(2j+1) = qK4 (2,27 +1)®(2k,2j +1;7,9)
+YKs52k25j+41)®(2k—1,254+1;7,q9),
Boi41(2)) =Y K2 (2k+1,27) ®(2k,2554,7)
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T K1 (2k+1,25)®(2k - 1,25;5q,7),
Bory1(2j+1) =YKy (2k+ 1,25+ 1) P (2k,25 + 1;q,7)
+qK1(2k+ 1,2+ 1) (2k—-1,25+ 1;¢,7),
B_9x-1(2j) =Y K5 (2k+1,25) @ (2k,25;7,9)
+qK4(2k+1,25) P (2k+1,24;7,q),
B g 1(2j+1)=YK5(2k+1,2j4+1)®(2k, 25+ 1;7,9)
+qK4(2k+1,2;+ )P (2k+1,25+1;7,9),
he(2)) = K3 (2k,25)® (2k — 1,25;4,7),
(2]+1 = K3 (2k,2j+1)®(2k—1,25+1;q,7),

:K3(2k7—|—1,2j+1)¢>(2k,2j+1;q,7'),
K32k 41,25+ 1) (25,25 +1;7,4).

By replacing the K;(k,t) by their expressions given in Lemma A.3, we
obtain the following identities.

Lemma A.5. We have
27207y ® 2k —1,25;7,q) (—j +k — 1) (2k — 1)!
(j+E)(=25+2k—2)!

D2k —2,25;7r,9) (—j +k—1)!(2k —2)!

227 (j+k— 1)1 (=25 42k —2)! ’
2202y ® (2k — 1,25+ 1;7,¢) ( + k+ 1)1 (2k — 1)!
(25 4+2k+2)! (—j +k—2)!

220 ® (2k — 2,254+ 1;7,q) (j + k) (2 — 2)!
(25 + 2k (—j +k —2)! ’
Y25 +2k+1)®(2k—1,25;q,7) (—j + k) (2k — 1)!
227 (j+ k) (=25 +2k)!

r® (2k,275;q,7) (=7 + k) (2F)!

227 (j+E)(=2j+2k)! 7
225t d (24,25 + 1;4,7) (j + k + 1) (2k)!

(25 +2k+2)! (—j+k—1)!

220 Y ® (2k — 1,25+ 1;4,7) (F + kE+ 1)1 (2k — 1)!
* @+ 2k+ D (—j+ k1) ’
22072y ® (2k,25;7,q) (5 + Kk + 1)1 (2k)!

(27 +2k+2)! (—j+k—1)!

Agi(24) = —

Agp(2j +1) = —

Ao (2]) = —

44_2]4(2]' + 1) = —

Agky1(25) = —
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220t ® (2k — 1,25;7,q) ( + k) (2k — 1)!
(27 + 2k (—j+k—1)! ’
272I73Y D (2K, 25 + 1;7,q) (—j + k — 1)1 (2k)!
(G+k+D! (=25 +2k—2)!
2727 2r® (2k — 1,25+ 1;7,q) (—j + k — 1)1 (2k — 1)!
G+ k) (=25 +2k—2)! ’
22IHY D (2k,25;q,7) (j + k+ 1)1 (2k)!
a (2] +2k+ 1) (—j+ k)!
+2%*W®@k+lﬁﬂqwﬂj+k+lﬂ@k+1ﬂ
(274 2k+2)! (=7 + k) ’
272072y (25 + 2k +3)® (2K, 25 + 1;¢,7) (—j + K)! (2k)!
G+E+D(-27+2Fk)!
2720"2,® 2k + 1,25+ 1;q,7) (—j + k) (2 + 1)!
G+Ek+D!(=25+2k)! ’
22011 (2k — 1,25;7,9) ( + k)! (2k — 1)!
(25 +2k) (—j+k—1)! ’
®(2k—1,25+1;7,q) (—j+ k-1 2k —1)!
227 (j+ k) (=25 +2k —2)! ’
2200 (2k — 1,2 55¢,7) (j + k) (2K — 1)!
27+ 2k (=) +k—1)! ’
®(2k-1,2j4+1,¢,7)(=j +k—-DI(2k-1)!
227 (j+ k) (=275 + 2k —2)! ’
O (2k,2j5;7r,q) (—j+ k) (2k)!
227 (j+ k) (=25 +2k)!
22013®% (2k,25 + 1;7,9) (j + k + 1)1 (2k)!
(25 +2k+2)!(—j+k—1)! ’
D (2k,27;q,7) (=5 + k) (2F)!
227 (j+ k) (=25 +2k)!
22013% (2K, 25+ 1;q4,7) (j + k+ 1)1 (2k)!
a (2] +2k+2)! (—j+ k—1)! ’
272071y (2k —1,24;9,7) (—j + k — 1)1 (2k — 1)!

Agp1(2j +1) = —

_l’_

Agr-1(2) =

44,2]{,1(2]. + 1) =

A (25) =

Ay (25 +1) =

Al 9 (24) =

A/—Qk,(zj + 1) = -

"4/2k+1(2j) =

Ay1(2/+1) =

AL g1(2)) =

Al g1 (27 +1) =

By (27) = —
20 (%) G+ k)N (—2)+2k—2)
q® 2k —-2,25;q,7) (=i + k=11 (2k —2)!
22) (j+k—1)!(=2j+2k—2)! ’
, 2292V P 2k — 1,25+ L,4,7) ( + b+ 1)1 (2k - 1)!
sz(Qj—l—l):— ( J q )(«7 ) ( )

(2] 42k +2)! (—j + k—2)!
227t1gd (2k — 2,25+ 1;¢,7) (j + k) (2k — 2)!
(27 +2k) (—j + k — 2)! ’
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Y25 +2k+1)®(2k—1,25;7,q) (—j + k) (2k — 1)!
227 (j+ k) (=254 2k)!
q® (2k,2j57,q) (= + k)! (2k)!
227 (j+ k) (=25 +2k)!
227D (2K, 25 + 157, 9) (G + E+ DI 2K)!
(25 +2k+2)! (—j+k—1)!
L2TVR Q2R 1,2+ Lirg) (G4 R+ DR - 1)
(2j+2k+ 1) (—j+ k—1)! ’
2272 D (2k,25;4,7) (G + k+ 1)1 (2k)!
(27 +2k+2)! (—j+k—1)!
22419 (2k —1,2j54,7) (j + K)! 2k — 1)!
(27 +2k) (—j + Kk —1)! ’
27293Y D (25,25 + 1;¢,7) (=5 + k=1 (2k)!
(G+k+1D)(=2j+2k—2)!
2720729 2k — 1,25+ Lig,7) (=j + k= D! 2k = 1)!
G+ k) (=2j+2k —2)! ’
22V (2k,25;m,9) (F+ B+ D! (2k)!
(27 +2k+ 1) (—j+ k)!
N 227Hq® 2k +1,2457,9) (G + k+ D2k 4 1)!
(25 +2k+2)! (= + k)! ’
272072y (25 + 2k +3)® (2k, 25 + 157, q) (—j + k) (2 k)!
(J+E+DI(=2]+2k)!
2727290 2k + 1,25 + 1;7,9) (=5 + F)! 2k + 1)
(G+k+D! (=25 +2k)! ’
220019 2k —1,25;9,7) (G + k) (2k — 1)!

B—2k7(2j) ==

B (2j+1) =

Bopt1(25) = —

Bop41(2j +1) = —

B_9,-1(2j) =

B_gp_1(25+1) =

/ ] 2 7 —
2(27) (2)+2k) (—j+ k—1)! ’
, ®(2k—1,25+139,7) (=i + k- 12k —1)!
L(2) +1) = TR
2:(27 +1) 927 (j + k) (=2 + 2k — 2)! ’
L 22N 2k —1,25;7,9) (+ K)L (2K — 1)
B 5,(2)) = ( ! L !

27+ 2k (=) +k—1)! ’
O(2k—1,2j+Lr,q) (—j+k—1)!(2k—1)!
227 (j+ k) (=25 + 2k — 2)! ’
O (2k,27;5q,7)(—j + E)(2Ek)!
227 (j+ k) (=25 +2k)!
22913 (2k,25 + L;4,7) ( + k + 1! (2k)!
(25 +2k+2)! (=) + k —1)! ’
D (2k,275;7r,q) (—j + k) (2k)!
27 (j+ k) (=25+2k)! 7

Bl2kt+1 (2]) =

By, 1(2j+1) =

By 1(25) =
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22039 (2k,25+ 1;7,q) (G + k + 1)1 (2k)!
(27 +2k+2)! (—j+k—1)!

A.5. Proof of Theorem 11.3 for j = 0. For a nonzero integer ¢ and
j=0,1,...,]e] — 1, recall that

B g 1(2j+1) =

. (A A (j))
IT :=UD.(0)D.(1)---D =5/ Fr.
)= DD D.0) = () )

Idea of the proof: We check by a direct computation that the theorem
holds for j = 0. Then, we verify that 11.(j + 1) = II.(j)De(j + 1) for
j=0,...,l¢e] — 2.

In this section, we check by a direct computation that the theorem holds
for j = 0. We have:

U:1<(Y—r)/2 —2)7

r—g\—(Y —q)/2 2
Kq(k,0) =1,
kE—1
Ky(k,0) = -
K3(k70) =1,
K4(k70) =1,
kE+1
K kf —_ ——
5(k,0) —
and
®(k,0;7,q) = 1.
This gives:
ec=Fk>0:
kE—1
40 =+ Ka(k,0)y == Ly,
k-1
Bi(0) = q + Ka(k, 0)Y = q = ——Y,
B(0) =1
ec=—k<O0:
E+1
A (0) = 7+ K5(k,0)Y =7 — %Y,
k41
B_1(0) = q+ K5(k,0)Y =q— TY’
BL(0)=1
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We distinguish four cases to check that U x D.(0) = I1.(0):

o c = 2k:
U 2Y(2kk—1) —2q—2r 4 ( _2Yk722kkr7Y 1 >
Y2(2k-1 Y(4k—1 - 2Yk—2kq—Y .
(Qk ) Y( 4,3(q+r)+qr Y +Lq+1r —2¥k-2ke X
o c =2k
Us 2Y(2kk+1) —2q—2’r —4 _ ( _2Yk—22kk;7”+Y 1 >
Y2(2k+1 Y (4 k+1 - 2Yk—2kq+Y .
(2k+)_ ( Zk)(qH)Jrqr —Y+%q+%r —2Yh-Zhet?
e c—=2k+1:
- 28’3;]61 _ 2q_ 2 —4 _2Yk;]£i]€1+1)7' 1
X1 2v2k  Y(4k+1)(g+r) 1 1 = 2Y k= (2 k+1 :
2kF1 2(2k+;1)r +qr =Y +5q+357 _w 1
ec=-2k—1:
N ~4\ (et
XN 2v2(k+1)  Y(4k+3)(g+r) 1 1 = 2Yk—(2k+1)qg+2Y .
Rl T 2@kt T4 Y +ga+gr - (2k+1q 1

This completes the case j = 0.

A.6. The key identities for the inductive step. We need to verify that,
for j =0,...,|e| — 2, we have

[e(j+1) = T(j)De(j + 1),

that is,
(A1) <$Q+U %Q+D)ZC%@ %U»
cU+1) B(j+1) Be(j) BL(j)
€2 +2) (r+q—2v =45 —4
rg - Gy + S22 +2)) M+ g - 2Y)

The entries of these matrices are polynomials in Y of degree at most 2.
The above identity is equivalent to four identities for quadratic polynomials
in Y. One of these four identities is (recall that t = j + 1)

2G4+ 1) = AG)Ce(20) ( . 2Y€;j—_tl>
(. (2e=1)(r+q) e—t—1
+As(]) <’q_ 2(6+t) e+t Y2).

For example, when ¢ = 2k and j is replaced by 2j, the above identity
becomes

20 (AU oy 4 ) (4 )2
(25 +2k) (—j+k—1)!
y (2_2j_1Y<I> 2k—=1,24;7,¢) 2k =1)!  r®(2k—2,254;7,q) (2k — 2)!)
(j +k)! 227 (j+k—1)!
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4Y2(j—k+1 Y(4k—1)(r i . .
( TR + %j+zﬁ+T@'—270>22T+“P(2k-—1,2J;TAD(J%-kﬂ(2k-—1ﬂ

2 (25 +2k) (—j+k—1)!
22012y (2k — 1,25+ 1;7,¢) (j + k+ 1)1 (2k — 1)!
a (27 +2k+2)! (—j+ k —2)!
220t ® (2k — 2,25+ 1;7,q) (5 + k) (2k — 2)!
25+2k) (—j+k—2)!

=0.

To prove each such identity, we equate each coefficient of Y, for d =
0,1,2. We need to prove that (take the numerator, then simplify):
YOl 0= (j+k)(r+q)®(2k—2,24;7,9) — (2k — 1)q® (2k — 1,2 4;7,q)
YHo=2k-1)®2k—1,2j41;7,q)
—@2k=1r+q®2k—-1,2j;r,q)
+4r(+k)P(2k—2,27;7,9),
(V2] 0 =0.
The notation [Y?] means that we consider the coefficient of Y. Doing the
same calculations for all other cases, we get a full list of 4 x 3 x 8 = 96
identities to prove (the 4 entries of the matrices are quadratic polynomials,
and we distinguish according to the sign of & and to the parities of j and k).
The notation (e, 7);;[Y] used below means that the identity is obtained
by considering the coefficient of Y/ in the i x j entry of (A.1).
In all the cases, the identities obtained by considering the coefficients
of Y2 are tautologies. This is also the case for the identities obtained by

considering the coefficients of Y in the entries of the second column of each
matrix. Consequently, we are left with 48 identities to be checked, namely:

G+ R+ 2k - 2,25r,q)
+(G-kE+1D)P(2k—2,25+157,q),
(2k,2/)11[Y] 0= (2k = 1)(q+7)® (2k — 1,237, q)
—4(G+k)r®2k—2,24;7,9)
- 2k-1)®(2k—-1,2j+1;7,q),
(2k,2)12[Y°] 0= (2k = 1) (g + 1)@ (2k — 1,257, )
—4(G+k)r®2k—2,24;7,9)
—2k-1)®(2k—-1,2j+1;7,q),
(2k,27)21[Y°] 0= (2k = 1)r® (2k — 1,2j5¢,7)
—(F+k)(g+7)®(2k—2,255q,7)
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+(G—-k+1D)P2k—-2,27+1;q,7),
(2k,2))n[Y'] 0= (2k = 1) (¢ + r)® (2k — 1,255 4,7)
—4(j+k)q®(2k—2,25;q,7)
—2k-1)®2k—-1,2j+1;q,7),
(2k,2)22[Y°) 0= (2k = 1)(¢ + r)® (2k — 1,255 4,7)
—4(j+k)q®(2k—2,25;q,7)
—2k-1)®2k—-1,2j+1:q,7),
(2,25 + D1 [Y° 0 =22k —1)q® (2k — 1,25 + 1;7,q)
— (25 4+2k+1)(qg+7)® 2k 2,25+ 1;7,q)
+(2j—-2k+3)2(2k—-2,2j+2;71,9),
(2k,2) + Du[Y'] 0= 2k = 1)(g + )@ (2k — 1,25 + 1;7,9)
—22j42k+1)r®(2k—2,254+1;7,9)
—2E-1D)®(2k—-1,274+2;7,q9),
(2k,2) + D)12[Y?) 0= (2k = 1)(g + )@ (2k — 1,25 + 1;7,9)
—22j42k+1)r®(2k—2,254+1;7r,9)
—2E-1D)®(2k—-1,274+2;7,q9),
(2k,25 + 1)1 [Y°] 0 =2(2k — 1)r® (2k — 1,25 4+ 1;¢,7)
—(2j+2k+1)(g+7r)®(2k—2,25+ 1;4,7)
+ (25 —2k+3)D(2k—2,27+2;q,7),
(2k,2) + D [Y'] 0= (2k = 1)(g + )@ (2k — 1,25 + 1;¢,7)
—2(2j4+2k+1)qP (2k —2,2j+ 1;¢,7)
—2E-1)®((2k—-1,254+2;q,7),
(2k,2) + )Y 0= (2k — 1)(g+ )@ (2k — 1,2 + 1;4,7)
—22j42k+1)qgP(2k—2,254+1;q,7)
—2E-1)®((2k—-1,254+2;q,7),
(—2k, 2/)11[Y°] 0 = k(g +r)® (2k,2 5 q,7)
—(2j4+2k+1)q®(2k—-1,27;q,7)
—k®(2k,25+ 1;q,7),
(=2k,2)11[Y] 0 =4 kr® (2k,25;q,7)
— (25 +2k+D)(qg+7r)® 2k —1,25;q,7)
+(2j—2k+1)®(2k—1,25+1;¢,7),
(—2k,2)12[Y°) 0 = 4 kr® (2k,2j;q,7)
— (254 2k+D)(q+7r)®(2k—1,2j;q,7)
+(2j—2k+1)®(2k—1,25+1;¢,7),
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(—2k,2§)21[Y°] 0 = k(g + r)® (2k,2j; 7, )
—27+2k+1)r®(2k—1,24;7,9)
—k®((2k,25+1;7,q),

(—2k,2)21[Y"] 0 = 4kq® (2k,2 j; 7, 9)

— (25 +2k+1)(g+7)®(2k—1,2j;7,q)
+ (25 —2k+1)®2k—1,2j+1;7,q),

(—2k,27)22[V°] 0 = 4 kq® (2k,2 j; 7, q)

— (27 +2k+1)(g+7)®(2k—1,24;7,9)
+ (25 —2k+1)®2k—1,2j+1;7,q),

(=2k,25 + D)1 [Y°] 0 = k(g +7)® (2k,25 + 1;¢,7)
—2(+k+1)gP(2k—-1,25+1;q,7)
—k®(2k, 25+ 2;q,7),

(=2k, 25 + D)1 [V 0= 2kr® (2K,25 + 15¢,7)
—(GH+k+D)(g+r)P2k—-1,2j+1;q,7)
+(—k+1D)P(2k—1,254+2;q,7),

(—2k,25 4+ 1)12[Y°] 0 = 2kr® (2K,25 + 1;q,7)

— G+ k+1)(g+r)P 2k —1,2541;q,7)
+G-k+1D)P2k—-1,27+2;q,7),

(=2k,25 + 1)o1[Y°] 0 = k(g + 7)® (2K, 25 + 1;7,¢q)
—2(J+k+1)r®2k-1,24+1;r,q)
—k®(2k,2j+2;7,q),

(—2k,2j + 1)o1[Y'] 0 = 2kq® (2K,25 + 157, q)
—(GH+k+D)(g+r)P2k—1,2j+1;7,q)
+(G—k+1D)P(2k—-1,25+2;7,q),

(—2k, 27 + 1)o2[V0] 0 =2kq® (2K, 25 + 1;7,q)
~(HE+D(g+r)® 2k —1,2j+1;7,9)
+(G—-k+1D)P2k-1,27+2;r,q),

(2k 4+ 1,2))11[Y°] 0 = 4 kq® (2K, 27557, q)
—(2j+2k+1)(g+7r)® 2k —1,25;7,9)
+2j-2k+1)®((2k—-1,25+1;7,9),

(2k 4+ 1,2/)u[Y"] 0 = k(g + ) ® (2K, 257, q)
—(2j+2k+1)r®(2k—1,24;7,q)
—k®(2k,25+1;7,q),

(2k 4+ 1,25)12[Y°] 0 = k(g + 7)® (2k,2;7,q)
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—2j+2k+1)rd(2k—-1,25;7,q)
—k®(2k,25+ 1;7,q),

(2k 4+ 1,25)01[Y°] 0 = 4 kr® (2K, 255 q,7)
—2j+2k+1)(¢+7r)®(2k—1,245q,7)
+(2j—2k+1)®(2k—1,25+1;¢,7),

(2k 4+ 1,25)n [V 0 = k(g +7)® (2K, 245 4,7)
—(2j4+2k+1)q®(2k—-1,25;q,7)
—k®(2k,2j5+ 1;q,7),

(2k +1,25)22[Y°] 0 = k(g +7)® (2K, 253 ¢,7)
—(2j+2k+1)¢gP(2k—-1,25;q,7)
—k®(2k,2j5+ 1;q,7),

(2k+ 1,25+ 1)1 [Y°] 0 = 2kq® (2k,25 + 1;7,q)
—(+Ek+D)(g+r)P2k—-1,254+1;7,9)
+(G—-k+1D)P(2k—-1,25+2;7,q),

(2k+ 1,25 + D[V 0= k(g+r)® (2k,25 + 1;7,9)

20 +k+1)r®2k-1,254+1;7r,9)
—k®(2k,25+2;7,q),

(2k + 1,25 + D1a[YO] 0= k(g + )@ (2K, 25 + 157, q)

-2+ k+1)r®(2k—-1,25+1;7,q)
—k® (2k,25+2;7,q),

(2k+1,2j + D) [Y°] 0 =2kr® (2k,25 + 1;¢,7)
—(+k+1(@+r)22k—-1,27+15q,7)
+(—k+1D)P2k—1,25+2;q,7),

(2k +1,25 + Dou[Y] 0= k(g + )@ (2k,25 + 154, 7)

20 +k+1)qP(2k—-1,25+1;q,7)
—k®(2k,25+2;q,7),

(2k +1,25 + D)oa[Y) 0= k(g + )@ (2k,25 + 1;q,7)
—2(+k+1)qP(2k—-1,25+1;q,7)
—k®(2k,275+2;q,7),

(=2k —1,2))1[Y°] 0 =4 (G + k+ 1)g® (2k,2j; ¢, 7)
—2k+1)(g+7r)®(2k+1,25;q,7)
+2k+1)P((2k+1,254+ 15q,7),

(—=2k —1,2))1[Y' 0= (j+k+1)(qg+7r)®(2k,25;4,7)

— 2k +1)r®(2k+1,25;¢,7)

~— ~— ~—

61
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—(—k)®(2k 25+ 1q,7),

(—2k = 1,2/)12[Y°) 0= (G + k + 1) (g + r)® (2K, 255 ,7)
—2k+1)r®(2k+1,25;q,7)
—(—k)®(2k 25+ 1q,7),

(—2k —1,2))1[Y°) 0=4(j + k+ 1)r® (2k,24;7,q)

- 2k+1D)(g+r)P(2k+1,25;7,q)
+Q2k+1)®2k+1,2j+1;7,q),

(—2k = 1,2))n Y"1 0= (j + k+ 1) (g + ) (2K, 2557, 9)
—2k+1)q® 2k +1,24;7,q)

— (k)2 (2k2j+171,9),

(=2k —1,2)2[Y°) 0= (j + k+ 1) (g +7)® (2K, 25;7,q)
—(2k+1)q® 2k +1,25;7,9)

- —k)®2k2j+ 17,9,

(=2k — 1,25+ D)1 [Y] 0=2(25 + 2k + 3)q® (2k,25 + 1:¢,7)
—2k+1)(g+7)P2k+1,2+1;¢,7)
+Q2E+1)P(2k+1,25+2;q,7),

(=2k = 1,25 + D[V 0= (25 +2k+3)(q+ )P (2k, 25 + 1;4,7)
—2Q2k+1)r®(2k+1,25+ 1;q,7)

— (25— 2k+1)®(2k, 25 +2;q,7),

(=2k = 1,27 + 1) 12[Y°] 0= (25 + 2k 4+ 3) (¢ + )@ (2k, 25 + 1;4,7)
—2Q2k+1)r®(2k+1,25+ 1;q,7)

— (25— 2k+1)® (2,25 +2;q,7),

(=25 —1,27 + 1)1 [Y] 0=2(27 + 2k +3)r® (2k, 25 + 1;7,q)
—2k+1)(g+7r)P2k+1,2+1;7,9)
+Qk+1D)P2k+1,2542;7,9),

(=2k — 1,25 + D)1 [Y) 0= (25 + 2k +3) (¢ +7)® (2,2 + 1;7,9)
—2Q2k+1)qg®(2k+ 1,25+ 157,q)
—(27—-2k+1)® (2K, 254+ 2;7,q),

(=2k — 1,25 + 1)22[Y) 0= (25 + 2k +3) (¢ +7)® (2,2 + 1;7,9)
—22k+1)q®2k+ 1,25+ 1;7,q)
—(27-2k+1)®(2k,25+2;7,q).

~— ~— —

We delete duplicates and use the symmetry in » and q. We are left with
the following 12 identities:
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0=02k—1)r®2k—-1,25;9,7)— G+ k) (r+q9P2k—2,2j;q,7)
+(—k+1D)P(2k—-2,25+1;q,7),
0=2k—1)(r+q®2k—-1,24;9,7) =4+ k)qgP(2k —2,25;q,7)
—2k=-1)®(2k—-1,25+1;q,7),
0=2Q2k—-1)r®(2k—1,25+ 1;q,7)
—2j4+2k+)(r+9)®2k—-2,25+1;q,7)
+(2j-2k+3)P(2k—2,25+2;q,7),
0=02k=1D)(r+q¢®2k—-1,25+1;q,7)
—22j42k+1)qP(2k—2,254 1;q,7)
—2k-1)®(2k—1,254+2;q,7),
0=Fk(r+q)®(2k,275;7,q) — (2j+2k+1)r®(2k —1,275;7r,q)
—k®(2k,25+1;7,q),
0=4kq®(2k,25;7,¢) — (25 +2k+1)(r+q)® 2k —1,25:7,q)
F (25— 2k 1) (2k - 1,25+ 1;7,q),
0=k(r+q)®2k,2j4+L;r,q) —2G+k+1)r®2k—-1,25+1;7,q)
—k®(2k,25+2;7,q),
0=2kq® 2k, 27+ L;1,9) —(G+Ek+1D)(r+q)®2k—-1,27+1;r,q)
+(G—-k+1D)P2k—-1,25+2;7,q),
0=4G+k+1)r®2k2j5r,9)—2E+1)(r+q)@®2k+1,25;7,q)
FEEED®2EE1,25+17,9),
0=U+k+1D)0r+q®(2k25;7,9) — 2k +1)g® (2k+1,25;7,q)
SRR 2) + 1),
0=2(2j+2k+3)r® (2k,2j + 1;7,q)
—2k+1D)(r+¢®2k+1,25+1;7,9)
FEEED®2E 1,25+ 2:7,9),
0=(2j+2k+3)(r+q)® (2k,2j + 1,7, q)
—22k+1)g®2k+1,2j+1;7,q)
—(2j-2k+1)P(2k,2j+2;7,q) .
Four of these identities are obtained by shifting by 1 another identity, so

we are left with the following 8 identities, where, as in the sequel, we use
the shortened notation

(I)(kaj) = (I)(k'aj;ﬂQ)'

0=2k+1)q®(2k+1,25) = (G+k+1)(g+7)P(2k,27)
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+(—k)®(2k,25+1),
0=202k+1)¢®(2k+1,2j4+1)— (25 +2k+3)(q+7)® (2k,2j+1)
+(2j—2k+1)®(2k,2542),
0=Q2k+1)(q+7r)PQ2k+1,25) =4 +k+1)rd(2k,27)
—2k+1)®(2k+1,2j4+1),
0=2k+1)(g+r)®2k+1,2j4+1)—2(2j +2k+3)r®(2k, 25 +1)
—2k+1)P(2k+1,2j+2),
0=Fk(r+q)®(2k2j5) — (27 +2k+1)rd 2k —1,25) — k® (2k, 25 + 1),
0=Fk(r+q)®(2k2j4+1) =2  +k+1)r®(2k—1,25+1)
— kD (2k,25+2),
0=4kq® (2k,25) — (27 +2k+1)(r+q)® (2k —1,27)
+(2j—2k+1)®(2k—-1,25+1),
0=2kq® (2k,2j+1)—(G+k+1)(r+q)®2k—1,25+1)
+(G—k+1DP2k—-1,27+2).
The cases 25 and 2j + 1 can be merged and we are left with the following
4 identities:

0=22k+1)q®2k+1,5) — (G +2k+2)(¢g+7)P(2k, )
+(j—2k)P (2k, 5+ 1),
0=02k+1)(g+7r)P2k+1,j)—2(+2k+2)r®(2k,j)
—2k+1D)®Q2k+1,j+1),
0=Fk(r+q)® 2k, j) — (G +2k+1)r® 2k —1,5) — k® (2k,j + 1),
0=4kq® 2k, j)— (G +2k+1)(r+q)® 2k —1,5)
+ (G —2k+1)®(2k—1,5+1).

We merge the cases 2k and 2k — 1, thus we are eventually left with only
two identities to check.

Lemma A.6. Fork>1and j=0,1,...,k— 2, we have
0=Fk-1D0r+q®k—-1,5)-20 +k)r®(k—-2,j)—(k—1)®(k—1,7+1)
and

0=2kq® (k,j)—(+Ek+1D)(r+@k-1,)+G—-k+1)P(k-1,j+1).

A.7. Proof of Lemma A.6 (the inductive step). We prove the first
identity of Lemma A.6.
Define

d=Fk-1DPk—-174+1)+2G+k)rd(k—2,5)— (k=1 (r+qP(k—1,7)
We need to prove that 6 = 0.
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We use the definition of ® and put all the terms » and ¢ after the signs
> to get
o (T e
S5 = ( _ 1) Z ((k_l) C (_7,)( q]+ —a

d=0 d

+2r(k 4+ 7) Zj: (kJr(jl))(fjl)(_/,.)dqjd
d= d

J o (k+5\ (]
_ (k _ 1)(7 + q) Z ( (L_)l(({) (_7‘)dqj—d
d=0 ( d )
JHL k41 (541
— (l{? _ 1) Z ( (Jl(k)l()J d ) (_T)dqurlfd

d=0 d

~ (7 1)() Ny
2(k +7) Z ¢~

(_,r)(lqurlfd.

By shifting the indices of the second and third sums, we obtain

J+l (k+j+1) (j+1) '
§ = (k: _ 1) Z %(—7‘)‘1q]+17d
d=0 ( d )
S Gy [EA
—2(k+7) Z w(_r)dqg—m

d=1 d—1
- & (St{) ((']11) _oN\d j—d+1
+(k=1)Y == ()Y

d=1 (g:i)

J (k43 (]
_ (k‘ _ 1) Z ( )1(
d=0

rl) (_7,)(lqj+l—d
J

d
)
=Y ) (=)' + b,

d=1
where

CENOD e, CE)

( (D)
("7 (79

)

51(d) = (k — 1) +(k—1)
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("))
— (k= 1)~
G
B Gk —1—d)(k+ 5)!
Ak =21 —d+ Dk +j—d+1)!

+d(k—d)—(j—(1+1)(k+j—(1+1)]

[(kz+j+1)(j+1)—2d(k+j—d+1)

=0
and
("))
J2 = +(k — 1)@+ + (b — 1)L (i
(i+1)
ktj—1y (i ' k+3Y (3
(k+1%&;¥)GWV“+%k—U(él%h YH = (k= 1)
UM Cy
=w—1>éi>ch“—zw+j>¢g)oﬂyﬂ
Y j
+ (A _ 1) (kjj) (_,,.)jJrl
(")
= (—r)yt! (k +]‘Z!)él(€k__2§!_ 2)! [(k +j+1) = 2k+ (k—1-j)

=0.
We conclude that

5_251(] (/](1+1+52_0
d=1

and the first identity holds. .
We prove the second identity of Lemma A.6. Define

§ =2kq® (k,j)—(G+k+1)0r+@k-1,)+(G-k+1)®(k—1,7+1).

We need to prove that ¢ = 0.
We use the definition of ® and put all the terms  and ¢ after the signs

> to get
J k+g+1)( )

0= 2k‘qz ( ) r)dqj_'/
d

d=0

J o (k+g\ (7

—U+k+ww+®§:L%¥ﬁ

d=0 ( d )
J+1 (k+j+1) (j+1) )

+ (] —k+ 1) Z (l(k_l) d (_7,)({qg+1—1i

d=0 d

(_,r)(lqud
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= 9k Z )rl j+1—d
d=0 (1)
d k’+]) ((]l (]-‘r]. j—d
+(G+k+1) Z q
d=0

— (] +k+ 1) zj: (k—H)(I) )r/q]—l-l d
d=0 ( d )

. S (YO e
+ (] —k+ 1) Z ((k—l) ‘ (_7‘)( q]+ “

d=0 d

By shifting the indices of the second sum, we obtain

S5 = Zki ( +(]1+1) (/J]) (_7‘)(1 J+1—d

, q
d=0 (ﬁ)
SN,
F@+E+1)Y A ()

d=1 (fl:i)
J k+3\ (J
Z ( ((5{)1()(]) (_/r,)zlqurlfd
d=0 d
Ji (k+(jl+1) (j—(tl) (—’I")d Jj+1—d
(k:—l) q
d=0 d

- 25 (@) (—r) =1 4 g,

d=1

where

§1(d) = ka

)
k4+j+1y (j+1
—{—(j—k—l—l)( /k_)l( (/)
((1)
_ G+E+DY(k—d-1)ly!
S Al ki —d+ Dk —=1DI(G —d+1)!
—(k+j—d+1)(j—d+1)+(y—k:+1)(j+1)]
=0

D)
)

(") ()
(")

+(+Ek+1) —(J+k+1)

[2(k —d)(j —d+ 1)+ d(k — d)

and
(59 0)
(71

8y =2k + (j+ k+1) (=)t =G+ k+ 1)
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(k+j+1) (j+1)

FG kDI (G -kt 1)7'+(1,?_%)J’+1 (—r)/H
Jj+
(k’{rj) (k+]+1)
= (k4 1)L (=) 4 (= k4 1)~ L ()it

(k;l) (j+1)
(kg -;(1}2!(_1:55 mEILYE (k=1 5)+ G~k +1)]

=0.
We conclude that

ZO (] (l ] (H—l+5/
d=1

and the proof is complete.
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