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My FIRST ENCOONTERS WITH STEVE

WERE [N NEW YORK Ci7y IN The EARLY gos .
T RechaLL UVELY DiscussioNs ABOUT

ON TRE HYPERBoLIC PLANE AND HoW HE WAS
USING THEM TO FORMULATE AND PRoVE

VERSIONS OF A REMARKABLE ANNo UNCEMNT
OF SHNIRELMAN FRoM 1974 .

Twms LeD To THE STRIKING

QUANTUM EREODICITY THEOREM
OF

CoUN DE VERDIERE — SHNIRELMAN — ZELDITChH
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o THE SETTING IS THE HAMILTONIAN Whick

s The Geodesie MoriN G on The UNIT
coTaneenT BUNbe Ty (X) ©F A ComPAST

RIEMANNIAN X .
o The SPECTRUM IS THAT OF THE LAPLACAN

Aé‘ + {;.é = O
o=t <tz - é oA-B ‘FLZ(X)

)
o TNE PROBABIUTY MEASVRE S

= | o | d¥ole
HAVE MicRo-LoCAL LIFTS \{, To 7;?()()
V; (@) = O, %5

For aéC“(‘T'*X) HomoGEnEOVS OF
DEGREE © N THE COTANGENT VECTOR,

Op(a) 1s A wb.o. Witk symeeL
a .



S
QUANTUM ERéoderTy ( cv-s-2): -
r e Ghbesic Flow {, /s Enodic

WRT THE VolUMe FoAM AL , THEN For ALMoST
ALL 4:3'3 IN THE SENSE OF JENSITY

%o ""’/‘ .
«THIS "Qe” 1s A PRECISE QUANTUM ANALOGUE
OF THE CLASSIcAL BIRKHOFF ERé0DIC THeoREM
FRWM |TS INCEPTION STEVE HAS BEGN MNVelVED

WITH TS

EXTENSIONS :
W WiTh BOUNDARY G ERARD -LEIGHTMMN

« To X

o SEMI-CLASSICAL VERSIONS PR THE

QUANTI2ATIONS OF CLASSICAL HAMILTONI AN S
HE LFFER-ROBERT-MARTINER ) RELNTTCH ~ZWRSkT

GENERALIRATIONS

ey

" "
QER RUANTVM ERCoDic RESTRICTION
CHRISTIANSON = TOTH - BELD I TCH .
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QEKI HC X A SMooTH CoD/MENS'/oMOME@

RIENTED SEPARATING HY Pe RSUVRFACE

EMBEDDED ©
F THE GEodEslc FLoW ON 'Tf(x) Is ERGODIC THEN

1wekE 1S A DENSITY ONe SUBSEQUENCE OF E IGEN FNCTrNs

WhosE NoRMALIZED MicRo A

~Local cAbcuy DPAT
(¢l“,a)¢’”) RESTRICTED 7o H Is EQUIIsTRIBUTED
As tJ- —00 .

—

» IN WS TREATMENT OF QE ZELDITCH
INTRODUCED THE "QLIANTUM VAR:M/CE" SUMS

2.
\/(a,'T' j::_: z l\{%.(a) l © FoR Q whH

HE JHoWS THAT IF 9_(: Is ERGODIC  THEN

VaT) = (N 3 wlT) = 2o % s T
gero

AvD
F X IS OF NEGATIVE CORVATVURE  THEN

Vi(eT) < N(-r%gj_r

ONE CAN ASK FoR Tee Size OF V
AND  DoES (T HAVE AN AsymPreTieS ¢
0



IN THE LATE 05 St Wis Visting |5
STANFORD AND T REMEMBER MANy MORE

LIvery DiscussioNs ABOUT QE AND N
PARTICULAR 1T BECAME CLEM TO US THAT

IF C?%‘ s ARE EISENSTEN SERIES AND

X 1s AN ARITHMETIC SURFACE THEN POR

! X .
26LD|TCH 'S  CANONEAL QUANTI2ATIONS (g(x)_—p]&am

e { Opla) P, By > (%)

LAy Be BXPRESSED As A SPECIAL VALUE ON Tue CRITICAL
LINg OF A RANKN-SELBERG L—FUNCTION |

. S’

THIS CERTAINLY SPARKED M y INTEREST

IN TeESE QUESTIONS AS HE FUNDAMENTAL

| —F UNCTtON S (6

QUESTIONS  ABOUT
DECISWVE  WrRMATIN

<we RIEMANN HyPoTHESIS) YIELDS
AdUT THE Sz CF Cx) .

s N PART TS (£D RUDNICK AND

MYysELF Te Tae QUANTUM UNI QUE

RGoDIC )T —_— , y 7
E Y CONTECTURE. AQAE
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T WATSoN's  Teesis GES T#e
ExPLICUT RELATION BETWEEN

l<OF (a) ¢o'> ¢¢' D r_
mD SPECIAL VALes OF L7 FUNCTIONS \WHEN
X s ARTHMETIE  AND qSJ AND THE OBSERVABLE
0 M ALL HECKE DIAGoNALIZZD.
[ ThkobSON'S TeEsis CUARFRD Tve EisEETEn SERIES )

i Has SERVED As & BAsie TooL N FORTHER ADVANCES

ZELDITCH AR IANCE FOR ARITHMET| C X!

“THEOREM
«F S a dp =0
e (0,71 = T Kot ) we),

'Ed T | AS T—>to

( Loo - SARNAK -2HAO NELSON )
po b uEeks - EGaSATS

The CLUADRATIC FORM Vagm (@) 15 DiAConALIzED By
~AcTrIoN

-— z : y
TvE DeCompPoSITION ©F L (F\G) BupeR - Tee CG‘—:SL;C’R)

AND
V. (G) = ¥\ @) eown EAcH EDUCI LE
LASS IRREDUC!O LE
AU A ) WiTH R A SUBTLE ARMIMETIS

Ve LAscicaL () = Sf:t gﬁ(x?'(gk") 2 (v) dulr) ) dt | FACTR
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JPLICATIONS OF G, GUE #ri> Q2R

WHEN coUPLED WiTH LP'ES‘F/M/}TES

FoR  EIGENFUNCTION OA X AND TrER RERETIONS
To H,THE QUANTUM ERGoDIc THEOREAMS HAVE

MANy APPLICATIONS.

. ONE. OF Tot MOST I TERESTING /S T0
Np)AL DoMAINS W DIMENSION 2 .

CeURANT S  UPPEA PoUND FOR THE
NUMBER OF NODAL DoMAINS (2 VERy GENERAL.

IT s  NeToRiousLy (OREMBARAS.S/NGLY> DIFFICULT
To PRODUCE MANY NODAL DoMAINS FOR A GIVEN
X, For Wwich THE EIGEN F UNCTIONS ARE NOT

cven Expuiarly (S By SeParATIoN OF VARIABLES )

Foh ExAMPLE FOR A NEGATIVELY

CURVED sSuRFAce X .



v IF X HAS AN INVOLOTIVE 1SoMRTRY G E
WiTh A FIXED SET H WHicH ts A UNION OF cLOSED
GEODESICS THEN ONE cAn PRopuce (GLogAL) NopAL

DoMAINS 6Y LOOKING Fok SitN chANGEs ¢1 i) a\%
J H J.L}.

THS WAS OBSERVED AnND ExPLOITED -BY
G HOSH- REBNIKOV-S /N THE Case THAT X I1s ARImMETIC

2
|

T IS THE ARITHMETI ¢ Wy PERBOLIC TRIANGLE

WITH ANGLES INDICATED |

(FU"‘ EArCT (maAc eT AL ) /\‘('r‘) = W ..
Ad 1 MAXIMAL AmoN G ALL HyPERSSUIC GRBIRDLDS)

FoR THE El@ENFUNC—’I’IONS gﬁt WE ASSUME-

(As W mPY) THAT ¢ 1s Bk A DRICGHLET
OR NEUMANN E(@BNFUeT1ON  As weLr AS ©OF

Tor  HeckE ALGEBRA (COMMUTATIVE ) OF OPERATERS
commG FROM  CORRESPONDENCES .



THEOREM
(GHosH — A.REENIKOV=S ', S.Ta¢ -T. m@)@

THe NUMBER OF NODAL DOMANS OF AN

EIGENFUA/CTIOM ¢t on T Gees IO
NENTY RS t—2%,

COMMENTS -

(1) G-R-S  PROVC  THIS (i FAcT A4 BT MoE)

ConDITIONAL ON THE RIEMANN HyAHESIS FOR  CERTAIN
L- FUNETIons.

Tg L-rFyNeTioN ESTIMATE

() TANE-TUNG AVoID

By AN INGENIOUS RENOAM
Wim A RELUICH peNiTy AND ARGUMENTS

( ¢ HRIST IANSON - TOTH'2ELB;TCH'S ) QER PAPER .

ALISING AKGUMENT CoUPLED
IN

(N POTS N THE ABOVE

ls). AMoNG VARIOUS OTHER
FoR T .

THEOREM IS L ipensTRAUSS”  QUE
I
. For X OF NEGATIVE cuRYATURE (SuRFACE)
WE TDon KNOW QUE , BUT QE ANd> QER
cAN BE VUSED TO Give A SmiILAR STATEMENT
!
For ALMosT ALL gbj s ( T.TuNG - 2E1D(TeH )




Te  PLAMAR DOMAIN VERSION ©F THE
AOE 1S A5 ALWAYs THE MAST APPEALING

1‘ HEOREM (u, HEZARI OIE )

Ler L BE A TLAAAR DoMan Wi  DiECEWISE

BOUNDARY AND ERGODIC BILLIARD BALL,
Thin “THE NUMBER OF NoDAL DoMAINS GOES

To WRANTY Fok  ALMOST AlL q%,'s'

NoTE . e NUMBER OF WODAL DoMANS
THAT ARE PRODUCED N THE ABOVE ( AR ITHMETIC
X‘S)MD SinAl BILLIARDS (S MUCH SMALLER
Than  WHAT 1S TOUND  NUMERICALLY (HarHAl,/
RARNETT ErAL) .

IN  FpeT THe No' OF NodAL
DomApNs IS CONSISTEN T WITH WHAT
IS PREDICTED Fok RANDOM Mouoc,ee{ZoMAﬂc

"\/ﬁ‘]E5(NA%AP\0\/’So'DW) Ad  Is kA Fixa?
FrActioN  ( ARouT %) oF W COURANTS
UPPER  ROUND.




DMENSION 3 AnD HIGHER O,

FoR X NEGATIVELl CURVED AND ©OF
DmENsiON 3, I AM NOT AWARE ©F ANy MEANG TO

PRopUCE  NodAL DOMANS , AND DERHAPs FoR o) ReAson.

F MANY SUCH EXIST THEy AE AMRENTLY  INVISIBLE .

IF WE ASSUME THAT THE E1eENFUNCTIONS BEHAVE

RANDOM
LIKE A\ MoNoc#RoMATIC WAVES ( BerRy ) THE
ACCORUNG. TO NA2AROV-SODIN THERE spouLd BE A

YosTiVE  ERAcTION OF couRANT's BOUND OF NoDAL DONAINS.
HoweviR WE ARE APPARENTLY (N A SURBRCRITIEA L

PeRcoLATION REGIME AND THERE IS (WumehicALLy

RARNETT) 4 UNIQUE GIANT AobAL Hy PERSURFACE
LEaAG ALmosST no RooM FoR ©THER NodD# L

SURFACES. THAT IS THE yAhzaroV —SoDI¥ FRACTION 1S TINY,

/ "
mISEPARABLE Xo OF DIMENSION 3
1S DPRAMATICALLY DIFFENT"

33
« TTUNG— ZELDITCH ~ SHoW upr For T = R/L
(hs WeLL As OTHER ALY 2A-KLEIN SPACES) THEAE
o M Jud OF @'s WHICHEAE onLy Two HoAL Dowins

o “THIS SHOULD bE ColTRASTED WITH Tug Two DIMENSNA L
QESULTS OF A.STERN AND [ LEWY,




