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Setting : 1M ,g) compact n- dimensional manifold . Eigenfunctions:
-Age > = Yes ; x=xj ; 0=+0 - x,≤xz≤ -

- u

• Interested in
"

size
"

or concentration properties

• How large can for q >2

He
> Ilium,

be if He .nl/unj- 1 ?
• Do certain "geometries

"
ensure

relatively small hit_ worms ?
• For which exponents of • • • ?



Worst - case : sn
G- = Highest

fI¥= size weight spherical
harmonics

¥
"

"

¥ " ' 1111€.
Z
>
= 9k¥ = size

Zonal

functions

" Gallia ,gy≈+¥l :
- ¥)

9,72 .

"ZaI↳gy≈j
" -4.1 -÷

≥¥,



Summary of
"

enemies
"

:

¥1k - ¥1 ≤ ink
-¥+1m ( > ≥q ,HG,.H≈x ~HZaHq

HE ,H≈+¥k
- ¥1 ≥ ↑"-¥t±≈HZaH ( >≤ ,

9-a g. = 211¥2

,✗

•

9- c- Iq ↑ Both powers off equal
Highest weight↑ Zonal Regime ¥ when q=qc

Spherical Harmonic

Regime
BOTH ! !

"Transitional
Height"x=I¥



Local estimates : Universal bounds

Theorem Any (Msg )
×
""-¥ - ↳

, q≥q,="÷T
"

cis Hexham , ≤ {12-1-11 - ta)
2<q≤ qc .1

(P) ,( i ;) More generally ' if %≥- i.+1]
p=#g

,
denotes projection onto [1-1,1+1] part of spectrum
(F) 11Iii ) / / Hani

, >+1] [→ La ≤
RHS of lil

Remark Cii ) always sharp j expect
improvements for ( is in many cases .



• Estimates for q=q< ⇒ all others .

So improving critical

L
"
- bounds for e.fi 's ⇒ improvements V- 9-6-12, ]

• Bérard ( ' 771 Moga)
-%

improvements for q=o :

(P) f 11/ /
[ t - { (a) , >+ •⇔] [

• ≤ É÷EhT llfllz
,
{G)¥,

if (Mist non-positive sectional curvatures

• By interpolation w/ universal hate _ bd get
dog - power improvements for 9- C- ( go ,

7 too
.

• Better : Hassell -Taey (20153 :
¢ogÉi improvements for qelqc , es]

• C. S . - Zel ditch 120027 :

O - improvements on generic manifolds

for 9-C- Cqc , ] .



Critical g-- 9- e- or subcritical 2< 9- sofa ?

C.Z
.

- Zeldifch 12014) : For 2 -d manifolds of non- positive curvature

have 0 - improvements V- 9-C- (2) 9-c)
,
qe=6 .

M
.
Blair - C. 5 .

@ 015) : same for n≥ 3 & (20/8) log - gains qc-lz.ge )

C. S , 12017) (log toga /
' " '

gains q=e

M .
Blair - C. 5

.
019) : Moga)

"

gains for q= ,



Fix PESIIR) w/ plot 1 and supp Fcf V2 , V2] .
Then

PITH -B) e.i-e.is/-=qloga .
And so obtain improved e.fi

and [t - Ernst-1 said
, { = flog :o)

-1

spectral projection bounds vid :

theorem ( M .
Blair -× . Huang - C.9.) assume (Msg) has negative

sectional curvatures then if on = ¥1,473 and 9=1/6

H@CTlx-PHfllqcIXktelloga5ohIlfHz.o.A1s.o
have slightly weaker results for nonpositive curve case

.

• If M = Six M
"_ '

product above would be

SHIP n=2,3, i.e. , 047
/doga)

"%) bounds .



Strategy
Recall : HG>Has ≈ 1¥ highest wtsph . harmonics saturate it'

• Basically cut at this height if HfHz=1
,
8=1/8 :

A = { ✗ c-M : left .h-PDflxH<É¥8 }
or

•

• Using very different methods (necessary) show:÷÷÷;::÷÷::÷÷::÷.⇔⇔*≤ *⇔:*"
2%9+1 L%A-1I 1

"Directionless
"

size estimates Use harmonic analysis :
Bilinear methods/cancellations

N.tl LHS would = 0 if Need "sense of direction"
f- = G
, on 5h ! ! ! LHS would be << if f- = Z,



(semi-1 Global Harmonic Analysis : Tool chest :

f. =# It -PD q=R+→) = Top,
↑ ↑"

Global
" ↑

"

Local
" "Semi-lc

Also need YDO operators Qr

i%✗rwcs*mQvthHsuppdini"&ngbhdr ñs
I≈¥Q,lx,DI 119115=-411Qrglli .

Useful Facts : 11 ftp./lyzggg.smdll--canrep1aoee.-byR.-

in previous slide

and 119 Qu - Qrotlz Small .



Estimates Required
To handle 1%11-+7 bounds use :

≤ Magali= ↳ + Ga ( " local
"

+
"

global
" ) : llhxllqi

him→Mm,
and /Gain ,g)1=01 -1¥ exp (GT ))

Use these and adapt earlier arguments of Bourga.
in / Hassell -Tacy to

prove 29-41-+3 - bounds : for region where f1≥I÷+llargetµ¥¥¥☐µ@
For LMA

_

) (Ef can be of
"

size
" of highest wt . sph . harmonic)

Need "

micro local 29 ' Katya -NIEM estimates
"

sup Howe.nl/jym-xgymgE-Vlogxi'%~

• Similar to what Zetditah suggested ! !



Semiglobal Harmonic Analysis : Steps (non- diagonal power gains via" cancellation"
III.'Q~lloonearkcs-miIIO.vn/z%11h1kj&--T.op.i,q--pH-PIgf=eC1-a-PD

* HEftp.yqqa.g-IKP?f5H9-en-HIiQv9hiQwEhHjtch,h--ff- .LGA-1
✓
,
✓ ( A-7

"

Expect
"

terms 11¥!
-☒agQv%hQv%hH%h Small it

no-u-di-gmeanskn-tct-seto.fi:2/qc-8nQr9.h.Qvioahllq
" ≤ I'

%-%

INDI / / Ii 11h14# 118-1122 , (POWER Improve ! !)
non-diag L 1M)

(ND) by bilinear ( local> harmonic analysis (Tao- Vargas-Vega) .

The

non- diag : yµ✗



Step : Diagonal Terms 8~≈8w

Using "micro local KN
"
estimates and another of T-V-V

can estimate other terms ! ! In≥31

%-2④ HE Qv%hQvi%hH%" ≤ Fill#hllqfi-IHQR.hlia.it/Qv&fl1q
.

diag EFM

≤ IH%QvhÑa . . ⇒ HQ.ie.FI/q%5FteEi11Qh1i.EYsoniFk-2Hfk9-i2"

q
2

↑≤ taogÉHp.FI?lIfttF%7Aogx5E1IfttFeoeestsmkN2 Ta



Combining 2 Steps WILL get ( & theorem ) :

C) HE,ftp.aqa,
≤ (¥"ʰ+É%oga5" / 11th .

Lied though : Only have
a-ME-¥1 -814in)

(NDA) HE QQ.h.Qvoi.hllotn.tt 11h14
,
¥ qEÑ÷⇒ > %)

non-diag L (M) (Regime of G-a)

Use ceiling to fix : If q< qc close to 9- c :
-
-

item,#¥+1
"

ftp.fyl-EH
+

19A
,
]

• HÑfy
'-9-7

118×1-11 Lqya,
≤ H§fH

""

item]

Miraculously , can use 81ohm power gains in [NDQJ and

this ceiling to get (t) ! !



``Steve is a unicorn.  Unique on the planet,’’         
  Bill Minicozzi
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