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Abstract

Semitoric systems are a type of four-dimensional integrable system for which
one of the integrals generates a global S1-action; these systems were classified by
Pelayo and Vũ Ngo.c in terms of five symplectic invariants. We introduce and study
semitoric families, which are one-parameter families of integrable systems with a
fixed S1-action that are semitoric for all but finitely many values of the parameter,
with the goal of developing a strategy to find a semitoric system associated to a
given partial list of semitoric invariants. We also enumerate the possible behaviors
of such families at the parameter values for which they are not semitoric, providing
examples illustrating nearly all possible behaviors, which describes the possible lim-
its of semitoric systems with a fixed S1-action. Furthermore, we introduce natural
notions of blowup and blowdown in this context, investigate how semitoric families
behave under these operations, and use this to prove that each Hirzebruch surface
admits a semitoric family with certain desirable invariants; these families are re-
lated to the semitoric minimal model program. Finally, we give several explicit
semitoric families on the first and second Hirzebruch surfaces showcasing various
possible behaviors of such families which include new semitoric systems.

2020 Mathematics Subject Classification. Primary 37J35; Secondary 53D20, 37J05.
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CHAPTER 1

Introduction

1.1. Motivation

Semitoric systems form a special class of integrable systems in dimension four
for which one of the integrals generates a global S1-action. They were introduced
by Vũ Ngo.c [VuN07] following the work of Symington [Sym03] and constitute a
generalization of four-dimensional toric systems. More precisely, a semitoric system
(M,ω, F = (J,H)) is a Liouville integrable system (J,H) on a four-dimensional
symplectic manifold (M,ω) such that J is proper and is the momentum map for
an effective Hamiltonian S1-action on (M,ω), and the momentum map F only
possesses mild singularities (all non-degenerate and not of hyperbolic type). One of
the primary differences between toric and semitoric systems is that the latter admit
so-called focus-focus singular points that do not appear in toric systems and which
introduce monodromy in the natural affine structure of the image of the momentum
map, as introduced by Duistermaat [Dui80] and studied by many authors since.
The symplectic classification of semitoric systems with generic critical fibers was
obtained by Pelayo and Vũ Ngo.c [PVuN09, PVuN11], and these systems have
generated a lot of interest during the last decade, see for instance [HSS15, DP16,
HP18, HSSS18, LFP19, ADH19, ADH20, MPS20, DMH21, AH21]; for
recent nice surveys of semitoric systems and additional references see [SVuN18,
AH19].

For compact toric systems, the image of the momentum map is a convex poly-
tope [Ati82, GS82]. A celebrated theorem of Delzant [Del88] states that this
polytope determines the toric system up to equivariant symplectomorphism, and
that any Delzant (i.e. rational, smooth, and convex) polytope is the image of the
momentum map of some toric system. A remarkable feature of [Del88] is that it
also provides an explicit procedure to construct the toric system associated with
a given Delzant polytope via symplectic reduction of Cd by the action of a torus,
where d and the action are straightforward to determine given the polytope. The
construction of a semitoric system from its five symplectic invariants in [PVuN11],
however, is much more complicated and involves the delicate operation of symplec-
tically gluing different local (or semi-local) normal forms; of course, this extra
difficulty reflects the richer nature of these invariants and indeed the additional
complexity inherent in semitoric systems.

Nevertheless, a very natural question is the following: can we find a natural
and simple procedure to construct some semitoric system given a subset of its five
invariants, and placing no constraints on the remaining invariants? Specifically,
this paper is motivated by the task of constructing explicit semitoric systems given
two of the five symplectic invariants, namely the semitoric polygon and the number
of focus-focus points. We package these two invariants together with the so-called
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2 1. INTRODUCTION

height invariant into a single object which we call a marked semitoric polygon, see
Section 2.4. One reason that we choose the polygon invariant to play a special role
is that it is the only invariant which is a direct analogue of the complete invariant
of toric integrable systems. Additionally, such a construction could help to find
explicit systems associated to a given semitoric helix, an invariant which can be
recovered from the semitoric polygon and was introduced in [KPP18] and used in
the classification of minimal semitoric systems therein. This problem, of searching
for a technique to easily construct a semitoric system from its invariants, is the
inverse of Problem 2.35 from [PVuN12].

There are only a few fully explicit examples of semitoric systems on closed
symplectic four-dimensional manifolds in the literature: two on S2 × S2 [SZ99,
LFP19, ADH20, HP18], one on CP2 [CDEW19], and one on S2 × S2 blown
up four times [DMH21] (this last example was obtained using the techniques
developed in the present paper). The examples on S2×S2 are particularly relevant
for motivating this work. The first one is obtained by coupling two angular momenta
in a non-trivial way, and has been introduced in [SZ99] and studied in [LFP19]
and in [ADH20]; it is of the form Ft = (J,Ht) : S2 × S2 → R2 where Ht is a
one-parameter family (in fact, a convex combination) of Hamiltonians, and displays
either zero or one focus-focus singularities depending on the value of t. This system
is semitoric except for two values of t (when a singular point transitions between
being of focus-focus type and elliptic-elliptic type). The second one was introduced
in [HP18] and is a generalization of the former; it is again an integrable system
on S2 × S2, but this time the momentum map is of the form Fs1,s2 = (J,Hs1,s2)
where Hs1,s2 is a two-parameter family and for almost every choice of parameters
the system is semitoric with either zero, one, or two focus-focus singularities. Both
of these examples are briefly reviewed in Section 2.6.

There are several interesting things to note about these two examples. First,
in each of them the manifold, the symplectic form, and the component of the mo-
mentum map generating the S1-action are fixed; only the second component of the
momentum map varies. Second, they undergo Hamiltonian-Hopf bifurcations where
a singular point transitions between being of elliptic-elliptic and focus-focus type,
which are well studied (see for instance [BLPM05, vdM85, COR03b, COR03a,
ECS04]). Third, the limiting systems (i.e. when the parameters (s1, s2) or t are
in the boundary of the parameter space) are related to one of the semitoric in-
variants from the Pelayo-Vũ Ngo.c classification. More precisely, semitoric systems
have associated to them a family of polygons [VuN07] constructed from the affine
structure on the image of the momentum map, and in these examples there is a rela-
tionship between the polygons associated to the limiting systems and the polygons
associated to the system for intermediate values of the parameters (for which it has
more focus-focus points). This relationship is explained in detail in Section 3.3.
Note that there exists a similar example of such transition in the non-compact set-
ting, obtained by coupling a spin and an harmonic oscillator, see [VuN07, Section
6.2]. Finally, in Dullin-Pelayo [DP16], the authors start with a semitoric system
(M,ω, (J,H)) and perturb only H to produce hyperbolic singularities. Thus, for
all these reasons, it seems very natural to study such families.

The idea of the present paper is to introduce a class of systems describing this
transition, and to try to understand to what extent such a construction can be
generalized. We introduce fixed-S1 families, which are one-parameter families of
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integrable systems with momentum map of the form Ft = (J,Ht), 0 ≤ t ≤ 1, where
J generates an S1-action and (t, p) 7→ Ht(p) is smooth, and semitoric families, which
are fixed-S1 families that are semitoric for all but finitely many values of t, and we
study some basic properties of both kinds of families, such as the possible behaviors
of the system at the times when it is not semitoric. Furthermore, we introduce toric
type blowups at completely elliptic points and the associated blowdowns and study
how fixed-S1 families interact with these operations. As an application of these
properties, we prove, starting from the coupled angular momenta system and using
blowups and blowdowns, that a semitoric family with a specified marked semitoric
polygon exists on the n-th Hirzebruch surface for each n ∈ Z≥0. Finally, we give
several explicit semitoric families on the first and second Hirzebruch surfaces, which
display some of the various possible behaviors of semitoric families.

In fact, there is a reason to be particularly interested in the specific semitoric
polygons of these systems on Hirzebruch surfaces and the blowup and blowdown
operations on semitoric families. In [KPP18], it is shown that every semitoric sys-
tem can be produced by performing a sequence of toric type blowups on a semitoric
system whose associated semitoric helix is one of seven types, types (1)-(7) in The-
orem 1.3 of the aforementioned paper, where some of the types are a single helix
and some are a family depending on parameters. Note that the blowups introduced
in [KPP18] are defined as corner chops of the semitoric polygons, so they are only
defined on semitoric systems and thus are less general than the ones introduced
here. The present paper is part of a program whose goal is to understand, as ex-
plicitly as possible, the systems with these minimal helices and the operation of
a toric type blowup, and to use this knowledge to better understand all semitoric
systems. More specifically, one could hope that nearly every semitoric system can
be obtained explicitly in a semitoric transition family with a relatively simple form
(as considered in this paper); this is optimistic, but even if this construction does
not work in general it is of interest to be able to produce a wide variety of examples.

The minimal helices of types (1), (2), and (3) are shown in Figure 1, along
with related marked semitoric polygons. The minimal helices of type (3) depend
on a single parameter k ∈ Z \ {±2}, and the coupled angular momenta system is
minimal of type (3) with k = 1. The new systems discussed in this paper on the
n-th Hirzebruch surface have helix which is minimal of type (3) with parameter
k = −n + 1, hence we have every helix of type (3) with k ≤ 1. In fact, one can
construct the systems with k > 1 from these, so this completes the search for all
minimal helices of type (3). There is only one minimal helix of type (2), and the
example from [HP18] has this as its helix. Note that there is also a unique helix
of type (1); an example with this helix on CP2 can be found in [CDEW19]. Thus,
an example has been obtained for all minimal semitoric helices of type (1), (2), and
(3). Additionally, many semitoric polygons are associated to each helix, and we use
scaled Hirzebruch surfaces to obtain infinitely many different semitoric polygons
associated to the minimal helices of type (3).

Remark 1.1. Semitoric systems have a close relationship with several other
interesting objects. First, semitoric systems are a particular class of the almost
toric systems investigated in [Sym03, LS10]. Moreover, since the first component
J of the momentum map of a semitoric system generates an effective Hamiltonian
S1-action, by forgetting the second component H, we can see a semitoric system
as a particular instance of a four-dimensional Hamiltonian S1-space, as studied in
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v0

v1

×

(a) Minimal helix of type (1).

v0

v1

×
×

(b) Minimal helix of type (2).

v0

v2

v1

k

×

(c) Minimal helix of type (3).

Figure 1. A visual representation of the minimal semitoric helices
of types (1), (2), and (3) from [KPP18] and one example of a
semitoric polygon having each helix. See [KPP18, Theorem 2.4]
for notation and the exact values of the integral vectors vi.

[Kar99]; the relation between these Hamiltonian S1-spaces and semitoric systems
was studied in [HSS15]. Natural higher dimensional analogues of Hamiltonian
S1-spaces are complexity one spaces, which come with an effective Hamiltonian ac-
tion of a torus of dimension n − 1 on a symplectic manifold of dimension 2n, and
have been studied in [KT01, KT03, GSD10, GSD13, KT14, KT20, SS20]
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for instance. Note that several generalizations of semitoric systems have been stud-
ied: in higher dimension [Wac13, Wac], when J is not necessarily proper (but F
is) [PRVuN17], when the restriction on singularities is relaxed to include some hy-
perbolic singularities and simple degenerate singularities [HP21] and other natural
generalizations [PRVuN15, HSSS18, RWZ18].

Remark 1.2. As already mentioned, in this paper we are only interested in
integrable systems defined on closed symplectic manifolds. But the theory of semi-
toric systems includes the non-compact case, which is relevant from the physical
point of view; for instance the celebrated Jaynes-Cummings model [JC64, Cum65,
SK93, BCD09, BD15] from quantum optics, in its simplest form, is a semitoric
system defined on S2 × R2. The spherical pendulum [CB15, Dui80], which pos-
sesses one focus-focus singularity, fails to be a semitoric system only because the
component of its momentum map generating an S1-action is not proper; however
its momentum map itself is proper, so it belongs to the class of systems investigated
in [PRVuN17]. The Champagne bottle [Chi98], with phase space T ∗R2, is another
instance of a system with one focus-focus singularity which is not strictly semitoric
for the same reason as the spherical pendulum. In fact, the introduction of semitoric
systems in [VuN07] was motivated by such physical examples, in which quantum
monodromy [CD88] was observed as a consequence of classical monodromy. The
Arnold-Liouville-Mineur theorem [Min47, Dui80, BS92, HZ11, GS90, Zun18]
(see also [Zun96] for a generalization of this theorem for singularities) states that
if (M2n, ω, F ) is an integrable system on a compact connected symplectic manifold,
near any regular fiber of F , the system is symplectically equivalent to the standard
system with linear dynamics on T ∗Tn. This induces local coordinates on M which
are called action-angle variables, and the action variables are the components of a lo-
cal toric momentum map. Monodromy is one of the topological obstructions to the
construction of global action variables [Dui80], and is induced for instance by the
presence of focus-focus singularities, as shown in [Zou92, Mat96, Zun97]. More
precisely, the action variables induce a natural integral affine structure on the set of
regular values of the momentum map, Breg, and the monodromy measures how the
affine structure changes when transported around a non-trivial loop in the funda-
mental group of Breg. Besides the references already mentioned above, monodromy
(and its quantum counterpart) in specific physical systems and in general contexts
has been studied by many authors, such as [CK85, JST03, Zun03, EJS04,
DGC04, WDR04, DDB07, DDSZ09, Tar12, BKK15, EM17, MBE20], see
also [MBE21] for a recent survey on this topic and additional references.

1.2. Fixed-S1 families and semitoric families

We will be interested in families of semitoric systems, hence we start by recalling
the definition of these systems.

Definition 1.3. A four-dimensional integrable system (M,ω, F = (J,H)) is
semitoric if

(1) J is proper,
(2) J is the momentum map for an effective Hamiltonian S1-action,
(3) all singular points of F are non-degenerate and have no components of

hyperbolic type.
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This definition will become clearer once the singularities of four-dimensional
integrable systems have been discussed, see Section 2.3 and Definition 2.7.

Now we introduce the main objects of study in this paper:

Definition 1.4. A fixed-S1 family is a family of integrable systems (M,ω, Ft),
0 ≤ t ≤ 1, on a four-dimensional manifold M such that Ft = (J,Ht) where Ht =
H(t, ·) and H : [0, 1] ×M → R is smooth. If additionally there exist k ∈ Z≥0 and
t1, . . . , tk ∈ [0, 1] such that (M,ω, Ft) is semitoric if and only if t /∈ {t1, . . . , tk}, then
we call (M,ω, Ft), 0 ≤ t ≤ 1, a semitoric family with degenerate times t1, . . . , tk.
Here we adopt the convention that k = 0 means that there are no degenerate times
(hence the system is semitoric for every t ∈ [0, 1]).

Here, by a slight abuse of language, we use time to refer to the deformation
parameter t, even though it is not associated with any dynamics.

Remark 1.5. Notice that in a fixed-S1 family the underlying Hamiltonian S1-
-manifold coming from the S1-action generated by J does not depend on t, so a
semitoric family may be thought of as a smooth family of smooth functions Ht on
a fixed Hamiltonian S1-manifold (note that not every such family Ht, 0 ≤ t ≤ 1,
will work). Compact semitoric systems are viewed as Hamiltonian S1-manifolds
by forgetting the other Hamiltonian in [HSS15]. The moduli space of semitoric
systems, MST, was studied in [Pal17] and in particular endowed with a natural
topology. A semitoric family can almost be thought of as a path in MST, except
that the system is not semitoric at the degenerate times. Therefore, one can think
of a semitoric family instead as a path in the closure ofMST, which passes through
the walls separating different connected components of MST.

One of the topics we study in this paper is listing the possible behaviors
of such families at degenerate times. Among these possibilities, we are particu-
larly interested in the scenario in which a single elliptic-elliptic point undergoes
a Hamiltonian-Hopf bifurcation and becomes focus-focus after a degenerate time
(case (2b) in Section 3.2.2). This motivates the following definition, where the
notion of non-degenerate singular points and their classification is as reviewed in
Section 2.2.

Definition 1.6. A semitoric transition family with transition point p ∈ M
and transition times t−, t+ ∈ (0, 1), t− < t+, is a semitoric family (M,ω, (J,Ht)),
0 ≤ t ≤ 1, with degenerate times t− and t+, such that

• for t < t− and t > t+ the point p is singular of elliptic-elliptic type,
• for t− < t < t+, the point p is singular of focus-focus type,
• for t = t− and t = t+ there are no degenerate singular points in M \ {p},
• if p is a maximum (respectively minimum) of (H0)|J−1(J(p)) then p is a

minimum (respectively maximum) of (H1)|J−1(J(p)).

If the number of focus-focus points of (J,Ht) for t ∈ (t−, t+) equals k ≥ 1, we call
it a semitoric k-transition family.

Note that in such a family p must be degenerate at t = t− and t = t+ (see
Lemma 3.1 and [HP18, Proposition 2.8]); moreover, by the results contained in
Chapter 3, the number of rank zero points of the system is the same for every value
of t, and a point in M \ {p} which is of focus-focus type for some value of the
parameter stays focus-focus for all t. Definition 1.6 is illustrated in Figure 2.
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t = 0 t = t0 t = 1

Figure 2. The momentum map image of a semitoric 1-transition
family with the image of the transition point indicated in red,
where t− < t0 < t+. As t increases from 0 to 1 the system
starts with zero focus-focus points, and then one elliptic-elliptic
point transitions into being focus-focus (becoming degenerate for
t = t−), and finally that point transitions back into being elliptic-
elliptic (again becoming degenerate for t = t+).

1.3. Main results

The first goal of this paper is to prove various foundational facts about fixed-S1

families, semitoric families, and semitoric transition families related to the possible
S1-actions, the possible systems at degenerate times, and the behavior of these
systems as the parameter varies. These results can be found in Chapter 3. For
instance, we prove some restrictions on how the number, and position, of rank
zero singular points can change with the parameter t and we prove that, even
at degenerate times, semitoric families do not admit singular points of hyperbolic
type (which implies that at each degenerate time, the system has at least one
degenerate singular point). Note, however, that a fixed-S1 family which is not a
semitoric family may display hyperbolic singularities; we give an example of such a
family in Section 6.6. In Section 3.2.2, we describe the possible scenarios that can
occur for a semitoric family in a time interval containing a degenerate time, and give
explicit examples of many systems which exhibit these behaviors, some of which are
introduced in this paper. Taking the special case in which the only degenerate time
is t1 = 1, Section 3.2.2 describes the elements of the closure of the set of semitoric
systems inside the set of all integrable systems (M,ω, F ) on a fixed symplectic
manifold which have the momentum map of a fixed Hamiltonian S1-action as the
first component of F ; this is closely related to Problem 2.45 from [PVuN12], which
asks for the closure of the set of semitoric systems in the set of all smooth functions
F : M → R2. We also show that some of the invariants of a semitoric system (the
number of focus-focus points and unmarked semitoric polygon invariant) can only
change as the system passes through a degenerate time. Finally, in some cases
we can see how these invariants change during the degenerate times; indeed, by
Lemma 3.14, the family of semitoric polygons of a semitoric transition family with
t ∈ (t−, t+) is, roughly speaking, the union of the semitoric polygons of the systems
for t = 0 and t = 1.

After studying the general theory of such families, the remainder of the paper
focuses on proving the existence of a semitoric transition family with prescribed
semitoric polygons on each Hirzebruch surface on the one hand, and on the other
hand on describing explicit examples of semitoric families on the first and second
Hirzeburch surfaces. In the course of attaining the first goal, we define the blowup
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of a semitoric family at an elliptic-elliptic point and prove that it is still a semitoric
family.

Near any of its completely elliptic points, an integrable system can be locally
modeled as an n-torus acting on Cn, and we use this local model to define a natural
notion of blowup at such points for any integrable system. This is related to the S1-
equivariant blowup on symplectic 4-manifolds from [Kar99, Section 6], but even in
the case of a semitoric system our construction is more rigid since we require these
blowups to be compatible with the local T2-action induced by the momentum map
near the elliptic-elliptic point, and thus both components of the momentum map
have to be taken into account. Furthermore, in the case that the system is semitoric
we discuss the effect of such a blowup on the associated semitoric polygon1, and how
to perform a blowup on a fixed-S1 family to obtain another fixed-S1 family. These
constructions present some difficulties, for instance because of the choices involved
in this local normal form and because the blowups of elements in a fixed-S1 family
are naturally defined in possibly different (albeit symplectomorphic) manifolds. We
also define the notion of toric type blowdown, which is the inverse operation. The
following is a collection of the results in Chapter 4; for more detailed statements
see Proposition 4.2, Lemma 4.6, Theorem 4.8, Proposition 4.9, and Corollary 4.11.

Theorem 1.7. The toric type blowup of an integrable system at a completely
elliptic point and toric type blowdown as described in Chapter 4 are well-defined.
Moreover,

• a toric type blowup (respectively blowdown) of a simple semitoric system
corresponds to a corner chop (respectively unchop) of the semitoric poly-
gon,

• if each member of a fixed-S1 family admits a toric type blowup (respectively
blowdown) of the same size at the same point (respectively surface), then
the new collection of systems formed by performing these operations can
be naturally identified with a fixed-S1 family,

• under this identification, the toric type blowup or blowdown of a semitoric
family is also a semitoric family with the same degenerate times.

In order to produce explicit semitoric systems, we use the fact that Lemma 3.14
describes the relationship between the semitoric polygons of systems in a semitoric
transition family for different values of t, and thus gives hints about what systems
can occur for t = 0 and t = 1; once these two systems are found, we need to find
a suitable one-parameter family interpolating between them. In our examples, the
idea is to use the simplest example of such a family, namely a convex combination;
of course, in general, this may not be sufficient.

For n ∈ Z≥0 let (Wn(α, β), ωWn(α,β)) denote the n-th Hirzebruch surface scaled
by α, β ∈ R>0 with its standard symplectic form; these symplectic manifolds are
reviewed in Section 5.1. Recall that the marked semitoric polygon is an invariant of
semitoric systems which is essentially a combination of the number of focus-focus
points, polygon, and height invariants from [PVuN09] and that we describe in
Section 2.4. Making use of Theorem 1.7 and other results we prove about semitoric
families and toric type blowups and blowdowns, we obtain the following theorem by
performing alternating toric type blowups and blowdowns on the coupled angular

1on the way showing that our definition agrees with the less general definition used
in [KPP18], which only applies to semitoric systems.
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(0, 0)

(β, β) (α+ β, β)

(α+ nβ, 0)

×

Figure 3. A representative of the marked semitoric polygon as-
sociated to the system on Wn(α, β) in Theorem 1.8.

momenta system on W0
∼= S2 × S2, which is a semitoric 1-transition family (see

Section 2.6), to produce semitoric 1-transition families on Wn(α, β).

Theorem 1.8. For each n ∈ Z≥0 and α, β ∈ R>0 there exists a semitoric
1-transition family on Wn(α, β) with degenerate times t−, t+ satisfying 0 < t− <
1/2 < t+ < 1 such that a representative of the marked semitoric polygon of the
system for t− < t < t+ is shown in Figure 3.

A more precise version of Theorem 1.8 is stated as Theorem 5.2. Note that
more is known about the system than its existence and marked semitoric polygon,
since Theorem 5.2 is proved by constructing the systems in question via a specified
sequence of toric type blowups and blowdowns on the coupled angular momenta
system away from the fiber of J containing the transition point. For more details,
see Remark 5.3.

Theorem 1.8 states that there exists a semitoric family on each Hirzebruch
surface, and gives some properties of that family, but it does not give explicit
formulas for the elements of this family. However, we also provide several families
of integrable systems (depending on one or two parameters), which include new
explicit examples of semitoric systems.

Theorem 1.9. We construct the following examples of families of semitoric
systems:

• the system from Equation (6.4) is a semitoric 1-transition family on W1(α, β),
• the system from Equation (6.9) is a semitoric family on W1(α, β) with three

degenerate times,
• the systems from Equations (7.2) and (7.3) are semitoric 1-transition families

on W2(α, β),
• the system from Equation (7.4) is a two-parameter family of systems which are

semitoric for almost all choices of the parameters on W2(α, β).

Remark 1.10. Note that W`(α, β) and Wk(α′, β′) are diffeomorphic if and only
if the parity of ` and k are equal, and in this case they are moreover symplecto-
morphic for some choice of α, β, α′, β′ ∈ R≥0 (this is well-known and proved for
instance in [Kar03, Lemma 3]). Thus, the existence of semitoric 1-transition fami-
lies on W0(α, β) (from [SZ99]) and W1(α, β) (from Theorem 1.9) implies that there
exists a semitoric 1-transition family on all Hirzebruch surfaces since the pull-back
of a semitoric system by a symplectomorphism is an isomorphic semitoric system.
These are not the semitoric families discussed in Theorem 1.8 since the systems
induced by the symplectomorphisms to W0(α, β) (respectively W1(α, β)) will all
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have the same semitoric polygon as the system on W0(α, β) (respectively W1(α, β))
described above, instead of the semitoric polygons described in Theorem 1.8.

For more precise statements of the results in Theorem 1.9 see Chapters 6 and 7.
In particular, see Theorem 6.2 for the system from Equation (6.4), Theorem 6.9 for
the system from Equation (6.9), Theorem 7.2 for the system from Equation (7.2),
and Theorem 7.5 for the system from Equation (7.3). Each of these systems dis-
plays unique behavior, which can be seen from images of their momentum maps
for various t. The system from Theorem 6.2 has fixed points which change as t
changes, which can only occur on a fixed surface of the S1-action (see Figure 24).
In the system from Theorem 6.9 the fixed sphere of J collapses to a single fiber
for t = 1/2, at which time the images of the fixed points pass through one an-
other (see Figure 26). The two systems on W2(α, β) (from Theorems 7.2 and 7.5)
are packaged together into a two-parameter family of systems (similar to [HP18])
in Equation (7.4) which transitions between having zero, one, or two focus-focus
points depending on the parameters (see Figure 31).

Note that in the semitoric transition families that we construct in Chapters 6
and 7, the limiting systems are of toric type, so in particular the momentum map
of the underlying S1-action is the first component of some toric momentum map.
The question of whether an effective Hamiltonian S1-action on a compact manifold
can be extended in this way was completely resolved by Karshon [Kar99, Section
5]; this can be read on a graph associated with the action. Moreover, as explained
in [HSS15], given a compact semitoric system, Karshon’s graph for the underlying
S1-action can be read from the semitoric polygon invariant. So if one wants to
construct a semitoric system with given polygon invariant, one may or may not
be able to use toric type integrable systems as limiting systems, depending on this
polygon. Building on the present paper, another semitoric transition family with
limiting systems of toric type was constructed in [DMH21].

1.4. Structure of the paper

In Chapter 2 we describe some background material about integrable and semi-
toric systems and their singular points, and in Chapter 3 we prove some basic facts
about fixed-S1 families and semitoric families; in particular, in Section 3.2.2 we
describe all possibilities of the behavior of a semitoric family at the degenerate
times. In Chapter 4 we describe toric type blowups and blowdowns and how they
interact with fixed-S1 families, which is useful in Chapter 5, in which we prove that
every Hirzebruch surface admits a semitoric family which has a specific semitoric
polygon (Theorem 1.8). In Chapters 6 and 7 we give explicit examples on W1(α, β)
and W2(α, β) (Theorems 6.2, 6.9, 7.2, and 7.5). In Appendix A, we compare the
two-parameter family of systems that we introduce in Section 7.4 to the family of
systems studied in [HP18].



CHAPTER 2

Preliminaries on integrable and semitoric systems

2.1. Integrable systems

Let (M,ω) be a symplectic manifold. Recall that given f ∈ C∞(M,R) there
exists a unique vector field Xf on M , known as the Hamiltonian vector field of f ,
such that ω(Xf , ·) +df = 0. We also define the Poisson bracket {·, ·} : C∞(M,R)×
C∞(M,R) → C∞(M,R) by {f, g} = ω(Xf , Xg). An integrable system is a triple
(M,ω, F ) where (M,ω) is a symplectic manifold of dimension 2n and F ∈ C∞(M,Rn)
has components f1, . . . , fn : M → R such that

(1) {fi, fj} = 0 for all i, j = 1, . . . , n;
(2) Xf1

(m), . . . , Xfn(m) are linearly independent for almost all m ∈M .

The function F is called the momentum map of the integrable system. A point
m ∈ M for which Xf1

(m), . . . , Xfn(m) are linearly independent is called a regular
point of F .

2.2. Singular points

Let (M,ω, F = (f1, . . . , fn)) be an integrable system. A singular point of F is
a point m ∈ M such that the family (Xf1

(m), . . . , Xfn(m)) is linearly dependent;
the rank of the singular point m is the rank of this family. A singular point of
rank zero is often called a fixed point. As in Morse theory, there exists a notion of
non-degenerate fixed point; given a fixed point m ∈M , let d2fj(m) be the Hessian
of fj at m, for j = 1, . . . , n (we will often slightly abuse notation and use this for
the matrix of this Hessian in any basis of TmM).

Definition 2.1 ([BF04, Definition 1.23]). A fixed point m is non-degenerate
if the Hessians d2f1(m), . . ., d2fn(m) span a Cartan subalgebra of the Lie algebra
of quadratic forms on TmM .

The Lie algebra structure on the space of quadratic forms on TmM is defined
so that the natural identification with sp(2n,R) induced by ωm is a Lie algebra
isomorphism. There exists an analogous definition for singular points of all ranks,
but we will not describe it here since it requires more background and notation (but
we will give an equivalent definition in the case n = 2 below); we refer the reader
to [BF04, Section 1.8.3]. The main idea is that this definition is conceived so that
the following symplectic Morse lemma holds.

Theorem 2.2 (Eliasson normal form [Eli84, Eli90, MZ04]). Let m ∈M be a
non-degenerate singular point for F . Then there exist local symplectic coordinates
(x, y) = (x1, . . . , xn, y1, . . . , yn) on an open neighborhood U ⊂ M of m and Q =
(q1, . . . , qn) : U → Rn whose components qj are of the form

• qj(x, y) = 1
2 (x2

j + y2
j ) (elliptic),

11
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• qj(x, y) = xjyj (hyperbolic),
• qj(x, y) = xjyj+1 − xj+1yj, qj+1(x, y) = xjyj + xj+1yj+1 (focus-focus),
• qj(x, y) = yj (regular),

such that m corresponds to (x, y) = (0, 0) and {fj , qk} = 0 for all j, k ∈ {1, . . . , n}.
Moreover, if there is no hyperbolic component, the following stronger result holds:
there exists a local diffeomorphism g : (Rn, 0) → (Rn, F (m)) such that F (x, y) =
(g ◦Q)(x, y) for every (x, y) ∈ U .

To our knowledge, in the literature there does not exist a unified complete proof
of this theorem and many authors have contributed to it and its generalizations, see
for instance [Rüs64, Vey78, DM91, CdVV79, CdVVuN03, Mir03, MZ04,
MVuN05, VuNW13, Cha13]; see also the discussion in [SVuN18, Remark 4.16].
The Williamson type of the non-degenerate pointm is the quadruple of non-negative
integers (k, ke, kh, kff ) where k (respectively ke, kh, kff ) is the number of regular
(respectively elliptic, hyperbolic, focus-focus) components of the above Q; note that
k 6= n and k + ke + kh + 2kff = n. In the rest of the paper, a fixed point with
ke = n will be called completely elliptic (or elliptic-elliptic if n = 2).

Remark 2.3. At least for singularities with only elliptic or regular components,
the i-th component of the inverse h = g−1 of g from Theorem 2.2 is given by the
action integral

h(i)(c) =
1

2π

∫
γip

α

where dα = ω in a neighborhood of F−1(c) and {γ1
c , . . . , γ

n
c } is any basis of

H1(F−1(c)). This is well-known for regular points [SVuN18, Remark 3.38], and
can be extended to a neighborhood of a singular points with elliptic and regular
components as well [MZ04].

Remark 2.4. Note that the Williamson type of a singular point can be de-
scribed independently of the normal form theorem, via the classification of Cartan
subalgebras of sp(2n,R) [Wil36]. We only chose this order for exposition purposes.
Note also that the description of singular points of a Hamiltonian invariant under
the action of a compact Lie group has been studied, see for instance [MRS88],
leading to an equivariant version of Williamson’s classification [MD93]. It is im-
portant to note that the Darboux theorem does not hold in this equivariant setting,
since in this case there may not be a unique canonical symplectic form, as explained
in [DM93].

2.3. Singularities of integrable systems in the case n = 2

In the rest of the paper, we will mostly be interested in the case dimM = 4; in
this case, we change our notation and consider an integrable system with momentum
map F = (J,H). We now describe in more detail the singular points.

Fixed points. Let m ∈M be a fixed point. Choose any basis of TmM and consider
the matrix Ωm of the symplectic form ωm and the Hessian matrices d2J(m) and
d2H(m) in this basis. Let ν, µ ∈ R. As a consequence of [BF04, Proposition 1.2],
the characteristic polynomial of the matrix Aν,µ = Ω−1

m (νd2J(m) + µd2H(m)) is
of the form X 7→ χν,µ(X2) for some quadratic polynomial χν,µ; we call χν,µ the
reduced characteristic polynomial of Aν,µ. Then m is non-degenerate if and only
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if there exists ν, µ ∈ R such that χν,µ has two distinct nonzero roots λ1, λ2 ∈ C;
furthermore, if this is case, then the type of m is

• elliptic-elliptic (Williamson type (0, 2, 0, 0)) if λ1 < 0 and λ2 < 0,
• elliptic-hyperbolic (Williamson type (0, 1, 1, 0)) if λ1 < 0 and λ2 > 0,
• hyperbolic-hyperbolic (Williamson type (0, 0, 2, 0)) if λ1 > 0 and λ2 > 0,
• focus-focus (Williamson type (0, 0, 0, 1)) if =(λ1) 6= 0 and =(λ2) 6= 0.

Note that if m is non-degenerate, then the set of (ν, µ) ∈ R2 such that χν,µ
has two distinct roots is open and dense (and the signs of the roots do not depend
on the choice of (ν, µ) in this set, so in particular the type of a singular point is
well-defined).

Rank one singular points. Let m ∈M be a rank one singular point; then there
exists ν, µ ∈ R such that νdH(m) + µdJ(m) = 0, and hence there exists a linear
combination of XJ and XH whose flow has a one-dimensional orbit through m.
Let L ⊂ TmM be the tangent line of this orbit at m and let L⊥ be the symplectic
orthogonal of L. Then Ω−1

m

(
νd2H(m) + µd2J(m)

)
descends to an operator Aν,µ

on the two-dimensional quotient L⊥/L, and the eigenvalues of Aν,µ are of the form
±λ for λ ∈ C (again, as a consequence of [BF04, Proposition 1.2]).

Definition 2.5 ([BF04, Section 1.8.3], see also [HP18, Section 2.3]). The
rank one singular point m is non-degenerate if and only if Aν,µ is an isomorphism
of L⊥/L. Moreover, the type of m is

• elliptic-transverse (Williamson type (1, 1, 0, 0)) if the eigenvalues of Aν,µ
are of the form ±iα, α ∈ R,

• hyperbolic-transverse (Williamson type (1, 0, 1, 0)) if the eigenvalues of
Aν,µ are of the form ±α, α ∈ R,

and these are the only possibilities.

Now, assume that the Hamiltonian flow of J is periodic; for j ∈ R a regular
value of J , let M red

j be the symplectic reduction of M at level j by the S1-action

generated by J . Since {J,H} = 0, the function H descends to a function Hred,j

on the surface M red
j . If moreover S1 acts freely on a point m ∈M with j = J(m),

then M red
j is smooth in a neighbourhood of the image [m] of m in M red

j , and so is

Hred,j . The next lemma follows from the proof of [HP18, Lemma 2.4] 1, see also
[TZ03, Definition 3].

Lemma 2.6. Let m ∈ M be such that the S1-action generated by J acts freely
on m. Let j = J(m). Then m is a rank one singular point of F if and only if [m]
is a singular point of Hred,j. Moreover, m is a non-degenerate singular point of F
if and only if [m] is non-degenerate for Hred,j (in the Morse sense) and the type of
m is elliptic-transverse (respectively hyperbolic-transverse) if and only if [m] is an
elliptic (respectively hyperbolic) singular point of Hred,j.

Note that Lemma 2.6 implies that if one point in a fiber of F is a rank one
singular point then all points in that fiber must be rank one singular points.

1the statement of [HP18, Lemma 2.4] contains a slight mistake: S1 must act freely on the
point m ∈M , but in [HP18, Lemma 2.4] it is only required that m is a regular point of J .
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2.4. Semitoric systems and semitoric polygons

We will be interested in a particular class of four-dimensional integrable sys-
tems, called semitoric systems. These systems, defined in [VuN07], are an example
of the almost toric Lagrangian fibrations introduced by Symington [Sym03].

Definition 2.7. A four-dimensional integrable system (M,ω, F = (J,H)) is
semitoric if

(1) J is proper,
(2) J is the momentum map for an effective Hamiltonian S1-action,
(3) all singular points of F are non-degenerate and have no components of

hyperbolic type (kh = 0 in their Williamson type).

This means that a semitoric system can only have elliptic-transverse, elliptic-
elliptic, or focus-focus singular points. For this paper, we will mostly be interested
in the case that M is compact, so the first condition in the above definition is
automatically satisfied.

The systems that we consider in the present paper will all have at most one
focus-focus point in each level set of J . Semitoric systems with this property are
called simple. Simple semitoric systems were classified in [PVuN09, PVuN11]
in terms of five invariants: the number mf of focus-focus points (which is finite),
the polygon invariant, the height invariant, the Taylor series invariant, and the
twisting index invariant. We will only describe the ones that we will need in the
rest of the paper. The semitoric classification was later extended to include all
semitoric systems, simple or not, by adapting the invariants [PPT19].

Marked semitoric polygons. In this section we describe an invariant of simple
semitoric integrable systems which we call a marked semitoric polygon, and which
encodes the data of the number of focus-focus points, polygon, and height invariants
of the original classification in [PVuN09, PVuN11]. This is similar to the notion
of decorated polygon introduced in [SVuN18], but the marked semitoric poly-
gon does not include data about the so-called twisting index while the decorated
polygon does. The only remaining invariant involved in the complete symplectic
classification of simple semitoric systems is called the Taylor series invariant and is
not encoded in either the marked or decorated polygon invariants, see Remark 2.11.
A visual representation of a marked semitoric polygon is shown in Figure 4. Note
that as in [VuN07], we use the word polygon to refer to a closed subset of R2 whose
boundary is a continuous, piecewise linear curve with a finite number of vertices in
any compact set, but in fact for a semitoric system on a compact manifold what
we obtain is a polygon in the usual sense.

Let πj : R2 → R be the canonical projection to the j-th factor, j = 1, 2. Let
∆ ⊂ R2 be a rational convex polygon (rational means that every edge is generated
by an integral vector), let s ∈ Z≥0, let ~c = (c1, . . . , cs) ∈ (R2)s, and let ~ε =
(ε1, . . . , εs) ∈ {−1, 1}s. We call the triple (∆,~c,~ε) a marked weighted polygon if
c1, . . . , cs ∈ int(∆) and π1(c1) < . . . < π1(cs). Let

(2.1) T =

(
1 0
1 1

)
∈ SL2(Z)

and let T be the subgroup of GL2(Z) n R2 consisting of the composition of T k

for some k ∈ Z and a vertical translation (that is, the subgroup of integral affine
transformations leaving the vertical direction invariant). The group T acts on the
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set of marked weighted polygons as follows; if (∆,~c = (c1, . . . , cs),~ε = (ε1, . . . , εs))
is a marked weighted polygon and τ ∈ T , then

(2.2) τ · (∆,~c,~ε) = (τ(∆), τ(~c),~ε)

where τ(~c) = (τ(c1), . . . , τ(cs)). Note that this action preserves the convexity of
the polygon.

For λ ∈ R, let `λ = π−1
1 (λ). Given λ ∈ R and k ∈ Z, we fix an origin in `λ

and define tk`λ : R2 → R2 as the identity on {x ≤ λ} and as T k, relative to this

origin, on {x ≥ λ} (note that tk`λ thus defined is independent of the choice of this

origin). Moreover, for ~u = (u1, . . . , us) ∈ {−1, 1}s and ~λ = (λ1, . . . , λs), we define
t~u,~λ = tu1

`λ1
◦ . . . ◦ tus`λs .

The group Gs = {−1, 1}s with componentwise multiplication given by ~ε′ ∗ ~ε =
(ε1
′ε1, . . . , εs

′εs) acts on the set of all triples (P,~c,~ε) where P ⊂ R2 is a (possibly
not convex) polygon, ~c ∈ (R2)s, and ~ε ∈ {−1, 1}s by

(2.3) ~ε′ · (P,~c,~ε) =
(
t~u,~λ(P ), t~u,~λ(~c), ~ε′ ∗ ~ε

)
,

where

(2.4) ~u =

(
ε1 − ε1ε′1

2
, . . . ,

εs − εsε′s
2

)
, ~λ = (π1(c1), . . . , π1(cs)).

However, even if P is convex it is possible to have non-convex polygons in the
Gs-orbit of (P,~c,~ε). A marked weighted polygon (∆,~c,~ε) is called admissible if its
Gs-orbit contains only convex polygons, and thus Gs acts on admissible marked
weighted polygons by:

~ε′ · (∆,~c,~ε) =
(
t~u,~λ(∆), t~u,~λ(~c), ~ε′ ∗ ~ε

)
with ~u and ~λ as in Equation (2.4). Note that the actions of T and Gs both preserve
rationality of the polygon.

Let q be a vertex of a rational polygon ∆, and let u, v ∈ Z2 be the primitive
(minimal length) vectors directing the edges adjacent to q. Then we say that q
satisfies:

(1) the Delzant condition if det(u, v) = 1,
(2) the hidden Delzant condition if det(u, Tv) = 1,
(3) the fake condition if det(u, Tv) = 0.

Given a marked weighted polygon (∆,~c,~ε) let

(2.5) L(∆,~c,~ε) = ∪sj=1{(π1(cj), y) | εjy ≥ εjπ2(cj)}
so L(∆,~c,~ε) is the disjoint union of half lines emanating from each cj going up if
εj = 1 and going down if εj = −1. The set L(∆,~c,~ε) is denoted by dotted lines in
the figures in this paper, see for instance Figure 4.

Definition 2.8. A marked Delzant semitoric polygon is the Gs ×T -orbit of a
marked weighted polygon (∆,~c,~ε) such that

(1) each point in ∂∆ ∩ L(∆,~c,~ε) is a corner which satisfies either the fake or
hidden Delzant condition, in which case it is known as a fake or hidden
corner, respectively,

(2) all other corners satisfy the Delzant condition, and are known as Delzant
corners,
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×
×

Figure 4. An example of a representative of a marked semi-
toric polygon associated to a system with two focus-focus singular
points.

in which case all marked weighted polygons in the orbit satisfy the same conditions
and are admissible.

We can also define an action of Gs × T on pairs ((∆,~c,~ε), q), where (∆,~c,~ε) is
a marked weighted polygon and q ∈ ∆, by

(2.6) (~ε′, τ) · ((∆,~c,~ε), q) =
(

(~ε′, τ) · (∆,~c,~ε), t~u,~λ(q)
)

with u, λ as in Equation (2.4). This will be useful later when we need to follow a
given point through the orbit defining a marked semitoric polygon.

The marked semitoric polygon associated with a simple semitoric sys-
tem. Now, coming back to the simple semitoric system (M,ω, F = (J,H)), let
B = F (M) and let Breg be the set of regular values of F . Let ~ε ∈ {−1, 1}mf ; here
we assume that mf > 0 for simplicity, see Remark 2.9 for the case mf = 0. Let
(xj , yj), j ∈ {1, . . . ,mf}, be the focus-focus values, with x1 < x2 < . . . < xmf . Let

`
εj
j be the vertical half-line starting from (xj , yj) and going upwards if εj = 1 and

downwards if εj = −1, and let

`~ε =

mf⋃
j=1

`
εj
j .

By [VuN07, Theorem 3.8] there exists a homeomorphism g~ε : B → g~ε(B) ⊂ R2

of the form

(2.7) g~ε(x, y) =
(
x, g

(2)
~ε (x, y)

)
,

∂g
(2)
~ε

∂y
> 0,

whose image ∆~ε = g~ε(B) is a rational convex polygon, and whose restriction g~ε|B\`~ε

is a diffeomorphism from B \ `~ε to its image, sends the integral affine structure on
Breg \ `~ε to the standard integral affine structure on R2, and extends to a smooth
multivalued map from Breg to R2 such that for any j ∈ {1, . . . ,mf} and c ∈ `εjj ,

lim
(x,y)→c
x<xj

df(x, y) = T

 lim
(x,y)→c
x>xj

df(x, y)

 ,

where T is as in Equation (2.1).
The choice of ~ε corresponds to a choice of cuts (downwards or upwards) at

each focus-focus value. For example, in Figure 4 the first cut is downwards and the
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second is upwards, so ~ε = (−1, 1). The triple(
∆~ε,~c = (g~ε(x1, y1), . . . , g~ε(xmf , ymf )),~ε

)
is an admissible marked weighted polygon.

Given ~ε ∈ {−1, 1}mf , the function g~ε is unique up to left composition by an
element of T , and thus the polygon ∆~ε is unique up to the action of T , and the
same holds for the marked points. Indeed, the freedom in the construction of g~ε
corresponds to the choice of a basis of action variables over Breg as in Remark 2.3;
in principle this is unique up to left composition by an element of GL2(Z) and a
translation, but because of the conditions in (2.7), only elements in T are allowed.

Moreover, choosing ~ε′ ∗ ~ε instead of ~ε (which corresponds to flipping the cut at
(xj , yj) if ε′j = −1 or taking the same cut otherwise) yields ∆~ε′ = t~u,~λ(∆~ε) where

~u =

(
ε1 − ε1ε′1

2
, . . . ,

εs − εsε′s
2

)
, ~λ = (x1, . . . , xmf ).

In other words, the freedom in this construction corresponds to the action of
Gmf × T as described in Equations (2.2) and (2.3). The marked semitoric poly-
gon ∆(M,ω,F ) of (M,ω, F ) is the orbit of any of the marked weighted polygons(
∆~ε,~c = (g~ε(x1, y1), . . . , g~ε(xmf , ymf )),~ε

)
constructed above under this group ac-

tion.
The semitoric polygon defined in [PVuN09, Section 4.3] is similar to a marked

semitoric polygon except that the height of the marks (the second coordinate of
each of ~c1, . . . ,~cmf ) is not included. We will call this an unmarked semitoric polygon
to emphasize the difference.

Remark 2.9. The marked (and unmarked) semitoric polygon is still well-
defined when mf = 0 (the so-called toric type systems), see for instance [SVuN18,
Definition 5.26]. Of course, in that case, there is no marked point and no cut, and
the only choice is the one of a global basis of action variables, giving the developing
map g (of the form g(x, y) = (x, g(2)(x, y)) as above). This map is unique up to
the action of T , and the semitoric polygon is the orbit through T of g(F (M)).
Furthermore, if mf = 0 then the marked and unmarked semitoric polygons are
the same. Of course, if the system is not only of toric type but toric (and M is
compact), this polygon is nothing but its Delzant polytope. As such, the construc-
tion of this invariant can be seen as a generalization of the convexity results for
compact toric systems [Ati82, GS82, Del88]. Similar convexity results have been
obtained in various contexts, such as for non compact toric manifolds [KL15], for
toric orbifolds [LT97], for torus actions on some particular spaces called quasifolds
to allow possibly non rational polytopes [Pra01], for presymplectic [RZ19] and
log-symplectic [GLPR17] toric manifolds. In [RWZ18], the authors prove several
(positive and negative) convexity results for integrable systems possessing non-
degenerate singularities with elliptic or focus-focus components only; in fact, the
reader interested in convexity results in other contexts can find numerous references
in [RWZ18], as well as in [GS05], for instance.

Remark 2.10. The idea behind the construction of the semitoric polygon in
[VuN07] is as follows. Near any regular value of the momentum map F , one
can apply the action-angle theorem to obtain a set of action variables of the form
(J,K) (or equivalently a local toric momentum map); then one wants to try to
extend these actions to the whole set Breg of regular values of F . Of course, this
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cannot be done because of the non-trivial monodromy induced by the presence of
focus-focus singularities [Zou92, Mat96, Zun97]. The momentum map images
of the focus-focus singularities are isolated singular values in B, which therefore
obstruct Breg from being simply connected. The vertical cuts serve to create a

simply connected set Breg \`~ε from Breg in a way that is compatible with J ; this set
can then be endowed with global actions of the desired form, thus providing a toric
momentum map on F−1(Breg\`~ε) and its associated image, which is a polygon. The
change of slope at a fake or hidden Delzant corner reflects the way that the affine
structure changes when traveling along a loop in Breg enclosing the corresponding
focus-focus value, effectively taking into account the monodromy.

Remark 2.11. As already explained, in the present paper we are not con-
cerned with the Taylor series invariant introduced in [VuN03], which symplecti-
cally classifies the singular Lagrangian foliation in the neighbourhood of a focus-
focus fiber. Computing explicitly this Taylor series invariant for concrete exam-
ples is a non-trivial task, and several authors calculated some or all terms of this
invariant for various systems with focus-focus singularities (and other invariants
when these systems were semitoric), such as the spherical pendulum, the Jaynes-
Cummings model, non-trivial couplings of two spins, and more [PVN12, Dul13,
LFP19, ADH19, ADH20, Alo19]. The Taylor series invariant was general-
ized in [PT19] to also apply to singular fibers that include multiple focus-focus
singularities, and thus are topologically multi-pinched tori. The semi-local topo-
logical [Mat96, Zun97, Zun02] and smooth [BI19] classifications of focus-focus
fibers have also been investigated. These works are part of a long line of results on
classifying integrable systems with two degrees of freedom, see for instance [Fom88,
Fom91, BMF90, Bol94, BF94a, BF94b, Bol95, BM96, BM98]; for a survey
of various classification problems and more references, see [BO06].

2.5. Additional properties of semitoric systems

We conclude by collecting some properties of semitoric systems that we will
need in the rest of the paper. In such systems, the first component J of the mo-
mentum map, which generates a S1-action, plays a special role. Following Karshon
[Kar99], we will call a value j of J (or a fixed point of J in the fiber J−1(j))
extremal if j is a global minimum or maximum of J , and interior otherwise.

The following describes the fixed set of the S1-action generated by the first
component, and is a consequence of [HSS15, Proposition 3.4] which is proved
using [Kar99, Lemma 2.1].

Lemma 2.12. Let (M,ω, (J,H)) be a semitoric integrable system and let MS1

denote the set of points fixed by the S1-action generated by the Hamiltonian flow of

J , equivalently MS1

is the set of points p such that dJ(p) = 0. Then the connected

components of MS1

are all either points or diffeomorphic to S2; the latter case can
only occur if the fixed surface is exactly the set J−1(j) where j is an extremal value
of J .

Remark 2.13. The fixed surface at an extremal value j of J described in
Lemma 2.12 corresponds to a component of the boundary of the momentum map
image equal to an interval of the form {(j, y) ∈ R2 | a ≤ y ≤ b}, and thus it is
sometimes called a vertical wall. Notice that the singular points at an extremal
value of J do not necessarily form a vertical wall; they can also be isolated points.
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We also want to understand the geometry of the reduced space M red
j for differ-

ent values of j.

Lemma 2.14. Let (M,ω, (J,H)) be a semitoric system. The reduced space M red
j

at an interior level j of J is homeomorphic to a 2-sphere and if j is a regular value
of J , then M red

j is diffeomorphic to a 2-sphere. If j is an extremal value of J then

M red
j is either diffeomorphic to a 2-sphere or a point.

Proof. Suppose that j is an interior value of J . Then the image of Hred,j

is an interval [a, b], and it suffices to prove that (Hred,j)−1(a) and (Hred,j)−1(b)
are each a point and that for every c ∈ (a, b), (Hred,j)−1(c) is homeomorphic to
a circle. Let c ∈ (a, b) and note that (Hred,j)−1(c) = F−1(j, c)/S1. If (j, c) is
a regular value then F−1(j, c) is a 2-torus and (Hred,j)−1(c) is homeomorphic to
a circle. Since (j, c) ∈ int(F (M)) the only other possibility is that (j, c) is the
image of one or more focus-focus points so F−1(j, c) is a (multiply) pinched torus;
since the S1-action associated to J is in the direction of the vanishing cycle we
again have that (Hred,j)−1(c) is homeomorphic to a circle. Next, notice that in
any case (Hred,j)−1(a) and (Hred,j)−1(b) are each a point; indeed, if (j, a) is an
elliptic-elliptic point then F−1(j, c) is already a point and if (j, a) is the image
of an elliptic-regular point then F−1(j, c) is a circle and the flow of J gives the
non-trivial S1-action on this space.

If j is a regular value of J , then Hred,j is a Morse function with no hyperbolic
points on the smooth closed surface M red

j (recall that the fibers of J are compact);
this is a consequence of Lemma 2.6 since the rank one singular points of (J,H)
are all non-degenerate of elliptic-transverse type. Hence M red

j is diffeomorphic to a
2-sphere.

If j is an extremal value of J , then by Lemma 2.12, J−1(j) is diffeomorphic to a
sphere or a point, and M red

j = J−1(j) since the action of J on J−1(j) is trivial. �

Lemma 2.15. Let (M,ω, F = (J,H)) be a semitoric system, and let m be a
fixed point of J which does not belong to a fixed sphere. Then m is a fixed point of
F .

Proof. Since dJ(m) = 0 we see that m is a singular point; if m is rank zero
we are done, and otherwise it is rank one. By the normal form for non-degenerate
rank one singular points (see Theorem 2.2), there is a surface Σ ⊂ M through m
consisting of rank one singular points. If dH(m) 6= 0 then dH does not vanish is a
neighborhood U of m and thus dJ|Σ∩U = 0; hence m belongs to a fixed surface of
J . �

2.6. Examples on S2 × S2

We conclude this chapter by describing two examples of semitoric systems on S2×S2.
Let ωS2 be the standard symplectic form on S2 (the one giving total area 4π) and
consider the manifold S2 × S2 with coordinates (x1, y1, z1, x2, y2, z2) obtained from
the usual embedding of each sphere into R3. Given 0 < R1 < R2 and 0 ≤ t ≤ 1,
the coupled angular momenta system (introduced in [SZ99] and further studied
in [ADH20, LFP19]) is given by Ft = (J,Ht) where

(2.8) J = R1z1 +R2z2, Ht = (1− t)z1 + t(x1x2 + y1y2 + z1z2)

on S2 × S2 with symplectic form ωR1,R2
= R1ωS2 ⊕R2ωS2 . This is an example of a

semitoric 1-transition family, and a comparison of its momentum map for varying



20 2. PRELIMINARIES ON INTEGRABLE AND SEMITORIC SYSTEMS

- 3 - 2 - 1 1 2 3

- 1.0

- 0.5

0.5

1.0

t =0

- 3 - 2 - 1 1 2 3

- 1.0

- 0.5

0.5

1.0

t =0.25

- 3 - 2 - 1 1 2 3

- 1.0

- 0.5

0.5

1.0

t =0.5

- 3 - 2 - 1 1 2 3

- 1.0

- 0.5

0.5

1.0

t =0.75

- 3 - 2 - 1 1 2 3

- 1.0

- 0.5

0.5

1.0

t =1

(a) The momentum map image for varying values of t and R1 = 1, R2 = 2.

× ×

(b) Two representatives of the semitoric polygon of the system when t = 1/2.

Figure 5. A comparison of the momentum map image and semi-
toric polygons for the coupled angular momenta system (2.8).

t with the semitoric polygons for the system with t = 1/2 (which is semitoric with
one focus-focus point) is shown in Figure 5.

This system was generalized in [HP18] to create a two-parameter family of
systems Fs1,s2 = (J,Hs1,s2) on the same symplectic manifold which has two focus-
focus points for s1 = s2 = 1

2 and transitions between systems with zero, one or two
focus-focus points, depending on the parameters. Explicitly,

(2.9)


J = R1z1 +R2z2,

Hs1,s2 = (1− s1)(1− s2)z1 + s1s2z2 + s1(1− s2)(X + z1z2)

+ s2(1− s1)(X − z1z2),

where X = x1x2 + y1y2 (this X is the same as the one discussed in the beginning
of Section 3.3). The momentum map image is shown in Figure 6. The coupled
angular momenta system is obtained by taking (s1, s2) = (t, 0). The parameter
values with R1 = R2 are usually excluded since for some values of s1, s2 this can
cause degeneracies, but in Section 3.2.2 this constitutes an important example of
the behavior of a semitoric family at degenerate times.
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(b) Four representatives of the semitoric polygon of the system when s1 = s2 = 1
2
.

Figure 6. Comparison of the image of the momentum map for
the system in Equation (2.9) and representatives of the semitoric
polygon for s1 = s2 = 1

2 .





CHAPTER 3

Fixed-S1 families

In this chapter we prove some general facts about fixed-S1 families, semitoric
families, and semitoric transition families, as defined in Definitions 1.4 and 1.6.

3.1. First properties

Throughout this section let (M,ω, Ft = (J,Ht)) be a fixed-S1 family as in
Definition 1.4. The following is a special case of [HP18, Proposition 2.8], and holds
in general for families (M,ω, (Jt, Ht)) even in cases when Jt does not generate an
S1-action or does not depend on t, see [HP18].

Lemma 3.1. Suppose that p ∈ M and t0 ∈ (0, 1) are such that p is a fixed
point for all t in a neighborhood of t0, p is of focus-focus type for t > t0, and of
elliptic-elliptic type for t < t0. Then p is a degenerate fixed point for t = t0.

We also have the following.

Lemma 3.2. Let (M,ω, (J,Ht)) be a fixed-S1 family and suppose that p ∈ M
is a rank zero singular point for some t0 ∈ [0, 1]. Then p is a singular point for all
t ∈ [0, 1] (but not necessarily of rank zero).

Proof. Since p is singular at t0 we have that dHt0(p) = dJ(p) = 0, and since
J does not depend on t we see that dJ(p) = 0 implies that p is singular for all t. �

In Theorem 6.2 we give an example of a system for which some points change
rank between zero and one.

There are many possible types of fixed-S1 families which would be interesting to
study, for instance those in which hyperbolic singularities appear as the parameter
changes. This would complement [DP16], in which the authors show how to modify
the Hamiltonian H locally around a focus-focus point of (J,H) to obtain hyperbolic
singularities and get what they call a hyperbolic semitoric system. However, this
is a problem of its own and in this paper we will focus on the case of semitoric
families; those fixed-S1 families which are semitoric for all but finitely many values
of the parameter. Note that hyperbolic semitoric systems naturally appear as well;
for instance, such a non-trivial system on S2×R2 is explicitly described in [DP16,
Section 9] and Example 4.3 in the same article is a simple example of hyperbolic
semitoric system with a different behavior. In Section 6.6 we give a new example of
such a fixed-S1 family on a compact manifold, namely the first Hirzebruch surface.

3.2. Semitoric families

In this section let (M,ω, Ft = (J,Ht)), 0 ≤ t ≤ 1, be a semitoric family with
degenerate times t1, . . . , tk, as in Definition 1.4. In Section 3.2.1 we prove some
general facts and in Section 3.2.2 we discuss the possible behavior of the system at

23
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degenerate times. We will need the following standard lemma from Morse theory,
which roughly says that a non-degenerate singular point cannot spontaneously ap-
pear, though it can move around in the manifold. We give a short proof for the
sake of completeness.

Lemma 3.3. Let X be a smooth manifold, I be an open interval of R, and
H : I × X → R be smooth and such that there exists t0 ∈ I so that for t 6= t0,
Ht = H(t, ·) is a Morse function on M . Assume that x0 is a non-degenerate
singular point of Ht0 ; then there exists ε > 0 and an open neighborhood U of x0 in
X such that for every t ∈ (t0 − ε, t0 + ε) ⊂ I, there exists a unique singular point
x(t) of Ht in U . Moreover, t 7→ x(t) is smooth, and for every t ∈ (t0−ε, t0 +ε) ⊂ I,
x(t) has the same Morse index as x0.

Proof. We may work in a trivialization open set and assume that X = Rn for
some n. The first part is then a simple application of the implicit function theorem,
since singular points are solutions of dxH(t, x) = 0, and since dx(dxH)(t0, x0) =
d2
xH(t0, x0) is bijective by assumption. Since Ht is Morse for t 6= t0, the singular

point x(t) is automatically non-degenerate and its Morse index could only change
if at least one eigenvalue of d2

xH(t, x(t)) changed sign, which would imply that it
vanishes for some t1 and would contradict the fact that x(t1) is non-degenerate. �

3.2.1. General results about semitoric families. We start by proving
some properties of the rank zero points of Ft.

Lemma 3.4. Let t0 ∈ [0, 1] and let p be a fixed point of Ft0 which does not
belong to a fixed surface of J . Then p is a fixed point of Ft for all t ∈ [0, 1].

Proof. Since p is a fixed point of Ft0 , in particular dJ(p) = 0. By Lemma
2.15, p is a fixed point of Ft for any t /∈ {t1, . . . , tk}, since for such t the system is
semitoric. This proves that dHt(p) = 0 whenever t /∈ {t1, . . . , tk}; since t 7→ dHt(p)
is continuous, this in turn implies that dHtj (p) = 0 for j = 1, . . . , k. Hence p is a
fixed point of Ft for every t. �

For t ∈ [0, 1], let N0(t) be the number of rank zero points of Ft. If M is compact
let χ(M) be the Euler characteristic of M .

Lemma 3.5. Suppose M is compact. For every t ∈ [0, 1] \ {t1, . . . , tk}, N0(t) =
χ(M). Moreover, if there is no fixed sphere for the S1-action generated by J , then
N0(t) = χ(M) for every t ∈ [0, 1].

Proof. It is well-known that if S1 acts smoothly on a closed smooth manifold

M , then the fixed set MS1

is a disjoint union of smooth manifolds and χ(M) =

χ(MS1

). In our case, as discussed in Lemma 2.12, MS1

is a disjoint union of single
points p, and χ({p}) = 1, and fixed surfaces of J , which are spheres; let S be any of
these spheres. For t /∈ {t1, . . . , tk}, the system is semitoric so S contains two rank
zero points, and χ(S) = 2. So we indeed have N0(t) = χ(M). Finally, if there is
no fixed sphere for the S1-action generated by J , then Lemma 3.4 ensures that the
fixed points are the same for every t ∈ [0, 1], hence N0 does not depend on t. �

When the S1-action generated by J has a fixed sphere S more complicated
things can occur because the location of rank zero points in S can change with t,
and at a degenerate time additional rank zero points can appear. For instance, the
system given in Equation (6.9) is a semitoric family with four rank zero points for
t 6= 1

2 , but at t = 1
2 there is an entire sphere of (degenerate) rank zero points.
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Lemma 3.6. For every t ∈ [0, 1], the system (M,ω, Ft) does not have any
singular points of hyperbolic-hyperbolic, hyperbolic-elliptic, or hyperbolic-transverse
type.

Proof. Notice that by the normal form given in Theorem 2.2, any fixed point
with a hyperbolic component comes with some nearby hyperbolic-transverse points
(see also Figure 1 in [DP16]); thus, it is sufficient to discard the latter. Of course,
they are excluded when t /∈ {t1, . . . , tk} since for such t the system is semitoric. So
suppose that p ∈M is a singular point of hyperbolic-transverse type of Ft` for some
` ∈ {1, . . . , k}. Without loss of generality we may assume that j = J(p) is a regular
value of J (again, see Theorem 2.2). Hence, by Lemma 2.6 the image of p in the

reduced manifold M red
j is a hyperbolic singular point of Hred,j

t`
. Since Hred,j

t is a

Morse function on M red
j for t 6= t` in an open interval I containing t` (and chosen

so small that it does not contain any of the tm, m 6= `), Lemma 3.3 implies that

Hred,j
t has a singular point of hyperbolic type for t ∈ I \ {t`}. This means that for

such t, Ft has some rank one points of hyperbolic-transverse type, which is absurd
since it is semitoric. �

Let (M,ω, Ft) be a semitoric family which is simple for all non-degenerate t.
Recall that the unmarked semitoric polygon is defined in Section 2.4; now we show
that the number of focus-focus points and unmarked semitoric polygon can only
change at degenerate times.

Lemma 3.7. Let I ⊂ [0, 1]\{t1, . . . , tk} be an interval. Then for any t, t′ ∈ I the
semitoric systems (M,ω, Ft) and (M,ω, Ft′) have the same number of focus-focus
points and the same unmarked semitoric polygon.

In order to prove this lemma, we state a result which is well-known and follows,
for instance, from [VuN07, Theorem 5.3]. As before, let π1, π2 be the natural
projections on each factor of R2. Given a polygon ∆ for which π−1

1 (x) ∩ ∆ is
compact for every x ∈ R (which is in particular the case for semitoric polygons),
we define the top boundary of ∆ as the set

(3.1) ∂top∆ =

{
(x, y) ∈ ∆ | y = max

π−1
1 (x)∩∆

π2

}
.

Lemma 3.8. Let (∆, ~̀,~ε) be a representative of the unmarked semitoric polygon
of a simple semitoric system (M,ω, F ) associated to a developing map g, so that
∆ = (g ◦ F )(M). Given a corner c = (c1, c2) of ∆ on its top boundary, let s`
(respectively sr) be the slope of the edge of ∆ adjacent to c and consisting of points
(x, y) ∈ R2 with x ≤ c1 (respectively x ≥ c1) and let k be the number of focus-focus
points in J−1(c1). Then sr − s` = we − k where we = − 1

|ab| if (g ◦ F )−1(c) is an

elliptic-elliptic point p and a, b ∈ Z are the weights at p of the S1-action induced by
J, and we = 0 otherwise.

Proof of Lemma 3.7. Let t ∈ I; by Lemma 3.4, the focus-focus points of
Ft are also rank zero points (and thus either of elliptic-elliptic or focus-focus type)
of Fs for any s ∈ I, since focus-focus points cannot occur in fixed spheres of J .
Because of Lemma 3.1, they can only change type at a degenerate time.

Now, let t′ ∈ I and let (∆′, ~̀,~ε) be a representative of the unmarked semitoric
polygon of the system (J,Ht′). We will construct a representative of the unmarked
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semitoric polygon of (J,Ht) which coincides with (∆′, ~̀,~ε), which will imply that
the unmarked semitoric polygon is the same at t and t′. First, notice that the

vertical lines ~̀ = (`1, . . . , `mf ) can be used to construct a representative of the
unmarked semitoric polygon at t, since they are given by the J-values of the focus-
focus points. Note also that the height of the unmarked semitoric polygon at each
J-value j is given by (2π)−1vol(J−1(j)), which is independent of t, so it is sufficient
to check that we can construct a polygon for t with cut directions (ε1, . . . , εmf )

which has the same top boundary as ∆. In what follows, let g′ : R2 → R2 be as in
Equation (2.7) such that ∆′ = (g′ ◦ Ft′)(M).

Step 1: the top left corner. Even if M is not compact, Corollary 5.5 in [VuN07]
ensures that, unless the system has no rank zero point at all (in which case we do
not have to prove anything) J has either a global minimum or a global maximum,
and we may assume the former. Let q′ be the elliptic-elliptic point of (J,Ht′) with
minimal J-value jmin and such that

Ht′(q
′) = max

J−1(jmin)
Ht′

(recall that J−1(jmin) can be a fixed surface, in which case the left side of ∆′ is
a vertical wall), so that q′ is sent to the point Q′ on ∂top∆′ which has minimal
J-value. If J−1(jmin) is a fixed surface, then the edges of ∆′ emanating from Q′

are directed along the vectors (
0
−1

)
,

(
1
n

)
for some n ∈ Z, since it is a Delzant corner. Similarly, let q ∈ J−1(jmin) be
the elliptic-elliptic point of (J,Ht) with maximal Ht-value among the points with
minimal J-value, and let Q be its image in one representative (g ◦ Ft)(M) of the
unmarked semitoric polygon of Ft constructed using the cuts (ε1, . . . , εmf ). Then
the edges of this polygon leaving Q are also directed along(

0
−1

)
,

(
1
p

)
for some p ∈ Z. Therefore, by setting g̃ = u◦Tn−p◦g where T is as in Equation (2.1)
and u is a vertical translation, we obtain another representative ∆ = (g̃ ◦Ft)(M) of
the unmarked semitoric polygon of Ft such that ∆ agrees with ∆′ in a neighborhood
of the point Q. If J has a unique minimum, it occurs at q, and thus q is of elliptic-
elliptic type for all t, so as a consequence of Lemma 3.9 below we can choose such
a g̃ (hence ∆) in a similar way. Note that in both cases ∆′ and ∆ have the same
leftmost point in their top boundary, and the first segment of the (piecewise linear)
top boundaries agree in slope.

Step 2: the top boundary. Now we only need to study the position of each
vertex on the top boundary and the change in slope at each vertex for ∆ and ∆′.
The vertices in the top boundary of ∆ occur at points c = (c1, c2) such that either:

• (g ◦ Ft)−1(c) is an elliptic-elliptic point whose Ht-value is maximum in
J−1(c1), or

• the i-th focus-focus point is in the set J−1(c1) and εi = +1.
We already saw that the focus-focus points of Ft and Ft′ have the same J-value.
Moreover, a similar argument shows that an elliptic-elliptic point of Ft is also an
elliptic-point of Ft′ , with the same J-value j, and is a maximum of Ht in J−1(j)
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if and only if it is a maximum of Ht′ in J−1(j) (otherwise, there would be a
value of the parameter in I for which this point is both a global maximum and
a global minimum of the Hamiltonian on J−1(j), so it would be degenerate, see
Section 3.2.2 below). Thus, the vertices in the top boundaries of ∆ and ∆′ occur
at the same values of J . Moreover, by Lemma 3.8, the change of slope at each
vertex only depends on the weights of the action of J at the elliptic-elliptic points
and the number of focus-focus points in the J-fiber; hence the change of slope at
corresponding vertices of ∆ and ∆′ is the same. �

A Delzant cone is a set of the form {a1v1+a2v2 | ai ≥ 0} ⊂ R2 where v1, v2 ∈ Z2

satisfy det(v1, v2) = 1.

Lemma 3.9. Let (M,ω, Ft = (J,Ht)) be a semitoric family and let (pt)0≤t≤1

be a continuous family of points of M such that for every t ∈ [0, 1], pt is a fixed
point of elliptic-elliptic type of Ft. Then there exists a toric momentum map Φ on
C2 and for each t there exists an open set Ut containing pt, a local diffeomorphism
gt : (R2, Ft(pt)) → (R2, 0), and a local symplectomorphism χt : (Ut, pt) → (C2, 0)
such that:

(1) gt is of the form gt(x, y) = (x, g
(2)
t (x, y)),

(2) (gt ◦ Ft)|Ut = Φ ◦ χt,
(3) (gt ◦Ft)(Ut) = K ∩Ωt where K is a fixed Delzant cone and Ωt is an open

neighborhood of the origin.

Proof. By the local normal form for elliptic-elliptic points (Theorem 2.2) for
each t there exist Ut, gt, χt, and Φt such that gt◦Ft = Φt◦χt on Ut, with gt satisfying
the first property (see for instance step 2 in the proof of Theorem 3.8 in [VuN07]).
For t ∈ [0, 1], let Kt = Φt(C2); then Kt is a Delzant cone determined by the weights
of the T2-action generated by gt ◦Ft. Since (pt)t∈[0,1] is a continuous family of fixed
points of J , all the points in this family belong to the same component of the fixed
point set of J , hence Lemma 2.12 implies that either pt = p does not depend on t
or J(pt) is the maximum (respectively minimum) of J for every t ∈ [0, 1]. In both
cases, the weights of the first component of the T2-action generated by gt◦Ft do not
depend on t, so there exists kt ∈ Z such that K0 = T ktKt with T as in Equation

(2.1). Thus, by replacing gt with (x, g
(2)
t (x, y) + ktx) and Φt with T kt ◦ Φt, we

obtain Φt = Φ0 (hence Kt = K0) while preserving the first two properties. �

3.2.2. Semitoric families at degenerate times. Now, we investigate the
events that can occur in a semitoric family, and describe the mechanisms leading
to these events. We also provide examples for many of the different behaviors.
As before, let (M,ω, Ft = (J,Ht)) be a semitoric family with degenerate times
{t1, . . . , tk}.

We already have a good understanding of the times that are not degenerate;
indeed, Lemma 3.5 tells us that on [0, 1]\{t1, . . . , tk} the number of fixed points does
not change (if M is compact), and Lemma 3.4 ensures that fixed points themselves
do not change, except maybe those that lie in a fixed sphere of J . In fact, the
system described in Equation (6.4) displays such a behavior: the minimum of J
corresponds to a fixed sphere and rank zero points in this sphere change with t.
Moreover, rank one singular points can change with time, as it is the case in every
example in this paper. Hence, we now focus on what happens at a degenerate time.
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Let t` ∈ {t1, . . . , tk}, let I ⊂ [0, 1] be an open interval containing t` and none
of the tj , j 6= `, and let

I− = {t ∈ I | t < t`}, I+ = {t ∈ I | t > t`}.
Here we have implicitly assumed that t` /∈ {0, 1}. Note that if t` ∈ {0, 1} then

the possible behaviors are the same, up to working with only I− or I+. To organize
the possible cases, we use the following definition:

Definition 3.10. We say that a singular point p of Ft` appears at t` if there
do not exist two families (p±t )t∈I± such that p±t is a singular point of Ft of the same
rank as p and converges to p when t goes to t`.

Thus, there are three possible cases for degenerate times: appearance of a
singular point (of rank one or zero), rank zero points becoming degenerate, or rank
one points becoming degenerate.

Appearance of rank zero and rank one degenerate points. A rank zero
point can only appear in a fixed sphere of J by Lemma 3.4. Thus, the only singular
points that appear at t` are either rank zero points belonging to a fixed sphere of
J or rank one points. By Lemma 3.3, these new singular points are necessarily
degenerate.

Example 3.11 (Appearance). Consider, on the manifold S2 × S2 with sym-
plectic form ωS2 ⊕ ωS2 and coordinates (x1, y1, z1, x2, y2, z2), the fixed-S1 family
obtained from

(3.2) J = z1, Ht = z3
2 +

(
(1 + z1)2 + (1− 2t)2

)
z2.

We claim that this is a semitoric family and at t = 1
2 the circle given by z1 =

−1 and z2 = 0 consists in degenerate rank zero points of the system (but these
points are rank one singular points for t 6= 1

2 ). In fact, if we replace this Ht by

Ht = z3
2 +

(
(z1 − j0)2 + (1− 2t)2

)
z2 for any j0 ∈ (−1, 1), rank one points appear

at t = 1
2 on the regular level J−1(j0).

Remark 3.12. More generally, the following procedure can be used to construct
examples on S2×S2 exhibiting various behaviors: let J = z1 be the momentum map
for the standard S1-action, let h : [0, 1] × [−1, 1] × S2 → R be a smooth function,
and let

H : [0, 1]× S2 × S2 → R, (t, x1, y1, z1, x2, y2, z2) 7→ h(t, z1, x2, y2, z2).

For a given t, if ht,z = h(t, z, ·, ·, ·) is Morse for all z ∈ [−1, 1] then (J,Ht =
H(t, ·)) is a semitoric system, so we can choose h in such a way that (J,Ht) is
a semitoric family. This process can be used to produce examples of semitoric
families displaying many different behaviors coming from what can happen in a
two-parameter family ht,z of smooth functions on the sphere which are Morse for
all but finitely many values of t (note not all such functions are sufficient, since we
must also assure that integrability holds at the degenerate times).

Rank zero points that become degenerate. If an already existing rank zero
point p becomes degenerate at t` (on a fixed sphere p may be the limit of a family
pt, where pt is a fixed point of Ft) one of the following happens:

(1) if p belongs to a fixed sphere S = J−1(j0) of J , then there exists a family pt
such that pt` = p and pt is the global maximum or minimum of Hred,j0

t =
Ht|S (see Lemma 2.14) for t ∈ I \ {t`}; hence we are faced with two cases:
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(1a) pt is the global maximum (respectively minimum) of Ht|S for t ∈ I−
and the global minimum (respectively maximum) of Ht|S for t ∈ I+.
Assume for instance that we are in the first case and let m ∈ S; from{

∀t ∈ I−, Ht(m) ≤ Ht(pt),

∀t ∈ I+, Ht(m) ≥ Ht(pt),

and the continuity of t 7→ Ht, we obtain that Ht`(m) = Ht`(p).
Consequently, we have that F−1

t`
(Ft`(p)) = S; in this case, we say

that the J-fiber S collapses at t = t`. Such a situation occurs at
t = 1

2 for the system given in Equation (6.9), see Figure 26,
(1b) pt is the global maximum (respectively minimum) of Ht|S for t ∈ I−

and t ∈ I+. Then either Ht` is constant on S (which means that S
collapses at t = t`) or the same argument yields that p = pt` is still
a global maximum (respectively minimum) of Ht` |S , but p may not

be isolated anymore among rank zero points in S. For instance, if

(3.3) J = z1, Ht = (z2 − 1)2 + ((1− 2t)2 + (z1 − j0)2)z2

on S2 × S2 with the standard symplectic form (see Example 3.11 for
notation) and j0 = −1, then (0, 0,−1, 0, 0, 1) is elliptic-elliptic for
t 6= 1/2 but degenerate for t = 1/2. This follows from the fact that
(0, 0, 1) is a critical point of (x, y, z) 7→ (z − 1)2 + cz2 on S2 with
Hessian matrix (

−c 0
0 −c

)
,

(2) otherwise, for every t ∈ I \{t`}, p is either an elliptic-elliptic or focus-focus
point of Ft. Let j = J(p); then either
(2a) p is elliptic-elliptic for t ∈ I− and for t ∈ I+. In this case, it is a

global maximum or minimum of Hred,j
t , and we can argue as in the

case of a fixed sphere, using the continuity of t 7→ Hred,j
t . Hence the

same scenarios can occur. For instance, let R2 > R1 > 0 and let
M = S2 × S2 with symplectic form R1ωS2 ⊕ R2ωS2 and coordinates
(x1, y1, z1, x2, y2, z2). Then for any j0 ∈ (−(R1+R2), R1+R2) (which
in particular includes two of the J-fibers containing an elliptic-elliptic
point), the fixed-S1 family given by

(3.4) J = R1z1 +R2z2, Ht = (1− 2t)z1 + (J − j0)(x1x2 + y1y2)

exhibits a collapse of the level set J−1(j0) at t = 1
2 . We claim that

this is in fact a semitoric family (we do not give any details but
display the image of the momentum map in Figure 7),
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Figure 7. Image of the momentum map for the system in Equa-
tion (3.4) in the case R1 = 1, R2 = 2 and j0 = −1. Note that the
point with z1 = 1 and z2 = −1 is never of focus-focus type.
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iαn

−iαn

iβn

−iβn

(a) t = τ−n < t`.

iα∞

−iα∞

(b) t = t`.

γn + iδn

γn − iδn

−γn + iδn

−γn − iδn

(c) t = τ+n > t`.

Figure 8. Eigenvalues during the Hamiltonian-Hopf bifurcation
at t` described in case (2b).

(2b) or p is elliptic-elliptic for t ∈ I− and focus-focus for t ∈ I+ (or the
converse which is similar). This means that for every t ∈ I−, there
exists (ν, µ) ∈ R2 such that the eigenvalues of Atν,µ = Ω−1

p (νd2J(p) +

µd2Ht(p)) (see Section 2.3 for notation) are of the form ±iα,±iβ
for real and nonzero α 6= β, and that for every t ∈ I+, there exists
(ν, µ) ∈ R2 such that the eigenvalues of Atν,µ are of the form ±γ ± iδ
for real and nonzero γ, δ (note that ν, µ, α, β, γ and δ depend on
t). Let (τ−n )n≥1 and (τ+

n )n≥1 be two sequences converging to t` and
such that for every n ≥ 1, τ−n ∈ I− and τ+

n ∈ I+. Since the set Et of
(ν, µ) ∈ R2 satisfying the above properties for a given t is open and
dense, the intersection

⋂
n≥1(Eτ−n ∩Eτ+

n
) is dense. Hence we can find

a fixed (ν0, µ0) ∈ R2 such that for every n ≥ 1, the eigenvalues of

A
τ−n
ν0,µ0 are of the form ±iαn,±iβn and the eigenvalues of A

τ+
n
ν0,µ0 are

of the form ±γn± iδn. Since Ht depends continuously on t and these
eigenvalues are simple, they have limits

±iαn −→
n→+∞

±iα∞, ±iβn −→
n→+∞

±iβ∞, ±γn ± iδn −→
n→+∞

±γ∞ ± iδ∞.

Since {±iα∞,±iβ∞} = {±γ∞± iδ∞}, necessarily γ∞ = 0 and α∞ =
β∞ = δ∞. Hence p undergoes a so-called Hamiltonian-Hopf bifurca-
tion (see for instance [BLPM05, vdM85, COR03b, COR03a])
as shown in Figure 8,

(2c) or p is focus-focus for t ∈ I− and for t ∈ I+. In general, in this case
the images of any number of focus-focus points and zero, one, or two
elliptic-elliptic points can collide. There are two subcases:

(i) p is not a global extremum of Ht` on J−1(J(p)). In this case,
the fiber F−1

t`
(p) can include regular points, degenerate rank

one points, or degenerate/focus-focus rank zero points.
(ii) p is a global extremum of Ht` on J−1(J(p)). This means that

the image Ft(p) is going to the boundary of Ft(M) as t → t`,
but as in the previous case this can occur in many different
ways, the only difference being that now the fiber may include
one or two elliptic-elliptic points. For instance,
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• Ft`(p) = Ft`(q) where q 6= p is a global extremum of
(Ht)|J−1(J(p)) for t ∈ I, as occurs in the coupled angular
momenta system [LFP19] with R1 = R2, see Figure 9.

• Ft`(p) = Ft`(q) where q 6= p is a focus-focus point for
t ∈ I− or t ∈ I+. For instance, this happens for the system
from [HP18] described in Equation (2.9) with R1 = R2,
s1 = t and s2 = 1− t2, see Figure 10;

Rank one points that become degenerate. Rank one points can also become
degenerate. Such points belonging to an interior fiber of J are global minima or
maxima of H restricted to this fiber; so in this case the possible scenarios are
the same as in item (2a) above. For instance, Figure 11 displays the image of the
momentum map for the system in Equation (3.4) with j0 an interior value of J , and
taking j0 /∈ {−1, 1} in Equation (3.3) yields a system where some of the rank one
singular points on J−1(j0) become degenerate. In an extremal fiber of J , however,
rank one points can become degenerate rank zero points.

In the rest of this paper, we choose to focus on the case where one single rank
zero point undergoes two Hamiltonian-Hopf bifurcations (see case (2b)), going from
elliptic-elliptic as a global maximum on its J-fiber to focus-focus and then elliptic-
elliptic as a global minimum on its J-fiber (or the converse); this leads us to the
definition of a semitoric transition family, see Definition 1.6. We study the first
properties of these families in the next section.
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Figure 9. Image of the momentum map for the coupled angular
momenta with R1 = R2 = 1.
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Figure 10. Image of the momentum map for the system in Equa-
tion (2.9) with R1 = R2 = 1, s1 = t and s2 = 1 − t2; the images
of the fixed points in the fiber J−1(0) coincide only at t = 0 and
t = 1.
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Figure 11. Image of the momentum map for the system in Equa-
tion (3.4) in the case R1 = 1, R2 = 2 and j0 = 3
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3.3. Semitoric transition families

We start by giving the geometric idea of what happens in a semitoric transition
family, for instance in the coupled angular momenta system (see Section 2.6). In
order to do so, let j be a singular level of J containing one fixed point p of J
and embed the singular manifold M red

j in R3 in such a way that the singularity
(which is the projection of p) corresponds to the global maximum of the height
function Z. Assume moreover that H0 is such that Z is a function of the reduced
Hamiltonian R := Hred,j

0 (in which case the level sets of Z and R coincide), as in

Figure 12, and that Hred,j
1/2 corresponds to one of the horizontal coordinates X or Y

on M red
j . Then p is an elliptic-elliptic singular point of (J,H0), and a focus-focus

singular point of (J,H1/2). Moreover, by transitioning from H0 to H1/2 in the most

natural way, there exists t− ∈ (0, 1
2 ) such that the point p stays elliptic-elliptic for

0 ≤ t < t−, becomes degenerate at t = t− and is focus-focus for t− < t ≤ 1
2 . This

process continues as t increases from t = 1
2 to t = 1, until the singular point is the

minimum of Hred,j
t , which we do not include in the figure since it is similar. Having

this picture in mind helps to find explicit systems once we know enough about the
reduced spaces; indeed, this is exactly the strategy we employ in Chapters 6 and 7,
using the same notation X,Y, Z,R. Thus, the first step is finding the coordinates
(X,Y, Z); note that in principle the coordinates X and Y could depend on j, but in
our examples they do not. For instance, the function X = x1x2 + y1y2 in Equation
(2.9) is obtained exactly in this way.

In what follows, by a simple semitoric transition family we mean a semitoric
transition family (as in Definition 1.6) which is comprised of simple semitoric sys-
tems for all t ∈ [0, 1] \ {t−, t+}.

Lemma 3.13. The transition point in a simple semitoric transition family is
the only rank zero point in its J-fiber.

Proof. Let (M,ω, (J,Ht)) be a simple semitoric family with transition point p
and transition times t−, t+, and suppose that q ∈ J−1(J(p))\{p} is also a rank zero
point. By Lemma 3.3 the type of q cannot change without it becoming degenerate,
which cannot occur in a semitoric transition family, so it is either focus-focus or
elliptic-elliptic for all t ∈ [0, 1]. If q is focus-focus then the system is not simple for
t ∈ (t−, t+). If q is elliptic-elliptic for some value of t, then it is either the maximum
or minimum of (Ht)|J−1(J(p)) for all t. Then either for t < t− or t > t+ we have
that p and q are both at the maximum or minimum of (Ht)|J−1(J(p)), contradicting
the fact that an elliptic-elliptic point is the only point in its fiber in a semitoric
system. �

We conclude by explaining the way in which the unmarked semitoric polygon
of the systems in a simple semitoric transition family are related before and after
the transition times in a special case. Define a function φj which removes the j-th
line and the j-th cut from a representative of an unmarked semitoric polygon, that
is

φj(∆, ~̀,~ε) =
(
∆, (`1, . . . , `j−1, `j+1, . . . , `s), (ε1, . . . , εj−1, εj+1, . . . , εs)

)
.

Then, given an unmarked semitoric polygon ∆u we define

∆εj=±1
u = {φj

(
∆, ~̀,~ε

)
| (∆, ~̀,~ε) ∈ ∆u, εj = ±1},
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Hred,j
0

(a) The singularity cor-
responds to an elliptic-
elliptic point.

Hred,j
t

(b) The singularity cor-
responds to a focus-focus
point.

Hred,j
1/2

(c) The singularity cor-
responds to a focus-focus
point.

Figure 12. Top row: the singular level (in red, with the red circle
indicating the singular point) and a regular level (in black) for the
function Hred

j (corresponding to the projection along a given line),

for different choices of H, on the reduced space M red
j (in blue)

where j is a singular value of J . Bottom row: the corresponding
singular fibers.

see Figure 13. Recall that by Lemma 3.7 the unmarked semitoric polygon of a
semitoric family is fixed in any interval between two consecutive degenerate times.

Lemma 3.14. Let (M,ω, Ft = (J,Ht)) be a simple semitoric k-transition family,
k ≥ 1, with transition point p and transition times t−, t+. Let ∆u be the unmarked
semitoric polygon of the system for t ∈ (t−, t+). Moreover, let j ∈ {1, . . . , k} be
such that for t ∈ (t−, t+), p is the j-th focus-focus point of Ft when we order these by

J-value. Then the unmarked semitoric polygon of the system is ∆
εj=1
u for t ∈ [0, t−)

and ∆
εj=−1
u for t ∈ (t+, 1].

Note that this result implies that as a set (forgetting about the vertical lines and
cuts) the unmarked semitoric polygon for t ∈ (t−, t+) is the union of the unmarked
semitoric polygons for t ∈ [0, t−) and t ∈ (t+, 1].

Proof. We may assume without loss of generality that p is a maximum of
(Ht)|J−1(J(p)) for t ∈ [0, t−) and a minimum of (Ht)|J−1(J(p)) for t ∈ (t+, 1]. We

only prove the statement about the interval [0, t−), since the other one is similar.
Let t1 ∈ [0, t−), t2 ∈ (t−, t+), and let

(∆, (`1, . . . , `j−1, `j+1, . . . , `k), (ε1, . . . , εj−1, εj+1, . . . , εk)) ∈ ∆εj=1
u ,
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×

×

Figure 13. Two representatives of the same unmarked semitoric
polygon ∆u with opposite cuts (left) and one representative of
∆ε1=1
u (right).

with ∆ = (g◦Ft2)(M) for some g : R2 → R2 as in Equation (2.7). We will construct
a representative of the unmarked semitoric polygon for t = t1 that is equal to
this. The idea is the same as in the proof of Lemma 3.7; since the vertical lines
(`1, . . . , `j−1, `j+1, . . . , `k) are the correct ones for any unmarked semitoric polygon

for t = t1, it suffices to prove that we can construct a polygon ∆̃ such that

(∆̃, (`1, . . . , `j−1, `j+1, . . . , `k), (ε1, . . . , εj−1, εj+1, . . . , εk))

is an unmarked semitoric polygon associated to (M,ω, Ft1) and ∂top∆̃ = ∂top∆
(see Equation (3.1) for the definition of ∂top). The same arguments as in the proof

of Lemma 3.7 imply that we can construct such a ∆̃ whose top left Delzant corner

is the same as the one of ∆. Moreover, the vertices of ∂top∆̃ and ∂top∆ occur at
the same J-value, and the change of slope at each of these vertices is the same

for ∆ and ∆̃. Indeed, the same arguments as in the proof of Lemma 3.7 apply
to every vertex on the top boundaries except the ones in the same J-fiber as the
transition point p. For t = t2, p is a focus-focus point whose image lies on the
vertical line `j , and since ∆ is constructed using the cut εj = 1, it gives rise to a
vertex P on ∂top∆; furthermore, Lemma 3.8 yields that the change of slope in ∆ at
P equals −1 since p is the only rank zero point in J−1(J(p)) by Lemma 3.13. But

for t = t1, p is an elliptic-elliptic point of the system and its image in ∆̃ belongs to

∂top∆̃, and Lemma 3.8 again yields that the change of slope at this vertex equals
−1, because the weights of the S1-action generated by J at p are equal to (−1, 1)
because p is a focus-focus point for t ∈ (t−, t+), see for instance [Zun02] and
[HSS15, Proposition 3.12]. �

Remark 3.15. Note that a semitoric system (M,ω, (J,H)) with an elliptic-
elliptic point p whose weights for J are not (−1, 1) cannot be one of the limiting
systems in a semitoric transition family with transition point p. For instance, the
standard toric system on the second Hirzebruch surface W2(α, β), whose Delzant
polygon is displayed in Figure 19, cannot be part of a semitoric transition family,
as the only possible transition point would be the preimage of the corner at (α, β);
but one of the weights of this point equals ±2, see Lemma 3.8. This explains why
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in Chapter 7, to construct a semitoric transition family on W2(α, β), we start with
a non standard polygon (see Figure 28), so as to change these weights.





CHAPTER 4

Toric type blowups and blowdowns

In this chapter, we explain how to perform a toric type blowup of size λ at
a completely elliptic point of an integrable system (M,ω, F ) to obtain a new in-

tegrable system (Blp(M), ω̃λ, F̃λ) on the blowup manifold, where we denote by
Blp(M) the usual blowup of the manifold M at the point p, see for instance [MS17,
Section 7.1]. Roughly speaking, this corresponds to performing a toric blowup on
any toric manifold given by the Eliasson normal form (as in Theorem 2.2) around
a completely elliptic point. Since the normal form depends on several choices, in
Proposition 4.2 we prove that this operation is well-defined. In Section 4.1, we recall
the usual definition of the equivariant blowup of a toric manifold and in Section 4.2
we introduce and explain the toric type blowups in complete detail. Moreover,
in Section 4.3 we study toric type blowups of semitoric systems and explain the
relationship with operations on the semitoric polygons. Finally, in Section 4.4 we
prove that the toric type blowup of a fixed-S1 family is still a fixed-S1 family. We
also define the inverse operation, toric type blowdowns.

4.1. Toric systems and corner chops

In Cn the blowup of the origin can be achieved, roughly speaking, by replacing
the origin with CPn. Given a symplectic manifold (M,ω) a blowup can be defined
via a symplectomorphism from an open set in M into Cn via the standard blowup of
Cn and the resulting space can also be equipped with a symplectic form depending
on a parameter λ > 0, called the size of the blowup, see [MS17, Section 7.1] for a
detailed description of this operation and a proof that it is well-defined. Near a fixed
point in a toric manifold of dimension 2n the torus action can be modeled on the
standard action of Tn on Cn, in the sense that there is locally a symplectomorphism
into Cn intertwining the momentum maps, and performing the standard blowup in
Cn relative to one such map is called a toric blowup.

If (M,ω, F ) is a toric system it is well-known (see for instance [CdS03, Section
3.4]) that performing a toric blowup of size λ > 0 on (M,ω, F ) corresponds to a
corner chop of the associated Delzant polytope ∆ = F (M), which we define now.
Given vectors u1, . . . , un ∈ Rn and a point q ∈ Rn define

(4.1) Simpq(u1, . . . , un) =

q +

n∑
j=1

tjuj

∣∣∣∣∣∣ t1 ≥ 0, . . . , tn ≥ 0,

n∑
j=1

tj ≤ 1

 .

If p is a completely elliptic fixed point then q = F (p) is a corner of the Delzant
polytope and primitive integral vectors directing the edges of ∆ which are adjacent
to q generate Zn, call them v1, . . . , vn ∈ Zn. Let V be the set of all corners of ∆,

37
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Figure 14. The momentum map image of CP2 (left) and a blowup
of CP2 of size λ ∈ (0, 1) (right), obtained by “chopping off” the
top corner. In the middle image Simpq(λv1, λv2) is shaded.

then a corner chop of size λ > 0 at q is possible if

Simpq(λv1, . . . , λvn) ∩ V = {q}
in which case the corner chop of size λ of ∆ at q is given by the new Delzant
polytope

∆̃ = ∆ \ Simpq(λv1, . . . , λvn).

If (Blp(M), ω̃λ, F̃λ) is the toric blowup of (M,ω, F ) at p of size λ then F̃λ(Blp(M)) =

∆̃, see Figure 14. The exceptional divisor of the blowup is

Σ = F̃−1
λ (∆̃ ∩ Simpq(λv1, . . . , λvn)),

the preimage of the new face of the Delzant polytope. If (M,ω, F ) can be obtained
from (M̌, ω̌λ, F̌λ) by a blowup of size λ which has exceptional divisor Σ, then we
say that (M̌, ω̌λ, F̌λ) is the blowdown of size λ of (M,ω, F ) at Σ. The blowdown
corresponds to performing a corner unchop (the inverse of a corner chop, that is
gluing the SLn(Z)-image of a simplex onto a face) on the face of the Delzant poly-
tope which is the image of Σ. Note that performing a blowup on an n-dimensional
toric integrable system removes one completely elliptic point and introduces n new
completely elliptic points (corresponding to the vertices incident to the new face
of the Delzant polytope), so when performing a blowdown of a toric system at a
submanifold Σ we must have that Σ is the image of an embedding of CPn which
includes exactly n completely elliptic points of the integrable system and has self-
intersection −1.

Remark 4.1. Recall that given a line segment ` ⊂ Rn with rational slope the
SLn(Z)-length of ` is the unique a ∈ R≥0 such that A` is the line segment from the
origin to (a, 0, . . . , 0) for some A ∈ SLn(Z). If q is the corner of a Delzant polytope
then it is possible to perform a corner chop of size λ at q if and only if each edge
incident to q has SLn(Z)-length strictly greater than λ.

4.2. Toric type blowups of integrable systems

Let (M,ω, F ) be an integrable system of dimension 2n and let p ∈ M be a
completely elliptic fixed point of F . Then there exists an open neighborhood U of
p, a symplectomorphism χ : U → Cn, and a local diffeomorphism g : (Rn, F (p)) →
(Rn, 0) such that g ◦ F = Φ ◦ χ, where Φ is the momentum map for a symplectic
Tn-action on Cn which fixes only the origin (such a momentum map is equal to
the standard one composed on the left with an element of GLn(Z)), so that the
diagram in Figure 15a commutes. In particular, this implies that (g ◦ F )|U is a



4.2. TORIC TYPE BLOWUPS OF INTEGRABLE SYSTEMS 39

(U, p) (Cn, 0)

(Rn, F (p)) (Rn, 0)

χ

F Φ

g

(a) Locally, a completely elliptic point
can be modeled after Cn with the usual
action of Tn.

Ũ Blp(M)

U M

ρ

πU π

ι

(b) Relationships between the blowup in
U and the blowup in M .

Figure 15. Diagrams for defining the toric type blowup.

momentum map for a Tn-action. Let Blp(M) be the blowup of M at p, so there is

a projection map π : Blp(M)→M which is a diffeomorphism on Blp(M) \ π−1(p).

Let λ > 0 such that Bλ = {z ∈ Cn | ||z||2 < 2λ} ⊂ χ(U); we will endow Blp(M)
with a symplectic form depending on λ, which we call the size of the blowup.
Let V ( U be an open set such that Bλ ⊂ χ(V ). Since (U, ω|U , (g ◦ F )|U ) is an
(open) toric manifold we may perform a blowup of size λ at p, which amounts to
performing a corner chop of size λ to the corner of the image (g ◦ F )(U) at the

origin in Rn, resulting in a new open toric manifold (Ũ , ωŨ,λ, µ) with exceptional

divisor ΣU . There exists an embedding ρ : Ũ → Blp(M) determined uniquely by

π ◦ ρ = ι ◦ πU where πU : Ũ → U is the projection associated to the blowup and
ι : U → M is inclusion, as in Figure 15b. Then (see for instance [MS17, Section
7.1]) there exists a symplectic form ω̃λ on Blp(M) such that w̃λ|Blp(M)\π−1(V )

= π∗ω

and ρ∗ω̃λ = ωŨ,λ. We define a momentum map

(4.2) F̃λ(m) =

{
(F ◦ π)(m) if π(m) /∈ V,
(g−1 ◦ µ ◦ ρ−1)(m) if π(m) ∈ U.

Again, we refer the reader to [MS17, Section 7.1] to see that F̃λ is smooth and

that F ◦ π = g−1 ◦ µ ◦ ρ−1 in U \ V , and that (Blp(M), ω̃λ, F̃λ) is an integrable
system. Since this construction depends on several choices, we need to prove that
the blowup of size λ is well-defined.

Proposition 4.2. Given (M,ω, F ) with p ∈ M an elliptic fixed point, and

λ > 0, the triple (Blp(M), ω̃λ, F̃λ) is a well-defined integrable system.

Proof. The only choices in the construction are U , V , Φ, and g; so suppose
we have two such sets of choices U , V , Φ, g and U ′, V ′, Φ′, g′. Since g is determined
by a choice of action variables (see Remark 2.3), g′ = A ◦ g for some A ∈ GLn(Z).
Given λ and the image of g ◦ F (respectively g′ ◦ F ) the image of the blowup
of the open toric manifold (U, ω|U , (g ◦ F )|U ) (respectively (U, ω|U , (g

′ ◦ F )|U )) is
determined, since it is the original set minus a simplex centered at the origin, as
described in Section 4.1, call it T (respectively T ′). Then, since g′ = A ◦ g we see
that T ′ = A(T ). To perform a blowup of size λ we only need U and U ′ to include
(Φ ◦ χ)−1(T ) and (Φ′ ◦ χ′)−1(A(T )) respectively, but

(Φ ◦ χ)−1(T ) = (g ◦ F )−1(T ) = (g′ ◦ F )−1(A(T )) = (Φ′ ◦ χ′)−1(A(T ))

so we may assume that U = U ′ and V = V ′. Let (Ũ , ωŨ,λ, µ) and (Ũ ′, ωŨ ′,λ, µ
′)

be the open toric manifolds obtained after performing toric blowups of size λ on
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Figure 16. The momentum map image after performing a toric
type blowup at the far right elliptic-elliptic point where the dot
represents a focus-focus value. Compare with Figure 14.

(U, ω, g ◦ F ) and (U, ω, g′ ◦ F ) respectively. Note that the blowup of (U, ω,A ◦ g ◦
F ) is (Ũ , ωŨ,λ, A ◦ µ), unique up to equivariant symplectomorphism (for instance

see [KL15, Proposition 6.5]), and thus since g′ ◦ F = A ◦ g ◦ F there exists a

symplectomorphism Ψ: (Ũ , ωŨ,λ) → (Ũ ′, ωŨ ′,λ) such that µ′ ◦ Ψ = A ◦ µ. Let

ρ : Ũ → Blp(M) and ρ′ : Ũ ′ → Blp(M) be the embeddings associated to the two

blowups. Notice that π′U ◦ Ψ: Ũ → U sends ΣU to p and is a diffeomorphism on

Ũ \ΣU , so it is equal to πU up to a diffeomorphism, therefore we may choose Ψ so
that π′U ◦ Ψ = πU , except that Ψ is only a diffeomorphism a priori. This equality
implies that π ◦ ρ = ι ◦ πU and π ◦ ρ′ ◦ Ψ = ι ◦ πU , hence ρ = ρ′ ◦ Ψ on the dense

set Ũ \ ΣU , and thus on all of Ũ . But by definition of the symplectic structure on
the blowups, we have that

ωŨ,λ = ρ∗ω̃λ = (ρ′ ◦Ψ)
∗
ω̃λ = Ψ∗ ((ρ′)∗ω̃λ) = Ψ∗ωŨ ′,λ,

so Ψ is in fact a symplectomorphism. Thus, the two symplectic forms defined on
Blp(M) are equal. Furthermore, in Equation (4.2) we see that only the second case
depends on the choices, and if π(m) ∈ U we have

(g′−1 ◦ µ′ ◦ ρ−1)(m) = (g−1 ◦A−1 ◦A ◦ µ ◦Ψ−1 ◦Ψ ◦ ρ−1)(m) = (g−1 ◦ µ ◦ ρ−1)(m)

so the new momentum maps agree as well. �

Because of Proposition 4.2 we can make the following definition:

Definition 4.3. The integrable system (Blp(M), ω̃λ, F̃λ) described above is
the toric type blowup of (M,ω, F ) at p of size λ > 0, and the exceptional divisor of
this blowup is the symplectically embedded sphere Σ = ρ(ΣU ) ⊂ Blp(M).

In Figure 16, we show what happens for the images of the momentum maps
under a toric type blowup.

Definition 4.4. If (M,ω, F ) can be obtained from (M̌, ω̌λ, F̌λ) by performing
a blowup of size λ which has exceptional divisor Σ, then we say that (M̌, ω̌λ, F̌λ)
is the toric type blowdown of (M,ω, F ) at Σ of size λ.

As in the toric case, this implies that a blowdown is only possible at a sub-
manifold Σ with self-intersection −1 which is the image of an embedding of CPn
which contains exactly n singular points of the integrable system which are all of
completely elliptic type.

Remark 4.5. In the case that (M,ω, F ) is a toric integrable system then g can
be taken to be a translation on Rn in the above construction.
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× × ×

× × ×

Figure 17. An example of performing a semitoric corner chop.
The set Simpq(λv1, λv2) is shaded in the lower middle figure. Note
that the removed region only has to be a simplex for one represen-
tative of the polygon.

4.3. Toric type blowups of simple semitoric systems

Analogous to the case of toric systems and corner chops described in Section 4.1,
performing a toric type blowup on a semitoric system changes the associated marked
Delzant semitoric polygon in a relatively simple way. Recall that associated to a
simple semitoric system is a marked Delzant semitoric polygon ∆(M,ω,F ) (described
in Section 2.4), which is the Gs×T -orbit of a marked weighted polygon (∆,~c,~ε); in
this section we define an operation on such an object, which we again call a corner
chop, which consists in performing a corner chop coherently on every representative
of the semitoric polygon invariant, see Figure 17.

Recall the action of Gs×T on pairs of marked Delzant semitoric polygons and
points given in Equation (2.6). Let Q be an equivalence class of this action, which
amounts to a marked Delzant semitoric polygon with a point coherently chosen for
each representative. If there exists a representative ((∆,~c,~ε), q) of Q such that q is
a Delzant corner of ∆ and

Simpq(λv1, λv2) ∩ (L(∆,~c,~ε) ∪ V ) = {q}
where Simpq is as in Equation (4.1), L(∆,~c,~ε) is as in Equation (2.5), V is the set

of all corners of ∆, and v1, v2 ∈ Z2 are the primitive vectors directing the edges of
∆ adjacent to q, then we define the semitoric corner chop of size λ of Q to be the
Gs × T -orbit of (∆ \ (Simpq(λv1, λv2)),~c,~ε).

Lemma 4.6. The marked Delzant semitoric polygon associated to the toric type
blowup of size λ of a simple semitoric system (M,ω, F ) at the completely elliptic
fixed point p is the marked Delzant semitoric polygon obtained by performing a
semitoric corner chop of size λ on [((∆,~c,~ε), (g~ε ◦F )(p))] where g~ε is the developing
map associated to (∆,~c,~ε) so ∆ = (g~ε ◦ F )(M). Moreover, if the marked semitoric
polygon admits a semitoric corner chop of size λ at the corner F (p) then a blowup
of size λ may be performed at p.

Proof. Suppose that (M,ω, F ) admits a toric type blowup of size λ at p; by
definition this means there exists g, χ, U and Φ as in the beginning of Section 4.2
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such that g◦F = Φ◦χ and Bλ ⊂ χ(U). Choosing ~ε so that the cuts do not intersect
(F ◦ χ−1)(Bλ) (this is possible since elements of this set cannot be both directly
above and below a focus-focus value) and extending this g we obtain a developing
map g~ε as in the definition of the semitoric corner chop above. The result follows
since a toric type blowup is locally the same as a toric blowup relative to the toric
momentum map g~ε ◦ F on U , which corresponds to a corner chop of the polytope
near (g~ε ◦ F )(p).

To prove the converse, suppose that the marked semitoric polygon admits a
semitoric corner chop of size λ at the corner corresponding to p so we can find a
~ε and g~ε as in the definition. Let R = Simpg~ε◦F (p)(λv1, λv2), the simplex which
will be removed when the corner chop is performed. Taking the preimage under
g~ε ◦F of a small open neighborhood of R we obtain an open set U ⊂M whose only
singularities are a completely elliptic fixed point and the two families of elliptic-
regular points adjacent to it. Thus the elliptic-elliptic normal form can be used in
the entire set U , and hence, since the size of R guarantees that Bλ is a subset of the
open set in C2 used in the local normal form, a blowup of size λ can be performed
with respect to U . �

Remark 4.7. In [KPP18] the notion of a blowup of a semitoric system is
defined from the operation of performing a semitoric corner chop on semitoric
polygons, and agrees with the notion in this section. In the present paper, we
instead develop the more general notion of a blowup at a completely elliptic point
so that we can perform blowups and blowdowns on integrable systems that are not
semitoric (for instance, the systems in semitoric families with degenerate points).

4.4. Toric type blowups of fixed-S1 families

If a fixed-S1 family admits a blowup of size λ at some point p for all t then we
may take the blowup of each system in the family to produce a new set of integrable
systems. In this section we show that a collection of integrable systems produced
in such a way can be associated with a fixed-S1 family, which essentially amounts
to checking that the new momentum maps are still smooth and still have a first
component which is independent of t.

Theorem 4.8. Let (M,ω, Ft), 0 ≤ t ≤ 1, be a fixed-S1 family and let λ > 0.
Let (pt)0≤t≤1 be a continuous family of points in M such that for every t ∈ [0, 1],
pt is an elliptic-elliptic point of Ft and (M,ω, Ft) admits a toric type blowup of size

λ at pt. Then there exists a fixed-S1 family (Blpt(M), ω̃λ,t, F̃λ,t), 0 ≤ t ≤ 1, such

that for each t ∈ [0, 1], (Blpt(M), ω̃λ,t, F̃λ,t) is symplectomorphic to the blowup of
size λ of (M,ω, Ft) at pt by a symplectomorphism which intertwines the momentum
maps.

Note that pt can only depend on t in the case that it belongs to a fixed surface
of J for all t. This is the case, for instance, in one step of the proof of Theorem 5.2.

Proof. Let (M,ω, Ft), λ, and pt be as in the statement of the proposition.
By changing Ft to Ft − Ft(pt) if necessary, we may assume that Ft(pt) = (0, 0) for
all t. Then, by Lemma 3.9, there exist a neighborhood Ut, local diffeomorphisms

gt : (R2, 0) → (R2, 0) such that gt(x, y) = (x, g
(2)
t (x, y)) where

∂g
(2)
t

∂y (x, y) > 0, and
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R2 R2
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(a) Performing a blowup in Ut for each
t and then identifying all of the resulting

manifolds with M̃0.

Ũ0 M̃0

Ũt M̃t

R2 R2
g−tt ◦µt◦Ψ

U
t

ρ0

ΨUt ΨMt

F̃λ,t
ρt

µt G̃λ,t

gt

(b) The new momentum map is equal to

g−tt ◦ µt ◦ΨU
t in Ũ0.

Figure 18. Diagrams related to the proof of Theorem 4.8.

symplectomorphisms χt : Ut → C2 (onto their images) such that

(gt ◦ Ft)|Ut = Φ ◦ χt

where Φ: C2 → R2 is a momentum map for a T2-action on C2 which fixes the origin
only. This implies that J = Φ(1) ◦ χt. Also, since we have assumed that a blowup
of size λ is possible for each t, we see that Φ(Bλ) ⊂ (gt ◦Ft)(Ut), so we may choose
Ut such that (gt ◦ Ft)(Ut) = Ω ∩ Φ(C2) for some fixed open set Ω.

Performing blowup and defining F̃λ,t: Performing a blowup of (M,ω, Ft)

at pt of a fixed size λ at each t yields a new integrable system (M̃t, ω̃λ,t, G̃λ,t) with

projection maps πt : M̃t → M . Let Φ̃λ = (Φ̃
(1)
λ , Φ̃

(2)
λ ) be the toric momentum map

on C̃2, the blowup of size λ at the origin relative to Φ, so there is a map χ̃t : Ũt → C̃2

which is a symplectomorphism onto its image and such that G̃
(1)
λ,t = Φ̃

(1)
λ ◦ χ̃t

where G̃
(1)
λ,t is the first component of G̃λ,t. For each t let ρt : Ũt ↪→ M̃t be the

associated embedding, as in Definition 4.3. By uniqueness of blowups for each t

there exist symplectomorphisms ΨM
t : M̃0 → M̃t and ΨU

t : Ũ0 → Ũt which satisfy
ΨM
t ◦ ρ0 = ρt ◦ ΨU

t , and we can choose these so that χ̃−1
t ◦ χ̃0 = ΨM

t on the set

ρ0(Ũ0) and

(4.3)

M̃0 \ ρ0(Ũ0) M̃t \ ρt(Ũt)

M \ Ut

ΨMt

π0 πt

commutes; see Figure 18a. Define F̃λ,t : M̃0 → R2 by F̃λ,t = G̃λ,t ◦ ΨM
t , and write

F̃λ,t = (J̃λ,t, H̃λ,t). Also notice that since (gt ◦ Ft)(Ut) = Ω ∩ Φ(C2) for all t we
have that

(4.4) (gt ◦ G̃λ,t ◦ ρt)(Ũt) = Ω ∩ Φ̃(C2)

for all t. The relevant maps are shown in Figure 18b.
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Proof that J̃λ,t is fixed: Now we must show that J̃λ,t does not depend on

t. Diagram (4.3) implies that J̃λ,t = J̃λ,0 on M̃ \ ρ0(Ũ) and J̃λ,t = J̃λ,0 on ρ0(Ũ)
because χ̃0 = χ̃t ◦ΨM

t implies

J̃λ,0 = G̃
(1)
λ,0 = Φ̃(1) ◦ χ̃0 = Φ̃(1) ◦ χ̃t ◦ΨM

t = G̃
(1)
λ,t ◦ΨM

t = J̃λ,t.

Proof that F̃λ,t is smooth: Now we only need to show that F̃λ,t is smooth

in (t,m). On M̃ \ ρt(Ũt) we have that

(F̃λ,t)|M̃\ρt(Ũt) = (ΨM
t ◦ πt ◦ Ft)|M̃\ρt(Ũt) = (π0 ◦ Ft)|M̃\ρt(Ũt)

which is clearly smooth in (t,m). Now we show F̃λ,t is smooth on ρ0(Ũ0). Letting

µt = gt ◦ G̃λ,t ◦ ρt, Equation (4.4) implies that (Ũt, µt) is an open toric manifold

which has the same image for all t and thus by [KL15, Proposition 6.5] (Ũt, µt)

and (Ũs, µs) are equivariantly symplectomorphic for all t, s ∈ [0, 1]. We may assume
that we have chosen ΨM

t to restrict to this equivariant symplectomorphism so

(4.5) µt ◦ΨU
t = g0 ◦ G̃λ,0 ◦ ρ0

for all t. From the diagram in Figure 18b and Equation (4.5) we see that

(F̃λ,t)|ρ0(Ũ0) = g−1
t ◦ µt ◦ΨU

t ◦ ρ−1
0 = g−1

t ◦ g0 ◦ G̃λ,0,

so we only must show that (t, u, v) 7→ g−1
t (u, v) is smooth.

In fact, by the implicit function theorem it is sufficient to show that (t, x, y) 7→
gt(x, y) is smooth, since

∂g
(2)
t

∂y (x, y) > 0. Recall (as in Remark 2.3) that 2πgt(x, y)

is the integral of αt = χ∗t (α) over a cycle in the fiber F−1(x, y) ∼= Tk (where
k ∈ {0, 1, 2} depends on the type of the fiber: regular, elliptic-transverse, or elliptic-
elliptic), where α is the standard primitive of the symplectic form in C2. So we
have that

g
(1)
t (x, y) =

1

2π

∫
γ1(x,y)

αt = x

where γ1(x, y) is any orbit of XJ contained in F−1
t (x, y), and similarly

g
(2)
t (x, y) =

1

2π

∫
γ2(t,x,y)

αt

for some cycle γ2(t, x, y) ⊂ F−1
t (x, y) such that {[γ1], [γ2]} is a basis ofH1(F−1

t (x, y);Z).

To complete the proof we must argue that γ2(t, x, y) can be chosen so that g
(2)
t (x, y)

is smooth in t, x, y. Choose a trivialization of the torus bundle given by the fibers
of F : C → R3, (t, pt) 7→ (t, Ft(pt)) over its image, where C is the fiber bundle
over [0, 1] with fiber Ut over t. Note that the integral along a given cycle will vary
smoothly in (t, x, y) with the fiber F−1

t (x, y), so we must only argue that the cycle
γ2(t, x, y) can be chosen so that it does not change homotopy type on the torus as
t varies, but this is possible because the image F (C) is the fiber over [0, 1] with

fiber Ft(Ut) which is topologically trivial. In fact, we must already have that g
(2)
t is

smooth because changing the homotopy type of γ2(t, x, y) would change the image
of the Delzant corner in Φ(C2)∩Ω by composing with some power of the matrix T ,
as in Equation (2.1), but we have already seen that the corner in the image does
not depend on t, see Lemma 3.9. �
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We state the following without proof, since it is nearly identical to the proof of
Theorem 4.8.

Proposition 4.9. Let (M,ω, Ft), 0 ≤ t ≤ 1 be a fixed-S1 family and let λ > 0.
Suppose there exist continuous families (pt)0≤t≤1, (qt)0≤t≤1 of points of M such
that for every t ∈ [0, 1], pt and qt are distinct elliptic-elliptic points of Ft and there
exists a surface Σt ⊂ M with pt, qt ∈ Σt such that (M,ω, Ft) admits a blowdown
of size λ at Σt. Then there exists a fixed-S1 family (M̌, ω̌λ,t, F̌λ,t), 0 ≤ t ≤ 1, such

that for each t (M̌, ω̌λ,t, F̌λ,t) is symplectomorphic to the blowdown of size λ at Σt
of (M,ω, Ft) by a symplectomorphism which intertwines the momentum maps.

Note that since M admits a blowdown at Σt in the above proposition, it is
implicit that Σt is a symplectically embedded 2-sphere with self intersection −1.

Definition 4.10. The blowup (respectively blowdown) of a fixed-S1 family is
the fixed-S1 family described in Theorem 4.8 (respectively Proposition 4.9).

From the proof of Theorem 4.8, we see that performing a blowup at a given
t does not create a degenerate point, and thus if a fixed-S1 family is semitoric at
time t then so is its blowup (respectively blowdown); this implies the following.

Corollary 4.11. The blowup (respectively blowdown) of a semitoric family is
still a semitoric family with the same degenerate times.

We also have a result for degenerate times:

Lemma 4.12. Suppose that (M,ω, Ft) is a semitoric transition family with tran-
sition times t−, t+ and q ∈M is a fixed point of elliptic-elliptic type for all t ∈ [0, 1].
If (M,ω, Ft) admits a toric type blowup of size λ > 0 at q for all t ∈ [0, 1]\{t−, t+},
then for any positive λ̃ < λ the system (M,ω, Ft) admits a blowup of size λ̃ at q for
all t ∈ [0, 1].

Proof. Let (M,ω, Ft), λ, and q be as in the statement and let p be the
transition point of the semitoric transition family; as above, we may assume that
Ft(q) = (0, 0) for all t. Let t ∈ [0, 1] \ {t−, t+} and let gt : (R2, 0) → (R2, 0),
chosen smooth in t (see proof of Theorem 4.8), such that gt ◦ Ft is the momen-
tum map for a T2-action with image equal to the intersection of an open neigh-
borhood of the origin and a Delzant cone spanned by some v1, v2 ∈ Z2. Since
(M,ω, Ft) admits a toric type blowup of size λ at q, the point p does not belong to
Vt(λ) = (gt◦Ft)−1(Simp0(λv1, λv2)). By continuity, this implies that p does not be-
long to the interior of Vs(λ) if s ∈ {t−, t+}, and similarly, there are no fixed points

other than q in the interior of Vs(λ̃). Indeed, by the discussion in Section 3.2.2
(following from Lemma 3.3), the only points which are singular at t± are limits of
singular points as t → t± and degenerate singular points, which do not occur by
assumption in a semitoric transition family except for the transition point p. Hence
if 0 < λ̃ < λ, the only fixed point which belongs to Vt(λ̃) for any t is q, and the
only rank one points are the two families of elliptic-regular points emanating from
it. Thus, (M,ω, Ft) admits a blowup of size λ̃ at q for all t ∈ [0, 1]. �

We also need the following lemma whose proof is similar to the proof of the
previous lemma. The only difference being that, as discussed in Lemma 3.4, fixed
points can change with t only in a fixed sphere of J , which occur at its maximum
and minimum values.
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Lemma 4.13. Suppose that (M,ω, Ft) is a semitoric transition family with tran-
sition times t−, t+ and j ∈ R is a maximum or minimum value of J . Suppose
pt ∈ J−1(j) is the point realizing the maximum or minimum of (Ht)|J−1(j) for all

t ∈ [0, 1] \ {t−, t+}. If (M,ω, Ft) admits a toric type blowup of size λ > 0 at pt for

all t ∈ [0, 1] \ {t−, t+}, then for any positive λ̃ < λ the system (M,ω, Ft) admits a

blowup of size λ̃ at pt for all t ∈ [0, 1].



CHAPTER 5

Semitoric transition families on Hirzebruch
surfaces

In this chapter, we recall the definition of Hirzebruch surfaces and some of their
properties, and prove the existence of certain semitoric 1-transition families with
prescribed semitoric polygon invariants on each Hirzebruch surface, which is the
content of Theorem 5.2 (a more precise version of Theorem 1.8).

5.1. Definition of Hirzebruch surfaces through symplectic reduction

There are several equivalent definitions of Hirzebruch surfaces; we use the
Delzant construction (see [Del88] or [CdS03, Section 2.5] for more details) to
define them starting from their standard Delzant polygons. More precisely, for
α, β > 0 and n ∈ Z≥0, we define the n-th Hirzebruch surface Wn(α, β) with scal-
ings α, β as the toric manifold whose Delzant polygon is displayed in Figure 19,
and we denote by ωWn(α,β) the symplectic form on Wn(α, β) obtained in this way.

This construction yields that Wn(α, β) identifies with the symplectic reduction

at level zero of C4 with symplectic form ωstd = i
2

∑4
j=1 duj ∧ dūj with respect to

the Hamiltonian T2-action generated by

N(u1, u2, u3, u4) =
1

2

(
|u1|2 + |u2|2 + n|u3|2, |u3|2 + |u4|2

)
− (α+ βn, β)

and that the standard toric system on Wn(α, β) is (Jstd, Hstd) with Jstd = 1
2 |u2|2,

Hstd = 1
2 |u3|2. We will denote by [u1, u2, u3, u4] ∈ Wn(α, β) the equivalence class

of (u1, u2, u3, u4) ∈ C4 in this symplectic quotient.

5.2. Local coordinates

We now construct an atlas for Wn(α, β). Define, for `,m ∈ J1, 4K, ` 6= m, the
open set

U`,m = {[u1, u2, u3, u4] | u` 6= 0, um 6= 0} ⊂Wn(α, β).

(0, 0)

(0, β) (α, β)

(α+ nβ, 0)

Figure 19. The standard Delzant polygon for Wn(α, β).

47
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Then we get an open cover Wn(α, β) ⊂ U1,3 ∪ U1,4 ∪ U2,3 ∪ U2,4. Indeed, the
complementary set S of the right hand side is

{u1 = 0 or u3 = 0}∩{u1 = 0 or u4 = 0}∩{u2 = 0 or u3 = 0}∩{u2 = 0 or u4 = 0} .

But u3 and u4 cannot vanish at the same time (since |u3|2 + |u4|2 = 2β on N−1(0)),
so if [u] belongs to S, then necessarily u1 = 0 = u2. This implies that |u3|2 =
2
(
β + α

n

)
, which is impossible since |u3|2 ≤ 2β.

Now, we can get local coordinates on U`,m, for (`,m) = (1, 3), (1, 4), (2, 3) or
(2, 4), as follows. Using the action of N , we may find a representative of [u] such
that both u` and um are real and positive; we write u` = x` > 0 and um = xm > 0.
Then, we write {1, 2, 3, 4} \ {`,m} = {p, q} and up = xp + iyp, uq = xq + iyq with
xp, yp, xq, yq ∈ R. Then the latter give local coordinates on U`,m, and we use the
equations given by N = 0 to write x` and xm in these coordinates. More precisely,

• for (`,m) = (1, 3):

x1 =
√

2α+ n(x2
4 + y2

4)− (x2
2 + y2

2), x3 =
√

2β − (x2
4 + y2

4),

• for (`,m) = (1, 4):

x1 =
√

2(α+ nβ)− n(x2
3 + y2

3)− (x2
2 + y2

2), x4 =
√

2β − (x2
3 + y2

3),

• for (`,m) = (2, 3):

x2 =
√

2α+ n(x2
4 + y2

4)− (x2
1 + y2

1), x3 =
√

2β − (x2
4 + y2

4),

• for (`,m) = (2, 4):

x2 =
√

2(α+ nβ)− n(x2
3 + y2

3)− (x2
1 + y2

1), x4 =
√

2β − (x2
3 + y2

3).

In any of these coordinates, the symplectic form is ωWn(α,β) = dxp∧dyp+dxq∧dyq.

5.3. A semitoric system on W0(α, β): the coupled angular momenta

We already know an example of semitoric system on the Hirzebruch surface
W0(α, β). Indeed, recall the coupled angular momenta system on M = S2 × S2

with symplectic form ωR1,R2
= R1ωS2 ⊕ R2ωS2 described in Section 2.6. In the

language of the present paper, Corollary 2.11 in [LFP19] states that this system is
a semitoric 1-transition family with transition point (0, 0, 1, 0, 0,−1) and transition
times

t− =
R2

2R2 +R1 + 2
√
R1R2

, t+ =
R2

2R2 +R1 − 2
√
R1R2

.

Since W0(α, β) is symplectomorphic to S2 × S2 with symplectic form ωR1,R2

where R1 = α
2 and R2 = β

2 , the following result holds.

Lemma 5.1. There exists a semitoric 1-transition family on W0(α, β) with tran-

sition point given by
[√

2α, 0,
√

2β, 0
]

and transition times

t− =
β

2β + α+ 2
√
αβ

, t+ =
β

2β + α− 2
√
αβ

.
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(0, β) (α+ β, β)

(α+ nβ, 0)(β, 0)

×

(a) A representative of [(∆n,0(α, β), (β, y(t)), (+1))].

(0, 0)

(β, β) (α+ β, β)

(α+ nβ, 0)

(b) The polygon ∆n,0(α, β).

(0, β) (α+ β, β)

(α+ nβ, 0)(β, 0)

(c) The polygon ∆n,1(α, β).

Figure 20. The polygons associated with the semitoric family on
Wn(α, β) for (a) t− < t < t+, (b) t < t−, and (c) t > t+.

5.4. Constructing semitoric transition families on every Hirzebruch
surface

It is well-known that the standard toric system on Wn+1(α, β) can be obtained
from the standard toric system on Wn(α′, β), for some other α′ > 0, by a blowup
followed by a blowdown, see for instance the proof of Theorem 5 in [PPRS14]. The
same argument can be applied to prove the existence of the semitoric system on
Wn(α, β) described in Theorem 1.8, using the properties of the toric type blowups
and blowdowns established in the previous sections. For the basic idea of the
construction, see Figures 21 and 22.

We can now prove the main result of this chapter, which is a more detailed
version of Theorem 1.8. Let ∆n,0(α, β) and ∆n,1(α, β) be the convex hulls of
{(0, 0), (β, β), (α+ β, β), (α+ nβ, 0)} and {(0, β), (β, 0), (α+ β, β), (α+ nβ, 0)} re-
spectively, as shown in Figures 20b and 20c.

Theorem 5.2. For every n ∈ Z≥0 and α, β > 0 there exists a semitoric 1-

transition family on Wn(α, β) with transition point
[√

2α, 0,
√

2β, 0
]

and transition
times t−n , t

+
n ∈ (0, 1) satisfying

β

2β + α+ 2
√
αβ
≤ t−n <

1

2
< t+n ≤

β

2β + α− 2
√
αβ

with equality on both sides if and only if n = 0, such that

(1) for t−n < t < t+n the system is semitoric and has associated marked semi-
toric polygon [(∆n,0(α, β), (β, y(t)), (+1))] where y(t) belongs to the inter-
val (0, β), shown in Figure 20a;

(2) if t = t−n or t = t+n the system has exactly one degenerate point at[√
2α, 0,

√
2β, 0

]
;

(3) if t < t−n the system is semitoric with zero focus-focus points and associated
marked semitoric polygon [(∆n,0(α, β),∅,∅)], shown in Figure 20b;
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(4) if t > t+n the system is semitoric with zero focus-focus points and associated
marked semitoric polygon [(∆n,1(α, β),∅,∅)], shown in Figure 20c.

Moreover, such a system can be obtained from the scaled coupled angular momenta
system on W0(α′, β) for some choice of α′ ≥ α by alternately performing blowups
and blowdowns, each n times.

Note that the unmarked semitoric polygons obey the relationship for semitoric
transition families described in Lemma 3.14 because the weights of the S1-action
at the transition point are ±1, hence items 3. and 4. are automatic from item 1.

Proof. We proceed by induction on n; if n = 0 then the result follows from
Lemma 5.1. Let n ≥ 0 and assume that such a semitoric family exists on Wn(α′, β′)
for all α′, β′ > 0. Given α, β > 0, let 0 < λ < β and consider the system on
Wn(α+λ, β) with transition times t−n , t+n , and which has marked semitoric polygon
(depending on t) as described in the theorem. For each t ∈ [0, 1] let pt ∈ Wn(α +
λ, β) be the point whose image in any representative with ε = +1 (upwards cut) of
the marked semitoric polygon is the upper right corner (marked with a black dot in
the first column of Figures 21 and 22); in fact pt can also be determined by fixing

p0 = [0,
√

2(α+ λ),
√

2β, 0] and requiring that pt is an elliptic-elliptic point of Ft
and t 7→ pt is continuous. Note that if n 6= 1 then pt = p0 for all t, but in the case
n = 1 the point may move since it belongs to a fixed surface of J . By Theorem 4.8,
to conclude that a blowup of size λ of this family is possible we have to argue
that a blowup of size λ is possible for all t ∈ [0, 1]. If t /∈ {t−n , t+n } note that the
edges adjacent to the image of pt in the semitoric polygon have SL2(Z)-length (as
in Remark 4.1) given by α+λ, β, or α+β+λ (depending on the value of t relative
to t±, and the choice of representative), all of which are greater than λ, and the
only marked point is not in the region to be removed with the desired corner chop,
so as in Remark 4.1 we conclude that a blowup at pt is possible. Also, this implies
that if t ∈ {t−n , t+n } a blowup of size λ is possible by Lemmas 4.12 and 4.13 (taking a
smaller λ if necessary). Since the semitoric family on Wn(α+λ, β) admits a blowup
of size λ at pt for all t ∈ [0, 1], by Theorem 4.8 we can perform a blowup of size λ at
pt for the family and by Corollary 4.11 the resulting fixed-S1 family is a semitoric
family on Blpt(Wn(α + λ, β)) which has degenerate times t−n , t

+
n . Moreover, by

Lemma 4.6 we know the semitoric polygons of the new family, they are the ones
which are obtained by performing a semitoric corner chop of size λ at the upper
right corner of the polygons for Wn(α + λ, β), as shown in the middle column of
Figure 21 for n = 0, 1, 2.

Next, we show the family we just constructed on M = Blpt(Wn(α + λ, β))
admits a blowdown. Let Σt be the sphere whose image is marked in bold in the
middle column of Figures 21 and 22. Notice that if t /∈ {t−n , t+n } then the semitoric
polygon associated to the new family admits a corner unchop of size β−λ, since it
can be seen as the corner chop of ∆n,0(α, β) or ∆n,1(α, β) (depending on the value
of t and the choice of semitoric polygon), at the point p′t which is the preimage of
the lower right corner in the semitoric polygon of Wn+1(α, β) (marked in blue in
the right column of Figures 21 and 22, and as before note that p′t is independent of
t unless n = 0). Again using Lemmas 4.12 and 4.13, we see this also implies such
a blowdown is possible if t ∈ {t−n , t+n } (again, taking a smaller λ if needed). Thus,
by Proposition 4.9 and Corollary 4.11, we have that the blowdown of the family on
Blpt(Wn(α+λ, β)) at Σt produces a semitoric family with the same degenerate times
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Wn W̃n Wn+1

n = 0

n = 1

n = 2

× × ×

× × ×

× × ×

Figure 21. One representative of the marked semitoric polygon
associated with each step in the construction of a semitoric 1-
transition family on Wn(α, β) from the scaled coupled spins system
on W0(α′, β). We perform a blowup at the black point and then
a blowdown at the bold edge. Compare with Figure 22. The
scalings are not indicated for clarity; performing the sequence of
blowup and blowdown on Wn(α, β) yields Wn+1(α−λ, β) where λ
is the size of the blowup.

t−n and t+n on a manifold M which is the blowdown at Σt of Blpt(Wn(α + λ, β)).
Furthermore, if t = 0 in the family on M we obtain a system which becomes
toric when scaling the second component appropriately (like the coupled angular
momenta) with Delzant polygon the one associated to Wn+1(α, β), so we conclude
that M ∼= Wn+1(α, β) and thus we have produced the required system. Note that
t−0 and t+0 satisfy the required equality by Lemma 5.1, and by performing a blowup
of size λ on W0(α, β + λ) we have

t−1 =
β + λ

2β + 2λ+ α+ 2
√
α(β + λ)

, t+1 =
β + λ

2β + 2λ+ α− 2
√
α(β + λ)

which satisfy the claimed inequalities. Finally, if n > 0, note that t−n+1 and t+n+1 are
the transition times for the coupled angular momenta system on W0(α′, β) where
α′ is determined by the sizes of each of the blowups used in the construction of
Wn+1(α, β), but in any case α′ > α and thus t+n+1 and t−n+1 satisfy the claimed
inequalities. �

Remark 5.3. Note that the systems discussed in Theorem 5.2 are all obtained
from the coupled angular momenta system by performing operations which do
not affect a neighborhood of the J-fiber containing the focus-focus point (when
t− < t < t+). Thus, for corresponding values of t the Taylor series invariant for
each of these systems is the same. Similarly, the integer labels of polygons obtained
by the twisting index invariant are equal for corresponding polygons (those which
are equal as sets in the region (j0−ε, j0+ε) where j0 is the J-value of the focus-focus
point).
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W1 Bl(W1) W2

t = 0

t = 1/2

t = 1

blowup blowdown

Figure 22. Performing a blowup followed by a blowdown on the
semitoric family on W1(α, β) to produce W2(α, β), showing t =
0, 1/2, 1. We perform a blowup at the black point and then a
blowdown at the bold edge. This shows three elements of the
family constructed in the proof of Theorem 5.2; the associated
semitoric polygons are shown in the second row of Figure 21.



CHAPTER 6

Explicit semitoric families on W1(α, β)

By Theorem 5.2 we know that a semitoric 1-transition family exists onW1(α, β),
and in this chapter we find completely explicit ones (but we will see that they are
not the same ones abstractly constructed in Theorem 5.2); one for which the fixed
points move in the preimage of the vertical wall with the parameter t, and one for
which this is not the case and the images of two fixed points collide for t = 1/2.

6.1. Preliminaries on W1(α, β)

As before, we see W1(α, β) as the symplectic reduction at (0, 0) of C4 by

N(u1, u2, u3, u4) =
1

2

(
|u1|2 + |u2|2 + |u3|2, |u3|2 + |u4|2

)
− (α+ β, β)

at level zero. Consider

(6.1) J =
1

2
|u2|2, R =

1

2
|u3|2,

so that (J,R) is the standard toric system on W1(α, β). The fixed set of the S1-
action generated by J consists of the fixed sphere u2 = 0 and the fixed points
C = [0,

√
2α,
√

2β, 0] and D = [0,
√

2(α+ β), 0,
√

2β].

For j /∈ {α, α+β}, the reduced space M red
j = J−1(j)/S1 is a smooth symplectic

2-sphere (cf Lemma 2.14), displayed in Figure 23. This figure was obtained as
follows: consider the J and N invariant functions

(6.2) X = <(ū1u3ū4), Y = =(ū1u3ū4).

Using the relations |u1|2 = 2(α + β − J − R), |u2|2 = 2J , |u3|2 = 2R and |u4|2 =
2(β −R), we obtain that

(6.3) X2 + Y 2 = 8R(β −R)(α+ β − J −R).

The bounds for R are 0 ≤ R ≤ min(β, α+β−J) because |u3|2 ≤ 2β and |u1|2 ≥ 0.
Equation (6.3) with J = j defines M red

j implicitly for all j ∈ [0, α+ β].
Observe that for j /∈ {0, α, α+ β} the set

M red
j \ {[u] | u1 = 0 or u3 = 0 or u4 = 0}

is M red
j minus two points since when [u] belongs to this set u2 6= 0, and since when

0 < j < α, necessarily u1 6= 0, and when α < j < α + β, necessarily u4 6= 0. We
obtain cylindrical coordinates (ρ, θ) on this set as follows. Using the actions gener-
ated by J and N , we may choose a representative (x1, x2, u3, x4) of [u1, u2, u3, u4]
such that x1, x2 and x4 are real and nonnegative. Write u3 = ρ exp(iθ) with ρ > 0,
ρ2 < min (2β, 2(α+ β − j)) (these bounds come from u1, u3, u4 6= 0) and θ ∈ [0, 2π);
then

x1 =
√

2(α+ β − j)− ρ2, x2 =
√

2j, x4 =
√

2β − ρ2.

53
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Figure 23. The section Y = 0 of the reduced space M red
j for

α = 1 = β and several values of j, see Equation (6.3). Note that
M red
j is a surface of revolution, and that M red

j is a single point
when j = α+ β. For j = 1 it has a singular point.

6.2. The system

From Figure 23 and the general idea presented at the beginning of Section 3.3
and Figure 12, (J,X) seems to be a good candidate for a semitoric system. Hence
we consider, for γ ∈ R,

(6.4) Ft = (J,Ht), where Ht = (1− t)R+ t(−R+ γX) = (1− 2t)R+ tγX,

J,R are as in Equation (6.1) and X is as in Equation (6.2), so that (J,H0) is toric
with image the standard Delzant polygon for W1(α, β) (see Figure 19), (J,H1) is
of toric type with image shown in Figure 24 and H1/2 = γ

2X.

Remark 6.1. We will prove below that (J,X) is indeed semitoric, and two
representatives of the different classes of semitoric polygons of this system are the
image of (J,R) and (J,−R) (note that the image of (J,H1) is similar to this semi-
toric polygon), but we must also include the term γX in the second part of the
convex combination to avoid the image collapsing to a line for t = 1/2 and produce
a focus-focus singular point. Also note that the options for the function X are very
limited; the choice must be J and N invariant, low enough order to contribute to
the quadratic part of Ht, and real-valued.

Theorem 6.2. Under the assumption that

(6.5) 0 < γ <
1

2
√

2β
,

Ft from Equation (6.4) is a semitoric 1-transition family on W1(α, β) with transi-
tion times t−, t+ satisfying

0 < t− =
1

2(1 + γ
√

2β)
< t+ =

1

2(1− γ
√

2β)
< 1.
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Figure 24. The image Ft(W1(α, β)) for Ft as in Equation (6.4),
α = 1, β = 2, and γ = 9

20
√

2β
. Note that in this case, t− = 10

29 and

t+ = 10
11 .

The rest of this chapter is devoted to proving this theorem; we check that the
rank zero points are non-degenerate of the correct type (except for the transition
point which is degenerate for t = t±) in Lemmas 6.4 and 6.5, and we check that
the rank one singular points are non-degenerate of elliptic-transverse type in Lem-
mas 6.7 and 6.8. In Figure 24, we display the image of the momentum map for
several values of t ∈ [0, 1].

6.3. Fixed points

Lemma 6.3. The fixed points of Ft from Equation (6.4) are the points C =

[0,
√

2α,
√

2β, 0], D = [0,
√

2(α+ β), 0,
√

2β] and
At =

[√
2(α+ β)− x−3 (t)2, 0, x−3 (t),

√
2β − x−3 (t)2

]
,

Bt =

[√
2(α+ β)− x+

3 (t)2, 0, x+
3 (t),

√
2β − x+

3 (t)2

]
,

where x±3 (t) are the only two real solutions of the equation

(1− 2t)x3

√
(2β − x2

3)(2(α+ β)− x2
3) + tγ

(
3x4

3 − 4(α+ 2β)x2
3 + 4β(α+ β)

)
= 0

satisfying −
√

2β < x−3 (t) < x+
3 (t) <

√
2β. Moreover,

J(At) = 0, J(Bt) = 0, J(C) = α, J(D) = α+ β, Ht(C) = (1− 2t)β, Ht(D) = 0.

Note that the points At and Bt move on the fixed sphere of J as t varies. Note
also that for t = 1/2, we can compute explicitly

x±3 (t) = ±
√

2

3

(
α+ 2β −

√
α2 + αβ + β2

)
.

Proof. The case t = 0 comes from the theory of toric systems, so we assume
that t 6= 0. The fixed points for Ft must lie in the fixed set of J , which means they
can only be C,D or satisfy u2 = 0. We already know that the tangent maps of R
at C and D vanish because these are fixed points of the standard toric system. But
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since C corresponds to u1 = 0 = u4 and D corresponds to u1 = 0 = u3, a simple
computation shows that the tangent maps of X at these points also vanish. Thus
the tangent maps of H (a linear combination of X and R) at C and D vanish.

Since t 6= 0, the fixed points on J−1(0) belong to the open set U1,4 defined in
Section 5.2. Using the local coordinates x2, y2, x3, y3 introduced in this section, and
the relation

x1 =
√

2(α+ β)− (x2
3 + y2

3)− (x2
2 + y2

2), x4 =
√

2β − (x2
3 + y2

3),

we find that J =
x2

2+y2
2

2 and

Ht =
(1− 2t)(x2

3 + y2
3)

2

+ γtx3

√
(2β − (x2

3 + y2
3))(2(α+ β)− (x2

3 + y2
3)− (x2

2 + y2
2)).

Thus J = 0 implies (x2, y2) = (0, 0), and we look for (x3, y3) such that dHt(0, 0, x3, y3) =
0. This amounts to

0 = (1− 2t)x3 + tγ
√

(2β − (x2
3 + y2

3))(2(α+ β)− (x2
3 + y2

3))

+
2tγx2

3(x2
3+y2

3−α−2β)√
(2β−(x2

3+y2
3))(2(α+β)−(x2

3+y2
3))
,

0 = (1− 2t)y3 +
2tγx3y3(x2

3+y2
3−α−2β)√

(2β−(x2
3+y2

3))(2(α+β)−(x2
3+y2

3))
.

If y3 6= 0, the second equation yields

2tγx3(x2
3 + y2

3 − α− 2β)√
(2β − (x2

3 + y2
3))(2(α+ β)− (x2

3 + y2
3))

= 2t− 1,

and substituting this in the first equation, we obtain that

tγ
√

(2β − (x2
3 + y2

3))(2(α+ β)− (x2
3 + y2

3)) = 0,

which is impossible since x1 6= 0 and x4 6= 0. Therefore, y3 = 0 and the first
equation becomes

(6.6) (1−2t)x3+tγ
√

(2β − x2
3)(2(α+ β)− x2

3)+
2tγx2

3(x2
3 − α− 2β)√

(2β − x2
3)(2(α+ β)− x2

3)
= 0,

or equivalently

(1− 2t)x3

√
(2β − x2

3)(2(α+ β)− x2
3) + tγ

(
3x4

3 − 4(α+ 2β)x2
3 + 4β(α+ β)

)
= 0.

We claim that this equation has exactly two real solutions x+
3 (t), x−3 (t), satisfying

−
√

2β < x−3 (t) < 0 < x+
3 (t) <

√
2β; these solutions are displayed in Figure 25. To

prove the claim, let

f(x) = (1−2t)x
√

(2β − x2)(2(α+ β)− x2)+ tγ
(
3x4 − 4(α+ 2β)x2 + 4β(α+ β)

)
;

we are looking for solutions of f = 0 in (−
√

2β,
√

2β), whose squares are in partic-
ular roots of the polynomial

P (X) = t2γ2
(
3X2 − 4(α+ 2β)X + 4β(α+ β)

)2−(1−2t)2X(2β−X)(2(α+β)−X)

in (0, 2β). We have

P ′(X) = (3X2 − 4(α+ 2β)X + 4β(α+ β))(12γ2t2X − (1− 2t)2 − 8γ2t2(α+ 2β))
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Figure 25. The graphs of x−3 and x+
3 as functions of t for α =

β = 1 and γ = 1
4
√

2β
.

which has three roots, only one of which depends on t. They are

X± =
2

3

(
α+ 2β ±

√
α2 + αβ + β2

)
, Xt =

(1− 2t)2 + 8(α+ 2β)γ2t2

12γ2t2
.

Note that X+ > 2β since
√
α2 + αβ + β2 > β, and that 0 < X− < 2β since we

have α <
√
α2 + αβ + β2 < α + 2β. The third root Xt may or may not lie in

(0, 2β) depending on the parameters, but in any case P ′ is negative on the intervals
(0, X−) and (Xt, 2β) and positive on (X−, Xt); furthermore, one readily checks
that P (0) > 0, P (X−) < 0 and P (2β) > 0, so P has exactly one zero X1 in (0, X−)
and one zero X2 in (X−, 2β). This gives four possible solutions ±

√
X1,±

√
X2 to

the equation f(x) = 0, but we can discard two of them since the form of f implies
that it can never have two zeros of the form ±x, since the second term in f takes
the same value regardless of the choice of x or −x while its first term changes sign.
So we find exactly two solutions x−3 (t) and x+

3 (t) of f = 0, with the correct sign
because f(±

√
2β) = −4tγαβ < 0 and f(0) = 4tγβ(α+ β) > 0. �

We see that in this system the fixed points on the vertical wall depend on t. In
Section 6.5, we will exhibit another system for which this is not the case.

Lemma 6.4. The point C is elliptic-elliptic when 0 ≤ t < t− and t+ < t ≤ 1,
and focus-focus when t− < t < t+, where

t− =
1

2(1 + γ
√

2β)
, t+ =

1

2(1− γ
√

2β)
.

Note that by Lemma 3.1, it is degenerate for t = t− and t = t+. Note also that
because of assumption (6.5), we have

0 < t− <
1

2
< t+ < 1.

Proof. We do not treat the case t = 0 since in this case the system is toric so
we already know that C is elliptic-elliptic. The point C corresponds to u1 = 0 = u4,
so we work with the local coordinates x1, y1, x4, y4 in the trivialization open set U2,3,
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see Section 5.2. In these coordinates, C corresponds to (0, 0, 0, 0), and

Ht =
(1− 2t)(2β − (x2

4 + y2
4))

2
+ tγ(x1x4 − y1y4)

√
2β − (x2

4 + y2
4).

The Taylor expansion of Ht at (0, 0, 0, 0) reads

Ht = (1− 2t)β +
2t− 1

2
(x2

4 + y2
4) + tγ

√
2β(x1x4 − y1y4) +O(3),

where O(3) stands for O(‖(x1, y1, x4, y4)‖3). Hence the Hessian of Ht at C in the
basis corresponding to x1, y1, x4, y4 satisfies

d2Ht(C) =


0 0 tγ

√
2β 0

0 0 0 −tγ
√

2β
tγ
√

2β 0 2t− 1 0
0 −tγ

√
2β 0 2t− 1

 .

In these local coordinates, the symplectic form at (0, 0, 0, 0) reads ω = dx1 ∧ dy1 +
dx4∧dy4, hence the matrix ΩC of this symplectic form in the aforementioned basis
satisfies

ΩC =


0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

 , Ω−1
C =


0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0

 ,

and thus

Ω−1
C d2Ht(C) =


0 0 0 tγ

√
2β

0 0 tγ
√

2β 0
0 tγ

√
2β 0 1− 2t

tγ
√

2β 0 2t− 1 0

 .

First, we assume that t 6= 1/2. The reduced characteristic polynomial of Ω−1d2Ht(C)
(see Section 2.3 for its definition) is

P = X2 +
(
4(1− βγ2)t2 − 4t+ 1

)
X + 4t4γ4β2,

with discriminant ∆ = −(2t− 1)2
(
4(2βγ2 − 1)t2 + 4t− 1

)
. Let c = γ

√
2β, so that

∆ = −(2t− 1)2
(
4(c2 − 1)t2 + 4t− 1

)
= −4(c2 − 1)(2t− 1)2

(
t− 1

2(1− c)

)(
t− 1

2(1 + c)

)
(note that by Equation (6.5), 0 < c < 1/2 so in particular c2 − 1 < 0); this reads

∆ = 4(1− c2)(2t− 1)2
(
t− t+

) (
t− t−

)
.

If t− < t < t+, then ∆ < 0 and P has two complex roots with nonzero imaginary
part, so C is non-degenerate of focus-focus type. If 0 < t < t− or t+ < t ≤ 1, ∆ > 0
and P has two real roots

λ± =
−
(
4(1− βγ2)t2 − 4t+ 1

)
±
√

∆

2
=
−
(

4(1− c2

2 )t2 − 4t+ 1
)
±
√

∆

2
.

Now, let

b = 4

(
1− c2

2

)
t2 − 4t+ 1 = 4

(
1− c2

2

)(
t− 1

2− c
√

2

)(
t− 1

2 + c
√

2

)
,
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and note that

t− <
1

2 + c
√

2
<

1

2− c
√

2
< t+,

which means that b > 0 since 0 < t < t− or t+ < t ≤ 1. Hence λ− < 0; moreover,
one readily checks that b2−∆ = 16β2γ4t4 > 0. Consequently, b >

√
∆ and λ+ < 0

as well. Hence C is non-degenerate of elliptic-elliptic type.
If t = 1/2, then

Ω−1d2Ht(C) =
1

2


0 0 0 γ

√
2β

0 0 γ
√

2β 0
0 γ

√
2β 0 0

γ
√

2β 0 0 0


and the eigenvalues of this matrix are not distinct, so we cannot assert that C is
non-degenerate and infer its type right away. Since J = α− 1

2 (x2
1 +y2

1)+ 1
2 (x2

4 +y2
4),

we find

Ω−1d2J(C) =


0 1 0 0
−1 0 0 0
0 0 0 −1
0 0 1 0

 .

The linear combination

Ω−1d2J(C) +
2

γ
√

2β
Ω−1d2Ht(C) =


0 1 0 1
−1 0 1 0
0 1 0 −1
1 0 1 0


has eigenvalues ±1± i, so C is non-degenerate of focus-focus type. �

The point D can be treated in a similar fashion; we only give a few details of
the proof. However, the treatment of the points At and Bt is different so we are
more precise with them.

Lemma 6.5. The points At, Bt and D are always elliptic-elliptic.

Proof. The point D. We work on U2,4 = {[u1, u2, u3, u4] | u2 6= 0, u4 6=
0} ⊂ W1(α, β). Using the action of N , we may assume that u2 = x2 ∈ R+ and
u4 = x4 ∈ R+, and we can write u1 = x1 + iy1, u3 = x3 + iy3 and use x1, y1, x3, y3

as local coordinates, since then

x2 =
√

2(α+ β)− (x2
3 + y2

3)− (x2
1 + y2

1), x4 =
√

2β − (x2
3 + y2

3).

In these coordinates, D corresponds to (0, 0, 0, 0),

Ht =
(1− 2t)(x2

3 + y2
3)

2
+ tγ(x1x3 + y1y3)

√
2β − (x2

3 + y2
3),

and thus

Ω−1
D d2Ht(D) =


0 0 0 −tγ

√
2β

0 0 tγ
√

2β 0
0 −tγ

√
2β 0 2t− 1

tγ
√

2β 0 1− 2t 0

 .

First, we assume that t 6= 1/2. The reduced characteristic polynomial of Ω−1d2Ht(D)
is

P = X2 +
(
4(1 + βγ2)t2 − 4t+ 1

)
X + 4t4γ4β2.
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Its discriminant is given by

∆ = (2t− 1)2
(
4(1 + 2βγ2)t2 − 4t+ 1

)
= (2t− 1)2

(
8βγ2t2 + (2t− 1)2

)
> 0.

Hence P has two real roots

λ± =
−
(
4(1 + βγ2)t2 − 4t+ 1

)
±
√

∆

2
< 0.

Consequently, D is non-degenerate of elliptic-elliptic type.
If t = 1/2 one readily checks that

2Ω−1
D d2J(D) +

2

γ
√

2β
Ω−1d2Ht(D) =


0 2 0 −1
−2 0 1 0
0 −1 0 2
1 0 −2 0


has eigenvalues ±i,±3i, so D is non-degenerate of elliptic-elliptic type.

The points At and Bt. We use the same chart and notation as in the proof
of Lemma 6.3. One readily checks that

Ω−1
(0,0,x3,0)d

2Ht(0, 0, x3, 0) =


0 −a(x3) 0 0

a(x3) 0 0 0
0 0 0 −c(x3)
0 0 b(x3) 0


with

a(x3) =
−tγx3(2β − x2

3)√
(2β − x2

3)(2(α+ β)− x2
3)
, c(x3) = 1−2t+

2tγx3(x2
3 − α− 2β)√

(2β − x2
3)(2(α+ β)− x2

3)
,

and

b(x3) = 1− 2t

+
2tγx3

(
3x6

3 − 9(α+ 2β)x4
3 + 4(α2 + 9αβ + 9β2)x2

3 + 12β(α2 + 3αβ + 2β2)
)

((2β − x2
3)(2(α+ β)− x2

3))
3/2

.

Because of Equation (6.6), we have that

c(x±3 (t)) =
−tγ
x±3 (t)

√
(2β − x±3 (t)2)(2(α+ β)− x±3 (t)2),

so c(x−3 (t)) > 0 and c(x+
3 (t)) < 0. Furthermore, using Equation (6.6) again, a

straightforward computation yields

b(x±3 (t)) =
tγP (x±3 (t)2)

x±3 (t)
(
(2β − x±3 (t)2)(2(α+ β)− x±3 (t)2)

)3/2
where P (X) = X2

(
3X2 − 8(α+ 2β)X + 24β(α+ β)

)
− 16β2(α+ β)2. Since

P ′(X) = 12X(2β −X)(2(α+ β)−X) > 0

for X ∈ (0, 2β), we have that P (X) ≤ P (2β) = −16α2β2 < 0. Thus, the sign
of b(x±3 (t)) is the opposite of the sign of x±3 (t). Therefore, b(x±3 (t))c(x±3 (t)) > 0
for every t; thus, the eigenvalues of Ω−1

(0,0,x±3 (t),0)
d2Ht(0, 0, x

±
3 (t), 0) are ±ia(x±3 (t)),

±i
√
b(x±3 (t))c(x±3 (t)), so At and Bt are non-degenerate of elliptic-elliptic type. �



6.4. RANK ONE POINTS 61

6.4. Rank one points

We now prove that the rank one points are always non-degenerate of elliptic-
transverse type; in order to do so, we will use some convenient local coordinates,
but we first need to show that certain points cannot be singular of rank one.

Lemma 6.6. Ft as in Equation (6.4) has no rank one points with u1 = 0 or
u3 = 0 or u4 = 0.

Proof. Again, we may assume that t 6= 0. Let J,N,R,X be as in Section
6.1, and write N = (N1, N2). Since these are real-valued functions, we may use
Lagrange multipliers, treating the variables uj , ūj as independent variables (see for
instance [KD]). A rank one singular point is a solution of ∇Ht = λ∇J +µ1∇N1 +
µ2∇N2, which reads

tγū3u4 = µ1ū1, 0 = (λ+µ1)ū2, (1−2t)ū3 + tγū1ū4 = (µ1 +µ2)ū3, tγu1ū3 = µ2ū4,

plus the same equations but with every uj conjugate. If u1 = 0, necessarily u3 = 0
or u4 = 0; we get the fixed points C and D. If u4 = 0, necessarily u1 = 0 or u3 = 0;
the first case yields C, the second case is impossible since |u3|2+|u4|2 = 2β. Finally,
if u3 = 0, necessarily u1 = 0 or u4 = 0; the first case yields D, the second one is
impossible. �

Thanks to this lemma, we can use the local coordinates (ρ, θ) on

M red
j \ {[u] | u1 = 0 or u3 = 0 or u4 = 0}

defined in Section 6.1. In these coordinates,

Hred,j
t = (1− 2t)

ρ2

2
+ γtρ cos θ

√
(2β − ρ2)(2(α+ β − j)− ρ2).

Lemma 6.7. All rank one points of Ft as in Equation (6.4) on W1(α, β)\J−1(0)
are non-degenerate of elliptic-transverse type for all t.

Proof. We use Lemma 2.6 (which, we recall, works away from the singular
part of the reduced space for j ∈ {α, α+β}) and work with the reduced Hamiltonian

Hred,j
t on M red

j . We write

Hred,j
t = (1− 2t)

ρ2

2
+ γtρ cos θ

√
g(ρ).

where g(ρ) = (2β− ρ2)(2(α+ β− j)− ρ2). We may assume that ρ2 /∈ {0, 2β, 2(α+
β− j)} by Lemma 6.6, since these values respectively correspond to u3 = 0, u4 = 0

and u1 = 0. Singular points of Hred,j
t satisfy

(6.7) 0 =
∂Hred,j

t

∂θ
= −γtρ sin θ

√
g(ρ), 0 =

∂Hred,j
t

∂ρ
= (1−2t)ρ+γth(ρ) cos θ.

where

(6.8) h(ρ) =
√
g(ρ) +

ρg′(ρ)

2
√
g(ρ)

=
2g(ρ) + ρg′(ρ)

2
√
g(ρ)

.

The first equation boils down to sin θ = 0 because ρ2 /∈ {0, 2β, 2(α + β − j)}. The
derivative

∂2Hred,j
t

∂θ∂ρ
= −γth(ρ) sin θ
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therefore vanishes at a singular point. Moreover,

∂2Hred,j
t

∂θ2
= −γtρ cos θ

√
g(ρ),

∂2Hred,j
t

∂ρ2
= 1− 2t+ γth′(ρ) cos θ.

We already see that
∂2Hred,j

t

∂θ2 < 0 if θ = 0, and
∂2Hred,j

t

∂θ2 > 0 if θ = π. Furthermore,

h′(ρ) =
2g(ρ)(ρg′′(ρ) + 2g′(ρ))− ρg′(ρ)2

4g(ρ)3/2
.

If (ρc, θc) is a singular point, the second equality in Equation (6.7) yields

1− 2t =
−γt cos θc (2g(ρc) + ρcg

′(ρc))

2ρc
√
g(ρc)

.

Therefore,

∂2Hred,j
t

∂ρ2
(ρc, θc) =

γt cos θc
(
2ρ2
cg(ρc)g

′′(ρc) + 2ρcg(ρc)g
′(ρc)− ρ2

cg
′(ρc)

2 − 4g(ρc)
2
)

4ρcg(ρc)3/2
.

We claim that f(ρ) = 2ρ2g(ρ)g′′(ρ) + 2ρg(ρ)g′(ρ) − ρ2g′(ρ)2 − 4g(ρ)2 is always
negative. In order to prove this claim, we see f as a second order polynomial in j;
namely, f = 4P with

P = −16β2j2 + 8(ρ6 − 3βρ4 + 4β2(α+ β))j + 3ρ8

− 8(α+ 2β)ρ6 + 24β(α+ β)ρ4 − 16β2(α+ β)2.

The discriminant ∆ of P reads ∆ = −64ρ6(2β − ρ2)3 < 0, hence P is of the sign

of −16β2 < 0, and the claim is proved. In particular, the quantity
∂2Hred,j

t

∂ρ2 (ρc, θc)

has the sign of − cos θc, and the determinant of d2Hred,j
t (ρc, θc) is positive. Conse-

quently, (ρc, θc) corresponds to non-degenerate rank one points of elliptic-transverse
type. �

Lemma 6.8. All rank one points of Ft as in Equation (6.4) on J−1(0) are
non-degenerate of elliptic-transverse type for every t ∈ [0, 1].

Proof. Using Definition 2.5, a rank one point p on J−1(0) (hence, such that
dJ(p) = 0) is non-degenerate if and only if the restriction of d2J(p) to L⊥/L is
invertible, where L = Span{XHt(p)}. Furthermore, if this is the case, the singular
point is of elliptic-transverse type if and only if the eigenvalues of Ω−1d2J(p)|L⊥/L
are of the form ±iα with α 6= 0 real, where Ω is the matrix of the symplectic form
on L⊥/L. As in the second part of the proof of Lemma 6.3, we work on the trivi-
alization open set U1,4 defined in Section 5.2, with local coordinates x2, y2, x3, y3;
in these coordinates J = 1

2 (x2
2 + y2

2). We know from the aforementioned proof that

at a singular point p = (0, 0, x3, y3) of rank one in J−1(0), the Hamiltonian vector
field of Ht reads

XHt(p) =


0
0

f1(t, x3, y3)
f2(t, x3, y3)
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for some functions f1, f2. Therefore,

L⊥ = Span




1
0
0
0

 ,


0
1
0
0

 , XHt(p)

 , L⊥/L ' Span




1
0
0
0

 ,


0
1
0
0


 ;

so d2J(p) restricts to the identity on L⊥/L, and Ω−1d2J(p)|L⊥/L has eigenvalues
±i. �

6.5. An explicit example with the same fixed points for all t

In this section, we describe another system on W1(α, β), given in Equation
(6.9), which differs from the system from Equation (6.4) described above in several
important ways, but still has the same semitoric polygons when it is semitoric with
one focus-focus point. Firstly, in the system described above the fixed points of
(J,Ht) vary in the manifold with t, while in the system described below this is not
the case. On the other hand, the images of the fixed points of the system described
in this section which are in the set J−1(0) move vertically as t changes and pass
through each other, such that for t < 1/2 we have Ht(A) < Ht(B), for t > 1/2 we
have Ht(A) > Ht(B), and for t = 1/2 we have Ft(A) = Ft(B). Thus, at t = 1/2 the
system is degenerate, with the entire sphere J−1(0) being sent to the same point by
F1/2; this type of degeneracy, called the collapse of the fixed sphere, is described in
item (1a) in Section 3.2.2. Figure 26 shows the image of the momentum map of the
system from Equation (6.9) for varying values of t. Because of the degeneracy at
t = 1/2, this is not a semitoric 1-transition family and thus this is not the system
guaranteed by Theorem 5.2.

The idea is to replace X by JX in the system from Equation (6.4) (and we also
add a constant to shift the momentum map image), with X as in Equation (6.2)
and J as in Equation (6.1), so that this term is zero on the fixed sphere. Thus, we
consider the system
(6.9)
Ft = (J,Ht), where Ht = (1− t)R+ t (−R+ γJX + β) = (1−2t)R+ t(γJX+β).

Theorem 6.9. For 0 < γ < 1
2α
√

2β
the system Ft = (J,Ht) given in Equation

(6.9) is a semitoric family on W1(α, β) with degenerate times t−, 1
2 , and t+, where

t− =
1

2(1 + αγ
√

2β)
, t+ =

1

2(1− αγ
√

2β)
.

Note that since 0 < γ < 1, we indeed have 0 < t− < t+ < 1. Since the proof of
this theorem is very similar to the proof of Theorem 6.2, we leave it to the reader.
Let us simply mention that for all t the fixed points include A, B, C, and D with

A = [
√

2(α+ β), 0, 0,
√

2β], J(A) = 0, Ht(A) = tβ,

B = [
√

2α, 0,
√

2β, 0], J(B) = 0, Ht(B) = (1− t)β,

C = [0,
√

2α,
√

2β, 0], J(C) = α, Ht(C) = (1− t)β,

D = [0,
√

2(α+ β), 0,
√

2β], J(D) = α+ β, Ht(D) = tβ,

and that the point which transitions is again C. If t 6= 1/2 the only fixed points
are A,B,C,D and if t = 1/2 the fixed points are C,D and the entire set J−1(0).
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Figure 26. The image Ft(W1(α, β)) of the system from Equa-
tion (6.9) for α = 1, β = 3 and γ = 3

8α
√

2β
. Note that in this case,

t− = 4
11 and t+ = 4

5 . The images of A, B, C, and D are colored
blue, purple, red, and black respectively; note that at t = 1/2 the
images of A and B pass through each other.

Note that by Lemma 3.1, C is degenerate for t = t− and t = t+. The image of Ft
is displayed in Figure 26.

6.6. A fixed-S1 family on W1(1, 1) with hyperbolic singularities

To conclude this chapter, we explain how to modify the system in Equation
(6.4) in order to obtain a fixed-S1 family displaying hyperbolic singularities; more
precisely, some elements in this family are so-called hyperbolic semitoric systems,
as in [DP16, Definition 3.2]. Following the techniques used in that paper, the idea
is to add a higher order term to the non-periodic Hamiltonian; depending on this
term, we may obtain that for some values of the parameter, the transition point is
elliptic-elliptic and has image in the interior of the image of the momentum map,
with curves of images of rank one points emanating from it. We achieve this by
considering, on W1(1, 1), J as in Equation (6.1) and

Ht = (1− 2t)R+ tX + 2t|u1|2|u3|2

for t ∈ [0, 1], where R is defined in Equation (6.1) and X is as in Equation (6.2).
Here, for simplicity, we have assumed that α = β = 1 and we have taken γ = 1
in the original system (6.4), but in principle the same recipe could be applied for
other values of the parameters. The corresponding image of the momentum map is
shown in Figure 27. The interior lines in the image of the momentum map denote
the image of non-degenerate rank one points (the ones in the segments adjacent to
the red dot are elliptic-transverse and the rest are hyperbolic-transverse), except
for the red point which is the image of an elliptic-elliptic point and the other two
corners of the triangle, which are the images of degenerate rank one points; see
Figure 4 in [DP16]. Systems of this type and their relationship to Hamiltonian
S1-spaces are discussed in [HP21]. One of the reasons that the family of systems
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Figure 27. Image of the momentum map for the system described
in Section 6.6.

in Figure 27 is interesting is because it displays different behavior for various values
of t; it is toric for t = 0, displays a so-called flap for small values of t (such as
t = 0.33), and displays a so-called swallowtail or pleat for large values of t (such as
t = 1). For a discussion of topological types of the base of the Lagrangian fibration
in integrable systems, such as flaps and swallowtails, including physical examples
of systems with these features, see [Efs05, ES10, EG12].





CHAPTER 7

Explicit semitoric families on W2(α, β)

In this chapter we present two explicit examples of semitoric 1-transition fam-
ilies on W2(α, β) (in Sections 7.2 and 7.3), and in Section 7.4 we present a two-
parameter family of semitoric systems on W2(α, β) which transitions between hav-
ing zero, one, and two focus-focus points depending on the values of the parameters.

7.1. Preliminaries on W2(α, β)

As before, we see W2(α, β) as the symplectic reduction of C4 by

N(u1, u2, u3, u4) =
1

2

(
|u1|2 + |u2|2 + 2|u3|2, |u3|2 + |u4|2

)
− (α+ 2β, β)

at level zero. We consider the periodic Hamiltonians

(7.1) J =
1

2

(
|u2|2 + |u3|2

)
, R =

1

2

(
|u3|2 − |u4|2

)
;

note that (J,R) is not toric (since the action generated by R is not effective) but
(J, R2 ) is. Nevertheless, using R is more convenient for our purpose. The image
of the momentum map (J,R) is displayed in Figure 28; note that one feature of
this system is that there is no vertical wall, so we can hope to write a semitoric 1-
transition family for which the point with image (β, β) transitions into the interior
of the momentum map image and becomes a focus-focus point.

We will need the following simple lemma, which we state without proof.

Lemma 7.1. The fixed points of J on W2(α, β) areA =
[√

2(α+ 2β), 0, 0,
√

2β
]
, B =

[√
2α, 0,

√
2β, 0

]
C =

[
0,
√

2α,
√

2β, 0
]
, D =

[
0,
√

2(α+ 2β), 0,
√

2β
]

with values J(A) = 0, J(B) = β, J(C) = α+ β, and J(D) = α+ 2β.

(0,−β)

(β, β) (α+ β, β)

(α+ 2β,−β)

Figure 28. The image of the system (J,R) from Equation (7.1)
on W2(α, β).
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Figure 29. The section Y = 0 of the reduced space M red
j (which

is a surface of revolution around the R axis) for α = β = 1 and
different values of j. As expected, the reduced space is singular for
j = β and j = α + β, since the rank zero points B and C are in
these levels of J .

For j /∈ {0, α, α+ β, α+ 2β}, the reduced space M red
j = J−1(j)/S1 is a smooth

symplectic 2-sphere, displayed in Figure 29. We obtain this figure by considering
the functions X = < (ū1ū2u3ū4) and Y = = (ū1ū2u3ū4), which are invariant under
the actions generated by J and N . Since |u1|2 = 2α+3β−2J−R, |u2|2 = 2J−β−R,
|u3|2 = β +R and |u4|2 = β −R, we have that M red

j is described by the equation

X2 + Y 2 = (2α+ 3β − 2j −R) (2j − β −R)
(
β2 −R2

)
.

As before, the set

M red
j \ {[u] | u1 = 0 or u2 = 0 or u3 = 0 or u4 = 0}

is M red
j minus two points. We obtain cylindrical coordinates (ρ, θ) on this set as fol-

lows. Using the actions of J and N , we may choose a representative (x1, x2, u3, x4)
of [u1, u2, u3, u4] such that x1, x2 and x4 are real and nonnegative. We obtain by
writing u3 = ρ exp(iθ) with ρ > 0, ρ2 < min (2β, 2j, 2(α+ 2β − j)), and θ ∈ [0, 2π)
that

x1 =
√

2(α+ 2β − j)− ρ2, x2 =
√

2j − ρ2, x4 =
√

2β − ρ2.

In these coordinates, R = ρ2 − β and

X = ρ cos θ
√

(2(α+ 2β − j)− ρ2)(2j − ρ2)(2β − ρ2).

7.2. A semitoric 1-transition family on W2(α, β)

We consider

Ht = (1−t)R+
βt

α(α+ 2β)
(γX + (2J − α− 2β)(R+ α+ β)) , with 0 < γ <

1

2

√
α

β
;

the upper bound for γ is required to get transition times in (0, 1) in the semitoric
transition family that we will build. The constants are chosen so that Ht(A) = −β,
Ht(B) = (1− 2t)β, Ht(C) = β and Ht(D) = (2t− 1)β, and thus the images of the
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fixed points by H0 and H1 are always ±β. We claim that (J,Ht) is a transition
family with transition point B. The momentum map image of this family for
varying values of t is shown in the top row of Figure 31.

Theorem 7.2. The system given by

(7.2) J =
1

2

(
|u2|2 + |u3|2

)
, Ht = (1−t)R+

βt (γX + (2J − α− 2β)(R+ α+ β))

α(α+ 2β)

on W2(α, β) is a semitoric 1-transition family with transition point B = [
√

2α, 0,
√

2β, 0]
and transition times

t− =
1 + 2ν

1 + (3 + c)ν
and t+ =

1 + 2ν

1 + (3− c)ν
,

where ν = β
α and c = 2γ

√
ν, so that 0 < c < 1.

The rest of this section is devoted to the proof of this theorem; indeed, in
Lemmas 7.3 and 7.4 we show that the rank zero points are non-degenerate (except
for the transition point at the transition times) and of the desired type and the fact
that the rank one points are non-degenerate of elliptic-transverse type follows from
Lemma 7.6.

Lemma 7.3. The point B is non-degenerate of focus-focus type for t− < t < t+

and of elliptic-elliptic type for 0 ≤ t < t− and t+ < t ≤ 1.

Proof. The point B corresponds to u2 = 0 = u4; we use the local coordinates
x2, y2, x4, y4 on U1,3 defined in Section 5.2, and write

x1 =
√

2α+ 2(x2
4 + y2

4)− (x2
2 + y2

2), x3 =
√

2β − (x2
4 + y2

4).

In these coordinates, B corresponds to (0, 0, 0, 0), J = β+ 1
2 (x2

2 + y2
2)− 1

2 (x2
4 + y2

4),

R = β − (x2
4 + y2

4), and

X = (x2x4 − y2y4)
√

(2α+ 2(x2
4 + y2

4)− (x2
2 + y2

2)) (2β − (x2
4 + y2

4)).

The Taylor expansion of Ht at (0, 0, 0, 0) reads

Ht = (1− 2t)β +
βt(x2

2 + y2
2)

α

+

(
t− 1− 2β2t

α(α+ 2β)

)
(x2

4 + y2
4) +

2βγ
√
αβt

α(α+ 2β)
(x2x4 − y2y4) +O(3).

Hence we obtain that

Ω−1
B d2Ht(B) = 2


0 −βtα 0 βγ

√
αβt

α(α+2β)
βt
α 0 βγ

√
αβt

α(α+2β) 0

0 βγ
√
αβt

α(α+2β) 0 −
(
t− 1− 2β2t

α(α+2β)

)
βγ
√
αβt

α(α+2β) 0 t− 1− 2β2t
α(α+2β) 0

 .

The discriminant of the reduced characteristic polynomial P of 1
2Ω−1

B d2Ht(B) reads

∆ =
((1 + ν − 4ν2)t− 1− 2ν)2(1 + 2ν − (1 + 3ν)(1− λ)t)(1 + 2ν − (1 + 3ν)(1 + λ)t)

(1 + 2ν)4
,

where

λ =
2γν

1 + 3ν

√
ν.
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One readily checks that the quantity (1 + ν − 4ν2)t − 1 − 2ν never vanishes for
t ∈ [0, 1] whenever ν > 0; hence ∆ > 0 except when t− ≤ t ≤ t+ where

t− =
1 + 2ν

(1 + 3ν)(1 + λ)
=

1 + 2ν

1 + (3 + c)ν
, t+ =

1 + 2ν

(1 + 3ν)(1− λ)
=

1 + 2ν

1 + (3− c)ν
.

Thus when t− < t < t+, ∆ < 0, hence P has two complex roots with nonzero
imaginary part, therefore B is non-degenerate of focus-focus type. When 0 ≤
t < t− or t− ≤ t ≤ t+, ∆ > 0 and P has two distinct real roots, which are both

negative. Indeed, these roots are −b±
√

∆
2 where P = X2+bX+c. A straightforward

computation shows that b is a second order polynomial in t whose discriminant
equals

2ν2(c2 − 2− 8ν(1 + ν))

(1 + 2ν)2
< 0

since 0 < c < 1 and ν > 0, so b never vanishes. Moreover, b = 1 for t = 0, so b > 0.
Furthermore, one readily checks that

b2 −∆ =

(
((1 + 3ν)2λ2 + 4ν(1 + 2ν)(2ν2 − 2ν − 1))t+ 4ν(1 + 2ν)2

)2
t2

4(1 + 2ν)4
> 0.

This analysis proves that −b+
√

∆ < 0, hence both roots of P are negative. Con-
sequently, B is non-degenerate of elliptic-elliptic type. �

Lemma 7.4. The points A,C,D are non-degenerate of elliptic-elliptic type for
every t ∈ [0, 1].

Proof. As usual, we may assume that t 6= 0 since the statement is clear in
the case t = 0 for which the system (J, R2 ) is toric.

The point A. The point A corresponds to u2 = 0 = u3, so we use the
local coordinates x2, y2, x3, y3 on U1,4 as in Section 5.2, in which A corresponds to
(0, 0, 0, 0), R = (x2

3 + y2
3)− β, J = 1

2 (x2
2 + y2

2) + 1
2 (x2

3 + y2
3) and

X = (x2x3 + y2y3)
√

(2(α+ 2β)− 2(x2
3 + y2

3)− (x2
2 + y2

2)) (2β − (x2
3 + y2

3)),

The Taylor expansion of Ht at (0, 0, 0, 0) reads

Ht = −β +
βt(x2

2 + y2
2)

α+ 2β
+

(
1− t− 2β2t

α(α+ 2β)

)
(x2

3 + y2
3)

+
2βγt

α

√
β

α+ 2β
(x2x3 + y2y3) +O(3).

Hence the reduced characteristic polynomial P of

1

2
Ω−1
A d2Ht(A) =


0 − βt

α+2β
0 −βγt

α

√
β

α+2β

βt
α+2β

0 βγt
α

√
β

α+2β
0

0 −βγt
α

√
β

α+2β
0 −

(
1− t− 2β2t

α(α+2β)

)
βγt
α

√
β

α+2β
0 1− t− 2β2t

α(α+2β)
0

.
has discriminant

∆ =
((1 + ν + 2ν2)t− 1− 2ν)2Q(t)

(1 + 2ν)3
,
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where

Q(t) = (1 + 4ν + (c2 + 5)ν2 + 2ν3)t2 − 2(1 + 3ν + 2ν2)t+ 1 + 2ν

is itself a quadratic polynomial in t whose discriminant equals −4(1 + 2ν)c2ν2 < 0.
Hence Q > 0, so ∆ > 0 as well (except when (1 + ν + 2ν2)t − 1 − 2ν = 0,
but in this case one readily checks that the eigenvalues of the linear combination
Ω−1
A d2H(A)+ 2ν

1+ν+2ν2 Ω−1
A d2J(A) have the desired type). Now, let P = X2+bX+c,

so that the two real roots of P are −b±
√

∆
2 . Again, b is a second order polynomial

in t whose discriminant equals

−2ν2(c2 + 2 + 2c2ν)

(1 + 2ν)2
< 0

and such that b(0) = 1, so b > 0. Furthermore

b2 −∆ =
ν2t2

(
(2(c2 + 4)ν2 + c2ν + 4(1 + 2ν))t− 4ν(1 + 2ν)

)2
4(1 + 2ν)4

> 0

(except in the case (2(c2 + 4)ν2 + c2ν + 4(1 + 2ν))t − 4ν(1 + 2ν) = 0, left to the
reader), hence both roots of P are negative, and A is non-degenerate of elliptic-
elliptic type.

The point C. The point C satisfies u1 = 0 = u4, so we use the local coordi-
nates x1, y1, x4, y4 on U2,3 as in Section 5.2, in which C corresponds to (0, 0, 0, 0),
J = α+ β − 1

2 (x2
1 + y2

1) + 1
2 (x2

4 + y2
4), R = β − (x2

4 + y2
4), and

X = (x1x4 − y1y4)
√

(2α+ 2(x2
4 + y2

4)− (x2
1 + y2

1)) (2β − (x2
4 + y2

4)).

The discriminant of the reduced characteristic polynomial P of 1
2Ω−1

C d2Ht(C) is

∆ =
((1 + 3ν + 4ν2)t− 1− 2ν)2(1 + 2ν − (1 + (1 + c)ν)t)(1 + 2ν − (1 + (1− c)ν)t)

(1 + 2ν)4
.

Since 0 < c < 1, we have that 1+2ν > 1+(1+ c)ν > 1+(1− c)ν, so ∆ > 0 (except
in the case (1+3ν+4ν2)t−1−2ν = 0, left to the reader). Writing P = X2 +bX+c,
b is a second order polynomial in t whose discriminant equals

2ν2(c2 − 2− 8ν(1 + ν))

(1 + 2ν)2
< 0

and such that b(0) = 1, so b > 0. Furthermore

b2 −∆ =
ν2t2

(
(4 + (c2 + 16)ν + 24ν2 + 16ν3)t− 4ν(1 + 2ν)2

)2
4(1 + 2ν)4

> 0

(except when (4 + (c2 + 16)ν + 24ν2 + 16ν3)t− 4ν(1 + 2ν)2 = 0, but then one can
again find a suitable linear combination of Ω−1

C d2J(C) and Ω−1
C d2Ht(C)), hence

both roots of P are negative, and C is non-degenerate of elliptic-elliptic type.

The point D. The point D corresponds to u1 = 0 = u3, thus we work with
the local coordinates x1, y1, x3, y3 on U2,4 as in Section 5.2. In these coordinates, D
corresponds to (0, 0, 0, 0), R = (x2

3 + y2
3)−β, J = α+ 2β− 1

2 (x2
1 + y2

1)− 1
2 (x2

3 + y2
3),

and

X = (x1x3 + y1y3)
√

(2(α+ 2β)− 2(x2
3 + y2

3)− (x2
1 + y2

1)) (2β − (x2
3 + y2

3)).
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The discriminant of the reduced characteristic polynomial P of 1
2Ω−1

D d2Ht(D) is

∆ =
(1 + 2ν − (1 + 3ν − 2ν2)t)2Q(t)

(1 + 2ν)3
,

where Q(t) = (1 + (c2 − 3)ν2 + 2ν3)t2 − 2(1 + ν + 2ν2)t + 1 + 2ν is a quadratic
polynomial in t with discriminant −4(1 + 2ν)c2ν2 < 0. Hence Q > 0 (again, unless
(1 + 2ν − (1 + 3ν − 2ν2)t = 0, left to the reader), so ∆ > 0 as well. Now, let

P = X2 + bX + c, so that the two real roots of P are −b±
√

∆
2 . Again, b is a second

order polynomial in t whose discriminant equals

−2ν2(c2 + 2 + 2c2ν)

(1 + 2ν)2
< 0

and such that b(0) = 1, so b > 0. Furthermore

b2 −∆ =
ν2t2

(
(2(c2 + 4)ν2 + (c2 − 8)ν − 4)t+ 4ν(1 + 2ν)

)2
4(1 + 2ν)4

> 0

(unless (2(c2 + 4)ν2 + (c2 − 8)ν − 4)t+ 4ν(1 + 2ν), left to the reader), hence both
roots of P are negative, and D is non-degenerate of elliptic-elliptic type. �

7.3. Another semitoric 1-transition family on W2(α, β)

By starting with the same system (J,R) at t = 0, but defining a new function
Ht, we can produce a semitoric family in which the point C is the transition point
instead of B. The proof of the following is similar to the proof of Theorem 7.2, so
we omit it.

Theorem 7.5. The system given by

(7.3)


J =

1

2

(
|u2|2 + |u3|2

)
,

Ht = (1− t)R+
(α+ β)t

α(α+ 2β)

(
γX − (2J − α− 2β)

(
R+

β2

α+ β

))
on W2(α, β) is a semitoric 1-transition family with transition point C and transition
times

t− =
1 + 2ν

2 + c+ (3 + c)ν
, t+ =

1 + 2ν

2− c+ (3− c)ν
.

The image of the momentum map of this system for varying values of t is shown
in the leftmost column of Figure 31 (t = 0 is the upper left image and t increases
to 1 moving down the column; in other words, s1 = 0 and t corresponds to 1− s2).

7.4. A two-parameter family on W2(α, β)

In fact, both systems described above (in Sections 7.2 and 7.3) are part of a
two-parameter family of integrable systems, (J,Hs1,s2), s1, s2 ∈ [0, 1], which are
semitoric for almost all values of (s1, s2). The idea is very similar to the one given
in Equation (2.9), originally introduced in [HP18], where the authors exhibit a two-
parameter family of integrable systems on S2×S2 semitoric for almost all values of
the parameters. Taking the parameters (s1, s2) = (1/2, 1/2) for both systems, the
system introduced in the present paper has the same unmarked semitoric polygon
as the system from (2.9) whenever α = 2(R2−R1) and β = 2R1. However, there is
no reason to believe these systems are isomorphic as semitoric systems, since their
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Taylor series, height, or twisting index invariants may differ. In Appendix A, we
investigate this by computing the height invariants of both systems.

The system that we consider is Fs1,s2 = (J,Hs1,s2) with

(7.4)

 J =
1

2

(
|u2|2 + |u3|2

)
,

Hs1,s2 = (1− s1)(1− s2)H00 + s2(1− s1)H01 + s1(1− s2)H10 + s1s2H11

where H01 = R, H10 = −R and

H00 =
(α+ β)

(
γX − (2J − α− 2β)(R+ β2

α+β )
)

α(α+ 2β)
,

H11 =
β (γX + (2J − α− 2β)(R+ α+ β))

α(α+ 2β)
.

Here, we need to choose γ so that

(7.5)
1

2(1 + 2ν)
√
ν
< γ <

1

2
√
ν
, with ν =

β

α

as can be seen from the proof below. Note that the system in Theorem 7.2 corre-
sponds to Ht,1 (first row in Figure 31), while the system in Theorem 7.5 corresponds
to H0,1−t (first column in Figure 31). In this section, we will not fully prove that
the system is a semitoric system for almost all (s1, s2); indeed, we will only prove
that the rank one points are non-degenerate of elliptic-transverse type for every
choice of (s1, s2) (see Lemma 7.6), and that the fixed points are non-degenerate
of the desired type when (s1, s2) = (1/2, 1/2), see Lemma 7.7 (which implies that
this is also the case in an open neighborhood of (1/2, 1/2) in the parameter space).
However, we will give numerical evidence for this fact (see Figure 31). Since, as
explained above, the case Ht,1 has been rigorously treated (and the case H0,1−t is
extremely similar), this yields strong evidence that the system is indeed semitoric
with the desired number of focus-focus points for every choice of (s1, s2). We also
include a picture showing the different regions of [0, 1]× [0, 1] in which B and C are
either both elliptic-elliptic, or elliptic-elliptic and focus-focus, or focus-focus and
elliptic-elliptic, or both focus-focus, see Figure 30. In order to obtain this picture,
we numerically computed the signs of the discriminants of Ω−1

B d2Hs1,s2(B) and

Ω−1
C d2Hs1,s2(C).

Lemma 7.6. For every choice of (s1, s2) ∈ [0, 1] × [0, 1], the rank one singular
points of (J,Hs1,s2) are non-degenerate of elliptic-transverse type.

Proof. We may assume that (s1, s2) /∈ {(0, 1), (1, 0)} because we already know
that the corresponding systems are toric up to vertical scaling. As in Section 6.4,
we start by proving that there is no rank one point with u` = 0 for some ` ∈ J1, 4K.
Since the idea is the same as in Lemma 6.6, we only give partial details. We write
Hs1,s2 = c1X + c2R + c3J + c4JR + c5 for some constants c1, c2, c3, c4, c5 that we
will not write explicitly, such that c1 6= 0. A rank one singular point is a solution
of ∇Hs1,s2 = λ∇J + µ1∇N1 + µ2∇N2, which reads

c1u2ū3u4 = µ1ū1,

c1u1ū3u4 + c3ū2 + c4
2 (|u3|2 − |u4|2)ū2 = (λ+ µ1)ū2

c1ū1ū2ū4 + (c2 + c3)ū3 + c4
2 (|u2|2 + 2|u3|2 − |u4|2)ū3 = (λ+ 2µ1 + µ2)ū3,

c1u1u2ū3 − c2ū4 − c4
2 (|u2|2 + |u3|2)ū4 = µ2ū4,
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Figure 30. A plot showing the types of the points B and C de-
pending on the parameters s1 and s2 for the system given in Equa-
tion (7.4), where α = 1, β = 1 and γ = 9

20
√
ν

. In the white region

both are elliptic-elliptic, in the red region B is focus-focus while C
is elliptic-elliptic, in the blue region B is elliptic-elliptic while C is
focus-focus, and in the central purple region both are focus-focus.
The solid lines separating the different regions correspond to pa-
rameters for which at least one of these two points is degenerate.
This can be compared with Figure 31.

plus the same equations with conjugate uj . If u1 = 0, the first equation implies
that u2 = 0 or u3 = 0 or u4 = 0 since c1 6= 0; the first case is impossible since
|u1|2 + |u2|2 + 2|u3|2 = 2(α + 2β) and |u3|2 ≤ 2β, and the other ones give the
fixed points D and C. If u2 = 0, the second line yields u1 = 0 (impossible for the
same reason), u3 = 0 (fixed point A), or u4 = 0 (fixed point B). If u3 = 0, the
third equation implies that u1 = 0 (fixed point D) or u2 = 0 (fixed point A) or
u4 = 0 (impossible since |u3| + |u4|2 = 2β). Finally, if u4 = 0, the last line gives
u1 = 0 (fixed point C) or u2 = 0 (fixed point B) or u3 = 0 (impossible for the same
reason).

So we use the coordinates (ρ, θ) on M red
j introduced in Section 7.1, and thus

we obtain that Hred,j
s1,s2 = aρ2 + bρ cos θ

√
g(ρ) + c where

(7.6)



a = s2 − s1 + (2j−α−2β)(s1s2β−(1−s1)(1−s2)(α+β))
α(α+2β) ,

b = (1−s1)(1−s2)(α+β)+s1s2β
α(α+2β) γ,

c = (1− s1 − s2 + 2s1s2) (2j−α−2β)β
α+2β + (s1 − s2)β,

g(ρ) = (2(α+ 2β − j)− ρ2)(2j − ρ2)(2β − ρ2).

Singular points of Hred,j
s1,s2 satisfy

(7.7) 0 =
∂Hred,j

s1,s2

∂θ
= −bρ sin θ

√
g(ρ), 0 =

∂Hred,j
s1,s2

∂ρ
= 2aρ+ bh(ρ) cos θ
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Figure 31. The image Fs1,s2(W2(α, β)) with Fs1,s2 as in Equa-
tion (7.4), α = 1, β = 1, and γ = 9

20
√
ν

. This should be compared

to Figure 6, displaying a similar system on S2 × S2 constructed in
[HP18] and described in Section 2.6.

with h as in Equation (6.8) (with the function g now being as in Equation (7.6)).
The first equality implies that θ ∈ {0, π}, and as before, the partial derivative

∂2Hred,j
s1,s2

∂θ∂ρ
= −bh(ρ) sin θ

vanishes at a singular point. Moreover,

∂2Hred,j
s1,s2

∂θ2
= −bρ cos θ

√
g(ρ),

∂2Hred,j
s1,s2

∂ρ2
= 2a+ bh′(ρ) cos θ.

The first of these derivatives has the sign of − cos θ. Using Equation (7.7), and
proceeding as in the proof of Lemma 6.7, we obtain that at a singular point (ρc, θc),

∂2Hred,j
s1,s2

∂ρ2
(ρc, θc) =

(
2ρ2
cg(ρc)g

′′(ρc) + 2ρcg(ρc)g
′(ρc)− ρ2

cg
′(ρc)

2 − 4g(ρc)
2

4ρcg(ρc)3/2

)
b cos θc.

Again, one can check that the numerator f(ρ) = 2ρ2g(ρ)g′′(ρ) + 2ρg(ρ)g′(ρ) −
ρ2g′(ρ)2 − 4g(ρ)2 is always negative for j, ρ in the range described earlier, which
concludes the proof. The proof of this last claim follows the same lines as the end
of the proof of Lemma 6.7, except that this time f is a degree 4 polynomial in j,
which makes it a bit more technical; see Figure 32 for a plot of f as a function of
ρ for several values of j. �
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Figure 32. Graph of f : ρ 7→ 2ρ2g(ρ)g′′(ρ) + 2ρg(ρ)g′(ρ) −
ρ2g′(ρ)2 − 4g(ρ)2 for different values of j (recall g, and hence f ,
depends on the parameter j); here α = β = 1. Note that for j = 1

and j = 2, f vanishes when ρ =
√

2; this corresponds to u4 = 0,
which yields fixed points and not rank one points.

Lemma 7.7. The points B and C are both non-degenerate of focus-focus type
for the system (J,H1/2,1/2) in Equation (7.4), and the points A and B are non-
degenerate of elliptic-elliptic type.

Proof. Note that

H1/2,1/2 =
1

4

(
γX

α
+

(2J − α− 2β)(β −R)

α+ 2β

)
.

A straightforward computation yields

Ω−1
A d2H1/2,1/2(A) =

1

2


0 − 2β

α+2β 0 −γ
√
β(α+2β)

α

2β
α+2β 0

γ
√
β(α+2β)

α 0

0 −γ
√
β(α+2β)

α 0 − α
α+2β

γ
√
β(α+2β)

α 0 α
α+2β 0

 .

The reduced characteristic polynomial P = X2 + bX + c of the latter has discrimi-
nant

∆ =
4ν(1 + 2ν)3γ2 + (1− 2ν)2

(1 + 2ν)2
> 0

and has two negative roots since

b =
1 + 4ν2 + 2ν(1 + 2ν)3

(1 + 2ν)2
> 0, b2 −∆ =

ν2
(
(1 + 2ν)3γ2 − 2

)2
(1 + 2ν)4

> 0

except when γ =
√

2
(1+2ν)3 (but this case can be checked by finding a suitable linear

combination of Ω−1
A d2H1/2,1/2(A) and Ω−1

A d2J(A)). Hence A is non-degenerate of
elliptic-elliptic type. Similarly, the reduced characteristic polynomial of

2Ω−1
B d2H1/2,1/2(B) =


0 0 0 γ

√
ν

0 0 γ
√
ν 0

0 γ
√
ν 0 1

1+2ν

γ
√
ν 0 − 1

1+2ν 0





7.4. A TWO-PARAMETER FAMILY ON W2(α, β) 77

is Q = X2 + 1−2γ2ν(1+2ν)2

(1+2ν)2 X + γ4ν2 and its discriminant equals

1− 4γ2ν(1 + 2ν)2

(1 + 2ν)4
,

and is negative since γ > 1
2(1+2ν)

√
ν

. Hence Q has two complex roots with nonzero

imaginary part, so B is non-degenerate of focus-focus type. Moreover,

2Ω−1
C d2H1/2,1/2(C) =


0 0 0 γ

√
ν

0 0 γ
√
ν 0

0 γ
√
ν 0 − 1

1+2ν

γ
√
ν 0 1

1+2ν 0


has the same eigenvalues as 2Ω−1

B d2H1/2,1/2(B), so C is also non-degenerate of
focus-focus type. Finally, the discriminant of the reduced characteristic polynomial
R = X2 + bX + c of

Ω−1
D d2H1/2,1/2(D) =

1

2


0 2β

α+2β 0 −γ
√
β(α+2β)

α

− 2β
α+2β 0

γ
√
β(α+2β)

α 0

0 −γ
√
β(α+2β)

α 0 α+4β
α+2β

γ
√
β(α+2β)

α 0 −α+4β
α+2β 0


reads

∆ =
(1 + 6ν)2(1 + 4γ2ν + 8γ2ν2)

(1 + 2ν)2
> 0.

Both roots of R are negative since

b =
1 + 8ν + 20ν2 + 2ν(1 + 2ν)3γ2

(1 + 2ν)2
> 0,

b2 −∆ =
4ν2

(
(1 + 2ν)3γ2 − 2(1 + 4ν)

)2
(1 + 2ν)4

> 0.

(except when (1+2ν)3γ2 = 2(1+4ν), left to the reader). Hence D is non-degenerate
of elliptic-elliptic type. �

Remark 7.8. One could try to find a similar two-parameter family of systems
on Wn(α, β) with n ≥ 3 starting from the analogous (J,R), but it seems unlikely
that such a family would exist. This is because it would seem the system with
s1 = s2 = 1/2 would have two focus-focus points and a semitoric polygon with
no vertical wall. By [KPP18, Theorem 1.4], the only such semitoric polygon,
up to rescaling the lengths of the edges while preserving the slopes, is the one
associated to the system in Section 7.4 (shown in Figure 6b), but this cannot be
the semitoric polygon for a system with two focus-focus points on Wn(α, β) because,
for instance, it does not give the correct weights of the S1-action associated to J
at the maximum and minimum values of J . Of course, by Remark 3.15, we know
that none of the representatives of the semitoric polygons of a semitoric 2-transition
family on Wn(α, β) can be the usual toric polygon for Wn(α, β) because the weights
of the J-action for the latter are not ±1 at both transition points.

Still, we could try to write down such a system in the same fashion. The
most reasonable J and N -invariant choice for X would be X = <

(
ūn−1

1 ū2u3ū4

)
;
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and indeed, this does not work because rank one points that are not of elliptic-
transverse type show up. In particular, the points with u1 = 0 cannot be discarded
as in Lemma 7.6, because the first equation in the system obtained by writing
∇Hs1,s2 = λ∇J + µ1∇N1 + µ2∇N2 reads c1(n − 1)un−2

1 u2ū3u4 = µ1ū1, and for
n ≥ 3, this equation does not imply that u2ū3u4 = 0 if u1 = 0. We omit the
details, but it turns out that these points are indeed rank one points which are not
of elliptic-transverse type.



APPENDIX A

Comparison of the systems in (7.4) and (2.9) using
the height invariant

In this appendix we compare the systems (W2(α, β), ωW2(α,β), (J,H1/2,1/2))

from Equation (7.4) in Section 7.4 and (S2 × S2, R1ωS2 ⊕ R2ωS2 , (J,H1/2,1/2)) in
Equation (2.9), originally introduced in [HP18]. When (α, β) and (R1, R2) are
such that both systems have the same unmarked semitoric polygon, the ambient
manifolds (W2(α, β), ωW2(α,β)) and (S2×S2, R1ωS2⊕R2ωS2) are symplectomorphic;
this is well-known and proved for instance in [Kar03, Lemma 3]. In this case the
systems could in principle be isomorphic as semitoric systems. We will prove that
this is not the case, except possibly for one special choice of the extra parameter γ
in the first system, by computing their height invariants and seeing that they differ.
Note that we only give integral formulas for these invariants, since it is sufficient
for our purpose; however, one can obtain closed forms for the integrals involved.

A.1. The height invariant

The additional information contained in the marked semitoric polygon com-
pared to the unmarked semitoric polygon (see Section 2.4) is the so-called height
invariant. Keeping the notation from the aforementioned section, let(

∆~ε,~c = ((u1, v1), . . . , (umf , vmf )),~ε
)

be any representative of the marked semitoric polygon of a semitoric system (M,ω, (J,H)),
and let

~h = (h1, . . . , hmf ) =

(
v1 − min

π−1
1 (u1)∩∆~ε

π2, . . . , vmf − min
π−1

1 (umf )∩∆~ε

π2

)
.

This quantity does not depend on the choice of representative of the marked semi-
toric polygon, and is called the height invariant of the system. In practice, this
invariant can be computed as follows. Let ` ∈ {1, . . . ,mf} and let (x`, y`) be the
corresponding focus-focus value. Let (M red

j , ωred
j ) be the symplectic reduction of

M with respect to the S1-action generated by J at level j, and let Hred,j be the
Hamiltonian induced by H on M red

j . Then 2πh` is the symplectic area (with respect

to ωred
j ) of {m ∈M red

x`
| Hred,x`(m) < y`}.

A.2. The system from Equation (7.4)

We start by computing the height invariant ~h = (h1, h2) of the semitoric system
(W2(α, β), ωW2(α,β), (J,H1/2,1/2)) defined in Equation (7.4). The two focus-focus
values of this system are (β, 0) and (α+ β, 0).

79
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First, we compute h1. Using the local cylindrical coordinates from Section 7.1,
the symplectic form on M red

β is ωred
β = ρ dρ∧dθ, and a straightforward computation

shows that the reduced Hamiltonian reads

Hred,β
1/2,1/2 =

(2β − ρ2)

4

(
γρ cos θ

√
2(α+ β)− ρ2

α
− α

α+ 2β

)
.

Hence Hred,β
1/2,1/2 < 0 if and only if cos(θ) < f(ρ) where

f(ρ) =
α2

(α+ 2β)γρ
√

2(α+ β)− ρ2
.

One readily checks that f(ρ) belongs to [0, 1] if and only if ρ ≥ ρ− where

ρ− =

√
α+ β −

√
(α+ 2β)2(α+ β)2γ2 − α4

(α+ 2β)γ
.

Therefore, Hred,β
1/2,1/2 < 0 if and only if

• either ρ− ≤ ρ ≤
√

2β and arccos(f(ρ)) < θ < 2π − arccos(f(ρ)),
• or ρ < ρ− (and there is no constraint on θ).

Consequently,

h1 =
1

2π

∫ √2β

ρ−
(2π − 2 arccos(f(ρ))) ρ dρ+

∫ ρ−

0

ρ dρ.

Since
∫√2β

0
ρ dρ = β, we finally obtain that

(A.1) h1 = β − IW2

π
, IW2

=

∫ √2β

ρ−
ρ arccos(f(ρ)) dρ.

We obtain in a similar fashion that h2 =
IW2

π = β − h1.

A.3. The system from Equation (2.9)

Now, we compute the height invariant of the semitoric system (S2×S2, R1ωS2⊕
R2ωS2 , (J,H1/2,1/2)) defined in [HP18] (see Equation (2.9)) as

J = R1z1 +R2z2, H1/2,1/2 =
1

4
(z1 + z2 + 2(x1x2 + y1y2))

where (xi, yi, zi) are the usual Cartesian coordinates on the i-th copy of S2. This
system also has two focus-focus values, namely (R1 −R2, 0) and (R2 −R1, 0).

In order to compute h1, we use the coordinates (ρ, α) on M red
R1−R2

with

ρ =

√
1− z1

1 + z1
, α = θ2 − θ1

defined in [LFP19, Section 3.5] (here (zi, θi) are the usual cylindrical coordinates
on each copy of S2). In these coordinates, the reduced symplectic form and reduced
Hamiltonian read

ωred
R1−R2

=
4R1ρ

(1 + ρ2)2
dρ ∧ dα,

Hred,R1−R2
1
2 ,

1
2

=
4ρ2 cosα

√
(Θ + (Θ− 1)ρ2) + (1−Θ)(1 + ρ2)ρ2

2Θ(1 + ρ2)2
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where Θ = R2

R1
. Therefore, Hred,R1−R2

1
2 ,

1
2

(ρ, α) < 0 if and only if

cosα <
(Θ− 1)(1 + ρ2)

4
√

Θ + (Θ− 1)ρ2
,

which amounts to

• either 0 < ρ <
√

9−Θ+4
√

5
Θ−1 and arccos

(
(Θ−1)(1+ρ2)

4
√

Θ+(Θ−1)ρ2

)
< α < 2π −

arccos

(
(Θ−1)(1+ρ2)

4
√

Θ+(Θ−1)ρ2

)
,

• or ρ ≥
√

9−Θ+4
√

5
Θ−1 (in which case there is no constraint on α).

Using this, one readily checks that

h1 = 2R1

(
1− 2IS2×S2

π

)
,

IS2×S2 =

∫ √
9−Θ+4

√
5

Θ−1

0

ρ

(1 + ρ2)2
arccos

(
(Θ− 1)(1 + ρ2)

4
√

Θ + (Θ− 1)ρ2

)
dρ.

A similar computation yields h2 = 2R1 − h1.

A.4. Comparison between the two systems

A representative of the marked semitoric polygon of each of these two systems is
shown in Figure 33; we see that the corresponding representatives of the unmarked
semitoric polygons coincide if and only if

(A.2) α = 2(R2 −R1) and β = 2R1,

in which case all representatives coincide. Hence we now assume that this equation
is satisfied.

One can check from Equation (A.1) and the expression of ρ− that the first com-
ponent h1 of the height invariant of the system on W2(α, β) is a strictly decreasing
function of γ. Thus, for all but possibly one value of γ in the range given in Equation
(7.5), the height invariants are distinct, and the systems (W2(α, β), ωW2(α,β), (J,H 1

2 ,
1
2
))

and (S2 × S2, R1ωS2 ⊕R2ωS2 , (J,H 1
2 ,

1
2
)) are not isomorphic. We display the values

of h1 for both systems in Figure 34.
We see that for some values of (R1, R2), there exists one value of γ for which

the heights invariants of the systems coincide (since h2 = 2R1 − h1 in both cases).
It would be interesting to check whether or not the systems are isomorphic for this
special value of γ; this would require to compute the Taylor series or twisting index
invariant of these systems, which calls for more work.
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(0, 0)

(β, β) (α+ β, β)

(α+ 2β, 0)

×
×

(a) The system from Equation (7.4).

(−(R1 +R2), 0)

(R1 −R2, 2R1) (R2 −R1, 2R1)

(R1 +R2, 0)

×

×

(b) The system from Equation (2.9).

Figure 33. A representative of the marked semitoric polygon for
each system at s1 = s2 = 1/2.

(a) R1 = 1, R2 = 2 (b) R1 = 3, R2 = 4

Figure 34. The first component h1 of the height invariant
for the systems (S2 × S2, R1ωS2 ⊕ R2ωS2 , (J,H 1

2 ,
1
2
)) (blue) and

(W2(α, β), ωW2(α,β), (J,H 1
2 ,

1
2
)) for γ varying in the range given in

Equation (7.5) (red). Here we have fixed R1, R2 and chosen α, β
according to Equation (A.2).
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[KPP18] D. M. Kane, J. Palmer, and Á. Pelayo, Minimal models of compact symplectic

semitoric manifolds., J. Geom. Phys. 125 (2018), 49–74 (English).

[KT01] Y. Karshon and S. Tolman, Centered complexity one Hamiltonian torus actions,
Trans. Amer. Math. Soc. 353 (2001), no. 12, 4831–4861.

[KT03] , Complete invariants for Hamiltonian torus actions with two dimensional

quotients, J. Symplectic Geom. 2 (2003), no. 1, 25–82.
[KT14] , Classification of Hamiltonian torus actions with two-dimensional quotients,

Geom. Topol. 18 (2014), no. 2, 669–716.

[KT20] , Topology of complexity one quotients, Pacific J. Math. 308 (2020), no. 2,
333–346.
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[PRVuN17] Á. Pelayo, T. Ratiu, and S. Vũ Ngo.c, The affine invariant of proper semitoric
integrable systems, Nonlinearity 30 (2017), no. 11, 3993–4028. MR 3718729
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